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Trong bai viét “Ung dung ciaa dinh Iy Combinatorial Nullstellensatz” ta di dé cap dén mot két qua rat
dep va c6 nhiéu tng dung doc ddo cua Iy thuyét da thic hién dai, trong bai viét nay ta s& ching minh lai két
qua goc tong quét cua dinh 1y khong diém td hop néu trén dudi goc do dai s6.

Két qua 1: (Dinh ly Nullstellensatz) Cho f, f,,..., f, e C[x,,...,X,], trong d6 f bitrit tiéu trén tap cac
khéng diém chung cta cic da thic f,,..., f

LRI

Khi d6, v&i mot s6 nguyén duong g nao do, da thuc f9 s& nam trong ideal sinh boi cac da thac f,,..., f

r

hay co nghiala f9=g,f +..+9,f, trongd6 g,,....9, € C[X,%,,... X, ]

7 Pau tién ta s€ chirng minh truong hop suy bién cua dinh 1y Nullstellensatz va sau d6 st dung két qua nay
deé giai quyeét van dé trong truong hop tong quat.

Két qua 2: Cho f,,..., f, € C[x,,...,X,] khong c6 chung cac khong diem.
Khi do, ton tai céc da thuc g,,...,d, € C[%,X,,..., X,] sao cho g, f, +..+ g, f, =1

Chitng minh: Kihigu I(f,,..., f,) laideal trong vanh K =C[x,...,x,] sinh boi cac da thuc f,..., f,. Gia st
rang khong ton tai céc da thac g,,..., g, sao cho g, f, +..+ g, f, =1. Khidé I(f,...f)=K.

Khiang dinh 1:

Cho I la mot ideal cyc dai cia K sao cho I(f,,..., f,)=1.Khidé vanh A=K/ la mt truong

Chitng minh khang dinh 1: Ta chi can chi ra rang moi phan tir khac khong caa K /1 déu c6 phan tir kha
nghich. Néu f ¢ 1 thi I + fK la mot ideal thuc su chra 1 nén | + fK =K . Biéu d6 c6 nghia la, trong

trudng hop riéng, ton tai cac da thac ae | va be K sao cho a+bf =1. Khidé 16p be K /1 1a nghich déo
cia feK/I.

Goi ¢; laanhcua x qua phép chiéu chinhtic p:C[x,%,,...,X,] = C[X, %,,..., X
Khi d6 A:(C[al,az,...,an].
Khéng dinh 2: Néu mot dai sb hitu han sinh A=C[a, a,...,a,] trén C 1a mot truong thi A c6 thé duoc
dong nhat voi C.

Ta can dén mot két qua phu sau
B6 dé : Trong A=C[a,a,..., 0, ] N tai cac phan tir y,, Y,,..., Y, doc lap dai sé trén C sao cho véi moi

J/1=A.

n

phan tir ae A déu thda min mot phuong trinh dai s6 chuan tic trén C[y,, y,, ..., Y, |, c6 nghia la
a +ba ™" +..+b =0, trong d6 by,....0 €C[y,, ¥yt Y |-
Chirng minh bé dé: Ta chirg minh bang quy nap toan hoc theo n. Néu cac phan tir a, o, ..., a, 1a doc lap

dai s6 thi khang dinh cua bai toan I3 hién nhién. Goi f (o, a,,...,a, ) =0 Ia mot lién h¢ dai so giita ching.
Néu f la mot da thic bac m trong do hé s cua x™ khong bi triét tiéu thi ta co o +ba™ " +...+b, =0,
b.b,,...0, € Clay,a,,....a, ,]. Ap dung gia thiét quy nap ta suy ra két luan cia bai toan.

Néu hé s ciia x™ bang khong, ta thuc hién phép doi bién x, =& va x =& +a,&, voi i=1..,n-1.
Chuing ta ¢ gang chon cac s6 a e C sao cho da thic

9(&, &)= F (X xy) = F(E+al &y +a,1E, 8 ) €O hesd EN khong bi trigt tidu. HeE sé nay
chinh 1a g,,(0,...0,1)= f_(a,...a,,,1), trong d6 f, va g, lan luot la cac thanh phan thuan nhét cua bac
cao nhét ciia cac da thirc f va g. Hién nhién, da thic thuan nhat f, (x,,...,x,) 1a khong ddng nhat bing
khong voi x, =1.

Bay gio ta thuc hién phép ching minh A dong nhét vai C. Chon cac phan tir y,, Y,,..., ¥, € A nhu trong
khdng dinh cua bo dé. Ta s& ching minh rang mot phan tir khac khong x bat ki trong B=C[y,,..., y, | déu
kha nghich, hay ndi cach khac B la mot trudng. Theo gia thiét A 1a mot truong nén x kha nghich trong A.
Tuy nhién theo bd dé ta suy ra phan tir X s& thoa méin phwong trinh




(x‘l)I +bl(x‘1)H+...+bI =0, b,....b €B.
Bang cach nhan hai vé ciia phuong trinh trén cho x'* ta thu dugc
Xt =-b -bx—..—bx "B
Truong B=C[y,,..., ¥, | 1& mdt vanh céc da thuc theo k bién trén C, nhung véi k =0 ta da biét vanh da
thirc khdng thé 1a mot truong. Do d6 B = C. Mot phan tir phan ki cia trudng A déu 1a nghiém caa mot da
thue (x’l)I +bl(x’1)H+...+bI =0. Nhu vy A=C.
Khéng dinh 3: Céc da thuc f,..., f, triét tiéu tai diém (o, ..., a, ) € C"
Chirng minh khang dinh 3: That vay, qua phép chiéu chinh tac
P:C[X) Xy % | = C[ X, X0, X, [/ 1 = A=C
phan tir x; bién thanh ¢ € C nén da thic ¢(x,,...,x,) bién thanh (o, ...,a, ), trong khi céc da thic
f,.., f, d&unam trong ideal 1 nén ta suy ra ngay két luan vira néu.
Ta dy ta thy dugc sy mau thuin, béi vi theo gia thiét dau bai f,,..., f. khong co nghiém chung. Tt day ta
suy ra khang dinh can ching minh. 7 7
Sau cuing ta sé chi ra tinh dung dan cta dinh ly Nullstellensatz. Vi f =0, khang dinh la hién nhién.
Giasir f #0, bang cach bd sung thém vao X, X,,...,x. mot bién méi x , =z va xét cac da thirc
.

1—zf . Cac da thirc nay khong c6 khong diém chung nén
1=hf +..+hf +h(1-zf)

e

vy Ay

trong do h;,...,h.,h la mot s6 da thuc theo cac bieén x,..., X,, Z nao do. Pat z :T’ sau khi thuc hién viéc

quy dong mau biéu thtc trén ta thu dugc 9 =g, f, +..+g,f , trong d6 g,,9,,... g, 1a Mot s da thic theo
cac bién x;,X,,..,x, nao d6. Tir day ta co diéu phai ching minh,
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