Phuong phap dém bing cong thirc nghich dao
‘ o Truong Phuée Nhan, 02/07/2018
Bang phuong phap dém bang hai cach ta dé dang chung minh dugc rang

m" :Zn:[rkan!S(n,k):i[rkan!S(n,k).

k=0 k=0
Dong nhét thirc nay c6 thé dugc sir dung dé tinh S(n, k), nhung khong dé dang chiit nao. Trong bai viét

nay ta sé& chi ra cach nghich dao cac dong nhat thirc nhu thé. Bang phuwong phéap nay ta c6 thé xac dinh cac s6
Stirling theo cac liy thira bac n mot cach dé dang.
Ta dinh nghia day da thuc 1a mot day co tha tu

Po (X), Py (X), P2 (%), P (X)),
cac da thue p, (x),n=0,12,3,..., ma ta don gian ky hiéu la ( P, (X)): , thoa min cac diéu Kién sau day:
i) Céc he s6 cua p,(x),n=0,1,2,3,..., déu phai la s6 thuc;
i) p,(x) 1a mot hing s6 khac O;
iii) Bac cua p, (x), ky hiéu la deg( p, (x)), bang n.
Néu (a, (x)): la mot day da thirc khac, thi (,(x), 0, (X),....d, (X)) 1ap thanh mot co s¢ ciia khong gian

vector C,, [X] tt ca cac da thirc trén C bac nho hon n+1. Do d6, véi mdi p,(x),n=0,1,2,3,... cua day
da thic (p, (X)), , ton tai cac s a,,a,;,...,a, ,, 520 cho p, (X Zanqu
Tuong ty, ton tai cac s6 b, 5,b, ,,...,b, , sao cho g, (x Zb P (x) cho n=0,1,2,3,.... Cac s6 a,, va

b, dugc goi la cac hé s6 noi.

Biéu dién ciia m+1 da thuc p, (x) déu tién qua qk x) ¢ thé viét lai dudi dang ma tran nhu sau:
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hay don gian hon
P=AQ,

& day P va Q lacac vector cot (p, (x)); va (a, (%)), con A=(ay) .

Tuong ty, bicu dién cua m+1 da thirc g, (x) dautiénqua p, (x) co thé viét dusi dang ma tran Q=BP,
& day P va Q la céc vector cot da n6i ¢ trén, con B=(b;) .

T P=AQ va Q=BP suyra P=AQ=(AB)P va Q=BP =(BA)Q. Do su doc lap tuyén tinh ciia cac
da thic (p, (x));n va (q, (x));n suyra AB=BA=E v¢i E 1a ma tran don vi.

Vay A va B la cidc ma tran nghich dao cua nhau.

Két qua 1. (Cong thirc nghich dao cac dong nhit thikc té hop)
Giasit A=(a;) va B=(b;) la cac matran nhan duoc tir hai day da thic ( p, (x));n va (a, (x));n nhu da
NGi téi ¢ trén. Gia st thém rang day cac s6 (u, ), va (v,), lién hé véi nhau bang dang thic:
u, :Zn:an’kvk chomoi n=0123,... .
Khi do, -
v, = Zn:an]kuk chomoi n=0123,... .

k=0




Chirng minh. Tir u, =>"a, v, cho moi n=0,123,... taco

k=0
uO 0
u
1 — A 1
un Vn
Do @0,
VO u0 uO
Vl -1 ul u]_ < \ \ 7 A . o X
=A =B , VI A va B la cac ma tran nghich dao lan nhau.
Vn un un

Suyra, v,=> a,,U, chomoin=0123.. .

k=0

Cong thirc nghich dao cac dong nhat thic té hop vira néu ¢ trén cé thé ap dung vao cac bai toan dém nhu
sau: Gia sir (S ([n])): la mot diy cAc tap cac vat can dém, con (T ([n])): la mot diy cac tap cac vat can dém
0
khing dinh vira néu. Khi do, cong thirc nghich dao cac dong nhét thic to hop khang dinh rang néu ta da tim
duogc cbng thire dé tinh s6 cac vat trong cac tap cua mot day, thi ta cling tim dugc cong thic dé tinh s6 cac
vat trong cac tap cua day Kia. »

~ Sau day ta s€ xem xét mot so truong hop cu the thuong gap cua cong thuc nghich déo cac dong nhat thirc
to hop.
1. Cbng thirc nghich dao nhi thic

khac. Ta ciing gia st ring u, :‘S ([n])‘ v, :‘T ([n])‘ va céc day s6 (u,); va (v,), thoa man diéu kién cia

D& thdy réng cac day da thic (X" ): Va ((x —1)”) thoa méan cac yéu cau cua cong theec.
0

Theo cdng thac nhi thirc ta co

X" =[(x-1)+1] :i@(x—l)k ,

k=0
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Céac ma tran nay dugc goi la cac ma tran cua céng thac nghich dao nhj thac. Tu cong thac nghich dao
dong nhat thuc t6 hop ta suy ra rang néu hai day s6 (u, ),

IR

Sk
B= (-2 G)
i

o va (v,), lién hé véi nhau boi hé thirc

thi

n (N
v, =Y (=) u,.
e

Vi du 1. Tinh s6 Stirling S(n,m) theo n va m.

Loi giai. Néu S, ([m]) la tap tat ca cac ham tir tap [n] vao tap [m], con T, ([m]) la tap tt ca cac ham toan
S, ([m])‘ =u, =m",[T, ([m])‘ =V, =m!S(n,m).

Hon nira, ta c6 h¢ thirc sau day gitta u, va v,:m" = i[rknjk!S (n, k).

k=0
Ap dung cong thuac tinh nghich dao nhi thirc vira tim dugc & trén ta thu duoc

mis (n,m) =" (~1)"" (?jk .

k=0
Do do, S(n,m):%i(—l)mk(rknjk“ .

= k=0

2. Cong thikc nghich dao Stirling
Gia str (X) =xX(x—1)(x—2)...(x—n+1). Xét cac day da thirc (x”);c va ((x)n): . D& thdy ring cac day
da thurc ndy thoa man tat ca cac yéu cau trong gia thiét cua bai toan. Ta da chimg minh duoc riang

anh tir [n] Ién [m], thi

m" = Zn:S(n, k)(m), v&i moi sé nguyén duong m. Piéu ndy c6 nghia la da thic x" —Zn:S (n,k)(x), cévo
k=0

k=0

s6 nghiém, theo dinh 1y co ban cua dai sé tasuy ra X" =>_S(n,k)(x)

k=0

K"

n
Mat khéc, gia st (x) =D s(n,k)x“ Ia bicu dién cua (x)_ theo x*. Cac hé sb ndi s(n,k ) trong dang
k=0
thirc nay dwoc goi la sé Stirling loai mot.
Goi A va B la cidc ma tran nhan dugc tur hai day da thirc trén.
Khi d6



s(l,O) s(l,l) 0
s(n,0) s(n1) .. s(n,n)
Cac matran A va B & trén duoc goi la cAc ma tran cua cdng thirc nghich dao Stirling.

Vi BA=E, nén ta c6 dong nhat thic D s(1,k)S(k, j)=4,, trong d6 &, ; 1aky hiéu Kronecker.
k=0

Theo cong thic nghich dao cac dong nhét to hop ta suy ra néu hai day so (u,); va (v, ), lién h¢ véi nhau
baoi hé thirc

u, =ans(n,k)vk,
k=0

thi

v, = s(nk)u,.

k=0
3. Cong thirc sang ) q
Trong phan con lai cua bai vict ta s& s dung phuong phap nghich dao dé ching minh lai mét truong hop
riéng nhung thuong dugc sir dung ctia nguyén ly bao ham loai trir dang tong quat.
Giasir X 1amot tap hiru hanva A, A,,..., A, 1a cac tap concia X . Ta dinh nghia hai ddy s6 s,,S,, ..., S,
VA €,,8,,...e, lién két voicactap A, A,,..., A va X nhu sau:
s, =|X],
s, =|A|+|A]+..+|A],
s, =|ANA[+ANA|+..+|ALNA],
= D,

I<iy <ip <..<i <n

A NA m...mAk‘,

s,=|ANAN..NA]
con e, lasb cac phan tir cia X chia trong diing k tap con trong sb cac tap con A, A, ,...., A, caa X,
k=0,1,...,n. Khi d6, nguyén 1y bao ham va loai trir dang kinh dién chinh 1a ddng nhat thuc
€ =S~ +8, . (-1) 5 +.+(-1)"s, .

Trong phan nay cua bai viét, ta mudn tim cong thirc dé biéu thi e, , k =0,1,...,n qua cac s6 S,,S,,...,S, ,
C4c $6 S, S,,..., S, trong nhiéu tinh hudng dé dang tinh duoc. Dé lam didu d6 trudc hét ta biéu thi s,,s,,..., s,
qua €,,€,,...,, ; sau do ta dung cong thic nghich dao dé biéu thi e,,e,,...,e, qua s,,s,,...,S, .

Trudc hét, ta thay ngay ring

Sy =|X|=6,+e +..+€,.

Mat khac, ta cfing c6 nhan xét ring mot phan tir x chira trong dang m tap conla A, A .., A  s& dugc
. my ., m) .
tinh trong s, tong cong la (k ] lan vi cé (k ] s0 hang trong cong thuc tinh

So= 2 ‘AjlmAizm'"mAjk‘
I<ji<jp<.<je<n

v6i tat ca cac tap con A, duoc chontr A LA ..., A .
Do do,

k k+1 n
S, = c e + " €.t ‘ e,.



Duéi dang ma tran, ta cd thé viét

).
e

Néu ta ky hiéu s la vector cot cua cac s, k=12,...,n; e la vector cot cuacac e, k=12,...,.n;con C la
ma tran trong phuong trinh trén, thi phuong trinh nay c6 thé viét ngan gon thanh s=Ce. Vi ma tran C la
ma tran chuyeén vi caa ma tran A trong cong thirc nghich dao nhi thirc nén

cro(w) =(A) -8
& day B la ma tran cia céng thic nghich dao nhi thic, con BT 1a ma tran chuyén vicia B.

Suy ra,
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Tir phuong trinh s=Ce tasuyra e=C's=B'"s. Vi vay ta c6 ménh dé sau day:

n

Két qua 2. (Cong thikc sang)
K+1 K+2 n—k
o St [See —..+(-1) s

e, =sk—(

Tir cdng thic sang ta tim dwoc dang biéu thi thu gon ciia ham sinh thong thuong g (x) cua dy sd (ej ): .

Két qua 3.

9(X) =8 +5 (x=1)+5, (x=1)" +...+5, (x—l)k +...+5,(x-1)

Chigng minh. Gia sir g(x) 1a ham sinh thong thuwong ciia day so (e, ):
Vie =0cho j>n,nén
g(x)=e, +ex+ex +..+ex".

Thay biéu thtc biéu dién e, qua s, & cong thic sang vao g(x) ta dugc

9(X)=|8-8+5, — ot (<) s e (<D) sn}
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Suy ra,
9(X) =8, +8, (X=1)+5, (x=1)° +...4+5, (x=1)" +..+5, (x=1)".
Nhén xét: Tir cong thiic trén ta c6 thé tinh s6 phan tr cia X chira trong mot sb 1é hay mot s6 chin cac tap
con A,A,,..., A, cuthé nhu sau:

e0+e2+e4+...:%[g(l) -1)]== [s +Z sk]
el+e3+e5+...=%[g(l) -1)]== [s —k (- )ksk]
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