Phép tinh tich phan Riemann cho ham mét bién
Truong Phudac Nhan, 30/07/2021

Noi dung cua bai viét nham trinh bay lai ¥ tuong tiép can khai niém tich phan xac dinh cho cac ham sé
mét bién do nha todn hoc ngudi dirc Riemann dé xuat va hoan chinh boi nha toan hoc phap Darboux.

Bai toan mé dau.
Gia sir f 1a mot ham sb khong am bi chan xac dinh trén doan [a, b].

Tinh dién tich A(R;) ciamién R; == {(x,y) E R%:a<x<b,0<y < f(x)}
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Hinh v& minh hoa mién R;.

Tir thoi Archimedes, 10i giai bai toan néu trén da duoc thuc hién bang cach chia nhé doan [a, b] thanh
mot s6 hitu han céc doan con. Khi dé, dién tich A(R;) can tim s& dwgc xap xi bang téng dién tich cac hinh
chit nhat ni tiép mién Ry va tong dién tich cac hinh chit ngoai tiép mién Ry.
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Hinh vé& minh hoa phép xap xi dién tich A(R) béi tong dién tich cac hinh chir nhat
noi tiép mien R va tong dién tich cac hinh chit ngoai ti€p mien Ry

Tong dién tich cac hinh chit nhat noi tiép mién R s& lun nho hon dién tich A(R;) va tong dién tich cac
hinh chit ngoai tiép mién Ry s& ludn 16n hon dién tich A(Rf). Hon nita, néu chiing ta chon cac diém chia di
min thi hai tong ndy s& cang gan véi dién tich A(R;) can tim.




Y tuong tiép can trén c6 thé duoc tong quat 1én cho 16p cac ham £: [a, b] — R bi chan bat ki nhu sau:
1. Pinh nghia tich phan Riemann

Gia st f: [a, b] = R 12 mot ham sé bi chan.

Ki hiéu m(f) = inf{f(x):x € [a,b]} va M(f) = sup{f(x): x € [a, b]}.

Gia str cho truéc mot phan hoach P = {x,, x4, ..., x,} cta [a, b] (a = xy < x; < -+ < x, = b).

(Phan hoach P cta doan [a, b](a, b € R va a < b) la mot tap hitu han {x,, x4, ..., x,,} cac diém cua [a, b]
sasochoa =xy<x; < <x, =Db)

Ki hiéu m;(f) == inf{f (x): x € [x;_1, x;1} va M;(f) == sup{f (x):x € [x;_1,x;]} V6ii =1, ..., n.
Hién nhién, m(f) < m;(f) < M;(f) < M(f), véimoi i = 1, ...,n.

Khi d6, L(P, f) = Y™, m;(f)(x; — x;_,) dugc goi la tong Riemann dwéi ciia ham f @ng véi phan
hoach Pva U (P, f) == Y™, M;(f)(x; — x;_,) duoc goi la tong Riemann trén ciia ham f &ng véi phan
hoach P.

Két qua 1.1.
Gia st f: [a, b] = R la mot ham bj chan.

Khi d6, m(f)(b—a) < L(P,f) <UP,f) < M(f)(b — a), v&i moi phan hoach P cua [a, b].

Chieng minh két qua 1.1.

Gia st P = {xy, Xy, ..., x,,} 1a mot phan hoach bt ki cua [a, b].

Dom(f) < m;(f) < M;(f) < M(f),véimoii=1,..,nvay™,(x; — x;_;) = b —a, nén
m(f)(b—a) <L(P,f)<UPP,f)<M(f)b—a).

Y tuwéng cua ching ta 1 s& tim kiém cac phan hoach P cua [a, b] sao cho tong Riemann dudi cua né dat
gia tri 16n nhat cé thé duoc va tong Riemann trén cua né dat gié tri nho nhat c6 thé duoc.

Ki hiéu:
L(f) = sup{L(P, f): P la mOt phan hoach cua [a, b]},
U(f) = inf{U(P, f): P la mdt phan hoach cla [a, b]}.
Ta s& chang minh L(f) < U(f). Pé 1am duoc diéu nay, ching ta sé can dén cac khai niém sau:

Gia sur cho truéc cac phan hoach P, P* cua [a, b], phan hoach P* dugc goi la mot phép min héa caa P
néu moi diém cua P déu 1a mot diém cua P*.

Gia sur cho truéc cac phan hoach P, P;, P, cua [a, b], phan hoach P cua [a, b] dugc goi la mot phép min
hda chung ciia P, va P, néu phan hoach P chira tat ca cac diém cua P; va P,.



Két qua 1.2.
Gia st f: [a, b] = R la mot ham bi chan
i) Néu P 12 mot phan hoach cua [a, b] va P* 1a mot phép min héa P thi
LP,f)<L(P 1), UP ) <UP ), UM )= L, f) <UP,f)—LP,[).
i) Néu P, va P, 1a cac phan hoach cuaa [a, b] thi L(P,, ) < U(P,, f).

i) L(f) = U().

Chieng minh két qua 1.2.
i) Gia st P = {x;, x4, ..., x,} 1a mot phan hoach cua [a, b].
Gia sir P* 1a mot phép min hoa cua P thu dugc bang cach bd sung thém mot diém x*.
Khi @6, x;_, < x* < x; Vi mot chi sb i nao do.
Ki hiéu:
My = sup{f(x): x € [x;_y,x"]} va My == sup{f (x): x € [x", x;]}.
Hién nhién, M; < M;(f), M} < M;(f) vax; — x;_1 = (x; — x*) + (x* — x;_1).
Khi do,

UPP,f)—UPf) =M —x-1) = My (" — x;-1) — My(x; — x7)
= M;(f) = M) (x" — x;-1) + (M(f) = M7)(x; — x7)
=>0+0
= 0.

Néu P* 1a mot phép min héa cua P thu dugc bang cach bd sung thém nhiéu diém thi ching ta cé thé lap
lai 14p luan trén nhiéu lan dé cé thé chi ra rang U(P*, f) < U(P, f).

Phép chiing minh cho danh gia L(P, f) < L(P*, f) c6 thé duoc thuc hién bang phuong phap tuong tu.
Bang cach két hop ca hai danh gia trén, chung ta s& c6 U(P*, f) — L(P*,f) < U(P, f) — L(P, f).

if) Gia su P* 1a mot phép min hoa chung cua P; va P,.

Khi @6, L(P,, f) < L(P*, f) < U(P*, ) < U(P,, f). (khang dinh nay suy ra tir khang dinh (i))

iii) Gia sur P, la mét phan hoach cho trugce cua [a, b].

Tur khang dinh (i), L(Py, f) < U(P, f), véi moi phan hoach P cua [a, b].

Nhu vay, L(P,, f) la mot can dudi cua tap {U (P, f): P la modt phan hoach cua [a, b]}. Do U(f) la can
dudi dang cua tap {U(P, f): P la mdt phan hoach cua [a, b]} nén L(P,, f) < U(f).




Néu ching ta xem P, nhu mét phan hoach cho truéc cua [a, b] thi U(f) s& 1a mot can trén cua tap
{L(Py, f): Py la mOt ph&n hoach cia [a, b]}.

Do L(f) la can trén dang cta tap {L(P,, f): P, la mdt phan hoach cua [a, b]} nén L(f) < U(f). O

Gia st f: [a, b] = R 12 mot ham sé bi chan. Ham sé f duoc goi la kha tich Riemann (hoic kha tich)
trén [a, b] néu L(f) = U(f). Giatri L(f) = U(f) duoc goi la tich phan Riemann ciia ham f trén [a, b]
(hoic tich phan cita ham £ trén [a, b]) va duoc ki hi¢u boi [ f(x)dx (hodc [ f). Gid tri U(f) duoc goi
la tich phan Riemann trén cia ham f trén [a, b] va gia tri L(f) dugc goi la tich phan Riemann dudi
ciia ham f trén [a, b]. Nhu vay, mot ham bi chan s& kha tich Riemann trén [a, b] néu tich phan Riemann
trén bang véi tich phan Riemann dudi.

Nhan thdy ring cach dinh nghia tich phan Riemann cho mot ham sé bi chan f: [a, b] = R néu trén co rat
nhiéu han ché. Béi vi dé tinh tich phan Riemann trén U(f) cta ham f ching ta s& can xét can duéi dung cua
tong U(P, f) = ™ M;(f)(x; — x;_;) v&i moi phan hoach P cua [a, b] va chiing ta ciing phai xét can trén
dang cua tong L(P, f) = ¥, m;(f)(x; — x;_;) V6i moi phan hoach P cua [a, b] dé xac dinh tich phan
Riemann dudi L(f). Phan tich trén chi ra rang khong d& dang gi dé xac dinh liéu mot ham bj chan
f:[a,b] = R c6 kha tich Riemann hay khdng va tham chi néu chiing ta da biét ham £ 1a kha tich Riemann
thi viéc tinh toan tich phan Riemann ff f(x)dx ciing s& gap rat nhiéu kho khan.

Nhu vdy, chling ta s& can mot sb tidu chuan va danh gia that don gian dé xac dinh xem khi ndo mot ham
bi chan f trén [a, b] 1a kha tich Riemann va danh gid so by do lon cua tich phan Riemann f: f(x)dx. biéu
nay sé& gitp ich rat nhiéu cho chang ta khi can khao sét tinh kha tich caa mot s kha 16n cac 16p ham trong
muc “2. Cac I¢p ham kha tich Riemann”. Phan 16n cac cau hoi phtc tap hon lién quan dén viéc danh gia
gia tri tich phan Riemann s€ duoc thao luan trong muc “3. Pinh li co ban cua giai tich”.

Két qua 1.3. (Riemann)
Gia st f: [a, b] = R la mot ham bj chan.

Diéu kién can va du dé f kha tich Riemann 1a v6i moi sb thuc duong € > 0, ton tai mot phan hoach P.
cua [a,b] saocho U(P,, f) — L(P., f) < e.

Chirng minh két qua 1.3.

Gia str voi moi s6 thuc duong € > 0, ton tai mot phan hoach P. cua [a, b] sao cho
U, f)— LB, f)<e

Khi d6,0 < U(f) — L(f) < U(P,., f) — L(P., f) < &, v&i moi s6 thuc duong & > 0.

Nhu vay, L(f) = U(f), nén f 1a mot ham kha tich Riemann.




Nguoc lai, gia sir f 1a mot ham kha tich Riemann.

Gia str cho trudc mot sb thue duong & > 0. Tir dinh nghia cua U(f) va L(f), ton tai cac phan hoach Q, va
Q. cua [a, b] sao cho U(Q,, f) < U(f) + § vaL(Q. f) > L(f) - § Gia st P. 12 mot phép min héa chung
cua Q. va Q..

Tir khang dinh (i) cua Két qua 1.2),

L) = <L(Qef) S L) SUPL ) SUWQ: ) <UP) +=.

Do L(f) = U(f) nén U(P,, f) — L(P., ) < ¢ . -

Két qua 1.4.

Gia sir f: [a, b] — R la mot ham kha tich Riemann va ton tai cac s @, f € Rsaocho 8 < f < a.

Khi do, B(b — a) < fff(x)dx < a(b — a). Hon nira, néu |f| < a thi |f;f(x)dx| < a(b —a).

Chirng minh két qua 1.4.

Do <f(x)<avosimoix e RnénpB <m(f)vaM(f) < a.

Gia sir P, == {a, b} 1a phan hoach tam thuong cua [a, b].

Khi do, B(b — @) < m(f)(b — a) = L(P, F)VAU(P, f) = M(f)(b — a) < a(b — a).

Nhu vy, B(b —a) < L(f) = [, f(x)dx = U(f) < a(b — a). 0

Tiép theo, chling ta s& ching minh mot két qua quan trong va kha hitu ich sau:

Két qua 1.5.
Gia st f: [a,b] = R 1a mot ham sé bi chin va ¢ € (a, b).

Khi 6, f 1a mot ham kha tich Riemann trén [a, b] néu va chi néu f 12 ham kha tich Riemann trén [a, c]
va [c, b]. Hon nita, fff(x)dx = facf(x)dx + fcb f(x)dx.

Chirng minh két qua 1.5.
Gia sur f 1a mot ham kha tich Riemann trén [a, b]. Gia sir cho truéc mot s6 thuc duong € > 0.

Khi d6, t6n tai mot phan hoach P. cua [a, b] sao cho U(P., f) — L(P., f) < & (diéu nay suy ra tir diéu kién
Riemann). Bang cach bo sung thém diém ¢ vao cac diém cua phan hoach P. (néu ¢ khong phai 1a mot diém
cua phan hoach P,), ching ta sé thu dugc mot phép min héa P = {x,, x4, ..., X, ..., X} Cua P, trong d6 ¢ =
x, V&i motchisé k € {1,...,n — 1}.

Tir khang dinh (i) cua Két qua 1.2),

0< U(Pe*lf) _L(Pe*lf) < U(Pelf) _L(Psif) <eE&.




Khi @6, Q; = {x¢, X1, ..., x;.} 5& 1a mot phan hoach cua [a, c], nén néu ki hiéu g 1a thu hep caa ham sé
f trén [a, c] thi
UQ: 9) — L(Qz 9) = T M (g) — mi(9)]Cx; — xi-1)
= Y M (F) — my ()] — x4-1)
< XimalMi (F) = my(H)] 0 — x-4)
=U, ) — L, f)
= U(Q:9) —L(Q:, 9) <e.

Nhu véy, g s& kha tich Riemann trén [a, c] (diéu nay suy ra tir diéu kién Riemann), hay f kha tich trén
[a, c]. Lap luan twong tu, chung ta ciing s& chimg minh duoc rang f kha tich trén [c, b].

Nguoc lai, gia s f kha tich trén [a, c] va [c, b]. Gia st g va h lan luot 1a thu hep cua f trén [a, c] va
[c, b]. Gia sir cho truéc mot s6 thue duong & > 0. Tir didu kién Riemann, ton tai phan hoach Q, cua [a, c] va
phan hoach R, cua [c, b] sao cho

U(Qe9) — L(Qe9) <7 V& U(Re,h) = L(R,, h) <.
Gia str P. 1a phan hoach cua [a, b] thu dugc bang cach két hop cac diém cua Q. va cac diém cua R,.
Khi d6, P, s& chua diém ¢, U(P,, f) = U(Q,, g) + U(R., h) va L(P,, f) = L(Q., g) + L(R, h), nén
UPL )= LR, f) <s+>=¢

Nhu véy, f s& kha tich Riemann trén [a, b] (diéu nay suy tir diéu kién Riemann).

Gid st @ == U(P., f) Va B = L(P., ). Hién nhién, 8 < [ f(x)dx < a.

Pong thoi, do a = U(Q,, g) + U(R,, h) va B == L(Q., g) + L(R,, h) nén

B < [ Fe0dx + [ f(x)dx < a.

Doa - f < enén [ f(x)dx + [ f(x)dx - J; f(x)dx| <.

Nhu vay, f:f(x)dx = facf(x)dx + fcbf(x)dx (diéu nay suy ra tir viéc sb thuc duong & >0 c6 thé nho
tay y). O

Nhan thay rang ching ta ludn gia dinh rang a < b khi dinh nghia tich phan Riemann ctia mot ham
f:la, b] = R. Bé c6 duoc sy ddong nhat va thuan tién trong cach trinh bay, ching ta s& bo sung thém hai quy
udc sau: Néu a = b thi moi ham f:[a, b] = R déu kha tich Riemann va fff(x)dx = 0; néu a > b va ham

f:la,b] » R kha tich Riemann thi fff(x)dx = — fbaf(x)dx.



Uu diém tuyét voi caa cach quy udc ndy nam & chd ching ta s& ko bi gisi han bat ki lién hé nao vé huéng
cho doan can lay tich phan.

2. Céac lop ham kha tich Riemann

Trong muc nay caa bai viét, ching ta s& 4p dung diéu kién Riemann dé khao st tinh giai tich cho mét loat
cac 16p ham thuong gap. Pong thoi, ching ta ciing s& khao sat cac tinh chit dai s6 va th tu thuong ding
cua tich phan Riemann.

Két qua 2.1.
Gia str cho trudc ham sé f: [a, b] = R.
i) Néu £ 1a mot ham don diéu thi £ 12 mot ham kha tich Riemann.

i) Néu £ 12 mot ham lién tuc thi £ 12 mot ham kha tich Riemann.

Chirng minh két qua 2.1.

i) Gia st f: [a, b] = R 1a mot ham don diéu ting. Khi d0, f cling 1a mot ham bi chin (diéu nay suy ra tir
viée f(a) < f(x) < £(b) voi moi x € [a,b]). Gia st P = {x4, Xy, ..., X, } 1a mot phan hoach bit ki caa
[a, b]. Khi do, M;(f) = f(x;) vam;(f) = f(x;_y) véimoi i =1,...,n, nén

UP,f) = L(P,f) = Xisalf () = £ (-] G = x3-4).

Néu f(b) = f(a) thi f(x) = f(a) véi moi x € [a,b], nen U(P, f) = L(P, f) = f(b)(b — a) véi moi
phan hoach P cua [a, b].

Néu f(b) > f(a) thi chling ta s& thuc hién qué trinh 13p luan nhu sau: Gia st cho trugc mot sé thuc
duong £ > 0. Xét mot phan hoach P, = {x,, x4, ..., x,} cua [a, b] sao cho x; — x;_; < €/[f(b) — f(a)] Véi

_ e 3 n N e IFB)-f@le _
moii =1,..,n. Khido, U(P, f) —L(B, f) < X [f (x;) f(x“l)]f(b)—f(a) = @ "¢

Nhu vay, f 1a mot ham kha tich Riemann (diéu nay suy ra tir diéu kién Riemann).
Phép chirmg minh cho truong hop f 1a ham don diéu giam dugc thuc hién twong tu nhu trén.

i) Gia str f: [a, b] —» R la mot ham lién tuc. Khi d6, f s& la mot ham bi chan. Hon nira, f cling 1a mot
ham lién tuc déu. Gia sir cho trudc mot sé thuc duong € > 0.

Ttr dinh nghia khai niém ham lién tuc déu, ton tai mot s6 thuc duwong § > 0 sao cho

%y €la,bllx -yl <8=1f(0) - fO)I <=
Gia st P, = {xg, X1, ..., X} 12 mot phan hoach cua [a, b] sao cho x; — x;_; < S véimoi i = 1,2, ...,n.
Nhan thay rang véi moi i = 1,2, ...,n, véi moi x,y € [x;_1, x;], f() = () < If () = F)| < E

Bang céch lay supremum x € [x;_,,x;] va infimum y € [x;_4, x;], ching ta c6 M;(f) — m;(f) < ﬁ.




Nhu Vé.iya U(Pelf) - L(Pe:f) = Z?:l[Ml(f) - mi(f)](xl Xi— 1) < Zn 1(xl xi—l) =g, nén f s€ la
mét ham kha tich Riemann (diéu nay suy ra tir diéu kién Riemann). O

Két qua trén chi ra rang tinh don diéu va tinh lién tuc 1a diéu kién du dé dam bao tinh kha tich Riemann
ctia mot ham sé. Tuy nhién, mot ham sb don diéu thi khéng nhat thiét phai lién tuc va mot ham s lién tuc
cling khong nhat thiét 12 phai don diéu. Diéu ndy chi ra rang tinh lién tyc va tinh don diéu khdng phai 1a diéu
kién can cho tinh kha tich Riemann caa mot ham sé. Trén thyc té, ching ta ¢d thé chimg minh duoc rang
néu f 1a3 mot ham don diéu hoic lién tuc trén mot sé hitu han doan con hop thanh [a, b] thi f ciing s& kha
tich Riemann trén [a, b] (Két qua 2.3). Muédn 1am dugc nhu vy, chlng ta s& can dén két qua sau:

Két qua 2.2.

Gia st f: [a, b] = R 1a mot ham bi chian. Gia st tdn tai cac sé thuc ¢; < ¢, < --- < ¢,, nam trong [a, b]
sao cho ham f kha tich trén cac doan con [a, a,], [by, ay), ..., [Pn—1, ay), [by, b] VOI a4, ..., ay,bq, ..., by, 12 21
diém bat ki nam trong [a, b] saochoa; < c¢; < b, < a, <c, < b, < - < a, < ¢, < b, (Néu c; = a thi
a, = cq, Néu c,, = b thi c,, = by).

Khi do, f la mot ham kha tich Riemann trén [a, b] va

f:f(x)dx = faclf(x)dx + fcclzf(x)dx + 4 fcl;f(x)dx.

Chirng minh két qua 2.2.

Pau tién, ching ta gia sir rang ton tai mot diém ¢, € [a, b] sao cho ¢; # a, ¢, # b va ham f kha tich trén
cac doan con [a, a,],[by, b] Véi ay, by 14 cac diém nam trong [a, b] sao cho a; < ¢; < b;.

Néu f 1a mot ham hang trén [a, b] thi f s& kha tich Riemann trén [a, b]. Gia st f khdng phai 1a mot ham
hang trén [a, b]. Khi d6, M(f) # m(f). Gia st cho trudc mot s6 thuc duong & > 0. Chon céac diém ay, b,

\ & ., 5 \ 5 A \ \
trong [a,b] saochoa; < c¢; < b;vab; —a, < YT Gia str g, lathu hep cua f trén [a,a,] va h, 1a

thu hep cua f trén [by, b]. Khi d6, g, va hy lan luot s& 1a cac ham kha tich trén [a, a,] va [by, b].

Tur diéu kién Riemann, tdn tai phan hoach P; cua [a, a,] va phan hoach Q, cua [b4, b] sao cho
U(Py, g1) — L(Py, g1) < § va U(Qy, hy) — L(Q4,hy) < § .

Gia sur P, la phan hoach cua [a, b] thu dugc bang cach két hop cac diém cua P; va cac diém cua Q.
Khi d6, P. s& chua cac diém ay, by, U(P,, f) = U(P;, g,) + M;(b; — a;) + U(Q4, hy),
L(P., f) = L(Py, 1) + mi(by — ay) + L(Qy, hy),
trong d6 M; = sup{f(x):x € [a,, b1 ]} vam] = inf{f(x):x € [ay, b,]}.

DOMI_mI SM(f)_m(f) nén U(Ps:f)_L(Ps:f)<§+[M(f) m(f)] m-l-S:S.

Tur diéu kién Riemann, £ 1a mot ham kha tich Riemann trén [a, b].

Hon nita, f;f(x)dx = facl f(x)dx + fcli f(x)dx (diéu nay suy ra tir Két qua 1.5).




Néu c; = a thi ching ta s& dit a, == a va néu ¢, = b thi chling ta s& dat b, := b trong I1ap luan néu trén.

Phép chizng minh cho trudng hop n diém ¢y, ..., ¢,, duoc thuc hién bang cach 1ap lai lién tiép qua trinh suy
luan néu o trén. O

Két qua 2.3.

Gia st f: [a, b] = R 1a mot ham bi chian. Gia st tdn tai cac s6 thuc ¢; < ¢, < --- < ¢,, ham trong [a, b]
sao cho trén mdi doan con [a,cy), (¢c1,¢3), ..., (Ch_1, C,), (c,,b], ham f hodc don diéu hoic lién tuc.

Khi d6, f la mot ham kha tich Riemann trén [a, b].

Chieng minh két qua 2.3.

Xét cac diém ay, by, ..., an, by € [a,b] sa0choa, < c¢; <b; <a, <c, <b, << a, <c, < b, (Néu
c; = athia; = ¢y, néuc, = b thic, = b,). T Két qua 2.1), f 1a ham kha tich Riemann trén mdi doan con
[a, a;], [by, @], ..., [Pp—1, anl,[by, b]. Tir Két qua 2.2), f 1a ham kha tich Riemann trén [a, b]. O

Tiép theo, chling ta s& sir dung Két qua 2.3) dé ching minh mot tinh chat khé Ii tha caa tich phan
Riemann. N6i mot cach dai khai, khang dinh nay phét biéu rang: “néu chiing ta thay doi tly y gia tri cia mot
ham kha tich Riemann tai mot s6 hitu han diém thi ham sé nhan duoc ciing kha tich Riemann va tich phan
Riemann cua né ciing bang véi tich phan Riemann caa ham d3 cho”.

Két qua 2.4.

Gia st f: [a, b] = R la mot ham kha tich Riemann va g: [a, b] = R la mot ham bi chan sao cho

{x € [a,b]: g(x) # f(x)} = {cy, ..., ¢, }. Khi d6, g kha tich Riemann va ffg(x)dx = fff(x)dx.

Chieng minh két qua 2.4.

Do f, g 1a cac ham bi chin va g khéc f tai mot s6 hiru han diém, nén tdn tai mot sb thuc duong a > 0 sao
cho |[f(x)] < ava|g(x)| < a véi moi x € [a, b].

Dé ching minh g kha tich Riemann, ching ta s& I1ap luan nhu sau:

Xét 2n diém ay, by, ..., ay, b, € [a,b] sa0choa; <c; < b, <a, <c, < b, << a, <c, < b, (néu
c; =athia; =cy, néuc, = bthic, =b,).

Khi d6, néu c; # a vac,, # b thi g(x) = f(x) v&i moi x nam trong cac doan con [a, a, ], [by, ay], ...

[b,,—1,ay], [P, b]. Néu c; = a thi a; = a, nén g kha tich trén [a, a;]. Néu c,, = b thi b,, = b, nén g kha tich
trén [b,,, b]. Bong thoi, do f kha tich Riemann trén [a, b], nén f kha tich Riemann trén cac doan con
la, a,], [by, az), ..., -1, an], [by, b]. NOI cach khac, g cling kha tich Riemann trén cac doan con [a, a,],

(b1, a3), ..., [by—1, anl, [by, b]. Tir Két qua 2.2), g kha tich Riemann trén [a, b].

Pé ching minh tich phan Riemann ciia ham g bang véi tich phan Riemann caa ham £, chiing ta s& 1ap
luan nhu sau:




Gia str cho trudc sb thuc duong € > 0. Chon cac diém ay, by, ..., a,, b, € [a, b] thoa man céac bat dang
thic néu & trén va (b; — a;) < &/2na véimoi j = 1,...,n.

TuKétqua 15), [} f()dx — [} g()dx = T, J,) f()dx = By [, g ().
Tur Két qua 1.5), |ff,jf(x)dx| < a(b; — a;) va |ff,jg(x)dx| <a(bj—a;)v6imoij=1,..,n
] ]

Nhu vy, |f;f(x)dx - f;g(x)dx| < aZ}l:l(bj —a)+ aZ}Ll(bj —qj) = na.—— = ¢.

2na
Do s6 thuc duong € > 0 ¢6 thé nho tly ¥ nén ff f)dx = ffg(x)dx. O
Pau tién, ching ta s& xem xét tinh kha tich Riemann d6i vi mot s6 dang toan tir dai s6 thuong gap:

Tinh chat dai s6 cua tich phan Riemann.

Két qua 2.5.

Giasu f, g: [a, b] » R la cac ham kha tich Riemann. Khi do,

i) f + g 12 ham kha tich Riemann trén [a, b] va [} (f + 9)(x)dx = [ f(x)dx + [, g(x)dx.
ii) 7f 1 ham kha tich Riemann trén [, b] véi moi r € Rva [ (rf) (x)dx = r [, f(x)dx.
iii) fg la ham kha tich Riemann trén [a, b].

iv) néu ton tai mot sb thue dwong & > 0 sao cho |f(x)| = & voi moi x € [a, b] thi 1/f 1a ham kha tich
Riemann trén [a, b].

, 1
V) néu f(x) = 0 v6i moi x € [a, b] thi fx la ham kha tich Riemann trén [a, b] v&i moi n € N.

Chieng minh két qua 2.5.

Gia sir cho trudc sb thue duong € > 0. Tur diéu kién Riemann, ton tai phan hoach Q va R cua [a, b] sao
choU(Q,f) —L(Q,f) <evaU(R,g) —L(R,g) <e.

Gia su P, 1a mot phép min hoa chung cua Q va R.
Khi d6, UP, f) — L(P., f) <UQ, /) —L(Q,f) <evaU(P,g) —L(P,g) <UR,g9) —L(R,g) <e.

i) Gia stt P, = {xg, x4, ..., X, }. Khi do, M;(f + g) < M;(f) + M;(g) vam;(f + g) = m;(f) + m;(g), voi
moi i = 1,...,n. Bang cach nhan ca hai vé cac danh gia trén voi (x; — x;_,) va lay tong tir i = 1 déni = n,
chang ta thu dugc U(P,, f + g) < U(P.,f) +U(P.,g)vaL(P.,f +g) = L(P.,f)+ L(P, g).

NhUVély, U(Ps'f-l_g) _L(Perf+g) < U(Pslf) _L(Pslf) + U(Ps:.g) _L(Psug) <ée+te=2e.

Do sé thyc duong € > 0 ¢6 thé nho tly y nén f + g kha tich Riemann trén [a, b] (diéu nay suy ra tir diéu
kién Riemann). Hon nita, néu a :== U(P,, f) + U(P.,g) va B == L(P., f) + L(P., g) thi




B<LBf+@<Lf+9)=[Ff+9@dx=U(f+g) <UP.f+g)<a

Péng thoi, chung ta ciing co

B <L) +L(g) =[] f)dx + f, glx)dx = U(F) + U(g) < a.

Nhu vay,

f:f(x)dx + ffg(x)dx - f;(f + g)(x)dx| <a-p <2

Do sé thuc duong € > 0 ¢6 thé nho tly ¥ nén f;(f + g)(x)dx = ff f(x)dx + f;g(x)dx.

i) Néur = 0 thi 7f (x) = 0 véi moi x € [a, b], nén khang dinh (ii) 1a hién nhién. Gia st r > 0.

Khi d6, L(P,rf) =rL(P,f) vaU(P,rf) = rU(P, ), v&i moi phan hoach P cua [a, b], nén
L(rf) =rL(f) =rU(f) =U@[).

Nguoc lai, néur < 0 thi L(P,rf) = rU(P, f) vaU(P,rf) = rL(P, f), v6i moi phan hoach P cua [a, b],
nén

L(rf) =rU(f) =rL(f) = U({f).
Nhu vay, rf kha tich Riemann trén [a, b] va f;’(rf) (xX)dx =r f;’f(x)dx.
iii) Voi moi i = 1, ..., n, véi moi x, v € [x;_1,x;],
F) = FaO) = fFIgx) =g+ [f(x) — fFM1g )
< IfFENgG) — gl + 1gIIf ) — fFW)I
< M(fDIM;(g) — mi(@)] + MUgDIM;(f) — m;(F)].
Bang cach iy supremum x € [x;_;,x;] va infimum y € [x;_4, x;], chung ta thu duoc
M;(fg) —mi(fg) < MUfDIM(g) — mi(g)] + MUgDIM(f) — m(F)].
Bang cach nhan ca hai vé danh gia trén véi (x; — x;_,) va lay tong tir i = 1 dén i = n, chung ta thu duoc
UP, fg) —L(P., fg) < MUfDIUP, g) — L(P, )1 + M(IgDIU(R., f) — L(B., f)]
< [MUfD+MgDle.

Do sé thyc duong € > 0 ¢6 thé nho tly ¥ nén fg s& la mot ham kha tich Riemann trén [a, b] (diéu nay
suy ra tir diéu kién Riemann).



iv) Gia str ton tai mot sé thuc dwong 8 > 0 sao cho |f(x)| = & véi moi x € [a, b].
Véimoii =1,..,n,véimoi x,y € [x;,x;_41],

11 fOf® _ @O _ 1
—ts = < < 2 [M(f) — m; ()]
o 0 - rerm S ireonron = oz M) = mi(f)]

Bang cach lay supremum x € [x;_;,x;] va infimum y € [x;_4, x;], chung ta thu duoc

M (%) — m(%) < é[Mi(f) —my(f)].

Bang cach nhan ca hai vé danh gia trén véi (x; — x;_;) va ldy tong tir i = 1 dén i = n, ching ta thu dugc

U(P.7) =L (P7) < 5 M) = mu(P)).

Do sé thuc duong € > 0 ¢6 thé nho tly ¥ va sé thue duong § > 0 ¢d gia tri cd dinh nén 1/f 1a mot ham
kha tich Riemann trén [a, b] (diéu nay suy ra tir diéu kién Riemann).

v) Vi moi k € N, ki hiéu F == f1/k,
Dau tién, ching ta gia st ton tai mot s6 thuc dwong 8 > 0 sao cho £ (x) = & véi moi x € [a, b].
Vé&i moi x,y € [a, b],

fO) = f) =F@)* = F)* =[F(x) = FOIF ) + FO)*?F(y) + -+ F(y») ']

. B FO-F)
Nhuvay, F() = F() = sy rrropet

Do F(x)*¥ I F(y))=t = §*k-D/kgU-D/k = §k=1D/k 5 0 véi moi j = 1, ..., k, nén

fE-f )
F() —F() = 57

Gia st P = {xg, xq, ..., X,,} 1a mot phan hoach bt ki cua [a, b].

FOO=fO) - IfG)=FOII - Mi(f)—mi(f)

Véimoii=1,..,n,vdimoix,y€ [x;,x;_1], F(x) — F(y) < PSSy sy Pty y

Bang cach lay supremum x € [x;_,,x;] va infimum y € [x;_4, x;], chung ta thu duoc
M;(f)-mi(f)
M;(F) = m(F) < —=5/
Bang cach nhan ca hai vé danh gia trén voi (x; — x;_,) va lay tong tir i = 1 dén i = n, chung ta thu duoc

UP,F) = L(P,F) < —z=5z [UR, f) — L(R, ).

Do f kha tich Riemann trén [a, b] nén F ciing 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy ra tir
diéu kién Riemann).

Tiép theo, chling ta s& xét trudng hop tong quat cho cac ham sé f khdng &m kha tich Riemann trén [a, b].



Gia sir § > 0 va xét ham g, G: [a, b] = R xéc dinh bai cong thicc g(x) = f(x) + § va G = g'/¥,

Khi d6, g 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy ra tir khang dinh (i) va g(x) = 6 véi
moi x € [a, b].

Nhiing gi chiing ta da chtiing minh & trén chi ra rang G ciing 1a mot ham kha tich Riemann trén [a, b].
Hon nita, do f 1a mot ham khong amnén 6 — V¢ = (F + )Vrk - sV k < fV/k = F < (f + §)V* = 6.
Nhu vay, L(G — §Y/%) < L(F) < U(F) < U(G).
Tuy nhién, L(G — 61/%) = L(G) — §Y*(b — a) = U(G) — 6Y/*(b — a), nén

0<U(F)—L(F) <U(G) — L(G — §Y*) = §Y*(b — a).
Do 6% - 0 khi § = 0 nén F = /% |a mot ham kha tich Riemann trén [a, b]. O

Nhan xét rang khdng c6 cach nao don gian dé c6 thé biéu dién tich phan Riemann ciia ham f g theo tich
phan Riemann cua f va g. Két qua 3.4) s& cung cap cho ching ta mot phuong phap dé tinh gia tri cua cac
tich phan Riemann c6 dang fg bang cach bd sung thém mét sé gia dinh phu cho cac ham £, g.

Véi cach ki hiéu va cac gia thiét néu & trén, ching ta cd thé chimg minh duoc rang ham (f — g) ciing la
mot kha tich Riemann trén [a, b] va f:(f - g)()dx = f; f(x)dx — ffg(x)dx (diéu nay suy ra tir sy két
hop cua céac khing dinh (i) va (ii) cua Két qua 2.5). Hon nira, v&i moi n € N, f™ 1a mot ham kha tich
Riemann trén [a, b] (diéu nay suy ra tir viéc ap dung lién tiép khang dinh (iii) cua Két qua 2.5). Tuong tu,
néu ton tai mot sé thue duong § > 0 sao cho |g(x)| = & voi moi x € [a, b] thi f/g ciing 1a mot ham kha
tich Riemann trén [a, b] (diéu nay suy ra tir sy két hop cua céc khang dinh (iii) va (iv)). Bong thoi, néu
f(x) = 0 véi moi x € [a, b] thi, véi moi r € Q., f™ 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy
ra tir viéc moi s6 hitu ti duong r € Q. déu biéu dién dugc dudi dang r = n/k véin, k € N va su két hop
cuia cac khing dinh (iii) va (v)).

n n n n n n

Tir Két qua 2.5), tinh kha tich Riemann duoc bao toan qua cac toan tir "+ ", " —","-"," /" tuong tu
nhu viéc tinh lién tuc va tinh kha vi dugc bao todn qua cac toantae " +"," =", "-", " /" da duoc biét dén tur
truéc. Tuy nhién, phép hop thanh cua hai ham kha tich Riemann khong nhat thiét phai 1a mot ham kha tich
Riemann trong khi phép hop thanh cta hai ham lién tuc (hoac hai ham kha vi) thi luén [a mot ham lién tuc
(hoac ham kha vi).



Tiép theo, chling ta s& xem xét cac tinh chat co ban vé th ty ¢6 lién quan dén tich phan Riemann:

Tinh chat thi ty cia tich phan Riemann.

Két qua 2.6.

Giasu f, g: [a, b] - R la cac ham kha tich Riemann.
i) Néuf < gthi [ f(x)dx < [ g(x)dx.

ii) Ham || kha tich Riemann trén [a, b] va | [} f()dx| < [ |f1(x)dx.

Chirng minh két qua 2.6.

1) Gia str f(x) < g(x) v&i moi x € [a,b]. Khido, U(P, f) < U(P, g), véi moi phan hoach P cua [a, b],
nén

[2 F@dx = U(F) < U(g) = [ g(x)dx.

ii) Gia str cho trugc sd thuc duong € > 0. Tir diéu kién Riemann, tén tai mot phan hoach P. cua [a, b] sao
choU(P,f) —L(P, f) < e&.Giast P, = {xy, Xy, ..., X }. VOIiMoi i =1, ...,n, v6i moi x,y € [x;, x;_4],
chung ta thu dugc

IF1C) = 1f 1) < 1f () = fFO)I < My(f) — my(f).
Bang cach liy supremum x € [x;_;,x;] va infimum y € [x;_4, x;], chung ta thu duoc
M;(f D —m(If D) < Mi(f) — my(f).
Bang cach nhan ca hai vé danh gia trén véi (x; — x;_,) va ldy tong tir i = 1 dén i = n, ching ta thu dugc
U, IfD) = LB, If) <U(P, f) — L(P, f) <e.
Nhu vay, |f] 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy ra tir diéu kién Riemann).

Hon nita, do —|f|(x) < f(x) < |f|(x) v&i moi x € [a, b] nén
b b b
] —IfI(x)dx < J f(x)dx < J |f1(x)dx
a a a
(diéu nay suy ra tir khang dinh (i) cua Két qua 2.6).
Tuy nhién, f; —|fl(x)dx = — fablfl(x)dx (diéu nay suy ra tir khang dinh (ii) ciia Két qua 2.5), nén

| £ G0 dx| < [ 1f1(x)dx.

Nhan thay rang moi ham sé f: [a, b] = R déu c6 thé biéu dién lai dudi dang f = f* — f~, trong d6 f*
—|f|2+f vaft= —'flz_f la cac ham sé khong am xac dinh trén [a, b] boi cong thac f*(x) = max{f(x), 0} va

f~(x) = —min{f(x), 0} véi moi x € [a, b]. Cac ham f* va f~ lan luot dugc goi la phan dwong va phan



am cua ham f. T khang dinh (i) caa Két qua 2.6) va khang dinh (i) cua Két qua 2.5), ham f kha tich
Riemann khi va chi khi f* va £~ déu l1a cac ham kha tich Riemann trén [a, b] va

[P f@ydx = [7 f Gy dx - f) f (o) dx.

Tinh chit nay dong mét vai trd quan trong trong qua trinh ma rong tir khéi niém tich phan Riemann Ién
tich phan Lebégue (dang khai quat thdng dung nhat caa tich phan Riemann trong cac van dé vé khoa hoc —
ky thuat).

3. Pinh li co ban cia giai tich

Phép tinh vi phan va phép tinh tich phan 1a hai phép tinh quan trong nhat cua ly thuyét giai tich toan hoc.
Nhan thay ring phép tinh vi phan 12 mot phép toan mang tinh chét cuc b, nghia 1a gia tri caa dao ham tai
mét diém chi phu thudc vao cac gia tri caa ham sé trong mot khoang di nhé nao d6 bao quanh diém nay.
Mt khéac, phép tinh tich phan lai 1a mot phép toan mang tinh chat toan cuc, nghia 1a gia tri cua tich phan phu
thudc vao gia tri cua ham s trén toan bo khoang Iy tich phan. Hon nita, cAc phép toan nay duoc xac dinh
theo céc cach hoan toan khac nhau ma khong cé bat ky mot két ndi rd rang nao giira chiing. That vay, néu
nhin nhan tir quan diém hinh hoc thi phép tinh vi phan twong (ng véi viéc tim d6 ddc cua tiép tuyén duong
cong con phép tinh tich phan tuong tng véi viéc tinh dién tich mién gigi han bai dudng cong. Néu ching ta
chi nhin thoang qua thi dudng nhu khéng c6 1y do gi dé gitp ching ta tin rang hai khai niém hinh hoc nay cé
quan hé mat thiét véi nhau.

Trong muc nay cua bai viét, ching ta s& chitng minh mot két qua tuyét voi trong giai tich toan hoc — Binh
li co ban cua giai tich, khang dinh nay phét biéu rang phép tinh vi phan va phép tinh tich phan cua cing mot
ham 1a nghich dao cua nhau. N6i cach khéc, néu ching ta lay vi phan cia mot ham trén mot khoang nao do6
roi sau do 1y tich phan két qua nay thi s& nhan lai dugc ham sb ban dau. Nguoc lai, néu ching ta Iy tich
phan mét ham rdi sau do6 14y vi phan két qua nay thi s& nhan lai duoc ham sé ban dau. Phép ching minh cho
khang dinh nay chi cdn mét sé tinh téan don gian di biét vé tich phan Riemann:

Nhéc lai rang néu f:[a, b] = R 1a mot ham kha vi thi ching ta s& thu dwgc mot ham méi f': [a, b] = R
duogc goi 1a dao ham bac nhat cua f. Tuong tu, néu f: [a, b] — R 1a mot ham kha tich Riemann thi chidng ta
ciing s& thu duoc mot ham méi F: [a, b] —» R xac dinh bai cong thac F(x) = f;f(t)dt v6i moi x € [a, b].

Tur Két qua 1.5), F(a) = 0. Nhu vay, ham s6 F xac dinh tot trén [a, b]. Dé bat dau, chlng ta s& nghién
ctiru mot so tinh chat kha quan trong cia ham sé nay:

Két qua 3.1.

Gia st f: [a, b] = R la mot ham kha tich Riemann va F: [a, b] — R la ham x4c dinh trén béi cong thac
F(x) = f:f(t)dt. Khi d6, F 12 mot ham sé lién tuc trén [a, b]. Hon nita, F con thoa mén diéu kién
Lipschitz trén [a, b]: ton tai mot sé thue duong a > 0 sao cho |F(x) — F(y)| < alx — y| véi moi x,y €
[a, b].

Chirng minh két qua 3.1.

Do f l1a mot ham kha tich Riemann trén [a, b] nén ton tai mot sb thue duwong a > 0 sao cho |f(t)| < «
vGi moi t € [a, b]. Gia st ¢ 1a mot sé thuc bat ki nam trong [a, b].




Khi 46, F(x) — F(c) = [} f(©dt — [ f(D)dt = [ f(£)dt, véi moi x € [a,b] (diéu nay suy ra tir Két
qua 1.5), nén |F(x) — F(c)| = |fcxf(t)dt| < alx — c| (diéu nay suy ra tir Két qua 1.4).

Nhu vay, F 1a mot ham lién tuc tai diém ¢ € [a, b]. Do x va c 1a cac diém bat ki nam trong [a, b] va
khong phu thudc vao x va c nén F thoa mén diéu kién Lipschitz trén [a, b]. O

Khang dinh trén chi ra ring mac di mot ham kha tich Rieman f ¢6 thé khdng can lién tuc trén [a, b]
nhung ham F: [a, b] = R nhan duoc bang cach Iy tich phan ham £ tir diém a dén diém x € [a, b] ludn 12
mét ham lién tuc trén [a, b]. Nhu ching ta s& chizng minh trong phan hai cia “Pinh li co' ban caa giai tich”,

néu f 12 mot ham sé lién tuc trén [a, b] thi F s& 1a mot ham kha vi trén [a, b]. Nhu vay, phép tinh tich phan
la mét qua trinh 1am min héa khéng gidng nhu phép tinh vi phan (do dao ham caa mot ham sb kha vi khong
nhat thiét phai kha vi). Dé trinh bay két qua dudi dang ngan gon, chlng ta s& can dén khai niém nguyén ham
nhu sau:

Gia str I 1a mot khoang bét ki c6 chira nhiéu hon mot diém va f:1 — R 1a mot ham sb bat ki.

Ham F:1 — R duogc goi 1a mot nguyén ham cia f néu F' = f.

Két qua 3.2. (Pinh li co ban cia giai tich)

Gia st f: [a, b] = R la mot ham kha tich Riemann.

i) Néu f c6 mot nguyén ham F thi [ f()dt = F(x) — F(a) véi moi x € [a, b].
ii) Gia sir F: [a, b] - R 1a ham xdc dinh béi cong thic F(x) := [ f(t)dL.

Néu f lién tuc tai diém ¢ € [a, b] thi F s& kha vi tai diém c va F'(c) = f(c).

Hon nita, néu f lién tuc trén [a, b] thi F s& 1a mot nguyén ham cua f trén [a, b].

Chieng minh két qua 3.2.

i) Gia st f: [a, b] = R l1a mot ham kha tich Riemann va F 1a mét nguyén ham caa f. Néu x = a thi

[Ff@dt = [ f(©)de = 0 = F(x) — F(a).

Giast x € (a,b] va g lathu hep cua f trén [a, x]. Khi do, g la mot ham kha tich Riemann trén [a, x]
(diéu nay suy ra tir Két qua 1.5). Gia st cho trudc sé thyc duong € > 0. Khi d6, ton tai mot phan hoach P. =
{x0, %1, ..., X} C0a [a, x] sao cho U(P,, f) — L(P., f) < . Bang céach ap dung dinh Ii trung binh cho ham F,
veimdii =1, ...,n, ton tai mot s; € (x;_, x;) sao cho

F(x;) = F(x;—1) = F'(sp)(x; — x;-1) = f(s) 0y — x;-1) = g(s) (x; — x;-1).
Nhu vay, F(x) — F(a) = X, [F(x;) — F(xi-1)] = 221 9(s)(x; — x;-1), nén
L(P,f) < F(x)—F(a) < U(F, f).

Péng thoi, chung ta ciing ¢ L(P., f) < f(fg(t)dt < U(P,f),nén




| F(x) — F(a) — [T g(dt| < U(P, f) — LR, f) < &.
Do s6 thye duong e > 0 c6 thé nho tiy y nén [ f()dt = [~ g()dt = F(x) — F(a).
Tom lai, [7 f()dt = F(x) — F(a) véi moi x € [a, b].
ii) Gia str ham s6 f lién tuc tai diém ¢ € [a, b].
Khi @6, v6i moi s6 thuc duong & > 0, ton tai mot sb thue dwong § > 0, sao cho

telablvalt—c|<d=|f(t) —f(c)] <e.

Mat khéc, néu x € [a, b] va x # c thi —F(x) F(e)

nay suy ra tir viéc fC flo)dt = f(c)(x — c)).

L [Ff@®de = 2 (IO - FOlde) + £(0), (didu

Tiép theo, néu ching ta chon 0 < |x — c| < & thi [f(t) — f(c)| < € v&i moi diém t nam trong khoang
dong gitra ¢ va x, nén

P - o) s el el =&

Néu ¢ € (a, b) thi F kha vi tai diém ¢ va F'(c) = lim ™= = £(c). Néu c = a thi dao ham phai F; (c)

cua F tai c ton tai va bang f(c). Néu ¢ = b thi dao ham trai F’(c) cua F tai ¢ ton tai va bang f(c). o

(i) Theo quan diém cua khiang dinh (i) cia Pinh 1i co ban cua giai tich, néu mét ham kha tich Riemann
f:[a,b] » R c6 mot nguyén ham F thi F s& dugc goi 1a mot tich phan bat dinh ciaa f, ki hiéu [ f(x)dx.

Tuy nhién, cach ki hiéu nay hoi mo ho béi vi tich phan bat dinh cia mot ham khong xac dinh duy nhat ma
sai khac nhau mot hang sé. Chinh vi 1y do nay, chung ta thudng ki hiéu tich phan bat dinh dudi dang

[ f(x)dx = F(x) + C, trong d6 C 1a mot hang s6 nao do.

Nhéc lai rang fabf(x)dx = F(b) — F(a) trong d6 F 12 mot nguyén ham nao d6 cua ham f. Vé phai cua
dang thirc trén thuong dugc biéu dién lai dudi dang F(x)|2. Vi cach ki hiéu nhu trén, tich phan Riemann
[7 f()dx thuong dugc goi 1 tich phan xéc dinh cua f trén [a, b].

(ii) Theo quan diém cua khang dinh (ii) ciia Pinh i co ban cua giai tich, moi ham £ lién tyc trén [a, b] déu
c6 it nhat mot nguyén ham F. Tuy nhién, mot ham £ kha tich Riemann trén khoang I c6 thé khdng c6 bat ki
mot nguyén ham F nao trén I hoac co thé ¢ nguyén ham nhung khong lién tuc.

Hai khang dinh (i) va (i) caa Dinh li co ban cua giai tich c6 thé két hop lai v6i nhau c6 duoc mot diéu
kién can va du dé mot ham sé lién tuc £ c6 dao ham f' cling 1a mot ham lién tuc. Két qua nay duoc goi la
DPinh li co ban cuaa tich phan Riemann:



Két qua 3.3. (Pinh Ii co ban caa tich phan Riemann)

Gia su cho truéc ham sb F: [a, b] » R. Khi d6, F 1a mot ham kha vi va ham F' lién tuc trén [a, b] khi va
chi khi ton tai mot ham sé lién tuc f: [a, b] —» R sao cho F(x) = F(a) + f;f(t)dt véi moi x € [a, b]. Hon
nira, F'(x) = f(x), véi moi x € [a, b].

Chitng minh két qua 3.3.

Gia su F la mot ham kha vi va ham F’ lién tuc trén [a, b]. Khi d6, F' kha tich Riemann trén [a, b] va F la
mot nguyén ham cua F' trén [a, b].

Tir khang dinh (i) cua Pinh 1i co ban cua giai tich, f; F'(t)dt = F(x) — F(a) v&i moi x € [a, b].
Bang cach dit f := F', chung ta thu duoc dang biéu dién F(x) = F(a) + f;f(t)dt cua ham F.

Nguoc lai, gia st ton tai mot ham sé lién tuc f: [a, b] = R sao cho F(x) = F(a) + f;‘f(t)dt véi moi
x € [a,b]. Khido, F'(x) =0+ f(x) = f(x) v&i moi x € [a, b]. O
Bay gio chung ta s€ xem xét hai hé qua quan trong cua DPinh li co ban cua giai tich, hai hé qua nay mang

lai cho ching ta hai phuwong phap danh gia tich phan rat hiéu qua. Két qua dau tién ndi vé tich phan Riemann
cua cac ham dang tich fg:

Két qua 3.4. (Cong thic tich phan tirng phan)

Gia str cho truéc ham kha vi f: [a, b] —» R sao cho f' la ham kha tich Riemann trén [a, b]. Gia st cho
trugc ham kha tich Riemann g: [a, b] = R va G la mét nguyén ham cua g trén [a, b].

Khi d6, [” F()g()dx = F(B)GD) — F@G(a) — [ f'(x)Gx)dx.

Chieng minh két qua 3.4.

Giasw H == fG.Khido,H' = fG'+ f'G = fg + f'G. Do f va G déu la cac ham kha vi nén chiing sé la
cac ham lién tuc va kha tich Riemann. Bong thoi, do f’ va g déu 1a cac ham kha tich Riemann nén ham
H' = fg + f'G ciing 1a mot ham kha tich Riemann (diéu nay suy ra tir khang dinh (i), (i) cua Két qua 2.5).

Tur khang dinh (i) cua Pinh 1i co ban cua giai tich,
b
f [f()g(x) + f'(x)G(x)]dx = H(b) — H(a) = f(b)G(b) — f(a)G(a)

Nhu vy, [0 f(x)g(x)dx = fF(B)G(B) — f(@G(@) — [ f'(x)G(x)dx (dibu nay suy ra tir khang dinh (i)
cua Két qua 2.5). O
Tiép theo, chling ta s& xem xét phuong phap thay thé bién dé déanh gia tich phan Riemann. Két qua nay

dugc chia thanh hai phan va déu dya trén Dinh li co ban cua giai tich, mdi phan s& duoc 4p dung trong mot
tinh hubng khéc nhau:




Két qua 3.5. (Cong thire doi bién)

Gia sur cho truéc ham kha vi ¢: [a, B] = R sao cho ¢’ la ham kha tich Riemann trén [a, 8] sao cho

¢([a, B = [a, b].

i) Néu f: [a, b] = R 12 mot ham lién tuc thi (f o p)¢": [, B] = R 1a mot ham kha tich Riemann trén
[a, B] sao cho

29 fGoydx = [P (6@ @at.
i) Néu f: [a, b] > R la mot ham khd tich Riemann va ¢'(¢) # 0 véi moi t € (a, B) thi

(f e d)|@'|: [a, B] = R la mot ham kha tich Riemann trén [«, 8] sao cho

2 Feodx = [F F(¢(©)lg' (®)ldt.

Chirng minh két qua 3.5.
i) Gia st f: [a, b] —» R la mot ham lién tuc.
Xét ham F: [a, b] - R x4c dinh bsi cong thac F (x) = [ f(w)du.
Tir khang dinh (i) caa Dinh 1i co ban vé giai tich, F 1a mét ham kha vi va F' = f.
Xét ham H: [a, B] = R xac dinh bai cong thiac H := F o ¢.
Bang cach &p dung cong thirc dao ham ham hop,
H'(t) = F'(¢ ()9’ () = f(p(£))9’ () v&i moi t € [a, b].

Do f o ¢ la mot ham lién tuc va ¢’ 1a mot ham kha tich Riemann nén (f o ¢)¢@' 1a mot ham kha tich
Riemann (diéu nay suy ra tir khang dinh (iii) caa Két qua 2.5).

Tir khang dinh (i) cua Pinh 1i co ban cua giai tich,

7 F(9(0)9' ()t = HPB) = H(@) = [P fGdx = [7 Feodx = [30) FGodx.
(diéu nay suy ra tir Két qua 1.5)
i) Gia str f: [a, b] » R la mot ham kha tich Riemann, ¢'(t) # 0 véi moi t € (a, B)vay := (f o p)|¢p’|.

Pau tién, ching ta s& chang minh rang L(f) < L(1). Tur tinh chét gia tri trung gian cua ham f’, chdng ta
dé dang suy ra dugc rang ¢’ () > 0 voi moi t € (a, B) hodc ¢'(t) < 0 véi moi t € (a, B).

Giasu ¢'(t) > 0 vsimoi t € (a,B).
Khi d6, ¢ 1a ham tang nghiém ngat trén [a, 8], ¢(a) = ava ¢p(B) = b.

Gia st P: = {x,, X4, ..., X, } 1a mot phan hoach bat ki cua [a, b] va ki hiéu t; :== ¢~ (x;) (i = 0,1,..,n).




Khido, a =t <ty < <ty =B [ 1¢'(Ode = ;' ¢'(0)dt = p(t) = p(ti-1) = % = x;
(i=1,..,n).

péng thoi, do f([x;_1, ;1) = (f e ¢)([t;—1, t;]) (i = 1,..,7n) nén ching ta c6
L(P,f) = Ty mi(F) (i = xi21) = Ty [ mu(f o @)1’ (0)]de.

V&imdii = 1,...,n, ki hiéu ¢; va 1, lan luot 1a thu hep ctua ¢ va i trén [t;_q, t;].

Khi d6, |¢;| 1a mot ham kha tich Riemann trén [¢t;_q, t;] va m;(f o d)|p{| < ¢; (i = 1,..,n).

Nhu vay, L(P, f) < Yi—; Lmy(f o d)i]) < Xiz, L(by).

Gia str cho trudc s6 thuc duong € > 0.

V6i mdi i = 1, ..., n, tdn tai mot phan hoach Q; cua [t;_4,t;] sao cho L(y;) —% < L(Q;, ).

Gia sir Q 1 phan hoach cua [a, b] thu duoc bing cach téng hop cac diém cua Qy, ..., Q.

Yie L@ < XL LQu) +e=LQ,Y) +e <L) te.

Nhu vy, L(P, f) < L() + € véi moi s thuc duong € > 0, nén L(P, f) < L().

Bang cach iy supremum tat ca cac phan hoach P cua [a, b], L(f) < L(})).

Giasu ¢’'(t) < 0vsimoit € (a,p).

Khi do, ¢’ 1a ham giam nghiém ngit trén [a, 8], ¢(a) = b va ¢p(B) = a.

Véimdii = 1,...,n, néu ching ta ki hiéu t; = ¢~(x,,_;) thi 1ap luan chitng minh L(f) < L(y) néu &
trén cua ching ta van hoat dong binh thuong.

Thatvay [ [¢'(Dldt = = [ ¢'(Ddt = ~[$(t) = (ti-1)] = Xn-is1 = Xn—i V& f (Dn—is Xni21]) =
(f e P)[ti—p, ;D nen L(P, ) = Xy My i1 () Oepir — X)) = ?=1ftii_1mi(f o )|’ (D)|dt.

Nhu vay, L(f) < L(). Lap luan twong tu chiing ta ciing chimg minh duoc rang U(f) = U®).

Do f la mot ham kha tich Riemann nén L(f) = U(f). Nhu vay, L(y) = U(y), nghia la ¢ cling 1a mot
ham kha tich Riemann va fff(x)dx = fft/)(t)dt = fff(qb(t))lcp’(t)ldt. O

4. Tong Riemann

Gia st f: [a, b] — R 1a mot ham s6 bi chan. Piéu kién Riemann chi ra rang f 1a mot ham kha tich
Riemann khi va chi khi ton tai mot ddy cac phan hoach (B,) cua [a, b] sao cho U(P,, f) — L(P,,f) = 0.
Mic du chung ta di tan dung rat tét diéu kién Riemann dé ching minh hau hét cac két qua quan trong trong
ly thuyét vé phép tinh tich phan Riemann cho ham mét bién. Tuy nhién, van c6 mot s6 khé khan nhét dinh
trong viéc sir dung nod dé kiém tra tinh kha tich cho mot ham bi chan cho trudc tly ¥ va néu mot ham da
dugc chang minh 14 kha tich thi viéc tinh tich phan Riemann ciing 1a ca mot van dé.



Dau tién, vai mdi phan hoach P = {x,, x4, ..., x,,} bat ki cua [a, b], chling ta can tinh toan “cuc tiéu” va
“cyc dai” cua f trén cac doan con [x;_q,x;] (i = 1, ...,n). Nhiém vu nay rat hiém khi chdng ta c6 thé thuc
hién duoc. Tiép theo, chlng ta s& chon mot day cac phan hoach (P,),en S0 cho U(P,, f) — L(P,, f) = 0.
Sau ciing, néu f that su 1a mot ham kha tich Riemann thi 1am thé nao dé ching ta c6 thé danh gia duoc gia

tri cua tich phan Riemann f; f(x)dx.

Pé vuot qua khé khin dau tién, ching ta s& dua ra mot céch tiép can thay thé bang cach nhan xét rang
viéc tinh todn “cuc dai” va “cuc tiéu” cua f trén cac doan con [x;_1,x;] (i = 1, ..., 1) c6 thé 1a kha kho
nhung viéc danh gia gia tri cia f tai mot s6 diém “dic biét’cua doan con [x;_q,x;] (i = 1, ...,n) c6 thé dé
dang hon réat nhiéu. Vi y tuong tiép can nhu trén, chung ta s& gioi thiéu khai niém tong Riemann sau day:

Gia st P = {xg, Xy, ..., X, } 1a mot phan hoach bt ki cua [a, b] va s; 1a mot diém bat ki nam trong doan
[x;—1, %] (i =1,..,n). Khido, S(P, f) = ¥™, f(s)(x; — x;_;) duoc goi 12 mot tong Riemann cia f
twong wng véi phan hoach P. Nhan thay rang tong Riemann trén U(P, f) va tong Riemann dudi L(P, f)
chi phu thudc vao phan hoach P va ham f con tong Riemann S(P, f) phu thudc ca phan hoach P, ham f va
ca cach lya chon diém s; € [x;_1,%;] (i = 1, ...,n). Pau tién, chlng ta s& trinh bay mat tiéu chuan vé tinh
kha tich Riemann c6 lién quan dén tong Riemann:

Két qua 4.1. (Cauchy)

Gia st f: [a, b] = R la mot ham bi chan. Khi d6, f 1a mot ham kha tich Riemann trén [a, b] khi va chi khi
v6i moi sb thue duong & > 0, ton tai mot phan hoach P. cua [a, b] sao cho |S(P., f) — T(P., f)| < &, véi
moi tong Riemann S(P., f) va T(P., f) cua f tuong tng v6i phan hoach P..

Chieng minh két qua 4.1.
Gia sir f 1a mot ham kha tich Riemann trén [a, b]. Gia sir cho truéc s6 thuc duong & > 0.
Khi d6, t6n tai mot phan hoach P. cua [a, b] sao cho U(P., f) — L(P., f) < ¢.
Giasa S(P., f) va T(P., f) la cac téng Riemann bat ki cua f twong (ng véi phan hoach P..
Khi @6, L(P., f) < S(P.,f) < U(P, f)VAL(P., f) <T(P.,f) <U(P,f), nén
ISP, ) —TE, NI <UL, f)— LB, f) <e.
Nguoc lai, gia st diéu kién néu trong khang dinh trén 1 dung. Gia sir cho trudc sé thuc duong & > 0.

Gia st P = {x, Xy, ..., X, } 12 mot phan hoach cua [a, b] sao cho “hiéu giira hai téng Riemann bat ki
S(P,f)vaT(P,f) cua f twong ing véi phan hoach P” nho hon €/3.

&
3(b-a)

Khi d6, v6i mdi i = 1, ...,n, ton tai mot diém s; € [x;_4, x;] sao cho M;(f) < f(s;) +

Xét tong Riemann S(P, f) == Y™, f(s)(x; — x;_1).

Khido, U(P, f) < S(P, f) + § (diéu nay suy ra tir cach chon cac diém s; € [x;_y, x;] (i = 1, ..., n)).

&
3(b—a)’

Lap luan twong tu, voi mdi i = 1, ..., n, ton tai mot diém t; € [x;_,, x;] sao cho m;(f) > f(t,) —




Xét tong Riemann T(P, f) = Y™, f(t:) (x; — x;_1).

Khi @6, L(P, f) > T(P, f) — § (diéu nay suy ra tir cach chon cac diém t; € [x;_1,x;] (i = 1, ..., n)).
Hon nita, do S(P, /) = T(P,f) <snénU(P,f) = L(P,f) <S(P,f) +-~T(P, /) +-<=e.

Nhu vay, f kha tich Riemann trén [a, b] (diéu nay suy ra tir diéu kién Riemann). O

Tiép theo, chling ta sé& giai quyét cau hoi th hai lién quan dén viéc lya chon phan hoach P sao cho hiéu
U(P, f) — L(P, f) di nho. Phép phan tich trinh bay ¢ dau bai viét ciing goi y rang chung ta co thé bét dau
v6i mot phan hoach P bat ki cua [a, b] va tinh chinh n6 lién tuc dé dat dugc phan hoach P’ sao cho hiéu
U(P', f) — L(P', f) di nho. Mot diém quan trong can luu ¥ & day d6 1a: viéc bo sung cac diém mai tly y
khong khién cho hiéu giira tong Riemann trén va Riemann dudi tién dén 0; nhitng diém mai nay can duoc
chon sao cho chiéu dai caa phan doan con 16n nhat cia phan hoach d tinh chinh phai nho hon chiéu dai cua
phan doan con Ién nhat cua phan hoach da cho. Nhan xét quan trong nay dan chung ta dén khai niém quan
trong sau:

Gia str cho truéc mot phan hoach P cua [a, b], dwong kinh w(P) cia phan hoach P duoc dinh nghia 1a
chiéu dai caa phan doan con 16n nhit cua phan hoach P.

V& mat hinh thac, néu P = {x0, X1, oo, Xp } thi u(P) == max{x; — x;_;:i = 1, ...,n}.
Bay gio, ching ta s& ching minh mot két qua phu quan trong sé duoc st dung trong phan sau caa bai viét.

Mot cach dai khét, két qua nay phat biéu rang néu duong kinh p(P) cia phan hoach P du nho thi tong
Riemann trén U(P, ) xap xi véi tich phan Riemann trén U(f) va téng Riemann du6i L(P, f) ciing s& Xap xi
Vi tich phan Riemann dudi L(f).

Két qua 4.2.
Gia st f: [a, b] = R la mot ham bj chan.

Khi d6, v6i moi s6 thuc duong & > 0, ton tai mot sb thue duong 6 > 0 sao cho néu P 1a mot phan hoach
ciua [a, b] voi u(P) < 6thio <UP,f)—U(f) <e vaO < L(f) —L(P,f) < e.

Hon nita, v&i moi sb thuc duong & > 0, ton tai mot sb thuc duong § > 0 sao cho néu P 1a mot phan
hoach cua [a, b] v6i u(P) < 8 thi L(f) —e < S(P, f) < U(f) + €, trong d6 S(P, ) 1a mot tong Riemann
bat ki caa f tuong tng véi phan hoach P.

Chirng minh két qua 4.2.

Gia sir cho trudc s6 thuc duong & > 0. Tir cach dinh nghia cua U(f) va L(f), ton tai cac phan hoach P,
va P, cua [a, b] sao cho U(Py, f) < U(f) + 2 vaL(P,, ) > L(f) — % Gia sir P, 1a phép min héa chung cua
cac phan hoach P, va P,.

Khi do, U(Py, f) < U(f) + § va L(Py, f) > L(f) — § (diéu nay suy ra tir khang dinh (i) cua Két qua 1.2).

Gia sir @ > 0 1a mot s6 thyc duong sao cho |f(x)| < a Vi moi x € [a, b].




Ki hiéu n, = |Py| va § := ¢/4an,.

Gia st P = {xg, X1, ..., X, } 1a mot phan hoach bt ki cua [a, b] sao cho u(P) < &. Gia sit P* 1 phép min
hoa chung cta P va P,,.

Khi d6, U(P*, ) < U(P, f) vaU(P*, f) < U(P,, f).

Nhan thay riang nhitng déng gop vao hiéu U(P, f) — U(P*, f) chi c6 thé phat sinh khi c6 mot diém x* cua
phan hoach P, nam trong mot khoang mé (x;_4, x;) gy ra bai phan hoach P. Hon nita, tong nhitng dong
gop nay téi da khong vuot qua 2au(P).

That vay, néu x* € (x;_1,x;) ki hieu M; = sup{f(x): x € [x;_,,x*]} va M} := sup{f(x):x € [x*, x;]}
thi phan dong gop vao hiéu U(P, f) — U(P*, f) phéat sinh boi diém x* 1a

Mi(f)(x; — x—1) — My (x™ — x;—41) — M7 (x; — x7)
= M;(f) = M) (™ — x-q) + (M(f) = M7 (x; — x7)
< 2af(x” —x_1) + (g — x7)]
=2a(x; — x;_1)
<2au(P).
Do tong sé diém trong phan hoach P, 1a n, nén ching ta c6
UP,f) —UP*, f) < ng. 2au(P) < 2anys = §
Nhu vy, néu P 12 mot phan hoach cua [a, b] v&i u(P) < & thi
U(P, f) < U(P* f) +§ < Uy, f) +§< u(f) +§+§ = U(f) +«.
Lap luan twong tu, néu P 1a mot phan hoach cua [a, b] véi u(P) < 8 thi L(P, f) > L(f) — «.

Hon nita, néu S(P, f) 1a mot tong Riemann bt ki cua f twong (ng véi phan hoach P cua [a, b] véi
u(P) < SthiL(f)—e<L(P,f) <SP, f) <UP,f) <U() +e. o

Két qua 4.3. (Darboux)

Gia st f: [a, b] — R 1a mot ham bi chan. Khi d6, néu £ 13 mot ham kha tich Riemann trén [a, b] thi, voi
moi s6 thuc duong € > 0, ton tai mot sb thuc duong § > 0 sao cho |S(P,f) — ff f(x)dx| < &, V&I Moi
phan hoach P cua [a, b] voi u(P) < &, trong d6 S(P, f) 1a mot tong Riemann bat ki cua f tuong Gng véi
phan hoach P cua [a, b].

Nguoc lai, gia st ton tai mot s6 thuc r € R thoa mén diéu kién: “V&i moi sé thuc duong & > 0, ton tai
mot phan hoach P € [a, b] sao cho |S(P, f) —r| < &, trong d6 S(P, f) 1a mot tong Riemann bat ki cua f
twong tng vai phan hoach P cua [a, b].”

Khi @6, f 1a mot ham kha tich Riemann trén [a, b] va tich phan Riemann cua f trén [a, b] bang r.




Chitng minh két qua 4.3.
Gia sir f 1a mot ham kha tich Riemann trén [a, b]. Gia sir cho truéc s6 thuc duong € > 0.

Tur Két qua 4.2), ton tai mot s6 thue duong 8 > 0 sao cho L(f) — e < S(P, f) < U(f) + € v6i moi phan
hoach P cua [a, b] voi u(P) < &, trong d6 S(P, f) 1a mot tong Riemann bét ki cia f twong tng véi phan

hoach P cia [a, b]. Do [, f(x)dx — e = L(f) — e < S(P, f) < U(f) + & = [, f(x)dx — & nén ching ta
suy ra diéu phai chitng minh.

Nguoc lai, gia st r € R 14 s thuc thoa man diéu kién di néu. Gia sir cho trude sb thue duwong € > 0 va
P:= {x,, x4, ..., x,,} 1a mdt phan hoach cua [a, b] sao cho |[S(P, f) — r| < ¢, trong d6 S(P, f) 1a mét tong
Riemann bt ki cua f twong tng véi phan hoach P cua [a, b].

Néu S(P, f) va T (P, f) la cac téng Riemann bat ki cua f twong (ng véi phan hoach P cua [a, b] thi
ISP,f)=T@P,AI<ISP,f) —r|+|T(P,f) —7r|<e+e=2e.

Do sé thuc duong € >0 c6 thé nho tly ¥ nén £ 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy ra
tir diéu kién Cauchy). Bé chiing minh tich phan Riemann cia f trén [a, b] bang r, ching ta luu ¥ rang ton
tai cac sb thuc s;, t; € [x;_1,x;](i = 1, ...,n) sao cho néu ching ta dit

SP,f) =Xl f(s)(x; —x;—1) va T(P,f) =X, f(t)(x; — x;-1)
thi UP, f) < S(P,f) +eVvaT(P,f) —e < L(P, f) (xem lai phép ching minh cua Két qua 4.1).
Do L(P,f) < [* f(x)dx < U(P,f)nénr —2e <T(P,f) —e < [2 f(x)dx < S(P,f) + & <1+ 2¢.
Do sé thuc duong € >0 c6 thé nho tly ¥ nén tich phan Riemann cua f trén [a, b] phai bang 7. O

Khéng dinh trén chi ra rang néu £ 1a mot ham kha tich Riemann va (P,) 12 mét day céc phan hoach cua
[a, b] sao cho u(B,) - 0thi L(B,, f) » f;f(x)dx vaU(P, f) - fcf’f(x)dx. Hon nita, néu S(B,, f) 1a mot
téng Riemann bét ki cua f twong wng voi phan hoach P, cua [a, b] thi S(B,, f) — ff f(x)dx. Céch tiép can
van dé nhu thé nay s& cho phép ching ta tinh gan dung gi4 tri cua tich phan Riemann cia ham f khi ching
ta khong thé danh gia no6 chinh xéc.
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