Bai toan chéo hoa
) Truong Phug&c Nhén,‘ 10/05/201.,8 . ,

Muc tiéu chinh cua bai yiét nay la chi ra mot dieu kic_:en can va Qﬁ dé mot tu dong cau Qé mot co so sao cho
trong co s¢ nay ty dong cau c6 ma tran don gian, cu the la cang gan ma tran chéo cang tot.

Giasu X la mot khong gian vector trén treong K va ty dong cau f : X — X . Viéc khao sat f trén toan
khong gian X d6i khi qua kho khin. Y tudng ty nhién xuét hién Ia ta s& han ché f 1&n mot s6 khong gian
con U nao d6 cua X . Nhung dé cho vigc han ché nay van con la mot tu dong cau cua U thi khong gian con
phai c6 mét tinh chat dac biét noi dudi day:

Khong gian vector con U cua X dugc goi la mot khong gian con én dinh déi véi f néu f(U)cU.

Dé& dang thay rang, vdi mdi anh xa tuyén tinh f thi Im f va Kerf Ia nhitng khéng gian con 6n dinh.

Tiép theo ta s& giai thich lai cu thé hon y tuong néu ¢ dau bai, gia st f 1a mot tu dong cau cua mot khdng
gian n- chiéu X véi khong gian con 6n dinh L véi sb chiéu bang m. Chon co s6 €,,€,,...,€, trong X sao
cho m vector dau thudc L. Khidé cac anh f (e), f(e,),..., f (e, ) cua cac vector e,,e,,...,e, cling thuoc L
va c6 thé phan tich chiing theo cac vector e, e,,...,e, nhu la cac vector co s caa L. Thanh thi,

fe)=a,8 +8,8, +..+ae,,
f (ez) =856 +8,6, +...+a,,6,,

f (em) =a, 6 +a, 6 +..+a € .

Ta nhac lai rang cac phan ta thudc cac cot ciia ma tran cua mot anh xa tuyén tinh tring véi cac toa do
nhitng vector anh cua co s6. Do d6 ma tran A cua anh xa tuyen tinh f trong co so e, e,,...,e, s¢ co dang

a11 a12 aim ai,m+1 ai,m+2 ai,n

a21 a22 a2m a2,m-¢—1 a2,m+2 a2,n

A _ aml am2 amm am,m+1 am,m-¢-2 am,n
0 0 0 a'm+1,m+l am+1,m-¢—2 am-f-l,n
0 0 0 m+2,m+1 am+2,m-¢-2 am+2,n

0 0 0 Amin Qe a,,

Thong thudng cic ma tran cd dang nhu trén duoc viét dudi dang thu gon nhu sau A= (Alol ij , trong
2

d6 A, lamatrancap mxm, A, lamatrancép (n—m)x(n—m), 0 Ia matran khong cap (n—m)=xm , A,
la ma tran c& mx(n—m).

Bay gid néu may mén ta c6 thé phan tich khéng gian X thanh tong truc tiép cua cac khong gian con on
dinh L va M, conghiala X =L+M . Choncoso €,€,,...,e, trong X sao cho m vector dau cia no thugc
L, con n—m vector con lai thuoc M . Khi d6 cac anh f (e,), f (e,),..., f (e, )co thé phan tich chi theo cac
vector e,,e,,...,e, concac anh f(e,.,), f(e,.,)..... f (e,)duoc phan tich theo céc vector e_,.€, ,.....€,.
Ma tran A, rd rang bang khong. Vi vay matran A trong co so dang xét co dang con don gian hon, cu thé 1a

A:(A“ 0 j
0 A,

Tuy nhién, mot khdng gian con 6n dinh néi chung khdng ¢ phan bl tuyén tinh ciing 1a mot khong gian
con 6n dinh. ’ q q ’ . ,

Mot cau hoi dugc dat ra la lam thé nao dé tim cac khdng gian con 6n dinh d6i vai mot ty dong cau qa
cho? That khdng may man la khdng c6 mgt phuong phap chung nao dé lam dieu do trong truong hop tong
quat.

Sau day ta s€ xét truong hop dac biét do 1a cac khong gian con 6n dinh mot chicu:



Gia sir L 1a mot khdng gian con 6n dinh mot chiéu caa f va a e L 1a mot vector khac 0. Khi d6 (a) la
mot co s cia L. Do f (L)< L néncéd mot vo husng 2 eK sao cho f(a)=Aa. Nguoc lai, néu c6 mot
vector a =0 va mot vo husng 1 eK sao cho f(a)=2Aa thi L=span(a) la mot khdng gian con 6n dinh
mot chiéu cua f .

Ta di t61 dinh nghia sau day: )
Giastr f la mot ty dong cau caa khdng gian vector X . Néu c6 vector o =0 va vb hudéng 1K sao cho

f (o) = Ao thi 1 dwoc goi la mot gid trj riéng cua f con o duoc goi la mot vector riéng cua f wng véi gia
tririéng 1.

Nhu vay viéc tim cac khdng gian con 6n dinh mét chiéu twong dwong vai viéc tim cac vector riéng.

Nhan xét rang c&c vector riéng cua f wng vai gia tririéng 4 cung véi vector 0 1ap nén khdng gian vector
con Ker( f —id, ).

Gia str 2 la mot gia tri riéng cua ty dong cau f : X — X . Khong gian vector Ker( f —2id, ) gém vector
0 va tat ca cac vector riéng cua f wng vai gia tri riéng A dugc goi 1a khdng gian con riéng cia f #ng véi
giatririéng 4.

Kétqua 1. Giasir f:X — X la mot tw dong cau va A, 4,,..., A, 1a cac gia tri riéng d6i mot phan biét cua tu
dong cau f . Khi d6 cac khong gian con riéng cia f tuong Gng Vi A, 4, ..., 4y, €O tong truc tiép.

Chitng minh. Binh ly duoc ching minh bang quy nap theo N .
Vé6i N =1, khiang dinh cia ménh dé 1a hién nhién.
Gia st khang dinh ciia ménh dé da dwoc kiém ching cho N vector riéng va A, 4,,..., A, 1a cic gia tri
riéng cua f timg d6i mot phéan biét. Bay gio ta gia sur tim dwoc (x,),_._ ., € X" sao cho
X eKer(f—Aid, ),Vie {1,2,...,N+1}

N+1

D % =0
i=1

N+1 N+1
Béng cach tac dung f vao hai vé cua dang thic ta thu dugc 0= f (x) =D 4x, boivi
i=1 i=1

X € Ker(f —Aid, ) nén f(x)=4x.
X+ Xy + Xy, =0

Do do ta thu duoc: .
AX o Ay Xy + Ay Xy, =0

Tur day ta suy ra duoc: (iml —/11)361 +(/1N+1 —/12)x2 +...+(/1N+1 — Ay )xN =0.

Theo gia thiét quy nap cac khong gian Ker( f —4id, ) (1<i<N) co tong truc tiép va

(s —4)x eKer(f —4idy ) (1<i<N).Do 4,4,..., 4 ting d6i mot phan biét nén tir déy ta suy ra
N

X, =0 (1<i<N) vacudicing X, =—» % =0.
i=1

biéu nay chirng minh ring céc khong gian Ker( f —Aid, ) (1<i< N +1) c6 tong truc tiép.

Van dé dit ra cho chiing ta Ia 1am thé nao dé tim cac vector riéng va cac gia tri riéng ciia mot tu dong cau.

Nhan xét rang 2 la mot gia tri riéng cua f néu va chinéu Ker( f —lid, )= {0}. Diéu nay tuong duong
v6i det( f —2id, )=0. N6i cach khac, 4 la mot nghiém cua da thirc det( f —lid, ) theo an .

Tir cac phan tich trén ta thu duoc két qua sau.

Két qua 2. V6 huéng A e K 1a mot gié tri riéng cua ty dong cau f : X — X néu va chi néu A 1a mot
nghiém cua da thic dac trung det( f —Aid, )=det(A4—Al,) cua f.

Mot diém can phai giai thich & day d6 chinh 1a khang dinh det( f — Jid, ) 1a mot da thic theo an .




Gia st so chiéu cia X bdng m va f comatranla A trong cosé (e,,6,,...,€, ) nao dé cua X . Khidé
dong cau ( f —lid, ) co matran la (A—27,) trong co s trén. Vi thé
det(f — Aid, ) =det(A—i,).
Néu A=(a;) thi

nxn

a,; —4 Gy, dy,
a a,—4 a
det(A—/Un): 21 22 2n
ay a,, T . -4

rd rang la mot da thirc bac n theo an 4.

Da thuc bac n theo bién 1 véi hé s6 trong K P, (1) =det( f —Aid, ) duoc goi la da thirc dgc trung cua
ty dong cau f .

Két qua sau cung cap mot mo ta cu thé hon ciia da thic dic trung P, (1).

Két qua 3. Gia st Ae M, (K) vaso ty nhién n>2.
Khi do: P, (2)=(-1)" 2" +(-1)" tr(A) X +...+det 4.

Chirng minh.
a;—-An€ui=; . . Lo . .
bit b, = . . ..Bang cach ap dung cong thuc Leibniz cho dinh thuc ta thu duogc ket qua
a néui# j
a, —4 P ay, by b, .. b
— b21 b22

n

b2n
= D SINT Dy 0 000y bi

oeS,

A=A .. a,

n

P, (1) =det(4—i1,)=|

a, a, .. a,—4 |b, b, .. b

Mt khac, by,b,,.., = (a1 —2) (@ = A)ere(ay = 2) = (=A) +(ayy + g+t ay ) (<2)" e
Pidu ndy chang to ring P, (2) c6 bac n va cac h¢ s6 cua ' va 1 tuong tng la (=1)" va (-1)" " tr(A).
Sau cling, vi det A= P, (0)nén s6 hang tu do ciia da thuc P, (1) la det A.

Tiép theo, ta chi ra mot danh gia don gian cho s6 chiéu cia mot khong gian con riéng nhu sau.

Két qua 4. Gia sir f 1a mot tu dong cau caa khong gian vector X , A la mot gia tri riéng caa f véi s6 boi
s, trong da thirc déc trung va d, =dimKer( f —Aid, ). Khido 1<d, <s,.

Chirng minh.
Theo dinh nghia cua gi tri riéng Ker( f —Aid, )#{0} nén dimKer( f —4id, )>1.

Khéng gian con riéng Ker ( f —Aid, ) c6 it mot co s& (el,...,edo ) va bang céach &p dung dinh ly vé co s¢
khong day di ta tim duoC €, ,;,...€, € X sa0 cho B=(g,,...,€,)1a mot co s6 cua E.

N . A, C
No6i cach khac, tu dong cau f cé ma tran dang ( kodk BJ trongdo CeM, ., (K),BeM , (K).

Tur d6 ta dé dang suy ra :

P, (A):((ik _;')Idk B_j[ 7 J:(,ak — )" det(B—- i1, )=(4 —A)" By (2).

Tir két qua tinh toan vira thu duoc ta suy ra: (4, —}t)dk | P, (A)=d, <s,.




K& tiép ta di vao trong tdm chinh cua bai viét d6 1a chi ra diéu kién can va da dé mot tw dong ciu cd mot
co sO sao cho trong co so hay tu dong cau cd ma tran chéo, khi d6 ta ndirang f la chéo héa dwoc.

Két qua 5. Giasir f 1a mot tw ddng cdu cua khdng gian vector X . Khi d6 cac khiang dinh sau la timg do6i
mot tuong duong nhau:

i) f chéo hoa duogc.

ii) Ton tai mot co s& caa khdng gian vector X dugc tao nén tir cac vector riéng cua tu dong cau f .

iii) Tong cac khong gian con riéng cia f bang X .

iv) Tong cac s6 chiéu cua cac khong gian con riéng caa f bang dim X .

Chirng minh.
i)=ii) Gia st f chéo hoa dugc. Khi d6 ta tim dugc mot co s6 B=(e,,...,e,) cua khdng gian vector X
A 0 .. 0
A e z A A 0 j*2 . 0 .
sao cho ty dong cau f cd ma tran chéo trong d6 4, 4,,...,4, € K.
0 0 .. 4

n
Khido: f(e)=4e vae =0 (1<i<n)nén B=(e,..,e,) lamotcosocua X duoc tao nén tir cac
vector riéng cua f .
if) = iii)
Gia str ton tai mot co s& B=(e,,...,e,) duoc tao nén tir cac vector riéng cua f . NOi cach khac, ta tim
duoc A, 4,,.... A, €K sao cho f(g)=4e (1<i<n).
bat A={}4:1<i<n}.

Khido: > Ker(f—2iid,)> Y Ker(f—2Aidy)=) Ker(f—2id,)> Y Ke =X.
2eSpg (f) I i=l i=1
Vay tong céc khong gian con riéng cua f, chinhla > Ker(f - 4id, ), bang X .
;“ESPK(f)
i) = iv) ‘ ’ o ’
Gia sur tong cac khong gian con riéng cua f bang X . Theo Két qua 1 ta nhan thay tong nay la truc tiep
néntaco: > dimKer(f —/lidx)zdim( S@U‘)Ker(f—iidx ))zdimX.
2€Spg (/) +ePr
iv) =) o ‘
Gia str tong cac so chiéu cua cac khdng gian con riéng cuaa f bang dim X .
Ki higu k =[Spy ()|, 4,....4 Ia cac phan tir ciia Spy ().

k
M&i khong gian con riéng Ker (f —Aid, )(1<i<k) c0 it nhit mot co s¢ B, , taky hieu B=|J5 .
i=1
Vi céc khong gian con riéng Ker( f —Aid, )(1<i<k) c6 tong truc tiép va mdi B, la doc lap tuyén tinh
nén B la doc lap tuyén tinh.
Mat khac:
k k
1B]=>"|B]=> dimKer( f - Aid, )=dimX .
i=1 i=1
Vay B la mot co so ciia khong gian vector X va ma tran caa tu dong ciu f trong co s B 1a ma tran
chéo, bai vi cac phan tir ciia B 1a cac vector riéng cua tu dong cau f :
Wy . O
- , trong d6 d; =|B|(1<i<k).
0 . Al




Két qua 6. Cho f la mot ty dong cau cua khdng gian vector X . Diéu kién can va dia @& f chéo hoa dugc
la da thire ddc trung P, tach duoc trén K va véi mdi gid tri riéng 2 cua f ta déu co dimKer( f —2id, )
bang cip boi cua 4.

Ching minh. Véi mdi gia tririéng 4 cua f, taky hiéu d (1) =dimKer(f —Zid, ) va s(1) 1a s boi cua
/. trong da thuc dac trung P, .

Gia sir ty dong cau f chéo hoa dugc.

Theo Két qua 4 nén d(1)<s(1),vAeSp, (f).

Theo Kétqua5taco n= > d(4),trongdd n=dimX.

;LESP]K(f)
Theo gia thiét bo sung f chéo héa dugc nén ton tai mot co so B cua khdng gian vector X va

Xs 2 A €K sa0 cho matran A cuatu dong cau f trong co sé B c6 dang:

A .. O
A=| .. .. ..
0 .. A

= P (4)=det(4-AL) =] [(4—-4) VieK.

i=1
Do d, da thire dac trung P, tachdugctrén K van= > w(1).Kéthophéthuc n= > w(1) véi
AeSpy (/) ASpy (f)
cc danh gia d(1)<s(1),VAeSpg(f), n= > d(2) tathuduoc d(1)=s(4),VieSpy(f).
2eSpg (/)

Nguoc lai, gia sir da thie ddc trung P, tach dugc trén K va d (1) =s(1),v2eSpy (f). Do P, tach

duoc va theo Két qua 2 ta biét rang cac nghiém cua P, lacéc gidtririengcia f nénn= > o(1). Két
AESP]K(f)

luan duoc suy ra tir Két qua 5.

Sau cling ta xem xét mot truong hop riéng dic biét cua bai toan chéo hoa , d6 1a trudng hop tu dong ciu
f la mot phép chieu.

Két qua 7. Gia sir ty dong cau f : X — X cotinhchat f2=f . Khido f chéo hoa dugc.

Chirng minh. Pat U =Imf va W =Kerf . Ta s& chirng minh rang V =U ®@W va f|U =id, .
Trudc hét ta nhac lai rang U va W 1a cac khong gian con 6n dinh cia f . Giasit veU nW . Vi veU
nén f(v)=0.Matkhac veU =Imf nén v=f (u) vdi u nao dé thudc X .

Taco
f(v)=f(f(u))="1*(u)="1(u)

Két hop hai sy kign tréntasuy ra v= f (v)=0. Vay U nW ={0}.

MJi vector v thuoc X déu cd thé phan tich thanh

v="f(v)+(v—1f(v)),trongdé f(v)eU v—f(v)eW.

Thatvay: f(v—f(v))=f(v)-f?(v)=f(v)-f(v)=0.

T6m lai ta da ching minh dugc rang V =U &W .

Gia sir (,€,,....6,) 1a Mot co s cia U , (¢ dy ta quy usc m=0 néu U ={0}). Trong phan chirng minh
tréntada chirarang f|, =id,. Vithé cac vector e,e,,...,e, déu la vector riéng cua f Gng véi gia trj riéng
bang 1.

Gid St (€,,,1,€1,91--€, ) 1d MOt co'sd clia W, (& ddy ta quy uéc n—m=0 néu W ={0}). Vi W =Kerf nén

m+1? ¥m+21"

V.

cac vector e, ,,€ ., déu la vector riéng ciia f tung vai gia tri riéng bang 0.
Boivi V =U®W , chonén (e,,e,,....6,, €1, €0, €, ) 2 MOt co 86 cua khong gian X gom toan nhirng
vector rieéng cua f . Piu ndy c6 nghia la f chéo hoa duoc.

m+2°*"
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