CHUNG MINH PINH LY LON FERMAT

Ton Thdt Hiép,g/v THPT Phan Pdng Luweu, Phii Vang, Thira Thién Hué. Email:tonthathiep.pdlhue@gmail.com

Nha toan h()c Phép Pierre de Fermat (1601-1665) dd dua ra mot dinh 1y ndi tiéng:
“phwong trinh X" + y" = 7", trong do 0 nguyén n lén hon 2 khong thé fim dwgc nghigm (nguyén khac
khong) nao”. B¢ la dinh ly Fermat cudi cling. Ong ghi bén 18 mot cudn sach ma khong chtirng minh nhung c6
kem theo dong chit: "T6i c6 mét phuong phap rat hay dé chimg minh cho trudng hop tong quat, nhung khong
thé viét ra day vi I& sach qua hep."!!

Céc nha toan hoc sau d6 d4 ¢ ging giai bai toan nay trong sudt gan bdn thé ky. Va cudi cling nha toan hoc
Andrew Wiles (ngudi Anh, dinh cu & My, sinh 1953) d4 cong b 10i giai doc nhat vo nhi vao mua hé nim
1993 va sua lai nam 1995, véi 101 giai dai 200 trang. . )

Trong mot thoi gian dai toi tim cach chimg minh dinh 1y nay bang toan hoc so cap va t6i dd thanh cong.
Dudi day 1a toan van ching minh dinh ly 16n Fermat.

bé chirng minh dinh 1y 16n Fermat t6i dua ra nam bo dé va hai hé qua sau day.

Bo dé 1:

Cho ne N,n >3, néu phwong trinh (PT) X" +y" =2" 1) c6 nghiém nguyén khac khong thi bao gio ciing
ton tai nghiém x=u,y=v, z=tsao cho u,v,te Z" va (u,v)=(ut)=(v,t)=1.
Bé dé 2:

Néu ¢6 ne N,n>3, PT x"+y"=z"vd nghiém nguyén khac khong thi véi moi keN", PT
X™ +y™ = 2™ ciing vé nghiém nguyén khac khong.
B dé 3:

Choab=c", n 14 sé nguyén dwong Ié; a,b,c e Z sao cho(a,b)=1, khi d@s ton tai hai so nguyén khac
khdng ci, c2s580 cho (c,,¢,)=1,c=c.c,,a=c"va b=c,"
B dé 4:

Choab=c", n 1a s6 nguyén dwong lé, ab,c,me Z", sao chola|>2,|b|>2,|c|>2,m 1a s nguyén 14,
(a,b) =m,b/m?, khi dé ton tai s6 nguyén dwong s sao cho ns > 2 va hai sé nguyén khac khong c,, ¢, sao cho
(c,,c,)=1dong thoi ¢, fm, c,/m, c=mc,.c,, a=m""c," vab=mc,"

Bé dé 5:
Cho n la s6 nguyén t6 Ié va hai sé nguyén u, v sao cho(u,v) =1, khi do:

a) Néu (u+v)/n thi (u +V, Z Uty 'J 1va (ni(—l)iu”‘l“vijin .

i=0

b) Néu (u—v)/n thi (u v,nZun Hy 'j 1va (nZu” Hy 'j/n

i=0

¢) Néu (u+v)in thi (u +V, ) ' ”‘1"v'j: n va (nz_l(—l)iu”‘l“viynz.

i= O i=0

Hé qua 1:

Cho abc=d"vdi n,a,b,c,d e N'sao cho(a,b)=(a,c)=(c,b)=

Khi d6 bao gioc cing ton tgi  ba s6  nguyén  dwong c, C,, c;sao  cho
(c,.c,)=(c.,c5)=(cs6,) =1 d=c.c,c; a=c", b=c," vac=c,'
Hé qua 2:

Cho abc=d" Vi a,b,c,dme N, sao cho a>2,b>2,c>2,d>2,
(a,b,c)=(ab,c)=m vamld sé nguyén to.



Khi dé ton tai cdc s6 nguyén dwong $,K C,, C,, ;580 chons —k>2, (C1,62)=(Cs,C2)=(C1,C3)=1, dong thoi
c,/m, c,/m, c,/m, c=mc,", d =m°c.c,c,. a=m"c", b=m"""c",

1. CHUNG MINH CAC BO BE
1.1. Chirng minh bo de 1

Gia sir X=Uy, y =V,, z=t,1a mot nghiém nguyén khac khong cua PT(1) va (U,,V,,t,) =d.

+ Néu u, =V, thi 2u) =t", dang thirc ndy khong ton tai véi u,,V,,t, 1a s6 nguyén khac khong n la sb
nguyén duong 16n hon 2.

+ Néu u,#v, Khi d6 ton tai ba s uvteZ sao cho(u,v,t)=1 uy=ud, v,=vd, t,=tdva
Up" +V," =t,", suy rau” +v" =t"(1") vathi u#v,suyra x=u,y=v, z=t lamot nghiém nguyén khac khong
cua PT(1).

Gia sir(u,v)=d’, tir (1") suy ra t" chia hét chod'", suy ra t chia hét cho d’, ma (u,v,t)=1nénd = 1.

Vay (u,v) = 1.

Chimg minh twong tu ta cing c6(u,t) =(t,v)=1. B6 d¢ 1 d4 dugc chimg minh.

1.2. Chitng minh bd dé 2

Gia st ton tai s6 nguyén duong ko sao cho PT x™+y™=z%c6d nghiém nguyén khéc
khongx=u,y=v, z=t, khi d6 ta c6 u™ +v™ =t" <:>(uk° )n +(vk0 )n :(tk° )n suy ra PT x"+y"=z"ch
nghiém nguyén khac khong x =u',y =v¥, z =t% diéu nay trai voi gia thiét. B6 dé 2 d4 dugc ching minh.

1.3. Chitng minh bé dé 3
Gia sir(a,c)=c’;, khi d6 tOn tai hai sb nguyén a,c’,sa0 cho (a,c’,)=1va a=ca,c=c'c,

n—l n

Viab=c", néncab=c'c,", suy raab=c""'c,", suy rablc' 'c,". Vi (c,b)=1(do(ab)=1)

/'n-— 1/n /n-1

nénc’," =kb, véi k 1a s6 nguyén khéc khong, tir ding thic ab=c’ , ta suy raa, =kc',"" ", suy

/ n(

raa" =k"c’"" " suyra k| a,"vakl ¢',"; vi (a,c’,)=1nén(a",c, ):1,tu:do suyra|k|=

Vay b =kc'," —(kc’ ) =c,", a=kc'" :(kc’l)n =¢", c=cc, Vvoi ¢ =kc'}, ¢, =kc, nguyén té cing nhau.
B d& 3 da duoc ching minh.

1.4. Chirng minh bo dé 4

Vi aim, bim va ab=c",suyra c":m?, suy ra c:m(do m la s§ nguyén t).

Giast c=m°r,véi seN", reZ var/m,ma ¢c"=m™r":m?, nénns>2.

o (a,b)=m va b/m? nén c6 thé gia sir b=mh vaa=m"l, véi keN"; hleZ" sao cho(h,1)=
h/m, I/m.

Vi ab=c" nénm***hl =m™r", suy rak+1=ns, suy ra k=ns-1vahl=r"; dp dung bo dé 3, ta c6
r=c., h=c"l=c,", trong d6 hai sé c, c,la a hai sé nguyén sao cho(c,c,)=1. Tir d6 ta co
c=m'c.c,, a=m""'c"vab=mc,". B6 d 4 d4 dugc ching minh.

1.5. Chirng minh b6 dé 5

a)Pit A= Z ' TRV

LN

Ta ¢c6 u"+Vv" _[(u+v v] +\" _(u+v)n7( 1)kC“(u+v)"7Hvk ma u"+v"=(u+v)Avau+v=0,

n
k

Il
o

n-1 -2
=3 (-1)‘Cl (u+v)"vF. Tacs A=(u +V)Z CH(u+v) ™ v v, (uv) =1 va (u+v)/n nén

k=0
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(u +V, nv”‘l) =1, suy ra (Au+v)=1(dpem).
b) Vi n & s6 nguyén to 1&, nén tir a) ta thay v boi —v ta c6 diéu phai chimg minh.

n-3 k _ n-2
c) Ta co A=n(u +v)[Z(—1)k CT”(U +v) K —%} +nv"=n(u+v) A+, i
k=0

n—

n-2
n—-k-2 Vk _ (n—l)V
k= 2
n(u+v)Ain’; mitkhac nv"*in va nv"*/n’(do v/n), tird6 suyra n(u+v)A +nv"* = Ain va A/n?, hon
nira (u+ v, A) =n (dpcm).

2 K _
(—1)kC—n”(u+v) =A. Véi k=1n thi Cfin (vin la s nguyén t6), ma (u+v)in nén
0

1.6. Chirng minh hé qua 1
Vi (ab)=(ac)=(c,b)=1 nén (abc)=1 maa(bc)=d", & dung bd @& 3, ta co
a=c"vabc=e", véi ¢,eeN saocho (c,e)=1va ce=d

n

Ta c6 bc=e" véi(c,b)=1, lai 4p dung bd @& 3, ta cob=c,", c=c,", Véic,c,eN" sao cho
(c,.c;)=1vae=c,.c, suyra d =c,c,.c,.

n

Nhr vy a=c" b=c c=c/ . d=ccc. Ta o (¢.¢)=(¢.¢")=(c,".c,")=1, nén
(c.c,)=(c,,c5)=(c5,C,) =1. Hé qua 1 d& dugc ching minh.
1.7. Chirng minh h¢ qua 2
Vi (ab,c)=mva c/m> ma(ab)c=d", dp dung bé d& 4, ta c6 ab=m™T"e"va c=mc,"Vvéi

c,.6,seN"sao cho(c,,e)=1, c,/m, e/m vad =m’ce.

Vi a:m, b:m néna=m*c’,, b=mc,, trong do k,g,c/,c, e N sa0 cho
(c'.c’,)=1,¢/fm, c;/m .
Tu ab=m™"e"tasuy ra m“*9%’c’,=m™%", suyra k+g=ns—1vac'c’,=e",suyra g=ns—k-1, suy

rans—-k>2.

/ n y . *
,=C,", véic,c,eN sao cho

Ta ¢ c/.c/,=e"va(c’,c’.)=1, 4p dung bé d@é& 3, ta coc’,=c", c
Lo AP g 174
(c,,c,)=1vae=c.c,.

ns—k-1. n

Nhu vdy a=m‘c", b=m™""c,",c=mc,"va d=m’c.c,c,. Vi(c,,e)=1 ((c,,¢)=1 va e=c.c, nén
(c..¢,)=(¢.c;)=(c,,C,) =1. HE qua 2 d& duoc ching minh.

2. CHUNG MINH PINH LY LON FERMAT
21. Khin=4

Véin=4tacoPT: X' +y*= 24(2).

Gia st PT (2) «c¢6 nghiém nguyén khdc  khdongx=u,y=v, z=t, trong do
(u,v)=(u,t)=(v,t)=1(theo bd d& 1). Ta cou’ +v* =t*(2'), suy ra [t| > |u[,]t| >|v|. Tir (2') suy ra trong ba
s6 u, v, t c6 duy nhat mot s6 chin va u, v ¢6 vai trd nhu nhau, cho nén ta chi can xét hai truong hop.

2.1.1. Khi t chiin



Suy ra u, v déu 1¢, suy ra: u* =1(mod8) va v* =1(mod8) = t* =u* +v* =2(mod8) =t* /16, vd ly, vi t*:16

2.1.2. Khi u chin

Suy ra t va v diu le. Ta co(2)efu =(f-M)(H+M)( M) Vit v ote va
(u,v) = (ut) = (v, t) =1 nén (J vl g = Ve 7 = ([t =7 o7 ) =2 va (g ) £2°. Ap dung he qua
2, taco [t|—v=2"u, [t|j+[]=2""y, t*+v?=2t', véi |u|=2°u,v,t; trong d6 s, k 1a hai s nguyén
dwong, uj, v, t 1a ba sb nguyén duong 1¢ d6i mot nguyén tb cing nhau, vai 27 u* < 24v,* < 2t*.

Suy ra: |t|=2"u*+2"* v va V[ =272y -2t suy ra 40T 40 =t (20). Vit v, Uy, v 1A

cac s6 1é nén (k—1=0 va 4s—k—-2>1) hoic (4s—k—-2=0 va k—1>1) suy ra (4s—k —2=4s—-3>1 hoic
k—1=4s5-3>1)

Nhu viy ding thoe (20) Iuon co dang 4%vS+(u?) =t' (2) hoie (v?) +4u’=t‘@1) véi
h, € N,h =4s—3. Do véy ta chi cAn xét mot trong hai dang ctia dang thirc (2o).

Tu(2)suyra: t, >u,t, >v, vat’ —(ul2 )4 =4"v} = (tl + uf)(t1 —uf)(tf +u14) =22 (2). Vi ug, vy, t 1a
cac sb nguyén dwong 1é va d6i mot nguyén t6 cung nhau nén t? +u,* =2t,, t, +u? =2"v,,t, —u? =2'u,; trong
do h, 1 1a hai s6 nguyén duong, uy, V, t, Vé6i 2'u, <2"v, <2t, 1 ba s6 nguyén duong 1¢ d6i mot nguyén td
cung nhau, suy ra t, =2"""?yv, +2"u,,u = 2" v, - 22" "2y, va 42 47202 =, (2,), suy ratr >y,
ty > Vo, ViU, ty, Up, Vo 12 cac s6 1¢ nén (h—1=0 va 2h —h—2>1) hodc (2h, —h—2=0 vah-1>1) suy ra
(2h,—h—-2=2h -3=h, >1 hoic h—1=2h —3=h,), véi h e N,h >2.

Tu 2") suy ra: 2"™u,v,t, =2""v* =1=2h —h-1 va u,v,t,=v°. Ap dung h¢ qui 1, ta co
u, =ul,v, =V, t, =t°, Vi v, = u,vit,; Vi Uy, Vs, t, 12 ba s6 nguyén duong 1é doi mot nguyén t6 ciing nhau.

Nhu vay dang thirc (22) ludn c6 dang (u322 )4 +4%y, = (t32 )4 (2}) hoic (v322 )4 +4"y, = (t32 )4 2))

Ta c6 nhan xét: Néu c6 us, V3, tsthoa man (2,) hodc (2}) thi u,v,t, =V, hoicu,.v,t, = u, Vdi t3 > Us, t3 > V3.
Ctr nhu thé, v6i 1ap luan nhu trén véi mdi ke N,k >3 ta ¢0 Uk, Vi, t 1a ba nguyén duong 1¢ doi mot
nguyén té cting nhau théa mén dang thirc (u,fk’1 )4 pahay :(tfH )4 (2, ,) hodc (v,fk’1 )4 Fahay :(tfH )4 ')
va u, vt =v,, hoac u, v .t =u,, (h =2h_,-3,h =45-3 keN,k>3).
Vi u v t, =v,, hoac u,.v, t, =v,, , t, >u,,t >v,,Vk e N,k >3, cho nén chi xay ra hai kha nang sau.
a) Ton tai kyeN,k, >3 dé cho u, v, t =u,, =1 hodc u vt =u, =1 thi u_=v, =t =1, khong
thoa mén dang thirc (ukz:m1 )4 + 4" vkz:ﬁ1 = (tkz:of2 )4 (2¢,1) vél(vf:m1 )4 + 4" uf:w1 = (tkz:mz )4 (2 1)
Vay PT(2) vo nghiém nguyén khac khong trong truong hop nay.
b) Ton tai k, € N,k, >3 dé cho u, v, t, =u,_,=p hodc u,_v, t_ =u, , =0, Véip, qla cic s6 nguyén to
le. Vit, >u, .t >V, nén(t =p,u =v, =1)hodc(t, =q,u, =V, =1)khidoco u, Vv, 4.t , lacac $6
nguyén duong 1¢ d6i mot nguyén t6 cing nhau théoa mén dang thic (uf:il)A +4% Vlf:ilz :(tfok{:ll )4 (2’k0) hoac
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4 4
% oz [ ok /! e _ _ = T _ _ _
( k0+1) AU =\t | (@), VOI U 1Vt p =U =1 hode U v b, =V =1, suy rau =V, =t =1,

khong thoa man dang thire (2, ) va (2,)).

Vay PT(2) vo nghiém nguyén khac khong trong truong hop nay.

Tom lai, khi n =4, PT(1) vé nghiém nguyén khac khong.
2.2 Khi n 12 s6 nguyén t6 16n hon 3

Gia st PT (1) c¢6 nghiém nguyén khac khéngx=u, y=v, z =t, trong d6
(u,v)=(u,t)=(v,t)=1 (ap dung bd d& 1), khi d6 u" +v" =t" (3)

Suy ra: (u+v ni u" =t" (4), (t-v Zt” ' =u" (5), (t-u Zt” Myt =v"(6)

i=0

2.2.1.Baséu,v, t déu khong chia hét cho n.
Vi (u,v)=(u,t)=(v,t)=1va tir (4), (5), (6) ta suyra (u+v)/n, (t—v)in va (t—u)/n; ap dung bo dé

5a) va 5b) ta co (u+vz u" Ty 'j (t th” Py 'j (t—u,it”“‘lu‘jzl, (ni(—l)iu”“‘lv‘jln,

tn Hy 'j/n (Zt”‘i‘luijln, két hop voi (4), (5), (6) va &p dung bd dé 3 , ta co:u +v=c"(4’) va

i=0

"‘H

- )u”*iflvi =c", Vvéi t=cc’, c,c'eZ’, (¢, c)=1vacin, c'/n; t-v=b"(5") va Y t""' =b",
|:O i=0
n-1

véiu=bb’, bb'eZ", (b, b’)=1 va b/n b'/n;t-u=a"(6’) va > t""u'=a", véiv=aa’, a,a'eZ’,

i=0

(a, a’)=1lva a/n, a'/n; (a,b)=(ac)=(c,b)=1.
Ta co: ¢"=A= __ (-)'umvi = Z( 1)CK (u+v) _nz_l“(—l)kcr‘]‘(u V)"V (uy) T
n_1-S 1 (u+v)' K +[(u +v)n_1—l]

Vin la s nguyéntd va (u+v)/n, nénvéi k=1,n thi C*:n va [(u +v)”_1—1}5n (dinh 1y nho Fermat). Do
d6 (c"—1)in, ma ¢'fn nén (c"*-1)in, suy ra ¢ —1—-(c™*—1)=c""*(c'~1)in, suy ra(c'~1)in, suy ra
c'=1+nk;, voi k; e Z.

Ching minh tuong tu ta clng c6 a'=1+nk, b'=1+nk,, voi k,k,€Z. Ta co

@)t —u-v=u"+v" —u-v=t"-u-v=(cc) -c"=c [(1+ nk,)" —1}En2. Ching minh tuong ty ta

ciing o (u"—t+v)in® va (V' —t+u)in® suy ra
(u”—t+v)+(v”—t+u) (t”—u v) 2(u+v-t)in’ = (u+v-t)in®>. T (3°), &), (5) suy ra
u+v-t=c(c"- ) a(a-a"t)= b(b'—b”’l)znsabck, Véi keZ,seZs>2(ka)=(kb)=(kc)=1va

k/n,néuk+#0.Suyra u=hb"+nabck, v=a"+n°abck, t =c" —n°abck va a"+b" —c" =—2n°abck .



2.2.2. Basé u, v, t chi c6 mt so chia hét cho n.
Vi vi+u" =t" o u"+v" =t" oV +(-t)" =(-v)" < u"+(-t)" =(-u)", nén tinh chat sé hoc va vai tro
Cla u, v, t 1a nhu nhau. Do d6 khong mat tinh téng quat ta gia st t:n va u/n,v/n; tir (6) suyra (U+v):n, ap
dung bd dé 5c¢) ta co (u +V, Z( 1)'u" 'J n va (Z( D'u"ty 'j/n két hop véi (6) va &p dung bd dé 4

i=0
n-—

taco u+v=n""'c"(4")va Z( D'u" Vv =nc" véi t=n’cc’, seN'; c,c'eZ’, (¢, ¢')=1,c/n, c'/n.

P N n71 . . n71 . .
T (4), (5) suy ra (t—v)/nva (t—v)/n, ap dung bd dé 5b) ta co (t—v,Zt”'1v']=(t—u,2t”'1u'j=1,
i=0

i=0

n-1 n-1 > N
(Ztnilvijln’ (Ztniluijzn, Kkét hop véi (4), (5) va ap dung bo dé 3 ta c6 t-v =b" (5,,)\/:’31
i=0 i=0

Zt” "W'=b", véi u=bb’, bb'eZ, (b, b)=1bin b'/n;t-u=a"(6"), véi v=aa’, aaeZ,
i=0
(a, a')=1,a/n,a/n; (ab)=(a,c)=(c,b)=1.

Lap ludn nhu 221 (rang 5) ta c6 b'=1+nk, a'=1+nk; va (u+v-t)in®, ma
u+v-t=nic(n**°c" ~c’)=a(a'-a"*)=b(b'~b"*)=nabck nén s>2;(k,a)=(k,b)=(k.c)=1 va
k/n,néuk#0.Suyra v=n™"a"+n%abck , u=b"+nabck, t =c" —n‘abck va n™*a" +b" =c" —2n°abck .

2.2.3. Nhan xét

Dé dang nhdn ra trong ba sé u, v, t théa (3) thi it cé hai sé khong chia hét cho n. Khéng mit tinh tong
quét ta gid si u, v khéng chia hét cho n, thi theo 2.2.1 va 2.2.2 ta c6 v=a"+n‘abck, u=b"+n*abck,
t=h—n*abck va a"+b" =h—2n®abck ; véi (h=c", khi t/n)hoic (h=n""c", khi t:n); trong d6 a, b, c, k
d6i mot nguyén té ciing nhau va khdng chia hét cho n (néu k # 0).

2.2.31.Khik=0

Ta nhan thdy khi k = 0 thi t—-u=v,t-v=u, hay a"=aa’,b"=bb’, suy ra
al=[a=[o|=]o

Vay PT (1) vo nghiém nguyén khac khong trong truong hop nay.

2.2.32Khik#0

+ Theo chirng minh trén ta c6 v=a"+n’abck, u=b"+n*abck, t=h-n*abck va a"+b" =h-2n°abck ;
v6i h=c", khit/n hoic h=n""c", khitin; trong d6 a, b, ¢, k d6i mot nguyén t6 cing nhau (k # 0).

Thay vao 3) ta co: (a"+ nsabck)n +(b"+ nsabck)n =(h- nsabck)n

=1=|u[=|v|=1=t=0 hodc |t =2, vd ly.

oh'—a” —b" - n[a”(”‘l) +b"™Y 4 h”’l] n°abck —@[a”(”‘z) +p"? h”’z}(nsabck)2 ——

(n— l(n 2)[n

94 (rabck) .- n(n2—1) (% +b7" 1) (reabek)" " ~n(a"+b" ~h) (n"abck )" -

B(n abck) =0 suy ra

K (n-1) n(n-1) n-1 | s _ n(n ) n(n-2) n(n n-2 35+l
—a™ —b n[a e ]n abok =——— [b +a""? _p ](n abck )” (modn®*)(7)
—a" —b" =n[a""™ +p"" Y+ h”‘l}nsabck(mod ") (8) va h" —b™ —a" =0(mod n**) (9)
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n-1
+ Mait khac ta cot"—u"=v" < (t- u)Ztn ut=v" < a") (h—nabck)" (b" +n°abck)' = (a" + n°abck)"
i=0

i=0

n-1
= Z (h—n*abck)"™" (b" + n*abck)' = (a"™* + n°bck)"

=N Z Z Z( 1ict, Chmt-ip") (nsabek)' i = zn:c:;a“-”(“-”(nSbck)i

n-1n-4

@ZZ'Z( NG, G (nabek) += Zu(u —D" I (nhabck)? += Z(n—l—l)(n 2—i)0"H" % (rPabek)? —

i=0 j=0 1=0
(+33)

n-2 n-2
- (LD (abok)? +Zh”1'b”' +Z|b“<' a3 1) bk =

i=l

= cha”(”’“) (n*abck)’ +a" ™™ + na""? (n*abck)
i=2

== Z.(u ~ )" (nfalck)? +2Z(n—l—i)(n—z—i)bmhﬂ*i (n°abek)? - > i(n—1-i)b"h™ 2 (n*abek)? +

i=2 i=0 i=1

+Zhn—1—i bni + ZI bn(i—l) hn—l—i n*abck — Z(n —1- i)bni hn—Z—i nsabck = an( n-1) + nan( n-2) nsabck(n,w n25+l)

== Z|(| ~Db" A" (n*abck)? += Z(1+|)(2+|)b”'h”‘3‘ (n°abck)? +Z|(1+|)b“' Ph"2 (n*abck)? +Zh”‘1"b”'

| 2 i=0 i=1

+Zib”“’1)h”’l’insabck —Z(n ~1-i)b"h"*'n*abck =a""? +na"" ?n*abck (mod ™)

== Z|(| —Db"2h"* (n*abck)? += ZI(I —~Db 2™ (n°abck)? +Z|(| ~Db" PR (nfabek)? +Zh”‘1"b”'

|2 |2 i=2 i=0

+Zib”“’1)h”’l’insabck —Z(n ~1-i)b"h"*'n*abck =a""? +na"" ?n*abck (mod ™)

:»22(. D2 (rabok)? +Zh“*b”' +Zb”(' DRt abck — Z(n—l R 2 irrabok =a"™ e nfabdk(mod )
i=2 i=l

n n2

= 2f"(b")(n*abck)’® + hh =

+ f'(b")n*abck — g’(h)n*abck = a"" ™ + na""?n*abck (mod n?**!)

[ n(=Dx™* =n(n-Dhx"* |(x—h)—2[ (1-Dx" —nhx™* +h'" |

X" —h" %)= (n=D)X" —nhx"* +h"

Vi (== f'x (X =
(Vi £() === T — ®) o
_ (N=DX" —nb"x"* +b™
909 =2 = 9’0 - by )
2[n(n—1)bf*“-1 (- | —h)—4[(n _b" —nhp™Y +h”} (D" ™ 4+
= N (n°abck)’ 4 — r'abok +
(©"-h) (h-b")
n n? n npan-1 n?
hh _E“ _(n—l)h(h—nttjn)hz +b n*abck = a"" ™ + na""?n*abck (mod n?**)
n _p™ n(h"=b")—nb"h|{ h"2—p""? "™\
:—4(h )(n abck)? +h bn - n[z ]nsabc+2(h nb )nzabckE
(h—b")? h—b (h—Db") (b" —h)

=a""" + na""?n*abck (mod n**)



0 ? n h”1+b”“ (h—-b") 0\
4(h b )( )2 b 2 nsatx:k | 2(h b )nzatnk Ean(n—l) +na n—Z)nsamk(nmn25+1)
7 (h—by h—b’ (h—b") ©'-h)
n_ Nt n_hrFl bn(n—l N ptyas
ATD) (e + 0L Jrpabk A DMACK_ oy | oo ook o)
(h—b") h—b’ h—b" ' —h)
4(hn bnz)( )2 an n_hn_l-i-bn(nil)_ nSatx:k I Z(hn —bnz)nSaM( _
(h b”) h—b" h—b" - e-h?
s (n=2) g 4n s s
_ (a +2n abck)+rr1]a . (a" +2n°abck)n’abck (mod n™™) (vih—b" = a" + 2n°abck )
G L) PV o n[h”’l+b”(”‘l)] oy AN b )n'abck 28" nfabck A’ +ra"nfabok o,
Zhy TN Ty KT T hy T g )
A7~ bnz)(n i h—b" —a" [h“+br‘” +ar‘”] n°abck 2 b”z)nsabck 23" nfabok(a" +2n°abek) (o)
-0y h-b' O —hy? (h—b"Y?
n_ | _ nz_ n-1 r(n—l r(n—l n_
4(h“—br*)(ns abd()2+h b 4 ”[h +0" +a ]”SaWTz(h " —al"yreabek _ 2l ratik-+4a™ (abk)’ )
(h-y’ h-b " -hy* (h-'y
nin— n- n- n- S -
LAY ( D[b“ Pl " ek ol b ™ (raboky
(oY h—b' ' (h—b'y B
2na" n*abck +4a"" Y (n*abck)? [(a" + 2n°abck) .
= modn Vi h"—a" -b" —nfa™ 7 +b™ 7 +h"" |n"abck =
|: (h bn)3 :| ( d 25+1) ( 1R " _p" n(n-1) bn(n 1) h" 1 |48 bek
n(n—l) n(n-2) n( n_2 s 3541 n2 n n(n-1) n(n-1) n-1|,.s 2s+1
= [b +a""? _h ](n abck) (modn®*™),h"-a" —b En[a +b™"7 +h }n abck(modn=™)

2
(theo (7) va (8)))
n n*+n, s [~ 2
4(h rt? )( )2 Zna natx:k—"fas (n at-x:k) (nmn25+l)
RECED (h-b")
4(hn bn —a ) 2 n2+n n'abck 2541 ~ n n? n? _ s+l
W( aock)? = (h e ) (b~ =0madn™) (theo (9)

n2+n n*abck = (Xr.rngSﬂ)

:>a”z*”*1bck50(nndns), vo Iy, vi a” "™pck [ n .

Vay PT (1) v6 nghiém nguyén khac khong trong truong hop nay
Luu y: Trong cac phuong trinh déng du & trén, tac gia de mau s6 (khong quy dong, bo mau) dé tién bién 601
theo huéng st dung (7), (8), (9) mad khéng mat ban chat phuong trinh dong du (vi maiu

(h—=b™)" = 0(modn),r =1,2,3).

2.3.Khin=3
Giasir PT: x*+y* = 2 (3) c6 nghiém ngu g/en (x; Y; z) = (u; v; t) trong d6 u, v, t 1a ba sé nguyén khéc 0 va
chiing d6i mot nguyén té cing nhau, khi dé u® + v =2 (21).

Don=3lasélévau,v, tlacéc sb nguyén, nén cd thé xem vai trd cta cac sd nay trong dang thic dang (21)
1a nhu nhau. Vi vy, céc lap luan du6i day dbi véi mot trudng hop nao d6 lién quan dénu, v, t thi hiéu rang
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cac truong hop con lai dugc xét tuong tu.

Taco U+vVi=tP < U -u)+ (> -v)-(t*-t)=—u—-v+t. Vi (U*—u),(V®—V),(t*—t) déu chia hét cho 3
nén (-u-v+t):3, suy ra u+v=t (mod3)= (u+v)’=t*(mod9) = (u+v)’—t*=0(mod9). Mit khac
u+v? =t® < (u+v)* —t* =3uv(u+Vv) = u:3 hoic v:3 hoic (U+V):3

Dé 'dang nhan ra néu (u + v) chia hét cho 3 thi t chia hét cho 3. Nhu vay trong ba sb u, v, t ludn cé duy nhat
mot s6 chia hét cho 3. Gia sttu va v khong chia hét cho 3, tir két qua cua 2.2.2 ¢ trang 6 (Van con dung khi

n = 3), ta coO u=b®+3%abck, v=a’+3%abck,t=3""¢c*-3%abck, suy ra, a’+b®=3*"¢®-2.3%abck ,voi
a,b,c,c’ e Z" d6i mot nguyén té cting nhau va khong chia hét cho 3; k € Z,s e N*,s > 2, k khong chia hét cho
3 va di mot nguyén té ciing nhau vdéi a, b, ¢, (néu k # 0).

+Khik =0 thi t—u=v, t-v=u, a’=aa’,b’ =bb'=|a|=|a|=|o|=|b’
+ Khi k=0: Ta co W=ttt -ut=Vv?, suy ra
(3**c® —3°abck)® + (3*'c® — 3 abck)(b® + 3°abck) + (b + 3°abck)® = (a® + 3°bck)?
= 3%72¢® —2.3%"¢3(abck) +3**c’h® +b° + b*3° abek + (3° abck)® = a° +3a*(3° abek) + 3(3° abek)® + (3°bek)®
= 3%72¢% +3%"¢%® + b®3°abck — 2.3 'c®(abck) = a® —b® +3a°(3° abck) + 2(3°abck)? + (3°bck)®
= 3%72¢% +3%"¢%® + b®3°abck — 2.3* ' c?(abek) = (a® —b%)(a® + b®) + 3a°(3° abck) + 2(3°abck)? + (3°bck)®
= 3%72¢® +3% ¢ +b*3 abck — 2.3 *¢* (abek) = (a° —b®)(3*¢® — 2.3°abck) + 3a® (3° abck) + 2(3°abck)? + (3°bck)?
(vi a®+b*=3%*"c®-2.3"abck)
P20 1 30 + 5T abok — 2356 (abok) =316} — 3516 — 28 (3 alok) + 20° (3 abok) + 38 (3 alok) + 2(3 abok)? + (Fhok)’®

=372¢° +3%¢%’ —2.3" *c* (abck) =3 *c’a’ —3*'b’c’ + b* (3 abek) +a* (3 abek) + 2(3° abck) +(3bck)?
= -3¢’ +3%"¢%a® - 2.3*'b’c’ + 2.3% " ¢* (abck) + (b* +a*) (3’ abck) + 2(3° abck)? + (3°bek)® =
= -3¢’ +3%"¢%a® - 2.3*'b’c’ + 2.3" " c*(abck) + (3% ¢* — 2.3°abck)(3° abck) + 2(3° abck)’ +(3s bek)® =
=-372¢*+3%'c%a® - 2.3 'b’c’® + 3" ¢’ (abck) + (3*bck)® =0
:>—365 2c®+3* "¢’ (@’ - 20° + 3" abck +3b%*) =0
=-3*"c’+a’ - 20° + 3 abck +30°%k* =0
= (-3*7*c* +a’ +b’) + 3 abck +30%k* —3b* =0
= —2.3°abck +3°"abck +3b°%k* —3b® =0 (vi a®+b*=3*"¢>-2.3°abck )

=3 abck +30°k*-30° =0

=1=|u/=|v|=1=t=0 hogc |t|3 =2,vo ly.

2
=3 "ac+b’k’ —b? =0(*)
=k=1vk=-1
i) Khi k=-1: () =3 ac+20” =0(*) =|b| =1. Tur (**) suy ra3**ac+2=0=2:3"",v0 ly,vi s>2,seN".
i) Khi k=1: (*)=3"ac=0,Vv0ly,vi ac=0.

2.4. Khin=pk, pla s6 nguyén t6 1é hodc p =4 (k e‘N*)
Tur két qua chimg minh ¢ 2.1, 2.2, 2.3 ap dung bo deé 2, suy ra PT (1) vo nghiém nguyén khac khong trong
truong hop nay.

Tom lai, voi moi s6 nguyén n >3, PT(1) v nghiém nguyén khac khong.
Vay dinh 1y 16n Fermat da dugc chirng minh.
Phu Vang, ngay 13/12/2018
Téc gida: Ton That Hiép



