GIOI HAN CUA MOT DAY SO DANG

TRUNG BINH VA UNG DUNG

Vo Quoc Ba Can

rong bai viét ndy, chiing tdi sé trinh by két qu3
téng quat cho mot bai todn gidi han cua day
sd dang trung binh va cdc ng dung ctua né trong
cic bai todn tinh gidi han diy sé.

1. Loi dan

Trong qud trinh ty hoc va rén luyén, chic han nhiéu
ban da dudc lam quen vdi bai toan sau:

STy —

Cho day s (uy,) bi chdn dudi va théa man

Chitng minh rang day (uy) hoi tu.

Pay 1a mot bai toan thd vi dac trung cho phuong
phdp st dung day phu (ddy s6 max —min) dé tim
gidi han day s6. Tuy nhién, néu chi dung lai 6 day
thi ta chua thé thay hét dudc nét dic sic ciia né.

MO0t bai todn hay sé cang hay hon nén néu ta Ung
dung dudc no cho cac bai toan khac. Nhung vi bai
todn 1 qud cu thé (gidng nhu mot trudng hap riéng)
nén mudn 1am dudc diéu nay, ta can md rong bai
todn hon nita. Cu thé, ta hay thit thém nhiéu so hang
hon thay vi chi ¢6 u,,41 va u,, dong thoi hay thi thay
céc hé sb 7, » bing céc sb khdc xem sao?

Két qua thu dugc that bt ngd! St dung phuong phap
diy phu max —min, ta ching minh dudc két qua
- tong quat cho bai todn | nhu sau:

-—I Bai 2 (Tong quat hoa cia bai 1).
Cho k la mét s6 nguyén duong va ¢y, 0y, ..., Oy

la cdc so thuc duong co tong bang 1. Xét day so
(un) bi chéin dudi théa man tinh chat:

Uptk S O Up + OUpyy + -+ Ol pk—1

| vdi moi n € N*. Chitng minh rang (un) hoi tu.

N - ]

2. L&i giai bai todn tong quat

Dét An —— maX{un, un_l_]_, vooy un_l..k._.l}- K}li dé, dé
thdy (A,) ciing bi chin dudi va:

Ap 2 Oqlp+ QQupy1 + -+ Oty pk—1 = Upyp (%)
véimoin=1,2,... Do vidy, tacd

-y Un+k—15 un+k}
> max{u,,+1, Un+2y

An —_ max,{un, un+l, -

oy Uptk—1, un+k}
=Ap+1-

Két qua nay cho thay (A,) 12 ddy gidm va bi chin
dudi. Va nhu thé, né hdi tu vé mot hiang s6 A nao dé.
Theo tinh chat gidi han clia day s, v6i méi € > 0,
ton tai mot s6 tu nhién ng da 16n dé:

A—e<A,<A+e, Vn>nyg.

(1)

Ta s& ching minh day (u,) cling hoi tu vé A. T (1),
tasuyrau, <A, <A-+E€,Vn2>ng.

2—0y,
O

DétK:max{z'&f’l, .

} . Ta chung minh

upb >A—Ke, VYVn>not+k—1. (2)

(©) Can Hoa Cit Lon

Trang 1/5



Néu u, > A — € thi bit ding thic (2) hién nhién ding 3 MOt
doXK > 1. Cnasucoson >ng+k—1mau, <A-—E€.

Khi d6, trong cdc 0 up 41, . .., Untk—1 phai co it nhit
mot s0 16n hon A — £ (do (1)). Goi sb d6 12 up4pm.

Khi do, v@i chu y rang n +m — k > ng, ta c6 Xét day (un) dugc xdc dinh bdi uy = uy = 1 va:

Untm—ky - -y Untm—1 < A+E.

2up 41 + uy,
> ’ » . » - u — __1 v E N*‘
Su dung cac danh gia nay, ta thu dudc 2 5 §
k 'Chiing minh rang ddy (u,) cd gidi han hitu han
Unt+m < E Kipym—k+i—1 + O+ 1—mln | va tim gidi han do n) - |
i=1,i2k+1-m .
< (1= Gt 1-m) (A + ) + Oy (k.
Tét d6 suy ra Lot giai. Tir gid thiét, dé thay u, > 0, Va € N*. Do
d6, sit dung két qua bai toan tdng quat 2 trong tru’dng
U, > Un+m — (1— Gt 1-m)(A +€) hop: day bi chdn dudi boi 0,k =2, a; = ;, 0 = 3-
Q41 -m va oy + op < 1, ta thu dudc ngay limu, = 0. ]
>§ €—(1—%t1-m)(A +€) |
Gk +1—m l—ﬁal 4.]“—‘— N —
2— Oy 1 |
AT ——¢& > A—Ke. | Cho ddy (uy) thda man uy, uy, us € (0,1) va
k+1—m |
Nhu viy, bat ding thitc (2) luén dude thda man véi | B u?, 1ot u? vn € N*
moin > n) =ng+k— 1. T ddy, ta suy ra | “nt+3 = 3 ! nein
A—Ke<u,<A+e€<A+Ke, Vn>ny. i_Timlimun.

bit ¢’ = Ke. Khi d6, bat dang thic trén c6 thé dudc

. A . . ! '} ’
vict lai thanh A — &' < u, <A+ €', hay Lo giai. T gia thiét, d& thdy 0 < u, < 1, Vn € N*.

lu, —A| < €', VYn>n. St dung két qua nay, ta thu dudc
Tt day, su dung dinh nghia gidi han, ta suy ra day o < Unt2 + uy, < Unt2 + Upy1+ Up vn e N’
(un) cling hoi tu vé A. Bai todn dudc chiing minh. nt3 3 3 ’

Nhan xet. Mot trong nhing mau ch6t cua bai todn Pén ddy, sit dung két qui bai todn 2 trong tntdng

1a ddnh gid (x). C6 thé thay rang néu day (up) bi hop: day bi chdn dudi, k=3, 0 = 0 = 03 = 3 va
chin dudi bai 0 thi ta cd thé thay doi gla thiét thanh o) + op + a3 = 1, ta dé thay u, hoi tu.

o +0+---+ 0o < 1. Lic nay, bat dang thuc (x)
van ding. Do d6, cic 1y luén van dugc dim bdo. Két By gid, dit limu, = A, ta dé thiy 0 <A < 1. Chuyén

qua bai todn va 101 glal trén van giit dugc tinh ding phlIdng trinh sai phin & dé bai sang gidi han, ta dudc
ddn. Ngoai ra, dé thiy ring hic nay limu, = 0. 2A2 Tt ddsuyraA =0(doA <1).

Day la mot chu y quan trong d€ ta c6 thé Wng dung Viy gidi han cin tim 12 0. ]
két qua bai todn tdng quat cho cdc bai todn phia sau. '

Ngoai ra, cling cin chd y ring két qua bai todn sé — Bai 5. e —
khong con ding néu ta thay gia thiét o; duong thanh o L
khong 4m. Thét viy, chang han ta c6 thé xét trudng Cho day so duong (un) thoa man
hopk=2va oy = 1, 0 = 0. Khi d6, (i) thda man

u,,+3=\/un—|—un+2, Vn=1,2,...

un+25un: VHEN*. , . S - ;e ~
‘_ Chiing minh rang day (u,) co gidi han hitu han
Luc nay, n€u ta chon up, =1 vauy,_1 =2,Vn e N* | 5 am gidi han do.

thi day nay phan ky. o
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Lo giai. Trudc hét, ta chitng minh ring ton tai sb
tu nhién ng d€ u,,, > 1. That vay, gia st u, < 1 véi
moi n € N*, Khi d6, ti cOng thitc cia day, ta cé

\/un +un+2 == un+3 < 1, Vn e N*.

Tu do6 suy ra

Upn43 = \/L_‘n + Up12 > Up+Upy2 > Upy2, VneNT,

Dicu niy ching 6 (u,) 12 day ting ké tir sé hang thit
ba trd di. Day (u,) tdng va bi chin trén bdi 1 nén ton
tai limu, = A v6i 0 < A < 1. Tuy nhién, khi chuyén
phuong trinh & d€ bai sang gidi han, ta lai thu dudc
A=0VA =2déukhéng théamin 0 < A < 1.

Nhu viy, phai ton tai ng € N* sao cho u,, > 1. Khi
d6, d€ thay uny+3, Uny-+4, Ung+s > 1. Do ta can tim
gidi han cia day (u,) nén khong mat tinh tdng quit,
ta c6 thé xem nhu diy dudc bit dau tir ba sb hang
nay trd di. Nghia 13, ta ¢ thé gia st uy, up, uz > 1.

Dén day, lai stt dung cong thic truy hdi cla diy, ta
suy ra u, > 1, Vn € N*. Tit d6, ta cé

Un + Upsy — 4
lun+3_2|:‘vun+un+ "zlzl/; +;++2+£
n T Up

< Iun“2l+lun+2"2!’ VHEN*.

o 3

bit v, = |u, —2|. Khi d6, ta cé v, > 0, Vn € N* va:

Vo +Vpyo 1 1 I
A Vn -+ gvn-l-l + §Vn+2~

Stt dung két qua bai todn tdng quét 2 trong trudng
hop: ddy bj chin dudi bdi 0, k=3, a4 = 3, o = ¢,

03 =3 va 0y + 0 + o3 < 1, ta thu dugc ngay
limv,, = 0.
Tu d6 suy ra himu, = 2. [

—-l Bai 6 (Ha Noi, 2013). } - -———————]

Cho ddy s6 (uy) théa man uy, uy € (0,1) va: |
:

1 4
un+2=§ui+1—|—§\3/ﬂ, Vn:1,2,...

Chimg minh rang day s6 (u,) cd gidi han hitu
han va tim gidi han do. l

Lo giai. T cong thifc truy hoi clda day (u,), ta dé
dang suy ra 0 < u, < 1, Vn € N*. Diéu nay cho phép
ta c6 thé sif dung bat dang thic AM-GM nhu sau:

]. 3 4 4 3 4
g Up gt g‘ Vb 2 \5/"':3:+1 '(\/3 ”n) — ug+lu,?,
Tu d6 suy ra

3 4
%
Upid > ugﬂu,]?, Vn e N”.

L4y logarith nepe hai vé va dit v, = —Inu,, ta cé
3 4 N
Vnt2 S §Vn+1 T Evna vn € N

Do 0 < u, <1nénv, >0,Vne N* Tiudiy, sudung

két qua bai todn tong quat 2 trong trudng hop: ddy

bi chiin dudi b6i 0,k =2,y =3, 0 = = va

13
0.'1+Ot2:E<1,

ta c6 limv, = 0. Tit diy, ta dé thiy limu, =1. C

Bai 7 (Truong Pong TH mién Nam, 2013). |—

Cho day so thuc (a,) duoc xdc dinh bdi:

Vn=23, ...

Chitng minh rang ddy (a,) c6 gidi han hitu han
va tim giodi han do. l

Lo giai. Tir gia thiét, dé thiy 0 < a, < 1, Vn € N*.
batv, =1-—a,, tacé

1—a 1 —a?
1 — Apni42 = 32-":}' + 6 n,
suy ra
| 1 +a, 1 1
Vp42 = §Vn+1 + 6 Vn < §Vn+1 + §Vn-

Do 3 +3 < 1 va (v,) bi chin dudi bsi 0 nén theo
két qua bai todn téng quat 2, ta ching minh dugc
limv, = 0. Tit d6 suy ra lima, = 1. [ ]
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- Bai 8 (TP HCM, 2014). ] SR— - Vi |t +1 — U, | 12 s6 tf nhién nén tit bt dang thic
T trén, ta suy ra |Upmy+1 — U, | = 0, titc 12

Cho ddy 50 (xp) théa mdn x; = 1, x, = 2014 va:

o = Umg+1 5 fo (1) = fino (F()).
| x,,_,_z:\?/xgﬁxn, Vn=1,2,...

| Mat khac, do f don 4nh nén dé thly f,,,(n) ciing 12
l'Chl;-ng minh rdng ddy (x,) cé gidi han hitu han | donanh. Tit day két hop véi ding thic trén, ta Suy ra

va tim gidi han do. f(n) =n v6i mdi n € N*. Th lai, ta d& thiy ham s
- J f(n) =n,Vn € N* théa min yéu cdu bai toan. [

Loi giai. Ti gia thiét, ta dé thiy x, > 1, Vn € N*.
Lay loganth nepe hai vé phudng trinh sai phan G dé
bai roi dit v, = Inx,,tacév; =0, v, =1In2014 va:

| Bai 10 (Béc Ninh, 2014).}— '

Day (x,) dugc xdc dinh béi x| =

, Xy = -1% va:

U‘ll-lh

2 1 ,
V2 = §Vn+1 + §Vm Vn € N,

Xn+2 = \/Xny1 ++/Xn, VneN*,

Tim limx,,.

. A m L

St dung ket qua bai todn tdng quét 2 trong trudng
hdp: day bi chdn dudi, k = 2, al—g, ag—%va . _
@)+ ap = 1, ta co (v,) hoi tu. Mit khdc, ta d& thly Lo giai. Tu gia thiét, ta d& dang ching minh dudc
Xn > 1,Vn > 3. Goia > 11a nghiém duong duy nhit

3Vnt2 +Vntt =3V +vp =+ =3vy vy, cia phuong trinh a* = a+ 1. Khi d6, ta c6

Do d6 limv, = 22‘-:—-?—1- %1112014 Véi két qua nay, lxn+2 — a6l = I, [Xn+1+ X — a6l
o 3
ta dé dang tim dugc limx, = 20141, [

r{Eéi 92Ro£ani;n TST, 2(-)04):]—— | < |V Ant+l — ‘IBI T l V/Xn — azl

6 6
A ? » » > —~ x l """a I Ixn _a |
| Tim tat ca cdc don dnh f : N* — N* théa man — Xnt 4"
Va1 +a@ Y2 +a? Y%, + at
f{n)+n . 1 1
I f(f(n)) < -(_ ; —, VvneN", gé-'lxn+1—a6|+§lx,,—a6|, Vn>3

Cr ers oz Dﬁtvn=|xn—a6|,tac6vn20,Vn€N* va:
Loi giai. C6 dinh n va dit:

| 1 1
Up =n, Um= fm(n)= f( ..f(n).. ) (m lan f). Vn42 S 5Vngl + §v"’ Vn > 3.
Tir gié thiet, ta chitng minh bang quy nap dugc ring: Si dung két qua bai todn 2 trong trudng hdp: ddy bi
chdn dudibdi0, k=2, 01 =3, 00 = 5, 0 + 0 < 1,
Un+2 < um+12+ um’ Vm € N. ta ¢0 limv, = 0. Tir d6 suy ra limx, = a°. (]

Ngoai ra, dé thdy diy (u,,) bi chin dudi bdi 1 nén Bai 11 (Chon doi tuyén Viét Nam, 1990). P———
theo ket qua bai todn 2, day nay hdi tu va c6 gidi e i . |
han l1a A. T @9, theo dinh nghia gi6i han, véi méi
D<e< %—, ton tai mg € N* @ 16n sao cho

Cho bén sé thuc duong a,b, A, B. Xét ddy so |
thic (x,) duge xdc dinh bdi x1 = a, x) = b va:

3
un—Al <€, VmeN* m>my. | xn+2=A{’/x;‘:+1+B_ x2, Vn=1,2,...
Vi ket qua nay, ta c6 | Chiing minh rang dady (xn) c0 gidi han hitu han |
va tim gidi han do.

Ium0+] — umOI _<__ Iumo_}-l _Al _'_ Iu}no _“Al < 28 < 1- - - N I -
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Lo giai. Dé cho cic 1y luin va bién doi dugc thuin
tién, ta dat x,, = (A —l—B)3uj,,1 va o = A‘_?_B, B = Z’f_—ﬁ'
Khidé,taco a+p =1 va:

Upi) = a\:’/uﬁﬂ + B u?, VneN*.
bat M = min{u,, up, 1}. Ta s€ chiing minh
x, >M, VneN~.

Ta chitng minh bing quy nap theo n. Dé thiy khing
dinh ding vdi n = 1, 2. Gia st khang dinh diing vdi
=k (k > 2). Khi d6, theo gia thiét quy nap, ta c6

— gy 34,2 3/..2

> aVM? + BVM?
— VM2 > M.

Do d6, khang dinh ciing ding v6i n = k + 1. Theo
nguyén 1y quy nap, ta c6 khang dinh ding véi moi n.

Bay gid, dit v, = |u, — 1|, ta c6

3
o \/n+1

. a(un+l+1)|un+l_1| ﬁ(un‘l‘l)lun_l“

=—— 7t

un +us + 1
2u, + 1

|un+2 a 1| =

Un ) +ug+1 +1
o Qltni1 + Dlunp1 — 1
B 2upy1+1

Do f(t) = 514;11 nghich bién trén R* nén ta dé thiy:

e +1 2w+ 1= 2M+1

+

<1, VneN*.

Do dé, tit bat ding thic trén, ta suy ra

Vnt2 S 0V + 0Vpy1, Vn=1,2,...

trong do o = ﬁz(ﬁill ), 0 = az(ﬁITl-)- Dén day, st

dung két qua bai todn tdng quét 2 trong trudng hop:
day bi chan dudi boi 0, k =2, oy + 0p < 1, ta thu
duge limv, = 0. Tt d6 suy ralimx, = (A+B)>. O

4. Bai tap tu luyén

Bai 1 (Chon ddi tuyén Viét Nam, 1991). Diy sb
(x,) dudc xac dinh bdi x; = x4 =1, x3 = x3 =9 va:

Vn=1,2,..

Xnt4 = /XnXn4+1Xn4+2Xn+3,

Chitng minh rdng day (x,) c6 gi6i han hitu han va
tim gidi han dé.

Bai 2 (THTT, 2010). Cho a, b € (0, 1). Diy s6
(u,) dudc xic dinh nhu sau: uy =a, uy = b va

2009

1
st T 510V em =12,

“nt2 = 9010

Ching minh rang diy (u,) c6 giéi han hitu han va
tim 2141 han do.

Bai 3. Cho day (x,) théa man x| =x3 =x3 = % va:

1 1 8 '
xn+3‘“‘ﬁ i_|_2 | 8x2n+1+§€/i;, Vne N,

Tim limx,,.

Bai 4. Cho diy s6 duong (u,) thda min

Un+2 = \/Un+1 T /Un,

Ching minh rang diy (u,) c6 giéi han hitu han va
tim 2161 han do.

Vn € N*.

Bai 5. Cho day s6 (x,,) théa min x; > 0, xy > 0 va:

2

—— . VneN",
Xn+1+Xn +2

Xn42 =

Tim limx,.
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