Ly thuyet chuoi Laurent
Truong Phuéc Nhén, 08/01/2018
Trong bai viét “Ly thuyét chudi lity thira” ta d khao st cac van dé co ban vé chudi liy thira vé mat
thao tac tinh toan trén cac chudi liy thira khac nhau va ddng thoi ¢6 tim hiéu so qua vé céach tinh céc hé
sb trong khai trién liiy thira dya trén phép tinh dao ham cip cao. Nhung ta cling ¢ thé nhan thay rang
viéc stir dung chudi lity thira va phép tinh dao ham phai yéu cau diéu kién rat ngat. Bé khic phuc nguoc
diém cua viéc tinh todn nay trong bai viét nay ta s& nghién ciru dua trén chudi Laurent (mot dang mé rong
cua chudi liy thira) va tich phan chu tuyén.
1. Khai niém co ban
Chudi Taylor 1a céng cu chinh khi ta nghién ctru cau trdc caa mot ham sé trong lan can caa mot diém
nao d6 ma tai d6 ham sb c6 dao ham moi cap. Tuy nhién diéu kién nay rat ngit nén gay ra nhiéu kho khin
trong quéa trinh khao sét. Viéc sir dung chudi Taylor khéng con hiéu qua ma ta phai dung mét cong cu
khéc. D6 1a chudi Laurent ma ta s& nghién ciru sau day.
Chudi Laurent la chudi ham c6 dang
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trong d6 a, (n€Z) va z, la nhitng hang sé phuc.
Pau tién ta c6 mot sé nhan xét rang chudi (1) 1a mot chudi lity thira thong thudng nén néu né hoi ty thi
mién hoi tu s& 1a hinh tron {z |z —z| < R} .
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néu no hoi tu thi mién hoi tu s& 1a hinh tron {w (w<r' = 1} ={z:|z—z,|>r}.
r

Do d6 néu chudi Laurent hai tu thi mién hoi tu cua no sé 1a hinh vanh khin {z r<|z—z,

< R} .
Tuong tu nhu ddi véi dinh 1y Taylor cho cac chudi lity thira ta ciing c6 dinh ly Laurent vé viéc biéu dién
mot ham so giai tich thanh chuoi Laurent nhu sau:

Két qua 1. (Laurent)
Cho trudc ham sé f(z) giai tich trong hinh vanh khan {z r< |z —ZO| < R} trong d6 0<r < R<+o0.

0

Khi d6, ham s f(z) ludn c6 duy nhat mot khai trién thanh chudi Laurent Y a, (z-z,)",
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ndm trong hinh vanh khin {z r< |z - ZO| < R} :

trong d6 a, = n=0,21,42,..., C la mot duong cong Jordan dong tron tirng khic nao do

Chirng minh két qua 1.
Gid sir z 1a mot diém c6 dinh cua hinh vanh khan {z:r, <|z—z,|<R.r<r <R <R}.
Ki higu cac dwong tron bién ciia hinh vanh khan 1a T'(5;) ={z:|z—z,| =5} VA T(R)={z:|z—z,| =R }.
Ap dung cong thtrc tich phan Cauchy ta thu duoc
1 ¢ f(E)de 1 ¢ f(C)dC
f(z): 2mi qs f(;—)z 2mi <JS é—)z '
T(R;) ()




. L z— R o ) s
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Do chudi ham nay hdi tu déu vé ham

trén duong tron T'(R, ) nén, bang cach nhan chudi nay véi
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Do chudi ham nay hoi tu déu vé ham
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Z va lay tich phan két qua theo dudng tron (1), ta thu dugc
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trén duong tron (1) nén, bang cach nhan chudi nay véi
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Két hop céc két qua thu duoc ¢ trén ta thu duoc f(z) = i a, (z -z, )" :
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Phan viéc con lai 1a chang minh tinh duy nhat cua khai trién thu dugc trong doan 1ap luan néu trén.
Gia sirham f(z) khai trién duoc thanh chudi Laurent nhu sau:

=0,1,2,...,

0

f(z)=2a(2-2)

n=—0w

Theo dinh Iy Abel chudi Laurent nay hoi tu déu vé ham f(z) trong mién déng K bat ki chua trong
hinh vanh khan {z i <‘Z—ZO‘ <R,r<nr <R <R}.



Do d6, bang cach nhan ca hai vé voi roi lay tich phan két qua theo dudng cong kin C
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Diéu do chung to rang khai trién Laurent trong hinh vanh khan {z 11 <|z—z|<R.,r<r <R < R} la

duy nhét. Do 7, va R, c6 thé dugc chon twong ting gan véi » va R tiy ¥ nén khai trién nay hoi tu trong
toan vanh {z:r<|z—z,| <R} vakhai trién d6 1 duy nht.

Két qua 2.
Gid sirham s6 f(z) giai tich trong hinh vanh khan {z:r <|z—z,|<R}.
Khi d6 céc hé s trong khai trién Laurent f(z)= i a,(z—z,)" cuaham f(z) trong hinh vanh khan
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{z:r<|z—z,|< R} théa man déanh gia
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trong d6 M = sup ‘f(z)‘,l“(p):{z:‘z—zo‘:p,r<p<R}.
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Chirng minh két qua 2. , 7
Ap dung cbng thac tinh todn hé so trong khai trien Laurent, ta c
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2. Biém bat thuong co 1ap i 7
Chuoi Laurent cho phép ching ta nghién ctru de dang hon cac ham gidi tich trong lan can cua diém nao
d6 ma tai diém d6 ham mat tinh giai tich.
Gia sirham s6 f(z) giai tich trong 1an can nao d6 cua diém z =z, ¢6 thé ngoai trir ra tai chinh diém z,.
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NOi c&ch khac, ham f(z) giai tich trong hinh vanh khan {z :0< |z —ZO| < r} :
Khi d6 ¢6 hai kha ning sau ddy c6 thé xay ra
(1) Tim dugc sb A sao cho néu ddt f(z,)=A thi ham f(z) giai tich tai diém z =z, tuc 1a giai tich

trong toan hinh tron {z:|z—z,| <r}. Trong truong hop ny diém z =z, duoc goi 1a diém bdt thiong khir
duwoc cua ham f(z).

(2) Ham s6 £ (z) giai tich trong hinh vanh khan {z:0<|z—z,| < r} nhung khéng giai tich trong hinh
tron {z:|z—z,|<r}. Trong trudng hop nay diém z =z, duoc goi 1 diém bat thirong c6 ldp cua
ham f(z)

Dé khao sat dang diéu cua ham so f(z) trong lan can ciia diém z = z, ta thyc hién khai trién ham
f(z) thanh chudi Laurent trong hinh vanh khin {z :0< |z — zo| < r} :
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Két qua 3.
Néuham sé f(z) giai tich trong hinh vanh khan {z:0<|z—z,|<r} thi z=z, 1a diém bét thuong khir

duoc cua f(z) khivachi khi ham f(z) c6 modun bi chan trong mét 1an can nao d6 cua diém z =z, .

Chitng minh két qua 2.

Piéu kién cin. Gia st z = z, 1a diém bat thuong khir duoc cua ham f(z).

Khi d6 ta tim dugc s6 A sao cho sau khi tathay f(z,)=A thi ham f(z) giai tich tai diém z =z, va
do d6 n lién tyc tai diém z,.

Tur sy ton tai gisi han hitu han lim £ (z)=A suy ra f(z) bi chan trong lan cin nao dé cua diém z,.

Didu Ki¢n dii. Gid sir ton tai lan can U(z,:8), 0<8<r vaton tai hing s6 M >0 sao cho |f(z)|<M

voi moi zeU(z,;8), z #z,
Ap dung két qua 2, la,| < %n ,neZ,tathuduocC a_|<Mp",n=12,...,
p

Nhan xét rang cac h¢ s6 a_,,n=1,2,..., khdng phu thugc vao p.
Do d6 khi ta chuyén qua giéi han bang cach cho p —0 ta thu dugc a_, =0,n=1,2,...

Tur day ta suy ra rang khai trién Laurent cua ham f(z) cé dang f(z)= ian (z-2,)",0<|z—z)|<r.
n=0

Do do, bang cach dit f(z,)=a,, ta d€ dang ching minh duoc rang ham f(z) giai tich trong hinh tron
{Z : ‘z —ZO‘ < r} ,nén z=z,1a diém bt thuong khir duoc.

Nhan xét rang khai niém “diém bat thuong khir duge” duge dung tuong tu nhu khai niém “diém gian
doan khir duoc”. Doi véi ham hai bién thuc F(x,y) xac dinh, kha vi trong lan can diém (x,,y,) (c6 thé
trir ra tai chinh diém (ux,,y, )), ton tai gi¢i han hitu han lim F(x,y)= A vasau khi ta bo sung gia tri

XX,
Y=>Yo

F(xo,yo) = A ta s€ thu dugc ham F(x,y) lién tuc tai (xo,yo) nhung noéi chung khong kha vi tai (xo,yo).

Tuy nhién d6i véi ham f(z) gidi tich trong hinh vanh khin 0 <|z -z | <r chi véi mot diéu kién vé tinh

bi chan cua n6 trong 1an can diém z =z 1a ta da c6 gi¢i han lim f(z) ton tai hitu han va sau khi bo sung
77,

giatri f(z,)=1limf(z) ta thu duoc ham gidi tich tai chinh diém z =z .
Tur két qua 3) ta suy ra rang diém z =z, 1a diém bat thuong o lap cua ham f(z) giai tich trong hinh
vanh khan {z:0<|z—z,|<r} khiva chi khi |£(z)| khdng bi chan trong bét ct Ian can nao cua

diém z =z, tac 1a En‘f(z)‘ =00,
Z*)ZO




Do d6, c6 ba loai diém bt thuong co lap :
a) Biém z, duoc goi 1a bat thuong khir duoc néu lim f(z) # oo,

z7,

b) Biém z,, duoc goi la cuc diém néu lim £(z) =oo.
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c) Biém z, duoc goi 1a bat thuong cot yéu néu ham f(z) khéng c6 gisi han khi z dan vé z,.

Két qua 4.
biéu kién can va du dé diém z =z, 1a cyc diém cua ham f(z) 1a diém z, 1a khong diém cua
1
ham (z)=——.
f(2)

Chitng minh két qua 4.

Piéu kign can. Gia st z =z, 1a cyc diém cua ham f(z).

Khi do, lim‘f(z)‘ =00 NéN tn tai Mot 1an can {z:|z—z|<8,8 <r} cuadiém z, sao cho trong Ian can
77,

nay ham f (z) théa man dénh gid |f(z)| > 1
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Nhu vay, trong lan can nay ham ¢(z) =—— 1a ham giai tich c6 thé trir ra tai diem z =z.

f(z)

Mit khac, tir hé thirc |o(z)|= <1 nén tir két qua 3) ta suy ra rang z = z, la diém bét thuong khir

L
£ (z))

duogc doi véi ham ¢(z).

Nhan xét rang gia tri cia ham o tai diem z, bang ¢(z,) =1

l\]\./

Do d6, ham ¢(z) giai tich trong 1an can {z:|z—z,|<8,8 < r} , 1a khong diém cua ham nay.
Piéu kién du. Gia sir z =z, 1a khong diém cia ham ¢(z).
Ta s& ching minh rang z = z, 1a cuc diém ciia ham f(z).

That vay, do z = z, la khong diém cia ham ¢(z) va @(z)£0 nén 3A >0 di bé sao cho trong lan can
{z:|z=z,| <A} ham ¢(z)khong c6 khong diém nao khac ngoai z =z,. Do f(z)= % nén ham f(z)
o(z

giai tich trong 1an can thung {z:0<|z—z,| < A} vatién dan dén oo khi z —z,.

Do d6, z =z, la cyc diem cua ham f(z).

Nhan xét rang tir két qua vira thu duoc ta nhan thdy mot su tuong ung 1-1 giita cac khong diém va cuc
diém nén tur dicu nay ta s€ dinh nghia thém cap cia mot cuc diém (dang twong tu ctia khai niém cap caa
mot khong diem)

biém z =z, dugc goi la cuc diém cap m (m=1) dbi véi ham f£(z) néu diém z =z, 1a khong diem

cap m ddi véi ham

1
f(z)




Nhan xét rang tir phan tich ¢ trén thi trong khai trién Laurent caa ham f (z) trong lan can cua mot
diém bat thudng khir dugc thi phan chinh cua chudi Laurent bang 0. Nguoc lai, néu phan chinh caa chudi
Laurent bang 0 thi diém z, 12 mot diém bat thuong khir dugc. NGi cach khéc ta ¢d thé xac dinh dugc z,
c6 1a diém bat thuong khir dugc hay khdng nhd vao dang diéu cua chudi Laurent trong mot 1an can thing
xung quanh diém do.

M6t cAu hoi tu nhién duoc dit ra 1a: “Dang diéu cua chudi Laurent tai cuc diém va diém bat thuong co
lap s& nhu thé nao?”

Dau tién, ta s& khao sat dang diéu ciia ham trong 1an can cua cac cuc diém.

Két qua 5.
biéu kién can va du dé z =z, la cuc diém cap m ciaham f(z) la phan chinh cua khai tricn Laurent
ctia ham trong Ian can diém z =z, chira khong qua m s6 hang, tic 1a @, =0,-0<n<—(m+1),a_, #0.

Chitng minh két qua 5.
Piéu kign can. Gia st z = z, |a cuc diém cap m cuaham f(z).
. J \ A R A A= ST T 1 < J4 ~ < A A \ Je
Khi d6, z =z, 1a khong diém cap m doi véi ham ——. Tur d6 ta ciing suy ra rang trong lan can nao do
’ f(z)

cua diém z =z, ta co

(z—zo)m+l +..,A #0,

=Am(z—zo)m+A

m+1

va do do
1 1

(Z—Zo)m . Am +Am+1 (Z—ZO)+... .
(z—2z,)+-.. biéu dién mot ham giai tich khong triét tiéu trong mét 1an can nao

f(z)=

Chudi Iily thira A, + A

m+1

d6 clia diém z=z,,do A, #0.

Do do, ham ¢(z) = la ham giai tich trong Ian can cua diém z = z, nén khai trién

A +A, ., (z —ZO)+...

cua ham (p(z) cé dang (p(z):oco+oc1 (z—zo)+...+an(z—zo)"+...,oc0 :AL?&O'

m

Thay két qud trén vao khai trién cua ham f(z) ta thu dugc chudi

(04 a
f(Z): ¢ m + : m—1 +
(z—z)" (z—2)
Nhan xét rang do khai trién Laurent ciia mot ham la duy nhat nén chuoi & vé phai cua biéu thuc trén la
khai trién Laurent ciia ham £(z), nén z =z, la cuc diém cap m cuaham f(z).

Piéu kién di. Gia sir trong 1an can nao d6 cta diém z =z, ham f(z) c6 khai trién

f(z):L+...+L_l+ao+a1(z—zo)+..., a, #0.

(z-2z,)" (z—z,) -

a, +a,.(z—z)+..

(z—2)"

Do do, ta c6 thé biéu dién khai trién ciia ham f(z) lai dudi dang f(z) =




Tu d6 suy ra

m
=(z— . : 0.
(2=2) a, +a,.(z=z)+.. n*

boi khai trién Taylor cta no theo céc liy thira

Bang cach thay ham giai tich

theo z —z,, ta thu duoc

=(z—zo)m [bo +b1(z—zo)+...:|
1

=b0(z—zo)m+b1(z—zo)m+1+..., b,=—=0.
a

—m

Khai trién ma ta vira tim dwoc chang to rang z =z, 1a khong diém cip m ctia ham )
Z

Do d¢, z =z, la cyc diém cap m cua ham f(z).
Bang cach két hop cac két qua phan tich dang diéu vira thu duoc & cac phan trén ta thu duoc két qua

Két qua 6.
Diéu kién can va du dé z = z, 1a diém bat thuong cot yéu cia ham £(z) 1a phan chinh cua khai trién

Laurent ciia ham trong Ian can diém z =z, ¢6 v s6 s6 hang.
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