SO GIAODUC VADAOTAO  KY THI CHHON HQC SINH GIOI VAN HOA LOP 9 THCS

QUANG TRI NAM HOC 2022 - 2023
= = Khoa ngay 15 thing 3 nim 2023
DE THI CHINH THUC MON THI: TOAN

Thai gian lam bai: 150 phiit, khong ké thoi gian phdt dé

Ciu 1. (4,0 diém)

2 2
Cho biéu thirc A=J(x’+l2] +2(x+l) =3 :(x* - x+1) voi x 0.

X X
a) Rut gon biéu thirc 4.
b) Tim gié trj nhé nhat cta 4.
Ciu 2. (5,0 diém)

1. Giai hé phurong trinh {"2 +y =x43
3xy+yt =y-3.
2. Cho a,b,c la céc s6 nguyén doi mot khic nhau. Chimg minh ring trong ba phuong
trinh sau, ¢ it nhat mot phuong trinh ¢6 nghiém:
x’=2ax+bc+1=0, x*-2bx+ca+1=0, x*-2cx+ab+1=0.
Céu 3. (3,0 diém)
1. Cho céc s§ nguyén x, y théa man 2x* - y* =1. Chimg minh xy(x* - y*) chia hét cho 40.

2. Mot giai ciu 16ng ¢é n (n>2) van dong vién tham gia thi dau theo thé thirc vong tron
mat lugt (hai van dong vién bét ky thi diu véi nhau ding mot trin, khong 6 két qua hoa),
Chirng minh riing téng‘céc binh phuwong s trdn thing va tng céc binh phuong s6 tran thua clia
céc van dong vién la bing nhau.

Cau 4. (6,0 diém)
Cho tam giac nhon ABC (4B < AC) ndi tiép duong tron (O), AD la duong cao
(D e BC). Goi E,F lan lugt 1a hinh chiéu cua D trén AC va A4B.

a) Chimg minh tit gidc BCEF ndi tiép.

b) Dudmg tron duong kinh 4D cit (O) tai diém thi hai la M (M khéc 4). Chimg minh
MD la phan giac cta goc FMC.

_ ¢) Ching minh dudng thing MD, dudmg trung tryc cia BC va dudng trung tryc cta EF
dong quy.

Chu 5. (2,0 diém)
Cho a, b, ¢ 1a cac sé thyc duong thoa man ab + be+ca =1. Ching minh
. " " 64
a + )b +1)ec+1)2—.
(@ +1)(5 +1)(c*41)2 2

HET
(Thi sinh khdng dwoc st dung tai liéu va mdy tinh cam tay)



https://thcs.toanmath.com/de-thi-hsg-toan-9

SG GIAO DUC VA DAO TAO KY THI CHON HOC SINH GIOI VAN HOA LOP 9 THCS

QUANG TRI NAM HOC 2022 - 2023
DE THI CHINH THUC Khoa ngay 15 thang 3 nam 2023

MON THI: TOAN
Thoi gian lam bai: 150 phit, khong ké thoi gian phat dé

Cau 1.(4,0 diém)

: 1) 1\?
Chobiéutht’l’cA:\/(x2+—2) +2(a:—|——> —3:(@*—x+1)véiz#0.
T

T

a) Rit gon biéu thitc A.
b) Tinh gi4 tri nhé nhat ciia bicu thic A.
Cau 2.(5,0 diém)
2, 2 _
1. Giai phuong trinh {3iy1%2 _:xyt?;)
2. Cho a, b, ¢ 1a cac s6 nguyén doi mot khac nhau. Ching minh rang trong ba phuong trinh
sau, ¢6 it nhat mot phuong trinh c¢6 nghiem:

v? —2ax +bc+1=0; 2°—2bx+ca+1=0; 2°—2cxr+ab+1=0.

Cau 3.(3,0 diém)

1. Cho cac s6 nguyéen x, y thod man 2z% — y? = 1. Chiing minh zy(2? — y?) chia hét cho 40.

2. Mot giai cau long c6 n (n > 2) van dong vién tham gia thi dau theo thé thiic vong tron
mot lugt (hai van dong vien bat ky thi dau v6i nhau ding mot tran, khong c6 két qua hoa).
Chitng minh réng tong cac binh phuong s6 tran thing va tong cac binh phuong s6 tran thua
clia cac van dong vien 1a bang nhau.
Cau 4.(6,0 diém)

Cho tam gidc ABC (AB < AC) noi tiép duong tron (O), AD la dudng cao (D € BC). Goi
E, F lan luct 1a hinh chiéu ctia D trén AC va AB.

a) Chiing minh tt gidc BCEF noi tiép.

b) Dudng tron dudng kinh AD cit (O) tai diém thi hai 1a M (M khéac A). Chitng minh
MD 1a phan gidc ciia goc FMC.

c¢) Chiing minh duong thiang M D, duong trung tric cia BC va dudng trung tryc ctia EF
dong quy.
Cau 5.(2,0 diém)

Cho a, b, ¢ 1a cac s6 thyc duong thod man ab + be + ca = 1. Chitng minh

64
(@®+1) (0 +1) (F+1) > 7
HET
(Thi sinh khong dugc sit dung tai liéu va mdy tinh cam tay)




LOI GIAI

Cau 1.

, 1Y’ 1)’ )
A= T+ — +2(x+— —3:(:1: —a:'—l—l)
T T

1 2 1 2
:\/x4+—4+1+2x2+—2+2:(:c2—x+1):\/(:c2+—2+1) :(a:Q—a:—i—l)
i X X

P+ 4+l 2+l @2 +1) -2 (P2t )@t

a)

2 —x+1 22(@2—2+1) 22(@2-—z+1) 22 (22 —z+1)
?+r+1 11
= 4L
x 2
11 1 1\* 3.3 . . 11
b)A=—=+—-+1=(—-—+4+=] +- > -.Daubang xdy rakhi vachikhi —+-=0& 2z = -2
x? r 2 4~ 4 x 2
(tho&d man dkxd).
3
VayminA:Z(:)x:—Q.



Cau 2.
1. Cong vé theo vé hai phuong trinh ciia hé ta co:

P43y +2f =ty (@+y)(r+2y) —(z+y) =0 (r+y) (v +2y—1)=0
& | 7Y Xet hai TH:
r=1-2y

TH;: x = —y. Khi d6 hé phuong trinh tré thanh
3
{x2+y2:x+3<:>{2x2—$—3:0<:>{x:—l/\{ T=35
THy: x = 1 — 2y. Khi d6 hé phuong trinh tré thanh

— _ _ _3
x2+y2:x+3<:> 5y2—9y+4—0<:> x——l/\ :p——45.
r=1-2y r=1-2y y=1 =

27 2

2. Khong méat tinh tong quat, gid st a > b >c, khidéa—b>1,b—c>1,a—c > 2, suy ra
(a—b)*+(b—c)*+ (a—c)* > 6. (%)

Gia sit c&d ba phuong trinh khong ¢6 nghiem. Tu d6 dé dang suy ra dugc

R 3 3 3 4
Vay hé phuong trinh ban dau c6 nghiém (x;y) € {(1; —1); (—; ——) ; ( ; > }

a?—bc—1<0, PP—ca—1<0, Z—ab—1<0.

Cong vé theo vé cac BDT trén ta dudc

>+ 0+t —ab—bc—ca—3<0s (a—b)*+(b—c)?+ (a—c)® <6 trai véi (x)

Vay diéu gia stt 1 sai, ta c6 dpem.



Cau 3.

L2 —yP=1 0 (%)

Dé dang chitng minh dugc cac tinh chat sau:
S6 chén khi binh phuong chia 4 du 0, s6 1& khi binh phuong chia 4 du 1.
Binh phuong mot s6 nguyeén khi chia 5 chi c6 thé du 0, 1 hoic 4.
Dé thay y 1é, suy ra y*> =1 (mod 4).
Néu z chén thi 22 =0 (mod 4). Khi d6 222 — y* = —1 (mod 4) trai véi (x). Do d6 z 18. Ta

co: (x) & 22—y = —(z—1)(x+1). Vi (x — 1)(z + 1) 1a tich hai s6 nguyen chén lién tiép nén
chia hét cho 8, thu duge zy(z? — y?) chia hét cho 8. (1)

Xét TH 2 hodc y hodic cd x? va y? ¢6 cling s6 du khi chia cho 5, khi d6 xy(z? — y?) chia hét

cho 5.

Xét TH x va y khong c6 s6 nao chia hét cho 5 va 22 va y? chia 5 khong ciing s6 du, khi nay

2? va y? chia 5 du 1 hodc 4. Xét TH 22 chia 5 du 1, 3? chia 5 du 4 va TH 22 chia 5 du 4 hoac
y?* chia 5 du 1 déu khong thod méan (x).

2.

That vay, néu x? chia 5 du 1, y* chia 5 du 4 thi 222 —y* =2.1 —4 = —2 (mod 5) (ktm)
néu z? chia 5 du 4, y? chia 5 du 1 thi 222 —y?> =24 —1=3 (mod 5) (ktm)

Do vay zy(z* — y?) chia hét cho 5. (2)

T (1) va (2) suy ra zy(z® — y?) chia hét cho 40.

Vay ta c6 dpem.

Ki hieéu z;, y; 1an lugt 1a s6 tran thang va thua ctia mot van dong vien (1 <i < n, i € N¥).
Mbi ngudi déu choi n tran véi n ngudi khéc va khong c6 tran hoa, tong sb tran thing ciia

moi ngudi bing tdng s6 tran thua do dé:

T+ =2Tet+Yo=...=Tp+Yp=n; T1+22o+..+Tp=y1+Y+...+U
Xét
airay o tan —yi =y — e —yn = (] =)+ (25 —3) + o+ (2 — )
= n(xy —y1) +n(re —yo) + .. +n(xp —yn) =n(x1 —y1 + T2 — Yo + T — yn) =0

= 4tk = Y

Vay ta c6 dpcm.
(day la dang tong quat ctia cau 6 trong dé thi tuyén sinh vao 16p 10 chuyén Tp.HCM nam

hoc 2015 - 2016)



Cau 4.

Hinh 1 Hinh 2
a) Dé dang chiing minh dugc AF.AB = AE.AC (= AD?), suy ra i—g = %
AF A
Xét ANAFE vas ANACB ¢6 i é, ZA chung do d6 AAFE ~ ANACB (c.g.c), thu dugc

/AFE = ZACB, suy ra tit gidc BCEF noi tiép.

b) Cdach 1 (Hinh 1).

Goi T 1a giao diém thit hai cia M D véi (O).

Vi M thudc dudng tron duong kinh AD nén ZAMD = 90° hay ZAMT = 90°, suy ra AT
la duong kinh ctia (0); 4,0, T thang hang.

Khi d6 ta co6:
/DMC = /TMC = /ZTAC = /290° — ZATC =90°— ZABD = /BAD = /FAD = /ZFMD,
do d6 M D la tia phan giac ZFMC.

Cach 2 (Hinh 2).
Dé thay ZAMD = 90°. Qua M ké tia Az. Khi d6 ta co

LxMF = ZAEF = ZABC = LZAMC.

Mat khac ZFMO phu ZzMF, ZCMO phu ZAMC nén ZFMO = ZCMO, suy ra MO la
tia phan giac ZFMC.

c) Cdch 1 (Hinh 1).

Goi X la giao diém ctia dudng trung truc cia BC va M D, X' 1a giao diém clia duong trung
tryc ctia EF va M D, I 1a tam duong tron ngoai tiép tit giac MAEF. Tt day dé dang chiing
minh duge I 1a trung diém ctia AD va duong trung truc cia EF di qua 1.

Xét AADT c6 O la trung diem ctia AT, OX || AD (cting vuong goéc v6i BC) nén X la
trung diém ctia DT. (1)

Ké tiép tuyén Az v6i (O) nhu hinh veé.



Ta 6 LzAC = ZABC = ZAEF, thu duge Az || EF.

Ma Az L AT, IX' L EF nen IX' || AT.

Xét AADT c6 I 1a trung diém ctia AD, IX' || AT nén X' 1 trung diém ctia DT.  (2)

Tit (1) va (2) suy ra X = X', do d6 duong thang M D, dudng trung tryc cia BC va dudng
trung tric ciia EF dong quy.

Cach 2 (Hinh 2).

Tt cau b) dé dang chitng minh dugec LFMC =2/FED.

Goi O' 1a giao diém ctia duong trung tric ciia BC va dudng trung tryce cia EF. Vi tit giac
BCEF noi tiép nén suy ra duge O 1a tam duong tron ngoai tiép ttt gidc BCEF. Can chiing
minh M D di qua O'.

That vay, xét ti giac FMCO’ ¢6

N\ N\
/FO'C =sdFEC = 360° — sdFBC = 360° — 2/FEC = 360° — 2/FED — 2/DEC
= 180° — ZFMC (céac cung xét ¢ day deéu thuge (O")).
Suy ra ti gidc FMCO' nai tiép, dan dén ZFMO' = /FCO' = ZO'FC = Z0'MC, thu

duge MO’ 1a tia phan gidc ZFMC. Do d6 MO’ = M D hay M D di qua O'.
Vay ta hoan tat chiing minh.



Cau 5.

Cach 1.

Ta sit dung hai bat ding thiic sau:
i.a+b+c>/3(ab+bc+ ca) (day 1a BDT rat quen thuoc).

ii. (a+b)(b+c)(c+a)> g(a+b+c)(ab+bc+ca).

Stt dung déng thic (a + b)(b+ c)(c +a) = (a + b+ ¢)(ab + be + ca) — abe va bat dang thitc
AM - GM ta c6

(a+b)(b+c)(c+a)=(a+b+c)(ab+ bc+ ca) — abc

= (a+ b+ c)(ab + be + ca) — Vabe.V ab.be.ca

1
> (a—l—b+c)(ab+bc+ca)—§(a+b+c)(ab+bc+ca)

8
= §(a + b+ c)(ab+ be + ca)
Vay ta chitng minh duge bat dang thic ii.
Trdé lai bai toan, theo gia thiét, ap dung BDT i. va ii. ta co:

(a®>+1) (b +1) (*+1) = (a® 4+ ab+ bc + ca)(b* + ab + be + ca)(c* + ab + be + ca)
2

:Ka+®®+@ﬂa+@f2{gm+b+@mb+m+@@

8 > 64
> 5.\/3(ab+bc+ca)(ab+bc+ca)} =

Vay ta c6 dpem.
Cach 2. T gia thiét ta bién ddi vé trai

(a® + (" + 1)(c* +1)
= AP+ VPP A+ A+
= @b’ + a®’b® + b’ + *a® + a® + b + ¢ + 2(ab + be + ca) — (ab + be + ca)?
= a’b*c? + a® + V* + * — 2a*bc — 2ab*c — 2abc* + 2ab + 2bc + 2ca
= (a+b+ c— abc)?

Lai c6 a+ b+ c > /3(ab+ be + ca) = V/3,

1
abc = Vab.be.ca < \/2—7(ab +bc+ ca)® = Lﬁ
2
4
Do d6 (a*> + 1)(0* + 1)(c* + 1) = (a + b+ ¢ — abc)* > <\/__§> = 2—7

Vay ta hoan tat chiing minh.

(by Nguyén Hitu Vinh Thinh, truong THCS Nguyén Trai x Leonguyen - VMFE)


http://thcsnguyentraivl.quangtri.edu.vn/
https://diendantoanhoc.org/user/190173-leonguyen/

