Nguyén Cong Loi Trwong THCS Thi Tran Quy Hop

PE THI HQC SINH GIOI MON TOAN 9 TINH NGHE AN
Nim hoc 2018 — 2019
Ciu 1 (3.0 diém).
a) Tim nghiém nguyén cua phuong trinh 2y” + x — 2y + 5 = xy
b) Chiing minh rang A = 2" +4" +16 chia hét cho 3 voi moi s6 nguyén duong n.
Céu 2 (6.5 diém).

8x* + 4x
2x + 5

(x-1) +(y-3) =1
(x-1)(y-3)+3=x+y

a) Giai phuong trinh V2x + 3 =
b) Gidi hé phuong trinh

Ciu 3 (2.5 diém).

Cho a, b, ¢ 1a céc sb thuc duong. Tim gia tri nho nhét cua biéu thuc:
4 b 4 4
p=| -2 + T
a+b b+c c+a

1. Cho tam giac nhon ABC ndi tiép duong tron (O) Goi D, E, F lan luot 1a chan céc

Ciu 4 (6.0 diém).

duong cao ké tir ba dinh A, B, C cia tam giac d6. Pudng thang EF cat duong tron (O) tai diém

thir nhat M (M khéc phia v6i O so voi dudng thing AB), dudong thang BM cit dudng thang DF tai
N.

a) Chirg minh rang EF vudng goc voi OA.

b) Ching minh raing AM = AN .

—

2. Cho tam giac nhon ABC, D 1a diém trong tam gidc d6 sao cho ADB = ACB +90° va

AC.BD = AD.BC. Chimg minh ring 0D _ \J5 |
ACBD

Cau 5 (2.0 diém).

Trong hinh vudng canh bang 1 ¢6 2019 diém phan biét. Chimg minh rang ton tai mot hinh
. 1 ) )
tron ban kinh bang o1 nam trong hinh vuéng dé6 ma khong chtra diém nao trong 2019 diém da

cho.
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LOI GIAI THAM KHAO PE THI HQC SINH GIOI MON TOAN 9 TINH NGHE AN
Nim hoc 2018 — 2019

Cau 1 (3.0 diém).

a) Tim nghiém nguyén clia phuong trinh 2y” + x — 2y + 5 = xy.

Loi giai
Bién doi tuong dudng phuong trinh trén ta dugc
2y° +x -2y +5 =xy < 2y’ —2y—(xy—x):—5 = (y—l)(2y—x) =-)H

Do x vay la cic sO nguyén nén y —1 va 2y —x 1a udc cua —5. Tur d6 ta xét bang sau.

y-1 1| -5 | -1 1 5
2y —x | 1 5 -5 -1
X -9 | -5 9 13
y -4 0 2 6

Vay phuong trinh da cho c6 cac nghiém nguyén la (X; y) = (—9; —4),(—5; 0),(9;2),(13;6)

b) Chimg minh ring A = 2% + 4" + 16 chia hét cho 3 v6i moi s6 nguyén duong n.

Loi giai
Do n 12 s6 nguyén duong nén 2" chia hét cho 2. Pat 2" = 2k véi k 13 sb nguyén duong.

n

n k , ,
Ta c 22 =22k=4k:(3+1) va 4“:(3+1) chia 3 c6 s6 du 1a 1. Lai ¢6 16 chia 3 ¢6 sé du 1a

1. Tir d6 ta suy ra dugc A = 2> +4" +16 chia hét cho 3 véi moi s6 nguyén duong n.

Ciu 2 (6.5 diém).

8x® + 4x

a) Giai phuong trinh V2x + 3 =
2x +5

Loi giai
Diéu kién xac dinh ciia phuong trinh 1a 2x + 3 > 0;2x + 5 # 0 hay x > —g.

Phuong trinh da cho duoc viét lai thanh

8x" +dx = (2x +5)2x + 3 & (2x) +2(2x) = (2x +3)V2x + 3 + 202x + 3
bit a =2x;b=+/2x+3 (b > O), khi d6 phuong trinh trén lai dugc viét thanh
a’+2a=0b’ +2bc>(a—b)(8u2 +ab+b2)+2(a—b)=0@(a—b)(aQ +ab + b’ +2)=0

2
D@ thay a2+ab+b2+2=[a+gJ +%+2>0 véimoiavab.

Do do6 tir phuong trinh trén ta duge a = b, hay ta c6 phuong trinh

x20 x>0
2X—\/2X+3<:>{ { X=1+\/E

2 < 2 P
4x° =2x + 3 4x* -2x-3=0 4
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1

Két hop véi diéu kién xac dinh ta duoc x = 1a nghiém duy nhét ctia phuong trinh.

(x-1) +(y-3) =1

b) Giai h¢ phuong trinh (X —1)(y ) 3) V3o y.

(x-1) +(y-3) =1
(x-1)(y-3)=(x-1)+(y-3)+1

bat a = x — 1;b = y — 3, khi d6 h€ phuong trinh trén trir thanh

Hé phuong trinh di cho duoc viét lai thanh

{a2+b2—1 (a+b)2—2ab:1 (a+b)2—2(a+b+1)=1
= =
ab=a+b+1 ab=a+b+1 ab=a+b+1

(a+b)2—2(a+b>+1:4 (a+b—1)2:4 a+b-1=142 a+b=3ab=4
= = =
ab=a+b+1 ab=a+b+1 ab=a+b+1 a+b=-Lab=0

+Voéi a+b =3;ab =4 thidé thay (a + b)2 < 4ab nén hé vo nghiém.

la+b=-1 a=0b=-1 x=Ly=2
+ Véi & =
ab=0 a=-1b=0 x=0y=3

Vay hé phuong trinh da cho c6 cac nghiém la (X;y) = (O; 3),(1;2)

Céu 3 (2.5 diém). Cho a, b, ¢ 14 cac s thuc duong. Tim gia trj nho nhat cta biéu thirc:

4 b 4 4
p=| -2 + T
a+b b+c c+a

Loi giai
7 A y . ' 2 , 1 1 1 L. N , z
Trudc hét ta ching minh bat dang thuc -+ > 2 voi x, y 1a cac so thuc
(1+X) (1+y) xy +1
duong.
That vay, bién d6i twong duong bat dang thirc trén ta co
1 1

~+ -2 <:>(Xy+1)(x2+y2+2X+2y+2)2<x2+2X+1)<y2+2y+1)
xy +1
(1 + X) (1 + y)
2 9 3 3 2 2
S 1-2xy Xy =Xy +Xxy <:>(xy—1) +Xy(x—y) >0
Do bt dang thirc cudi cung ludn dung nén ta c6 diéu can chimg minh.
Tro lai bai toan.
Do a, b, ¢ 1a cac sb nguyén duong nén biéu thire P duoc viét lai thanh
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4 4 4

P= % + L + L
1+— 1+ 1+2
a b ¢

b C a . A s R P \ s
batx =—;y = E;Z = —, khi d6 ta dugc x, y, z duong thdéa man xyz = 1. Ta viét lai biéu thirc P va 4p
a C

dung mdt danh gid quen thudc thi dugc

P_£1J4[1J4£1J41 1 1 1
= + + > = ~+ ~+ -
1+x 1+y 1+2 3 (1+X) (1+y) (1+Z)

1 1 1 . s
biat Q = -+ ~+ ~ vataco xyz = 1. Ap dung b6 de trén ta duoc
(1+X) (1+y) (1+z)
Q= 12+ 12+ 12211 N 12= 11+ 12= Z1+ 12
(1+x) (1+y) (1+z) + Xy (1+z) 1+2 (1+z) z+ (z+1)
z
~ 1. . Z 1 3 A A A aReq A 2l ,
Ta s€ chiing minh + 2. That vay, bién doi bat dang thirc ta dugc
z+1 (Z+1) 4
1 zlz+1)+1
Z 4 22§<:> ( )2 2§<:>4(Z2+z+1)23(x2+2z+1)
z+1 (z+1) 4 (z+1) 4
S 4244232 + 6243 2 ~2+120 6 (z-1) 20
A, 22 , Ay A ar A , 4 1 3 s 2 .
Bat dang thurc cudi cung ludn ding. Do vay ta co + > —,daubang xayrakhi z = 1.
z+1 (Z+1)2 4
TfICI(')tadlrocQ>§ dAu bang x4y rakhi vachikhi x =y =z =1. Su raP>lQ2 >l 9_3
S Y CEEEEEY T3 167
diu bang xdy rakhi vachikhi a =b =c.
o . 3 . .
VéyglétmnhénhétcﬁaPléE,xﬁyrakhlvéchikhla=b=c.
A s C R : 1 1 3 . . )
Nhan xét. Ta c6 theé ching minh -+ -+ - 2 — theo cach khac sau day.
(1+X) (1+y) (1+z)
Do xyz =1 nén ton tai cac s6 duong m, n, p thoéa min in—g;y =m—2P;z :m_zn' Khi d6 bat
m n p
drfmg thue duoc viét lai thanh
1 1 1 4 4 4
— 4 —+ 2z§<:> m__,_ 0 . P 3
np mp mn 4 (m2 + np) (n2 + mp) (p2 + mn) 4
1+— 1+—- 1+—-
m n p

Ap dung bét dang thirc Bunhiacopxki dang phan thirc thi dugc



Nguyén Cong Loi Trwong THCS Thi Tran Quy Hop

2 2 2
m4 n4 p4 (m +n + P )
+ + 5 >

2

(m2 + np)2 (n2 + mp)2 (p2 + mn) (m2 + np)2 + (n2 + mp) + (p2 + mn)2

(m2 +n’ +p2)

Va ta can chimg minh

3 A , )
5 > 1 hay ta can chung minh

(m2 + np)2 + (n2 + mp) + (p2 + mn)2 )
m' +n' +p' + 5(rr12n2 +n’p’ + mez) > 6mnp(m +n+ p)
Dé théy m'+n' + p4 >m’n” + 112p2 + p2r112;m21r12 + 1r12p2 + me2 2 mnp(m +n + p)
Nén ta duogc
m' +n' +p'+ 5(1](121&2 +n’p’ + mez) > 6(1rr121r12 +n’p’ + meQ) > 6mnp(m +1n+ p).
1 1 3

Nhu vay bat dang thic (1 +1X)2 + (1 . y)2 + (1 . Z)2 > 1

3
ha > —.
y Q M

Ciu 4 (6.0 diém).

1. Cho tam giac nhon ABC ndi tiép duong tron (O) Goi D, E, F lan luogt 1 chan cac dudng cao
ké tir ba dinh A, B, C cua tam giac d6. Puong thang EF cat duong tron (O) tai diém thir nhat M
(M khac phia v6i O so v6i dudng thang AB), duong thang BM cit duong thang DF tai N.

Loi giai

@}

J

a) Chirng minh ring EF vudng géc véi OA.
+ Cach 1. Ta ¢6 BEC =BFC=90" nén ti gidc BCEF ngi tiép duong tron, suy ra
AEF =ABC. V& duong kinh AJ cia duong  tron (O), khi  do

CAJ =90" - CJA =90" - CBA = BAD. Tlr d6 ta c6 CAJ + AEF = BAD + ABC = 90" nén
EF vudng goc vo1 AJ hay EF vuong goc véoi AO.
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+ Cach 2. Tuong tu nhu trén ta c6 tir giac BCEF ndi tiép duong tron nén AFE = ACB. V& tiép
tuyén AT v6i duong tron (O), khi d6 ta c0 BAT = BCA. Suy ra BAT = AFE nén AT song

song voi EF. Ma ta c6 AT vudng géc véi OA nén suy ra EF vuong goc voi OA.
b) Chirng minh rang AM = AN

Pé y dn cic td gidc AMBC ACDF ndi tiép duong tron ta co
AMN = ACB = BFD = AFNnén suy ra tir gi\c MNAF noi tiép duong tron. Tir d6 ta dugc

—

ANM = AFE = % sdBM + sd/l?{) - %(sdéﬁ + sdm) - %sd}:é — ACB = NMA

Diéu nay dan dén tam giac AMN cén tai A, do d6 suy ra AM = AN .

2. Cho tam gidc nhon ABC, D la diém trong tam gidc d6 sao cho ADB =ACB+90° va

AC.BD = AD.BC. Chimg minh ring ABCD _ \/5
AC.BD

Loi giai
Vé phia ngoai tam giac ABC vé& tam gidc BCE vudng can tai
E. Khi do ta c6
ADB = ACB + 90° = ACB + BCE = ACE. v
Lai ttr ACBD=ADBC va BC=CE ta duoc
AD AC AC
BD BC EC

nén suy ra hai tam gidc ABD va ACE C

. x . AD AB
dong dang véi nhau. Tu d6 dan dén ——=—

AC AE
BAD = CAE nén BAE = DAC nén ta lai duoc hai tam

. AB AD
iac ADC va ABE dong dang, suy ra — = ——, hay ta
g g dang, suy BE _CD Yy

duoc AB.CD = AD.BE . Bé y rang tam giac BCE vudng cén E
lai C nén ta c6 BE-= BC\/E. T d6 ta duoc

AB.CD = AD.BC2. Ma ta di 6 AC.BD = AD.BC, do

do ABCD = ACBD\2

AB.CD
Do vay ta ¢4 —2
OV e N eBD

Céau 5 (2.0 diém). Trong hinh vudng canh bang 1 ¢6 2019 diém phan biét. Chimg minh rang ton
_ 1 .
tai mot hinh tron ban kinh bang o1 nam trong hinh vuéng d6 ma khong chira diém nao trong

2019 diém da cho.

Loi giai
Chia mdi canh cta hinh vudng thanh 45 phan bang nhau. Khi d6 hinh vudng c¢6 canh bang 1 duoc

. 1 C Lz .
chia thanh 45 + 45 = 2025 hinh vudng c6 canh bang = Do s6 diém ta nam trong hinh vuong
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, ) . 1

16n 1a 2019 diém nén theo nguyén 1i Dirichlet thi ton tai mot hinh vuong c6 canh bang 4—5 khong

chtra diém nao. Khong mat tinh tong quét ta goi hinh vudng d6 18 MNPQ, khi d6 xét dudng tron co

1 o 2
tam O va ban kinh 0 ndi tiép hinh vuong MNPQ thi duong tron tdm O d6 khong chua diém nao

. 1 1 1
trong 2109 diém da cho. Do o1 < %0 nén khi v& dudong tron tam O ban kinh o1 thi dudng tron

nay nam trong hinh vuéng MNPQ, do d6 duong tron nay khong chira diém nao trong 2019 diém da
xét. Vay bai toan dugc chirng minh.

Loi gidi trén chi mang tinh tham khéo, khong phdi la ddp dn chinh ciia dé thi. Néu c6 gi
sai s6t mong dwoc thong cim va gép ¥. Néu ban doc cé nhitng gép ¥ xin dwgc chia sé vé email:
nguyenkhanhdatchi@gmail.com



