LJi giai tham khao dé thi vao 16p 10 mén Toan
(chuyén) tinh Ha Nam, nam hoc 2021-2022

D6i du tuyén Chuyén Toin K61, THPT Chuyén Bién Hda, Hd Nam

Ngay 10 thang 6 nam 2021

Loi néi dau. Nhom tic gia xin giti tdi ban doc va quy thiy (co) 161 giai tham khéo cho d@ thi vao
16p 10 mo6n Toan (chuyén) trong ky thi tuyén sinh vao 16p 10 THPT Chuyén ctia S6 GD-DT Ha Nam
chiéu ngay 09/06/2021. Do trong thdi gian ngin nén qua trinh bién soan c6 thé con nhiéu thiéu sét,
ban doc, quy thay (cd) c6 thé gép y dudi phan binh luin bai viét nay. Duéi day la doi ngii tac gia bai

viét:
(1) Poan Duy Tung, K61 Toan, THPT Chuyén Bién Hoa, Ha Nam
(2) Nguyén Tran Tién, K61 Toan, THPT Chuyén Bién Hoa, Ha Nam
(3) Nguyén Vin Duong, K61 Toan, THPT Chuyén Bién Hoa, Ha Nam
(4) Luong Hitu Thanh, K61 Toan, THPT Chuyén Bién Hoa, Ha Nam
@ Vi Phic Thanh, K61 Toan, THPT Chuyén Bién Hoa, Ha Nam

Loi giai chi tiét.

Va+1 ab+./a a+~/a+b+ab
+ +1/:
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véia>0,b>0,a>+b>>0vaab # 1.

Cau 1. Cho biéu thic S = (

(1) Rdt gon biéu thc S.
(2) Tinh gid tri ctia biéu thitc S khi a =3 +2v2vab =11 —6/2.
Loi giai.

1) Piéu kién xéc dinh: a > 0,b > 0,a*> 4+ b*> > 0 va ab # 1. V6i diéu kién trén, ta c6:

(Va+1) (1= vab) + (Vab+/a) (14 Vab) +1-ab L ab
5= 1—ab ‘a+/a+b++ab
Va—aVb+1—+ab++ab+ab+\/a+avb+1—ab
a++/a+vb++ab
2Va+2  2(Ja+1) 2

(a+ 1) (vatv) (vat1)(vatve) vatvh
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2) Via=3+2v2,b=11-6v2,tacé Ja=34+2V2=1+v2vavVb=+11-6

3 — /2. Cho nén khi do: , |

T 1+v243-v2 2

Cau 2.

(1) Giai phuong trinh X4x+4— 2+ x)Vx2—x+4=0.

xX+2y—1-22xy+x—4y—2=0

Giai hé phuong trinh:
@ - pauong i {\/x—2+3 HTl=

Loi giai.
1) biéu kién x4c dinh: x € R.

Phuong trinh dé bai tuong duong véi:

X Ax+4—24+x) Va2 —x+4=

S —x+4—2+x) Va2 —x+4+2x=0

& xz—x—|—4—2\/x2—x—|—4) - (2x—xx/x2—x—|—4> =0
VA —x 4 -2) (Ve —x+4-x) =0

o VX2 —x+4=
VX2 —x+4=

Pén day ta xét hai trudng hop:

1. Truong hop 1. v/x2 — x +4 = 2. Binh phuong hai vé ta c6 x> —x = 0 < x(x— 1) = 0. Ti trudng
hop nay ta thu dudc hai nghiém x = 0,x = 1.

2. Truong hop 2. vx2 — x +4 = x. Binh phuong hai vé ta c6:

x>0
’ , &x=4
X —x+4=x

Tu truong hgp nay ta thu dugc nghiém x = 4.

Vay két luan tap nghiém ctia phuong trinh 12 S = {0;1;4}.

) x+2y—1-22xy+x—4y—2=0(1)
Vx—2432y+1=4(2).
1
Piéu kién xdc dinh x —2 > 0,2y +1 > 0,2xy+x—4y—2>0<:>x>2,y>—E.Phu’dngtrinh(l)
tuong duong véi:

(x—=2)+2y+1)—2y/2y(x=2)+ (x—2)=0
e @—2)+Q2y+1)—2/x=2)2y+1)=0
o (Vi 2-voFD)=0evai—2=yZTI1
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Két hop vdi phuong trinh (2) ta c6 hé:

Vx—2—12y+1=0 Vx x
Vx—2+32y+1=4 < \/— <

=3
(thda man BKXD).
=0

Vay hé phuong trinh ¢6 nghiém duy nhét (x;y) = (3;0).

Cau 3. Cho dudng tron (O) dudng kinh AB = 2R. Goi A 1a tiép tuyén clia (O) tai A. Trén A lay diém
M sao cho MA > R. Qua M vé tiép tuyén MC(C thudc dudng tron (0), C khic A). Goi H va D lan lugt
1a hinh chiéu vuéng géc ctia C trén AB va AM. Goi d 1a dudng thing di qua O va vudng géc véi AB.
Goi N 1a giao diém ctia d va BC.

(1) Chitng minh OM J/ BN va MC = NO.

(2) Goi Q 1a giao diém ctia MB va CH, K 1a giao di€ém ctia AC va OM. Chiing minh dudng thang
QK di qua trung diém ctia doan thang BC.

(3) Goi F 1a giao diém ctia QK va AM, E 1a giao diém ctia CD va OM. Chiing minh ti gidc FEQO
12 hinh binh hanh. Khi M thay d&i trén A, tim gid tri 16n nhit cia QF + EO.

L&i giai.

1) Vi MA,MC 1a cic tiép tuyén ké tit M t6i (O) nén MO la trung truc ctia doan AC, do d6 MO | AC.
Mait khéac C thude duong tron duong kinh AB nén CA | CB, nén MO // CB hay MO /| BN.
Ta cé ZNOA = Z/NCA = 90° nén tii gidc ANCO noi tiép dudng tron dudng kinh AN.

Trang 3



2)

3)

/BOC = ZCNA (cung bu ZAOC)

Xét hai tam giac BCO va BAN c6: { nén ABCO «~ ABAN. Do

ZOBC chung
do: )
BC BO BA.BO 2R
— ——__ & BN= =_—.
BA BN < BN BC BC

Mt khac do MO 1a trung truc AC (chting minh trén) nén néu ta goi K 1a giao diém MO va AC thi
K sé 1a trung diém cta AC. Vi vy OK la dudng trung binh ing véi dinh A cla tam gidc ACB nén

1
Miit khéc tam gidc AMO vudng tai A, dudng cao AK nén theo tinh chit hé thic lugng ta cé:
) OA%  2R?
OA“=0K.OM = OM = — = — = BN
OK BC

Ma OM // BN nén td gidc MNBO la hinh binh hanh, vi viy MN = OB = OA va MN /| AB, vi vay
MN OA 1a hinh binh hanh, hon nita ZMAO = 90° nén MNOA 1a hinh chit nhat, viy MA = NO. Ma
MO la trung truc doan AC nén MA = MC, vay NO = MC.

Chi y. Poan chiing minh NO = MC ta c6 thé xt ly khéac nhu sau: D€y ZCNO = ZCMO = ZCAO,
nén ti gisfc MNCO noi tiép, ma NC // MO nén MNCO la hinh thang can, do d6 NO = MC.

H BH BH
Ta c6 QH /| AM (do cung vudng géc AB) nén theo dinh ly Thales ta co: E—M =1 = %(1)
Vi MNOA 1a hinh chit nhat (6 y 1), nén NO /| MA = CH J/ NO. Theo dinh ly Thales ta c6:

BH CH CH 2)
BO NO AM'™

£ . .0QOH 1 CH ) . e
Ket hgp (1) va (2) tacod O3 A do d6 CH = 2QH, hay Q la trung diém doan CH.
Goi J 1a trung diém cua CB. Khi d6 JQ la dudng trung binh tng véi C cia tam gidc CHB nén
QJ /| HB. Mit khéc do K 1a trung diém doan AC nén ta ciing c¢6 JK 1a dudng trung binh ting véi
C ctia tam giac ACB nén KJ // AB. Nhu vay K, Q,J thiang hang hay néi cach khac QK di qua trung
diém J ctia doan BC.

. ) . L . FK MK KQ
Theo y 2) tacod QK /| HA nén QF // BA. Theo cfgnh ly Thales ta cé: 0 - MO O0B

Ma OA = OB nén FK = KQ, hay K la trung diém cua doan FQ (3).

Xét hinh chtt nhat DCHA, c6 Q la trung diém CH va QF // BA nén QF la dudng trung binh ctia
hinh chit nhat DCHA, nén F 1a trung diém doan DA. Lai xét hinh thang DEOA ¢6 F 1a trung diém
DA va FK [/ AO nén K 1a trung di€m ctia EO (4).

Tu (3) va (4) ta c6 FEQO la hinh binh hanh. Khi d6 QF + EO = 2(QK + KO).

Ma QK la dudng trung binh tng véi C cia tam giac CHA nén QK = %AH ,va KO = %CB (chting
minh §y 1), dodé QF + EO =AH +CB =2R— BH + CB.

D& QF + EO 16n nhit thi CB — BH phai 16n nhit, ta sé di tim gi4 tri 16n nhét ctia CB — BH.

Do tam gidc ACB vuong tai C, dudng cao CH nén theo tinh chit hé thiic lugng clia tam gidc vudng

BC?
ta cé6 BC?> = BH.BA = BH = TR
Do do: )
2
cB_BH—cp_ B¢ __(BC _V2R} R _R
2R V2R 2 2 52
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oE
¢

5R < 5R ., . BC
Viy QF + EO < —, hay gia tri I6n nhat cia QF + EO la —. Dau bang xay ra khi
y O 5 +hayg 0 > g xay VR
BC =R. 5

2R
Khi d6 BN = BC = 2R = OM (do y 1), va theo dinh ly Pythagoras cho tam gidac MAO ta tim dudc

dAu bang xay ra khi: AM = \/OM? — OA? = \/4R?2 — R2 = R\/3 > R (thda man).

Cau 4.
(1) Giai phuong trinh x> +y? —x + 3z = 2021 véi x,y va z 1a cdc sb nguyén.

(2) Cho hinh vuéng ABCD cé d6 dai canh bang 1. Bén trong hinh vudng ngudi ta 1iy tuy y 2021
diém phan biét A1, A, ..., Aypn sao cho 2025 diém A, B,C,D,A},A,,..,Ayy; khong c6 ba diém
nao thang hang. Chting minh rang tit 2025 diém trén ludn ton tai 3 diém 12 3 dinh cta hinh tam

idc co dién tich kho A .
gidc c6 dién tich khong qua 1044

Lai giai.

1) Tacéx® +y> —x+3z=2021 < x(x — 1)(x+1) +3z = 2021 —y?.
Do x,x — 1 va x+ 1 1a ba s6 nguyén lién tiép nén tich ctia ching x(x — 1)(x + 1) chia hét cho 3.
Ma do z nguyén nén 3z ciing chia hét cho 3, vdy vé trai chia hét cho 3, nén vé phai 2021 — y? ciing
chia hét cho 3, hay 2021 = y? (mod 3).
Vi 2021 = 2(mod3), thé nén y?> = 2(mod3). Nhung diéu nay 1a vo Iy do s6 chinh phuong khi
chia 3 chi du 0 hodc 1. That vay, xét ba truong hgp y ¢6 dang 3k, 3k + 1 hodc 3k + 2 (v6i k nguyén).

1. Truong hop 1. y = 3k thi tit nhién y> = 0(mod 3).
2. Truong hop 2.y = 3k + 1 thi y> = 9k* + 6k + 1 = 1 (mod 3).
3. Truong hop 3.y = 3k +2 thi y> = 9k* 4+ 12k +4 = 1 (mod 3).

Khong trudng hop nao y? = 2 (mod3), néi cich khac phuong trinh nay vo nghiém.
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2)

Dau tién ta xét diém A1, nbi diém nay véi 4 dinh ctia hinh vuong ABCD thu dudc 4 tam gidc.
Tiép theo ta xét diém Ay v6i 2 < k < 2021. Ta xét hai trudng hop:

1. Truong hop 1. Néu nhu A; nim trong mot trong bon tam gidc dudc tao ra & trén, trong hinh
gia st 12 A5, thi ta nbi diém A, v6i 3 dinh clia tam gidc d6, s6 tam gidc sé ting thém 2 (tir 1 1én
3).

2. Truong hgp 2. Néu nhu A; nam trén canh chung ctia hai tam gidc dudgc tao ra & trén, trong hinh
gia st 12 A3, thi ta nbi Ay v6i hai dinh dbi dién canh d6, s6 tam gidc ciing sé ting thém 2 (tif 2
1én 4).

Vay sau budc mot ta ¢6 4 tam gidc, va sau mdi bude ta lai c6 thém 2 tam gidc, va thuc hién ddi vé6i

As dén Asgp1 ¢6 2020 bude nén tdng sb tam gidc tdng cong dudc tao thanh 13 4 4 2.2020 = 4044.

Vi téng dién tich ctia 4044 tam gidc nay bang dién tich hinh vudng va bang 1 nén ton tai mot tam

giac co dién tich khong qua

4044
Chd y. Bai toan c6 thé tdng quat bang cach thay s6 2021 bang n va 4044 bang 2n + 2.
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Cau 5. Cho ba sb thuc duong x,y,z thda man x +y +z < 1. Chiing minh rang:

(L) (5 ) ()

Loi giai.
Ta co:
1 | 1—x? S (x+y+2)?—x> () (xtxty+z) N 2\/y24v/xtyz  8y/x%y3
2 0 27 x2 N x2 - x2 N x2
L 1 84/v273x3 1 84/72x343
Chiing minh tuong ty ta c6 cac bat dang thac: — — 1> y—zzx’ -1z % |
y y Z Z

Nhan vé theo vé cac bat dang thiic ta thu dugc diéu phai chiing minh. DAu bing xay ra khi x =y =
1

z= 7.

3
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