Ly thuyet chuoi liy thira
Truong Phuéc Nhén, 02/01/2019
Noi dung cua bai viét trinh bay cac két qua kinh dién cua ly thuyét chudi lity thira dua trén quan diém giai
tich thuc.
I. Kién thirc co ban
Chudi liiy thtra 1a chudi ham c¢6 dang

ian(x—xo)n =a,+a,(x—x,)+..+a,(x—x)) +..., (1)
n=0

trong do a, (n=0,1,2,...), x, la nhitng hang sb thyc.
ChU y rang bang cach dat X = x —x, ta luén ludn c6 thé dua chudi lity thira & dang (1) vé dang
thu gon
ZanX" =a,+aX+..+a X" +.. (2)
n=0
Do d6 ¢ day ta chi can nghién ciru chudi lily thira & dang (2) 1a .
Sau day ta s€ khao st mot so tinh chat co ban xoay quanh céc chuoi liy thira

Két qua 1. (Abel)
a) Neu chudi lily thira hoi ty tai diem x, = 0 thi nd hoi tu tuyét doi tai moi diem x thoa man

diéu kién |x| <|x0|
b) Néu chudi Iy thira phan Ki tai diém x, thi n6 s& phan ki tai moi diém x thoa man

diéu kién x| > x|

Chitng minh két qua 1

a) Gia st chudi Ity thira )" a,x" hoi tu tai diém x, = 0.
n=0
Khi d6, lima,x) =0

n—>o0

=

ax,|<M,n=0,L2,..

Xét s6 hang tong quat cia chudi ianx” V6i [x] < x|,
n=0

= = x—nqu”,trongdé q= <1.
Xb

X
n n
‘anT anxb.—7;
X

0
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anxb

0

Do chudi Y ¢" hoi tunén chudi " |a,x"| hoi tu.
n=0

n=0

Vay chudi Y a,x" hoi tu tuyét doi véi moi diem x théa man diu kien |x| <|ux,|.
n=0
b) Gia st chudi lily thira ) a,x" hi tu tai diém x, nao d6 thda man diéu kién |x,|>|x,|.
n=0
Ap dung két qua cua phan a) ta suy ra chudi lity thira » a,x" hdi tu v6i moi diém x théa man diu kién
n=0
|x| <|x,|, nén chudi Ity thira da cho hoi ty tai diém x,.
Piéu nay mau thuan vai gia thiét ban dau cua bai toan.




Vay chudi lily thira »_a,x" phan i tai moi diém x théa man |x| >|x,|.
n=0
Khi di sau vao khao sat su hoi tu cua mot chudi liy thira ta nhan thiy ¢ nhitng trudng hop sau cé thé xay
ra: c~hu6i chi hoi tu tai mot diém x =0 duy nhat, chuoi hoi tu tai moi diém thudc duong thang thuec,
chuoi hoi tu trong mot khoang nao do va phan ki bén ngoai khoang do.
Nhu vay mot cau hoi duoc dat ra ¢ day la :

“Liéu c6 ton tai s6 R>0 sao cho chudi liiy thira D a,x" hoi tu khi |x|<R va phan ki khi |x|> R hay
=0

khong?”
Két qua sau sé néu cau tra loi cho cau hoi trén

Két qua 2.

Cho truéc mot chudi lily thira D" a,x" bat ki,
n=0

Khi do, ludn ton tai mot s6 R >0 (c6 the bang vd cling) sao cho chudi Iy thira Y a,x" hoi tu
n=0

tai moi diém x thoa médn |x| < R va phan Ki tai moi diém x thoa man |x|> R.

Chirng minh két qua 2 7 ’
Trong truong hop chuoi liy thira chi hoi tu tai diém x =0 duy nhat ta dat R=0, con trong trudng hop
chuoi Ity thira hoi tu tai moi diém thude duong thang thuc ta dat R=co.

Gia st chudi lily thira ) a,x" hi tu tai diém x, =0 va phan ki tai diem x, #co.
n=0

Ap dung dinh Ii Abel ta suy ra trén nira dudng thang thuc ton tai mot doan thang [a,,b, | sao cho g, 1a diem
hoi tu ctia chudi Iy thira con b, 1a diém phén ki cia nd.

Ta chia doan [a,,b,] thanh hai doan bang nhau va ki hiéu [a,,b,] 1a doan ma trong d6 a, 1a diém hoi tu cua
chudi lity thira con b, 1a diém phan ki cia nd. Tiép tuc qué trinh trén ta thu duoc mot ddy cac doan [a,.b, |
théaman [a,.,.b,, | <[a,.b,]. a, la diém hgi ty, b, 1a diém phan ki va duong

. b= . A1 ~
kinh 12—,1(11 — 0 khi n— 0. Theo nguyén Iy Cantor, 3ae()[a,.b,].

n=1
Dit R=a. Ta s& ching minh chudi lily thira hdi tu véi moi diém x théa mén |x| <R va phan ki tai moi
diém x thoa man |x|> R.
That vay, do lima, =a va a, <a,,, nén 3n, eN sao cho a, <a=R.

n—0

Ap dung dinh Ii Abel ta suy ra chudi liiy thira hoi tu tai moi diém x thoa man |x| < R.
Do limb, =a va b, 2b,,, nén 3n, eN sao cho b, >a=R.

Ap dung dinh Ii Abel ta suy ra chudi liiy thira phan Ki tai moi diém x thoa man |x|> R.
Luu y: S6 R c6 céc tinh chat duoc md ta trong khang dinh trén duoc goi 1a ban kinh hoi tu caa chudi liy thira

0
n
Sax’.

n=0




Mot cach chinh x4c hon ta c6 ¢ng thirc dé xac dinh gia tri cu thé cua ban kinh hoi tu R nhu sau:

Két qua 3. (Cauchy — Hadamard)
Cho truéc mot chudi liy thira " a,x" batki.

n=0

) . x. . " 1 1
Khi d6, ban kinh hdi tu cta chuoi lity thira duoc tinh theo cong thic R=-= _—| :
lim yj|a,

n—>0

trong d6 ta dat R=0 néu / =+ vd R=+00 néu [=0.

Chitng minh két qua 3
1) Néu /=+oo thi chudi Ity thira ) a,x" khong thé hoi tu tai bat ki diém x =0 nao ca.

n=0

That vay, néu 3x, = 0 sao cho chudi Za x, hoi tu thi tasuy ra hma X, =0.
n=0

<M,n=0,12,.. nen\/_ ‘ ‘
Xo

mau thudn véi gia thiét.

Didu nay kéo theo \anxg

Véylzﬁn"

n—>0

Iol

2) Néu 7=0 thi hm«"/ a,| =
Do d6, Ve >0,3n, €N sao cho Vne N ma n>n, suyra yfa,| <.

Xét chudi lily thira Y a,x"tai diém x, %0 bat ki,
n=0
1
< —_—

o

. Xﬂ

1 ,
Chon e=——,taco 0

Z‘XO‘

Do chudi Z— hoi tu nén tasuy ra Za x; hoi tu.

n= O n=0

n’_
ol =14

n

Do diém x, dugc chon bat ki nén chudi lity thira Zanx" hoi tu tai moi diém thudc duong thang thuc.

n=0

3) Gid sir 0 </ <+oo, tas& chung minh rang chudi Ity thira " a,x" hi ty tai moi diémx théa
n=0

x | a2 , . 1
man |x| < va phéan ki tai moi diém x thoa man |x|> T

Theo gia thiét caa bai toan l—hmJ nén ta suy ra 4f <l+g voi ndulénva g tuyy.

n—0

Vi |x |< , bang cach chon a_ _ |X0| tasuy ra ¢fla, <l+1—l|x0| _ 1"'l|x0|
2[) o] 2
) 1+l|x|
x| < — ", trong d6 0<g<1.

Vay chudi lily thira > a,x" hdi ty tai diem x, .

n=0



Mait khac, tir hé thie / = lim rf a,| ta suy ra dugc cO vO sb cac gid tri cua n sao cho ;1/ a|>l-¢
n—»0

vai g tuyy.
Véi |x,| > % bang céch chon &= L+

ta suy ra
|x0|

L+1|x,) Y s
a,x, >(%} =1, nghia l1a day a, x, khong dan vé

0 khi n > .

Vay chudi lily thira > a,x" phan Ki tai diém x, .
n=0
I1. Chudi Taylor va chudi Maclaurin
1. Khai trién ham thanh chuoi liiy thwa
Gid sir cho truéc ham s6 f(x) c6 dao ham moi cap trong mét 1an can nao dé cua diém x, .

Tim biéu dién cua ham s6 f(x) dudi dang mot chudi liiy thira ian (x—x,)".
n=0
Giase f(x)=a,+a(x—x,)+..+a,(x—x)) +..
n—1

= f'(x)=a,+2a,(x—x,)+..+na, (x—x,)" +...

:f!!(X):Zaz +...+I’l(n—1)an(x_x0)nf2 n

= f(") (x) =nla, +...

Thay gia tri x = x, vao h¢ thuc trén tasuy ra: a, =

n!
Khi do,
" (n) X )
F0= )+ ) e 0 e T gy

o £
Chubi lity thira Zf—('xo)(x—xo )" duoc goi la chudi Taylor cua ham s6 f(x) trong Ian can cua diem

n=0 n.

XO .

x" dugc goi 1a chudi Maclaurin cua

Trong trudng hop khi x, =0, chudi ity thira Z '
n=0 n:

hamso f(x).

Nhan xét rang néu ham s6 f(x) c6 dao ham moi cap trong mét lan cin nao d6 cua diém x, va co thé bieu
dién dudi dang mot chudi lity thira trong 1an can d6 thi chudi lity thira nay phai 1a chudi Taylor cua ham sb
f(x) trong lan can ay.

2. Diéu kign hoi tu o o i

Ticp theo, ta sé trinh bay mot so két qua lién quan dén diéu Kién hoi tu cua chuoi Taylor

Két qua 4.
Gid sir cho truéc ham s6 f(x) c6 dao ham moi cap trong mét 1an can nao dé cua diém x, .

, f(n+1) ((:)
Khi do, neu limR, (x) =0 trong do R, (x)= )y
n—0 n |

x, va x thita ludn c6 the khai trién ham s6 f(x) thanh chudi Taylor trong mét lan cén nao d6 cua diém x,.

Lo, N o Ag A \ o3 ‘o
(x—xo)"+ véi € la mot diém nao d6 nam gitra




Chitng minh két qua 4

Gia su f(x):f(x0)+f’(x0)(x_xo)+f”(xo)

2!

() (4
A o)(

(x=x,) +.t "

x—xo)n +R, (x) ,n=0,12,...

f(n+1) (EJ)

Deé giai quyét bai toan ta s& ching minh rang 35 nam giita x,va x sao cho R (x)= = (x—x, )"”.
n+1)!

"(¢ > ") (1 0
Xét ham sé F(t)=f(x)—f(r)—f’(t)(x—t)—fz(!)(x—t) Oy
Khi do,

X=X,

n+1
Béng c4ch dit G(¢) :F(t)—[ J F(x,),tanhin thdy G(x,)=0 va G(x)=F(x)=0.

Mait khac,

G0 () () ()
0 —da
(n+1) . n
= _fn—!(t)(x—t)n +(n+l)ﬁF(xo)
Ap dung dinh If Rolle cho ham G(7), 3¢ nam giitax,va x sao cho
G'(§)=0
f(m)(i) a)n

L gy ey ()0

Tur cach xay dyng ham F(r) tasuyra R (x)=F(x,)=

Do limR, (x) =0 nén f(x) =limP, (x) :

n—>0 n—>0

bong thai, P,(x) chinh la tong riéng thir » cua chudi Taylor cia ham s6 f(x), nén

f(x):f(x0)+f'(x0)(x—x0)+%)!co)(x—xo)2 +...+#(!x())(x—xo)” +...



Két qua 5.
Néu ham s £ (x) c6 dao ham moi cép trong mot 1an can nao d6 ctia diém x, va moi dao ham cua ham so

nay déu bj chan bgi cling mét hang so thi ta ludn c6 thé khai trien ham s6 £ (x) thanh chudi Taylor trong lan
can ay.

Chitng minh két qua 5
Theo gia thiét bai toan ta nhan thay rang ‘f(”) (x)‘ <M ,n=0,1,2,..., véi moi x nam trong mot lan can nao
d6 ctia diém x,.
Ap dung két qué thu dugc & khang dinh truée ta nhan dugc
‘f n+1
R
" ( )‘ (n + 1)

n+l M
(n+1)z‘x_x°

n+l

Do chugi liiy thira Zu o6 mign haitata L2000 ki 1 —sco.

n=0 n! n!
Tur day ta suy ra imR, (x) =0, nén ta ludn c6 thé khai trien ham s6 f(x) thanh chudi Taylor trong lan

n—0
can ay.
3. Chudi Maclaurin cia mt sé6 ham théng dung
Trong thyc hanh ta thuong sir dung mot s6 khai trién chudi lity thira ciia mot s6 ham co ban sau:

2 n
a) e* S P
2! n!
3 5 2n-1
b) sinx = x—x—+——...+(—1)”*lx—+
3l 5! (2n—1)!
2 4 2n
c) cosx—l—x—+x——...+(—1)" * L
2! 41 (271)'
d) (1+x)0‘:1+ouc+OL(OL_I)x2+...+OL(OL 1)"'('a n+1)xn+"
n!
x2 -x3 n—1 x"
e) ln(1+x)—x—7+?—...+(—l) 7+

I11. Cac phép toan trén cac chuéi liiy thira ’ 7 i
Trong thuc hanh ta thuong chia cac bai toan xac dinh hé so trong khai trién caa mét chuoi liy thira thanh
cac bai todn xac dinh hé so trén cac 16p ham co ban. Co so cua cach tinh todn nay dua trén két qua co ban sau:

Két qua 6.

Gia su cho trudc hai chudi lily thua f(x) = Za X", g(x Zb x" v&i ban kinh héi tu twong &ng lan luot
n=0

la R, va R,. Khi do:

a) Ham sd kf(x) cling c6 thé khai trién thanh chudi liy thira va kf(x) = Zkanx” , trong d6 ban kinh hoi

n=0

twR,=R,.

b) Ham s6 f(x)+ g(x) ciing c6 the khai trién thanh chudi liy thira va f(x)+g(x)= i(an +b,)x" trong

n=0

d6 ban kinh hoi ty R,,, >min(R,.R, ).




c) Ham s6 f(x)g(x) ciing c6 thé khai trién thanh chudi Ity thra va f(x)g(x)=> c,x",

trong d6 ¢, = Zakbn_k ,n=0,1,2,..., ban kinh hoi tu R, > min(Rf,Rg).

k=0
, X ) s . . . , . I Y
d) Ham so f( ) , gia thiet thém rang ham so g(x) # 0 trong mot 1an can nao do cua diém 0, ciing c6 the

g(x)

L2 \ x. . X i
khai trién thanh chudi lity thira va /() = cx",
n=0

g(x)

b, 0 0 .. 0 aq
b, b, 0 .. 0 g
b b b, .. O
trong do ¢, = %, ¢, = bfﬂ 2 T B 212,00, véi ban kinh hoi tu R, >min(R,.R,).
0 0 : N
bnfl b n-2 bn—3 o b() anfl
bn bnfl n-2 bl an

Chitng minh két qua 6.
a) Xét cac diém x thoa man diéu kién |x| < R, thi khi d6 chudi lily thira ) a,x" s& hoi tu.

n=0

Tur day ta suy ra chudi lily thira ZXanx” hoi tu va Zkanx” = kz ax".
n=0 n=0 n=0
=M (x)

Diéu nay ching to rang R, >R, .

. _ - X A x. = \ s 1
Bang céch &p dung lap luan vira trinh bay & trén cho chuoi Iy thira Zkanx” va hang so o ta suy ra

P
R 2R,.

b) Xét céc diém x thoa man diéu ki¢n |x| < min(R,,R, ) thi khi d6 chudi liy thira S va Y b
s hoi tu. b h

Tir day ta suy ra chui liy thira 3 (a, +b,)x" hoi tuva 3 (a, +b,)x" =Y ax"+ > bx".

n=0 n=0 n=0 n=0
~r(x)rs(x)

idu nay ching t6 rang R,,, >min(R,.R, ).

¢) Xét cac diém x thoa man diéu kién |x| < min(R,.R,) thi khi d6 chudi lily thira Y a,x" va > b,x"
n=0 n=0
s& hoi tu tuyét ddi.

N N 2N n 0 n
Dong thoi ta nhan thay (Zanx”j(anx”j =Z£Zakbﬂcjx” nén chudi Iily thira Z(Zakbn_ka” hoi tu
n=0

n=0 n=0\_ k=0 n=0 \_k=0

n=0 \_ k=0

=f(x)s(x)



biéu nay ching té rang R,,, >min(R,.R,).
d) Xét cac diém x thoa man diéu ki¢n |x| < min(R,.R, ) thi khi d6 chudi liiy thira > a,x" va > b x"
n=0 n=0
s& hoi tu tuyét ddi.
Nhan xét tir diéu kién ctia bai toan ta suy ra dwgc rang b, = 0, béi vi trong truong hop nguoc lai ta
thu duoc g(0)=0 va do d6 di dén mau thudn véi gia thiét bai toan.

1
g(x)

thanh mat chudi lity thira trong mot 1an can

Do vay ta nhan thay rang ludn cé thé biéu dién ham sé

nao do6 cua diém 0.

, L N 5 . ’ X N L, 2 LR N X
Két hop vai két qua ¢ phan b) ta suy ra dugc rang ham so / ( ) ludn c6 the khai trien dugc thanh chuoi

g(x)

NPT o f <
[y thra vatamgiasoe ——== ) ¢ x".
g(x) Z;‘

Khi d6, > a,x" =[chx"}[ bnx”j.
n=0 n=0 n=0
Do cac chudi ity thira & vé phai hoi tu tuyét doi véi moi gid tri x nam trong hinh tron |x| < min(Rf,Rg)
nén trong lan can nay ta cd thé thuc hién phép nhan cac chudi lity thira nay va thu duoc:

ianx” = i(zn: b, , jx"
n=0

n=0 \_k=0
= coby +(cob, + ¢,y ) x +(cob, +¢,by + ¢,y ) X7+ (Cob, +0b, o C,by ) X"+
Do tinh duy nhat cua khai trién ham sé thanh chudi lity thira nén nhan dugc céc hé thire sau

by¢y =4,
b.c, + by, =a,,
b,c, + b, +b,c, =a,,

bc,+b, c +..+bc, =a,,

Day la mot hé gom v6 han cac phuong trinh tuyén tinh véi Cac an s6 ¢,,¢,,....C, ...
Tir hé phuong trinh nay bang cach 4p dung quy tic Cramer cho n+1 phuong trinh dau tién ta c6 thé xac
dinh dugc cac an so ¢,,¢,,...,C,

b, 0 0 0 O
b, b, 0 0 O
b b b 0 O
That vay, do | ! 0 . |=h"" 20 nén hé n+1 phuong trinh nay luén c6 nghiém
bn—l n-2 bn—3 bO O
bn n—-1 n-2 o b 1 bO




b, 0 0 0 aq

b, b O 0 aq
. b b b 0

duy nhatva ¢, =—| S "
o . .

bn—l b n-2 bn—3 bO an—l

bn bn—l bn—2 bl an
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