Phép tinh tich phan Riemann cho ham hai bién
Truong Phudac Nhéan, 01/08/2021

Noi dung cua bai viét nay nham mé rong phuong phap tiép can khai niém tich phan xac dinh ctia nha toan
hoc Riemann trong bai viét “Phép tinh tich phan Riemann cho ham mét bién”cho cac ham hai va ba bién.
Trong toan bo bai viét, chung ta cha yéu s& chi khao sat ddi véi cac ham hai bién va gigi thidu ngan gon cac
két qua d6i véi cac ham ba bién. Phép ma rong cho cac ham n bién ¢ thé duoc thyuc hién tuong tu va sé duoc
trinh bay chi tiét trong mot bai viét khac.

Trong phan dau cua bai viét, ching ta s& xay dung khai niém tich phan hai I6p cho cac ham xac dinh trén
cac hinh chit nhat nam trong R2. Khai niém tich phan hai 16p cho cac ham xac dinh trén cac tap con bi chan
nam trong R? s& duoc phat trién trong muc 2). Tiép theo, ching ta s& thao luan va chitng minh cong thire doi
bién cho tich phan hai I6p trong mot s6 truong hop quan trong. Sau ciing, chling ta sé& chi ra cach ma rong
phép tinh tich phéan hai 16p 1€n cho phép tinh tich phan ba 16p cho cac ham xac dinh trén cac tap con bi chan
nam trong R3 va gidi thiéu cong thize doi bién cho cac tich phan ba lop.

1. Tich phén hai lép trén cac hinh chir nhat.
Trong bai viét nay, ching ta s& hiéu mot hinh chir nhat 1a mot hinh chit nhat dong khong réng trong R2.
NGi cach khac, mot hinh chit nhat la mot tap con cia R? ¢6 dang:

[a,b] X [c,d] ={(x,y) ER::a<x<bvac<y<d} trongddab,c,d€E Rvséia<bvac<d.

Bai toan mé dau.
Gia sir f 1a mot ham sb khong am bi chan va xéac dinh trén hinh chix nhat [a, b] x [c, d].

Tinh thé tich V(S;) ciia khdi Sy = {(x,y,2) ER®:a<x < b,c <y <d,0< z < f(x,y)}

L

Hinh v& minh hoa ;.




Bai toan x4c dinh thé tich trén c6 thé duoc giai quyét bang cach chia nho hinh chix nhat [a, b] X [c, d] thanh
mot s6 hitu han cac hinh chit nhat con. Khi d6, thé tich V(S;) can tim c6 thé dugc xap xi bang tong thé tich
cac hinh hop chit nhat noi tiép khdi S, va tong thé tich cac hinh hop chit nhat ngoai tiép khoi ;.

a

Hinh v& minh hoa phép xap xi thé tich V() bai tong thé tich cac
hinh hop chit nhat noi tiép khdi S;.
Tong thé tich cac hinh hop chix nhat ngi tiép khéi S s& ludn nho hon thé tich V(S,) va tong thé cac hinh
hop chix nhat ngoai tiép khéi Sy s& ludn 1én hon thé tich V(S;). Hon nita, néu ching ta chon céc diém chia

“du min” thi hai tong ndy s& cang gan véi thé tich V(S;) can tim. (xem lai bai viét “Phép tinh tich phan
Riemann cho ham mét bién”)

Y tuéng tiép can néu trén c6 thé duoc tdng quét 18n cho cac ham bi chan bat ki x4c dinh trén mét hinh chit
nhat nhu sau:

Gia sa R := [a, b] X [c, d] 1a mét hinh chir nhat nam trong R? va f: R — R 1a mot ham bi chan bat ki.
Kihieu m(f): = inf{f (x,y): (x,y) € R} va M(f) = sup{f(x,y): (x,y) € R}.

Gia st cho trusc mot phan hoach P = {(x;,¥;):i =0,1,..,nvaj = 0,1, ..., k} cua R. (Phan hoach P cua
hinh chit nhat [a, b] X [c, d] 1a mét tap hitu han {(x;,;):i = 0,1,...,nvaj = 0,1, ..., k} cac diem cua
[a,b] X [c,d] sa0choa = xy < x; <+ <X, =bVac=y, <y, <+ <y, =d. Mbidiém (xl-,y]-) (i=
1,..,n,j =1,..,k) duoc goi la mot diém lwéi ctia phan hoach P. Hon nita, voi mdii = 1,...,n, j =
1, ..., k, hinh chit nhat [x;_, x;] X [y;_1,¥;] duoc goi 1a hinh chix nhat con thi (i, j) cam sinh béi P.)

Ki hiéu:

mi,j(f) = inf{f(x, y):(x,y) € [x;_q,x;] X [Yj—lxyj]}’

M; ;(f) = sup{f(x, y): (x,y) € [x;_1,x;] X [yj_l,yj]}, veimoii =0,1,..,nvaj=0,1,..,k.



Hién nhién, m(f) < m; i (f) < M;;(f) < M(f), véimoii=0,1,..,nvaj=01,..,k.

Khi do, L(P, f) = Xy XK my j () (x; — x1-1)(y; — ¥j-1) duoc goi la tdng Riemann hai lép duéi cha
ham f &ng véi phan hoach Pva U (P, f) = Xty XKy My ;(F) (x; — x;-1) (y; — y;-1) duoc goi la tong
Riemann hai lép trén cia ham f &ng véi phan hoach P.

Két qua 1.1.
Giasu f:[a, b] X [c,d] - R la mot ham bi chan.

Khi @6, m(f)(b —a)(d —c¢) < L(P,f) < U(P,f) < M(f)(b — a)(d — c¢), v6i moi phan hoach P cua
[a, b] X [c,d].

Chirng minh két qua 1.1.
Giasu P = {(x;,¥;):i=01,..,nvaj=0,1,..,k} 1amot phan hoach bat ki cia [a, b] x [c, d].

Do m(f) < mi,j(f) < Ml,](f) < M(f), Vi mOI i =1, M, J = 1,..,kva

i=1 Z;'l=1(xi - xi—1)()’j - Yj—1) = Xty —x-9) Z?=1(Yj - J’j—1) =0b-a)d-o),
nenm(f)(b—a)(d—c) <LP,f)<UP,f)<M(f)b—a)d-c). O

Y tuéng cua ching ta I s& tim kiém céc phan hoach P cua [a, b] x [c, d] sao cho tong Riemann hai I6p
dudi cua no dat gia tri on nhét c6 thé dugc va tong Riemann hai 16p trén caa né dat gia tri nho nhat cé thé
duoc.

Ki hiéu:
L(f) :== sup{L(P, f): P la mot phan hoach cua [a, b] X [c,d]},
U(f) = inf{U(P, f): P lamdt phan hoach cua [a, b] X [c,d]}.

Gia str cho truéc cac phan hoach P, P* cua [a, b] X [c, d], phan hoach P* dugc goi la mot phép min héa
cia P néu moi diém luéi cua phan hoach P déu 1a mot diém ludi cua phan hoach P*.

Gia str cho trudc cac phan hoach P, P;, P, cua [a, b] X [c, d], phan hoach P dugc goi la mot phép min héa
chung ciia P4 va P, néu phan hoach P chira tit ca cac diém ludi cua P; va P,.

Bang phuong phép lap luan twong tu nhu khi khao sat phép tinh tich Riemann cho ham mét bién, néu
ching ta 1am min hoa mot phan hoach bat ki thi tong Riemann hai 16p dudi chi cé thé tang trong khi tong
Riemann hai l6p trén chi c6 thé giam. Pé ching minh tinh dung din cua khang dinh ndy, chling ta can xem
xét anh hudng cua viéc chén thém mot diém (x*, y*) vao mot hinh chit nhat con cam sinh bai mot phan hoach
P={(x;y,):i=01,..,nvaj=0,1,..,k}. Trén thuc té, phan hoach két qua nhan dugc sau khi lam min
hoa c6 thé co nhiéu hon mét diem bo sung, tam gia st 1a cac diem (x;, y*) (i = 0,1, ...,n) va (x*, ;)

(G = 0,1, ..., k). Bé don gian, chling ta s& xem phép min héa nay nhu 13 két qua thu duoc bang cach chén
thém maot diém (x*, y*) vao mot hinh chit nhat con cam sinh bai mot phan hoach P va goi phép min hda nay
la phép min héa 1 — bwéc cia P thu dwoc biang cach chén thém diém (x*, y*).




Két qua 1.2.

Gia st f: [a, b] X [c,d] = R 1a mot ham bi chin va a € R 1a mot s6 thuc sao cho |f (x, y)| < a véi moi
(x,y) € [a,b] X [c,d]. Gia st P 1a mot phan hoach bat ki cua [a, b] X [c, d] va P* 1a mot phép min hda 1 —
buéc cua P thu dugc bang cach chén thém mot diém (x*, y*) € [a, b] X [c, d] khdng nam trong P.

Khid6,0 < U(P,f) —UP*,f) <aulva0 < L(P*,f) — L(P,f) < aul, trong d6 u := u(P) la dudng
kinh ctia phan hoach Pva l := 2(b — a + d — ¢) la chu vi cua hinh chit nhat [a, b] X [c, d].

(Puwong kinh u(P) ciha phan hoach P dugc dinh nghia 13 chiéu dai Ion nhat trong s6 cac canh cua cac hinh
chit nhat con cam sinh béi P, nghia 1a u(P) :== max{x; — xg, .. Xp — Xp—1,Y1 — Yor -» Yk — Yk—1}. Puong
kinh p(P) ciia mot phan hoach P cd thé dugc coi nhu mot thude do cho do min cua phan hoach P khi phan
chia thanh céc hinh chix nhat con cua [a, b] X [c, d]. Nguyén nhan cho viéc dudng kinh p(P) dugce xac dinh
theo cach néu trén s& duoc giai thich rd rang trong chang minh cua két qua 1.2)

Chirng minh két qua 1.2.

Giasu P = {(x;y;):i =0,1,..,nvaj = 0,1, ..., k} [a mot phan hoach bét ki cua [a, b] X [c, d].
Do (x*,y*) khong phai 1a mot diém lugi caa phan hoach P nén chung ta xem xét ba truong hop sau:
Truwong hop 1. x* € {x¢, X1, ... Xn}, ¥* € Vo, V1, --0» Vi }-

Khi d6, ton tai cac so nguyénp,q v6i 0 <p<nval<qg<ksaochox' =x,Vay, ; <y* <y,.

Hon ntra, véi moi i = 1,...,nvaj # q thi hinh chir nhat con thi (i, j) cam sinh boi P ciing 1a mét hinh chix
nhat con cam sinh bai P*; véi moi i = 1, ..., n, cac hinh chir nhat con tha (i, g) cam sinh bi P sé bi tach
thanh hinh chit nhat con bén trén [x;_;, x;] X [y*, y,] va hinh chit nhat con bén dudi [x;_1,x;] X [y4-1, "]
cam sinh boi P*.

Hinh vé minh hoa truong hop 1: diém (x*, y*) tach cac hinh chit nhat con (i, ) ctia P thanh céc hinh chix
nhat con bén trén [x;_4, x;] X [y*,¥,] va cac hinh chix nhat con bén dusi [x;_1, x;] X [y4-1, "] ctia P*.




V6imoi i = 1,...,n, ki hiéu:
M, (f) = sup{f (x,y): (x,y) € [x;_1, %] X [y*, %]},
ME,(f) = sup{f (x,y): (x,y) € [x;—1, %] X [Yg-1,¥"]}.
Khi d6,
UP,f) = UP", ) = Bt = %) [Miq (D Vg = Ya-1) = ML (D (g = ¥7) = ME (D" = yq-1)]

Bang cach biéu dién lai (v, —y,-1) = (v, —¥*) + (¥ — y4-1) trong sb hang dau tién cta tong trén,
chding ta nhan thay

UP,£) = UP", f) = Zi (= xi2) | (Mig () = ME,(F)) (¥g = Yq-1)

+ (Mo () = ME,(F)) (v = Y1)
Veiméii =1,..,n,0 < M;,(f) = M ,(f) < 2ava 0 < M;,(f) — MP,(f) < 2a, nén
0<UP,f)—UP,[) < Za(yq — yq_l) Y —ximq) = a(yq — yq_l)[Z(b —a)] < aul.
Lap luan twong tw, 0 < L(P*, f) — L(P,f) < aul.
Truong hop 2. x* & {xg, X1, ..., X}, ¥* € {¥0, ¥1, -, Yic}-
Khi d6, ton tai cac so nguyénp,q v6i 1 <p <nva0 < q<ksaochox, ; <x* < x,Vay" =y,.

Béng cach khao sat cac hinh chit nhat con bén trai [x,_;,x*] X [y;_1,¥;] va cac hinh chit nhat con bén phai
[x*,x,] % [yj-1,¥;] ( = 1, ..., k) tuong tu nhu trong trudng hop 1), chiing ta nhan thay rang

0<UP,f)—UP,f) < 2a(x, —xp_1) Z?‘:l(yj —yj_1) = a(x, — x,-1)[2(d — )] < aul.
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Hinh vé& minh hoa truong hop 1: diém (x*, y*) tach cac hinh chit nhat con (p, j) cta P thanh céc hinh chix
nhat con bén tréi [x,_1,x*] X [y;_1,¥;] va cac hinh chix nhat con bén phai [x*, x,] x [y;_1,¥;] cua P*.



Lap luan twong tw, 0 < L(P*, f) — L(P, ) < aul.

Truwong hop 3. x* € {xg, X1, ... Xn}, V" € Vo, V1, --0» Vi }-
Khi d6, ton tai cac s nguyén p,q véi 1 <p<nval<q <ksaochox, ; < x* < x,, V41 < ¥ < ¥,

Hon nira, v6i moi i = 1, ..., n, cac hinh chir nhat con thir (i, g) cam sinh bai P s€ bi tach thanh hinh chix
nhat con bén trén [x;_4, x;] X [y*,¥,] va hinh chix nhat con bén duéi [x;_1,x;] X [y,_1,¥*] cam sinh bai P*;
vGi moi j = 1, ..., n, cac hinh chir nhat con tht (p, j) cam sinh bai P sé bi tach thanh hinh chix nhat con bén
tréi [x,_4, x*] X [y;_1,¥,] va hinh chit nhat con bén phai [x*, x,] X [¥;_1,¥;] cam sinh bsi P*; hinh chit nhat
thtr (p, ) cam sinh bai P s& bi tach thanh hinh chit nhat con trén bén tréi [x,_1,x*] X [y*,,], hinh chit nhat
con trén bén phai [x*, x,] % [¥*, ¥,], hinh chit nhat con duéi bén tréi [x,_1, x| X [y*,¥4-4], hinh chix nhat
con dudi bén phai [x*, xp] X [y*,yq_l].
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Hinh v& minh hoa trudng hop 1: diém (x*, y*) tach hinh chit nhat con (p, ) cua P thanh hinh chit nhat con
trén bén trai (TL), hinh chix nhat con trén bén phai (TR), hinh chir nhat con duéi bén trdi (BL), hinh chir nhat
con dudi bén phai (BR).

K hiéu:
MIE(F) = sup{f (x,y): (x,¥) € [xp_1, x*] X [y, 3]},
MIE () = sup{f (x,): (%,) € [x", %] x [y, ]},
MEL(F) = sup{f (x,): (6, ¥) € [xp_1, x"] X [y*, ¥4-1]},
MER(f) = sup{f (x,y): (x,¥) € [x",x,] X [y, ¥q-1]}.
Upq = Mig(F)(x" = xp-1) (Vg = ¥") + Mig (F)(xp = x7) (v = ¥7)
+MEE(F) (" = xp-1) (V" = Yg-1) + MEZ(F)(xp — x*) (V" = ¥g-1),

Upq = p,q(f)(xp - xp—l)(yq - yq—l)-



Bang cach bicu dién (v, —v4-1) = (vg =) + (" — v )Va (xp —xp-1) = (xp —x*) + (" — x,_1),
chidng ta nhan thay rang

Upg = Upq = [Mp,q(f) - MiT,g(f)](X* - xp—l)(yq - y*) + [Mp,q(f) - MiT,g(f)](xp - X*)(yq - y*)
+[Mp,q(f) - quL(f)](x* - xp—l)(y* - yq—l) + [Mp,q(f) - Mff(f)](xp - x*)(y* - yq—l)-

Do céc higu 6 Mp,q (f) = Mg (f), Mp o (f) = MIZ (), Mg (f) = ME (), My o (f) — MEF () deu la cac
s6 khong &m va bi chan trén boi 2a nén 0 < U, , — U < 2a(x, — xp-1) (Vg — Yg-1)-

Bang cach két hop cac 1ap luan trong Truong hop 1) va Trudng hop 2), ching ta nhan thay rang
0<UP,f)—UP,f) < 2a(yq — Yg-1) Biwp(xi — xi-1)
+2a(xy = 2xp-1) Xjuq(j — ¥j-1)
+2a(x, = xp-1) (Vg = Yg-1).
Bang cach biéu dién Yiep(ti—xim) = —a) — (xp — xp—1),
2jzq(Vj = ¥j-1) = (d = &) = (¥ = Yg-1),
ching ta nhan thay rang
0<UP,f)-UPf) < 2“[(3761 —Yg-1)(b — @) + (xp = xp-1)(d — &) = (xp = xp-1) (¥ — yq—l)]
<au[2(b—a)+ 2(d — )]
= aul.
Lap luan twong tw, 0 < L(P*, f) — L(P, f) < aul. O

Sau déy, chung ta s& str dung Két qua 1.2) dé chizng minh mét sé tinh cht quan trong cua tich phan
Riemann cho céc ham hai bién:

Két qua 1.3.
Gia st f: [a, b] X [c,d] —» R la mdt ham bi chan.
i) Néu P 1a mot phan hoach cua [a, b] X [c, d] va P* 1a mot phép min héa cua P thi
L(P,f) < L(P, ), UP,f)<UP,f)UPf)—LP",f)<UPf)—L(Pf).
ii) Néu P, va P, la cac phan hoach bat ki cua [a, b] x [c,d] thi L(Py, f) < U(P,, f).
i) L(f) = U(f).

Chirng minh két qua 1.3.

i) Nhan thay rang moi phép min héa P* cua P déu cd thé thu dugc bang cach ap dung lién tiép mot day
htru han c&c phép min héa 1 — budc nao d6 cua P.




Bang cach &p dung lién tiép Két qua 1.2), 0 < L(P*,f) — L(P,f) va 0 < U(P, f) — U(P*, f), nghia 1a
L(P,f) < L(P*, f)vaU(P* f) < U(P, f). Nhu vay, U(P*, f) — L(P*,f) < U(P,f) — L(P, f).

ii) Gia st P* la mot phép min héa chung cua P, va P,. Khi do, L(P,, f) < L(P*,f) < U(P*,f) < U(P,, f).
(khang dinh nay suy ra tir khang dinh (i) cua Két qua 1.3)

iii) Gia stt P, la mot phan hoach cho trueée cia [a, b] X [c, d].
Tir khang dinh ii) caa Két qua 1.3), L(P,, f) < U(P, f), v&i moi phan hoach P cua [a, b] x [c, d].

Nhu vay, L(Py, f) la mét can dudi cua tap {U (P, f): P la mdt phan hoach cla [a, b] X [c,d]}. Do U(f) la
can dudi dang cua tap {U(P, f): P la mot phin hoach cia [a, b] X [c,d]} nén L(P,, f) < U(f).

Néu chiing ta xem P, nhu mét phan hoach cho trude cua [a, b] X [c, d] thi U(f) s& 1a mot can trén cua tap
{L(Py, f): Py la mOt phan hoach cua [a, b] X [c,d]}.

Do L(f) la can trén dang cta tap {L(P,, f): P, la mot phan hoach cua [a, b] X [c,d]} nén L(f) < U(f).o

Gia st f: [a, b] X [c,d] = R la mot ham bi chan. Ham f duoc goi la kha tich Riemann (hoic kha tich)
trén [a, b] X [c, d] néu L(f) = U(f). Gia tri U(f) duoc goi la tich phan Riemann trén cia ham f trén
[a, b] X [c,d] va gia tri L(f) duoc goi la tich phan Riemann dudi cta ham f trén [a, b] X [c, d]. Nhu vay,
mét ham s bi chin f sé& kha tich Riemann trén [a, b] X [c, d] néu tich phan Riemann trén bang vai tich phan
Riemann dudi. Trong truong hop f kha tich Riemann trén [a, b] X [c,d], giatri L(f) = U(f) duoc goi la

tich phan Riemann ciia ham f trén [a, b] X [c, d] va duoc ki hiéu béi ff[a pixjea) S (% ¥)d(x, y) hodc don
gian chi la ff[a‘b]x[c‘d]f.
Piéu kién kha tich Riemann.

Két qua sau day sé& chi ra mot diéu kién don gian dé gidp ching ta nhan biét khi nao thi mét ham bi chan f
xéc dinh trén [a, b] x [c, d] 1a kha tich Riemann. Diéu kién nay duoc lay cam hing tir diéu kién Riemann cho
tinh kha tich caa ham mét bién (xem lai Két qua 1.3) trong bai viét “Phép tinh tich phan Riemann cho ham
mét bién”)

Két qua 1.4. (Riemann)
Gia st f: [a, b] X [c,d] —» R la mdt ham bi chan.

Piéu kién can va da dé ham f kha tich Riemann trén [a, b] X [c, d] khi va chi khi, véi moi sé thuc duong
£ > 0, ton tai mot phan hoach P, cua [a, b] X [c,d] sao cho U(P., f) — L(P,, f) < ¢.

Chirng minh két qua 1.4.

Gia str voi moi s6 thuc duong € > 0, ton tai mot phan hoach P. cua [a, b] X [c, d] sao cho
U(P, f)— LR, f) <e.

Khi d6,0 < U(f) — L(f) < U(P,, f) — L(P., f) < &, v&i moi s6 thuc duong & > 0.

Do s6 thuc duong € > 0 ¢6 thé nho tiy y nén U(f) = L(f).




Nhu vay, f la mét ham kha tich Riemann trén [a, b] X [c, d].

Nguoc lai, gia st f 1a mot ham kha tich Riemann trén [a, b] x [c, d]. Gia sir cho trudc mot sb thue duong
£ > 0. Tir cach dinh nghia cua U(f) va L(f), ton tai cac phan hoach Q. va Q. cua [a, b] X [c, d] sao cho

U(Qe ) <U() +vaL(Qs f) > L —+.
Gia sur P. la mot phép min hda chung cua Q, va Q..
Tir khang dinh (i) cua Két qua 1.3),
L) =2 < L(Qe f) SL(P. ) S UP, ) SUQe /) <U(F) +.

Do L(f) = U(f) nén U(P,, f) — L(P,, f) < «. o

Két qua tiép theo s& dwa ra mot wdc tinh co ban cho do 16n cua gia tri tuyét ddi caa mot tich phan hai 16p
(xem lai Két qua 1.4) trong bai viét “Phép tinh tich phan Riemann cho ham mét bién”)

Két qua 1.5.
Gia st f: [a, b] X [c,d] - R la mot ham kha tich Riemann.

Khi d6, néu ton tai cac sé a, § € Rsao cho B < f < a thi
Bb—a)(d—-c) < ff[a‘b]x[c‘d]f(x, y)d(x,y) <alb—a)(d - c).

Hon nira, néu |f| < a thi |ff[a‘b]x[c‘d]f(x, y)d(x, y)| <ab—-a)(d-c).

Chieng minh két qua 1.5.
Do <f(x)<avsimoix € RnénpB <m(f)vaM(f) < a.
Nhan thay ring, vi moi phan hoach P cua [a, b] X [c, d], ching ta déu c6

m(f)(b-a)d—-c) <L(P,f)<SL) <U) SUPf) = M{)b —a)ld - o).

Nhu vay, B(b —a)(d —¢) < L(f) = ff[a’b]x[cld]f(x, y)d(x,y) =U()) <MD —a)(d— o). O
Tinh chat coéng mién cia tich phan Riemann hai 16p trén cac hinh chir nhat.

Mot trong cac tinh chat quan trong nhat cia phép tich phan Riemann cho ham mét bién la tinh chét cong
mién. Phép chitng minh cho tinh chat nay c6 thé tham khao trong bai viét “Phép tinh tich phan Riemann
cho ham mét bién”.

Tinh chat cong mién caa tich phan Riemann cho cac ham mét bién.
Gia st f: [a, b] — R 1a mot ham sé bi chin va ¢ € (a, b).

Khi @6, f la mot ham kha tich Riemann trén [a, b] khi va chi khi f 1a mét ham kha tich Riemann trén [a, c]
va [c, b]. Hon nixa, fff(x)dx = facf(x)dx + fcb f(x)dx .




Sau déy, chung ta s& phét biéu va chizng minh mot két qua tuong tu cho tich phan Riemann hai 16p trén céac
hinh chir nhat:

Két qua 1.6. (Tinh chat cong mién cia tich phan Riemann hai 16p trén cac hinh chir nhat)
Giasu f:[a, b] X [c,d] - R la mot ham bi chan.

i) Giasus € (a,b). Khi @6, f la mot ham kha tich Riemann trén [a, b] X [c, d] khi va chi khi f la mot
ham kha tich Riemann trén [a, s] X [c¢,d] va [s, b] X [c, d].

Hon nua, ff[a,b]x[c,d]f(x' Y)d(xr y) = ff[a,S]x[c,d]f(x’ Y)d(x» y) + ff[g,b]x[c,d]f(x’ Y)d(x» y).

ii) Giastr t € (¢,d). Khi d6, f la mot ham kha tich Riemann trén [a, b] X [c, d] khi va chi khi f la mot
ham kha tich Riemann trén [a, b] X [c, t] va [a, b] X [¢t, d].

Hon nua, ff[a,b]x[c,d]f(x' )’)d(xr y) = ff[a‘b]x[c‘t]f(x:Y)d(x» y) + ff[a,b]x[t,d]f(x’ y)d(x» y).

Chirng minh két qua 1.6.

i) Gia st f 1a mot ham kha tich Riemann trén [a, b] X [c, d]. Gia sir cho trudc mét sb thuc duong & > 0.

Khi d6, ton tai mot phan hoach P. = {(x;,y;):i = 0,1,...,nvaj = 0,1, ..., k} cia [a, b] X [c, d] sao cho
U(P., f) — L(P., f) < e (diéu nay suy ra tir diéu kién Riemann).

Bang cach b sung thém céac diém (s, y,), ..., (s, V) vao cac diém cua phan hoach P. néu cac diém
(s,Y0), -, (S, y;,) khong phai 13 cac diém luéi ctia phan hoach P., chiing ta s& thu duoc mot phép min hoa
Pr={(x;,y;):i=01,..,n"vaj=0,1,..,k} cua P trong d6 {x;:0,1, ...,n"} = {x;:0,1, ...n}U{s} van* €
{n,n + 1}. Hon nira, ton tai mot chi sé p € {1, ...,n*} sao cho X, = S.

Tur khang dinh (i) cua Két qua 1.3),
0<U,f)—LF,f)<SUR,f)-LE, f) <e
Gia str g lathu hep cua f trén [a, s] X [c, d] va ki hiéu Q; = {(xi*,yj):i =0,1,..,pvaj=0,1,.., k}.
Khi do, Q; s& la mot phan hoach cua [a, s] X [c,d], va
UQ: 9)—LQ:g) =X, Z?=1[Mi,j(g) —my ()| = x_ )y — ¥j-1)
= 271 2l Mo (F) = mi (D] G = %0 (0 = 35-1)
< Xty Z?=1[Mi,j(f) —my; (N — %)y — yj-1)
=U(Q: f) — L(Q: f)
= U(Q:9) — L(Q:,9) <e.

Tur diéu kién Riemann, g s& 1a mot ham kha tich Riemann trén [a, s] X [c, d], nghia 13 f 1a mot ham kha
tich Riemann trén [a, s] X [c, d]. Lap lap twong tu, f cling 1a mot ham kha tich Riemann trén [s, b] X [c, d].




Nguoc lai, gia st £ 1a mot ham kha tich Riemann trén [a, s] X [c, d] va [s, b] X [c,d], ki hiéu g va h lan
luot 12 thu hep cua f trén [a, s] X [c,d] va [s, b] X [c,d]. Gia st cho trudc mot sb thue duong & > 0.

Tur diéu kién Riemann, ton tai phan hoach Q. == {(x;,y;):i = 0,1,..,nvaj = 0,1, ..., k} cia [a,s] X [c, d]
vaR, = {(u,v;):i=01,..,mvaj=0,1,..,1} cials,b] x [c,d] sao cho

U(Qe9) — L(Qe 9) <5 VAU(R., ) = L(Re, ) <.

Gia sir Q; 1a phép min hoa cua phan hoach Q. thu duoc bang cach bo sung thém cac diem {(x;, v;): i =
0,1,..,nvaj =0,1,..,1} va R} 1a phép min h6a ctia phan hoach R, thu dwoc bang cach bo sung thém cac
diem {(u;, y;):i = 0,1,..,mvaj = 0,1, ..., k}. Gia sir P 1a phan hoach cua [a, b] X [c, d] thu dugc bang
cach két hop cac diém ludi cua Q; va R;.
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Hinh v& minh hoa phuong phép tinh chinh va ghép ndi cac phan hoach Q. = {(x;,¥;)} va R, = {(w;, v;)}.
Khi do,

UP;, f) =U(Q: 9) + URE h) vaL(P;, f) = L(Qz, g) + L(Rg, h).
Tur khang dinh (i) cua Két qua 1.3),

UL ) <U@Qe9) +UR, W) vaL(F, f) = L(Q:, g) + LR, h).
Nhu vay,

U ) = L) S U(Qe @) = L(Qe @1 + [UR, h) = LR, W] <5+ - =e.

Tur diéu kién Riemann, £ 1a mot ham kha tich Riemann trén [a, b] x [c, d].

Pé ching minh hé thirc ff[a‘b]x[ad] fle,y)d(x,y) = ff[a,s]x[c'd]f(x, y)d(x,y) + ff[s'b]x[c’d] f(x,y)d(x,y),

gia st f la mot ham kha tich Riemann trén [a, b] X [c, d].



Khi do,
L ) < M pixgea f G0 XA 0, y) < UCES ).
Dong thoi, do L(PS, f) = L(Q;, g) + L(R;, k) VvaU(P:, f) = U(Qz, g) + U(R;, h) nén
L ) = Mg gxieaf @A) + [ e a f G0 )G y) < UE f).
Do U(PS, f) — L(P:, f) < e nén
| epiear FONA0Y) = [ e FOACEY) + [f o FO YA Y)| < e

Do s6 thuc duong € > 0 ¢c6 thé nho tly y nén

ff[a,b]x[c,d]f(x' y)d(x,y) = ff[a‘s]x[c‘d]f(x:Y)d(x» y) + ff[s,b]x[c,d]f(x’ y)d(x,y).

ii) Phép chiing minh duoc thyc hién twong tu nhu trong khang dinh (i) cia Két qua 1.6). O

Két qua 1.7.
Giastw f: [a, b] X [c,d] - R lamot ham bi chan. Giasirs,t € Rsaochos € (a,b) vat € (c,d).

Khi d6, f la mot ham kha tich Riemann trén [a, b] X [c, d] khi va chi khi f la mot ham kha tich Riemann
trén cac hinh chix nhat [a, s] X [c, t], [a, s] X [t,d], [s, b] X [c, t], [s, b] X [t, d].

Hon nira, ff[a,b]x[c,d]f = ff[a,s]x[c,t]f +ff[a,s]x[t,d]f +ff[s,b]x[c,t]f +ff[s,b]><[t,d]f :

Chieng minh két qua 1.7.
Phép chirng minh thu dugc bang cach két hop cac khang dinh (i) va (ii) trong Két qua 1.6). 0

Nhan thay ring ching ta ludn gia dinh ring a < b va ¢ < d khi dinh nghia tich phan Riemann hai 16p cua
mét ham f: [a, b] x [c,d] = R. Dé tao ra sy dong nhat va thuan tién trong cach trinh bay, ching ta s& bé sung
thém mot quy udc nhu sau:

Gia str a, b, ¢, d 1a cac s thuc bat ki va R 1a mét hinh chit nhat trong R? véi (a, ¢) va (b, d) 1a cac dinh doi
dién nhau trén duong chéo cua hinh chit nhat R. Néu a = b hoic ¢ = d thi moi ham f: R — R déu kha tich
Riemann trén [a, b] X [c, d] va ff[a,b]x[cld]f(x, y)d(x,y):=0.Néua >bvac<dhoica<bvac>d
(nén R = [b,a] x [c,d] hoic R = [a, b] x [d, c]) thi moi ham kha tich Riemann f: R — R déu kha tich
Riemann trén [a, b] X [c,d] va ff[a’b]x[ad]f(x, vdx,y) =~ [, flx,y)dx,y). Néua > b vac >d (nén
R = [b,a] x [d, c]) thi moi ham kha tich Riemann f: R — R déu kha tich Riemann trén [a, b] X [c,d] va
Hapica fCondey) = [, £ y)d(x, ).

Giastra,b,c,d € R(a<bvac<d)vaf:|a,b] X [c,d] - R la mot ham kha tich Riemann.

Ki 46, ffiq uistent f = Stauoixtcwol £ + iaotxtonnf + Suguaxtcrol f + Spuguitumn - vo1 me
(w,v), (o, 1) € [a,b] x [c,d].




Tinh kha tich ctia cac ham don dié€u va lién tuc

Nhéc lai rang mot ham f: [a, b] X [c,d] = R la don diéu ting (tvong tmg don diéu giam) néu no 1a don
diéu ting (tuong ung don diéu giam) theo ca hai bién sb. Sau ddy, ching ta s& chi ra rang mot ham don diéu
nhu vay ludn kha tich Riemann trén [a, b] x [c, d]. Trén thuc té, ching ta chang minh mét két qua con téng
quat hon nhu vay: “moi ham f: [a, b] X [c,d] = R don diéu ting theo mot bién va don diéu giam theo bién
con lai ciing kha tich Riemann trén [a, b] X [c, d]”. Bong thoi, ching ta ciing chi ra ring moi ham lién tuc f
xac dinh trén [a, b] x [c, d] ciing kha tich Riemann trén [a, b] X [c, d]. Y tuéng chitng minh cho céc khing
dinh nay duoc lay cam hing tir Két qua 2.1) trong bai viét “Phép tinh tich phan Riemann cho ham mét
bién”.

Két qua 1.8.
Gia sir f: [a, b] X [c,d] = R la mot ham cho trudc bat ki. Khi dé:

i) Néu, voi mdi x € [a, b] ¢b dinh, ham 1, [c, d] = R xéac dinh boi cong thic ¥, (y) = f(x,y) la mot
ham don diéu va, véi mdi y € [c,d] cb dinh, ham ¢y:[a, b] - R xac dinh bsi cong thic ¢, (x) = f(x,y) la
mot ham don diéu thi £ 1a mot ham kha tich Riemann trén [a, b] X [c, d].

i) Néu £ 1a mot ham lién tuc trén [a, b] X [c,d] thi f ciing kha tich Riemann trén [a, b] x [c, d].

Chirng minh két qua 1.8.
i) Gia str, véi mdi x € [a, b] ¢ dinh, ham v,.: [c, d] = R xac dinh bai c¢ong thuc ¥, (y) = f(x,y) va,

véi mdi y € [c,d] co dinh, ham ¢,: [a, b] — R x4c dinh bdi cong thic ¢, (x) = f(x,y) déu la cic ham don
diéu tang. Khi @6, f(a,c) < f(x,y) < f(b,d), véi moi (x,y) € [a,b] X [c, d]. Nhu vy, f 1a mot ham sb bi
chdn trén [a, b] x [c,d]. V&i moi n € N, xét phan hoach B, ,, == {(x;,;):i,j = 0,1, ..., n } 1a phan hoach cua
[a, b] X [c, d] thu duoc bang cach chia hinh chir nhat [a, b] X [c, d] thanh n? phan bang nhau.

Khi dé, Ml,](f) = f(Xl,y]) va ml‘](f) = f(xi_l,yj_l), VOIi mOl :i,j = 1, e, n, nén
UBin f) = L(Pon, f) = ity 27]'1=1[Mi,j(f) —m; ; (]G — xi—) (v — yj-1)

_ (b-a)(d-c) ?=1Z§'l=1[f(xilyj) — f(xi—llyj—l)].

nZ
Béng cach bicu dién lai tong hai 16p X7my X7, [ £ (x;, ¥;) — f(xi-1,¥j-1)] lai dudi dang
[f(xn'yn) - f(xOI yO)] + Z?gll[f(xi) Yn) - f(xil yO)] + Z;lz_ll[f(xnl yj) - f(xOJ y})]a
va nhan xét rang mdi hiéu nam trong diu hoic vudng déu cé gia tri nho hon hoic bang [f (b, d) — f(a, c)],

U(Bun ) = Lo f) < 22 (b, d) - f(a, )] (1 +n =140~ 1)

__2n-1
=

(b—a)d—-olf(b,d) - f(a,c)l.

Nhu vay, véi moi sb thuc duong £ > 0, ton tai mot s6 tu nhiénn € N sao cho U(B, . f) — L(Byn, f) < &




Tur diéu kién Riemann, £ 1a mot ham kha tich Riemann trén [a, b] x [c, d].

Phép chirng minh cho truong hop f don diéu giam theo ca hai bién x, y hoic f don diéu ting theo mot bién
va don diéu giam theo bién con lai dugc thyuc hién twong ty nhu trén.

ii) Gia st f: [a, b] X [c,d] = R la mot ham lién tuc. Khi @6, f la mot ham bi chan trén [a, b] X [c, d].
Hon nita, f cling 1a mot ham lién tuc déu trén [a, b] x [c, d]. Gia sir cho truéc mot sb thuc duong € > 0.
Kihiéu A := (b — a)(d — ¢) ladién tich cua hinh chit nhat [a, b] X [c, d].
Tir dinh nghia cia mot ham lién tuc déu, ton tai mot sb thue duong 6 > 0 sao cho
(6, ), (w,v) €D,1(6,y) = W) <8 = |f(x,y) - fwv)] <.
Giasu P = {(x;,y;):i =0,1,..,nvaj = 0,1, ..., k} Ia mot phan hoach ciia [a, b] X [c, d] sao cho dién tich

Aij: = (xl- - xl-_l)(yj - Yj—l) cua hinh chir nhét con thu (l,]) Ri,j = [xi_l,xi] X [y]—liy]] nho hon & Voi
moii=1,..,nvaj =1,..,k. Do hinhchit nhat R; ; la mot tip dong nén, véimoii =1,..,nvaj=1,..,n,
té)n tal cac dlém (ai, b]) va (Ci, d]) ném trong Ri,j sao cho f(ai, bj) = Ml,](.f) va f(Ci, d]) = ml’](f)

Khi do, M; ;(f) —my ;(f) = f(ay, b)) — f(ci,d;) < i véimoii=1,..,nvaj=1,..,n.
Nhu vay, UP., f) = L(P., f) = X1y X [My () = my j(F)] Ay < EZ?=1Z§=1AU = &

Tur diéu kién Riemann, £ 1a mot ham kha tich Riemann trén [a, b] x [c, d]. O

Tinh chat dai sb caa tich phan Riemann hai 16p.

Két qua 1.9.

Giast f,g:[a,b] X [c,d] = R la cac ham kha tich Riemann. Khi d6:
i) f + g la ham kha tich Riemann trén [a, b] X [c, d] va ff[a’b]x[ad](f +g) = ﬂ[a,b]x[c,d]f + ff[a’b]x[c’d]g.
i) f 1a ham kha tich Riemann trén [a, b] X [c, d] v&i moi r € R va ff[a b]x[cd](rf) = rff[ab]x[c af

iii) fg la ham kha tich Riemann trén [a, b] X [c, d].

iv) néu ton tai mot sé6 duong § > 0 sao cho |f(x,¥)| = & véi moi (x,y) € [a, b] x [c,d] thi 1/f 1a ham
kha tich Riemann trén [a, b] X [c,d].

v) néu f(x,y) = 0 véi moi (x,y) € [a,b] X [c,d] thi f% la ham kha tich Riemann trén [a, b] X [c, d] voi
moi k € N.




Chitng minh két qua 1.9.

Gia str cho trudc s6 thuc duong € > 0. Tir diéu kién Riemann, ton tai phan hoach Q va R cua [a, b] X [c, d]
saochoU(Q,f) —L(Q,f) <evaU(R,g) —U(R,g) < &. Giasu P, la mot phép min hdéa chung cta Q va R.

Khi d()a U(Pg;f) - L(Pg,f) < U(Qlf) - L(Qif) <¢g Vé— U(Peug) - L(P&"g) < U(R!.g) - L(R!g) <E&.
i) Giasu P, = {(x;,5;):i =01,..,nvaj=0,1,..,k}

Khi do, M; ;(f + g) < M ;(f) + M ;(g) vam, ;(f +g) = m;;(f) +my;(g), véimoii=1,..,nvaj=
1,..,n.

Bang cach nhan ca hai vé cac danh gid trén véi (x; — x;-1) (y; — ;1) valay tong hai I6p tr i = 1 dén i =
nvatrj = 1dénj = n, ching ta thu dugc

UP,f+g) <UL, f)+UP,g)vaL(P,f+g) =L, f)+L(,g).
Nhu’V@y, U(P{;‘rf + g) - L(P{;‘rf + g) < U(P&‘if) - L(Pé‘!f) + U(P&‘!g) - L(P.S!.g) <et+e=2e.
Tur diéu kién Riemann, f + g 1a ham kha tich Riemann trén [a, b] % [c, d].

Hon nita, néu a :== U(P., f) + U(P.,g) va B == L(P., f) + L(P., g) thi
B<LPf+@ <L+ = [[peaf tD=UF+9) <UE.f+9) <a
Ddng thoi, chung ta ciing c6

B <L(f)+L(g) = ff[a,b]x[c,d]f + ff[a,b]x[c,d]g =U(f)+U(9) <«

Nhu vay,
|ff[a,b]x[c,d]f + -U[a,b]x[c,d]g - ff[a,b]x[c,d](f + g)| sa—-f<2e

Do s6 thuc duong € > 0 ¢c6 thé nho tly ¥ nén ff[a,b]x[ad](f +g) = ff[a,b]x[c,d]f + ff[a'b]x[ad] g.
i) Néur = 0 thi rf (x, y) = 0 véi moi (x,y) € [a, b] X [c,d], nén khang dinh (ii) I hién nhién.

Giastr > 0.Khido, L(P,rf) =rL(P,f) vaU(P,rf) = rU(P, f), v&i moi phan hoach P cua [a, b] X
[c,d], nén

L(rf) =rL(f) =rU(f) = U(rf).

Nguoc lai, néur < 0 thi L(P,rf) = rU(P, f) vaU(P,rf) = rL(P, f), véi moi phan hoach P cua [a, b] X
[c,d], nén

L(rf) =rU(f) =rL(f) = U(rf).

Nhu vay, rf kha tich Riemann trén [a, b] X [c,d] va ff[a b]x[cd](rf) = rff[a S



i) Voimoi i = 1,...,n,j = 1,..,n,va (x,¥), w,v) € [xi_y, %] X [yj_1,¥i],
FPxy) — FPwv) = flx,»gl,y) —gw )]+ [f(x,y) — f(w,v)]gwv)
<1fCNglxy) —glwv)| + 1gwv)IIf(x,y) — f(u,v)l
< M(IfD[M;;(9) = my ;@] + MUgD[M;;(f) —my ; ()]

Béng cach lay supremum (x,y) € [x;_1,x;] X [yj—1,¥;] vainfimum (w, v) € [x;_1, %] X [;_1,¥;], ching
ta thu duoc

M;;(fg) —my;(fg) < MUfD[M;;(9) — my (@] + MUgD[M;;(f) —my ;(F)].

Bang cach nhan ca hai vé danh gia trén véi (x; — xi_l)(yj - yj_l) va lay tong hai lsptri = 1 &ni =n
vatlrj = 1 dénj = n, chang ta thu duoc

U(P., fg) — L(P., fg) < M(IfDIUCP, g) — L(P,, @)1 + M(IgDIU (P, ) — L(F,, )]
<[MUfD +M(>gDle.
Do sé thuc duong € > 0 ¢6 thé nho tly ¥ nén fg 1a ham kha tich Riemann trén [a, b] x [c, d].
iv) Gia str ton tai mot sé thuc dwong 8 > 0 sao cho |f (x, y)| = & véi moi (x,y) € [a, b] X [c,d].
Véimoii=1,..,n,j=1,..,nva(x,y),(wv) € [x;_q,x;] X [yj_l,yj],

1 1 f(u'v)_f(x'y) If(urv)_f(xry)l 1
fy)  fwy)  FEnfwy) T IfEnIfwy)| T 82 [ 0 (f) 0 (f )]

Béang cach lay supremum (x,y) € [x;_1,x;] X [y;_1,¥;] va infimum (u, v) € [x;_y,x;] X [yj_1,¥;], chling
ta thu duoc

1

M;; (;) —my; (%) < %[Mi,j(f) — mi,j(f)]'

Béang cach nhan ca hai vé danh gia trén voi (x; — x;_1)(y; — yj—1) va lay tong hai lép tri = 1 déni =n
vatlr j = 1 dén j = n, ching ta thu dugc

U(Rz) =L (P7) < 5 U~ LR NI < 5

Do sé thuc duong & > 0 ¢6 thé c6 gia tri nhé tiy ¥ trong khi sé thuc duong & > 0 ¢6 gia tri ¢é dinh nén =

\h

la ham kha tich Riemann trén [a, b] X [c, d].

(v) Vi moi k € N, Ki hiéu F := f.

Pau tién, ching ta gia st ton tai mot s6 thue duong 8 > 0 sao cho f(x,y) = & véi moi (x,y) € [a, b] X
[c, d].

V&i moi (x,y), (u,v) € [a,b] X [c,d],

fOoy) = fwv) = [FC,y) — Fw,v)] Z5_ F e, ) 7F (w,v) 71



f(ny)_f(qu)
2K Feoy)k=IF(up)i—1'

Nhu vay, F(x,y) — F(u,v) =

. . k—j j-1 k-1
Do F(x,y)* 'F(u,v)) "1 >8xk 6k =8 k >0véimoij=1,..,k, nén

fxy)—f(uv) < [y —fwy)

k k—j -1 — k-1
i Fey)*JF(uv)) k6 T

F(x,y) — F(u,v) =

NéuP ={(x;y;):i =0,1,..,nvaj = 0,1, ..., k} la mot phan hoach bat ki cua [a, b] X [c,d] va
(x,y), (W, v) € [x;_1,x;] X [yj_l,yj] (i=01,..,nvaj=0,1,..,n) thi

- M; ; —m: :
F(x,y) — F(u,v) < f(xy) k{gu,v) < 1,j(F) kinll,,(f).

ks ko kS K
Béng cach lay supremum (x,y) € [x;_1,x;] X [yj_1,¥;] vainfimum (w,v) € [x;_1, %] X [y;_1,¥;], ching
ta thu duoc

M; ;(f)—-m; ;(f)
ké k
Béang cach nhan ca hai vé danh gia trén voi (x; — x;_1)(y; — yj—1) va lay tong hai lop tri = 1 déni =n
vatlrj = 1 dénj = n, chang ta thu duoc

1

= [UP, ) — L(P,D].

U(P,F) — L(P,F) <
ké

Do f kha tich Riemann trén [a, b] X [c,d] nén F cling 1a mot ham kha tich Riemann trén [a, b] X [c, d]
(diéu nay suy ra tir diéu kién Riemann).

Tiép theo, chling ta s& xét trudng hop tong quat cho cac ham £ khdng &m kha tich Riemann trén

[a, b] X [c,d]. Gia sit § > 0 va xét cac ham g, G: [a, b] X [¢, d] — R xac dinh béi cac cong thuc

1
glx,y) = f(x,y) + 6 vaG = gk.
Khi d6, g 1a mot ham kha tich Riemann trén [a, b] X [c, d] (diéu nay suy ra tir khang dinh (i) cua

Két qua 1.9) va g(x,y) = & véi moi (x,y) € [a,b] x [c, d]. Nhiing gi ching ta da chitng minh & trén chi ra
rang G ciing 1a mot ham kha tich Riemann trén [a, b] X [c, d]. Hon nita, do f 1a mot ham khéng &m nén

G—0k=(f+8)k—0k<fi=F < (f+ 8k =G.
Nhu vy, L (G - %) < L(F) < U(F) < U(G).
Tuy nhién, L (G — &%) = L(6) — 8k(b — a)(d — ¢) = U(G) — 8¥(b — a)(d - c), nén
0<UF) - LF) UG - L (6 - 5%) = 5%(b — &) (d - ©)

1 1
Do 6k — 0 khi§ - 0 nén F = f* la mot ham kha tich Riemann t™'rén [a, b] X [c, d].



Nhan xét rang khong c6 cach nao don gian dé c6 thé biéu dién tich phan Riemann ciia ham f g theo tich
phan Riemann cua f va g. Két qua 1.15) s& cung cap cho chling ta mot phuong phap dé tinh gia trj cua cac
tich phan Riemann c6 dang fg bang céch bo sung thém mét sé gia dinh phu cho cac ham £, g.

Véi cach ki hiéu va cac gia thiét néu o trén, ching ta cd thé chimg minh duoc rang ham (f — g) ciing 1a
maot kha tich Riemann trén [a, b] va f;(f —9)(xX)dx = ff f(x)dx — ffg(x)dx (diéu nay suy ra tur su két
hop cua cac khang dinh (i) va (ii) cua Két qua 1.9). Hon nira, v&i moi n € N, f™ 1a mot ham kha tich
Riemann trén [a, b] (diéu nay suy ra tir viéc ap dung lién tiép khang dinh (iii) cua Két qua 1.9). Tuong tu, néu
ton tai mot sé thuc duong § > 0 sao cho |g(x)| = § v6i moi x € [a, b] thi f/g cling 1a mot ham kha tich
Riemann trén [a, b] (diéu nay suy ra tir su két hop caa cac khang dinh (iii) va (iv)). Bong thoi, néu f(x) = 0
v6i moi x € [a, b] thi, véi moi r € Q,, ™ 1a mot ham kha tich Riemann trén [a, b] (diéu nay suy ra tir viéc
moi s6 hitu ti duwong r € Q, déu biéu dién dugc dudi dang r = n/k véin, k € N va su két hop cua cac khang
dinh (iii) va (v)).

Tur Két qua 1.9), tinh kha tich Riemann duoc bao toan qua cac toan te " +"," =", "-"," /" tuong ty nhu
viéc tinh lién tuc va tinh kha vi duoc bao toan qua cac toan te " +"," =", "+ ", " /" da duoc biét dén tir
truéc. Tuy nhién, phép hop thanh cua hai ham kha tich Riemann khong nhat thiét phai 1a mot ham kha tich
Riemann trong khi phép hop thanh cua hai ham lién tuc (hoac hai ham kha vi) thi ludn Ia mot ham lién tuc
(hoac ham kha vi).

Tinh chat thi ty cia tich phan Riemann hai 16p.

Két qua 1.10.

Giast f,g:[a,b] X [c,d] = R la cac ham kha tich Riemann. Khi d6:
i) Néu f < gthi Heapicarf = Wapixiear9-

if) Ham |f| kha tich Riemann trén [a, b] x [c,d] va |ff[a,b]x[ad]f| < ff[a,b]x[c,d]lfl'

Chieng minh két qua 1.10.
1) Giast f(x,y) < g(x,y) véi moi (x,y) € [a,b] X [c,d].

Khi do, U(P, f) < U(P, g), v6i moi phan hoach [a, b] X [c,d], nén

ﬂ[a,b]x[c,d]f =U(f)<U(9) = ﬂ[a,b]x[c,d]g :

ii) Gia st cho trudc s6 thuc duong € > 0. Tur diéu kién Riemann, tén tai mot phan hoach P. cua [a, b] X
[c,d] sao cho U(P,, f) — L(P., f) < &. Giast P. = {(x;,¥;):i=01,..,nvaj =0,1,.., k}.

Véimoii=1,..,n,j=1,..,nva(x,y),(w,v) € [x;_1,x;] X [yj_l,yj],

1£1C0y) = 1f 1w, v) < |f (6 y) = fwv)l < Mi(f) — mi(f).

Bang cach lay supremum (x, y) € [x;_1,x;] X [yj_1,¥;] vainfimum (u, v) € [x;_1,x;] X [y;_1,;], ching
ta thu duoc




M;(fD) — m(IfD < My (f) — my(f).

Bang cach nhan ca hai vé danh gia trén voi (x; — x;_1)(y; — yj—1) va lay tong hai lép tri = 1 déni =n
vatlr j = 1 dénj = n, ching ta thu dugc

U(Pgl |f|) - L(PSI |f|) S U(PSJf) - L(PSJf) < E.
Tur diéu kién Riemann, |£] 1a mot ham kha tich Riemann trén [a, b] x [c, d].

Hon nira, do —|f|(x,y) < f(x,y) < |f|(x,y) v&i moi (x,y) € [a, b] X [c,d] nén

ff[a,b]x[c,d] —Ifl = ff[a,b]x[c,d]f S ff[a,b]x[c,d]lf k
(diéu nay suy ra tir khang dinh (i) cua Két qua 1.10)

Tuy nhién, ffi, yivear =11 = = Japiwicalf! (diéu nay suy ra tir khang dinh (ii) cia Két qua 1.9), nén

|ff[a.b]x[c.d]f | < Jrapicalf! 0

Nhan thay rang moi ham sé f: [a, b] X [c,d] = R déu cd thé biéu dién lai dudi dang f = f* — f~, trong
do f+= 'f'TJrf vaft= 'f'T_f la c4c ham sé khong am xac dinh trén [a, b] X [c, d] bai cdng thic

ft(x,y) = max{f(x,y),0}va f~(x,y) = —min{f(x, y), 0} v&i moi (x,y) € [a, b] X [c,d]. Cac ham f* va
£~ lan lugt duoc goi 1 phan dwong va phan Am cua ham f. Tir khiang dinh (ii) caa Két qua 2.6) va khing
dinh (ii) cua Két qua 2.5), ham f kha tich Riemann khi va chi khi f* va £~ déu la cac ham kha tich Riemann
trén [a, b] va

ff[a,b]x[c,d]f = ff[a,b]x[c,d]f t- ff[a,b]x[c,d]f E

Tinh chit nay dong mét vai trd quan trong trong qua trinh ma rong tir khéi niém tich phan Riemann 1én tich
phan Lebégue (dang khai quat thong dung nhat cua tich phan Riemann trong cac van dé vé khoa hoc — k§
thuat).

Pinh li Fubini trén cac hinh chir nhat.

Trong cé4c phan tich trudc cua bai viét, chiing ta chu yéu chi khao sat cac két qua vé tinh kha tich va

phuong phap danh gia tho cho gia tri ctia cac tich phan Riemann hai 16p | f[ edl f. Trong phan nay caa bai

a,b]x
viét, chling ta s& trinh bay mot y tuang don gian gidp giam do phuc tap cia cac bai toan tich phan Riemann
hai 16p cua nha todn hoc Fubini:

Két qua 1.11. (Pinh Ii Fubini trén cac hinh chir nhat)

Gia st f:[a,b] X [c,d] = R la mét ham kha tich Riemann va ki hiéu I Ia tich phan Riemann cua f trén
[a,b] X [c,d].

i) Néu, voi mdi diém x € [a, b], ton tai tich phan Riemann [ £(x, )dy thi tn tai tich phan I3p
b( d s
I, (fc f(x, y)dy) dx va bang I.




i) Néu, véi mdi diém y € [c, d], ton tai tich phan Riemann f;f(x, y)dx thi ton tai tich phan lap
d b Ny
I, (fa f(x,y)d x) dy va bang 1.
iii) Néu cac diéu kién (i) va (ii) duoc thoa man hoic f 1a mot ham lién tuc trén [a, b] X [c, d] thi

L reoydy) de = [ Fay)d ) dy = [ e FOo A ).

Chitng minh két qua 1.11.

Gia str cho trudc sb thue duong € > 0. Tir diéu ki¢n Riemann, ton tai mot phan hoach P, = {(x;, yj): [ =
0,1,..,nvaj=0,,..,k}cualab] X [c,d] sao cho U(P,, f) — L(P., f) < e.

i) Gia sir vai mdi diém x € [a, b], ton tai tich phan Riemann fcdf(x,y)dy.
Xét ham A: [a, b] = R xac dinh bgi cong thirc A(x) = fcdf(x,y)dy.
Dom(f)(d —c) < A(x) < M(f)(b — a) v&i moi x € [a, b] nén A la mot ham bi chan trén [a, b].
Tt tinh chat cong mién cua tich phan Riemann cho cac ham mat bién,
AG) = Zjafy) Floydy.
Hon nira, v&i mdi i € {1, ...,n},
Yo my;(F)(yj — yj-1) < AKx) < Yoy M; ; () (v — yj—1) v6i moi x € [x;_4, x;].
Bang cach ki hiéu M;(A4) = sup{A(x):x € [x;_q,x;]1} vam;(4) = inf{A(x):x € [x;_1, x;1},
2921 my ;(F)(yj — vj-1) <m;(4) < M;(4) < 2521 M; ; (N — yj-1)-
Bang cach nhan ca hai vé danh gia trén véi (x; — x;_,) va ldy téng tir i = 1 dén i = n, ching ta thu dugc
L(P,f) = ?:1[2?:1 m; ;i () (v — yj-1)] e = xi-1)
< Xi=1mi (A) (g — x_4)
< Xzt Mi(A) O — x;-1)
X | ?:1 M ;(N(y; —yj—)] G — xi-1) = U, f)

Nhu vay, phan hoach P, cia [a, b] X [c, d] cam sinh mot phan hoach P := {x,, x4, ..., x,,} cua [a, b] sao
cho

UP,A) — L(P,A) = X [M;(4) — mi(A)](x; —x;-1) S UR, f) —L(P, ) <.

Tu diéu kién kha tich Riemann cho cac ham mot bién, A kha tich Riemann trén [a, b]. Hon nita, do
b .
L(P,f) < L(P,A) < [, AC)dx S UP,A) S U, VAL f) < [[ e f 6 2)d (e, y) S UCP, f)




A b
nen |1, e f o)A Y) = [ AGdx| S UGB, F) = L(R. f) < &.
X L, ey . N PN b
Do s6 thuc duong & > 0 ¢6 gia tri nho tly y nén ff[a’b]x[crd]f(x, yd(x,y) = |, A(x)dx.
ii) Gia str vai mdi diém y € [c, d], ton tai tich phan Riemann fff(x, y)dx.

Xét ham B: [c,d] ~ R xéc dinh boi cng thirc B(y) = [ f(x, y)dx.

Phép chirng minh dugc thyc hién twong ty nhu trong khang dinh (i) cua Két qua 1.11).

iii) Néu cac diéu kién (i) va (ii) dugc thoa man thi khang dinh 1a hién nhién do khang dinh (i) va (ii).

Gia str f 1a mot ham lién tuc trén [a, b] X [c, d].

Khi d6, vi mdi diém x € [a, b], ham y +— f(x,y) lién tuc trén [c, d] va, véi mbi diém y € [c, d],
ham x — f(x,y) lién tuc trén [a, b].

Nhu vy, v6i moi x € [a, b], ton tai tich phan Riemann fcdf(x, y)dy va, v&i moi v € [c, d], ton tai tich
phan Riemann f:f(x, y)dx.

Tir khang dinh (i) va (i) cua Két qua 1.11),

b d d b
I femdy) dx = [ (1) fGoy)dx) dy = [ pea fO9IAC). =
Pinh li co' ban caa giai tich cho cac ham hai bién.

Nhéc lai rang mot trong s6 nhitng két qua tuyét voi nhat ma ching ta da dat duoc khi khao séat phép tinh
tich phan Riemann trén cac ham mat bién chinh 13 “Pinh li co ban caa giai tich”. Két qua nay chi ra rang
phép tinh vi phan va phép tinh tich phan la nghich dao cua nhau:

Pinh li co ban caa giai tich.
Gia st f: [a, b] = R la mot ham kha tich Riemann.
i) Néu ton tai mot ham F: [a, b] — R sao cho F lién tuc trén [a, b], kha vi trén (a, b) va F’ = f trén (a, b)

thi [ f(x)dx = F(b) — F(a).

if) Néu ham £ lién tuc tai diém ¢ € [a, b] thi ham F: [a, b] — R xac dinh boi cng thuc F (x) := f;f(t)dt
kha vi tai diém c va F’(c) = f(c).

(Phép chizng minh chi tiét cho Binh 1i co ban cua giai tich dugc trinh bay trong bai viét “Phép tinh tich
phan Riemann cho ham mét bién”)

Pinh li co ban cua giai tich c6 thé ma rong 1én cho cac ham hai bién bang cach dinh nghia thém khai niém
tich phan dudng — Cong thic Green (xem lai Két qua 1) va 2) trong bai viét “Ly thuyét tich phan cac ham
chinh hinh). Trong bai viét nay, ching ta s& gisi thiéu mot dang tuwong tu khac cia Pinh i co ban cua giai




tich cho cac tich phan Riemann hai 16p doc 1ap véi Cong thicc Green. Két qua nay ciing phat biéu rang cac
phép tinh vi phan bac hai va phép tinh tich phan hai 16p 1a nghich dao cua nhau.
Dé bat dau, ching ta s& chirng minh maot sb tinh chat co ban cia ham F: [a, b] X [¢,d] = R xéc dinh boi

cong thuc F(x,y): = ff[ax]x[cy]f(s, t)d (s, t) véi moi (x,y) € [a,b] X [c,d].

Két qua 1.12.
Gia st f: [a, b] X [c,d] = R la mot ham kha tich Riemann va F: [a, b] X [c¢,d] — R 1a ham xac dinh béi

cong thuc F(x,y): = ff[ax]x[cy]f(s, t)d (s, t) véi moi (x,y) € [a, b] X [c, d]. Khi do:

i) F 1a mot ham lién tyuc trén [a, b] X [c, d]. Hon nita, F thoa man diéu kién Lipschitz trén [a, b] X [c, d],
nghia 13 ton tai mot sé thue duong L > 0 sao cho

|F(x,y) — F(u,v)| < L|(x,y) — (u,v)|, véi moi (x,y), (u,v) € [a, b] X [c,d].

ii) Gia str cho truge diém (x,, v,) € [a, b] X [c, d]. Khi d6, néu f 1a mot ham lién tuc theo bién x tai x,,
nghia 1 v6i moi 6 thuc duong & > 0, ton tai mot sb thuc dwong 6 > 0 sao cho

x € [a,b],|x —xo| <& = [f(x,y) — f(x0,¥)| <&, v6imoiy € [c,d],
va [7° £ (o, t)dt 11 tai thi F, (xo, yo) tON tai v Fy (xo,v0) = [7° f (3, .

iii) Gia str cho trude diém (x,, y,) € [a, b] X [c, d]. Khi d6, néu f 12 mot ham lién tuc theo bién y tai y,,
nghia 1 v&i moi 6 thuc duong & > 0, ton tai mot sb thue dwong 6 > 0 sao cho

y € [Cld]l |Y_YO| <é= |f(x;)’) _f(x;YON <§, Véi mOI X € [a,b],

va f;co £ (s,¥)ds ton tai thi F, (xo, yo) ton tai va F, (x,, vo) = f;of(s, Yo)ds.

Chieng minh két qua 1.12.
i) Do f la mot ham kha tich Riemann trén [a, b] X [c, d] nén f ciing 1a mot ham bi chan trén
[a, b] X [c,d], nghia la ton tai mot s6 thyc duong a > 0 sao cho |f(s, t)| < a vdi moi (s, t) € [a, b] X [c,d].

Gia st (u, v) 1a mot diém bat ki nam trong [a, b] X [c, d].

Khi d6, F(x,y) — F(u,v) = ff[a’u]x[v'y]f + ff[u,x]x[c,v]f + ff[u'x]x[v'y]f, véi moi (x,y) € [a, b] X [c,d].
Tu Két qua 1.5), |F(x,y) — F(u,v)| < a((b —a)|ly—-v|+d-c)|lx—u|+|x—ully - vl).

Néu ki hiéu K := max{b — a,d — c} vanhan xét rang ca |x — u| va |y — v| déu < |(x,y) — (u, v)| va
lx —ully —v| < K|(x,y) — (w,v)| thi

|F(x,y) — F(u,v)| < L|(x,y) — (u,v)| véi L = 3aK.
Nhu vay, F s& thoa man diéu kién Lipschitz trén [a, b] X [c, d], nén F 1a mot ham lién tuc trén

[a,b] X [c,d].




ii) Gia str cho trugc diém (x,,v,) € [a, b] X [c, d]. Gia st diéu kién € — & néu trong khang dinh (i) cua Két
qua 1.11) duoc thoa mén va [° £ (xo, t)dt ton tai.

Tur Két qua 1.11), véi moi x € [a, b] va x # x,,
Lo (2 f o 0dt)ds = [, iener f o (s, )
= ([7° £ G0, 0d8) (1 ds) = [y, sty f Cor (s, )
= (= x0) (7" f (0, 00d8) = [l inieye f o (s, 0)

= [0 f o )t = —

[x0.x]x[c,y0] f(xo,t)d(s, t).

T Két qua 1.7), voi moi x € [a, b] va x # x,,
F(x, YO) - F(xor YO) = ff[a,x]x[c,yo]f(s’ t)d(S! t) - ff[a,xo]x[c,yo]f(s’ t)d(S, t)

= F(x,y0) — F(x,¥0) = ﬂ[xo,x]x[c,yo]f(s' t)d(s, t).

Nhu vay, v6i moi x € [a, b] va x # x,,

F(x,y0)~F(x0,¥0) fCJ’o Fxo, t)dt = ff[xo,x]x[c,yo] [f(s,t) — f(xo,t)]d (s, t).

X—Xg
Gia str cho trudc sb thuc duong € > 0, ton tai mot sb thue dwong 6 > 0 sao cho
x €la,bl,|x —xo|l < 6= |f(x,t) — f(xg,t)] < ﬁ , VGi moi t € [c,d].

Tir Két qua 1.5), voi moi x € [a, b] va x # x,,

|F(xJ’0) F(x0.Y0) fJ/of(xO’ t)dt| < __lx xol(d — C) = &.

X—Xg
Nhu vay, E,(xo, yo) ton tai va E.(xo, yo) = fcyof(xo, t)dt.
iii) Phép chiig minh duoc thuc hién tuong tu khang dinh (i) cua Két qua 1.12). O

Tiép theo, chling ta s& chiing minh dang twong ty caa Pinh 1i co ban caa giai tich cho cac ham hai bién:

Két qua 1.13. (Pinh li co ban caa giai tich cho cac ham hai bién)

Giasu f: [a, b] X [c,d] - R la mot ham kha tich Riemann.

i) Néu ton tai mot ham F: [a, b] x [c,d] = R thoa man cac tinh chat sau:

e Vi mbi diém y, € [c, d], ham x — F(x,y,) lién tuc trén [a, b], kha vi trén (a, b).
e /i mbi diém x, € [a, b], ham x — F(x,, y) lién tuc trén [c, d], kha vi trén (c, d).

e F,, ton tai va bang f trén (a, b) X (¢, d).




Khi 6, [f}, 1xjear f @ M)A, y) = AYSF = F(b,d) — F(b,c) — F(a,d) + F(a, ).

i) GiasuF:[a,b] x [c,d] = R 1a ham x4c dinh bgi cong thuc F(x, y) := ff[a Axle y]f(s, t)d(s,t) véi
moi (x,y) € [a, b] x [c, d]. Gia sit cho trudc diém (x4, ) € [a, b] X [c,d] va f thoa man cé4c tinh chat sau:

e \/Gi moi s6 thuc duong £ > 0, ton tai mot s6 thyce duong § > 0 sao cho

x €la,bl,|x —xgl <= |f(x,y) — f(xo,¥)| < &, v&i moi y € [c,d].
e Ham y: [c, d] — R xac dinh béi cdng thac Y (t) == f(x,, t) Vi moi t € [c, d] kha tich Riemann trén
[c,d] va lién tuc tai y,.
Khi do, Fyy, (xo, yo) ton tai va Fey (x0,¥0) = f (%0, ¥0)-
iii) Gia st F: [a, b] X [c, d] = R 1a ham x4c dinh bgi cong thuc F(x, y) := ff[a’x]x[ay]f(s, t)d(s,t) véi

moi (x,y) € [a, b] X [c, d]. Gia sir cho trude diém (x4, y,) € [a, b] X [c,d] va f thoa man céac tinh chat sau:

e \/Gi moi s6 thuc duong € > 0, ton tai mot s6 thuc duong § > 0 sao cho

y€lc,dlly =yl <8 =1f(x,y) — fx,y0)| <&, v6i moix € [a,b].
e Ham ¢: [a, b] — R xac dinh bai cong thuc ¢ (s) == f (s, y,) v&i moi s € [a, b] kha tich Riemann trén
[a, b] va lién tuc tai x,.

Khi dé, Fyx (xo, yO) tén tal va Fyx (xo, yo) = f(xo, yo)

Chieng minh két qua 1.13.
i) GiastP = {(x;,y;):i=01,..,nvaj=0,1,..,k}1amot phan hoach cua [a, b] X [c, d].
Béng cach ap dung dinh Ii gia tri trung binh cho thu hep ciia F trén hinh chit nhat [x;_y, x;] X [y;_1,¥;]
(i=0,1,..,nvaj=0,1,..,k), ton tai mot diém (x{“'j,yi":j) € [x;_1, x;] X [yj_l,yj] sao cho
F(xi,y;) = F(xio, ;) = F(xu9jm1) + F(xio1, ¥j-1) = Foy (685 vi5) (i = e ) (v — ¥j-1)
= F(x;,5;) = F(xie,3;) = F(x0¥j-1) + F(ximn,¥j-1) = f(xi5vi) (o = %) — ¥j-1)
Bang cach lay tong tri = 1,...,nvaj = 1, ..., k, ching ta c6
F(b,d) —F(b,c) = F(a,d) + F(a,c) = Xty By £ (%0, vi) G — 22 () — yj-1)-

Nhu vay, L(P,f) < F(b,d) — F(b,c) — F(a,d) + F(a,c) < U(P, f), voi moi phan hoach P cua [a, b] X
[c,d].

Bang cach lay supremum va infimum trén tap tit ca cac phan hoach P cua [a, b] X [c,d], chlng ta c6

L(f) = supL(P,f) < F(b,d) — F(b,c) —F(a,d) + F(a,c) < infU(P, f) = U(f).




Do f la mot ham kha tich Riemann trén [a, b] X [c, d] nén
ff[a'b]x[ad]f(x, y)d(x,y) = F(b,d) — F(b,c) — F(a,d) + F(a,c).

ii) Gia st cho trude diém (x,,y,) € [a, b] X [c,d].

Do ham y: [¢, d] — R xac dinh bai cong thic ¥ (t): = f(x,, t) v6i moi t € [c, d] kha tich Riemann trén
[c,d] nén vy cling kha tich Riemann trén [c, y] v6i moi y € [c, d], nghia la fcyf(xo, t)dt ton tai vi moi y €
[c, d]. Tir khang dinh (i) cua Két qua 1.13), F, (x,, y) ton tai va F,(x,, y) = fcyf(xo, t)dt = fcy Y (t)dt Véi
moi y € [c, d]. Hon nira, do v lién tuc tai y, nén F, (xo, yo) ton tai va Eey (x0,¥0) = Y (o) = f(x0,¥0)-

iii) Phép chimg minh duoc thuc hién tuong ti khang dinh (ii) cua Két qua 1.13). m

Két qua 1.14.
Giasu f: [a, b] X [c,d] = R la mot ham lién tuc va F: [a, b] X [c,d] = R 1a ham x4c dinh bi cong thirc
FO,Y): = [ auiey f(5:)d(s, £) véi moi (x,y) € [a,b] X [c, d].

Khi ¢, F, F,,, F,,, va F,, xac dinh trén [a, b] X [c, d].

Hon nita, F(xo,¥0) = fcyof(xo:t)dt, Fe(x0,¥0) = fcyof(xm t)dt, Fy, (xo,¥0) = Fyx(x0,¥0) = f (X0, ¥0),
Véi mOI (XOJyO) € [al b] X [Cl d]

Chieng minh két qua 1.14.
Phép chirng minh dugc suy ra truc tiép bang cach tong hop cac két qua 1.12) va 1.13).

Nhéc lai rang, hai tng dung quan trong nhit cua dinh li co ban cua giai tich cho cac ham mét bién thuong
dugc goi 1a “Cong thikc tich phan tirng phan” va “Céng thire ddi bién” (xem lai bai viét “Phép tinh tich
phan Riemann cho ham mét bién”). Duéi day, ching ta s& ching minh cac dang twrong tu cua cdng thirc
tich phan tirng phan va cong thtrc d6i bién cho céc tich phan Riemann hai 16p:

Két qua 1.15. (Céng thikc tich phan tirng phan cho tich phan hai l6p)

i) Giast R = [a,b] X [c,d] VA f, g,G: R — R la cac ham kha tich Riemann thoa méan cac diéu kién sau:
e fVva G lacac ham lién tuc theo bién x trén [a, b].

® fo fyr fry Gx VA G, tON tai va kha tich Riemann trén R.

e f, va G, la cac ham lién tuc theo bién y trén [c, d].

® G,, tontai va G,, = g trén R.

Khi do,

[f, fg=229¢6) = [, (AGy + £,Gx + fiy G),




trong d6 Afge) (f6) = (f)(b,d) ~ (&) (b, ©) = (f6)(a,d) + (fG)(a,0).
ii) Gia sit R == [a,b] X [c,d] va f,g,G: R — R la cac ham kha tich Riemann thoa man cac diéu kién sau:
e f VA G la cac ham lién tuc theo bién y trén [c, d].
® fo fy fyx Gx VA G, tOn tai va kha tich Riemann trén R.
e f, va G, lacac ham lién tuc theo bién x trén [a, b].
® Gy, tontaivaG,, = g trén R.
Khi do,
[y £9= Bae (FO) = [l (fGy + f,Ge + f6),

trong 46 Afp'e) (fG) = (fG)(b,d) = (fG)(b,c) — (fG)(a, d) + (fG)(a,c).

Chirng minh két qua 1.15.

Gia st H := fG. Tir khang dinh (ii) caa Két qua 1.9), H kha tich Riemann trén R.

Hon nita, Hy = fGy + f,G Va Hyy = fGyy + f,Gx + fxGy + foyG = fg + fxGy + [, G + foy,G.
Xeétham h: R — R xac dinh béi cong thiuc h :== fg + f,.Gy, + f,,G, + fi, G. Khi d0, H,,, = h trén R.
Tir khang dinh (i) cua Két qua 1.13),

b,d
[, h= Aga’c))H

> [f, h =200 (f6)

> [, f9=009F6) = [[, (£Gy + f,Gx + fiy G)-
i) Phép chitng minh dugc thyc hién twong ty nhu trong khang dinh (i) cia Két qua 1.15). O

Nhan xét rang ham G néu trong cach khang dinh (i) va (ii) cua Két qua 1.15) khong dugc xac dinh mot
cach duy nhat. That vay, néu ching ta thay G (x, y) boi G(x,y) + ¢(x) + P (y) véi ¢ 1a mot ham kha vi theo
bién x trén [a, b] va 1 la mot ham kha vi theo bién y trén [c, d] thi dieu kién G, = g van dugc théa man.

Két qua 1.16. (Cong thire ddi bién cho tich phan hai lép)

) Giasta,B,y,6 ERVoia < fvay <8, kihieuE = [a,B ] X [y, 6] 1a mét hinh chit nhat nam trong
R?. Gia st ®: E — R? la mot phép bién hinh xac dinh bai cong thic ®(u, v) = (p(w), P (v)) véi moi
(u,v) € E, trong d6 ¢: [a, B] » Rvay: [y, 8] = R la cac ham kha vi sao cho ¢’ 1a mét ham kha tich
Riemann trén [a, 8] va ¥’ 1a mot ham kha tich Riemann trén [y, &].

Khi d6, D = ®(E) la mét hinh chit nhat nam trong R? va Jacobian J(®) cua phép bién hinh & duoc tinh
bai cong thiac J () (u, v) = ¢’ (w)y’ (v) véi moi (u,v) € E.




Hon ntra:

i") Néu f:D — R la mot ham lién tuc thi (f o ®)J(P) l1a mot ham kha tich Riemann trén E va

Jigt@sonmesepent @»Id0ay) = [l (@) (@)@ v)dw,v).
i) Néu f: D — R 1a mot ham kha tich Riemann va J (®)(u, v) # 0 véi moi (u, v) € R? sao cho

a<u<pBvay<v<§thi(fod)|J(dP)|lamot ham kha tich Riemann trén E va

I, faedy) = [f, f(@@ ) (@)W v)|dw,v).

ii) Giastra,8,y,6 ERVSia < B vay < &, ki hieuE := [a, B ] x [y, 8] 1a mot hinh chit nhat nim trong
RZ2. Gia st ®: E — R? 1a mot phép bién hinh xac dinh béi cong thic ®(u, v) = (Y (v), p(w)) véi moi
(u,v) € E, trong d6 ¢: [a, B] » Rvay:[y,5] - R la cac ham kha vi sao cho ¢’ 1a mot ham kha tich
Riemann trén [, B] va ¢ 1a mot ham kha tich Riemann trén [y, §].

Khi d6, D = ®(E) la mét hinh chit nhat nam trong R? va Jacobian J (®) cua phép bién hinh & dugc tinh
bai cong thic J(P) (u, v) = —¢' (W)Y’ (v) véi moi (u,v) € E.

Hon ntra:

ii") Néu f:D — R la mot ham lién tuc thi (f o ®)J(P) 1a mot ham kha tich Riemann trén E va
Uiy wensipasenf @dcy) = = [l f(®0 )] @)W v)dw,v).

ii") Néu f: D — R 1a mot ham kha tich Riemann va J (®)(u, v) # 0 véi moi (u, v) € R? sao cho

a<u<pBvay<v<éthi(fod)|J(P)|la mot ham kha tich Riemann trén E va

I, fey)dx,y) = ff, (@@ v)|)(@)w,v)|du,v).

Chirng minh két qua 1.16.

i) Do ¢ va 1 lan luot 1a cac ham kha vi theo bién u va v nén ¢ va i ciing 1a cac ham lién tuc theo bién u
va v. Nhu vay, ¢([a, B]) va ¥ ([c, d]) la cac khoang con dong va bi chan trong R. Ki hiéu [a, b] == ¢([a, B])
va [c,d] = P([c,d]).

Hién nhién, D := ®(E) chinh 1a hinh chix nhat [a, b] x [c, d] trong R? va J(®) (u, v) = ¢’ (W)Y’ (v) véi
moi (u,v) € E.

i') Gia st f: D = R la mot ham lién tuc.
Xétham F: D — R xac dinh boi cong thac
F(x,y):= ff[a‘x]x[c,y]f(s, t)d(s,t) v&i moi (x,y) € [a,b] X [c,d].

Tu Két qua 1.14), F,, F,, Fy,, ton tai va F,, = f trén D.




Xét ham H: E — R xac dinh bgi cdng thic H := F o .

Bang cach &p dung cong thitc dao ham ham hop cho ham mat bién, véi moi v € [y, 6], ham u — H(u, v)
kha vi trén (a, £) va Hy, (ug, v) = E(¢(up), ()’ (uo).

Bang cach &p dung cong thitc dao ham ham hop cho ham mat bién, ham v ~ H,, (u,, v) kha vi trén (a, B)
va Hy, (U, vp) = ny(d’(uo)r1/’(170))1/"(170)43'(”0) = (f o D) (ug, v9)] () (ug, vo) V&i Moi (uy, v) € R?

Voia < Bvay <é.

Tir khang dinh (i) cua Két qua 1.13),

[T, f(@)](@)wv)d(u,v) = 25 H,

()

= 0], F(@ Y @)@ v v) = A0

- ﬂ[tl)(y)ﬂ/)(rﬁ)]x[¢(a),¢(3)]f(x’ y)d(x,y).

ii) Gia sir f: D — R la mot ham kha tich Riemann va J(®) (u, v) # 0 véi moi (u,v) E R2Wia <u < f
Vay < v < 8. Xétham g: E - R xac dinh boi cong thicc g == (f o ®)|J(P)|. Ta s& chung minh rang g 1a

mot ham kha tich Riemann trén E va [f. g = [f, f bang cach chirarang L(f) < L(g) va U(g) < U(f).
Do ¢’ (w)y'(v) = J(®)(u,v) # 0 nén ¢'(u) # 0 véi moi u € (a, B) vay'(v) # 0 véi moi u € (y, §).

Tu Binh |i gié tri trung gian cua ham mot bién, ¢’ khong ddi diu trong khoang (a, B) va ' khong doi dau
trong khoang (v, §). Ching ta s& xét bén truang hop ¢6 thé xay ra nhu sau:

Truwong hop 1. ¢'(u) > 0 véi moi u € (a, B) vayp’'(v) > 0 véi moi u € (y, 8).
Khi d6, ¢ 1a mot ham tang thuc su trén (a, 8) va ¥ la mot ham tang thuc su trén (y, &), nén

(@) =a,p(B) =bvay(y) =c, Pp(6) =d.Giasa P = {(x;,y;):i =0,1,..,nvaj =0,1,.., k} lamot
phan hoach bat ki cua [a, b] X [c, d].

Ta s& chiing minh rang L(P, f) < L(g).
Kihiéuu; = ¢~ 1(x)(i =0,1,..,n) vav; == ¢~ (¥ = 0,1, ..., k).
Khi d6, {(u;,v;):i = 0,1, ...,nvaj = 0,1, ..., k} 1a mot phan hoach cua [a, B] x [y, 5].

Hon nita, f([x;—1, ;] X [yj-1,¥;]) = (f o @) ([wi—r, wil X [vj_1,v;]) vam;(f) = my;(f o P) véimoi i =
01,..,nvaj =01, ..k

Nhan thay ring ff[ui_l,ui]x[v,-_l,uj] ' WY’ Wdw,v) = (; — xi-)(y; — yj—1) Va lJ (@) w,v)| =
@' (W' (v) véi moi (u,v) € [a, B] X [y, 5] nén



LP,f) =Xy 2oy my; (F) (x; — xi-) (Y — ¥j-1)
21 X1 My oy M (O © D (@) (vl (w, v).

Véimdii=1,..,nvaj=1,..k Kkihiug;  h; [u_,u [vj 1 v;] = R 1a cac ham dugc xac dinh
boi cac cong thic g; ;(u, v) = g(u, v) va h; j(u,v):=m;(f o CI)) |J (D) (u, v)|.

Khi do, h; ; kha tich Riemann trén [w;_y,u;] X [vj_y,v;] va h;j < g;;, nén

L. f) = ?=1Z?=1ff[ui—1.ui]x [vj-1v)] hij < Xi= 12] 1L(hll) < Ji. 12] 1L(gll)
Gia sir cho trudc s6 thuc duong € > 0. Véi méii =1,..,nvaj=1,..,k, ton tai mot phan hoach Q;; cua
[wi—1, ;] X [vj_1,v;] sa0 cho L(g; ;) — — < L(Qij, 9i,/)-

Gia sur Q la phan hoach ciia [a, 8] x [y, 8] thu dugc bang cach tong hop cac phan hoach Q;; cua
[u;_1,u;] X [vj_1,v;] (xem lai phép ching minh cua Két qua 1.6).

Khi do,
2?=1 Z§=1 [L(gi,j) - n_gk] < Z?=1Z?=1L(Qij:gi,j) < L(Q, 9).
Nhu vay,
LP,f) < ¥ Yk L(gi;) < L(Q,9) + &< L(g) + ¢, voi moi e > 0.

Do s thyc duong € > 0 ¢6 thé nho tiy y nén L(P, f) < L(g). Bang cach iy supremum trén tap hop tat ca
cac phan hoach P € [a, b] X [c,d], L(f) < L(g).

Lap luan twong tu, chung ta cling chimg minh duoc U(g) < U(f).
Trwong hop 2. ¢'(u) > 0 véi moi u € (a, B) va ' (v) < 0 véi moi u € (y, 8).
Khi d6, ¢ 1a mot ham tang thuc su trén (a, B) va ¥ la mot ham giam thuc su trén (y, 6), nén

(@) =a,¢(B) =bvayQy) =d, P(8) =c. Giasa P == {(x;,y;):i=0,1,..,nvaj=0,1,.., k}lamot
phan hoach bat ki cua [a, b] X [c, d].

Kihiéuu; = ¢~ 1(x)(i =0,1,..,n)vav; == ¢~ (vx—;)(j = 0,1,..., k).
Khi d6, {(u;,v;):i = 0,1, ...,nvaj = 0,1, ..., k} 1a mot phan hoach cua [a, 8] x [y, 5].

Hon nua f([xl X [yk ]ryk ]+1]) - (f q))([ul U [U] 1 U]]) va mlk }+1(f) - ml] (f CD)
véimoii =0,1,..,n va] =0,1,.., k.

Nhan thay rang ff[ui_l,ui]X[v,-_l,v,-] ¢’ W' W)d(u, v) = (t; = Xi-1) (Vk—j = Vie—j1) VA



(@) (w,v)| = =¢" Wy’ (v) véi moi (u, v) € [a, B] X [y, 6] nén

LP,f) = X1y Yoy My (F) (x; — Xi—1) (Vie—js1 — Y—j)
= Yi=1 Z?=1 ﬂ[ui-puilx[v]'-pvj] m;j(f o ®)|J(P)(u, v)|d(u,v)

Lap luan twong tu nhu trong trueong hop 1), L(f) < L(g) va U(g) < U(Y).
Truwong hop 3. ¢'(u) < 0 véi mei u € (a, B) vay'(v) > 0 vei moi u € (y, 6).
Lap luan twong tu nhu trong truong hop 2).

Truong hop 4. ¢'(u) < 0 véi meoi u € (a, B) vay'(v) < 0 vei moi u € (y, 6).
Lap luan twong tu nhu trong truong hop 3).

Nhu vay, L(f) < L(g) < U(g) < U(f). Do f la mot ham kha tich Riemann nén L(f) = U(f), nghia la
L(g) = U(g) = [[, f. Piéu nay chiraring g la mot ham kha tich Riemannva ff f = [[. g. 0

Tong Riemann hai l6p.

Gia st f: [a, b] X [c,d] = R 1a mot ham sé bi chin. Mic du chung ta da tan dung rat tot didu kién Riemann
dé chizng minh hau hét cac két qua quan trong trong ly thuyét vé phép tinh tich phan Riemann cho ham hai
bién. Tuy nhién, van c6 mét s6 khé khin nhat dinh trong viéc str dung né dé kiém tra tinh kha tich cho mot
ham bi chan cho trude tly ¥ va néu mot ham da dugc chitng minh 1a kha tich thi viéc tinh tich phan Riemann
cling 1a ca mot van dé.

DAu tién, vai mdi phan hoach P, , = {(u;,v;):i =0,1,..,nvaj = 0,1, ..., k} bat ki cta [a, b] X [c,d],
chiing ta can tinh toén “cuc tiéu” va “cuc dai” cta f trén cac hinh chit nhat con [x;_q, x;1 X [y;_1,¥;] (i =
1,..,nvaj =1,..,k). Nhiém vu nay rat hiém khi ching ta cé thé thuc hién duogc. Tiép theo, ching ta s&
chon mét day cac phan hoach (Pn,k)n ey 520 cho U(Pui f) = L(Por, f) = 0. Sau cling, néu f that sy 1a mot
ham kha tich Riemann thi 1am thé nao dé ching ta c6 thé danh gia duogc gia tri cua tich phan Riemann

ff[a,b]x[c,d] f

Dé giai quyét cac van dé trén, chlng ta s& can dén khai niém téng Riemann hai 16p nhu sau:
Giasu P:= {(u;,v;):i =0,1,..,nvaj = 0,1, ..., k} 1a mot phan hoach bat ki cua [a, b] X [c, d] va

(51, ¢;) 1a mot diém bat ki nam trong hinh chit nhat con [x;_y,x;] X [yj_1,¥;] (=1, ...,nvaj =1,..,k).

twong rng v6i phan hoach P. Nhan thay rang tong Riemann hai 16p trén U(P, f) va tong Riemann hai l6p
dudi L(P, f) chi phu thudc vao phan hoach P va ham £ con tong Riemann hai l6p S(P, f) phu thudc ca phan
hoach P, ham f va ca cach lya chon diem (s, t;) € [xi_q, %] X [yj_1,¥;] (1 =1, ...,nvaj =1,..,k).

Khi a6, S(P, ) = X1y X5y f (50, t;) (s — xi—1) (¥j — ¥j—1) duoc goi 1a mot tbng Riemann hai 16p cia f

Hién nhién, L(P, f) < S(P, f) < U(P, f), v&i moi phan hoach P € [a, b] x [c, d].



Pau tién, ching ta s& trinh bay tiéu chuan Cauchy vé tinh kha tich Riemann cho céc tong Riemann hai 16p:

Két qua 1.18. (Cauchy)
Giasu f:[a, b] X [c,d] - R la mot ham bi chan.
Khi @6, f 1a mot ham kha tich Riemann trén [a, b] x [c, d] khi va chi khi véi moi s thyc duong € > 0,

ton tai mot phan hoach P. cua [a, b] X [c, d] sao cho |S(P., f) — T(P., f)| < &, voi moi tong Riemann hai 16p
S(P, f)vaT(P, f) cua f twong ing véi phan hoach P..

Chitng minh két qua 1.18.
Gia sir £ 1a mot ham kha tich Riemann trén [a, b] X [c, d]. Gia sir cho trudc s thuc duong & > 0.
Khi d6, t6n tai mot phan hoach P. cua [a, b] X [c,d] sao cho U(P., f) — L(P., f) < ¢.
Giasa S(P., f) va T(P., f) la cac tong Riemann hai 16p bat ki cua f twong (ng véi phan hoach P..
Khi d6, L(P., f) < S(P., f) < U(P., f)VaL(P., f) < T(P., f) < U(P., f), nén

ISP, f)—=TP, NI <UP, f)— LR, f) <e.
Nguoc lai, gia st diéu kién néu trong khing dinh trén 1a ding. Gia sir cho truéc s6 thuc duong € > 0.

Giaswt P = {(u;,v):i=0,1,..,nvaj = 0,1, .., k} la mot phan hoach cua [a, b] X [c, d] sao cho “hiéu
gitta hai tong Riemann hai 16p bat ki S(P, f) va T (P, f) cua f twong (ng véi phan hoach P nhé hon /3.
Hon nita, v6i mdi i = 1,..,nvaj = 1,..., k, ton tai mot diém (s;, ¢;) € [x;—1, ;] X [y;_1,¥;] sao cho

&
3(b—a)(d-c)

My;(f) < f(suty) +
Xét tong Riemann hai 16p S(P, f) = XLy ¥, £ (50, ;) G — xi-) (v — ¥j-1)-

Khi @6, U(P, f) < S(P, f) + § (diéu nay suy ra tir cach chon cac diém (s;, ¢;) € [xi—y, ] X [yj—1,¥;] (i =
1,..,nvaj=1,..,k))

Lap luan trong tw, v6i mdi i = 1,..,nvaj = 1, ..., k, ton tai mot diem (5,,¢,) € [x;—1, ;] X [yj_1, ¥;] sa0
cho

&
3(b—a)(d—c)

Xét tong Riemann hai 16p T(P, f) = Y7L, X5, £(5, &) O — xi-)(¥; — ¥j-1)-

my;(f) > f(5,8) —

Khi do, L(P,f) > T(P,f) — § (diéu nay suy ra tir cach chon céc diém (u;, v;) € [x;_1, %] X [yj_1, /]
(i=1,..,nvaj=1,..,k))

DoS(P,f) ~T(P,f) < menUP,f) ~L(P,f) <SP,/ +-~T(P,+:<-+-+-==¢

Nhu vay, f kha tich Riemann trén [a, b] X [c, d]. (diéu nay suy ra tir diéu kién kha tich Riemann) O




Tiép theo, chling ta sé& giai quyét cau hoi thi hai lién quan dén viéc lya chon phan hoach P sao cho hiéu
U(P, f) — L(P, f) @ nho. Phép phan tich trinh bay & dau bai viét ciing goi Y rang ching ta c6 thé bat dau véi
mot phan hoach P bat ki cua [a, b] X [c, d] va tinh chinh n6 lién tuc dé dat dugc phan hoach P’ sao cho hiéu
U(P', f)— L(P', f) di nho. Bé dat duoc muyc dich ndy, chung ta s& nhac lai khai niém vé duong kinh p(P)
ciia mot phan hoach P cua [a, b] X [c, d] (xem lai phép chitng minh cua Két qua 1.2):

Gia str cho trueéc mot phan hoach P cua [a, b] X [c, d], duong kinh p(P) cta phan hoach P dugc dinh
nghia 13 chiéu dai 16n nhat trong sé cac canh cua céc hinh chit nhat con cam sinh boi P.

Vé mit hinh thic, néu P = {(u;, v;):i = 0,1, ...,nvaj = 0,1, ..., k} thi

u(P) = max{x; — Xoy oo Xpn — Xp—1bY1 — Yo Yk — J’k—1}-

Bay gio, ching ta s& chiing minh mot dang mé rong cia két qua 1.2) nham phuc vu cho muc dich tinh
chinh phan hoach P di duoc giGi thiéu trong phan dau cua bai viét. Mot cach ndm na, két qua nay phét biéu
rang néu duong kinh u(P) caa phan hoach P da nho thi téng Riemann hai 16p trén U(P, f) xap xi véi tich
phan Riemann hai l6p trén U(f) va tong Riemann hai 16p dudi L(P, f) xap xi vai tich phan Riemann hai lop
dudi L(f).

Két qua 1.19. (Pinh Ii Darboux cho tich phan Riemann hai 16p trén va tich phan Riemann hai lép
dwoi)

Giasu f: [a, b] X [c,d] = R la mot ham bi chan.

Khi d6, v6i moi s6 thuc duong € > 0, ton tai mot sb thue duong 6 > 0 sao cho néu P 1a mot phan hoach
cua [a, b] X [c,d] v6i u(P) < 5thi0 < U(P,f) —U(f) <eva0 < L(f)—L(P,f) < e.

Hon nita, Vi moi s6 thue duong & > 0, ton tai mot sé thuc duwong 6 > 0 sao cho néu P 1a mét phan hoach
cua [a, b] x [c,d] v&i u(P) < §thi L(f) —e < S(P, f) < U(f) + &, trong d6 S(P, f) 1a mot tdng Riemann
hai 16p bat ki cua f twong ang véi phan hoach P.

Chieng minh két qua 1.19.

Gia sur cho trudc s6 thuc duong & > 0. Tir cach dinh nghia ctua U(f) va L(f), ton tai cac phan hoach P; va
P, cua [a, b] x [c,d] sao cho U(Py, f) < U(f) + % vaL(P,, ) > L(f) — § Gia sir P, 1a mot phép min hoa
chung cua cac phan hoach P; va P,.

Khi do, U(Py, f) < U(f) + VaL(Py, f) > L(f) — - . (diéu nay suy ra tir khang dinh (i) cua Két qua 1.3)
Gia sir @ > 0 1a mot s6 thye duong sao cho |f(x,y)| < a véi moi (x,y) € [a, b] X [c,d].
Ki hiéu:
N © 12 56 diém ludi cua phan hoach P, nam trong[a, b] X [c, d],
l:=2(b—a+ d—c)lachuvicua hinh chit nhat [a, b] X [c, d],

§ == &/2aln,.




Giasu P = {(x;,¥;):i=01,..,nvaj=0,,..,k} 1amot phan hoach bat ki cia [a, b] x [c,d] sao cho
u(P) < 8. Gia st P* la phép min héa chung cua P va P,.

Khi @6, U(P*, f) < U(P, f) vaU(P*, f) < U(P,, f). (diéu nay suy ra tir khang dinh (i) cua Két qua 1.3)

Nhan thay riang nhitng dong gop vao hiéu U(P, f) — U(P*, f) chi c6 thé phat sinh khi c6 mot diém (x*, y*)
cua phan hoach P, nam trong mét hinh chit nhat con [x;_y, x;] X [y;—1,¥;] 9ay ra bsi phan hoach P.

Tur Két qua 1.2), tong nhitng dong gop gay ra bai viéc bé sung diem (x*, y*) vao [x;_y, x;] X [yj_1, y;] toi
da khong vuot qua alu(P).

Do tong s6 diém cua phan hoach P, nam trong [a, b] X [c, d] 1a n, nén ching ta c6
UP, f) —UP f) < ngalu(P) < alnyd = §
Nhu vy, néu P 12 mot phan hoach bat ki cua [a, b] X [c, d] véi u(P) < 6 thi
U, <UP+-<SUPLH+-<UP) +-+-=U() +e
Lap luan twong tu, néu P 1a mot phan hoach bét ki cua [a, b] X [c, d] véi u(P) < 8 thi L(P, f) > L(f) — ¢.

Hon nita, néu S(P, f) 1a mot tong Riemann hai 16p bat ki cua f tuong tng véi phan hoach P cua [a, b] x
[c,d] voi u(P) < 6 thiL(f) —e < S(P,f) < U(f) + &. O

Két qua 1.20. (Pinh Darboux cho tich phan Riemann hai 16p)
Giasu f: [a, b] X [c,d] = R la mot ham bi chan.

Khi d6, néu f 1a mot ham kha tich Riemann trén [a, b] x [c, d] thi, v&i moi s6 thuc duong € > 0, ton tai
mot so6 thuc duong § > 0 sao cho |S(P,f) — ff[a‘b]x[ad

[a, b] X [c,d] voi u(P) < &, trong d6 S(P, f) 1a mot tong Riemann hai 16p bét ki cua f twong ¢ng véi phan
hoach P.

]f(x, y)d(x, y)| < &, v6i moi phan hoach P cua

Nguoc lai, gia st ton tai mot s6 thuc r € R thoa mén diéu kién: “V&i moi sé thuc duong € > 0, ton tai mot
phan hoach P € [a, b] X [c, d] sao cho |S(P, f) — 7| < &, trong d6 S(P, f) 1a mot tong Riemann hai 16p bat ki
cua f twong (ng véi phan hoach P cua [a, b] X [c,d].”

Khi do6, f l1a mot ham kha tich Riemann trén [a, b] X [c, d] va tich phan Riemann cua f trén [a, b] X [c, d]
bang 7.

Chirng minh két qua 1.20.
Gia sur f 1a mot ham kha tich Riemann trén [a, b] x [c, d]. Gia st cho trudc s6 thuc duong € > 0.

Tur Két qua 1.19), ton tai mot sb thue duwong 8 > 0 sao cho L(f) — e < S(P, f) < U(f) + € véi moi phan
hoach P cua [a, b] X [c, d] voi u(P) < &, trong d6 S(P, f) 1a mot tong Riemann hai 16p bat ki cua f twong
ung voi phan hoach P cua [a, b] X [c, d].




DO [y pixear fONACEY) =& = LI —e <SP, ) <UW) +& = [, 00 6 7)A(x,y) + £ nén
chung ta suy ra diéu phai chitng minh.

Nguoc lai, gia st ton tai s6 thuc r € R thoa mén diéu kién da néu.

Gid sir cho truéc s6 thuc duong e > 0va P = {(x;,¥;):i = 0,1,...,nvaj = 0,1, ..., k} 1a mot phan hoach
cua [a, b] x [c,d] sao cho [S(P, f) — 7| < €, trong d6 S(P, ) 1a mot tong Riemann hai 16p bat ki cua f twong
ung voi phan hoach P cua [a, b] X [c, d].

Néu S(P, ) va T (P, f) la cac téng Riemann hai 16p bat ki cua f twong (ng véi phan hoach P cua [a, b] X
[c,d] thi

ISP, f) =T, I ISP, f)—r|+|T(P,f) —71| < e+ ¢ =2e.

Do sé thuc duong € >0 c6 thé nho tly ¥ nén £ 1a mot ham kha tich Riemann trén [a, b] X [c, d] (diéu nay
suy ra tir Két qua 1.18).

Pé ching minh tich phan Riemann cua f trén [a, b] X [c, d] bang r, ching ta luu ¥ rang ton tai cac diém
(Si, tj), (5, i;) € [x;_q,x;] X [yj_l,yj] (i=1,..,nvaj=1,..,k) sao cho néu chung ta dit

SP,f) =X, Z?:lf(si:tj)(xi - xi—l)(yj - )’j—1) vaT(P,f) = ?:12?:1]((33 E;)(xi - xi—l)(yj - }’j—1)

thi UP, f) < S(P,f) +eVvaT(P,f) —e < L(U, f). (xem lai phép chizng minh cua Két qua 1.18)
Do L(U,f) < ff[a‘b]x[a o f G )d(x,y) < UP, ) nén

r—2e<T(P,f)—e< ff[a‘b]x[c‘d]f(x,y)d(x,y) < S(P,f)+e<r+2e.

Do sé thuc duong € > 0 ¢6 gi tri nho tiy ¥ nén tich phan Riemann cua f trén [a, b] X [c, d] phai bing r.o

Két qua 1.21.

Giasu f: [a, b] X [c,d] —» R la mot ham kha tich Riemann va (B,) la mot day cac phan hoach cua [a, b] X
[c,d] sao cho u(P,) — 0. Khi d6, S(P,, f) = | f[a’b]x[ad] f(x,y)d(x,y), trong 6 S(P,, f) 1a mot tong
Riemann hai 16p bat ki cia f twong @ng voi phan hoach P,.

Chirng minh két qua 1.21.
Ki hiéu I(f) la tich phan Riemann cua f trén [a, b] x [c, d]. Gia sit cho truéc mot s6 thuc duong £ > 0.

Tur Két qua 1.20), ton tai mot sb thue duwong 8 > 0 sao cho [S(P, f) — I(f)| < & véi moi phan hoach P cua
[a, b] x [c,d] voi u(P) < 8. Do u(P,) — 0 nén ton tai mot sé tu nhién n, € N sao cho u(B,) < & véi moi
n = ny. Nhu vay, [S(B,, f) — I[(f)] < e véi moi n = ny, nén S(B,, f) = I(f). O




2. Tich phan hai lép trén céc tap bi chan.

Trong muc ndy caa bai viét, chiing ta s& chi ra cach dé ma rong céc két qua ly thuyét vé tich phan hai I6p
trén céc hinh chit nhat da duoc phét trién trong muc 1) cho céc tich phan hai 16p trén mot tap con bi chan D
bat ki nam trong R2,

Y tuéng & day cta ching ta la s& mo rong ham £: D — R 1én thanh mot ham f*: R —» R sao cho D € R Véi
R 1a mét hinh chir nhat nao d6 nhu sau:

Gia st D 1a mot tap bi chan nam trong R? va f: D — R la mot ham bi chan.
Xét mot hinh chit nhat R == [a, b] X [c¢,d] sao cho D € R va ham f*: R — R xac dinh bai cong thirc

) _ (f(x,y),néu (x,y) €D,
frxy) = { 0, néu (x,y) & D.

Ham f duoc goi la kha tich Riemann trén D néu f* 1a mot ham kha tich Riemann trén R va tich phan
Riemann ctia ham f trén D duoc dinh nghia bang tich phan Riemann ciia ham f* trén R, nghia 1a

II, fa,yde,y):= [f, f*y)d(xy)

Mac du c6 d6i chuat khac biét trong cach chiing ta dinh nghia khai niém tich phan Riemann trén mét tap bi
chan D so vai cach chung ta dinh nghia khai niém tich phan Riemann trén mot hinh chit nhat R nhu & muc 1).

Tuy nhién, ching ta cd thé chimg minh duoc tich kha tich cua ham f trén D va gid tri cua tich phan
Riemann hai lop ffD f(x,y)d(x,y) hoan toan khéng phu thudc vao cach chon hinh chit nhat R néu trong
dinh nghia & trén.

Ki hiéu:

a, = inf{x € R: (x,y) € D v&6i moi y € R},
b, := sup{x € R: (x,y) € D v&i moi y € R},
¢, = inf{y € R:(x,y) € D v&i moi x € R},
d, = sup{y € R: (x,y) € D v&6i moi x € R}.
Xét hinh chit nhat R, == [ay, b;] X [cy,d]. Hién nhién, R, duoc xac dinh duy nhat tir tap bi chan D.
Gia sa R = [a, b] X [c,d] 1a mot hinh chit nhat bat ki nam trong R? sao cho D € R va f*: R — R la ham
mo rong caa f: D — R.
Khidé,a Sal < bl < bvac < (o8] < dl < d,nghfaléRl CR.

Pé ching minh tinh dang din caa cach dinh nghia trén, chung ta s& chitng minh rang £* 13 mot ham kha
tich Riemann trén R khi va chi khi fi" == fjz la mot ham kha tich Riemann trén R;.

Honnita, ff, f*Cx,y)d(x,y) = [ fi (x,y)d(x, ).



Trwong hep 1. a; = by hoac ¢; = d;.

Khi @6, f*(x,y) = 0 véi moi (x,y) € R? ngoai trir trudng hop x = a, hoic y = c;. Hién nhién, £* 1a mot
ham kha tich Riemann trén R va [[, f*(x, y)d(x,y) = 0.Dong thoi, f;" ciing 1a mot ham kha tich Riemann
trén R, va fle fi'(x,y)d(x,y) = 0.

Trwong hgp 2. a; < by vac, < d;.

Néu R, = R thi tinh dting din caa khang dinh trén Ia hién nhién.

Khong giam tinh tong quat caa van dé, gia st hinh chit nhat R, chia hinh chix nhat R thanh p hinh chir nhat
con khac nhau trong d6 p = 2,3,4,6 hoic 9 phu thugc vao viéc a = a;, b = by, ¢ = ¢;,d = d,. Hién nhién, R,
Ia mot trong p hinh chir nhat con nay.

d,

ay b g by g i

Hinh vé minh hoa.

Tur Két qua 1.6), f* kha tich Riemann trén R khi va chi khi £* kha tich Riemann trén mdi hinh chit nhat
con nay va tich phan Riemann cua f* trén R bing tong cac tich phan Riemann cua f* trén cac hinh chit nhat
con nay. Gia sir R, l1a mét hinh chir nhat con nao d6 ctia R khac R,. Khi do, f*(x,y) = 0, v&i moi (x,y) €R,
ngoai trir cac diém nam trén bién cua hinh chit nhat R,. Nhu vay, f* kha tich Riemann trén R, va tich phan
Riemann cua f trén R, bing 0. Biéu ndy ching minh tinh dung din cua dinh nghia tich phan néu ¢ trén. o

Tiép theo, chling ta s& khao st cc tinh chat dai s6 va thir tu ciia céc tich phan Riemann hai l6p trén cac tap
bi chan bat ki (xem lai phép chang minh cua cac Két qua 1.9) va 1.10)):

Két qua 2.1.

Gia s D l1a mot tap bi chan nam trong R? va f, g: D — R la cac ham kha tich Riemann. Khi d6:
i) f + g lamotham kha tich RiemanntréenDva ff, (f+g) = [f, f+ ][, g.

i) 7f lamot ham kha tich Riemann trén D véi moi r € Rva [f, (rf) =71 [, f.

iii) fg la mot ham kha tich Riemann trén D.

iv) néu ton tai mot s6 thuc duong 8§ > 0 sao cho |f(x, y)| = 8 véi moi (x,y) € D thi 1/f 1a mot ham kha
tich Riemann trén D.
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V) néu f(x,y) = 0 véi moi (x,y) € D thi frla mot ham kha tich Riemann trén D v&i moi k € N.
viyneuf <gtrénDthi [ f<[[ g

vii) ham |f| kha tich Riemann trén D va |ffD f| < J[, Ifl.

Chitng minh két qua 2.1.

Gia sir R 12 mot hinh chir nhat bat ki nam trong R? sao cho D € R va £, g% (f + g)%, (rf)*, (fg)* lan luot
la cic ham ma rong cua f, g, f + g,7f, fg 1én R bang cach dat cac ham £, g%, (f + g)*, (rf)*, (fg)* bang 0
tai cac diém thuoc R/D. Hiénnhién, (f + g)* = f* + g%, (rf) =rf*, (fg)* = f*g" trén R.

Khi 6, cac khang dinh (i), (i), (ii) cua Két qua 2.1) 12 hé qua tryc tiép cua Két qua 1.9).
iv) Gia str ton tai mot sé thuc dwong 8 > 0 sao cho |f(x, y)| = & véi moi (x,y) € Dva h = 1/f trén D.
Xét ham h*: R = R thu dugc bang cach mé rong ham h: D — R theo cach sau

h(x,y),néu (x,y) € D,
0, néu (x,y) € D.

h*(x,y) = {
Phép ching minh cho khing dinh iv) duoc sta doi lai tir phép chizng minh cho khing dinh iv) cua
Két qua 1.9) nhu sau:
Giasu P = {(x;y;):i =0,1,..,nvaj = 0,1, ..., k} la mot phan hoach bat ki cua hinh chi nhat R.
Nhan thay rang, véimdii = 1,..,n,j = 1,..,k va (x,y), (u, v) € [x;_1,x;] X [yj_l,yj],
R, y) = B, v) < =5 [y (F) = my;(F)].
That vay, ching ta s& xét bbn trueong hop c6 thé xay ra sau day:

Trwong hop 1. (x,y) € D va (u,v) € D.

Khi do, f*(x,y) = f(x,y) < My;(f) va f*(w,v) = f(u,v) = m;;(f7), nén

f(u,v)—f(x,y) |f(u,v)—f(x,y)| 1
h* — h* = < < —[M;;(f) —m;;(f ).
e y) = W@ v) =S < eiran! = 57 Moy () = ma; ()

Trwong hop 2. (x,y) € D va (u,v) ¢ D.
Khi d6, h*(x,y) = h*(u,v) = 0va M, ;(f*) —m; ;(f*) = 0, nén
R, y) — b, v) < =5 (Mo (F) = my ;(F).
Truwong hop 3. (x,y) € D va (u,v) € D.
Khi d6, h*(x,y) — h*(w,v) = 1/f (x,y).

Néu f(x,y) < 0 thi h*Ce,y) — h* (e, v) = 1/f (x,y) < 0 < = [My;(F*) = my ; ()]




Néu f(x,y) > 0 thi f(x,y) = &, nén M; ;(f*) = 6. Honnira, do (u,v) € D nénm, ;(f*) < 0.

Nhu vay,

Mi](f*)

‘ ; 1
h*(x,y) = h*(u,v) < < e

< Z[My(F) = my ().

Truong hop 4. (x,y) ¢ D va (u,v) € D.

Khi d6, h*(x,y) — h*(u,v) = —1/f (u, v).

Néu f(u,v) > 0 thi h*(x,y) — " (w,v) = =1/f(w,v) < 0 < = [My;(f*) = my ;(F)].

Néu f(u,v) < 0 thi f(u,v) < =6, nénm; ;(f*) < —§. Honnita, do (x,y) & D nén M, ;(f*) = 0.

Nhu vay,

h*(x,y) — h*(u,v) < m”(f)

[Mu(f ) = my; ()]

1_
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Phan tiép theo cua phép ching minh dugc thyc hién tuong ty nhu phép chiing minh cua khang dinh (iv)
cua Két qua 1.9):

Bang cach lay supremum (x,y) € [x;_1,x [y] 1,y]] va infimum (u, v) € [x;_1, x;] X [y] 1,y]] chdng
ta thu duoc

Ml](h) ml](h)< [Ml](f) ml](f )]

Béang cach nhan ca hai vé danh gia trén voi (x; — x;_1)(y; — yj—1) va lay tong hai lép tiri = 1 déni =n
vatlrj = 1 dénj = n, chang ta thu duoc

Uu(P,h*) — L(P,h") <—[U(Pf ) —L(P, f)].

Do f* kha tich Riemann trén trén R nén h* ciing s€ kha tich Riemann trén R. NGi cach khac, h 1a mot ham
kha tich Riemann trén D.

Phép chiing minh cho khang dinh (v) c6 thé duoc suy ra tir khang dinh (v) cua Két qua 1.9) bang cach nhan
xét rang néu f > 0 trén D thi f* > 0 trén R va (f ) =(f" )k

Phép chiing minh cho cac khang dinh (vi) va (vii) c6 thé duoc suy ra tir cac khang dinh (i) va (i) cua Két
qua 1.10) bang cach nhan xét rang néu f < g trén D thi f* < g*va |f|* = |f"|. 0

Nhan xét rang khong c6 cach nao don gian dé co thé biéu dién tich phan Riemann cua ham f g theo tich
phan Riemann cua f va g. Néu ching ta mubn c6 duoc mét dang biéu dién nhu vay thi mot diéu tat yéu la
ching ta budc phai bo sung thém mot sé diéu kién phu cho cac ham f va g. Phuong phéap biéu dién s& dugc
trinh bay chi tiét hon trong mot bai viét khac.



Véi cach ki hiéu va cac gia thiét néu o trén, ching ta cé thé chimg minh duoc rang ham (f — g) ciing 1a
mot kha tich Riemanntrén D va [ (f —g) = [[ f — [f, g (diéu nay suy ra tir sy két hop cua céc khang
dinh (i) va (ii) cua Két qua 2.1). Hon nita, voi moi n € N, £™ 1a mot ham kha tich Riemann trén D (diéu nay
suy ra tir viéc ap dung lién tiép khang dinh (iii) cua Két qua 2.1). Twong tu, néu ton tai mot sé thuc duong
8 > 0sao cho |g(x,y)| = & véi moi (x,y) € D thi f/g ciing 1a mot ham kha tich Riemann trén D (diéu nay
suy ra tir su két hop cua cac khang dinh (iii) va (iv)). Pong thoi, néu £ (x, y) = 0 voi moi (x,y) € D thi, V4i
moi r € Q,, f7 1a mot ham kha tich Riemann trén D (diéu nay suy ra tir viéc moi s6 hitu ti dwong r € Q, déu
biéu dién duoc dudi dang r = n/k véin, k € N va su két hop cua cac khang dinh (iii) va (v)).

Tur Két qua 2.1), tinh kha tich Riemann duoc bao toan qua cac toan te " +"," —","-"," /" tuong ty nhu
viéc tinh lién tuc va tinh kha vi duoc bao toan qua cac toan te " + ", " —", "+ ", " /" da duoc biét dén tir
truéc. Tuy nhién, phép hop thanh cua hai ham kha tich Riemann khong nhat thiét phai 1a mot ham kha tich
Riemann trong khi phép hop thanh cua hai ham lién tuc (hoéc hai ham kha vi) thi ludn 1a mét ham lién tuc
(hoac ham kha vi).

Nhan thay rang moi ham sé f: D — R déu c6 thé biéu dién lai dudi dang f = f* — f~, trong d6

=" va r+ =1 ja céc ham s khong am xdc dinh trén D boi cong thirc £*(x, y) = max{f(x,y), 0}
va f~(x) = —min{f (x,y), 0} v6i moi (x,y) € D. Cac ham f* va £~ lan luot dugc goi 12 phan dwong va
phan am cua ham f. Tir khang dinh (i), (i) va (vii) cua Két qua 2.1), ham f s& kha tich Riemann khi va chi
khi £* va f~ déu la cac ham kha tich Riemann trén D va

Wy £=M, £7=Jl, = vall, 1ft =M, £+ I, £~

Tinh chit nay dong mét vai trd quan trong trong qua trinh ma rong tir khéi niém tich phan Riemann 1én tich
phan Lebégue (dang khai quat thong dung nhat cua tich phan Riemann trong cac van dé vé khoa hoc — k§
thuat).

Pinh Ii Fubini trén cac mién so' cap

Trong muc 1), chiing ta da gigi thiéu dinh 1i Fubini dé tinh toan tich phan hai Iép trén cac hinh chit nhat
bang cach chuyén né thanh mét tich phan 13p. Trong muc 2), chling ta s& mé rong phuong phap tinh toan néu
trén dé &p dung cho mot s6 tap bi chan dic biét thuong gap trong tng dung.

Gia st D 1a mot tap bi chan nam trong R2. D duoc goi 1a mot mién so cap néu tdn tai cac ham kha tich
Riemann ¢4, ¢,: [a,b] » Rsaocho ¢, < p,vaD ={(x,y) ER*:a <x < bva¢,(x) <y < ¢p,(x)}

hoac ton tai cac ham kha tich Riemann 14, ¥,: [c,d] = R sao cho ¥, < ¥, va {(x,y) € Ry, (y) < x <
Y(y)vac<y<d}

N6i mét cach ndm na, D duoc goi 1a mot mién so cip néu ton tai cac sé thuc a, b € R sao cho, véi moi x €
[a, b], |4t cit doc cua D tai x 1a mot khoang dong va bi chian hoic ton tai cac s6 thuc ¢, d € R sao cho, voi
moi y € [c, d], lat cat ngang caa D tai y 1a mot khoang dong va bi chan.
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Hinh anh minh hoa cac mién so cap.

Két qua 2.2. (Pinh Ii Fubini trén cac mién so cap)
Gia st D 1a mot mién so cap nim trong R? va f: D — R 1a mot ham kha tich Riemann. Khi dé:
) NeuD = {(x,y) ER*:a <x <bvap,(x) <y < ¢,(x)} trong d6 ¢4, p,:[a, b] = R la cac ham kha

tich Riemann sao cho ¢, < ¢, va, voi moi x € [a, b], ton tai tich phan Riemann f(ff(;’;) f(x,y)dy thi

_ b ¢2(x)
II, fydxy) = [ ( ) f(x,y)dy) dx.
i) NéuD = {(x,y) € R, (y) < x <,(y) vac <y < d} trong d6 Yy, P,: [c,d] — R 1a cac ham kha

tich Riemann sao cho v, < 1, va, véi moi y € [c, d], ton tai tich phan Riemann fl;pzl((yy)) f(x,y)dx thi

I, fGy)dxy) = f:( llil(%)f(x,y)dx) dy.

Chieng minh két qua 2.2.

i) GiasuD ={(x,y) e R:a<x<bvap,(x) <y < ¢,(x)}, p1,d,:[a, b] » R la cac ham kha tich
Riemann. Hon nita, vi moi x € [a, b], tich phdn Riemann fflz(%)f(x, y)dy ton tai.

Néu ching ta ki hiéu ¢ := inf{¢,(x):x € [a,b]} va d = sup{p,(x):x € [a,b]} thic < d.

Xét hinh chix nhat R := [a, b] X [c,d] va, v&i mbi x € [a, b], ham f*: R — R xac dinh bai cong thuc

f(x,y),né'uy € [d)l(x); d)Z(x)]:

freay) = {o, néu y € [c,¢:100)U (9 (), dl.

T tinh chat cong mién cua tich phan Riemann cho cac ham mot bién, véi mdi x € [a, b], ton tai tich phan
. d ., .
Riemann [ f*(x, y)dy va

d . () £« () s d * (%) s
(L eoydy = [P fGoydy + [0 froydy + [ FGoydy = [27 £ (o y)dy.




Ap dung dinh Ii Fubini trén cac hinh chit nhat cho f*,
Ify £re»dx,y) = [ ( [aLes y)dy) dx
* b 2(%) 4
> [l £ Ay =[] ([ £ Coy)dy) dx.

b ( rp2(x) s
> ff, £ GdCy) = J; ([, F(xy)dy) dx
ii) Phép ching minh duoc thuc hién twong tu nhu trong khang dinh (i) cua Két qua 2.2).
Tap c6 d6 do bang khong trong R2.

Nhéc lai rang tap bi chan C € R duoc goi 13 mot tp ¢é dd do bing khong néu, véi moi sé thuc duong
£ > 0, ton tai mot tap hiru han cac khoang con dong phu kin tap € va téng do dai caa ching nho hon .

Ta c6 thé ching minh dugc két qua sau:

“Néu tap cac diém gian doan cua mot ham f: [a, b] = R 1a khong qua dém duoc thi £ 1a mot ham kha tich
Riemann trén [a, b].”

(xem lai phép ching minh Két qua 2.2 trong bai viét “Phép tinh tich phan Riemann ham mat bién”)
Tong qua hon, ching ta ciing c6 thé chimg minh duoc:

“Néu tap cac diém gian doan cua mot ham f: [a, b] = R 1a mot tap c6 do do bang khdng thi £ 1a mot ham
kha tich Riemann trén [a, b].”

Bay gio, ching ta s& gidi thiéu mot dang twong tu cua khai niém tap c6 do do bang khéng cho cac tap con
cua R?:

Tap bi chian E € R? duogc goi 1a mot tp ¢é dd do bang khoéng néu, véi moi sé thuc duong € > 0, ton tai
mét tap hiru han cac hinh chit nhat déng phu kin tap E va tong dién tich cua chiing nho hon .

Dau tién, ching ta s& liét k& mot s6 tinh chét co ban cua cac tap con c6 d6 do bang khéng trong R?:

Két qua 2.3.

Gia st E la mot tap con trong R?. Khi do:

i) Néu E la mot tap c6 do do bang khdng thi moi tap con cua E ciling 1a mot tap co do do bang khong.
ii) Néu E 1a hop hitu han ciia cac tap c6 do do bang khong thi E ciing 1a mot tap co do do bang khong.
iii) Néu E 1a mot tap co do do bang khong thi bao dong E ciing 1a mét tap co do do bang khong.

iv) E 1a mot tap c6 do do bang khdng khi va chi khi E khdng c6 chira diém trong va bién 9E 1a mot tap co
d6 do bang khong.

v) NéuE = C x D vé6i € S R la mot tap c6 do do bang khong va D < R 1a mot tap bi chan thi E 14 ciing
mét tap c6 do do bang khong.




Chitng minh két qua 2.3.

Khang dinh i) va ii) 1a cac hé qua don gian c6 thé duoc suy ra truc tiép tir dinh nghia vé mét tap c6 do do
bang khong.

iii) Nhan thay rang cac hinh chit nhat con déng déu 1 cac tap dong trong R? nén E duoc chia trong hop
hitu han cta c4c hinh chit nhat dong nao dé thi E ciing duoc chtra trong hop hitu han nay. Piéu nay chi ra
rang néu E 1a mot tap co6 do do bang khong thi bao dong E cuia no ciing 1a mot tap co d6 do bang khong

iv) Gia str E 1a mot tap co do do bang khong. Khi @6, E ciling 1a mot tap co do do bang khang.

Do E = E U OE nén 9E ciing 1a mot tap c6 do do bang khong (didu nay suy ra tir khang dinh (i) cua Két
qua 2.3). Hon nita, néu (x,, y,) 12 mot diém trong caa E thi ton tai mot hinh chit nhat dong R sao cho
(x0,Y0) € R € E. Néu chling ta chon s6 thuc duong & > 0 ¢6 gia tri nho hon dién tich cua hinh chir nhat R
thi ching ta khéng thé pha E boi mot hop hitu han cac hinh chir nhat c6 tong dién tich nho hon e. Nhu vay, E
khéng c6 chira diém trong.

Nguoc lai, gia sa E khong c6 chia diém trong va bién E 1a mot tap co do do bang khdng. Do moi diém
cua E hoic 12 mot diém trong cua E hoac 1a mot diém bién cua E nén E € 9E.

Tir khang dinh (i) cua Két qua 2.3), E 1a mot tap co do do bang khéng.
V) Giast E = C x D v6i C S R la mot tap co do do bang khdng va D € R la mot tap bi chan.
Khi d6, t6n tai cac sé thuc a, B € R véi a < B sao cho D C [a, B].

Gia sir cho trudc s6 thuc duong € > 0, tdn tai cac doan con dong [ay, by], ..., [a,, b,] sao cho hop cua
ching chira € va tong d6 dai cua ching nho hon €/ (8 — a).

Khi d6, hop cua cac hinh chit nhat [ay, by] X [a, B], ..., [an, b,] X [a, B] s& phu kin E va tong dién tich céc
hinh chit nhat ndy s& nhé hon &, nghia 1a E 1a mot tap c¢6 do do bang khong. O

Két qua 2.4.
Gia sir E; va E, 1 cac tap con cua R? sao cho 9E, va dE, 1a céc tap c6 do do bang khong.

Khi d6, 8(E;UE,), 8(E;NE,), d(E;/E,) 1a c4c thp c6 do do bing khong.

Chirng minh két qua 2.4.
Nhan thay rang d(E; UE,), d(E;NE,), d(E;/E,) déu la cac tap con cua dE; UE,.

Tir khang dinh (i) cua Két qua 2.3), d(E,UE,), 0(E;NE,), d(E,/E,) s& la cac tap c6 do do bang khong. o




Sau déy, chding ta sé& trinh bay mot dang mo rong cua Két qua 2.2) trong bai viét “Phép tinh tich phan
Riemann cho ham mét bién” cho cac ham hai bién:

Két qua 2.5.
Gia str R la mot hinh chix nhat dong trong R? va f: R — R la mat ham bi chin.

Khi @6, néu tap cac diém gian doan cuia mot ham f: R — R 1a mot tap co do do bang khéng thi £ 1a mot
ham kha tich Riemann trén R.

Chitng minh két qua 2.5.

Ki hiéu E 1 tap cac diém gian doan cua f. Gia sir cho truéc mot sb thuc duong € > 0. Do E 1a mét tap co
d6 do bang khdng nén tdn tai cac hinh chir nhat Ry, ..., R, sao cho E € U, R; va ¥, A(R;) < §

Khoéng giam tinh tong quat cia van dé, gia sir cac hinh chix nhat Ry, ..., R,,, déu duoc chira trong hinh chi
nhat R.

Dau tién, véi mdi i = 1, ..., m, néu ching ta phong to céc hinh chit nhat R; theo tit ca cac canh cua n6
(ngoai trir c4c canh cua R; ¢6 nam trén mot canh caa hinh chir nhat R) thi ching ta c6 thé nhan duoc cac hinh
chir nhat Sy, ..., S,,, sao cho

ECUR R CURS;SRvVAaY™ A(S) <e.

Sau d6, ching ta mé rong tat ca cac canh cua céc hinh chit nhat Sy, ..., S,, cho dén khi cd giao véi cac canh
cua hinh chir nhat R.

Phép xay dung nay tao ra mot phan hoach P. cua P sao cho madi hinh chir nhat con cam sinh boi phan
hoach P, hoac dugc chtra trong hop Ui%, S; cta cac hinh chir nhat S; hoac bi tach khoi hop U, R; cua cac
hinh chir nhat R;.

Hinh anh minh hoa.




Do tong dién tich caa cac hinh chir nhat cam sinh boi phan hoach P, ¢6 giao véi E s& nho hon hoic bang
téng dién tich cua cac hinh chix nhat Sy, ..., S,,, Nén tong dién tich nay s& nho hon «.

Ki hiéu D, 1a hop cua tat ca cac hinh chit nhat cam sinh bai phan hoach P. khéng c6 giao véi E.
Khi do, f 1a mot ham lién tuc trén E.

Do E la mét tap dong va bi chin trong R? nén £ 1a mot ham lién tuc déu trén D, nghia 1a ton tai mot sd
thuc duong § > 0 sao cho

(x,¥), (w,v) € Do, |x —ul valy —v| <6 = |f(x,y) - f(wv)| <e.

Giasu P’ = {(x;,5,):i=0,1,..,nvaj=0,,..,k} 1amot phép min hoa cua P. sao cho |x; — x;_;| < &
(i=1,..,n)va |yj —yj_1| <6(G=1,..,k).

Ta s& sir dung phan hoach P dé ching minh ham f théa man diéu kién Riemann.

Nhéc lai rang, véi mdi i = 1,....,nvaj = 1,...,n, cac hinh chit nhat R; ; = [x;_1,x;] X [y;_1, ;] cam sinh
boi phan hoach P ¢6 thé dugc chia thanh hai loai khac nhau tiy thugc vao viéc chling c6 giao voi tap E hay
khong.

KihieuA:={(i,j):i=1,..nvaj=1,..,k}lahop cua hai tap roi nhau A, va A,, voi
Ay ={@i,)) € AR ;NE = @} va A, ={(i,j) € A:R;;NE # B}.
Hién nhién, U jyea, Ri; € Do.
Do f l1a mot ham lién tuc déu trén D, nén, véi moi (i,j) € A4,
fO,y) = fu,v) < e véimoi (x,y), (w,v) ER; ;.

Béang cach lay supremum (x,y) € R;; vainfimum (u, v) € R; ;, ching ta thu duogc

NE
Ml](f) —mij(f) < g, VoI m0| (l,]) € Al'

Mt khac, do f 1a mot ham bi chan trén R nén ton tai mot sb thue duong a > 0 sao cho —a < f(x,y) < «
v6i moi (x,y) € R.

Nhu vay, M;;(f) < avam;;j(f) = —a,véimoii=1,..,nvaj =1,..,n, nén
M;;(f) —my;(f) < 2a véimoi (i,)) € A,.
Nhéc lai rang ¥ ; jyea, A(R; ;) < €, nén
UPS ) = LB ) = Xy Xhea[ My (F) = my; (D)) G — xi-) (v — ¥j-1)
<eb-—a)d-c)+2ac
=[(b—a)({d—-c)+ 2a]e.

Do sé thyc duong & > 0 ¢6 gi tri nho thy y nén £ 1a mot ham kha tich Riemann trén R. O



Tiép theo, ching ta s& gidi thiéu mot dang mo rong caa Két qua 2.5) cho céc tap con bi chan nam trong R?
c6 bién du mong, nghia 13 tap bién caa nd 1a mot tap c6 do do bang khdng:

Két qua 2.6.
Gia st D 1a mot tap bi chan nam trong R? va f: D — R la mot ham bi chan. Khi do:

i) Néu aD c6 d6 do bang khong va tap cac diém gian doan cua f ciing co d6 do bang khong thi f 1a mot
ham kha tich Riemann trén D.

ii) Néu f: D — R 1a mot lién tuc va bién aD c6 do do bang khong thi £ kha tich Riemann trén D.

iii) Néu D 1a mot tap ¢6 do do bang khong thi moi ham £ bi chan trén D déu kha tich Riemannva [ f = 0.

Chirng minh két qua 2.6.

i) Gia sir R 1a mot hinh chir nhat bat ki nam trong R? sao cho D S R va f* 1a ham mé rong cua f 1én R
bang cach dat ham f* bang 0 tai cac diém thuoc R/D. Ki hiéu E va E* lan luot 14 tap cac diém gian doan cua
ham f va f*. Nhan thay rang do E* € EUAD nén néu E va D la c4c tap co do do bang khdng thi E* ciing 1a
mét tap c6 do do bang khong (diéu nay suy ra tir khang dinh (i) va (ii) cua Két qua 2.3)). Tir Két qua 2.5), f*
la mot ham kha tich Riemann trén R, nén f |a mot ham kha tich Riemann trén D.

i) Néu £ 12 mot ham lién tuc trén D thi E 12 mot tap rdng, nén f kha tich Riemann trén D.

iii) Gia sir D 1a mot tap c6 do do bang khong va f: D — R 1a mot ham bi chan. Gia s R 1a mot hinh chi
nhat bat ki nam trong R? sao cho D € R va f* 1a ham mé rong cua f 18n R bang cach dat ham £* bang 0 tai
cac diém thuoc R/D. Gia sir cho trudc mot sb thue duong € > 0. Do D 1a mét tap co do do bang khdng nén
ton tai mot phan hoach P. caa R sao cho tong dién tich cac hinh chir nhat cam sinh bai P. ¢6 giao véi D nho
hon & (xem lai phép ching minh caa Két qua 2.5). Bong thoi, do ham £* triét tidu trén cac hinh chir nhat cam
sinh con lai nén

—ae < L(P,,f*)<UP, ) < ag, voi a = sup{|f (x,y)|: (x,y) € D}.

Do s thyc dwong & > 0 c6 the nho tdy y nén £~ kha tich Riemann trén R va [[, f* = 0, nghia 1a f 1a mot
ham kha tich Riemanntrén D va [f, f = [, f*=0. 0

Két qua 2.7.
Gia s D 1a mot mién so cap nam trong R? xac dinh béi cong thic
D={(x,y) eR*:a<x <bvag,(x) <y < p,(x)},

trong d6 ¢4, ¢,: [a, b] — R la cac ham bi chin sao cho tap cac diém gian doan cia ¢, ciing nhu cua ¢, déu
c6 do do bang khong. Khi d6, aD 1a mot tap c6 do do bang khdng.

Hon nita, néu f: D — R 12 mot ham bi chin sao cho tap cac diém gian doan ctia ham f c6 do do bang
khong thi f kha tich Riemann trén D.




Néu, véi mdi x € [a, b], ton tai tich phan Riemann f(f:(%)f(x, y)dy thi

[l fGydGy) =[] ([325) fCey)dy) dx.

Chitng minh két qua 2.7.

Ki hiéu C; va C, lan luot 14 tap cac diém gian doan cua ¢, va ¢,. Do C; va C, 1a cac tap c6 do do bang
khdng nén ¢, va ¢, la cdc ham kha tich Riemann trén [a, b].

Nhu véy, d6 thi caa ¢, Va ¢, ciing 1a cac tap co do do bang khong, nghia 1a
E; ={(x,p;(x)) ER*:a < x < b}VAE, = {(x,¢,(x)) € R a < x < b} la c4c tap c6 do do bang khong.

Tiép theo, do ¢, ¢, 1 cac ham bi chin va ¢, < ¢, nén tdn tai cac sb thuc @, B € R voi a < B sao cho
a < ¢1(X) < ¢2(X) < B VoI mOl X € [a, b]

Nhu vay, D € R, V6i R == [a,b] X [a, B].

Ki hiéu E; .= {(x,y) € R:x = a hodc x = b} va E, := {(x,y) € R: ¢p; hodc ¢, khoéng lién tuc tai x}.

Khi 6, E; 12 hop caa hai doan thang va E, € (C; X [a, B]) x (C, X [a, B]).

Tur khang dinh (i) va (v) cua Két qua 2.3), E; va E, 1a c4c tap c6 do do bang khong.

Nhu véy, dé chitng minh 8D 1a mét tap c6 do do bang khdng, ching ta chi can chitng minh hop cua bon tap
E, E,, Es, E, phi kin aD.

Gia str (w,v) € 8D. Khi do, ton tai mot day cac diém ((u,, v,)) ndm trong D sao cho (u,, v,) = (w, v).

Doa<u,<bvag,(u,) <v, <d,(u)véimoine Nnena<u<bvaa <v <.

Nhan thay ring néu u = a hoic u = b thi (u, v) € E; va néu ¢, hoic ¢, khong lién tuc tai u thi
(u,v) € E,. Khong giam tinh tong quat cua van dé, gia sit a < u < b va ¢4, ¢, déu lién tuc tai u.

Khi d6, ¢; (uy) = ¢4 (w) va ¢, (uy) = ¢ (w), nén ¢y (w) < v < P, (w).

Nhan thay rang néu v = ¢, (w) (hoiac v = ¢, (w)) thi (u,v) € E; (hoic (u, v) € E,).

Giasta<u<b, p;(u) <v < p,(w) Va ¢y, ¢, déu lién tuc tai u.

Ki hiéu ¢ := min{(v — ¢1(u))/2 , (P, (w) — v)/Z}.

Khi d6, ton tai mot s6 thuc dwong § > 0 sao cho (u — §,u + &) S [a, b] va

x€U—6u+d)=>|p(x) — (W <e valp,(x) —p,(W)| <e
oxew-56u+d)=>p,x)<pw)+e<s<v—e<v+e<p,(u) —e<p,(x).
Dodd, (u—8,u+8)xw—gv+e)S{(x,y) ER:a<x<bvagp,(x) <y < p,(x)}

N6i céch khac, (u, v) 1a mot diém trong cua D. Diéu ndy mau thuan véi gia thiét (u, v) € aD.



Nhu vay, hop cua bén tap E;, E,, Es, E, phu kin aD.
Gia st f: D — R 1a mot ham bi chin sao cho tap cac diém gian doan cia ham f c6 do do bang khong.
T Két qua 2.6), f kha tich Riemann trén D.

Néu, véi mdi x € [a, b], ton tai tich phan Riemann fff(%)f(x, y)dy.

TurKétqua 2.2), [f, £ )dCey) = I ([70) F G y)dy) dx.

Két qua 2.8.
Gia sir D 1a mot mién so cap nam trong R? xéac dinh boi cong thic
D={kxy) eR*:Y;(y) <x <yY,(y)vac <y < d}

trong d6 1,1, [a, b] = R 1a c4c ham bj chin sao cho tap cac diém gian doan cua 1, ciing nhu cua p, déu
c6 do do bang khong. Khi d6, aD 1a mot tap c6 do do bang khong.

Hon nita, néu f: D — R 12 mot ham bi chin sao cho tap cac diém gian doan cta ham f c6 do do bang
khong thi f kha tich Riemann trén D.

Néu, vi mdi y € [c, d], ton tai tich phan Riemann fil(%)f(x, y)dx thi

II, fGy)dxy) = f:( lllil(%)f(x,y)dx) dy.

Chieng minh két qua 2.8.
Phép chirng minh dugc thuc hién trong tu nhu Két qua 2.7).
Tap do dwoc trong R2.

Gia sir D 1a mét tap bi chan nam trong R2. D duogc goi 1a do dwec néu ham 1,: D — R xac dinh bai cong
thac 1,(x, y) == 1 véi moi (x,y) € D kha tich Riemann trén D.

Dién tich A(D) cua mién D dugc xac dinh bai cong thiac A(D) = [f 1, (x, y)d(x,y).

Két qua 2.9.
Gia st D 1a mot tap bi chan nam trong R2.
Khi @6, D 1a mét tap do dugc < aD l1a mot tap co do do bang khong.

Hon nita, D 1a mét tap do dugc va A(D) = 0 < D la mot tap c6 do do bang khdng.

Chirng minh két qua 2.9.

Gia sir dD 1a mot tap co do do bang khong. Do 1, 1a mot ham lién tuc trén D nén 1, 1a mot ham kha tich
Riemann trén D (diéu nay suy ra tir khang dinh (ii) cia Két qua 2.6), nghia 1a D 1a mét tap do dugc.




Nguoc lai, gia st D 1a mét tap do duoc, nghiala 1,: D - R la mot ham kha tich Riemann trén D.

Gia sir R 12 mot hinh chir nhat bat ki nam trong R? sao cho D € R va 1}, 1a ham mo rong cua 1, 1én R
bang cach dat ham 1} bang 0 tai cac diém thudc R/D, nghia 13

1,néu (x,y) € D,
0,néu(x,y) ¢ D.

1500y) = {
Gia str cho trudc mot sb thue duong & > 0.
Tur diéu kién Riemann, ton tai mét phan hoach P == {(x;,y;):i = 0,1, ...,nvaj = 0,1, ..., k} ciia R sao cho
UP,15) — L(P,13) < &/2.

Voimdii=1,..,nvaj=1, ..k kihieuR;; = [x;_y,x;] X [yj_l,yj] Ia hinh chix nhat thir (i, j) cam
sinh bgi phan hoach P.

Khi do,
XM (1) = my (U ]A(R,) < =

L,néuR;;ND # @ 1L,néuR;; €D

, vam,; ;(1p) = ' .
0,néuR;;ND =@ mi;(15) {O,néuR- CD

Nhén thay rang M; ;(1;) = {
L] —

Ki hi¢u Ry, ..., R,, la cac hinh chit nhat con nao do6 trong s6 cé4c hinh chit nhat Rij(i=1,.,nvaj=
1,..,n)saochoR; ;ND # @va R;; € D.
Nhu vay, ¥ A(R) < §

Ki hiéu E la hop cua cac bién dR;; cua cac hinh chirnhatR; ; (i = 1,..,nvaj = 1,...,,n). Do moi doan
thang déu 14 mot tap co do do bang khdng va hop hitu han cua céc tap c6 do do bang khong ciing 13 mot tap
c6 do do bang khong nén E 1a mot tap co do do bang khong.

Khi d6, ton tai cac hinh chit nhat Ry, ..., R, sao cho hop cia Ry, ..., R, phikin E va 3]_, A(R) < §

Ta s& chung minh rang D dugc chira trong hop ciia cac hinh chit nhat Ry, ..., Ry, R, .., R,.

That vay, gia st (x,y) € aD. Do R 1a mot hinh chit nhat déng va D € R nén D € R, nghia 1a ton tai cac
chiso i va j sao cho (x,y) € R; ;.

Gia st (x, ) la mot diem trong cua R; ;. Tt dinh nghia cua tap bién, phan trong cua R; ; s& chira mot diém
ndm trong D ciing nhu mot diem khong nam trong D, nghia la R, ;ND # @ va R;; € D. Nhu vay, R; ; phai la
mat trong cac hinh chit nhat Ry, ..., R,.

Mit khac, néu (x,y) € dR;; thi (x,y) € E, nén (x,y) thuoc mét trong cac hinh chit nhat Ry, ..., Ry,
Nhu vay, 8D € R;U ... UR,UR;U ... UR, va ¥}_  A(R) + XL, A(R) < § + § =¢.

Piéu nay chi ra rang D 1a mot tap c6 do do bang khdng.



Gia sir D la mot tap do dugc va A(D) = 0, nghia la ham 1, kha tich Riemanntrén D va ff 1, = 0.

Gia sir R 12 mot hinh chir nhat bat ki nam trong R? sao cho D € R va 1}, 1a ham mo rong cua 1, 1én R
bang cach dat ham 1} bang 0 tai cac diém thudc R/D.

Khi 46, inf{U(P, 1p): P la mdt phan hoach cia R} = [f, 1, = [[, 1, = 0.

Nhu vay, v6i moi 6 thuc duong & > 0, ton tai mot phan hoach P, cua R sao cho U(P., 1}) < .

Ki hi¢u Ry, ..., R,, la cac hinh chir nhat con cam sinh béi phan hoach P, c6 giao véi D.

Khido,D € RyU...UR, vaXl_  A(R) = U(P,, 1}) < &, nghia 1a D 1a mot tap c6 do do bang khong.
Nguoc lai, gia sa D 1a mot tap co d6 do bang khéng.

Nhu vay, 15, 1a mot kha tich Riemann trén D va f[ 1, = 0 (diéu nay suy ra tir khang dinh (iii) cua Két
qua 2.6), nghia 1a D la mét tap do duoc va A(D) = 0. O

Két qua 2.10.

Gia sir D 1a mot tap bi chan nam trong R? véi dD 13 mot tap co do do bang khdng va f: D — R 1a mot ham
kha tich Riemann.

Khi d6, néu ton tai cac s6 thyc a, # € Rsao cho B < f < a thi BA(D) < [f, f(x,»)d(x,y) < aA(D).

Hon nira, néu |f| < a thi |ffD f(x,y)d(x,y)| < aA(D).

Chieng minh két qua 2.10.

Gia sir ton tai cac sé thuc a, f € Rsaocho B < f < a.

T Két qua 2.9), D 1a mét tap do duoc, nghia 13 1,: D — R 1a mot ham kha tich Riemann trén D.
Tir khang dinh (ii) va (vi) ciia Két qua 2.1), BA(D) < [[) f(x,y)d(x,y) < aA(D).

Gia sur ton tai s6 thuc @ € R sao cho |f| < a. Khidé, —a < f < a.

Nhu viy, —ad(D) < [f, f(x,y)d(x,y) < aA(D), nghia 1a| I, £, y)d(x,y)| < aAD). -

Két qua 2.11.
Gia st D l1a mot tap bi chan nam trong R? va f: D — R la mot ham kha tich Riemann.

Khi d6, néu D, 12 mot tap con cua D véi D, 13 mot tap co do do bang khong thi £ 1a mot ham kha tich
Riemann trén D,,.




Chitng minh két qua 2.11.

Gia sir R 1a mot hinh chir nhat bat ki nam trong R? sao cho D € R va f* 1a ham mé rong cua f 1én R bang
cach dat ham f* bang 0 tai cac diém thuoc R/D. Gia str g 1a thu hep caa ham f trén Dy. Do D, € D S R nén
chung ta c6 thé mo rong cac ham g, 1p,: Do = R 1én thanh cac ham g*, 15 :R - R bang cach dat g*, 1p,
bang 0 tai cc diém R/D,. Nhan thay rang do g* = f*.1;, nén dé ching minh g* 1a mot ham kha tich
Riemann trén R ching ta chi can chi ra rang f* va 1p, la cac ham kha tich Riemann trén R.

That vay, do f la mot ham kha tich Riemann trén D nén f* [a mot ham kha tich Riemann trén R. Hon nira,
do D, 1a mot tap c6 do do bang khdng nén 1 p,: Do = R la mot ham khd tich Riemann (diéu nay suy ra tur
Két qua 2.9). Nhu vay, 15, ciing 1a mot ham kha tich Riemann trén R. Tir khang dinh (iii) cua Két qua 2.1),
g" = f*.1p, lamét ham kha tich Riemann trén R, nghia 1a g la mot ham kha tich Riemann trén D, O

Tinh chat cong mién trén céc tap bi chin.

Nhéc lai rang néu f: [a, b] X [c,d] = R 1a mot kha tich Riemann va (s, t) € [a, b] X [c, d] thi f cling kha
tich Riemann trén cac hinh chix nhat [a, s] X [c, t], [a, s] X [t,d], [s, b] X [c, t], [s,b] x [t,d] va

ff[a,b]x[c,d]f = ff[a,s]x[c,t]f + ff[a,s]x[t,d]f + -U[s,b]x[c,t]f + -U[s,b]x[t,d]f'

Tong quat hon, néu f kha tich Riemann trén mot mién D va D cd thé phan tach thanh mot sé “mién con dic
biét” Dy, D,, ..., D, thi f ciing kha tich Riemann trén cac mién con Dy, D,, ..., D,, V&

[, £ =0y f+ 0T, f+~+11, f.

Khing dinh nay thuong duoc goi la tinh chat cdng mién caa tich phan. Trong muc 1), chung ta da ching
minh mét tredng hop dic biét caa tinh chat nay cho cac tich phan Riemann trén cac hinh chit nhat. Sau day,
ching ta s& chirng minh mot sé phién ban tong quat hon cua khang dinh nay cho cac tap bi chin c6 bién du
mong trong R?:

Két qua 2.12.

Gia sir D la mot tap bi chian trong R?, D,, D, la cac tap con cua D sao cho D = D;UD, va f: D — R la mot
ham bi chan. Khi d6, néu f 1a mot ham kha tich Riemann trén D,, D,, D;ND, thi f ciing 1a mot ham kha tich
Riemann trén D va

[y £= 0 F+ 0, f = 1Ty o, F

Nguoc lai, néu f 1a mot ham kha tich Riemann trén D va aD,, dD, 1 cac tap co do do bang khong thi f
cting kha tich Riemann trén D,, D,, D;ND,.

Chirng minh két qua 2.12.

Gia sir R 13 mot hinh chix nhat bat ki nam trong R? sao cho D € R va f* 1a ham mé rong caa f 1én R bang
cach dat ham f£* bang 0 tai cac diém thudc R/D. Gia st f, f,, g lan luot 12 thu hep cia ham f trén D, D,,
D;ND,. Do tat ca c&c tap Dy, D,, D; N D, déu nam trong hinh chit nhat R nén ching ta c6 thé ma rong cac
ham f;:D; = R, f,: D, = R, g: D;ND, = R 1én thanh cac ham £, 5", g*: R = R bang cach dit £, ', g




bang 0 tai cac diém thuoc R/D; ,R/D,,R/(D;ND,). Nhan thay rang do f* = fi* + f;- — g* nén néu f la mot
ham kha tich Riemann trén Dy, D,, DyN\D, thi £, f;', g* s& 1a cac ham kha tich Riemann trén R. Tur khing
dinh (i) va (ii) cua Két qua 2.1), £* s& 1a mot ham kha tich Riemann trén R va

HR fr= HR fi + ffR -9
S0, £ = £+ 00, f =y o,

Nguoc lai, gia st f 12 mot ham kha tich Riemann trén D va dD;, 0D, 1a cac tap c6 do do bang khong.

T Két qua 2.4), a(D;ND,) s& 1a mot tap co do do bang khong. Tir Két qua 2.11), f s& 1a mot ham kha tich
Riemann trén D,, D,, D;ND,. O

Két qua 2.13.

Gia str D 1a mot tap bi chin trong R?, D,, D, la cac tap con cua D sao cho D = D, UD,, D;ND, la mot tap
c6 do do bang khong va f: D — R 1a mot ham kha tich Riemann trén Dy, D,.

Khi d6, f 1a mot ham kha tich Riemann trén D va

[, FeoydGy) = [, fC,y)d@,y) + [f, flxy)d(x,y).

Chirng minh két qua 2.13.
Tir Két qua 2.6), £ 1a mot ham kha tich Riemann trén D, ND, va | fDlnDz f =0.TuKétqua 2.12), f ciing la
mot ham kha tich Riemann trén D = DUD, va ff, f=[f, f+ [, f =M, np, f =1 f+ 11, f- O

Két qua 2.14.

Gia sir D la mot tap bi chin trong R?, f: D — R la mot ham kha tich Riemann va g: D - R la mot ham bi
chin sao cho {(x, y): g(x, y) # f(x,y)} la mot tap co d6 do bang khong.

Khi d6, g l1a mot ham kha tich Riemann trén D va [ g(x,y)d(x,y) = [f, f(x,y)d(x,y).

Chirng minh két qua 2.14.

Kihiéu D; == {(x,y) € D: g(x,y) # f(x,y)}va D, := D/D,. Xétham h: D - R xac dinh boi cong thirc
h:= g — f. Giasit h; va h, lan luot 1a thu hep ctia ham h trén D; va D,. Do h, 1a mot ham bi chan trén D, va

D, la mot tap c6 do do bang khong nén h, 1a mot ham kha tich Riemann trén D, va ffDl h, = 0.

Gia sir R 12 mét hinh chir nhat bat ki nam trong R? sao cho D € R va hj 1a ham mo rong cua h, 1én R bang
cach dat ham h} bang O tai cac diém thuoc R/D.

Do ham h, triét tiéu trén D, nén ham h} ciing triét tiéu trén R.

Nhu vay, h, kha tich Riemann trén D, va ffDZ h, = 0.




Hon nita, D;ND, = @ 1a mot tap co d6 do bang khong.

Tur Két qua 2.13), h 1a mot ham kha tich Riemann trén D = D,UD, va

[, k=, h+ [, h=0+0=0.

Tir khang dinh (i) cua Két qua 2.1), g = h + f 1a mot ham kha tich Riemann trén D va

Iya=l, h+ i, f=1, f O
Cong thire d6i bién cho tich phan hai 16p.
Gia str D 1a mot tap bi chin trong R?, f: D - R la mot ham bi chan.

Mot van dé duoc dit ra d6 1a: “Néu chiing ta thay ddi cac bién x, y thanh cac bién u, v theo cong thic x =

¢1(u,v) vay = ¢, (u, v) thi tich phan Riemann hai I6p [f, f(x,y)d(x,y) s& duoc biéu dién lai theo
u, v, ¢y, $, nhu thé nao?”

Ki hiéu:
E :== ®~1(D) la nghich anh cua tap D qua phép bién doi &,
g: E = R 1a ham xac dinh béi cdng thac g(u, v) = f(fb(u, v)) véi moi (u,v) € E.

Cau hoi ban dau c6 thé dugc phét biéu lai dudi dang sau:

Bai toan xac dinh cong thiee dbi bién cho ham hai bién.

Gia str D 1a mot tap bi chin trong R? va f: D — R la mot ham kha tich Riemann. Gia st ®: E - R? la mot
phép bién ddi nao d6 sao cho ®(D) = E. Xac dinh cac diéu kién can thiét caa phép bién ddi & dé ching ta co
the bicu dién lai tich phan Riemann hai I6p [f f(x,»)d(x, y) theo E, ®.

(xem lai Két qua 3.5) trong bai viét “Phép tinh tich phan Riemann cho ham mét bién”)

Bai toan xac dinh cong thuc doi bién cho cac ham mat bién 1a tuong ddi don gian va chling ta c6 thé tham
khao trong bai viét “Phép tinh tich phan Riemann cho ham mét bién”:

Cong thire doi bién cho cac ham mét bién.

Gia st f: [a, b] —» R la mdt ham kha tich Riemann. Gia su ¢: [a, 8] = R la mot ham kha vi sao cho

d([a, B]) = [a,b] va ¢'(t) véimoi t € (a, B).

Khi d6, (f o ¢)|¢’| la mot ham kha tich Riemann trén [a, ] va f[a nf = f[aﬁ](f od)|d'].

Trong trudng hop ham hai bién, van dé s& tro nén kho khan hon do hai yéu t6 sau gay ra:

Thi nhat, néu chi biét vi phan cia mot ham hai bién khac khdng thi khéng thé dam bao chac chan rang n6
s€ la mot ham tang thuc sy hoac mot ham giam thuc su.




Thi hai, ching ta phai tinh toan tich phan Riemann hai 16p trén mot mién D bat ki caa R? thay vi trén cac
hinh chit nhat [a, b] X [c, d].

Pé don gian hda van dé, ching ta s& bt dau khao sat vai mot phép bién doi don gian: phép tinh tién. Tiép
theo, chling ta s& khao sat van dé cho céac phép bién doi affin. Sau cling, chling ta s& giGi thiéu y tudng dé mo
rong coéng thirc doi bién cho truong hop tong quét.

Phép tinh tién
Nhéc lai rang mot phép tinh tién trong R? 1a mot phép bién d6i xac dinh boi cong thac
& (u, v) = (xo + U, y, + v) trong 6 (x,, ¥,) 1a mot diém cd dinh bat ki nam trong R?.

Mot céch ty nhién, ching ta cd két qua sau:

Két qua 2.15. (Cong thire doi bién cho cac phép tinh tién)

Gia sir D 1a mot tap bi chan trong R? va f: D — R la mot ham kha tich Riemann. Vi diém (x,, y,) € R?
cb dinh, xét tap E == {(x — x5,y — ¥,): (x,y) € D} vd ham g: E — R? xac dinh bai cdng thic

gu,v) = f(xy +u,y, + v), vdi moi (u,v) € E.

Khi d6, E la mot tap bi chin trong R?, g la mot ham kha tich Riemann trén E.

Hon nita, ffD fCe,y)d(x,y) = ffE g, v)d(u,v).

Chieng minh két qua 2.15.

Nhan thay ring do D 1a mét tap bi chan trong R? nén E = {(x — x4,y — y,): (x,y) € D} ciing 1a mot tap bi
chan trong R2.

Gia st R = [a, b] X [c,d] 1a mot hinh chit nhat bat ki ndm trong R? sao cho D € R.
Khi d6, E € SV6i S = [a — x5, b — x4] X [c — ¥y, d — V,] 12 Mot hinh chix nhat ndm trong R? .
Ki hiéu:
f*:R - R laham mo rong cua f: D — R thu duoc bang cach dit £* bang 0 tai cac diém thuoc R/D,
g*:S — R 1aham mé rong caa g: D — R thu dugc bang cach dit g* bang 0 tai cac diém thuoc S/E.
Giasu P = {(x;,y;):i =0,1,..,nvaj = 0,1,..., k} 1a mt phan hoach bat ki cua R,
Q ={(uyv;):i=01,..,nvaj = 0,1, ..., k} 1a phan hoach twong tng ctia S x4c dinh bai cac
congthicu; = x; —xo (i = 0,1,...,m) vav; = y; — ¥, G = 0,1, ..., k).

Vi m6| = 1, e, n Vé.] = 1, ...,k, ki hléu Ri,j = [xi_l,xi] X [y]—lly]] va Si,j = [ui_l,ui] X [vj_l,vj] |5n
luot la cac hinh chir nhat tha (i, j) cam sinh bai cac phan hoach P va Q.

Khi do, A(R; ;) = (t; = =) (¥ = ¥j-1) = (i —wi_)(v; — vj_1) = A(Sy)-




Bang mot s6 tinh toan don gian, ching ta ching minh duoc L(P, f*) = L(Q,g*) vaU(P, f*) = U(Q, g"),
nén L(f*) = L(g*) vaU(f*) = U(g"). Do f la mot ham kha tich Riemann trén D nén L(f*) = U(f ™).

Diéu nay chi rariang L(g*) = U(g"), nghia 1a ham g kha tich Riemann trén E. Honnira, [, f = [[. g. ©

Két qua 2.16.

Gia str (xg, Vo), (x4, y1), (x5, ¥,) 12 ba diém khéng thang hang nam trong R, D 1a mét hinh binh hanh nhan
(%0, Vo), (x1,¥1), (x5, v,) 1am cac dinh va c6 mot dinh nam dbi dién véi (x,, y,) qua duong thang di qua
(x4, }’1): (x2, yz)-

Khi do, D la mét tap do duoc va

0

AD) = |det [;C,i B ;C,O

52 79| = 1 2000 — 90) — (i — x)3 = 30l

Chirng minh két qua 2.16.

Nhan thay ring do dD 1a hop cua bdn doan thang hitu han nén D 1a mot tap co d6 do bang khéng.
T Két qua 2.9), D 1a mét tap do duoc.

Gia str (xg, yo) = (0,0). Ta s& ching minh A(D) = |x;y, — x, 4.

Y tugng tinh dién tich A(D) & day do 1a biéu dién lai hinh binh hanh D dudi dang mot mién so cap va st
dung dinh If Fubini dé biéu dién lai A(D) dudi dang mét tich phan lap. Tuy nhién, do viéc biéu dién lai D nhu
vay s& phu thudc rat nhiéu vao vi tri trong dbi gitra cac dinh cua D.

Ki hiéu:

m, 1a 6 déc cua doan thing néi gitta (0,0) va (xy, y,),

m, 1a d6 dbc cua doan thang ndi gitra (0,0) va (x5, y,).
Nhan thay riang do (0,0), (x1,v,), (x5, ¥,) 1a ba diém khdng thiang hang trong R? nén m, # m,.
Truong hop 1. x; va x, déu khac khdng va co cung dau.

Giasux; > 0,x, >0vam; <m,.

(xy + 9, Y1 + Us)

(0, 0)

Hinh anh minh hoa.




Xét cac ham ¢4, ¢,: [x; + x;] = R xac dinh béi cac cong thuc

myx,néu 0 < x < x4,
my(x —x1) +y,néux; < x < x; + Xy,

$1(x) = {

b, () = { myx,néu 0 < x < xp,
2T mi (e —xp) Y, néux, < x < x; + X,
Khi do, ¢4, ¢, la cac ham lién tuc, ¢, < ¢, va
D={(x,y) ER%:0<x<x;+x,va¢,;(x) <y < d,(x)}.

Nhan thay riang do 1, 1a mot ham lién tuc trén D nén
1t $2(x) 1t
AD) = [f, 1p = [ (20 dy) dx = [ (¢ () — ¢ ()] dbx.

~ xX1+x
Hon nita, do [ 2

. ¢P,(x)dx = foxz myx dx + fx1+x2'[m1(x —x,) + y,]dx va

X2

Sy G = [t mox dx o+ [0y e — 1) + 9,1, nén

A(D) = [mz x?% +my x?% + yle] - [m1 x?% +m; x?% + )’1x2] = X1Y2 — X2)1-
Néu ching ta thay gia thiét m, < m, bing gia thiét m, > m, thi ¢, < ¢, va
D={(x,y) ER%:0<x<x;+x,va¢d,(x) <y < p;(x)}.
Bang mat s tinh toan don gian, ching ta d& dang tinh dugc rang A(D) = x,V; — x1 V5.
Nhan thay ring do m; < m, khi va chi khi x;y, — x,y; > 0 nén A(D) = |x;y, — x,41.
Lap luan tuong tu, néu x; < 0, x, < 0 thi A(D) = |x,y, — %, V4]
Trwong hep 2. x; va x, déu khac khong va khac dau nhau.

Giastrx; > 0,x, < 0vam; < m,.

lf._.l

g2 (T + T, ) + o)

Hinh vé& minh hoa.



Xét cac ham ¢4, ¢,: [x5, x1] = R xac dinh béi cac cong thirc

my(x —x;) + y,,néux, < x < x, + x4,
my(x —x1) +y,néux, +x; < x < x4,

$1(x) = {

_ (myx,néux, <x <0,
$2(x) = {mlx, néu 0 < x < x5.
Khi do, ¢4, ¢, la cac ham lién tuc, ¢, < ¢, va
D={(y)e€ R*:x, <x < x; va $1(x) <y < P (x)}.

Nhan thay rang do 1, 1&2 mot ham lién tuc trén D nén

AD) = I, 1p = [ (f37%7) dy) dx = [[2(0) — $a (0)]dx.
Bang mat sb tinh toan don gian, ching ta d& dang tinh dugc riang

X3

x5 x3 x3
A(D) = [—mz? +my ?] - [m17 + y,x; + M, -

- J’1x2] = X2Y1 — X1Y2-
Néu ching ta thay gia thiét m, < m, bang gia thiét m, < m, thi ¢, < ¢, va
D={(x,y) ER*:x, < x < x;vag,(x) <y < ¢p1(x0)}.
Bang mat s tinh toan don gian, ching ta d& dang tinh dugc raing A(D) = x;V,. —X,V;.
Nhan thay ring do m; < m, khi va chi khi x,y; — x;y, > 0 nén A(D) = |x;y, — x, 4.
Lap luan tuong tu, néu x; < 0, x, > 0 thi A(D) = |x,y, — %, V4]
Trwong hep 3. x;x, = 0.
Giasux, =0vax; > 0.Khido,x; #0vay, # 0.
Xét cac ham ¢4, ¢,: [x,, x;] = R xac dinh béi cac cong thic
¢, (x) ==myx va ¢p,(x) ==myx +y, vdimoi 0 < x < x,.

Khi do, ¢4, ¢, 1a cac ham lién tuc.
Néuy, >0thig, < p,vaD ={(x,y) ER%:0<x < x;vad,(x) <y < ¢,(x)}.
Nhan thay rang do 1, 1&2 mot ham lién tuc trén D nén

A(D) = ffD 1p = fgl( iz((,:;) dJ’) dx = fgl Y2dx = %1y, = [x1Y,].
Néuy, <0thig, < p;vaD ={(x,y) ER*:0<x < x;vad,(x) <y < ;(x)}.
Bang mot s6 tinh toan don gian, ching ta dé dang tinh dugc rang A(D) = —x1v, = |x;V5|.

Lap luan twong tu, néu x, = 0 va x; < 0 thi bang cach thay doan [0, x;] bdi [x;, 0] trong céc lap luan trén,
chung ta ciing tinh dugc rang A(D) = |x;y,|. Nhu vy, néu x, = 0 thi A(D) = |x1y,| = |x1V, — %, V1.



Lap luan tuong tw, néu x; = 0 thi A(D) = |x,y1| = |, — 2,04 .

Trong truong hop (xg, ¥o) # (0,0), Xét E == {(x — xo, ¥ — ¥o): (x,y) € D}.

Tur Két qua 1.15), E 1a mot tap do dugc va A(D) = [f, 1, = [[. 15 = A(E).

Nhan thay rang E == {(x — x4,y — ¥o): (x,¥) € D} la mot hinh binh hanh nhan (0,0), (x;—xg, 1 — Yo),
(x3—Xg, Y2 — ¥Yo) lam cac dinh va nhan (x; —xq, y; — vo), (x;—X0, Y2 — ¥o) 1am mot duong chéo.

Tur két qua dat dugc trong trudng hop (x,, vo) = (0,0),

AD) = A(E) = [(x1 — x0) V2 — ¥0) — (2 = x0) (71 — Yo) .
Phép bién doi affin
Nhéc lai rang mot phép bién déi affine trong R? 1a mot phép bién dbi xac dinh boi cong thuc
®(u,v) = (xo + a;u + byv,y, + a,u + b,v) Véi moi (u,v) € R?,

trong d6 X, Yo, aq, by, ay, b, € R 1 cac s6 thuc cho trudc bat ki.

Theo ngdn ngit ma tran, phuong trinh trén c6 thé biéu dién lai dudi dang

@ [;‘] = [;z] + [Z; Z;] [1;] v6i moi (u, v) € R2.

Gia sir ® 1a mot phép bién doi affine.
Nhan thay rang, véi moi ty, ..., t, € R, (uy, v1), ..., (U, v,) € R?

P, ti(uy, vy)) = Xing 6P (wy, vy) + (1 — Xl ) P(xo, Vo).
Nhu vay, ® s& 1a mot phép bién d6i bao toan céc té hop 16i.

That vay, ® s& bién t6 hop 16i ¥, t; (u;, v,), t; = 0,(i = 1, ...,n), Y%, t; = 1 cta cac diém (uy, vy), ...,
(U, v,) thanh t6 hop 16i ¥, t; P (u;, v,) t; = 0,(i = 1, ...,n), T, t; = 1 cia cac diém & (uy, vy), ...,

@ (uy,, v,) twong ng.

Phép bién d6i ® duoc goi 1a phép bién doi affine kha nghich néu @ la mot song anh.

Két qua 2.17.
Gia sir cho trudc mot phép bién doi affine d: R? — R? xac dinh boi cong thuc
®(u,v) = (xg + a;u + byv, yy + a,u + b,v) véi moi (u,v) € R?,

trong d6 x,, Yo, a4, by, @y, b, € R 14 cac s6 thuc cho trudc bat Ki.

Khi @6, ® 1a mot phép bién doi affine kha nghich < a,b, — a,b; # 0.




Chitng minh két qua 2.17.
Gia st @ 1a mot phép bién ddi affine kha nghich.

Xo+au+biv=x

. , , - . 2 X - A 2
Khi d6, véi moi (x,y) € R#, ton tai duy nhat (u, v) € R* sao cho {yo tautby=y

a, by

e B

Tir diéu kién Cramer, hé phuong trinh trén c6 nghiém duy nhat < a,b, — a,b, = det [

Nguoc lai, néu hé phuong trinh trén c6 nghiém duy nhat thi

u=— [(b1Yo — byxo) + (byx — byy)] vav =

aib;—azbq

[(azxo — a1yo) + (a1y — azx)]

aib,—a,bq
Xét phép bién d6i affine W: R? » R? xac dinh boi cong thic

1

Y(x,y) = (; [(b1Yo — byxg) + bx — byy], [(azxo — a1¥o) — azx + a1}’])

a1by—azbs a1by—azby
véoi moi (x,y) € R?,
Bang mat sb tinh toan don gian, ching ta c6 thé chirng minh duoc ring
(@ o W) (x,y) = (x,y) véi moi (x,y) € R? va (W o ®)(u,v) = (u, v) véi moi (u,v) € R%
Diéu nay chi ra rang ¢ la mot song anhva ¥ = 1.

Phép chirng minh trén ciing chi ra ring néu & 1a mot phép bién ddi affine kha nghich thi phép bién doi
nguoc d ! ciing 1a mot phép bién doi affine.

Nhan thay ring biéu thic a, b, — a, b, néu trong khang dinh chinh 1a Jacobian J (®) (u, v) caa phép bién
doi .

That vay, néu ching ta biéu dién phép bién ddi @ lai du6i dang ® = (¢4, ¢,) trong d6 ¢, d,: R? - R
xac dinh bai cong thirc ¢ (u, v): = xo + a,u + byv va ¢, (u, v): y + au + byv véi moi (u, v) € R2.

Khi d6, ¢, Va ¢, déu c6 dao ham riéng cip mat lién tuc trén R? va

961 941 b
— ou ov | _ aq 1| _ _ e . 2
J(@)(u,v) = det I det [az bz] = a,;b, — a,b; v6i moi (u,v) € R=.
ou ov

Nhu vay, Jacobian ciia mot phép bién doi affine ® bat ki ludn 1a mot hang s, nén ching ta c6 thé ki hiéu
J(®) thay cho cach ki hiéu J(®) (u, v).

Khi d6, Két qua 2.17) c6 thé duoc phat biéu lai dudi dang:

@ 12 mot phép bién doi tuyén tinh kha nghich < J(®) # 0.



Gia sir ® 1a mot phép bién doi affine kha nghich. Khi do, & s& bién cac diém phan biét (u, v), (s, t) thanh
cac diém anh @ (u, v), ®(s, t) phan biét. Do & bao toan cac to hop 16i nén né sé& bién doan thang néi hai

diém (uy, v4), (uy, v,) thanh doan thang ndi hai diém & (u,, v,), @ (u,, v,) twong Gtng. Nhu vay, anh qua ®
ciia mot dudng thang ciing s& 14 mot duong thang. Hon nita, néu hai dudng thang song song thi anh qua &
cta ching ciing 13 hai dudng thang song song.

That vay, xét mot duong thiang L trong R? xac dinh béi phuong trinh tham sé

{x=rt+s

y=pt+q’VO|mQ|tER’
trong do r,s,p,q € R, (r,p) # (0,0).

Khi @6, d6 dbc cua duong thang L s& duoc cho tuong tng véi cap (r, p). Bang mot sb tinh toan don gian,
ching ta s& nhan thiy rang anh L’ cua L qua @ s& 1a mot dudng thiang xac dinh boi phuong trinh tham sb

{x:r,t_i's,,véi moi t € R,
y=pt+gq

trong d6 1, s’,p’,q" € R la céc s6 thuc duoc xac dinh bai cac cong thirc
'l _[ar bi][r1..[s'1_ %o a, b1]5
[P’] B [az bz] [p] va [q'] B [yo] + [az b, [q]
Hon nita, do ® kha nghich nén det [Zl Zl] # 0, nghia la néu (r, p) # (0,0) thi (',p") # (0,0).
2 2

Gia sir L, 1a mot duong thang khac nam trong R? va L) 12 anh cua L, qua @ lan luot xac dinh bai cac
phuong trinh tham sé

{x=r1t+51 \{x=r1’t+s{

, ., Véimoi t € R,
y=pit +qq y=pt+q ?

trongdo r,s,p,q,7v',s',p’,q', 11,51, 01,91, 11, S1, P1, 41 € R duoc lién hé véi nhau theo céc cdng thic
T a bl] . [s{] Xo [al b1] S1
l4 = Va ! = .
[pl] [a b, [p1] q1 [J’o] + a, b, [Ch]
Nhu vay, néu (r, p) ti 1 véi (ry, p,) thi (', p") ciing sé ti 18 véi (14, p;), nghia 1a néu L song song véi L,
thi L' song song vai L.
M6t van dé rat ty nhién duoc dit ra cho ching ta ¢ day do la:

“Khao séat anh huéng cia mot phép bién doi affine kha nghich 1&n sé do dién tich caa mét hinh binh hanh
hoac tong quat hon 1a 1én s do dién tich cua mot tap do dugc bat ki chaa trong R?”.



Két qua 2.18.
Gia sir cho trudc mot phép bién doi affine &: R? — R? voi J(P) # 0.

Khi @6, néu E 1a mot tap bi chan do dugc trong R? thi D :== ®(E) ciing 1a mot tap bi chin do duoc trong
R2 v&i A(D) = |J(P)|A(E).

Chitng minh két qua 2.18.

Gia st cho trudc mot phép bién doi affine ®: R? — R? xac dinh boi cng thic
ul _ %o a, b{lruy ,. . )
(o) [v] = [)’o] + [az bz] [v] véi moi (u, v) € R?,
trong dé (xO,yo) € RZ Vé. aq, bll a,, bz € RVG'](CD) - a1b2 - a2b1 * O

Pau tién, gia st E 1a mot hinh binh hanh bat ki trong R?. Khi d6, D := ®(E) ciing 1a mét hinh binh hanh
trong R2. Tir Két qua 2.16), E va D déu la céc tap do dugc.

Gia str (ug, 1), (uq, v1), (uy, v,) 14 cac dinh cua hinh binh hanh E sao cho dinh (uy, v,) lién ké véi cac
dinh (uy, v1), (uy, v5). Ki hiéu (x;, y;) = ®(u;, v;) véii = 0,1,2.

Khi @6, (xg, ¥o), (x4, V1), (x5, ¥,) 13 cac dinh caa hinh binh hanh D := ®(E) va dinh (x,, y,) ciing s& lién
ké véi cac dinh (xq, v1), (X5, ¥,).

Véiméii = 1,2,
o R [ (] o A [ ey
Nhu vay,

[xl—xo xz—xo]z[al bl][u1—uo uz_uo]
Yi—Yo Y2—Yo a, by|lV1 —Vy V=Vl

Do dinh thtc cua tich hai ma tran s& bang tich cac dinh thirc cia chdng, nén

[u1 — Uy Uy — uo”

X1 — Xo xz_xo a,
|det[ ” |dt[ V1 = Vo V2 =7

— Yo a,

Tir Két qua 2.16), A(D) = |J(®)|A(E).

Tiép theo, gia s E 1a mot tap bi chin do dugc bat ki trong R2. Gia sir S 1a mot hinh chir nhat bat ki nam
trong R? sao cho E € S. Khi d6, D = ®(E) € ®(S) va ®(S) 1a mot hinh binh hanh trong R%. Do ®(S) la
mot tap bi chin trong R? nén D ciing 1a mot tap bi chin trong R2.

Pé chiang minh D 1a mot tap do dugc va A(D) = |J(®)|A(E), ching ta s& 1ap luan nhu sau:
Ki hiéu 1;: S — R 1a ham md rong cia ham 1;: E — R bang cach dit 1} bang 0 tai cac diém thuoc S/E.

Do E la mét tap do dugc trong R? nén 1} 1a mot ham kha tich Riemann trén S. Gia st cho trugc mot so
thuc duong & > 0 bat ki. Ki hiéu & = |J(®)| > 0.




Tur diéu kién Riemann, ton tai mét phan hoach Q = {(u;,v;): i =0,1,..,nvaj=0,1,...,k} cua S sao cho
A(E) = L(Q, 1) < 55 va U(Q,13) — A(E) < .

Ki hiéu E, 12 hop cua tat ca cac hinh chir nhat con cam sinh boi phan hoach Q va chtra trong E, E; 13 hop
cua tat ca cac hinh chir nhat con cam sinh bai phan hoach Q va cé giao voi E. Khi 46, E, € E € E;.
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Hinh anh minh hoa.
Ki hiéu D, := ®(E,) va D, := ®(E;). Khi d6, D, € D C D,.

Gia st R 1a mot hinh chix nhat bat ki nam trong R? sao cho D, € R va 1;, 15,15 :R - R lan lugt la ham
mé rong cua cac ham 1, : Dy > R, 15:D —» R, 1, : D; — R 1én R bang cach dat ham 1}, , 15, 15, bang 0 tai
cac diém thuoc R/Dy, R/D, R/D;.Voimdii =1,..,nvaj = 1,..., k, ki hiéu S;j la hinh chit nhat con thir
(i, ) cam sinh boi phan hoach Q. Tir Két qua nhan dugc trong trudng hop E 12 mot hinh binh hanh, phép bién
ddi @ bién hinh chit nhat con S; ; thanh mot hinh binh hanh c6 dién tich bang |J (P)|A(S; ).

Tur Két qua 2.9) va Két qua 2.13),
A(Dy) = 8 Es,;er A(Si)) = 6L(Q, 15) > SA(E) -7,
A(Dy) =6 X5, ine=0A(S;;) = 6U(Q, 1p) < 6A(E) + 2
Do 1p, < 1p < 1p, nén
SA(E) — § < A(Dy) = L(1p,) < L(1p),
U(13) < U(1p,) = A(Dy) < SA(E) +.
Nhu vay,

0 <U(1}) - L(1p) < (64E) +5) - (s4(E) - 5) =&.



Do sé thuc duong € > 0 ¢6 thé nho tly y nén U(1}) = L(1}) = SA(E). Piéu nay chi ra rang 1} kha tich
Riemann trén R, nghia 1a D la mot tip do duoc. Hon nira, A(D) = [[, 1; = SA(E) = |J(®)|A(E). O

Két qua 2.19. (Cong thire ddi bién cho cac phép bién ddi affine)

Gia sir D 1a mét tap bi chan trong R? sao cho D la mét tap c6 do do bang khong va f: D — R la mot ham
bi chin sao cho tap cac diém gian doan cua ham f 1a mot tap c6 do do bang khong. Gia st d: R? —» R? 1a mot
phép bién doi affine voi J(P) # 0.

Khi @6, néu ton tai mot tap con E € R? sao cho ®(E) = R thi E ciing 1a mot tap bi chin va dE ciing 1a mot
tap c6 d6 do bang khéng.

Hon nita, f o ®: E — R ciing 12 mot ham bj chin véi tap cac diém gian doan cia ham f o & 1a mot tap co
d6 do bang khdng va

Iy feay)dCey) = [f; f(@@vN(@)dw,v).

Chirng minh két qua 2.19.

Do ®(E) = R nén ching ta cd thé xem E nhu anh caa R qua phép bién déi affine nghich &~*. Nhu vay, E
cling 1a mot tap bi chan vaoi OE 13 mot tap co do do bang khong (diéu nay suy ra tir cac Két qua 2.9) va Két
qua 2.18).

Hon nita, f o ®: E > R ciing 1a mot ham bi chan. Ki hiéu ®@: = (¢4, ¢,). Do ¢4, ¢,: R? - R la cac ham
lién tuc nén néu ki hiéu C 1a tap cac diém gian doan cua ham £ thi ®~1(C) chinh 14 tap cac diém gian doan
ctia ham f o ®. Tir Két qua 2.9) va Két qua 2.18), & ~1(C) 1a mot tap co d6 do bang khéng.

Gia sir R 12 mét hinh chir nhat bat ki nam trong R? sao cho D € R va f*: R = R 1a ham m¢ rong cua
f:D — R Ién R bang cach dit f* bing 0 tai cac diém thuoc R/D. Ki hiéu R :== &~ 1(R).

u y

o 4

D R

AN
0
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Hinh anh minh hoa.
Xétham g:E - Rva §: R — R xac dinh bai cong thirc
g, v) = (f o ®)(u,v) véi moi (u,v) € E va G(u,v) == (f* o ®)(u,v) véi moi (u,v) € R

Hién nhién, §|z = g va g bang 0 trén R/E, nén tap cac diém gian doan cia ham § phai chua trong hop cua
OF va tap cac diém gian doan ciia ham g. Biéu nay chi ra rang tap cac diém gian doan ciia ham § ciing 1a mot




tap co do do bang khéng. Bdng thoi, do AR 1a mot tap c6 do do bang khdng nén g 1a mot ham kha tich
Riemann trén R (diéu nay suy ra tir Két qua 2.8).

Giasu P = {(x;,y;):i=01,..,nvaj =01, ..,k} 1amot phan hoach bat ki cia R.

Véimdii=1,..,nvaj=1,..,n,kihiéu R;j = [x;_1,x:] X [yj_l,yj] Ia hinh chix nhat thr (i, j) cam
sinh b&i phan hoach P va R, := ®~*(R; ;) 1a hinh binh hanh tuong ing trong R. Do dR, , 1a mot tap c6 do do
béng khong nén g 1a mot ham kha tich Riemann trén R, , (diéu nay suy ra tir Két qud 2.8).

Véimoi (w,v) € R, ®(u,v) € R;j va f*(@(w,v)) = g(u,v), nén
mi,j(f*) < g(U; 17) < Ml,](f*) VOi mOl (u, U) € é:l

1

Lay tich phan trén R, , va str dung khing dinh (vi) cua Két qua 2.1),
[l ma i (F) A, v) < [fo- G v)d(w,v) < [ Mij(F7) du,v)
= my (f) [ d@wv) < ff G v)d@wv) < My;(f) flg dwv)

Do ffq] d(w,v) = AR, ) va A(R; ;) = lJ(P)|A(R,) (didu ndy suy ra tir Két qua 2.18), nén néu chiing ta

ca hai vé cua danh gia trén vé6i | (®)] thi
m; ;(f)A(R;;) < /(@) ffé;]g(u, v)d(w,v) < M;;(f)HA(R;;).

Bang cach lay téng tir i = 1 dénn, tir j = 1 d&én k va st dung Két qua 2.13),

LP,f) < V(@) ff; g, v)d(u,v) <UP,f).
L4y supremum va infimum trén tap cac phan hoach P cua R,

L(f) < V@I ff; g, v)d(u,v) < UK.

Do f* kha tich Riemann trén R nén U(f*) = L(f*) = [[, f* = [f, f.nén

I, Feay)d,y) = (@) ff; §wv)dw,v).

Do 9F va dR la cac tap co do do bang khong nén a(R /E) ciing 1a mot tap c6 do do bang khong.

Tur Két qua 2.13),

B g=0zd+ 1l g=0+M. 5=JI; 9

Nhu vay,

I, FGeydy) = @) ff; g, v)d@v) = Y@ [f, 9w v)d@wv) = [f, g v)lJ@)]dwv). o



Trwong hep tong quat

Mic du chung ta d hoan chinh dugc cong thire doi bién cho cac phép bién doi affine nhung viéc st dung
no trén thuc té van rat han ché. Nhu vay, ching ta s& tim kiém cong thire doi bién cho mét truong hop tong
quat hon. Y tudng ¢ day ctia ching ta 1a s& khao sat cac phép bién doi ®: R? — R? c6 thé xap xi boi mot phép
bién doi affine ¥: R? —» R? nao do.

! &

Hinh anh minh hoa ¥ tuéng mé rong cong thic doi bién.

Gia str Qp = (up, vy) 12 Mot diém bat ki nam trong R? va E 1a mét hinh vudng 1an can da nho bao quanh
diém Q,. Xét phép bién d6i ®: E — RZ. Ki hiéu @ = (¢4, ¢,). Gia st d; va b, déu c6 dao ham riéng cap
mot trén E, cac dao ham riéng nay déu lién tuc tai Q,. Hon nita, J(P)(Q,) # 0. Ki hiéu Py :== ®(uy, vy).

Véi moi (u, v) € R?, ki hiéu

(v — v,) 12 xap xi tuyén tinh cua ¢, trong

(uo,v0

1 (U, v) = ¢y (g, vp) + 2

Bl

lan can du nhoé quanh diém (ug, v,),

_ 9%
(u—up) + —

Yo (u,v) = P, (ug, vo) + %

u

992

- (v — v,) 12 xap xi tuyén tinh caa ¢, trong

(uo,v0

(u—uy) +

(uo,v0

1an can du nhoé quanh diém (ug, v,).
Khi do,
¢, (u,v) =P, (u,v) + &,(u,v) va p,(u, v) = P, (u,v) + &, v), véi moi (u,v) € E,
trong d6 &, (u, v) - 0 va &,(u, v) - 0 khi (u, v) = (ug, vy).

Nhu vay, phép bién d6i W: R? - R? xac dinh bai cong thuc W := (y,1p,) 1a mot phép bién doi affine bién
Q, thanh P, va W xap xi véi phép bién doi ® trong lan can di nhé quanh diém Q,.

Hon nira,

— (9¥19%2 _ 0¥10v2) _ (0410¢2 09109
](W)_(au v v au)_(au ov ov 6u)

= J(®)(uy, vy).

(uOrUO)



Do J(¥) # 0 nén W(E) la mot tap do dugc va A(W(E)) = (V)| = () (uo, o) |A(E).

Nhu vy, néu chling ta chon hinh vuéng lan can E cua diém (u,, vy) dt nho thi dién tich A(P(E)) s& xap
xi voi dién tich A(P(E)) = 1] (@) (ug, vo)|A(E).

Lap luan tuong tu, ching ta d& dang chimg minh duoc rang:

Két qua 2.20. (Cong thire d6i bién cho ham hai bién)

Gia st D 1a mot tap con dong va bi chin cua R? sao cho aD 1a mot tap c6 do do bang khéng va f: D —» R
1a mot ham bi chin sao cho tap cac diém gian doan ctia ham f co d6 do bang khong. Gia sir Q 1a mot tap con
m& caa R? va @: Q — R? 1a mot phép bién d6i 1 — 1 sao cho D € & (Q). Ki hiéu ® = (¢, ¢p,). Gia sir
¢4, d, 13 cac ham co dao ham riéng cap mot lién tuc trén Q va J () (u, v) # 0 véi moi (u,v) € Q. Gia sir
E € Qsao cho ®(E) = D.

Khi @6, E 12 mot tap con dong va bi chan cua Q sao cho dE 1a mot tap co d6 do bang khéng.

Hon nita, f o ®: Q - R? ciing 1a mot ham bi chin c6 tap cac diém gian doan 1a mot tap co d6 do bang
khong va

I, fGeydxy) = [f; (f o @), )] (@) (u, v)|d(u, v).
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Hinh vé& minh hoa.




3. Tich phan ba lép

Trong muc nay cua bai viét, ching ta s& ma rong cac phan tich da thwc hién trong muc 1) va muc 2) cho
cac tich phan ba 16p. T4t ca cac két qua da dat dugc trong muc 1) va muc 2) déu c6 thé ma rong cho céc tich
phan ba 16p ma khdng can phai bo sung thém bat ki mot y tuang méi ndo khéc.

Tich phan ba 1ép trén cac hinh chir nhat.
Nhéc lai rang mot hinh hap chir nhat 1a mot hinh hop chir nhat dong khong rdng trong R3.
N6i cach khac, mot hinh hop chit nhat Ia mot tap con cua R3 ¢6 dang:
la,b] X [c,d] X [p,q] :={(x,y,z) ER3:a<x<bc<y<dvap<z<gq},
trong d6 a,b,c,d,p,q E Rvdéia<b,c <dvap <q.

Gia st K := [a, b] X [c,d] X [p, q] la mdt hinh hop chix nhat trong R3 va f: K —» R la mot ham bi chan
bat ki.

Ki hiéu:
m(f) = inf{f(x,y,2): (x,y,2) € K}va M(f) == sup{f(x,y,2): (x,y,2) € K}.

Gia cho truéc mot phan hoach P = {(x;,¥;,2,):i =0,1,..,n;j = 0,1,...,kval =0,1,...,r} cua K sao
choa=x, < <x,=b,c=y, < <y,=d,p=2y<- <2z =q. Mbi diém (xi,yj,zl) duogc goi la
mot diém lwéi ctia phan hoach P. Hinh hop chit nhat [x;_y, x;] X [y;_1,¥;] X [z1-1, 2] duoc goi 1a hinh hop
con chir nhat thi (i, j, k) cam sinh béi P.

Ki hiéu:
my i (f) = inf{f (x,y,2): (x,y,2) € [xi_1, x;] X [yj—-1,¥j] X [21-1, 2]},
M; j,(F) = sup{f(x,y,2): (x,,2) € [xi1, %] X [yj_1.¥;] X [21-1, 211 }.
Hién nhién, m(f) < m;;,(f) < M;;,(f) < M(f), véimoii =0,1,..,n;j =0,1,..,kval =0,1,...,T.
Khi do,
L(P,f) = Xy Yoy Xieamy jy (F) (o = x,-1) (7 — ¥j-1) (21 — z1-1) duoc goi la tong Riemann ba
l6p dwoi cia ham f &ng véi phan hoach P,

UP,f) =X, Z?=1 Yi=1 Mi,j,l(f)(xi - xi—1)(3’j - yj—l)(zl — z;_4) duoc goi la téng Riemann ba
lop trén caa ham f wng véi phan hoach P.

Luan tuong tu, ching ta ching minh duoc:

m(f)(b —a)(d = c)(q —p) < L(P,f) < UP,f) < M(F)(b — a)(d - c)(q — p).(xem lai Két qua 1.1)



Ki hiéu:

L(f): = sup{L(P, f): P la mot phan hoach cta [a, b] X [c,d] X [p, q]} 14 tong Riemann ba lép
dwéi cia ham f,

U(f): = inf{L(P, f): P la mdt phan hoach cta [a, b] X [c,d] x [p, q]} 1a tong Riemann ba Iép
trén cia ham f.
Lap luan twong tu, ching ta chang minh duoc L(f) < U(f). (xem lai Két qua 1.3)
Ham f duoc goi la kha tich Riemann (hoic kha tich) trén [a, b] X [c, d] X [p, q] néu L(f) = U(f).

Néu f 1a mot ham kha tich Riemann trén [a, b] X [c,d] X [p, q] thi gid tri L(f) = U(f) duoc goi la tich
phan Riemann ba l&p cia ham f trén [a, b] X [c,d] X [p, q] va duoc ki hiéu boi

ISt pixicaxipa f 6 2)A .y, 2) (0FC [[[ 41 e i g1 -
Lap luan twong tu, ching ta ching minh dugc dang mé rong cua cac Két qua 1.2), 1.4), 1.5), 1.6), 1.7),

1.8), 1.9), 1.10) cho céc tich phan Riemann ba 16p. Dang m¢ rong ctaa Binh li Fubini cho cac hinh hop chir
nhat duoc phét biéu nhu sau:

Két qua 3.1. (Pinh Ii Fubini trén cac hinh hép chix nhat)

Giasu f:[a, b] X [c,d] X [p,q] = R la mot ham kha tich Riemann va ki hiéu I la tich phan Riemann cua
f trén [a, b] X [c,d] X [p, q].

i) Néu, voi mdi x € [a, b], tdn tai tich phan [ aiipa f @y, 2)d(,2) thi ton tai tich phan lap

b s
fa (ff[c,d]X[p,q]f(x’ y; Z)d(y; Z)) dx va bang I

ii) Néu, voi mdi (x,) € [a, b] x [c, d], ton tai tich phan [ f (x, y, z)dz thi ton tai tich phan lap
ff[a,b]x[ad] (f: f(x,y, z)dz) d(x,y) va bang I.

i) Néu cac diéu kién (i) va (if) déu thoa man thi tdn tai tich phan 13p [ [ e ( [l fay, z)dz) dy] dx tdn

tai va bang 1.

Chirng minh két qua 3.1.

i) Gia st véi mdi x € [a, b], ton tai tich phan hai 16p ff[c axipg ) Y, DA, 2).

Xét ham A: [a, b] = R xéc dinh boi cong thic A(x) == ff[c dIxp.d] flx,y,2)d(y, z).

Dom(f)(d —c)(q —p) < A(x) < M(f)(d — c)(q — p) v&i moi x € [a, b] nén A la mdt ham bj chan
trén [a, b].




Bang cach lap lai phép chiing minh trong khang dinh (i) cia Két qua 1.11), 4p dung Két qua 1.6) cho hinh
chit nhat [c, d] X [p, q] va st dung diéu kién Riemann cho ham mét bién cho ham A trén [a, b], A 1a mot
ham kha tich Riemann trén [a, b] va

I = ffA(x)dx.
i) Gia sir v6i mdi (x,y) € [a, b] X [c, d], tdn tai tich phan fp" f(x,y,2)dz.
Xét ham A: [a, b] X [c,d] = R xac dinh bai cong thuc A (x,y) = quf(x, y,z)dz.

Dom(f)(q —p) < A(x,y) < M(f)(q — p) v6i moi (x,y) € [a,b] X [c,d] nén A la mdt ham bi chan
trén [a, b] X [c, d].

Bang cach lap lai phép ching minh trong khang dinh (i) caa Két qua 1.11), 4p dung diéu kién Riemann
cho ham mat bién cho doan [p, q] va st dung diéu kién Riemann cho ham hai bién (Két qua 1.4) cho hinh
cht nhat [a, b] X [c, d], A l1a mot ham kha tich Riemann trén [a, b] X [c, d] va

= [fi pixiea A 00 WA, ).
iii) Gia str cac diéu kién (i) va (ii) déu duoc thoa man.
Véi mdi x € [a, b], xét ham g,.: [c,d] X [p, q] = R xac dinh béi cong thac g, (v, z) = f(x,y,2).
Tir khang dinh (i) cua Két qua 3.1), g, 1a mot ham kha tich Rieman trén [c, d] x [p, q].
Tir khang dinh (i) caa Két qua 3.1), vai moi v € [c, d], tdn tai tich phan qu 9, (y,2)dz.

Ap dung Binh Ii Fubini cho tich phan Riemann hai 16p cua ham g,trén hinh chit nhat [c, d] X [p, q], xét
ham A: [a, b] = R xéc dinh bgi cong thac

d
A = Iy, uina 920 DA, 2) = [ ([ 9.0, 2)dz) dy.
Tir khang dinh (i) cua Két qua 3.1), A(x) 1a mot ham kha tich Riemann trén [a, b] va
I=[ A(x)dx = [, [fcd (quf(x, y, z)dz) dy] dx.

Tich phan ba lép trén cac tap bi chan.
Gia st D 1a mot tap bi chan nam trong R va f: D — R la mot ham bi chan.

Xét mot hinh hop chit nhat K bat ki nam trong R3 sao cho D € K va ham f*: K — R xac dinh boi cong

thuc
. _(fCx,y,2),néu (x,y,2z) €D,
frxy,2) = { 0, néu (x,y,z) &€ D.

Ham f duoc goi la kha tich Riemann trén D néu £* 1a mot ham kha tich Riemann trén K. Néu £ 1a mot
ham kha tich Riemann trén D thi tich phan Riemann cuia f trén D dugc xac dinh bai tich phan Riemann



cua f* trén K, nghia 1a [f[ f = [ff.. f*. Nhan thiy ring dinh nghia v& tinh kha tich va gi4 tri cua tich phan
Riemann nhu trén hoan toan khéng phu thudc vao cach chon hinh hép chir nhat K. Lap luan tuong tu, ching
ta chimg minh duoc dang mé rong cua cac Két qua 2.1) cho cac tich phan Riemann ba 16p. Dang ma rong
cua Dinh Ii Fubini cho cac tap bi chan duoc phat biéu nhu sau:

Két qua 3.2. (Nguyén Ii Cavalieri)

Gia st D 1a mot tap bi chan nam trong R3, f: D — R la mot ham kha tich Riemann va ki hiéu I 1a tich
phan Riemann cua f trén D.

)NéuD ={(x,y,z) € R®:a < x < bva(y,z) € D,} trong d6, véi moi x € [a, b], D, 1a mot tap con cua
R? véi 0D, 13 mot tap co do do bang khdng trong R? va, véi moi x € [a, b], ton tai tich phan
If,. f(x,y,2)d(y, z) thi ton tai tich phan I3p f; (ffD f(x,y,2)d(y, Z)) dx va bang I.

i) Néu D = {(x,y,2) € R%:(x,y) € Dy va ¢, (x,y) < z < ¢,(x,y)} trong d6 D, 1a mot tap con ciia R?
v6i dD 1a mot tap co d6 do bang khong trong R?, ¢4, ¢,: D, — R la cac ham kha tich Riemann sao cho
Wy < Py, V&I moi (x,y) € Dy, tdn tai tich phan [#2%

o eny £ 06y, 2) dz thi ton tai tich phan lp
b2 (x, e
ffDO (f¢1((:;’))f(x, Y, Z) dz) d(x,y) vabang I.

Chirng minh két qua 3.2.
Xét mot hinh hop chit nhat K = [a, b] X [c, d] X [p, q] nam trong R3 sao cho D € K vaham f*:K - R
xac dinh bai cong thuc
\ _ (f(x,y,2),néu (x,y,2) €D,
[0y, 2) = { 0, néu (x,y,z) € D.

i) Tir khing dinh (i) ciia Két qua 3.1), tn tai tich phan lap [} (], axipa [ Gy DA, 7)) dx tn tai va
bang tich phan Riemann caa ham f* trén K, nghia 1a

I'= f: (ff[cld]x[p’q]f*(x: y,2)d(y, Z)) dx.

Nhan thay rang, véi mdi x € [a, b], D, S [c,d] X [p, q]. Hon nita, do d([c, d] x [p, q]) va aD, déu la cac
tap co d6 do bang khong nén a([c, d] x [p, ql/D,) ciing 1a mét tip co6 do do bang khong.

Tur Két qua 2.13),

ff[c’d]x[p,q]f*(x'y’ z)d(y,z) = ffDxf*(xl y,z)d(y,z) + ff[c,d]x[p,q]/Dxf*(x’y’ z)d(y, z).

Nhan thay rang, voi moi x € [a,b], (v,2) € [c,d] X [p,q1/Dy, f*(x,y,2) = 0, nén

ff[c‘d]x[p‘q]f*(x, Y, Z)d(_’y, z) = ffDxf*(x, Y, z)d(y, Z).




Nhu vay,
1= [ ([f,, f Gy, Dd(,2)) dx.

i) Tir khing dinh (ii) ciia Két qua 3.1), ton tai tich phan lap ff . - ( [ y,2) dz) d(x,y) ton tai
va bang tich phan Riemann cia ham f* trén K, nghia 1a
= ff[a,b]x[ad] (quf*(x, y,Z) dz) d(x,y).

Nhan thay riang D, S [a, b] x [c,d], d([a, b] X [c,d]) va dD, déu la céc tap c6 do do bang khdng nén
d([a, b] x [c,d]/D,) ciing 12 mét tap c6 do do bang khong.

T Két qua 2.13),
ff[a,b]x[c,d] (quf*(x, Y, Z) dZ) d(x, y) = ffDo (quf*(x,y, Z) dZ) d(x, y)

+ e pixtcar/o, (quf "0y, 2) dz) a(x,y).

Nhan thay ring, véi moi z € [p, ql, (x,y) € [a,b] X [c,d]/Dy, f*(x,y,2) = 0, nén
Jranieas U £ G0y 2) dz) dx,y) = ff, (1 £ Cey,2) dz) d(x,y).
Hon nita, do véi moi (x,y) € Dy, z € [p, q]/[¢p1(x,¥), d2(x, )], f*(x,¥,2) = 0, nén
qu f*(x,y,z)dz = f(flz((;;;) f(x,v,2)dz.

Nhu vay,

b2(x7)
=1, (S350 f(x,y,2) dz) d(x, ). 0
Tap c6 dd do bang khong trong R3.

Nhéc lai rang mot tap bi chan E € R® duoc goi 1a mot tip c6 dd do bang khong trong R3 néu, voi moi
s6 thuc duong € > 0, ton tai mot sé hitu han cac hinh hop chit nhat dong kin tap E va tong thé tich cua
ching nho hon &. Lap luan twong ty, ching ta chimg minh duoc dang mo rong cua Két qua 2.3) cho céc tap
E c6 d6 do bang khdng trong R3. Nhu vay, chung ta cling c¢6 thé chimg minh duoc dang mo rong ciua Két
qua 2.4) cho cac tap E c6 d6 do bang khéng trong R3.

Lap luan twong tu, chung ta ciing chimg minh dugc dang mé rong cua Két qua 2.5), nghia 1a néu D 13 mot
tap bi chan nam trong R sao cho D 1a mot tap c6 do do bang khong va £: D — R 1a mot ham bi chin sao
cho tap cac diém gian doan caa ham £ ciing 1a mot tap co do do bang khdng trong R3 thi £ 13 mot ham kha
tich Riemann trén D.

Bang cach sir dung Két qua 2.6) va khang dinh (ii) caa Nguyén Ii Cavalieri (Két qua 3.2), chling ta c6 thé
chting minh dugc dang twong ty cua Két qua 2.7) cho céc tich phan Riemann ba l6p nhu sau:



Két qua 3.3.

Gia sir D, 12 mot tap bi chan nam trong R? sao cho dD, 1a mot tap c6 do do bang khong trong R? va D 1a
mét tap bi chan nam trong R3 ¢6 dang D = {(x,y,2) € R3: (x,y) € Dy va ¢, (x,y) <z < ¢, (x,y)} .

Khi @6, aD ciing 1a mét tap c6 do do bang khéng trong R3.

Hon nita, néu f: D — R 12 mot ham bi chian sao cho tap cac diém gian doan cia ham f 12 mot tap co do do
bang khong trong R3 thi £ 12 mot ham kha tich Riemann trén D va

[T, £Goy,2)dCey,2) = [y, (Jy o £ Goy,2) dz) d(x, ).

Tap do dwoc trong R3.

Gia st D 1a mot tap bi chian nam trong R3. D duoc goi 1a mét tap do dwec néu ham 1,: D — R xac dinh
bai cong thic 1,(x, y, z) == 1 v&i moi (x,y,z) € D kha tich Riemann trén D.

Thé tich V(D) cua tap D dugc xéc dinh bai cong thue V(D) = [[[ 1,(x,y,2)d(x,y,2).

Lap luan tuwong tu, ching ta chimg minh dwoc dang mé rong cua Két qua 2.9) cho cac tap D nam trong R3
nghia 14 D 1a mét tap do duoc khi va chi khi D 1a mot tap co d6 do bang khdng trong R3. Béng thai, D 1a
mét tap do dugc va V(D) = 0 khi va chi khi D 1a mét tap c6 do do bang khong trong R3. Biéu nay chi ra
rang néu D 1a mot tap con bi chan nam trong R3 va f: D — R l1a mot ham kha tich Riemann thi £ kha tich
Riemann trén moi tap con D, ctiia D sao cho dD, 1a mét tap c6 do do bang khong trong R3.

Cong thire déi bién cho tich phan ba Iép.
Nhéc lai rang mot phép tinh tién trong R3 1a mot phép bién d6i xac dinh boi cong thic
& (u, v, w) = (xg + U, Yo + v, 2o + W) trong d6 (xo, Vo, 2,) 1& Mot diém ¢ dinh bat ki nam trong R3.

Lap luan tuong tu, chung ta ciing chimg minh dugc dang mé rong cua Két qua 2.15), nghia 1a tich phan
Riemann ba 16p duoc bao toan qua cac phép tinh tién. Diéu nay ciing gitp ching ta tinh toan cong thuc thé
tich cua cac hinh hop chit nhat twong t nhu cach ching ta da dung dé tinh toan cong thtc dién tich cua cac
hinh binh hanh nhu trong Két qua 2.16):

Két qua 3.4.

Gia st (xg, Vo, Zo), (X1, Y1, 21), (X2, Y2, 22), (X3, y3, 23) 12 bon diém khong dong phang nam trong R3, D 1a
mot hinh hop chir nhat nhan (x, vo, 2o), (X1, V1, 21), (X2, V2, 25), (X3, ¥3, 23) lam cac dinh va c6 mét dinh
nam doi dién véi (xo, Yo, o) qua mat phang di qua (x1, y1, 21), (X2, ¥2, ), (%3, ¥3, 23).

Khi d6, D la mét tap do dugc va

V(D) = X2 —=Xo Y2—Yo Z2— 2

X3 —Xo Y3~ Yo Z3—Zp

X1—=Xo Y1~ Yo Z1—Zy
det




Nhéc lai rang mot phép bién ddi affine trong R3 1a mot phép bién d6i xac dinh boi cong thac
d(u,v,w) = (xg + a;u + byv+ c,w, ¥ + ayu + bv + c,w, z + azu + byv + c3w)

vai moi (u, v, w) € R3.

a, by ¢
Jacobian J(®) caa phép bién d6i & xac dinh boi cong thuc /() = det [a, b, czl.
as by c3

Phép bién d6i & duoc goi 1a phép bién doi affine kha nghich néu & la mot song anh.
Lap luan twong tu, ching ta chimg minh duwgc & 14 mot phép bién doi affine kha nghich & J(®) # 0.
Hon nita, phép bién d6i ngugc ®~1: R — R ciing 1a mdt phép bién dbi affine.

Néu & 12 mot phép bién ddi affine kha nghich thi & s& bién hinh hop chit nhat E thanh mét hinh hop chi
nhat D khac sao cho V(D) = |J(®)|V(E). Hon nita, néu E 1a mot tap bi chan bat ki do duoc trong R3 thi
D := ®(E) ciing 1a mdt tap bi chin do duoc trong R3 va V(D) = |J(®)|V(E).

Lap luan twong tu, chung ta chirng minh duoc dang mé rong sau cua Két qua 2.19):

Két qua 3.5. (Cong thire ddi bién cho cac phép bién déi affine)

Gia sir D 1a mét tap bi chin trong R3 sao cho dD 1a mét tap c6 do do bang khong trong R3 va f: D —» R
la mot ham bi chin sao cho tap cac diém gian doan cia ham £ 1a mét tap c6 do do bing khong trong R3.

Gia sir ®: R® - R? 12 mot phép bién doi affine vai J () # 0.

Khi d6, néu tén tai mot tap con E € R3 sao cho ®(E) = D thi D ciing 1a mot tap bi chin va aD ciing 1a
mét tap c6 do do bang khéng trong R3.

Hon nita, f o ®: E — R ciing 1a mot ham bj chin véi tap cac diém gian doan ciia ham f o & 1a mot tap co
d6 do bang khdng trong R3 va

I, feay, 2)d(xy,z) = [[f) f(@@,v,w))J(@)]du,v,w).

Sau cuing, chung ta dé dang chimg minh duoc dang mé rong sau cia Két qua 2.20):

Két qua 3.6. (Cong thire d6i bién cho ham ba bién)

Gia str D 12 mot tap con dong va bi chin cua R3 sao cho aD 1a mét tap co do do bang khong trong R3 va
f:D — R 1a mot ham bi chin sao cho tap cac diém gian doan cia ham f c6 do do bang khdng trong R3.

Gia sir  1a mot tap con mé cua R3 va @: Q — R3 1a mot phép bién d6i 1 — 1 sao cho D € &(Q).

Ki hieu @ == (¢4, ¢, 3). Gia sir ¢, P,, P53 1a cac ham c6 dao ham riéng cap maot lién tuc trén Q va
J(@)(u,v,w) # 0 véi moi (u,v) € Q. Giast E € Q sao cho ®(E) = D.

Khi @6, E 12 mot tap con dong va bi chan cua Q sao cho dE 1a mot tap co do do bang khong trong R3.




Hon nita, f o ®: Q - R3 ciing 1a mot ham bi chan c6 tap cac diém gian doan 1a mot tap co d6 do bang
khong trong R3 va

I, feoy, 2)d(xy,z) = [[f, (f e ®)(u, v, w)|J (@) (w, v, w)|d(u, v,w).
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