Bt dang thic va cue trj trong dé thi tuyén sinh vao 16p 10 nim 2021
Phan 1. Dé bai.

1. (Gia Lai) Cho x, y 12 cac s6 thuc khong 4m théa mén diéu kién x + y = 2. Tim gia
tri 16n nhat va gia tri nho nhét cua biéu thirc P = (5x*+7y)(5y*+7x) + 151xy.

2. (Quéang Binh) Cho x, y, z € [5, 7]. Ching minh rang sqrt(xy+1) + sqrt(yz+1) +
sqrt(zx+1)>x +y+ z.

3. (Pai hoc Khoa hoc, Hué) Cho a, b, c 1a o dai 3 canh ctia mét tam giac. Chung minh
rang

4. (Tay Ninh) Cho x, v, z 1a cac s6 thyc thoa man 0 <x, y, z < 1. Tim gia tri I6n nhat
ctia bicu thire T =2(x* +y* + 2°) — (x%y + y?z + 2%X)

5. (Binh Duong) Cho x, y, z> 0 théa man xy + yz + zx = 1.

Chung minh rang: 10x? + 10y? + z2 > 4. D4u bang xay ra khi nao?

6. (Céan Tho) Cho x, v, z 1a cac sb thuc duong. Ching minh ring
(x 2 /(y+z) + (y+2)*/(z+x) + (z+2)*/(x+y) > 12.
7. (Tién Giang) Cho a, b, ¢ 14 c4c sb thuc duong thay d6i thoa man abc = 1. Tim gia
tri 16n nhat cua biéu thie M = 1/(a>+2b*+3) + 1/(b*+2c?+3) + 1/(c*+2a%+3)
8. (Quang Nam) Cho ba sb thuc duong x, y, z théa méan xy + yz + zx = xyz. Tim gia
trj nho nhét cua biéu thitc H = x¥/(9z+2zx2) + y*/(9x+xy?) + 22/(9y+yz?)
9. (Ninh Thuan) Cho cic sb thuc duong x, y, z théa man xyz = 1/8. Chirng minh rang
1/(xy+yz+zx) — 1/(x+y+z) < 2/3.
10. (Ngh¢ An) Cho cac sb duong a, b, ¢ thoa man ab + bc + ca < 3abc. Tim gié tri nho
nhét cua biéu thic
P = sqrt(atb) + sqrt(b+c) + sqrt(cta) — sqrt((a’+b%)/(2a+2b)) —
sqrt((b>+¢?)/(2b+2c)) — sqrt((c*+a?)/(2c+2a))
11.(Ba Ria — Viing Tau) Xét cac sb thuc khong am a, b, ¢ théa man diéu kién a? + b2 +
¢? = 1. Tim gia tri 16n nhét va gi tri nho nhét cia biéu thirc
S =a/(1+bc) + b/(1+ca) + c/(1+ab)
12. (Quang Tri) Cho a, b, ¢ 1a cac sb thyc tiy y. Ching minh rang
a) a’—ab +b%>(atb)?/4;
b) 4(a*+b?)(b>-bct+c?)(3c*+2ca+3a?) > (a+b)?(b+c)*(ct+a)’.
13.(Thai Binh) Cho a, b, ¢ 14 c4c s6 thuc duong thoa man a® + b + ¢ = 3abc. Tim gia
tri 16n nhat cua biéu thire T = a/(3a2+2b%+c?) + b/(3b*+2c2+a?) + ¢/(3c? + 2a% + b?)
14.(Quang Ninh) Cho hai s thyc x, y thoa min 0 < x <y < 8 va xy < 4x + 3y. Chiing
minh x> + y* < 100.
15.(Lao Cai)
a) Cho hai sé thyc duong x, y théa min x + y < 2/3. Tim gia tri nh nhat cua
A =53x+53y+ 1/x>+ 1/y>.
b) Cho ba sb thuc duong x, v, z thoa man x2 + y2 + z2 > 3. Chtrng minh rang



Xy + A+ X3y 2 >3 xtytz
16. (Khanh Hoa) Cho cac sb thuc x1, x2, ..., x21 thoa man xi, X2, ..., X21 > -2 va xi° +
x2® + ... + x21° = 12. Chtng minh ring xi + x2 + ... + x21 < 18.
17.(PTNK, PHQG Tp HCM) Cho diy n sb thuc xi, X2, ..., Xa (n > 5) théa min diéu
kiénx;j<xo<...<xpvaxi+xa+...+x,=1.
a) Ching minh rang néu X, > 1/3 thi x; + X2 < Xn.
b) Chung minh rang néu thi ton tai s6 nguyén duong k < n sao cho
1/3<x1+... +xx<2/3.
18.(Lam DPong) Cho a, b, ¢ 1a cac s6 duong va a + b + ¢ = 6. Tim gia tri nho nhit cia
biéu thic P = a’/(a+4ab+b?) + b*/(b*+4bc+c?) + ¢3/(c*+4cata?)
19.(Ha Nam) Cho ba s6 thyc duong x, y, z thoa man x + y + z < 1. Chiing minh rang
(1/x2 = 1)(1/y* = 1)(1/z* — 1) > 512.
20. (Daklak) Cho céc s thuc duong a, b, ¢ théa man a + b + ¢ < 2. Tim gia trj nhod nhét
ctia biéu thirc
P = b(a?+1)%/a?(b*+1) + c(b>+1)*/b*(c*+1) + a(c®+1)?/c?(a>+1)
21. (Binh Phuéc) Cho a, b, ¢ 1a cac s6 duong. Ching minh ring
a) a’/(a*+b?)>a—b/2
b) a’/(a’+ab+b?) + b3/(b*+be+c?) + ¢/(c*+cata?) > (atb+c)/3
22. (Quang Ngii) Cho cac sb thuc a, b, ¢ d6i mot khac nhau va thoa man (c+a)(ct+b) =
4. Chimg minh rang 1/(a-b)? + 1/(c+a)? + 1/(c+b)? > 1.
23.(Daknong) Cho hai s6 thuc a, b thoa man 2021 < a <2022, 2021 <b < 2022. Tim
gia tri 10n nhét cua biéu thitc A = (a+b)(2021/a + 2021/b)
24. (Hoa Binh) Cho cac sb thuc duong x, y, z thoa man x + y + z = 4. Chirng minh rang
l/xy + 1/xz> 1.
25. (Vinh Long) Cho s6 thuc x thoa man 1 <x < 2. Tim gia tri 16n nhat va gid tri nho
nhit cta biéu thue T = (3+x)/x + (6 — X)/(3-x).
26. (Kién Giang) Cho x, y, z 1a cac sb thuc 16n hon 2021 va théa mén 1/x + 1/y + 1/z
=2/2021. Chirng minh rang ta c6 bat dang thic sau
sqrt(x+y+z) > sqrt(x-2021) + sqrt(y-2021) + sqrt(z-2021)
27.(Binh Dinh) Cho cac sd thyuc x, y. Tim gia tri 16n nhit va gia tri nho nhat cua biéu
thitc T = (x — y)/(x*+y*+6)
28. (Binh Pinh) Cho x, y, z 1 ba s6 duong thoa x + y + z = 1. Chtrng minh rang
P = (1-x2)/(x+yz) + (1-y})/(y+zx) + (1-z})/(z+xy) > 6.
29.(Ca Mau) Cho a, b 13 hai s6 thuc duong sao cho sqrt(a) + sqrt(b) = 1. Chtrtng minh
rang sqrt(3a+b) + sqrt(3b+a) < 2sqrt(3a+b)sqrt(3b+a)
30. (Binh Dinh, chuyén tin) Cho a, b 14 cac s dwong théa mén a + 2b > 3.

Tim gi4 tri nho nhét cua biéu thic

P = [3a? + a’b + 9ab?/2 + (8+a)b’]/ab



31.(Thanh Héa, chuyén tin) Cho ba s6 thuc duong x, y, z thoa man x + y + z= 1. Tim
gia tri nho nhét cia biéu thirc P = 15sqrt(3(x*+y*+z%)) + (xy+yz+zx)/(x2y+y*z+722X)
32.(Hai Phong) Cho céc sb thuc duong x, y, z. Chimg minh ring

xsqrt(xy)/sqrt(2x+y) + ysqrt(yz)/sqrt(2y+z) + zsqrt(zx)/sqrt(2z+x) > sqrt(3xyz)

33.(Yén Bai) Cho a, b, ¢ 1a cac sb thuc duong théa min 18abc = a + 2b + 3¢. Chung
minh (1+a?)(1+4b%)(1+9¢?) > 8.
34.(Ninh Binh) Cho x, y, z 13 cac s6 thuc duong théa man 1/(x+y) + 1/(y+z) + 1/(z+x)
= 12. Tim gi4 tri 16n nhat cta biéu thirc
P =1/(2x+3y+3z) + 1/(3x+2y+3z) + 1/(3x+3y+2z)
35.(Phti Tho) Cho ba sb duong x, y, z. Tim gié tri nhé nhat ctia biéu thirc
P = xz/(y*+yz) + y*/(xz+yz) + (sqrt(x) + sqrt(z))/2sqrt(x)
36.(Binh Thudn) Cho X, y, z 14 cac s6 thuc duong théa man diéu kién x +y + z = 3.
Chtng minh rang 2xz/(x2+2yz+3) + 2yx/(y*+2zx+3) + 2zy/(Z2+2xy+3) < 1.

Phin 2. Hwéng din va binh luén.

1. Bai nay co ban, pht hop véi thi tuyén sinh 10. Dt t = xy va st dung diéu kién x +
y = 2 ta tinh dugc P theo t: P = 25t2 — 10t + 280 = (5t-1)2 + 279. Bén day thi d& rdi.

2. Meo chinh ctia bainay lax, y € [5, 7] suyra [x —y| <2. Tr d6 1 + xy > (x-y)*/4 +
xy = (x+y)?/4. D4u bang xay ra khi [x — y| = 2. Vi la meo nén bai nay kho binh luan
©.

3. Bai nay thi qua co ban rdi. V& trai chi 1a (a-b)? + (b-c)? + (c-a)? > 0. Con vé phai thi
dung a® < a(b+c) 1a xong.

4. Bai nay 1a kha khé ddi v6i hoc sinh THCS.

Céch 1. Ta du doan gia tri 16n nhét 1a 3 dat dugc khi x = y = z = 1. D¢ xuat hién ddnh

gia lién quan dén x%y, y?z, z2x, ta sit dung diéu kién dé suy ra (1 — x2)(1 —y) > 0. Suy

ra —x’y<l-x>—y.

Cong bat dang thirc nay va cac bat dang thic twong tu, ta c6
— X%y — y*z - 72x <3 — (x*H+y*+zHHxty+z)

Tudd T=2(x>+y +72°) - (X°y + y’z + 22x) < 2(x* + y* + Z2°) + 3 — (x*+y*+Z2+x+y+z)

=3 —x(1=x)(1+2x) — y(1-y)(1+2y) — z(1-z)(1+2z) < 3.

Dau bang xayrakhix=y=z=1.

Céch 2. Trude hét ta chirng minh 2x3 — x2y < 2x — xy. Thét vy, diéu can chirng minh twong
duong voi 2x(1-x%) — xy(1-x?) > 0 < x(1-x?)(2-y) > 0 (dung)

Tuong tr 2y° — y*z <2y —yz, 27° - 2°x <2z — Xz



Suyra T <2(x+y+z) — Xy — yz — zx (1)

Ta lai c6 (1-x)(1-y) + (1-y)(1-z) + (1-z)(1-x) > 0

Suyra 3 +xy+yz+zx — 2(xty+z) >=0 (2)

Tir (1) va (2) suy ra T < 3. D4u bang xay ra ching han khix=y=z=1.
Vay GTLN cua T 1a 3.

Danh cho céc thiy cb gido va cac ban hoc sinh THPT: Néu dé y T 1a biéu thirc thudn nhat
bac 3, T(ka, kb, kc) = k°T(a, b, c) ta s& théy GTLN cua T s€ phai dat dugc khi co6 1 bién
nao d6 bang 1. Chang han z=1. Khi d6 thi T=2(x> + y* + 1) — (x’y + y* + X)

<x2Ax+yHy+3-1-xXy-y? —x=3-(1-x*)(1-y)<3.

5. Y tudng la duing AM-GM c6 trong s6. Cac hé sb cua x, y gidng nhau nén x, y ¢6 vai
tro nhu nhau. Ta tach

(10-2%/2)x? + (10-a%/2)y? + (a’x>+2%)/2 + (ay*+z?)/2
> (10 — a%/2)2xy + axz + ayz.
Ta chon a sao cho vé trai la héng sb, tirc 12 20 — a? = a. Giai ra dugc a = 4.
Déu bing xay ra khi va chi khi x =y vadx =4y =z, tic lakhix =y = 1/3, z = 4/3.
Bai nay duogc tinh l1a kha thach thuec.

6. Sir dung bt dang thic CBS ¢ dang Engel a%/x + b¥y + ¢%/z > (atb+c)¥/(x+y+z) ta
c6 VT > (x+y+z+6)%/2(x+y+z). Tiép tuc ap dung AM-GM cho hai s6 x+y+z va 6
thi (x+y+z+6)? > 4(x+y+z).6. Suy ra diéu phai chimg minh.

Bai nay néu quen cach ding CBS nhu & trén thi ciing ¢ dang co ban.

7. Bai nay kha kho chiu néu khong lién h¢ dugc voi bai toan quen thude sau: Cho abe =1
khi d6 1/(ab+b+1) + 1/(bc+c+1) + 1/(catatl) = 1.

Tacoa?+2b?+3=(a?+b?)+(b>+1)+2>2(ab+b+1).
Tu d6 1/(a*+2b*+3) < 1/2(ab+b+1).
Tt d6 GTLN cén tim bé’mg 1/2, dat duoc khia=b=c=1.

8.Y dau tién dé giai bai nay la dua diéu kién vé 1/x+ 1/y + 1/z=1r6i dita=1/x,b = l/y,
¢ = 1/z. Diéu kién a + b + ¢ = 1 di nhién 1a d& st dung hon. Liic ndy thi

H = a/(9b*+1) + b/(9c*+1) + ¢/(9a*+1)
Ta ding AM-GM dé danh gia cac s6 hang ctua H nhu sau



a/(9b>+1) = (a + 9b%a — 9b%a)/(9b*+1) = a — 9b%a/(9b*+1) > a — 9b%a/6b = a — 3ab/2.
Cong bat dang thirc nay va cac bat dang thirc twong tu, ta suy ra
H>a+b+c—3(abtbctca)2>1-1/2=1/2.
(O déy ta dung bat ding thirc quen thudc 3(ab + be + ca) < (at+b+c)?).
Dau bang xayrakhia=b=c=1/3ticlakhix=y=2z=3.
9. Bai nay nhe nhang. Y tudng 1a sir dung danh gia trung gian dé dwa vé mot bién.

Dbit x + y +z = 6/t2. Su dung danh gia (xy+yz+zx)? > 3xyz(x+y+z) ta s& suy ra (xy+yz+zx)?
> 9t>/4. Suy ra xy + yz + zx > 3/2t.

Tu d6 1/(xy+yz+zx) — 1/(x+y+z) <2t/3 —12/6 = 2/3 — (t - 2)*/6 < 2/3.

Luu y. Cach dit chi giup chung ta 1am viéc véi cac sd dep hon, khong phai bi quyét cua
cach gidi. Néu ta dat x +y + z =t cling dugc.

10. Bai nay la rat kho ddi voi mirc THCS. b3 phan thure lai con chira can, lai co diéu kién,
lai cdng kénh, bdn thir gop lai.

Pé giai bai toan, ta can vai danh gia dé don gian b6t biéu thirc P. Trudce hét, ta co bat dang
thire phu sqrt((a>+b?)/2) < a + b - sqrt(ab) (Y nghia: Trung binh cong clia trung binh binh
phuong va trung binh nhin nhoé hon trung binh cong). Bit ding thirc nay thu duoc bang
cach viét lai thanh sqrt((a2+b?)/2) — (at+b)/2 = (a+b)/2 — sqrt(ab) roi nhan luwong lién hop.

Tu day suy ra sqrt((a>+b?)/2(a+b)) < (a+b — sqrt(ab))/sqrt(a+b) = sqrt(a+b) — sqrt(ab/(a+b)).
Tur d6 P > sqrt(ab/(a+b)) + sqrt(bc/(b+c)) + sqrt(ca/(ct+a)).

Dén day thi d& thé hon rdi. Pat x = 1/a, y, = 1/b, z= l/c thi x + y+ z <3 va ta can gid tri
nho nhét caa Q = sqrt(1/(x+y)) + sqrt(1/(y+z)) + sqrt(1/(z+x)).

Ap dung BDT Cauchy-Schwarz ta c6

Q > 9/[sqrt(x+y) + sqrt(y+z) + sqrt(z+x)] > 9/sqrt(3(x+y+y+z+z+x)) >9/sqrt(3.6) =
3/sqrt(2).

Diu biang xdyrakhix=y=z=1tclaa=b=c=1.
Vay gia tri nho nhat cua P 1a 3/sqrt(2) dat dugc khia=b=c=1.

11. Bai nay rat kho, chi mét trong hai gia tri can tim d 13 du kho roi. C6 thé “doan” duogc
gia tri nho nhat 1a 1 va gia tri 16n nhat 1a sqrt(2) (bai toan goc 1a nhu vay), nhung xu 1y ti€p
thé nao?

Y tuwéng chung 1a tim cach “quy ddng miu s6” bang mot danh gia trung gian.



O chiéu gia tri 16n nhét, ta s& chimg minh rang a/(1+bc) < sqrt(2)a/(a+b+c) (1). Piéu nay
s& luén dung khi a = 0 con v6i a > 0 thi twong duong véi (a+b+c)? < 2(1+bc)?. Khai trién
ra va ap dung gia thiét, diéu nay twong duong véi 2ab + 2ac < a + b? + ¢ + 2b2c? + 2bc
& (a—b—c)?+ 2b%? > 0. Dau bang xay ra khi a = b+c va bc = 0. Nhu vy (1) ding va
dau bang xay ra khi a = 0 hodc a = b+c, bc = 0. Tir dy ta tim dugc gia tri 16n nhat cua S 13
sqrt(2) dat duogc, chang han khi a =b = 1/sqrt(2), ¢ = 0.

O chiéu gia tri nho nhat, ta lai phai dung mot danh gia khac, chu ¥ ring a < 1 nén
a-+abc<a+a(b*c?)/2=a+a(l —a?)/2=a+a(l+a)(l-a)/2 <=a+ 1.2(1-a)/2 = 1.

Cho nén a/(1+abc) > a/(a+abc) > a. Cong cac bit dang thirc tuong tir lai ta c6 S > a? + b?
+ ¢2 = 1. D4u bang xay ra, chang hankhia=1,b=c=0.

12. Bai nay rat co ban. Cau b) ciing ¢t tach ra tirng nhém ma lam.

13. Ta ding AM-GM dé danh gia mau so. 3a2 + 2b? + ¢ > 6(a®b*c?) /6. Tur d6
a/(3a>+2b%+c?) < (1/6)1/b*3c!3

Cong bat dang thirc nay va cac bat dang thirc twong tir cho hai s6 hang con lai, ta co
T < (1/6)[1/b¥3c!3 + 1/c23al3 + 1/a23013] (1)

Tiép tuc dung AM-GM ta c6 2/b + 1/c > 3/b¥3c!3

Tuong tu 2/c + 1/a>3/c?3al?, va 2/a + 1/b > 3/a?3b

Suyra 1/a+ 1/b+ 1/c > 1/b¥3¢"3 + 1/c?3al”® + 1/a?3b'3 (2)

Két hop (1) va (2) ta duge
T <1/a+ 1/b+ 1/c = (ab+bc+ca)/abc < (a’+b*+c?)/abc = 3.

Dau bang xay rakhia=b=c=1.

bay 1a mot bai toan khé kho.

14. Pay la bai toan kho va dep.

Trude hét, dé y rang néu x < 6 thi hién nhién 1a x* + y* < 6% + 82 = 100 nén tiép theo ta chi
can xét truong hop x > 6.

Ta khai thac diéu kién x < y < 8 va xy < 4x + 3y nhu sau: (8 — x)(8 — y) > 0. Suy ra xy +
64 > 8x + 8y, suy ra 4x + 3y + 64 > 8x + 8y. Tur d6 4x + 5y < 64.

Vi 6<x<y<8nény-x<2. Suyra(y—x)’<2(y—x).

Tur day suy ra x> + y?> < 2xy + 2(y — x) < 2(4x+3y) + 2(y — x) = 6x + 8y = (3/2)(4x+5y) +
y/2 < (3/2)64 + 8/2 = 100.



15. Hai bai nay déu kha co ban.
a) Ta dy doan diém roi 1a 1/3, 1/3 nén s& duing AM-GM tuong Gmg voi diém roi nay:
27x +27x + 1/x> > 3(275)3 =27
Hay 1a 54x + 1/x> > 3(27%)'3 = 27. Tuong tu 54y + 1/y* > 3(27%)'3 = 27.
Tudo A =54x+ 1/x>+ 54y + 1/y?> — (x+y) > 27 + 27 - 2/3 = 160/3.

b) Ap dung bt ding thic AM-GM tacox* +y* +z* +3=x*+ D)+ (Y + 1)+ (* + 1)
>2x%+2y? + 222> 6. Suyrax* + y* + z* > 3.

Lai 4p dung AM-GMtaco x> +y’  + Z2 +x+y+z >2x> +2y? + 222 > x>+ y* + 22 + 3 >
2x +2y+2z. Suyrax’ +y’ + 22 >x +y+z

16. Bai nay tuy k¥ thuat nhe nhang nhung c6 thé xép vao bai toan kho. Y tudng 1a ta tim
cach danh gia xi qua x;® bang cac biéu thirc hién nhién duong. Bi€u thirc thir nhat hién nhién
1a xi+2. Con biéu thirc thir hai 1a mot binh phwong dang (x; + a)?. D€ chi xuat hién xi® va x;
ta chona=-1.

Vay 1a (xi+2)(xi-1)> > 0. Suy ra x;° — 3xi + 2 > 0, hay xi* + 2 > 3x;
Choi=1,2,...,21 roi cong lai, ta dugc 12 +42 > 3(x1+...+x21).
Suyrax;+x;+ ... +x21 < 18.

17. Tuong tu nhu bai trén, bai nay k¥ thuat nhe nhang nhung 1a bai todn kho. Va hai y
vé co ban 1a khong lién quan dén nhau.

a) Gid st nguoc lai x1+x2 > X, > 1/3. Khi d6 x2 > 0 va vi thé x, > 0 v&i moi n > 2. Luc
nayxi +x2+ ... +Xa = (xX1+x2) + (x3tx4) + (...) +xn > 1/3+1/3+ 0+ 1/3 = 1. Mau
thudn. Vay diéu gia st 14 sai va ta c6 x1 + X2 < Xa.

b) Xét hai trudng hop. Trudng hop thir nhat x, > 1/3. Khi d6 thi

X1+ ... +Xp1=1-xa<2/3va>1/3

vata co k =n-1 14 s6 nguyén duwong can tim.
Truong hop thtr hai, x, < 1/3. Khi d6 xk < 1/3 v&i moi k.

Vixi+ X2+ ... +x, =1 nén s& tOn tai sd k nhé nhat sao cho x1 + x2 + ... + x> 1/3. Ta
chirng minh véi s0 k nay, x1 + x2 + ... + xx < 2/3. That vay, néu nguoc lai, x1 + x2 + ... +
Xk > 2/3 thi xi+xo+..+xK-1 = (X1 + X2 + ... + Xx) — Xk > 2/3 — 1/3 = 1/3 mau thuan véi cach
chon k.

Luu ¥. O ciu a) c6 mot cai bay. Néu ching minh truc tiép ma st dung danh gia

2/3>2x1+x2+ ...+ Xo1 2 X1 + X2+ X3 + X4 > 2(X11X2)



r0i suy ra xi + x2 < 1/3 1a ta pham sai 1am & dau bat dang thirc thir hai: ¢ day x; 1 s6 thuc
va c6 thé am.

18. Bai nay sir dung mot danh gia trung gian, xem huéng dan & bai 21.

19. St dung diéu kién x+y+z <1 ta c6 1/x% - 1 > (x+y+2)¥/x2 — 1 = Qx+y+z)(y+z)/x%

Tir d6 chi can chimg minh (2x+y+z)(y+z)(2y+z+x)(z+x)(2z+x+y)(x+y) > 512x2y?z2. Cai
cubi nay ding AM-GM la ra.

Tha vi 1 bt dang thirc ndy “twong dwong” véi bat ding thire IMO 2001 ndi tiéng: Cho a,
b, c 1a cac s thuc duong, khi d6

a/sqrt(x*+8bc) + b/sqrt(b*+8ca) + c/sqrt(c*+8ab) > 1.
Céc ban thir thiét 1ap su trong dwong d6 nhé!
Puong nhién, tuy 14 “twvong duong” nhung bat dang thirc IMO khé hon ©

20. bat x = (a’+1)/a, y = (b*+1)/b, z = (*+1)/c thi P = x*/y + y*z + 7%/x >
(x+y+z)(ytz+x)=x+y+z=a+b+c+ 1/a+ 1/b+ 1/c > (atb+c) + 9/(atb+c)

= (atb+c) + 4/(atb+c) + 5/(atb+c) >4 + 5/2 = 13/2.
Déu bing xdy rakhia=b=c=2/3.
Vay gia tri nho nhat cua P 1a 13/2, dat duoc khi a=b=c = 2/3.

Bai nay khong c¢6 nhung phat biéu cong kénh, xau xi, 1a ghép noi co hoc cua hai bai
toan.

21.Y a) tit nhién 13 khong kho. Ta chi can bién d6i twong duong. a3/(a?+b%) > a — b/2
& 2a’ > (2a - b)(a’+b?) & 2a’ >2a’ + 2ab? — ba? — b> & b(a-b)* > 0 dung.

Hon nira, day 13 goi ¥ quan trong dé giai y b) (cling 1a goi y dé giai cac bai 19, ). That vy,
do a*+ab+b? < 3(a’+b?)/2 nén

a’/(a’+ab+b?) > (2/3)a’/(a’+b?) > 2a/3 — b/3.

Cong bt dang thirc ndy va cac bat ding thirc twong tu cho hai s6 hang con lai, ta suy ra bét
dang thirc can chirng minh.

22. Pay la mdt bai toan kha kho dbi véi trinh do THCS.
Pit x = cta, y = c+b thi xy =4 va (a—b)?=(x — y)> Ta quy vé bai toan ching minh
1/(x-y)? +1/x>+1/y*>1voixy=4,x#y. (1)

Khong mét tinh tong quat c6 thé gia sir x, y > 0. Ta chi can chimg minh



xy/(x-y)?* +xy/x*+ xyly* >4
duang thi khi xy = 4 ta s€ c6 (1).
Pit t = x/y, bat dang thirc cudi ciing nay twong duong véi
t/(t-1)> + 1/t +t>4
2+ (t-1)2 + 2(t-1)> > 4t(t-1)?
Stt-6+ 112 -6t+1>0
S 2+1/2 - 6(t+1/t) +11>0 (2)
PDitu=t+1/tthi(2Q) ® u>-2-6u+11>0 < (u-3)>>0, ding.

23.Bai nay co ban. Viéc dua cac s6 2021, 2022 vao chi 1am réi thém, bsi dep. Cir dé a,
b thudc [1, 2] va tim GTNL cua (a+b)(1/a+1/b) thi chan phuong hon.

Ta chi can tim gia tri 16n nhit cta (a+b)(1/a+1/b) = (a+b)?/ab = 2+ (a2+b?)/ab.
Ta c6 (2022a —2021b)(2022b — 2021a) > 0 nén tir day suy ra
2021.2022(a*+b?) < (20212+2022%)ab
Suy ra (a?+b%)/ab < (20212+2022%)/2021.2022.
Tir d6 tim duoc gid tri 16n nhat can tim 14 2042 + (20212+20222)/2022 = 6064 + 2021%/2022.

24.Bai nay co ban, pht hop dé thi tuyén sinh 10. Ta chi can 4p dung AM-GM hai lan
1/xy + 1/xz > 4/(xy+xz) = 4/x(y+z) > 4/[(x+y+z)/2]* = 1.
25. Bai nay co ban, dep, phu hop vé6i dé tuyén sinh 10.

Taco T=1+3/x+ 1 +3/(3x) =2+ 9/x(3-x)

Dé tim min, max cta T ta chi can tim min, max cta x(3-x). Ta ¢6 x(3-x) = 9/4 — (x — 3/2)?
< 9/4. D4u bang xay ra khi x = 3/2.

Mait khac, do 1 <x<2nén-1/2 <x —3/2 < 1/2. Suy ra (x-3/2)* < 1/4. Suy ra x(3-x) > 9/4
— 1/4 =2. D4u bang xay ra khi x = 1 hoic x = 2.

Tur do6 gié tri 16n nhét cua T béng 2 +9/2 =13/2 dat dugc khi x = 1 hoac x = 2. Gia tri nho
nhat cia T béng 2 +4 =6, dat duoc khi x = 3/2.

26.Didt a=x/2021, b=y/2021, ¢=2/2021 thia,b,c>1, 1/a+ 1/b + 1/c =2 va ta can
chung minh sqrt(at+b+c) > sqrt(a-1) + sqrt(b-1) + sqrt(c-1). Pay la bai toan thi
olympic cua Iran. Ciach gidi 1la dung Cauchy-Schwarz & dang
sqri(x+y+z)sqrt(atb+c) > sqrt(xa) + sqrt(yb) + sqrt(zc) cho cac  sb

(a-1)/a, (b-1)/b, (c-1)/c vaa, b, c voi chu y (a-1)/a + (b-1)/b + (c-1)/c = 1.



Bai toan ctia Iran rat dep, nhung bai toan ché bién nay thi khong con dep nita. Ban than t6i
khong thich ki€u “sang tac” nay cho lam.

27. Bai nay co ban. Ggi ¥ (x-y)? < 2(x*+y?), x* + y* > (x*+y?)?/2.

28. Bai ndy co ban. Goi y: s dung thuan nhat hoa 1 — x* = (xty+z)? — x> =
Qx+y+2)(y+2z), X + yz = x(x+y+2z) + yz = (x+y)(x+z). Tir 46 néu dit a = y+z, b =
z+x, ¢ = xty thi VT = (b+c)a/bc + (ct+a)b/ca + (atb)c/ab = b/a + a/b + b/c + ¢/b +
a/c + c/a.

29. Pay la mot bai toan dep. Cach giai cling kha chan phuong, gidng nhu giai phuong
trinh chtra can vay ©. Ap dung bat dang thirc Cauchy-Schwarz cho hai cin thirc vé
trai, ta co

sqrt(3a+b) + sqrt(3b+a) < sqrt(2[(3a+b)+(3b+a)] = sqrt(8a+8b)
Bét dang thirc can chimg minh s& dung néu ta chimg minh dugc
sqrt(8a+8b) < 2sqrt((3a+b)(3b+a))
& 2(at+b) < (3at+b)(3b+a)
& 3(atb)? + 4ab — 2(a+b) > 0. (1)
Dit ab = t2. Theo gia thiét sqrt(a) + sqrt(b) = 1 suyraa+b+2t=1, tc laa+tb =1 — 2t.
Thay véo (1), ta can chimg minh
3(1-2t)* + 4t2 - 2(1-2t) > 0
< 16t —8t+1>0
o (4t-1)>>0
Dau bang xay ra khi va chi khi t = 1/4, tir day tinh duoc a="b = 1/4.

30.Bai ndy that xau xi. Khong hiéu tai sao lai phat biéu mot bai toan xau nhu vdy. Va
day 1a mot bai kha kho. Goi y: diém roi la a = 3/2, b = 3/4.

31.Bai nay co ban nhung dung nhiéu danh gia trung gian. Goi y: sqrt(3(x*+y*+z*)) >
Xy +z? va 3(xPy+y’ztz?x) < (x*+y*+z?)(x+y+z).

32. Bai nay kha co ban ddi v6i cac ban quen st dung AM-GM va Cauchy-Schwarz dé
danh gia.

Chia hai vé cua bat dang thirc cho sqrt(3xyz) ta dua bt dang thirc can chimg minh vé dang
x/sqrt(3z(2x+y)) + y/sqrt(3x(2y+z)) + z/sqrt(3y(2z+x)) > 1.

Ap dung bét dang thire AM-GM cho mau thtc, ta c6 sqrt(3z(2x+y)) < (3z+2x-+y)/2 clng

cac bat dang thirc tuong tu.

Do d6 VT > 2x/(3z+2x+y) + 2y/(3x+2y+z) + 2z/(3y+2z+x) (1)



Ap dung bat dang thirc Cauchy-Schwarz dang Engel ta c6
2x/(3z+2x+y) + 2y/(3x+2y+z) + 2z/(3y+2z+X)
= (2x)%/2x(3z+2x+y) + (2y)*2y(3x+2y+z) + (22)*/2z(3y+2z+X)
> (2x+2y+2z)*/[2x(Bz+2x+y) + 2y(3x+2y+z) + 2z(3y+2z+x)] = 1. (2)
Tir (1) va (2) suy ra diéu can ching minh.

33.Bainay co ban. Patx =a, y=2b, z=3c thi 3xyz=x +y+ z va ta can ching minh
(1+x?)(1+y?)(1+2%) > 8.

Ap dung bat ding thic AM-GM ta c6 3xyz =x + y + z > 3(xyz)/". T ddy suy ra xyz >
1. Lai 4p dung AM-GM thi ta co

(1+x2)(1+y*)(1+2%) > 2x.2y.2z = 8xyz > 8.

34.Bai nay co ban. Goi y: Str dung bat dang thic 1/a+1/b+1/c+1/d > 16/(at+b+c+d) cho
cac biéu thic & vé trai.

35.D4ay 1a mot bai toan kho. Loi giai théng qua vai phép danh gid, rdi du doan diém
roi. Pat a = x/y, b=y/z thi x/z=ab va P = a/(b+1) + b/(a+1) + 1/2sqrt(ab) + 1/2.

= 1+a/(b+1) + 1 + b/(a+1) + 1/2sqrt(ab) — 3/2

= (atb+1)/(1/(at+1) + 1/(b+1) + 1/2sqrt(ab) — 3/2

> 4(atb+1)/(atb+2) + 1/(a+b) — 3/2.

batt=a+b thi P —2 > 4(t+1)/(t+2) + 1/t — 7/2 = [8t(t+1) + 2(t+2) — Tt(t+2)]/2t(t+2)
= (12 — 4t + 4)/2t(t+2) = (t — 2)*/2t(t+2) > 0.

Suyra P >2. Diubang xayrakhit=2,a=b. Giairaduogca=b=1,x=y=2z.

36. Bai nay co ban. Goi ¥: Y tudng chinh 13 thay thé cac mau sé bang mot miu sb
chung thong qua danh gia. Hiy chirng minh rang x2 + 2yz + 3 > 2(xy+yz+zx) bang
cach thay 3 bang (x+y+z)%/3.



