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[9Jun 12 2007, 07:58 AM Gl bai vigt #1

B&t dang thi'c Schur va ki thudt ddi bién theo cac da thic Yiete

Phdn 1: Pa thifc didi xi'ng 3 bién:

B3t ddng thic ddi xomg 3 bign 13 mot dang ratthy v va thudng xudt hign trong cac k* thi Olympic. Ta oo the dinh nghta
v& da thic ddi «ihmg 3 bign nhu sauw:
B1a thic hﬂ.ﬁ_u__w_& vidi bd 3 higén thut a,b,c duge higw 12 ham =4 oo dang:

N
Flabc)= M M .(abc)

s=
Trong dd: :
M . (abc)= M Tjeathlck
tHi+Ek=2:
Wi ¢, 1,k €N

Ta dinh nghia da thoc ddi xihg 3 bigén nhu sau;
Ll H.ﬂ_.ﬁ_u.___w___ﬁu = Hﬂ_:_.ﬁ_uﬁ__.___m___.__ﬁ__.u
Trong do (a,b,c/)1a mt hodn vty ¢ cuia (@,b,c) th* ta goi F(a,b,c)la mot da thife dai xing.

Phén 2: Cac da thirc dai 2ing Viete:
Ta dinh nghia cac da thic dai sing Viete trong [dp cac bai todn bao g m 3 bién sd 14 cac dang thic co dang:

p=a+b+c,g =ab+bctca,r =abc

Binh li:

Moi da thirc ddi =imhg hﬁ_ﬂa_@_ﬁu diu cd the bigu dign dudi dang cac da thie dai sihg Viete,

B3y & 1 dinh li dai s4 r3t co ban va guan trong. Phép chithg minh xin ko dugc néu ra & day, Ban cd the tham khao tr rat
nhigu trong cac tal liéu vé ba thic dar sa.

Phén 3, Ladm quen vdi bit ding thirc Schur:
o thE rit nhigu ban d3 guad guen thudc vdi bat dang thic nay ofing vdi phép chimg mink ohi g7 m 2 déng chio nd. Tuy
nhign trong bai vigt nay ching ta s& dua ra mot phép chimg mink "la mat" hon 1, B46i khi nd clng 13 mat vige [am rat
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E Dign dan Todn hoc -= Cac chuyén d& ... E Bat dang thirc Schur va ki thudt ... FU

Phin 3, Ldm quen vdi bt dang thirc Schur:

o the rat nhigu ban d3 gua guen thudc vdi bat ddng thic nay oling vdi phép chithg mink chi g7 m 2 dong cho nd, Tuy
nhign trong bai vigt nay ching ta <& dua ra mot phép chimg minh "la mat" kon 1 . B6i khi nd cling 1a mét viéc lam rat
thil wi:

Eink i schur:

Cho g,b,cla cac s thue dudng. Khi dé vdi moi ¢ 2> 0th"

o (a—b) (a—c)+b" (b—c)(b—a)+cT (c—a)(c—b) >0

dau bang %3y rakhivachikhi g = b = chodc g = § va ¢ = [ cing cac hodn v cla nd.
Chimg mink:

Khing mat tinh téing quattacothé gidsrg > h > ¢

Tacd !

a” (a—b) ?Inu._._wﬂﬁ_wl_nu mwlau._.nj“nl_& (c—b)=0
& ar[la—b) +{a—c)*—(b—c)’] > 0

&Y (b—c) (" +'—a") 20

B3t ddng thie da gui v& dang chinh tac vai;

5= T+ —at
Sp= aﬁ_,+nﬁ_,l_mu_,__,
§.= a,__,._.@,__,lm,__,

DE thay tacd &5,8, = 0. Ta can chimg minh 5,45, >0
That w3y tacd ,m‘nn_l,m‘mﬂm_w,._,w_u__
DEu bang x4y ra khi wa chikhi g = ) = chodcg = p v3 ¢ = ( cUng cac hoan v cla no.

Phin 4, Ldm manh bt dang thirc Schur va ng dung ciia né:

Trude khi di vao phan chinh cla ki thudt nay, chung ta hdy clng tan man vdi bat d3ng thic Schur bang vigc phat bigu va
chiirng minh trudng hop manh hon cba nd trong trudgng hop =1 .

Mhif cac ban d3 bigt vdi » = 1 th* bat dang thic Schur oo dang:

a3 463 +c343abc > abla+b)+bc(c+b)+calc+a)

W& ®udt phat iy tudng lam manh bai todn ta s& suy nghi ngay tdi bat dang thic

2(a24b%) > (a+d) sy 2 \/2(a2+82) > at

Bay gidd 1a budc 2, lam manh theo nhfing g* 33 dinh hudng ta chimg minh bat ding thie

a34+634+c343abc = a@/\m?m ._'_W_J+_w_n;\m?m +_W_J+n_§ [2(c2+a?)

L giai:
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E Dign dan Todn hoc -= Cac chuyén d& ... E Bat dang thitc Schur va ki thudt ... rU

Bay giti 13 budc 2, 1am manh theo nhifng g° d3 dinh hudng ta chimg minh BAt dang thirc
a3+634+c343abc > a@/\m?m ._'_W_J._.@n;\m?m +_W_J+_n?__ﬁ?m +a2)

Ldi giai:

Bat ddng thic cin chimg minh tuiong duong:
_Hm+_m_m+mm+wa_w_nla_w?+3I@n?._'nuln_u?._.&

—ab( m?f&@lgl&lmnﬁ m?m._.nﬁl_wl_&lnaﬁ 2(c?+ald)—c—a) >0

0 —c)|d— c—d |nm cr+ad— n|_nm B
gy cle 1 m:w ) e ta—b)(c—a)

ab{a—b)* Be(B—c) cafc—a)?
I,ﬂ?f%imiI;m_ﬂwfnm“_+ww_.nwl,xm?m+aﬁ_+n+a =0
@32 (-0 leth—0)— s )20

Mhir w3y budc bign d8i v& dang chinh tic d3 thanh céng. Ta chuyén sang bude danh gia.
Kh&ng mat tinh ting quatgia s e > b > ¢
Ta oo

y Jab _ (ob—c)(y'2(a?4b?)+a+b)—2abd
V2 al b datd 2ol 482) 4 atb

> a4b—c){atb)—2ab ~0

= 2?48l 4atd T

(do g4+ > avad a+b—c > b)

Tudng tu ta dé dang chithg minh §5 > 0va dan dén

S3+5 . > 0bay gid ta cin chithg minh:

S.=(a+b—c)

Sorg ok 2ab = 2he
arTe 2ol Hb)datb 2Bl Hh4e
o c b b
2> 2130 ) 74) = o e 20

W&y bat dang thic duge chitmg minh, Bang thic xay rakhivachikhi g = b = ¢hodc g = h ¥&  — () cOng cac hoan vi cla
fich,

Phan 5: Ki thudt doi bién theo cac da thirc d6i =i'ng Viete

Phan nay 1& muc tidgu va olng |& ndi dung chink cla bai vigt, Tu tudng cla ki thudt nay chic han chi nh*n vao chung ta
cling d& dang nhan ra nd g?m 2 budc:

+ B hign mot bat ding thie d6i xihg 3 bigén vé dang cac da thic Viete.

+ 50 dung dinh i Schur g€ chimg minh bat ddng thic sau khi 33 d8i bign.

D& dang bigu dign cac trudng hop cla bat ding thie schur theo 3 bigén p,a.r

Wi truidng hop _Eaﬂjﬁm a0 th™*:
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a E _.__“_H_"______n__m_._n_.w_.__H_m_.__._n_n._._m_“____"_u:.__._.______._n_mx.anumumnmmmmmAmugmwnumwmH_u__.u_m_u:H_.u_nm_mn_m;mm_.__u__a_“_u_”w. [& _ml_q_ ) | m.,.

D& dang bigu dién cac trudng hop cla bat ddng thee schur theo 2 bign p,a,r
Wi trudng hop 10y thira (2 0 th*:

a0{a—b) (a—c) +6°(b—c) (h—a)+c0(c—a) (c—b) = 0
& pg—9r =0

Wi truding hop 10y thirs 2 1 th*:

al{a—b) ?I&._._W_H?I& (b—a)+cl{c—a)(c—b) =0
& p3—4gp+9r >0

Wi truding hop 10y thira 2 2 th*:

a2{a—b) ?I&._._wm?l& (b—a)+ci(c—a)(c—b) >0
& pt—5plg+4g2+6pr >0

Bit dang thirc phu:

P2 3g,p% > 2Tng? = 3pr,2p3+9r > Tpg
pig+3pr > 44

pg = 3pr2g°

p+3¢2 > 4p2a,pir+¢3 = bpgr

Con rat nhigu bt ddng thic phu dang nay cac ban hoan toan oo thé ding 505 d€ chimag minh nd.

P ddi hign 1 bat dang thie ddi ximg v& dang cac da thie dai xihg Wiete ta cin ndm cac hing dang thoe dang nhd sauw:
(a+8) (b+c)(c+a) = pg—r

(a+b) (b+c)+(c+a) (@+8)+(c+a) (B+c) = p2+g

ad+b34cd = pI—3pg43r

a2b? 4420240252 = g2—2pr

adbdhdci gl = g3—3pgr+43r2

abla+b)+bc(b+c)+calcta) = pg—3r

at+bt ot = pt—dple2g2tdpr

a_w_?m+%V+_m_n®m+n£+ﬁa?m+a£ = plg—2¢2—pr

Chung ta cd the dé dang thigt 13p va £'m ra nhitu hang d3ng thie ndfa, Trén day 13 nhithg hdng dang thirc cho cac da
thic bac thap hon <.

Phén 6: U'ng dung
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[E28] Dign d4n Todn hoc - Céc chuyén d& ... %] Bat dang thirc Schur va ki thudt .. 3
Phén 6: Ung dung

Bai todan:[ZaiZai]

Cho _H_F_n 14 cac 58 thue khéng &m thaa man gb+-be4catabec =4 . Ching minh rang:

w?m._.%._.ﬁmulawn > 10

Ta ot bat ding thirc cdn chihg mink tuong duong wdi;
3p?—6g4r > 10

—3p2—Tg—62>10
Theo b3t dang thifc Schur ta ol 4« =12 mm+ﬁ_m
1=4p15
36+ p?

32 —Tos Tp+43 —620

- 5p3427 02249306 >0
(p—3)(5p2+42p+102)

- p+9 =2

Bigu nay hién nhién ding do p >3 va 5p24-42p4102 > 0

pang thifc xay rakhivachikhig=h=c=1

Bai todan 2:[Balkan Contest]
Cha a,b,c 14 cac 58 thut dudng thoa man ghe =1

2 ?m._._wm._.nﬁ +12 = 3(a+b+4c)+3(ab+bc+ca)

Ta vigt bat ding thire lai dudi dang:
2(p?—2¢)+12 > 3p+3¢

P49

Theao bit dang thirc schur ta oo B T

T dd ta phai ching minh:
248
iy + A2 49) L1950

g uim 421
(p :m% J >0

Bigu nay hign nhign ddng v* p = 3 (by Am-GM) v3 ﬂmlm_%._n_'ﬁ o Fﬂ_lmum._'

—
>0

o

pingthic xay rakhivachikhig=p=r=1

Bai toan 3:[Vasile Cirtoaie]
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[E28] Dign d4n Todn hoc - Céc chuyén d& ... %] Bat dang thirc Schur va ki thudt .. 3

Bai todn 3:[Vasile Cirtoaje]
Cho g,b,¢ 13 cac 58 thut dudgng. Chimg minh rang
|+|+F a+b+c n 3
a+b Ti+c T eta = Aab4betca) T atdte
Tacd bat n..m:._m_ thirz can ching mink tuiong duang wdi:
P
pi—7T = E._uc
mn_.m
ot 3p— ,._, +ﬁ
Tir dd bign d8i bigu thie ta cdn phai ching minh:
(p2+3)6p—p2(3p—1)—18(3p—1) >0
3034 plr—36p+18r > 0
Lai cd theo bat dang thic Schur th*:
pi—dpg+9r 206 pI—12p49r =0
Ta ci:
 3p3+p2r—36p+18r >0
 3(pI-12p49r)+r(p2—9) =0
Mat khac ta lai cd:
r(p2—=9) > 0 6 (a—b) 2+ (b—c) 2+ (c—a)? > 0
Bai toan dugc chimg minhk.

Bai todan 4:[Fham Kim Hing]
Chithg minh rang néu g,b,c 14 cac s8 thut _%_m_jm_ & Fw_ k>3 ﬂ._,,
WE
e s
a+w w+n n+m a+w+n = fab+betea

L giai: [tanpharm]
Ta can chimg mink

pityg ko WEFL

pr—rti= T

D& thiy
Py ok fq Eop okl EH

ri— ,__,n_l_.ql .JHW.T%W /T

Bing theo bz-m_,.__ I

Bang thire =ay ra khi va chi vdi ba s
E—14vVE:_2k—3 s o k—1-—VEI_2E_3

ﬁ ! _H__H__S i n 2 _H__H___H_u

Rai tnan S [0ham Kim Hinnl
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[E28] Dign d4n Todn hoc - Céc chuyén d& ... %] Bat dang thirc Schur va ki thudt .. 3

Bai todn 5:[Pham Kim Hang]

Ching minh rang néu a,b,c 13 cac sd thue khang dm th*:
m_ﬂ___.|

w+n+m+n+w+a+ma+w+g =4

Sif dung bat d3ng thic Cauchy-Schawz ta oo
m_ﬂ___.|

w+n+a+n +w+a+m_ﬂa+w+g

o (a+b+c)* | s¥ame

= m_ﬂaw+wn+nau_+m_”a+w+nu_

Chung ta can ching minh:

(a+b+c)* | 3¥ane

mw+wn+nm+m+w+n >4

._.jmn_ bat ding thic schur ta co: ﬂmlmﬂmn_'mﬂ >0, Chudn hda ¢ = ghr = 1khi dd ta ca bat dang thic tuagng duang vdi:

q ._Jc >4 pi43g > dpg o (pF—4gp49r)+(3g—9r) >0
Bigu nay hign nhigén ddng «*

pi—4pg+9r >0 va 3g=>9r

Lai co

3
3 =3(ab+bctca) =9 ?_w_&m =9=9r33>9r

Bai todn 6:[ZaiZai]

Ching minh rang néu g,b,c 1a cac sd thut khing am
27 sl ek il

@ W @ﬁgw+@ﬁ+ﬁﬁu+m+w+w+n+n+a

Cd thE diung 505 hode 55 sau khi 37 ng bac hda chung, tuy nhién cd the gidi quyt don gian chi bang schur. @ Thir ghi

ra phat coi @
Ta dat p = a+b+c,qg = ab+betca,r = abec. D& dang dua b3t dang thifc cin chihg minh v& dang cac bidu thic Viet

trém;

> 4y gt

Bén day s dung 2 nhan »ét theo schur th*:

P m LER - E

Tor dd bat dang E._Qn can chimg minh tuong dugng vdi:
6(3—3q)(g+2) = 0

A maw hi8n Akhidn Ana dae
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E Dign dan Todn hoc -= Cac chuyén d& ... E Bat nm_....“_ thirc Schur va ki thuat ... _ab
= —
TUr dd bat ding ﬁjrﬁ can ching minh tuong duong vdi:
69(9—3q)(g+2) = 0
A nay hién nhién ding do:
9—3q = (a+b+c )’ —3(ab+bctca) = (a—b) 2+ (b—c) 2+ (c—a)?
pingthic xay rakhivachikhig=h=r=1

Bai toan 7:[V8 Quic Ba Can]

Cho _f_w__n 14 cac 56 thut khdng dm thoa man gb4-betcat6abe = 9. T°m hang sa k tdt nhat sao cho bat d&ng thirk sau
|3 duing:

a+b+ctkabe = k43

D& dang du doan b = 313 hang =8 tat nhat, Nhu vay t3 cin chimg minh;
p+3r =6 hay2p—g =3
MEU p > 6 th" ta cd digu phai ching minh. Gid s ngude lai p € Emﬂ . khi do ta wét 2 truting hap:

+ Truding hop 1 M_.L._m = 4g ta cd:
. :T&ﬁ?a
2p—q = 2p—7 s +323

+ Truding hap 2 m_.L._m < 4y ta co:

27 = 3g4+18r > 392 2p(dg—p?)
Tir dd suy ra;

mﬁm+mﬂ
Ip—g22p—gp13 =3
That way v* difu nay tuong dudng vai:
(p41)(p—3)(p—6) <0

Bigu nay hign nhién ddng.

Bai todan 8:[Fham Kim Hang]
Ching minh vdi cac =4 thut khdng 3m _u__w___n th"

(ot ._'_whh._'nﬁ (wb4-bctca) > (a2 +_m_m+m£ ?m_wm._._wmnm +ca).

Bat p= _un_'_w._'_nmm = _u_w_._'_wn._'n_fﬂ = abc. Khi dd ta cd bigu thirc cn chimg minh tuong dugng wdi;
(pt—4p2g+2¢° +4pr)g = (p?—29) (g% —2p7)

Khéng mat tinh tdng quat chudn hda g = ab4-bcdca =1. Khi dd ta cin chimg minh:
pt—4pl424dpr > pl-2p3r244pr

Bigu nay tudng duong v
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[E28] Dign d4n Todn hoc - Céc chuyén d& ... %] Bat dang thirc Schur va ki thudt .. 3
Bigu nay tuong dugng vdi:
(p3—5p24+446pr)+(2p3r—6pr) =0
Khi dd ta cd, theo bat d3ng thic Schur bac 4
(p*—5p24+4+6p7) >0
Lai cio:
2p3r—6pr = 2pr(p2—3) >0
Bigu nay hign nhién dang v ta cd;

pl—3= ?._.@._.numlw?@._'@n._'n& = ?IEM._.?I&M._.?I@M >0

Bai todan 9:[Zaifai]
Cho g,b,¢ 13 cac 58 thut khang &m thda man ghe = 1. Chimg minh rang:

3
(@340 (B4 (31 H = b3 41

Ta cd

(341 (3 +1) (c341) = 2+a303 447 c3 4-03cB 40345343
S0 dung ket gua

a34b7 403 = p3—_3pg+3

3b3 4530340303 = ¢3—3pg+3

Ta cd

(a3+1) (8% +1)(c3+1) = p3—3pg+¢3—3pg+8
BODT dura ve

pI—3pg+¢—3pg+8 > (g—1)°

& p3+3¢249 > 6pg+3g

xet cac truitng hap

NEu g = p th" theo schurcd p349 > 4pg

BOT thanh 3g2 > 3g+2ng

Do g 2> p nén BOT thanh mm > 3g (diing)

MEu p > g th" BOT thanh

pI+3¢24+99+9 > 6pg+12g

AM-GM oo

pI+392+9¢ > 9pg

can cd 3pg+9 = bpg+liyg

= pgt3 =4

do = ¢ nén pg+3 > q243 > 4¢ (DiBunay ding dop = 3)
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Tign st didn dan todn

Mharn: Cong Tac Vién
BAi vigt: 1,244

Tharm gia: Z&-August 05
BEn tir Quang Tr
Thanh vign thd 5.064
Blog c3 nhin

[0 Jun 30 2007, 09:50 AM Gl bai vigt #2

Cac vi du trén kha |& don gian va dé higu. Sau day |3 mdt 53 bai todn danh cho viéc luyén t3p ﬁ_

Bai toan 1: [hungkhtn + zaizail

Cho _H__w___n |3 cac sd thyt thoa man g4+-b4-¢ = 3. Ching minh rang:

(ad4a+1) ?m._._w._lc (c24c41) = Y(ab+be+ca)

Bai toan 2:

Cho g,b,c 13 cac 58 thyc dugng . Ching minh rang:

2(1+abc)+y/2(a2+1) (B2 +1) (c2+1) > (14a) (1) (1+c)

Bai todn 3:

_mw._n_ _f_w___n |4 cac wm thut duong théa man g4-64-c = 2. Chiha minh réng:
c (o] a

QM+H+%+H+%+H =1

Bai toan 4:

Cha g,b,c 13 cac sd thyt dugng. Ching minh rang:

1 1 1
O T i Pl

Bai toan 5:
Cho a,b,c 13 cac sd thyc duagng thaa man _um._l_w_m._l_nm — 1. Chimg minh rang:
21+18abc > 13(ab+-bc+ca)

Con rat nhigu bai toan oo thé gidi theo ki thuit nay, doi khi nd 12 mot cong cu kha hiéu qua va don gian ... di day |53 mot
kT thuat ko gua manh nhung nd that su cd nhimg nét dic dao rigng @ Mat luwang lan bai t3p ko theE néu ra het duac ...
hi vong cac ban s& Hiép tuc bd sung cac bai todn dic sic hon @

bii vigt dugc zaizai chinh zi0a wio ldc Jun 30 2007, 09:52 AM

Blog cla H, noi chia s& carm =dc moi ngay &)
htto://zaizaivn. net




