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1 Mot bat dang thic hay giap

Trong qué trinh lam toan dic biet déi v6i bat ding thic thi ta gip rat nhiéu loai bat dang thic
khéac nhau, nhiéu bo dé khac nhau va sau day la mot bat dang thiic quen thuoc déi véi nhiéu ban:
Cho cac s6 duong a, b, ¢ thi ta c6 bat déng thiic

a? b2 c

-+ >
a? + 2be 62+2ac+02+2ab_

2
1.

Va bat dang thitc trén thi ai ciing biét dén 15i giai don gian nhat 1a Cauchy - Schwarz nhu sau:

a? N b? N o (a+b+c) _(a4+b+e)?
a2 +2bc b2+ 2ac 2 +2ab ~ a2+ 2bc+ b2+ 2ac+c2+2ab  (a+b+c)?

Xuét phat tir bai toan trén ching ta cing di kham pha va md rong thém nhiéu bai bat ding thic
khac nhau.

2 Sang tao bat dang thic

2.1 Lam sao dé sang tao mot bat dang thiic

Cau héi nay kha pho bién déi véi nhiéu ban dang hoc bat ding thitc va dat ra tai sao ngudi viét
sach lai c6 thé sang tac ra nhiéu bai toan hay nhu vay. Cau tra 1oi 1a ho xudt phat tit nhitng bai toan
ban dau va bing su tu duy, kinh nghiem thi da c6 thé sang tao ra nhiéu bai BDT khac la so véi ban
dau. Mubn sang tao BDT thi trudc tién ta phai quan sat, tu duy véi cac dang BDT khac dé ta long
ghép va doi khi can thém gia thiét dé khong bi 16 ¥ tudng ban dau ctia minh. Sau day 1a mot vai y
tuéng cho bai BDT trén.

2.2 Sang tao bat ding thic

Trude hét ta bién ddi BDT ban dau
a’ b? c?

@12 Btac  Et2ab > @+ 2abe | 1P+ 2abe | A+ 2abe

Ta thay tat cd dusi mau déu c6 2abe nén ta ndy ra v tudng cho thém gia thiét abc = 1 1a ta c6 ngay

mot BDT méi.

Vi du 1: Cho cac s6 duong abc = 1. Chitng minh bat déng thiic

3 b3 3

1



a’ n b3 n o 1
ad+2 B+2 A+2

Tit bat dang thitc va véi gid thiét trén ta bién doi ra dang dep hon la
1 1 1

<1
a3+2+b3+2+c3—|—2_

Vi du 2 Cho cac s6 duong a, b, ¢ théa man a® + b? + ¢ = 1. Chitng minh bat dang thitc sau

a ? b 2 c 2
- S — — >1
<a2+2bc) * (62+26a) * (c2+2ab) -

Ta thiy mé&i phan s6 déu xuat hién cic binh phuong nén c6 thé doc gia da nay ra y tudng 1a sit dung
BDT quen thuoc la: 3(A? + B*+ C?) > (A+ B+ ()% Nhung néu ta duing BDT d6 thi ta thu duge:

a b c ?
a 2+ b 2+ c 2>(a2+2bc+b2—|—20a+c2+2ab>
a?® + 2bc b? + 2ca c2+2ab) 3

Dén day doc gia hoan toan c6 thé kiém tra bing méay tinh 1a BDT cubi trén da bi ngude dau. Vay
lam sao dé st dung gia thiét a® + b* 4+ ¢ = 1 ma khong bi nguge dau. Ching ta ciing di xét 15i giai
sau:

Loi giai: Ap dung BDT Cauchy - Schwarz ta c6:

a ? b 2 c ?
<a2 + 260) * (b2 + 2ca) * <02 + 2ab)

a® b? c? 2
>1

<a2 + 2bc T + 2ac T + 2ab> -
Két hgp gia thiét ta thu duge diéu phai chitng minh.
V6i ¥ tudng trén ta c6 thé sang tao ra BDT khac ciing gia thiét a® + b* 4 ¢? = 1:

a’ b? c?

>1

(a® + 2bc)? * (b2 4 2ac)? * (2 +2ab)? —
Bai bat dang thic nay ta c6 thé sit dung BDT Holder nhu sau:

(a* + 0>+ c2) >

< + v + ¢ (a*+07+c*) (a*+b*4-c?) > < + v + -
a *)(a c
(a® +2bc)® (b2 +2ac)®  (c® + 2ab)3 ~ la®+2bc  b*+2ac  c*+2ab
a? v? ?
Suy ra

>1
(a? + 2bc)? N (b2 + 2ac)? * (2 + 2ab)? —
Qua hai dang trén ta phai dua ra dang tong quat cho bai toan:
Cho cac s6 duong a,b,c sao cho a? + b* + ¢ = 1 va s6 thuc duong k& > 1. Chiing minh rang:

a? b? ?
>1
(a2 + 2bc)* * (b2 + 2ca)* * (2 + 2ab)k —
Loi gii:
a* a?

Ta co: a? +2bc < a®> + 0> + 2 =1 = (a® + 2bc)F < a® +2bc = >

>

>1
(a? + 2bc)* a? + 2bc —
Hoan tat ching minh va ta qua vi du tiép theo.
Vi du 3: Cho cac s6 duong a, b, ¢ théa man abc = 1. Chiing minh bat dang thiic:
1 1 1

>
2a+1+2b+1+20+1_

1
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L&i gidi:
Yz Tz xy

Vi abc = 1 nén ton tai cac s6 duong x, y, z sao cho a = =; = = Ta viét lai dugc bat déng
T Y 2

thic:
1 1 1 x? y? 2*

1
2a+1+2b+1+2c+12%+1x2+2yz+y2+2yz+z2+2:cz_
.ZUQ

Va day chinh 13 BDT ban dau nén ta c6 dpcm. Ngoai cach doi bién khé sang tao nhu trén thi ta con
c6 cach quy dong roi nhan hét ra va st dung gia thiét.
Bat déng thic trén ciing viét lai dusi dang:

a . b . c <1
20+1 2b+1 2c+1—

Vi du 4: Cho céc s6 duong a, b, ¢ sao cho abc = 1. Chiing minh réng:

NS R S
at+2 b+2 c+2°

Néu & vi du 3 ta chon cach dat nhu trén thi ¢ vi du nay ta lai phai dat nguoc lai dé c6 thé st dung
BDT ban dau.

Loi giai:
x? y? 2? . L s
bat: a = —;0 = —;c = —. Ta viet lai dugc bat dang thic:
yz Tz Ty
1 1 1 1 Yz
a—|—2+b+2+c+2 Zx2+2 Ex2+2yz_
yz

Day chinh 14 két qua ban dau nén ta cé diéu phai chiing minh. Tuong tu vi du 3 ta c6 thé chiing
minh bing cach quy dong va bat dang thic trén tuong duong véi:

a+b+c>1
a+2 b+2 c+2

Két hop vi du 3 va vi du 4 ta c6 bai toan tiép theo.
Vi du 5: Cho céc s6 duong a, b, ¢ ¢6 tich ciia ching bang 1. Chiing minh rang:

a . b L c a . b . c
a+2 b+2 c¢c+2  2a+1 2b+1 2¢c+1

va mot s6 bat ddng thiic khac c6 s6 1 lam trung gian.
Vi du 6: Cho cac s6 duong a, b, ¢ la tong bang 1. Chitng minh ring:

a n b . c
3bc+a 3ca+b 3ab+c

3
> 2
-2

Trude hét ta thay gid thiét 1a a, b, ¢ ¢ tong 14 1 va & cac mau mdi phan thic cé chita bién a, b, ¢
nén ta c6 y tudng nhan thém. Nhung sau khi nhan thém chtng ta lai vao thé bi nén ching ta can
tinh té hon trong qua trinh bién déi nhu sau.
Loi giai: Ta viét lai bat déng thic dudi dang

be . ca . ab
3bc+a 3ca+b 3ab+c

1
< Z
-2



Va & day ta hoan toan c6 thé sit dung gia thiét a + b+ ¢ = 1. Sit dung Cauchy - Schwarz ta co:
be be B be < 1 be 4 bc
3bc+a  3bc+ala+b+c)  (a2+2bc)+ (ab+bc+ca) ~ 4 \a2+2bc  ab+bec+ ca
Thiét lap cac BDT con lai r6i cong vao ta co:

be N ca ab <1(Z ab iy ab )S%

3bc +a 3ca—|—b+3ab+c_4 2ab + c2 ab + bec + ca

Vay ta c6 dicu phai chitng minh. Dau bang ctia bat dang thic khia =b=c = 3
Vi du 6: Chitng minh bat déng thiic sau véi a, b, ¢ la cac s6 thuc duong

bc n ca n ab
202+ (b+c¢)? 202+ (c+a)® 22+ (a+0b)?

1
< =
-2

Loi giai: Ap dung BDT Cauchy - Schwarz ta c6:

IN

be B be B be 1 be be
202+ (b+c)? 222+ 02 +2bc+ 2 a2 +2bc+ (a2 + b2 +c2) 4 <OL2+2bc+ a2—|—62+02)
Thiét 1ap cac BDT tuong tu roi cong vao ta co:
> bc <1< bc L@ ab +ab—|—bc—|—ca><1
202+ (b+c¢)?2 — 4 \a®>+2bc 0>+2ca +2ab a?+b2+c2) "2
Vay ta c6 diéu phai chiing minh.
Bién d6i bat déng thic trén vé dang:
202 + 02+ 22+ aP+ A 28+ ad®+ P
242 + (b + ¢)? * 202+ (b+ ¢)? * 22+ (a+b)2 —
Ta c6 them gid thiét a® + b + ¢ = 1 thi ta c6 bat dang thic méi:
Cho céc s6 duong a, b, ¢ théa man a? + b? + ¢ = 1. Chitng minh réang:

a’>+1 b +1 2+1
+ + > 2
a?+2bc+1 b24+2ca+1 c2+2ab+1

2.3 Bai tap ren luyén
Bai tap 1: Cho cac s6 duong a, b, ¢ ¢6 tich bang 1. Chitng minh rang

(a+1)> (b+1)2 (c+1)* 4
<_
2 T hae T S3letbto

Bai tap 2: Cho céc s6 duong a, b, ¢ ¢6 tong bang 1. Chitng minh bat déng thic sau:
ab be ca 1
+ + < -
Jab+2b+c  3bc+2c+a 3ca+2a+b 4

Bai tap 3: Cho cac s6 thyc khong am a, b, ¢ théa man ab+ be + ca = 3. Chitng minh bat dang thric:
1 1 1

<1
a2+2+b2+2+c2+2—

Bai tap 4: Chitng minh bat dang thitc sau véi céc s6 thie duong a, b, ¢

1(+)

(*) Bat dang thitc nay la dang bién doi tuong duong clia bat dang thitc ban dau va c6 nhiéu ting
dung trong cac bai toan BDT.

a? b? c?

<
2a2+bc+2b2—|—ca+262—|—ab_
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