Ung dung ly thuyét ham phikc trong cac bai toan dai sé tuyén tinh
, ‘ Truong Phudc Nhan, 13/01/2019 ’

Noi dung cua bai viet ban ve cach ung dung cac ket qua va ky thuat cua ly thuyet ham phac chimng
minh lai cac ket qua quan trong bac nhat trong dai so tuyen tinh nhu: dinh ly phan tich chuan cua Jordan,
dinh ly Cayley-Hamilton,... Mac du cac ket qua nay c6 the dugc chung minh bang cac ky thuat thuan tdy
dai S0 nhung viéc tiep can cac chu de ,nay dua trén céc cong cu va ky }huat giai tich s€ gitp ta c6 dugc
nhiéu goc nhin mai va mao rong cac két qua nay cho cac trueong hop tong quat hon.

1. Kien thirc co ban ‘

Giasu V I§1 mot ‘khﬁng gian dinh chuan hitu han chiéu trén truong C va toan tir tuyén tinh A:V — V.

Nhan xét rang, bang cach xét cac vector tuong tng badi toa do ciia chung trén mot co sé nao do cua
khong gian V/, ta c6 the xem V = C" dugc trang bj chuan hoc hinh Euclidean va A 12 mot ma tran cap
nxn V6i cac phan tur thuoc truong C. ‘ o ‘ , o

bé chirng minh cac két qua quan trong veé dai so tuyéen tinh ma ta néu ¢ dau bai viét mot dieu tat yeu la
ta can khao sét cAu tric cua giai thac A > (A —A) .

Pau tién dé don gian hoa van dé ta xét bai toan trong truong hop n=1.

Khi do, A=a, I =1, giai thic trong tng la (k —a)_l.

Dé khao sat cu tric cua giai thuc A > (A —a)_l ta xem xét khai trién Laurent cia giai thirc xung
quanh diém A, # a, ta thu duoc

() L B ) R (W TS

Ch—a (A=k)+(Ro—a) 14(h-2)(h—a) =
trong do ‘(7»0 —a)fl (A=2)

<1.

Tur két qua vira thu duoc ta nhan thay rang giai thac (A —A)_1 c6 thé dugc xac dinh dya trén phuong
phap giai tich néu ta dua cau tric chuan vao khong gian mot V cach thich hop. Do V 1a mot khdng gian
hitu han chieu nén khong gian cac toan tir trén khong gian V' cling hiru han chicu va ve mat ly thuyet tat
ca Cac cau truc chuan déu twong duong véi nhau nén dé thuan tién ta sé€ xét van d¢ dua trén chuan toan tu
nhu sau:

Gia st V' la mot khong gian dinh chuan hitu han chicu trén truong C va A:V —V 1a mét toan tu
tuyen tinh.

Khi d6, ta dinh nghia chuén cua toan tir A bai hé thic |A| = sup||Ax|, d& dang kiem chung lai duoc

I+t
céc tinh chét co ban cua cau trdc chuan nén ta loai b chirng minh tim thuong cho viéc nay trong bai viet.
bé tiep can bai toan khao sat trong truong hop tong quat ta sé€ dua trén phuong phap ma da st dung cho
trudng hop riéng n =1, tic 13 ta s& bieu dién lai gidi thac (A —A)fl dudi dang mot chudi toan ti.
Co s cua cach lam nay dwa trén cong cu chudi Neumann trong Iy thuyét toan tir.

Két qua 1. (Neumann) q ,
Gia sir V la mot khong gian dinh chuan trén truong C, B:V — V' la mét toan tir tuyen tinh
va r:= limsupHB” ",

n—»0

Khi d6, chudi ZBk hoi tu néu r <1 va phan ki néu »>1. Hon nita, r < ||B||
k=0

Néu chudi > B* hoi tuthi (/—B)" tén taiva (1-B)" =Y B".

k=0 k=0




Chitng minh két qua 1.

Do phép chiing minh chudi > B* hoi tu néu r <1 vaphan ki néu r >1 1a tam thuong nén trong bai
k=0
viét nay ta s& khdng nhic téi no.

n

Nhan xét rang (1—3)(23") = (Zn:B"j(I -B)=>YB' —23"“ =1-B"".
k=0 k=0 k=0

k=0

Do d6, néu chudi Y B* thi B""' —0 nén, bang cach chuyén qua gisi han khi n — oo, ta nhan duoc
k=0

(I—B)(;BkJ = (gB"j(I—B) =1.
Nhu vay, (I-B) " tontaiva (I-B) = gBk .

Hon nixa, do B[ <|[B|" nén r <|].

-1

Nhén xét rang tir phan tich cho trudng hop riéng n =1, ta nhan thay rang ban than giai thic (A — A)
khéng phai ltic nao ciing ton tai nén rat can thiét viéc thu hep pham vi khao sat cua giai thac (A —A)_l.
Pit p(4)={reC:(M-A)" ton tai la giai tip va o(4)=C\p(A) Ia phé cia

toantu A.

Béng cach thay A —a bai Al — A, gia tri tuyét doi , ta thu duoc két qua

| bdi chuan toan ti |

Két qua 2.
Gia s V 1a mot khong gian dinh chuan hiru han chiéu trén truong C va toan tir tuyén tinh A:V — V.

Khi do, giai tap p(A) 1a mot tap mo va giai thae A (M—A)’1 giai tich trén tap p(A).

Hon e, néu 7, £p(4) thi (1 -4)" =3 (1)’ (= 4) " (1=2,)' néu o1, < [ T
k=0 ol —

Chirng minh két qua 2. q ’
Nhan xét rang ket qua 2) cd dang phat bicu twong tu nhu ket qua phan tich trong truong hop riéng
n=1 nén ta sé ap dung lai cac lap luan bang cach thay a boi A. Biém cot 16i trong lap luan con thicu la

chiraring (A —A) " ton tai véi céc gid tri A diigan 2.
Do M —A=(rJ —A)+(A=2,)] =(I+(k—k0)(kOI—A)1)(kOI—A), B:=—(A=2,)(A,I-A) ", nén

I1-B
dé ching minh sy ton tai cua giai thic (A —A)_1 ta can chi ra su ton tai cua toan tu (I—B)_l.
Nhan thiy rang |(a—2,) (Rl = A | == 2| (1o = 4)"| < 1, néu =2y < S
H(kol _A)

Do d6, bang cach ap dung két qua 1), (1 +(h =2 ) (el —A)" )_1 ton tai nén giai thicc (A —A)” ton tai
1
H(}“ol _A)il |

V6i A dugan A, cuthéla [A—2 | <




o0

Honnia, (1+( =2 )(kol ~A) ") =X (~1)' (17 - A (1=2, )", nn

k=0

(=AY = (00 =AY (140 =20) (1~ 4) )
=2 (1) (-4 ()
= (M-A)" = g(—l)k (ol =AY (=2 ) =2 < m .

Do d6, néu A € p(A) thi (M —A)_1 c6 thé biéu dién thanh chudi liy thira xung quanh diém A, Voi
1

ban kinh hoi tu < , Nén (M—A)f1 12 ham giai tich theo A € p(A) va tir 1ap luan nay ta ciing

(g1 = 4)"

suy ra dugc rang p(A) la tap mo.

Nhan xét rang doi véi mot ma tran hiru han A, pho o(A) chi bao gom cac gia tri riéng, bai vi tir dinh
ly s6 chiéu hat nhan ta dé dang suy ra duoc rang (A —A)_1 ton tai khi va chi khi Ker(A/ —A)={0}. Do
mot ma tran chi c6 hitu han cac gia tri riéng nén chiing déng thoi 1a cac diém bat thuong ¢ lap cua
giai thirc (M —A) .

bit spec(A):= sup{|k| tAE G(A)} la ban kinh pho cta toan tir A.

Két qua 3.
Néu A la toan tir tuyén tinh trén mot khong gian vecto hitu han chiéu trén truong C thi (A)#0.
1 k
: S 1 = A
Hon nira, spec(A):}ll_r)gsup A"ll" va (M—A) 1 :ZX"“ :
k=0
Chirng minh két qua 3.
1
. - s . A'lm 1, Loy
bat r =limsup||A”|” va nhan xét rang limsup g =|7hmsup A"l =m.

-1 w Ak o k
Bing cach ap dung két qua 1) ta nhan thdy rang (A —A) " = %(1 —%AJ = le— =>. A va

0 k
chudi 3" hoi tu khi va chi khi [o|> 7
o M
Do do, néu |A| > r thi A e p(A) vakhai trién Laurent cua giai thic (M—A)_1 tai diém 0 c6 dang

a0 A
(7\'] - A) = Z 7\,k+1
k=0
Tur khai trién Laurent vira thu dugc & trén ta nhan thay rang o(A) =¢ hodc i, e c(A): [A|=r.
Do do, [A,|=r néu o(A)= Q.

Phan viéc con lai cua ta la ching minh ring o(A) = .




k
ZIIAII 0 N B
—1

P R T

Do r<A] nén (24~ )" véi moi 2 e C thoa mén o> [A] .

Gia sir phan ching p(A)=C.
Khi d6, A +> (M —A) " giai tich trén C.

Bang cach &p dung cdng thirc tich phan Cauchy ta thu duoc
1 ¢ (M-A) an
2mi A

A = ,V6i moi R>0.

[\=R

onr |(21-4)"
Suy ra, HA H< - \Sﬁlﬁ 7 SR—||A||

Béing cach chuyén qua gisi han khi R — oo ta nhan duoc |4 =0, Vo Ii
Do d6, o(A)=D.

2. Khai trién Laurent tai cac gia tri riéng
Trong cac phan tich trén ta da biét rang cac gia tri riéng ctia ma tran A dong vai tro nhu cac diém bat

thuong cd 1ap cua giai thac (A —A)_l. Piém cét Ii trong cac phan tich caa ta nam & van dé tim khai

, V6i moi R>|A|.

trién Laurent cta giai thirc (M—A)_1 xung quanh gié tri riéng A, € 5(A).

Két qua 4.
o) k 0
Giasu A, eo(A). Khido, (M—A)" = +3°(=1) BE (A =2,), A dugan A,
k=0

0 + 0
T (h-n,) " ARy

trong d6 P,, N, va B, 14 cac toan tir thda min cac diéu kign:

i) P} = P,, nghiala P, 1a mot phép chiéu;
ii) NoF, =N,F, =N,;

iii) B,P, =P,B, =0;

iv) spec(NO)zo;

V) AR, = RA=AF +Ny;

Vi) (A —A)B,=B,(AJ—A)=I-F,.

Pau tién trudc khi di vao trinh bay phép ching minh khang dinh vira néu ta can dén mét so ket qua co
ban lién quan deén giai thuec.

Bo dé 1.
Néu ton tai cac giai thuc (Al — A) va (ul - A) thi
i) AM—-A) =(M—-A) A=A(M-A)" -

i) () (- A) = () (- )(M A
i) (W —A)" (W-A)" =(w-A) (M-A)".




Chitng minh bé dé 1.
) A(M—A) ' =(M—(M-A))(M-A) =r(M-A) " -

(M—-A) A=(M-A) " (M—(M-A))=r(M -A)" -
i) (w—A)((W =) =(A=A)" ) (M - A4)= (M - 4)- (uz A)=(rL-p)I.

Béng céach thuc hién nhan trai cho (uI—A) va nhan phai cho (M—A)fl, ta nhan duogc két qua
(WA (=AY = () A) (=)

iii) Bang cach hoan ddi vai tro cia p va A, ta duoc
(=) (a1 ~A) = (=AY (A=) (1~ A"
Do do, (M—A) (W —A) =(W—-A)" (M-A)".

1

1

Gia st rang khai trién Laurent cua giai thic (M—A)ﬁ1 tai diém 2, e 5(A) c6 dang

(M-4)' =Y B, (11,

n=—o

-1
1 AM—A
trong d6 B, = — (—),m
27[1 F(?»O,r) (7\' o 7\'0 )
chi chira duy nhat gid tri riéng 2.
Bang cach ap dung bo dé 1, ta rat ra mot s hé thuc truy hoi trén cac hé sé B,
Bo dé 2.

d\, T(hg.r)={\:[k—=2,|=r} sao cho trong hinh tron T(%,.r)

_Bn+m+1’ n,m 2 0’
BmBn = Ban = Bn+m+1’ n’m < O’
0, trong céc truong hop con lai.
. B, +AB, n#0,
Honntra, AB, =B A=
B_ +\,B,—1I, n=0.

Chirng minh bo dé 2.
Khdong mat tinh tong quat, bang cach thay toan tir A béi toan tir A7 — A, ta c6 thé gia st rang A, =0.
Goi I'(r) va I'(s) lan luot 1a cac duong tron tam tai diém 0 véi ban kinh » va s, 0<r <s sao cho

trong hinh tron I'(s) chi chia duy nhat gia trj riéng 0.

Khi do,
-1 -1
oriy 5.5, = ¢ P | § WAL,
r(r) A I(s) H
M—A)" (W -A)"
= @ ( ;)Hl(t:{l ) drdp
(r)1(s) AT
Bang cach sir dung hé thuc ii) trong bo dé 1, ta nhén duoc két qua
(2mi) BB, _45 qS ~(r-A) dhdy

7\‘ H }\‘nﬂ m+1



e (w-a)y 1 o (a-a)’ 1
_i = ¢ " drdy <ﬁ Cﬁu’"“ " dpdi

I

—_
~—

) . 1 }\’nﬁ—l _ (}\’n+l _ H’H—l ) 1 n 1 1
Nha tra = = - , n=>0.
an Xe rang 7\‘n+l (}\’ _ M) }\’nﬂunﬂ (}\’ _ “) Mn+l (7\‘ _ “) ; }\’nkarl M/<+1 n
Do pel(s) ndm ngoai dudng tron T'(r) nén, bing cach ap dung hé thuc khai trien
1 1 =1 1
G (}\’ _ H) - e (7» _ “) - kZ:o: G Hk+1
truong hop n <0, ta nhan duoc két qua

trong truong hop n >0 va dinh ly tich phén Cauchy trong

1

1 1 — T
. — d?\,: Mn+1
me??)k (2=h) 0 ,n<0.

n=0,

Dé tinh tich phan <f> ——————dp taap dung 16i 13p luan twong ty:

Nhan xét rang

1 1 &1 1
= + ,m=0.
Mm+1 (}\’ _ M) }\‘m+l (7\‘ _ “) kzz(; Mm—k+1 7\’1<+1
Néu m >0 thica p=0 va p=2A déu la cac diém bat thu:(‘)’ng nam trong hinh tron T'(s).

. 1
Do dé, bang cach str dung h¢ thac —— — ———— vadinh ly thing du, ta
T 1 (}\’ _ “) }\‘ 1 (7\’ H) kZ: —k+1

nhan duoc

1@ +11 d“: 1+1_ 1+1:0'
2 s) u” (u—%) AT
Néu m <0 thi chi c6 duy nhat u=2 1a diém bat thuong ndm trong hinh tron I'(s).
Do d6, bang cach st dung dinh 1y tich phan Cauchy, ta thu dugc

1 1 1
du = .
ZTEi r%) Mm+1 (M_y\,) H 7\‘m+1
Bang cach tong hop cac két qua thu duoc & trén ta nhan thay rang:
Néu m,n >0 thi tich phan con trong tich phan lap tha hai ¢ vé trai bang 0 con tich phan con lai
-1
L ()

27U. F(S) Hm+n+2

Néu m,n <0 thi tich phan con trong tich phan lip thtr nhat & vé trai bang 0 con tich phan con lai

bing 2min " . Do d6, B,B, =

du=8B

n+m+1"*

-1
bang 27 ). Do d6, B B, = —— ¢ M=A) b

27_[1- l—(’,) }\‘m+n+2 n+m+l *
Néu n>0,m <0 hoic n<0,m >0, bang phuong phap 1ap luan twong tu, thi B B =0,
nén BB =B B, =0.
B, +AB, n#0,

Phan viéc con lai cua ta la chang minh AB, =B A =
B +A\B, —1I, n=0.



Nhan thay rang

L |
AB, = l,gSA(M,;A) d) = 1'95x(x1_ﬁ1) iy
2 ) A 21 e Y
-1
_ 1.¢(x1—nA) P I.qs }+ld7~=Bn_1——L.<j> ,}de.
My i iy b 21 )

Nhan xét ring néu n =0 thi tich phan sau cting bang 0 va bang 2mi néu n=0.

bieu nay keét thac phép chang minh bo dé 2.

Chwng minh két qua 4.

Nhan xét rang tir bo dé 2 ta cd thé bicu dién tat ca cac hé so theo 3 hé sé coban B, B, va B,.
bit P:=B,, N,:=B,.

Khido, P =B_B,=B

—1-1+1
Pong thoi ta ciing nhan thay

FN,=B B,=B,,,=B,=N,.
Do B, va B, giao hoan nén AN, =N,P, =N,.
Diéu nay két thic phép chang minh ii).
Bang cach 1ap luan twong tu nhu trén ta ciing suy ra duoc rang
PB,=B B, =0=BB , =B/P,.

= B, = P,, diéu nay két thic phép chiing minh i).

Tiép theo ta s& chung minh quy nap rang B, =(-1)" B;"', n>0.
Khang dinh 1a hién nhién véi n=0.

Gia s khing dinh dung vi n=k, tac 12 B, =(~1)' BX*".

Khi d6, B,,, =B,.,., =—B,B, =—(~1)"B;"'B, =(-1)"" B/""".

Do d6, theo nguyén ly quy nap toan hoc, B, = (—1)” B, n>0.
Bang phuong phap 1ap luan twong tu ta ciing nhan thdy rang B =B"%'=N", n>2.
That vay, khang dinh trén 13 hién nhién véi n=2 va
B*(n+1) =B ,,,=B,B,=B, 1B—z = SHH =N, (()nﬂ)il .
Bang cach két hop cac phan tich trén ta nhan thay rang
. k P = .
(-a)y' =N _ Fo Sy B (h-a,), 4 digin A,
(A=%,) A=R

o0
k=1 =0

Nhan xét rang chin K 12 hitu han béi vi dudng tron |A| = 1a tap compact va giai thac A - (M—A)ﬁ1
1
la ham lién tuc. Do dé, spec(N, ) < rlim(Kr" )" =r.

n—>0

Do B

—(n+1) B

—(n+1)

_ n ~A n
= N; nén |N;

< supH(?J—A)_IH < Kr"" véi K >0 phu thudc bsi r.

[p=r

Do ta ¢6 thé chon r tly y nén, bang cach chuyén qua gi¢i han khi r — oo, spec(N,)=0.
B, +A\,B,, n#+0,

Nhan xét rang cac h¢ thirc (v) va (vi) 1a cac truong hop riéng cia AB, = B A =
B, +X,B,—1, n=0,

n—1
khi n=-1va n=0.
Tiép theo, ta sé& chi ra rang toan tir N, 14 Iy linh.



That vy, tir hé thac ii) ciia két qua 4 ta suy ra rang Im(N, ) < Im(£, ), nén ton tai s6 tw nhién nho nhat

ny <m, = dim(Im(E))) <dimV <+o0 sao cho
Ker(P,) = Ker(N,) < Ker(Ng) c...C Ker(Ng" ) = Ker(Né"’”) =...

Néu ta chimg minh dugc rang Ny =0 va N™' =0 thi n, chinh la bac ctia gia tri riéng A, , theo nghia
bac cita cye diém, cua gidi thie (A - A) ' vatoan tir N, : Im(N;" ) —Im(N;" ) kha nghich.

Pé chitng minh NJ* =0 ta luu y rang tir hé thic iv) cua két qua 4 nén 0 Ia gia tri riéng duy nhat cua
toan tir N, .

Tir ddy bao ham thic ta ciing suy ra dwoc rang { £, N,, Ny ... N} 1a doc lap tuyén tinh
nén Ny =0.

Hon nita, do P, 1a toan tir chiéu nén ta c6 phan tich V =Im(F,) ®Ker(5)).

Béng cach chon céc co s¢ cua Im(F,) va Ker(F,) 1am co s& cua khong gian vector V, ta c6 thé bicu

x o . . . I 0
dién toan tir £, lai dudi dang ma tran khoi P, :{O O]

Tuong tu nhu vay tir hé thic ii) va v) cia két qua 4 ta ciing suy ra rang trong hé co s& vira chon cac
todn tr N, va A c0 thé bicu dién lai dudi dang khoi lan lugt la

N 0] . [aI+N 0
N, = va A= :
0 0 0 A
Do do, A\Ker(m = A, va tir hé thuc vi) tasuy ra &, € p(4,) V6i A\Ker(%) =(A—A)

o 0 0
Tuy nhién, tr hé thaec iii) ta nhan thay rang Bo\lm(P) =0, nén toan tr B, co dang B, = {O (k ; Ao)l:l
J -

S MBSy ()
S, A-n, &

adng nht voi (M — 4" =3 (1) (e = A4, ) (A=, )" do &, ep(4).

k=0
Hon nita, phan bét thuong cua khai trién Laurent triét tiéu trén Ker(£,) va phan chinh cua khai trién
triét tiéu trén Im (£, ) nén phan bat thuong va phan chinh 1a cac toan tir 6n dinh trén cac khong gian con

bu nhau.
Do do ta co két qua sau

Do d6, phan chinh cua chudi Laurent (M—A)_1

Két qua 5.
Gia stir A,, la mét gia tri riéng cua toan tir A va P),N,, B, la cac toan tu dugc dinh nghia nhu trong
két qua 4.
Khi d6, néu m, = dim(Im(PO)) thi
P, & N,

P(M—-A) =(M-A) P =—20 _ No
) =) = B S B

la phan bat thuong caa khai trién Laurent cua giai thirc (M—A)_1 tai diém L =2, .




Hon nira,
(1-R)(-4)" = (M -a) (1-B)= Y (-1)' B (A-2, )
k=1
la phan chinh cua khai trién Laurent cua giai thuc (A —A)ﬁl tai diém A =2, .
Hon nira,
i) V=Im(P,)®Ker(FR)
i) A, 1a gid tri riéng duy nhét cua toan tir A:Im(P,) —Im(B);
iii) Toan tir A,/ — A : Ker(P,) — Ker(P,) kha nghich.

Nhan xét rang tir hé thire v) ta thu lai duoc dinh ly phan tich Dunford / dinh ly phan tich Jordan —
Chevalley tir khai trién Laurent tai diém & =%, béi vi A P, 12 toan ti chéo trén Im(P,) va N, la toan tur
Iy linh.

Két qua 6.
Giast A=D+N trongdé D, N la céc toan tir thoa mdn DN = ND va spec(N)=0.

k+1)

Khi d6, p(A)=p(D) va chudi iN" (M—D)f( hoi tu déu ve (Al —A)_1 trén tap con compact bat
k=0

ki cua giai tap p(A).
, 1 -1 1 -1
H ra, Néu A A) thi P, =— M—-A) dh=— AM—D) di
on nita, NEU A, € 0( ) | P, o r(i}_)( ) - r(ir)( )

sao cho dwong tron T'(&,.r) = {A:|]L—2,|=r} khong chira bat ki gia tri riéng nao khac ciia toan tir A.

Chitng minh két qua 6.
Néu %.ep(D) thi M —A =1 ~D-N=(M -D)(1-(11-D)"'N).
Tur gia thiét bai toan tasuy ra (Al — D)N =N (Al - D).
Bang cach nhan trai va nhan phai ca hai vé cho (A1 —D)_1 ta nhan duogc
N(M-D) =(M-D)"N,
nén (N(a1-D)") =N" (1 =D) ", véi moi neN.

Do d6, néu K < p(D) la mot tap con compact thi ta luén tim duoc sé6 M >0 sao cho

1
n||n 1 _ 1
H(N(M—D)_l) <|N"[* |(rr - D) " voi moi neN, Aek.

< MHN"

1

n

n 1
Do spec(N)=0 nén Ve >0,3n, €N sao cho néu n > n, thi H(N(M—D)_l) n<g,

< MHN"

voi moi AekK.
Do do, spec(N(M—D)l) =0, bang cach chuyén qua gigi han khi cho € —»0.
Tur két qua 1 ta co thé lay nghich dao hé thirc & phan dau caa phan tich dé thu dugc
(M—=A)" =3 N (m-D)"" varep(A).
k=0

Tir danh gia trén ta cling suy ra duoc tinh hoi tu déu cua chudi trén tap con compact K .




Néu L ep(A) thi D=A-N c6 cling cu tric phd véi AN = NA, nén ta c thé hoan ddi vai tro cua
D va A va suy ra duoc rang A  p(D). Diéu nay ching minh rang p(A)=p(D).
Hon nita, néu A, € o(A) thi tir tinh hi tu déu cua chudi toan tir trén tap con compact I'(r) ,
ta thu duoc
P=" g (r-a) dn="%N¢ (-D) " an.
2 sz)) 2mi ; ;ﬁ,)

k

Tur khai trién Taylor trong két qua 2) ta suy ra %(M—D)l =kl(M-D) * hen %(M—D)_k la

nguyén ham cua (M—D)f(k”) trén p(A) véi moi k>1.

Do d0, tat ci cac tich phan trong vé phai caa khai trién cta toan tar P, déu triét tiéu trir tich phan dau
tién, dpcm.

3. Pinh ly phén tich Jordan

Trong phan nay cua bai viét ta s& gia sir A,,..., A, 12 tat ca cc gia trj riéng phan biét cua todn tir A vata
s& giai thich lai dinh 1y phan tich Jordan bang cach ap dung céc két qua thu dugc vé khai trién Laurent cua
giai thuc & muc trudc.

Két qua 7.
Giasu P, = L_(JS(M—A)_] dh, j=1,..,q, latoan tu chiu tuong tng v4i gia trj riéng A ., trong do

J

', laduong tron tdm A ; ban kinh du bé sao cho hinh tron F_j khéng chua gia tri riéng nao khac.
Khido, =P +..+P, = %(j)(kl—A)l d\ , trong d6 I',, 1a duong tron tam tai diém 0 ban kinh R
T
sao cho R > spec(A).
Hon nita, V =Im(R)®Im(P,)®...®Im(P,) va Im(P, ) =Ker(1 1 -A)"
trong d6 m, =dim(Im(Pj)) j=L....q.

Chirng minh két qua 7.

Do R> spec(A) nén duong tron T, chira tt c4 cc gid tri riéng cta toan tir A.

Bang cach &p dung dinh ly thing du va cac két qua thu duoc khi phan tich khai trién Laurent cua giai
thire ta thu duoc

q ¢, 1 ¥ 1 I ¢dn
;g_gz—mf(u—fx) dx_z—mi(xl—A) m;@kkﬂ 2—%7_1,

do tat ca cac s6 hang cua chudi déu triét tiéu trir sb hang dau tién.
Tiép theo, ta s& chimg minh rang P, Ia toan tw chiéu song song cua P, néu k = j, tac 1a PP, =0.
That vay,

(2ni)’ PP, = qSM A) ngSpl A) du=pP(-A)" (W -A) " dpdi.

Ty [Ty




Bang cach sir dung hé thic ii) trong bd dé 1) cua két qua 4, ta suy ra

(2niy = 1AL A - §0s-4)" § (a2 =0

I, T, [ r; T, T,

do dudng tron €, ndm ngoai dudng tron C, .
biéu nay chi raring V =Im(P)®Im(P,)®...®Im(P,).

Tiép theo ta s& chimg minh Im(P, ) =Ker(A /- A)" ,m, = dim(Im(Pj)), j=1l...q.
Tir hé thirc v) cia két qua 4, tasuy rarang (A4 7)" P =N" =0 nén Im(P,) = Ker(i /- A)"

Tir két qua 5 tasuy ra (A—2,7)" (I—P) 1a don anh trén Ker(Pj) nén Ker(1/—A)" cIm(P).
Diéu nay két thic phép chirng minh cua ta.

Tir két qua 5 ta biét rang toan tir A:Im(P,)—Im(P,) chi c6 duy nhat mot gia tri riéng 1a 2.

Do dé ta c6 dinh nghia sau:

Khong gian Im(Pl) duogc goi la khong gian con riéng suy réng lién két véi tr riéng A, va
m, d1m(Im( )) dwoc goi 1 56 bgi dai s6 cua tr riéng 2.

Nhan xét rang tir h¢ thirc Im(P,)=Ker(A,/—A)" ta ciing nhan thy ring dinh nghia & trén hoan toan
phii hop véi cac dinh nghia thong thuong dugc sir dung khi ta tién hanh khao st cau tric toan tir bang
phuong phap chiéu co dién duoc st dung trong cac gido trinh dai SO tuyén tinh thong thuong.

Bay gio ta s€ giai thich lai giai thirc theo cac toan tu N, va P, duéi dang hinh thire tuong ty nhu bai
toan phan tich ham phan thac hiru ti dudi dang cac phan thirc hiru ti co ban.

Két qua 8.

q
M A + >y —L— 1A A).
S e e

Chirng minh két qua 8.
m;— k
i Nj

i < q " q
(M-A) =(M-A) 2P =3 (M-A) P =), K_jx + > |-
J=1 j=1 j=1 j k=l (K —A j)

Toén tr D duogc goi la chéo hoa khai néu ton tai mot phép phan tich truc tiép todn tir D thanh cac
toan tir vo hudng trén cac khong gian con nao d6. Cac hé s6 cua cac toan tir vo hudng chinh 12 cac gié tri
riéng cua toan tor D .

Bay gio ta sé chirng minh lai dinh 1y phan tich Jordan va day cling chinh 1a mt dang mo rong cua dinh
ly phén tich Jordan — Chevalley:

Két qua 9. (Jordan) q ‘ ,
Gia str V_la mot khong gian dinh chuan hiru han chicu trén truong C va toan tu tuyén tinh A:V - V.
Khi @6, ton tai mot toan tir chéo hoa khoi D va mét toan tir 1y linh N saocho A=D+N va

DN =ND.

q q
Hon nira, néu A,,...,A, 1a céc gid tri riéng phan bigt ciatoantir A thi D= L P vaN=) N,,
j=1 j=1
trong d6 céc toan tir P, va N, la cac toan tu duge dinh nghia trong két qua 4.




Chirng minh két qua 9.
Tur hé thic v) cua két qua 4) ta nhan dwgc AP, =A P, +N,, j=1,...q
Béng céch ap dung két qua 7) ta suy ra

q q q q q
A= AZR,. = ZAPj = Z(xjpj +N,)= ZAJPJ. + ZN‘,. .

Do d6, bang cach dit D = Zk P va N = ZN ta nhan thdy raing A=D+N .
j=1
Hién nhién rang D 1a toan tu: chéo hoa khdi.
Tir h¢ thuc i) trong két qua 4) va két quéa 7) ta suy ra dwoc AN, =P,PN,=5,N, =N F,.
Do do, N latoan tu Ity linh va DN = ND. ’
Phan viéc con lai cua ta la ching minh tinh duy nhat caa phép phén tich néu ¢ trén.
That vay, gia st A=D+N trong d6 D 1a toan tir chéo hoa khéi, N 14 toan tir ity linh va DN =ND.

Tur két qua 6) ta suy ra rang p(D) =p(A) nén A,,...,A, 1acac gia tri riéng cua toan twr D .
Do D latoan tir chéo hda khdi nén DP =)\,P va NP, =AP -\ P, =N,,j=1,..,q,nén D=D
va N=N.

Nhan xét rang cac toan t D, N dugc xac dinh duy nhat theo toan tir A va toan tir A chéo hoa duoc
khi va chi khi tat ca cc gia tri riéng cua toan tir A déu la cac cuc diém don cua gidi thac (A —A)fl.

That vay, diéu kién can va du dé todn tir A chéo hoa dugc la N, =0 véi moi j=1,...,q hay tat ca cac
gid tri riéng deu la cac cuc diém don cua giai thic.

4. Pinh ly Cayley — Hamilton

Néu p(A)=aA"+a, A" +..+aq, thitadinhnghia p(A):=a,A"+a, A" +..+a,l.

Dé ching minh khang dinh quan trong ny ta s& tim cach biéu dién p(A) dusi dang mot cong thuc tich
phéan dang Cauchy nhu sau:

n—1

Két qua 10.
Néu p(r)=a)"+a, A" +..+a, lamot da thuc thi p(A)=

¢ p(\) (M —A) " dn,
rik

L
2T ({
).

I'(R) 1a duong tron tam tai diém A =0 véi ban kinh R > spec(A

Chirng minh két qua 10. 7 7 ‘ o
Tur tinh tuyén tinh cta phép toan tich phan dé chitng minh khang dinh cua bai toan ta chi can xét van de
véi p(1)=2".
Bang cach sir dung két qua 7 va cong thuc tich phan Cauchy, ta nhan duogc
2miAk = gS A (M -A) " d = qS (M~ (M- A)) (0 —A) " ar

=i( [j@m“u A)dn= 45%" (M —A)" dn.

=0 (®) rik)




Két qua 11.

Z
(@)
e
i~
Y
3
Q
=
o,
o
—_
=
=)
(@}
o
=
ey
~+
=
<
—
=
~
I
M-
<
—
Rt
N —
.
+

N ]k trong do p(k) 12 dao ham cap

k cta da thuc p.

Chirng minh két qua 11.
Tur ket qué 10 va két qua 8, ta suy ra

- L 95 YA -A) d=—23 § p(R)(I-A) " dn
2mi 5 )
p(r p(1) .
— Y 2L dAN
27.[:1/1 ?7\1 7\‘] J ;i(x,—kj)k“ J

Béng céch &p dung cdng thuc tich phan Cauchy, ta thiy rang
1 p(A
p(,)= g 2,

2mi P A=A,
(¥) _ k! (%)
p (}\’./)_zni?i(}\’_}\’j)kﬂ dh..

Két hop cac cong thic trén vao khai trien cua toan tir p(A) ta thu duoc két qua can ching minh.

Két qua 12. (Cayley-Hamilton)
Néu p, la da thirc ddc trung cua todn tr A thi p,(A)=0.

Chitng minh két qua 12.

49 m; / .7
Tur dinh nghia cua da thirc dac trung ta suy ra rang p, (K) = H(k — 7»]) " trong d6 m ; la s boi dai s6

J=1

clia gia trj riéng 4. Do d9, pg”(xj):o, 0<k<m, -1, nén bang cach ap dung két qua 11) p,(A)=0.

Tir két qua vira chitng minh ¢ trén ta c6 dinh nghia sau:
Da thirc chuén tc p c6 bac thap nhat sao cho p(A)=0 dugc goi 1a da thirc toi tiéu cua toan tir A.

m;—1 ( )
Tirkét qua 11) tasuy raring p(A)p(A)= Zq: p(n,)P+ pk—(")Nf =0, trong d6 n, 1a bac theo
= k=1 .

nghia cuc diém cua A d6i véi giai thuc,

Nhan xét rang tap cac toan ti {Pj 1< < q} u{Nj’.‘ 1<k<n,l<j< q} doc 1ap tuyén tinh nén
P (1,)=0 véi moi j=1.....q V& k=0,....n,—1.

Do d6 ta c6 mot hé qua co ban sau:

Két qua 13.

Gidasa A lamot ma tran trén truong C voi cac gia tri riéng phan bigtla 2,...,A .

q n.
Khi d6, da thirc tdi tiéu cia ma tran A cho bai hé thic p(1)= H(k —xj) ", trong d6 n, 14 bac cua
j=1

cuc diém A, déi voi giai thicc (A —A) .
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