Ly thuyét cuec tri tap hop — phan 2

) o Truong Phudc Nhan, 11/02/2018
B6 dé Sauer va sb chiéu VC :
Cho F < 2* lamot ho tap va mottap con R X .
Vét F|, cuaho F tréntap R duoc dinh nghia la 7|, ={SNR:SeF}. Tandiring F shatter R néu
Fl, =2%, c6 nghia la v6i moi T < R ta ludn tim dugc mot tip S € F sao cho T =S R.
S6 chiéu Vapnik — Chervonenkis (so chiéu VC) cia mot ho tap F = 2°, ki higu VC —dim(F), la kich
thude I6n nhat c6 thé co cua mot tap R < X duoc shatter boi F .
V6i mitap con S < X taco the dai dién tap nay béi ham ddc trung cuand fg: X —{0,1} thoa man

1 xeS . .
fo(x)= € Khidé mét ho tap F < 2* tuong dwong véi mot ho ham Boolean {f :S e F}.
s 0 xe$S s

Trong mdt s6 van dé caa toan hoc tng dung ta can tim tap con Y < X 1én nhat sao cho ho F chura tat ca
2 ham Boolean f :Y —{0,1}. Theo cich ta dinh nghia & trén thi kich thudc cua tap con I6n nhat thoa man

diéu kign vira néu chinh Ia s6 chiéu VC.

Theo cach ta dinh nghia thi sé chiéu VC lién quan dén bai toén liét ké tat ca cac tap con diéu nay gay cho ta
rat nhiéu kho khin trong qué trinh phan tich tong quat. Nhung that may man 1a Sauer di cho ta mot diéu
kién don gian dé danh gia can dudi cua sb chiéu VC nhu sau :

B6 dé Sauer :
. . k=1n \ . X
Cho F < 2* véi [X|=n.Neu |]-‘|>Z[ j thi ton tai mot tap Re( kj sao cho F shatter R
i

i=1

k-1
N6i céch khac, véi moi ho tap F sao cho | F|> ZUJ thi s6 chiéu VC cuia n6 théa VC —dim (F) =k .
i=1
Mot diém danh luu ¥ cho phan tich cua ching ta la bo dé Sauer dic biét d& chang minh cho mét 16p cac ho
tap dac biét duoc goi 1a hereditary dugc dinh nghia nhu sau :
Mot ho tap F < 2% duoc goi 1a hereditary néu ST e F kéotheo S e F.
NGi mot cach khac, vai mot ho hereditary F, néu R e F thi tat ca cac tap con cua R ciing déu thudc ho
F . Do d6 ta c6 mot két qua hién nhién sau :

Két qua 1: Cho F la mot ho hereditary . Néu R e F thi F shatters R

Do d6 ta rat dé dang kiém tra lai bo dé Sauer cho cac ho hereditary va ta cd két qua Ia :

Két qué 2:
) k-1 n . X
Cho F <= 2* véi |[X|=n. Néu F la mét ho hereditary va |]-"|>Z( J thi ton tai mot tap R e( kj sa0
i

i=1

cho F shatter

Chitng minh : Do F la mét ho hereditary nén ta can chi ra mot tap R e F sao cho |R| >k, nhung ta nhan
thiy diéu nay 1a dung bai vi néu ta gia sir phan chieng rang tat ca cac thanh vién cia ho F déu co kich thudc

Ui-s

n e

= Z( j mau thuan voi gia thiét.
iz \

Dé kiem tra lai b6 dé Sauer cho truong hop tong quét ¥ tuong tw nhién nhat ta sir dung ki thudt shifting 1am

“giam” ho tap hop dé thu dugc mot ho hereditary.

<k thikhi d6 |F|<

. X
Nhan xét rang trong bai toan nay ta lam viéc véi F < 2* thay vi F ¢ (k j nhu trong chirng minh cta dinh

ly Erdos — Ko — Rado nén ta khong can phai bao toan kich thudc caa cac thanh vién. Thay vao d6 chung ta
can lam giam mot ho bt ki thanh mot ho hereditary nén ta sir dung mot toén tu shift thay thé mot thanh vién
bai mot tap con cua nd nhu sau :

Cho F < 2%, va ie[n]. Taxay dung ton tir down — shift S, nhu sau:

T\{i} néuieT VéT\{i}&E}"

1) Véi mditap T e F tathay bang tap S, (T)=
T trong trudng hgp con lai




2) Thay ho F bang ho méi S, (F)={S,(T):T e 7}

Béng cach ap dung lién tiép toan tir S; vao ho F véi moi i e[n], sau mot s6 hitu han buéc F s& tré nén bat
bién, nghia 1a S, (F)=F véi moi i e[n]. Khi dé ta goi ho ndy down- shift. D& dang nhan thiy rang mét ho
F la down-shift thi ciing 14 hereditary nén ta c6 két qua sau :

Két qua 3: Néu ho F = 2* 1a down — shift thi £ 1a hereditary

Dé c6 thé 4p dung duoc ki thuat shifting ching minh bo dé Sauer ta can dam bao rang toan tir down — shift
khéng lam giam |F| va dong thoi khong lam tang s6 chiéu Vapnik — Chervonenkis VC —dim(F) sau :

Két qua 4:
i) [s, (F)|=|F]

ii) ‘Si (f)‘R‘S‘ﬂR ,do d6 néu S (F) shatter tap R thi F ciing shatter 7

Chl’rpg minh :

1) Hién nhién

if) Tir dinh nghia ctia toan tir down — shift va vét tasuy ra: S, (F)|. = S; (7], ). Ap dung h¢ thic i) ta suy ra
danh gia can chang minh.

Chwng minh bo de Sauer cho truong hop chung:

Vi moi tap F < 21", bang céch ap dung lién tuc toén ta S véi moi i e[n] cho ho F ta s& thu duoc mot

. 1in .
ho down — shift , ma ta s& ki hiéu la F". Tir ket qua 4) ta c6 | F'|=|F|> Z( ) va theo két qua 3) tasuy ra
iz \
F' 14 hereditary, do do theo két qua 2) ta tim duoc mot tap R co kich thuéc k dugc shatter bai F'.
Tur két qua 4) ta ciing suy ra ‘5’7’|R‘ < ‘.7-"|R‘ nén F ciing shatter R. B6 dé Sauer duoc chang minh.

Pinh Iy Kruskal — Katona:

Két qua 5: Cho trudc cac sd nguyén duwong m va k , ton tai duy nhat mot cach biéu dién m dudi dang

m m k. (m
m:(kkj+[kk_;_j+.'.+£:]t]22(l '],trong do m, >mk_1>...>m2t21
- I=t

Phép biéu dién m nhu trén duoc goi 1a k - cascade hay k - binomial.

Ching minh: o .
Ta s€ chi ra sy ton tai cua phép biéu dién trén bang cach trinh bay mét thuat toan tham lam nhu sau:

A -A N AA A r A m =K N LA N r A
bau tién ta chon m, la so6 nguyén lén nhat sao cho (k kjg m . Tiep theo ta chon m, , la s6 nguyén lén nhat

m m :
sa0 cho {k k‘lj <m _(k kj. Ta khing dinh m, >m,_,, gia sir phan chirng m,_, >m, tasécé

mk mk mk+1 Y N N x v o sz ., e oA A N <
m> ¥ + K1 = K1 , dieu nay mau thuan véi tinh cuc dai caa m, . Tiep tuc thuc hi¢n qua trinh nay

sau mot s6 hiru han buéc hoic 14 ta tim duoc mt sé m, véi t>2 sao cho

m m m .
M) Z | Mo Mo |2 [ M hoic ta tim durgc s6 nguyén m, sao cho
t k k t+1

R U P s (S G L R W H e e R !

Tiép theo ta chirng minh tinh duy nhat cta biéu dién néu trén bang phuong phap quy nap theo k
, o m
Véi k=1, m c6 duy nhat 1- cas biéu dién 1a m :(1 j

Véi k >1. Gia sir rang véi moi s6 nguyén duong m ta ludn ¢6 duy nhéat (k—1) - cascade.




. a a b b b
Bay gio ta gia st rang m c6 hai k - cascade : m=| " |+| 7 |+..+ il T e P
k k-1 t k k-1 r

Ta khang dinh rang a, =b, . Néu a, = b, , khdng mat tinh téng quat, gia st a, <b,, taco:

g Y b e e R
k ) \k-1 t ) k) (k-1 t 1 k

a +1 b . a b .
co m<( kk+ J (kk]Sm.Do d6 a, =b,, ap dung gia thiét quy nap m_(kkj:m_[kKJ c6 duy nhit

(k—1) - cascade nén ta thu dugc dicu phai ching minh.

IA

Két qua 6: (Kruskal — Katona)
X L. < e , 2 g’ my, m,_, m, .
Cho F ¢ (| VO |F|=m va gia st m c6 khai trién k - cascade m = I totl trong do6

k-1
m m
m >m_, >..>m >t>1.Khido : |A]-"|2(k k1j+(kk‘12j+...+£tm‘ J

Trong bai viét nay ta trinh by mot cach ching minh rat don gian cho dinh Iy Kruskal — Katona bang ki thudt
shifting cua tac gia Peter Frankl (xem lai bai viet “Tiép can dinh Iy Erdos — Ko — Rado bang ky thuat
shifting” va “Ly thuyet cuc tri tAp hep”) , muon vay ta can phai chi ra rang toan ta shifting khéng lam
tang kich thudc cia shadow nhu sau :
Két qua 6: |AS, (F)|<|AF]|
Chang minh: Tir dinh nghia cua toan tir shift va shadow ta chirmg minh dugc hé thic: AS; (F) < S; (AF)
Do dé : |AS; (F)|<|s; (AF)

=|AS; (F) <|AF| (do toan tir shift bao toan kich thudc ciaa mot ho tap , nghia Ia |S; (AF)|=|AF])
Chirng minh dinh Iy Kruskal — Katona : o
Ap dung phuong phap 1ap luan tuong tu nhu trong chirng minh dinh ly Erdos — Ko — Rado ta nhan thay rang
ta chi can kiém lai khang dinh cua dinh ly Kruskal — Katona trong truong hop ho F 1a shift.
Ta chirng minh khang dinh cua bai toan bang phuong phap quy nap cho m va k ( trong trueong hop nay da
cho trudc m). Khang dinh caa bai toan Ia hién nhién dung cho truong hop k=1 va m bat Ki.
Pit % ={AeF:le A,

ﬁ:{AeF:leA},
va A ={A\{1}:Ae A}

; X X ,
rienien 7,7 ). 7 < 1| 711 -1

K
Phép chirng minh cua ching ta duwa trén ba bd dé sau :
B6 aé 1: [AF|2[A%|+| %
Chirng minh bé dé 1:

Nhanthdy F o va F o %

X
Aﬁz{Ae( j:EIBe]—I,ACB}
k-1
X X
:{Ae(k J:le AdBe F,Ac B}U{AELK J:lg AdBe F,Ac B}

~{sufy:searfun

+

= |A%| = |a%

+|F

('hai ho tap néu trén phan biét nhau va giira hai tap {S u{l}:Se A}"l'} va AF))




=|7|>|a%|=[a%] +| 7

Bo d& 2: Néu F lashift thi AF, c F
Chirng minh bé dé 2: That vay, néu Ae A%, thi Au{j} e K < F véimoisd j nao do, do F Ia shift nén

néu ta dp dung toan tir (1, j) - shift S, tasuyraring Au{l}eF hay Ae 7 .
S[ M) [Mah), et
k-1 k-2 t—-1
oM Ma (™
k-1 k-2 t-1
m — —
S [ N S | R LD I
k k-1 t t—1
:Lmk_1j+...+£m‘ _1}
k t
m, -1 -1
:>|]{,|>( kk ]+...+[m‘t j

m, -1 m, -1
Ap dung gia thiét quy nap ta suy ra : [AF;| > +ot >|E

Bo dé 3: Néu F 1a shift thi

Chirng minh bé dé 3: Gia st phan chang , | %

Do |F|=|F|+|A | nén |F|=

1

_].;'

k 1 t-1

>|AF.

Béng cach ap dung bo dé 1, |AF| > |AF]+|A].

m, -1 m ,—-1 m -1 X z
[ }{ K j+...+( ‘ ]Vabéng cach ap dung gia thict quy nap ta dugc

k-1 k-2 t—1
S[ M) [Mah), (et
k-2 k-3 t—2
Két hop cac danh gia trén tasuy ra :
|AF|= AR +|A]

e L i)
e
A km_k1]+ j [ J

Nhan thiy rang ta c6 thé ma rong khai niém shadow cho cac tap con vai kich thuéc bat ki nhu sau :
r - shadow cua ho F duoc hiéu la A, F ={S:|S|=r va3T e F,S T}
Khi d6 ta c6 dinh ly Kruskal — Katona & dang tong quét nhu sau:

Ap dung bb dé 3,

Két qua 7: (Kruskal — Katona)

XY . N . iz m, m, m, ,
Cho F c ] Véi | F|=m vagia st m c6 khai trién k - cascade m = , I - TR t trong do

C el m, m,_, m, aF .
me>m, >..>m >t>1.Khido: |A F|> R I A P A L 1<r<k.




. . X
Chwng minh: Bang &p dung lién tuc dinh ly Kruskal — Katona cho AF va luu y rang voi F < [k j ta co

AF=A.AF.

k—r
Dinh Iy Erdos — Ko — Rado:
Trong bai viét “Ly thuyét cuc tri tAp hop” ta da gidi thiéu hai cach ching minh dinh 1y Erdos — Ko — Rado
bang ki thuat dém va ki thuat shift don gian, trong bai viét nay ta s& chi ra rang dinh ly Erdos — Ko — Rado
thuc ra 1a mot hé qua thd vi caa dinh ly Kruskal — Katona ma ta vira chirng minh ¢ trén va dong thoi ciing
thé hién sicc manh cua dinh Iy Kruskal — Katona.

Két qua 8 : (Erdos — Ko — Rado)
X . n-1
Cho J—"g(k j véi | X|=n va n=2k.Néu F Ia ho giao thi |.7-"|s(k J

n-1
Chitng minh : Gia sir phan ching, |F| >(k J.

Ta xay dung hé d6i ngau cia hé F nhu sau :
g={s=x\s:seF}

V6i S,T e F, didukién SAT = tuong duong véi SET nén F va A, G 1 phan biét

hay 7] +[Ag] g@

Hién nhien, |g]=|#]>( " +]=[" T
SR EIE - T k)

. . ; n-1) . n-1 n-1 n . 5
Ap dung dinh ly Kruskal — Katona, |A, G| 2[ ) J nén |F|+[A 9| >(k J+[ ) j:[kj’ mau thuan.
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