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Tuyén tap dé thi HSG 2008-2009 1 HAI PHONG

1 Hai Phong

1.1 Chon sinh gioi khong chuyén
Bai 1: (3 diém)

. 2 1

Cho ham s6 y = T
r—2

1. Chitng minh rang moi tiép tuyén ctia do thi lap véi 2 duong tiém can mot
tam giac c6 dien tich khong doi.

2. Tim cac diém thuoc do thi ham s6 thoad méan tiép tuyén tai diém dé lap
v6i 2 duong tiem can 1 tam giac c6 chu vi nhé nhat.

Bai 2: (1 diém)
Cho phuong trinh: (65sinz — 56) (80 — 64 sinx — 65cos’z) = 0 (1)
Chiing minh ring ton tai 1 tam gidc c6 cac géc thod man phuong trinh (1).

Bai 3: (3 diém)

Cho hinh chép S.ABCD c6 day la ntta luc giac déu canh a, duong cao SA =
h.

1. Tinh thé tich khéi chép S.ABCD.

2. Mit phang di qua A va vuong géc véi SD cit SB, SC, SD theo thit tu
tai cac diem A’, B’, C’. Chiing minh ring ti gidc AB’C’D’ noi tiép trong 1
duong tron.

3. Chiing minh rang AB’>C’'D’.

Bai 4: (2 diém)
Cho phuong trinh az® + 2122 + 13z + 2008 = 0 (1).
Biét rang phuong trinh (1) ¢6 3 nghiém thiyc phan bigt, héi phuong trinh sau
c6 t6i da bao nhiéu nghiem thuyc:
4 (az® 4 2122 + 13z + 2008) (3ax + 21) = (3ax? + 42z + 13)
Bai 5: (1 diém)
Cho hé phuong trinh sau:

cost = x?

ytany =1
Chiing minh rang he da cho c¢6 duy nhat 1 nghiem (x;y) thod man 0 < z <
y<l1.

- - -phuchung- - - 3



Tuyén tap dé thi HSG 2008-2009 2 NGHE AN

1.2 Chon do6i tuyén qubc gia

Bai 1:
Tim nghiém nguyén duong ctia phuong trinh: a2 + y? + 22 + t? = 10.22008

Bai 2:
Cho 3 s6 thyc duong x,y, z thod man x + y + 2z + 1 = 4ayz. Chiing minh
rang:

ry+yz+ary>r+y+z
Bai 3:
Cho ham s6 f (x) : N* — N thod man:

{fﬂ%=2ﬂ%=0;
fBk) =3f(k)+1; f(3k+1) =3f(k)+2; f(3k+2) =3f(k)

Hdi c6 thé ton tai n dé f(n) = 2008 duge khong?

Bai 4:
Cho tam giac ABC vé6i O, I theo thiu tu la tam ctia dusng tron ngoai, noi
tiép tam giac. Chiing minh rang A7O < 90° khi va chi khi AB+ AC > 2.BC

Bai 5.
Uy = 1
Cho day (u,) thod man: u?

Up+1 = Up + 200

Hay tinh lim {Z o ]

i=1 Uit+1

2 Nghé An

2.1 Chon d6i tuyén qubc gia
2.1.1 Vongl
Bai 1 (2d): Giai hé phuong trinh:

ly| = |o = 3]

2vVz—2+yly=1+4y
2 4+z—4r=0

- - -phuchung- - - 4



Tuyén tap dé thi HSG 2008-2009 2 NGHE AN

Bai 2 (3d)
Cho s6 nguyen a.Chitng minh rang: phuong trinh

ot — T3+ (a+2)2? = 1lz+a=0
khong thé c6 nhiéu hon 1 nghiem nguyeén.

Bai 3 (3d)
Cho day s6 thic ,, duge xac dinh béi: 29 = 1, 2,11 = 24+/Zp—2+/1 + /2,Vn €
N

Ta x4c dinh day y,, bdi cong thic y, = > 2;.21, Vn € N*.Tim cong thiic tong
i=1

quat cia day vy,

Bai 4 (3d)
Cho cac s6 nguyén a,b,c khac 0 thod man:

4 4 4
Chiing minh rang: 3[)12 + 20% + % —4lal = 3]b] = 2|¢| >0

Bai 5 (3d)

Trong mp toa do Oxy cho 9 diém c6 toa do 1 cac sd nguyén,trong dé khong
c6 3 diém nao thing hang. Chiing minh ring ton tai it nhat 1 tam giac c6 3
dinh 1a 3 trong 9 diém trén cé dién tich 1a 1 s6 chén.

Bai 6 (3d)

Cho 2 dudng tron (O) va (O') tiép xtic trong tai diém K,((O') nim trong
(0)).DiémA nim trén (O)sao cho 3 diém A, O, O’ khong thing hang.Cac
tiép tuyén AD va AE cua (0') cat (O) lan lugt tai Bva C' (D, E la cac tiép
diém).Duong thang AO'cat (O) tai F.Chiing minh ring cic dudng théng
BC,DE,FK dong quy

Bai 7 (3d)

Chon >2,n € N.Ki hieu A=1{1,2,...,n}.Tap con B ciia tap A dugc goi la
1 tap "tot" néu B khac rong va trung binh cong clia cic phan tit clia B 1a 1 s6
nguyen.Goi T, 1& s6 cac tap tot ctia tap A.Chiing minh rang 7, —n 12 1 s6 chin

- - -phuchung- - - 5



Tuyén tap dé thi HSG 2008-2009 2 NGHE AN

2.1.2 Vong 2

Bai 1 (2d)
Giai phuong trinh: 162° — 2422 4+ 120 — 3 = Yz

Bai 2 (3d)
Tim tat ca cac s6 nguyén a, b, c thod man diéu kien 1 < a < b < ¢ va abe
chia hét cho (a — 1)(b—1)(c—1)

Bai 3 (3d)
Cho a, b, ¢, z,y, 214 cac s6 thuc thay ddi thod man (z +y)c — (a + b)z = /6.
Tim GTNN ctia biéu thiec:

F=a*+bvV++22+y*+ 22 +ar+ by +cz

Bai 4 (3d)
Tim tat ci cac ham f : R — R sao cho:
f(z + cos(2009y)) = f(z) +2009cos(f(y)),Vx,y € R
Bai 5 (3d)
Cho tam giac ABC thay doi.GoiH la tryc tam,O la tam dudng tron ngoai
tiép va R 1a ban kinh duong tron ngoai tiép ciia tam gidc ABC.X4ac dinh

GTNN ctia sb k sao cho O?H <k

Bai 6 (3d)
Cho ABCD la tit gidc noi tiép.M vaN la céc diém lan lugt thay doi trén cac
MA NC

canh AB va C'D sao cho VB~ W.DlemP thay doi trén doan thang M N
PM  AB

sa0 choﬁ = C—D.Chl’mg minh rang ty s6 dién tich clia 2 tam giacPAD va
PBC khong phu thudc vao vi tri cia M va N

Bai 7 (3d)

Goi S 1a tap hop cac sd nguyén duong dong thoi thod man 2 dieu kién sau:
1.Ton tai 2 phan tit z,y € S sao cho (z,y) =1

2.Véi bat ky a,be Sthia+be S

Goi T 1a tap hgp tat cd cac s6 nguyen duong khong thuoc S.Chiing minh
rang sO phan tt ctiaT 1a hitu han va khong nhé hon /s(T),trong dé s(T') 1a
tong cac phan tit ctia tap 7' (néu T' = ¢ thi s(T) = 0)

- - -phuchung- - - 6



Tuyén tap dé thi HSG 2008-2009 2 NGHE AN

2.2 Chon déi tuyén Dai hoc Vinh
Bai 1:
Chitng minh riang v6i moi x thi:
1 1 1
1+ cosz + 5605233 + 560831’ + 1—10054:6 >0
Bai 2:
Tim céc gia tri khong am ctia m dé phuong trinh sau c6 nghiem:

Vr—m+2yx—1=/c

Bai 3:

Dait A ={n,n+1n+2n+3n+4n+5n+6mn+T7 Tim moi sb
nguyén duong n sao cho ton tai hai tap B, C roi nhau théa man dong thoi:
1LA=BuUC

2J[z=]]y(x € B,y € O)

Bai 4:

Trong mit phang cho dudng tron (O) va dudng thang d khong c6 diém chung
v6i (O). Goi H 1a hinh chiéu ctia O lén d, goi M 13 mot diém trén d ( M khong
tring v6i H). Tu M ké cac tuyép tuyén MA, MB vé6i (O). Goi C, D 1a hinh
chiéu ctia H len MA, MB. Cac dudng thang CD, AB cit OH tai I va K. Cm
I Ia trung diém ctia HK.

2.3 Chon hoc sinh gioi khéng chuyén
Bai 1: (3 diém)
Tim m dé phuong trinh sau c6 4 nghiém phan biét thudc doan [0; %]
sin*z + cos*x + cos*4x =m
Bai 2: (3 diém)
Cho he: (a la tham sb )
{ VI+ .y =4

Ve+T+Vy+7<a

Tim a dé hé c6 nghiem (x; y) théa man diéu kién : x > 9

Bai 3:(3 diém)
Cho ham s6 :

- - -phuchung- - - 7



Tuyén tap dé thi HSG 2008-2009 3 THUA THIEN HUE

V1 + zsin?x — 1, khix # 0
0, khiz = 0

Tinh dao ham ctia ham s6 tai = 0 va chting minh rang ham s dat cuc tiéu
taix =0

Bai 4: (3 diém)
Cho 3 s6 duong a, b, ¢ thay déi . Tim gia tri 16n nhat ctia biéu thic :

po Ve Ve | Vab
a+3vVbe b+3Vca ¢+ 3Vab

Bai 5:(3 diém)
Cho n la s6 tit nhién , n > 2. Chitng minh déng thiic sau :

n2C% + (n — 1)2CL + (n — 2)2C2 + ...+ 22C" — 24 12C" — 1 = n(n + 1)2"2

Bai 6: (2 diém)

Cho khéi chép S.ABCD c6 diy ABCD 1a hinh binh hanh . Goi M, N, P
lan luot 1a trung diém ciia cac canh AB, AD, SC . Chitng minh ring mat
phéng (MNP) chia khéi chép S.ABC D thanh hai phan c6 thé tich bing nhau.

Bai 7:(2 diém)
Cho tit dien ABCD c¢6 AB=CD, AC=BD, AD=BC va mit phang (CAB)

—

vuong géc véi mit phang (DAB). Chitng minh rang : cot BCD.cot BDC

i
2
3 Thira Thién Hué

3.1 Chon déi tuyén qubc gia
Bai 1: (4 diém)
Tim céc cap s6 thyc (x;y) sao cho:
9% 1 4Y = 32
ry =8
Bai 2: (6 diém)
Cho khoéi lang tru ding (L) ¢6 canh bén bang 7a. Day ctia (L) 1a luc giac
16i ABCDEF c6 tat ca cac goc déu bang nhau v AB = a,CD = 2a, EF =

- - -phuchung- - - 8



Tuyén tap dé thi HSG 2008-2009 4 HA TINH

3a, DE = 4a,FA = ba, BC = 6a.

a) Tinh theo a thé tich ctia khéi lang tru (L)

b) Chiing t6 rédng c6 thé chia khéi lang tru (L) thanh 4 khéi da dién trong
d6 c6 mot khoi lang try déu ddy tam giac va ba khdi hop.

Bai 3: (6 diém)

Goi (C) 1a d6 thi ham s6 y = 2* — 2¢/22 duge dung trén mit phing toa do
Oxy.

a) Chitng t6 rang néu mot hinh binh hanh c6 tat ca cac dinh déu nam trén
(C) thi tam ctia hinh binh hanh d6 1a goc toa do O.

b) Hbi ¢6 bao nhiéu hinh vuong c¢6 tat ca cac dinh nam trén (C)

Bai 4: (4 diém)

a) Cho tap hgp S ¢6 n phan tit. Chitng minh rang c¢6 ding 3" cip c6 thi tu
(X1; X3) voi X va X, 1a céac tap con clia S thoa man diéu kien X; U X, = S
b) H6i ¢6 bao nhiéu cach thanh lap tap hop {A; B}, trong d6 A va B la hai
tap hop khéc nhau sao cho AU B = {1,2,3,..,2008}

4 Ha Tinh

4.1 Chon hoc sinh giéi khéng chuyén

Bai 1l :

a/Tim cac gia tri cia m dé ham s6 y = 2° — 3(m — 1)2? +3(2m + 1)z + 1
dat cuc dai, cuc tiéu tai (x1;25) sao cho |z; — z5| < 2v/5

b/Tim m dé phuong trinh c6 nghiem :(m — 1)z = (m — 2)(y/x — 1)

Bai 2 :
Giai hé phuong trinh:
- 16 B yt—1

8 Y
2?2 —2zy+y? =8

Bai 3 :
Nhan dang tam giac:

- - -phuchung- - - 9



Tuyén tap dé thi HSG 2008-2009 4 HA TINH

A B
VsinA + v/sinB + v/sinC = </cos§ + </cos§ + C/cos%

Bai 4:

Hinh chép tit giac déu S.ABCD c¢6 goc gitta mét bén va day la «.Vé duong
cao SH cua hinh chop,Goi E la diém thudoc SH va c6 khoang cach t6i 2
mat(ABCD) va (SCD) bang nhau.mp(P) di qua E,C,D cat SA,SB lan lugt
tai M,N.

a/Thiét dién la hinh gi?

b/Goi thé tich cac khéi da dien S.NMCD va ABCDNM lan lugt 1a Vi, V. Tim
a dé 3V, =5V,

Bai 5 :
Cho x,y,z > 0 théa z + y + z = 1. TIM GTNN cua:

11—z 1—y 1—=2
P =
\/1+m+\/1+y+\/1+z

4.2 Chon d6i tuyén qubc gia

4.2.1 Vong 1
Bai 1 : Gia st do thi ham sb
flx) =2 — 62+ 9z +d

cit truc hoanh tai 3 diém c6 hoanh do z1, z9, z3 VOl 21 < 79 < T3. Chtng
minh: 0 <1 <1<z <3< 23 <4

Bai 2 :

Giai phuong trinh:

2
cos2 x)4 _

4eot®z +3(1 — —
sin®

Bai 3:
Cho ti giac ABCD noi tiép duong tron (O; R). Céc tia ddi cla cac tia
BA,DA,CB,CD cung tiép xtc véi duong tron (I;7). Dat d = OI. Ching
minh rang:

1 1 1

2 TR T [d=Rp

- - -phuchung- - - 10



Tuyén tap dé thi HSG 2008-2009 4 HA TINH

Bai 4:

Tim tat cd cic ham f: R — R, g : R — R thod man dong thoi cac diéu kién
sau:

DVr,y € R thi 2f(z) — g(z) = f(y) —y

2) V€ R thi f(x).g(z) > x+1

Bai 5 :
Day s6 (x,) v6in =1,2,3,... dugc xac dinh bdi:

1
1 =3,Tpi1 = Exz — 2, +2Vn € Nx

n

. n o1
Tim gi6i han cta day S, = > —
i=1L;

4.2.2 Vong 2

Bai 1:

1) Giai phuong trinh: 22 — 10[x] + 9 =0
2) Giai bat phuong trinh:

Vil =2+ —1<V5+V/—2+8

Bai 2:
—1 2 —1

Cho day (z,)%°, biét z; = 5 Tt =

Tim gi6i han cta day (z,)5, khi n — oo

véi moin=1,2,3, ...

Bai 3:
Cho ham f: N — N thod man tinh chat

f(f(n) + f(n) =2n+3vne N
Tinh f(2008)

Bai 4:
Cho tam gidac ABC nai tiép (O) va ngoai tiép (I). Dudng thang d cit cac
canh AB, AC lan luct tai M, N
1) Chiing minh ring duong thang d di qua I khi va chi khi
AB+BC+CA 1 N 1
AB.AC  AM AN

- - -phuchung- - - 11



Tuyén tap dé thi HSG 2008-2009 5 CAN THO

2) K la mot diém bat ky trén dudng tron ngoai tiép tam giac ABC, K thuoc
cung BC khong chita diem A (K khac B, (). Cac tia phan gidc ctia cac goc
BEKA,CKA c¢&t cac canh AB, AC lan lugt tai D, E. Ching minh rang DE
luon luon di qua I khi K thay doi.

Bai 5:
Tim gi4 tri 16n nhat ctia biéu thic P = 13sinz + 9v/cos2z — 4cosz + 3 véi
z € [0;7]

Bai 6:
Cho p 1a mot s6 nguyén t6. Chiing minh da thiic sau bat kha quy trén Z|z]:

2P 4 20P2 4 3P 3+ L+ (p— 1Dz +p

5 Can Tho

5.1 Vong 1

Bai 1: ( 2.5 diém )
Giai phuong trinh sau trén R:

=622 — 120 —8=0

Bai 2: ( 2.5 diém )
Giai hé phuong trinh sau trén R:

v —ay+1=0
Ay 20 +2y+1=0

Bai 3: ( 3 diem )

Trong mit phang cho tam gidc ABC , c6 AB=a,AC=b, BAC =135° ,
diém M nam trén canh BC ctia tam gidc sao cho BAM = 45° . Tinh do dai
AM theo a,b .

Bai 4: ( 3 diém )

Trong khong gian cho hinh chép S.ABC | trong tam tam giac ABC la G |
trung diém SG 1a I. Mat phang (a) qua I cit cac tia SA , SB, SC lan lugt
tai M, N, P (khong trimng véi S) . Xac dinh vi tri mit phang () dé thé tich
khéi chép S.MNP 1a nhé nhat .

- - -phuchung- - - 12



Tuyén tap dé thi HSG 2008-2009 5 CAN THO

Bai 5: ( 3 diem )

Trong khong gian cho hinh chép S.ABC , T la diém thay ddi trong mit phing
ABC.

Duong théng qua T . song song véi dudng thang SA cit mat phéang (SBC)
tal A’ .

Duong thang qua T . song song v6i duong thang SB cat mit phang (SBC)
tai B’ .

Duong thing qua T . song song v6i duong thang SC cat mit phang (SBC)
tal C .

Mit phang (A’B’C’) cat dudng thang ST tai diém I .

Chitng minh ty s6 S_T{ khong thay doi khi diem T thay doi trong mat day

ABC trong mit day ABC cua hinh chop S.ABC.

Bai 6: ( 3 diém )

Cho da thiic vé6i he s6 thuc P(z) = z* 4 ax® 4 bx? 4 cx + d, biét ring phuong
trinh P(x) = 0 khong c¢6 nghiem thuec .

Chitng minh F(z) = P(z) + P'(z) + P"(x) + P"(z) + P (x) > 0 v6i moi s6
thuc x .

Bai 7: ( 3 diém )

Cho n s6 thyc ay, as, ..., a, khac 0 , doi mot phan biét . Chitng minh phuong
trinh /1 + @12+ /1 + asz + ... + /1 + a,z = n c¢6 khong c6 qua hai nghiem
thuc phan biét .

5.2 Vong 2

Bai 1: ( 3 diém )
Tim tat ci cac nghiém thuc ctia phuong trinh :

2?2+ 5x — 10 = /60 — 24z — 522

Bai 2: ( 3 diem )
Cho cac s6 thuc duong a , b, ¢ . Chiing minh bat ding thiic :
(a—b—c)? (b—c—a)? (c—a—b)? 1

>
202+ (b+c¢)?2 202+ (c+a)? 22+ (a+b)? — 2

- - -phuchung- - - 13



Tuyén tap dé thi HSG 2008-2009 6 BA RIA VUNG TAU

Bai 3: ( 3 diem )

Trong mit phang cho tam gidc déu AEF va hinh chi nhat ABCD . C4c dinh
E , F clia tam gidc déu lan lugt nam trén cac canh BC , CD ctia hinh chit
nhat ABCD . Chitng minh ring tong dién tich clia hai tam giac ABE va
ADF bang dién tich tam giac CEF.

Bai 4: ( 4 diém )
Cho ham s6 f(z) = (z* — 32% + 2)v/22 — 22 + 3 . Chiing minh rang v6i moi
s6 thuc m , hé phuong trinh sau luén c¢6 nghiém thue :

{ f(2008) (x) 4 f(2008)<y) =0

?2—my=4-m

Bai 5: (3 diém )
Cho day s6 thyc (a,) duge xac dinh béi cong thite truy hoi:

1
OJ1:§

2

an

Apn+1 = 55 7
2 2
a; —a; +1

Ching minh a; + as + ... + a, < 1 v6i moi s6 nguyén duong n .
Bai 6: ( 4 diém )
Tim tat ca cac cap s6 nguyén (x,y) thoa man :

200823 — 3zy? 4+ 2008y> = 2009

6 Ba Ria Ving Tau

6.1 Chon d6i tuyén trudng chuyén Lé Quy Don
Bai 1:
Giai hé phuong trinh:
8 2 18
Py =y — =220 — = =30y + —
T Yy 2
Bai 2:

Cho day sb xac dinh béi z; = 1; 2,4, = —2008. Chting minh réng

2(22 + 1)

n

- - -phuchung- - - 14



Tuyén tap dé thi HSG 2008-2009 7 THANH HOA

day sb c6 gidi han hitu han.

Cau 3:

Cho tam gidac ABC nhon, noi tiép dudng tron (O). Goi I 1a diém giita ctia
cung BC khong chita diém A va K 1a trung diém ctia BC. Hai tiép tuyén ctia
(O) tai B, C cat nhau & M; AM cat BC tai N.

Chitng minh rang:

1) AT la phan giac goc MAR

y NB _ AB’
NC — AC?
Bai 4:

Tim tat cd cdc ham sb lién tuc trén R va thoa man:

f(x) —2f(2z) + f(4z) = 2? + x v6i moi x

Bai 5:
Cho a, b, ¢ 1a cac s6 khong am phan biét. Chiing minh ring:
1 1 1 11+5v5
2 4 P24 2 >
@+ Nt oo T e 2 2
Bai 6:

Trén ban ¢6 vua kich thude 8x8 duge chia thanh 64 6 vuong don vi, nguoi
ta bd di mot 6 vuong don vi nao d6 6 vi tri hang thit m va cot tha n . Goi
S(m;n) 1a s6 hinh chi nhat duge tao bdi mot hay nhiéu 6 vuong don vi clia
ban cd sao cho khong c¢6 6 nao triing véi vi tri clia 6 bi x6a boé ban dau. Tim
gia tri nho nhat va gia tri 16n nhat ctia S(m;n).

7 Thanh Hoéa

7.1 Vong 1

Bai 1: (5 diém)
a) Giai bat phuong trinh:

3P (22 —4)3" 2> 1

b) Xac dinh tat ca cac ham s6 f(z) : R — R tho& man:
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f(z) = max{2zy — f(y)} Vo € R

Bai 2: (4 diém)

Cho A 14 mot tap hop gom 8 phan tit. Tim s6 16n nhat cic tap con gom 3
phan tit clia A sao cho giao clia 2 tap bat ki trong cac tap con nay khong
phai 13 mot tap hgp gom 2 phan tit.

Bai 3: (5 diem)

Cho ham s6: f(z) = 2™ + 292" 4+ 2009 v6i n € N,n > 2. Chiing minh rang
f(x) khong thé phan tich thanh tich clia 2 da thitc hé s6 nguyén c6 bac lén
hon hoac bang 1.

Bai 4: (6 diem)

Cho tam giac ABC, D 1a mot diém bat ki trén tia déi ctia tia CB. Duong
tron noi tiép cac tam gidc ABD va ACD cat nhau tai Pva . Chiing minh
rang duong thing PQ luon di qua mot diém c6 dinh khi D thay déi.

7.2 Vong 2
Bai 1:
Giai phuong trinh:
logs2x + 1 + logsdx + 1 + log:6x + 1 = 3x
Bai 2:
Chtng minh véi moi s6 duong aq, as, ...a, thodn man a;.as...a, = 1. Ta c6
bat dang thiic:

Vad+1+ .+ /a2 +1<V2(a + ... +ay)

Bai 3:
Tim tat ca cac cip s6 nguyén duong (x,y) sao cho:
22 —1
— 12 1
r—1 Y
Bai 4:

Duong tron (w) tiép xtc véi hai canh bing nhau AB,AC clia tam gidc can
ABC v cit canh BC tai KL . Doan K,L cat (w) tai diém thit hai M . P,Q
tuong tng doi xting véi K qua B,C. Chitng minh dudng tron ngoai tiép PMQ
tiép xtc véi (w)
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7.3 Lam Son 11

Bai 1:
Giai phuong trinh: x + V4 — 22 =2 + xv4 — 22
Bai 2:

Giai hé phuong trinh:

2y(2® —y?) = 3z

z(z? + y*) = 10y
Bai 3:
Cho tam gidac ABC , M la trung diém BC va H la tryc tam. Chiing minh
rang:

MA? + MH? = AH? + %B(P

Bai 4:

Cho phuong trinh: sinz + V2 — sinx? + sinzy/2 — sinz?> = m

1) Giéi phuong trinh véi m = 3.

2) Tim m dé phuong trinh c¢6 nghiém.

Bai 5: 1

Cho day 6 (u,) xac dinh béi: u; = g Upi1=14+—;n=1223,..
So sanh : U2008 va U2009

Bai 6:
C6 tat cd bao nhieu s6 ty nhién c¢6 5 chit s6 ma tong cac chit s6 bang 9.
Bai 7:

Chitng minh rang moi uéc nguyén duong 1é ctia s6 32°% 4+ 1 déu c6 dang
3k+1

8 Hai Duong

8.1 Vongl1
Bai 1: (2 diém)

R . 2 13 . 1 ,
a)Tim diéu kién ctia tham s6 m dé do thi ham s6 y = (gx +m)® —x+2 cit
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truc hoanh tai hai diém phan biét c6 hoanh do 16n hon 2.
b)Cho ham s6 y = 2cos*x + 2sinzcost + mx
Tim diéu kién ctia tham s6 m dé ham sb ¢6 cuc tri .

Bai 2: (2,5 diém)
a)Cho da thrc:

P(x) = Clyp9 + 205000 (22) + 3C509(2)* + ... + 2009C5500 (22)>°%°.

Tinh tong cac hé s6 bac 1é ctia da thiic da cho .
b)Giai hé phuong trinh:

5% =2y + 1+ 2logs(4dy + 1)
5Y =22+ 1+ 2logs(4z + 1)
5" =2z + 1+ 2logs(4x + 1)

Bai 3: (2 diém)

a)Cho ti dien ABCD ¢6 AB =a,CD =b ; goc (AB,CD) = o, khodng cach
gitta AB va C'D bang d.

Tinh thé tich ctia khéi ti dien ABCD theo a,b,d va «

b)Trong cac ti dien OABC c6 OA, OB, OC doi mot vuong goc va the tich
bang 36,hdy xac dinh ti dién sao cho dién tich tam gidc ABC nhd nhat.

Bai 4: (2,5 diém)
a)Chiing minh V2 € R thi

2 x3

e Zl—i-l‘—f-a—f‘a

b)Tim a > 0 sao cho:

2 ZL’3

a Zl—i-l’—l-a—f‘a

v6i moi gia tri cua x.
¢)Cho z,y, z 1a cac s6 duong va thda méan:

r+y+z=9
r>5r+y>8
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Chitng minh rang zyz < 15

Bai 5: (1 diém)

Cho hinh lap phuong ABC D.A, B;C,D; canh bang 1. Lay cac diem M, N, P,Q, R, S
lan luot thuoc cac canh AD, AB, BBy, B,C,,C1D;, DD;. Tim gia tri nho

nhat ctia do dai duong gap khuc khép kin M NPQRSM

8.2 Vong 2:

Cau 1: (4 diém)

Tim tat ci cac ham s6 f : R— > R thdéa méan diéu kién:
fla=f) = fla+y*®) + f(fly) +y™*) + 1Vz,y € R

Cau 2: (4 diém)

Cho day s6 z,, thoa man :

1
T1 € Ry = o, + é(cosxn + sinx,,)(Vn € Nx)
Tim gi6i han ctia day (néu c6) tuy theo z;

Cau 3: (3 diém)

Cho t1 giac 16i ABCD .Goi M, N, P, @ lan lugt 1a hinh chiéu vuong goc
ctia mot diém O trong ti gidc xudng cac canh AD, AB, BC,CD ; mat khéc
M, N, P, cing nam trén mot duong tron tam I ban kinh R.

Ké Ax, By, C'z, Dt lan lugt vuong goc véi cac dudng thang M N, NP, PQ, QM.
Chitng minh ring Az, By, Cz, Dt ddng qui tai mot diém.

Cau 4: (3 diém)

Cho p 1a s6 nguyeén t6 khong nho hon 5 .Chitng minh rang ton tai hai s6
nguyen td ¢i, ¢z sao cho 1 < q; < gy < p dong thoi ¢ ' — 1;¢5" — 1 khong
chia hét cho p?

Cau 5: ( 3 diém)
Tim a > 0 sao cho bat déng thic sau ding véi moi n € Nx :
12423+ . +nn+1)*>21*+32%+ ... + (n+ 1)n®

Cau 6: (3 diém)
Cho a, b va ¢ 1a cac s6 thyc duong sao cho a+b+c = 3 .Tim gia tri nho nhat
clia biéu thiic
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a? b? c?

a+2b3+b+203+c+2a3

9 Dong Thap
Bai 1: (3.0 diem)
Giai phuong trinh:
(1 + tan1®)(1 + tan2°)...(1 + tands®) = 2°
Bai 2: (3.0 diém)

Cho tam giac ABC' ¢6 cac goc déu nhon. Goi AH, BI,CK la cac dudng cao
cia tam giac. Chitng minh rang:

SHik
=1—c0s*’A — cos’B — cos*C.

Sapc
Bai 3: (2.0 diém)
Cho a,b 1a hai s6 nguyén. Chitng minh ring:

A = ab(a® + v*)(a® — b?):30.
Bai 4: (3.0 diem)
Cho ham 86 f : N* — N* thod hai diéu kién:
f(a.b) = f(a).f(b) v6i a,b € Nx va (a,b) =1

fp+4q) = f(p) + f(q) véi p,q nguyen to.
Chiing minh f(2008) = 2008.

Bai 5: (3.0 diem)
Chitng minh néu n chén thi 2" chia hét:
CY, +3C% + ...+ 3°C2 + ..+ 3"C3n.
Bai 6: (3.0 diém)
Cho ba s6 thyc a, b, c. Chiitng minh rang:
(a®> +1)(b* +1)(c* + 1) > (ab + be + ca — 1)2.

Bai 7: (3.0 diém)

Cho tam giac ABC can tai A. Duong tron (C) tiép xic v6i dudng thang
AB, AC lan lugt tai B va C. M 1 diém tuy y nam trén dudng tron (C). Goi

di, ds, ds 1an Iugt 1a cac khoang cach tit M dén cac dudng thing AB, AC, BC.
Chtng minh: d;.dy = dg.
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10 Tp. Ho Chi Minh

10.1 Tp. H6 Chi Minh

Bai 1:
Giai hé phuong trinh:

20 — ) —x(z+ )(z —2) =1
2(y° = 2°) —yly + Dy —2) =1
2022 =23 —2(z4+1)(z—2) =1

Bai 2:
P ‘ 1 1 1
Cho 3 s0 thuc duong a,b,c thoa : a+b+c¢> — + 7 + —. Ching minh:
a c

3 2
at+b+tc> ————+ —
a+b+c abc

Bai 3:
Cho tam giac ABC vuong tai A. Dla diém di dong trén canh AC. Duong
tron (O) dudng kinh BD cat BC tai diém thit hai 1a P. Dudng cao vé tit A
ctia tam gidac ABD cat (O) tai diém thit hai 1a E. Goi F 1a giao diém ctia CE
va DP. I 1a giao diém ctia AF va DE. Duong thang qua I song song DP cit
duong trung tryc Al tai M. Chitng minh M di dong trén 1 duong c6 dinh khi
D di dong trén AC.

Bai 4:
Cho t1t dien ABCD noi tiép mat cau tam O. MAt phang (Q) vuong géc OA,
cat AB,AC,AD tai M,N,P. Chitng minh B,C,D,M,N,P cting thudc 1 mat cau.

Bai 5:
Tim tat cd cac ham f: R — R thoa:
fle = fy) = f(f(y) +xf(y) + f(z) — 1 v6i moi x,y thuoe R.

Bai 6:
Cho sb thyc x,y,z thoa :

rz>y>z=>1
20+ 322> 6
1lx + 272 > 54
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Tim gia tri 16n nhat:

12008 2009
_l’_

P ==
(x,y,z) [E2+ yg 2

z

Bai 7:
Cho da thic Py(z) =1—z + 2% — 23 + ...+ (—=1)* '2*! | k nguyéen duong.
Chtng minh:

—1
S CEPy(2) = 277 1P, (2

)

11 Ha Noi

11.1 Tp. Ha Noi
Bai 1:
Cho ham sb:

y=24+3(m+ 1)z*>+3(m*+ Dz +m3 +1

1. Tim m dé ham s6 sau c6 cuc dai cuc tidu.
2. Chiing minh rang v6i moi m phuong trinh y = 0 luon ¢6 1 nghiém duy nhat.

Bai 2:
1. Giai phuong trinh:
V20 VI )+ 2P + /01— 2] = 5a

2. Cho 22 + 9% — 42 — 6y +12 =10
Tim max A = 22 + y?

Bai 3:
1. Cho hinh hop chit nhat véi kich thude ba canh la a,b,c va do dai duong
chéo 1a /3.

< 3
Chiing minh rang ) ﬁmg > 5
2. Cho day sou,dude xac dinh nhu sau:
1

B
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va day s, dudc xac dinh:
S1 =U1,S2 = U] + U, Sp = UL + U2 + ... + Uy

Tinh lims,,

Bai 4:

1. Cho hinh chop ti giac S.ABCD véi day 1a hinh chi nhat va SA vuong goc
v6i mp day va SA=a, AB=Db, AD=c. Qua trong tam G cua tam giac SBD ké
1 duong thang d cit doan SB tai M va SD tai N. Vé mp (AMN) cat SC tai
K tim gi4 tri 16n nhat va nhé nhat ctia Vo annk.

2. Tren mp (ABCD) ké tia phan giac trong At tren At lay E sao cho
BED = 45° .Chiing minh ring;:

g V2B ) + V2(b+c)
2

11.2 Dai hoc su pham Ha Noi
11.2.1 Vong 1

Bai 1:

Tim z,y, 2 tu nhién thod man x20% 4 42999 = 72

Bai 2:
Tim m 16n nhat dé
1 1 m
+ >
ka+b kb+a " a+b

v6i moi a, b > 0 va khong thuoc [0.7].

Bai 3:
Tim da thic p(z) thod man:
1. p(2) = 12

2. p(a?) = 22(a® + 1)p(x)
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11.2.2 Vong 2
Bai 1:
Cho s6 nguyén duong a va day x, thoad man:

Top = a
Tpt+1 = 2.']]72,]4 +3
1. Xac dinh tat ca cac gia tri c6 thé ctia a dé ton tai 1 s6 2; chia hét cho 2009

2. Chitng minh rang véi mdi uéc nguyen to p ctia 2009298 + 23 ton tai vo sd
s6 a thod man z,, khong c6 sd6 hang nao chia hét cho p

Bai 2:
Tim p(z) thod man p(z?) = p(z)p(x + 2)

Bai 3:

Tap cac s6 nguyén duong N* chia thanh 2 tap A, B thoid méan:

1.1€ A

2. Khong c6 2 phan tit ndo ctia A va 2 phan ti nao ctia B ¢6 tong bang 28 +2
Hay chi ra 1 cach chia. Chiing minh ring cich chia ton tai 1a duy nhat.

Bai 4:

Cho tam giac ABC noi tiép (O), M trong tam gidc Ay, By, C; 1a hinh chiéu
cia M len BC,CA, AB. AM,BM,CM cat (O) ¢ Ay, By, Cy. Tim M sao cho
A1 B1C} va A3 ByCy 1a anh ctia nhau trong 1 phép vi tu.

11.3 Dai hoc KHTN Ha Noi
11.3.1 Vong 1
Bai 1:
Cho z,y, z khong am théa man: 2% + y* + 22 = 1. Tim min, max:
x Yy z
P =
1+yzJr 1+9z:zjL 1 +yx

Bai 2:
Tim z,y, z nguyén duong thoa man:

z+1 z+1 2100

r =y
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Bai 3:
Tap cac s6 {1,2,..,3000} c6 chita mot tap con A gom 2000 phan ti thoa
méan: néu z € A thi 2z khong thuoc A hay khong?

Bai 4:

Cho tam giac ABC nhon, tréen AB,AC lay M,N. Cac duong tron duong kinh
BN,CM cit nhau 6 P,Q, Biét P nam tren (ABC).

a) Ching minh: Q thuoc duong tron Ole ciia tam giac ABC.

b) Ching minh: MN di qua tam (ABC).

11.3.2 Vong 2 - Ngay 1
Bai 1:
Cho x,y,z>0, tim GTNN cua:
27z y 28 1
= + +
2oy?z+ 295 Yt 42z 2202 4 2a0y27

Bai 2:
Tim ham lién tuc f: R — R théa man: 6(f(fz)) = 2f(x) +x

Bai 3:

Cho tam gidc ABC va duong tron di qua B,C cit cac canh AB,AC tai P,Q.
Goi Ay, By, C1la trung diem PQ, PB, QC. Chitng minh: cic dudng thang di
qua A,B,C tuong ting vuong goéc véi B;Cy, Ci1 Ay, A; By cit nhau tai 1 diém.

Bai 4:
Cho da thiic P(z) bac n > 0, hé s6 nguyen va p nguyén to. Gia st phuong

trinh P(z) = 0(modp) c6 ding m nghiém phan biét xq, zs, ..z, € [1,p],m €
N* va P'(z;) # kp, (i € [1,m]). Xac dinh s6 nghiém phuong trinh:

P(x) = 0(modp®*®®) tren [1, p?°%8]
11.3.3 Vong 2 - Ngay 2
Bai 1:

Cho z1,22, .., z, khong am (n > 2) théa man: 23 + 22+ ... + 22 = 1 Tim gia
tri 16n nhat:
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P=(1-z)(1—x9)..(1 —x,)
Bai 2:
Cho m, p 1a s6 nguyén duong sao cho m? + 4p khong phai chinh phuong va

m > p. Goi ¢ 1a nghiém duong ctia phuong trinh: 22 — mxz — p = 0.
Xét day x,:

{xozaEN

Tpp1 = C.Tp
Tim du cta phép chia x,, cho n
. Bai 3:
Cho (O) va A,B ¢6 dinh sao cho AB ko la duong kinh. C thuoc ung AB 16n,

D la trung diém AB. M la trung diém AC, N la duong cao ha tit M xudng
BC. Vé d qua N vuong géc DN. Chitng minh: d tiép xtc 1 dudng cong c6 dinh.

Bai 4:
Cho cac s6 thuc ay, as...a, thoa man a; < ap < ... < a, vd cho ham s6 f(x)
16i trén [aq, a,,]. Chiing minh:

2y flak)a(k +1) <320y fla(k +1))ak

12 Quang Binh

12.1 Vong 1

Bai 1: (2,5 diém )
Giai phuong trinh:

2%/ (1+x)2+3"V1—22+ /(1 —2)2=0

Bai 2: (2,5 diem)
Tinh gi6i han:

cos(zcosx)

z—0 sin(tanx)
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Bai 3: (2,0 diém )
Cho day s6 (u,) xac dinh nhu sau:
a) u, > 0; Vn € Nx

b) U1:1;
VA 2 -1

Unp
Chitng minh rang:

C) Up1 =

U 1

Bai 4: (3,0 diém )

Cho hinh chép S.ABCD c6 dday ABCD la hinh thang ( AD//BC ), SA = 2a
va vuong goc véi day, AB = BC = CD = a. Goi M, N, P lan lugt 13 hinh
chiéu vuong goc ciia A trén SB, SC, SD.

a) Chitng minh ring A, M, N, P dong phing v tit gidc AMNP noi tiép dugc
trong mot duong tron.

b) Tinh dién tich ti giac AMNP theo a.

12.2 Vong 2

Bai 1: (2,5 diém)

Giai hé phuong trinh:
Vaz+224+22— fy=y*+2y+1
ViR +2y+22 -z =2>+22+1

Bai 2: (2,5 diém)

Cho 4 s6 nguyén duong a, b, ¢, d trong d6 téng ctia 3 s6 bat ky chia cho s6
con lai déu c6 thuong 1a sé nguyén khac 1. Chiing minh rangtrong 4 s6 a, b,
c, d luon ton tai 2 s6 bang nhau.

Bai 3: (2,5 diém)

Cho ham s6 f(z) lien tuc trén doan [0; 1], ¢c6 dao ham trén khoang (0;1) va
2009

FO) = 1) = 5547

Chitng minh rington tai s6 ¢ € (0;1) sao cho 2007 f(c) — 2008f'(c) = 2009.

Trong d6: f'(c) 1a dao ham ctia ham s6 f(z) tai ¢

Bai 4: (2,5 diem)
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Cho 4 diem A, B, C, D c6 cac diem A, B ¢6 dinh va C, D thay doi sao cho A,
B, C, D nam trén duong tron; AC va BD la hai dudng thang ¢6 dinh vuong
gbc v6i nhau tai mot diém khong tring véi cac diem A, B, C, D. Chitng minh
rangtrung diém ctia doan thing CD luon ndm trén mot duong co dinh.

13 Kon Tum

Bai 1:
Tim cip s6 (z,y) v6i z,y thudc trong khodng tit (%ﬂ, g) thoa man heé:

tanx —tany =y — x
1
2wt =14 /42
2
Bai 2:
Tim s6 k bé nhat dé bat phuong trinh luén ding:
vV —at+ (1 —k)(|z|+ V1 —22+2—k) <0

Bai 3:
Ton tai hay khong da thic P(z) sao cho P(25) = 1945 va P(11) = 2008.
Bai 4:
Cho tit giac ABCD noi tiép duong tron (O).Dudng thang qua C cét céc tia
dé6i ctia BA, DA lan lust tai M va N. Chiing minh:

4Spep BD
< (57)
Samn — TAC
Bai 5:
Cho day u(n) xac dinh béi cong thic:
Uy = 8
Lo o
Upt1 = g(un — Tu, + 25)
n o1
bat

Tinh limwv(n) khi n — +oo
Bai 6:
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Gid st phuong trinh * + az® + bz? + ax + 1 = 0 ¢6 nghiem.
Tim GTNN cta P = a? + b?

Bai 7:
Tim nghiém nguyén ctia phuong trinh: 22° + ¢? — 223y = 320

14 Vinh Phuc

14.1 Hoc sinh gioi 16p 11

Bai 1:
Giai hé phuong trinh:

B 4aly—2)?=2

Bai 2: )
Cho day 6 (a,) : a1 =1, apy1 = ap + —.
Qp,
Chitng minh rang: lirf o _ V2
n—-—+0o n
Bai 3:

Cho z,v, z théa man diéu kien = + vy + z = xyz.
Tim gié tri 16n nhat cia: P = (x — 1)(y — 1)(z — 1).

Bai 4:
Cho tam giac ABC nhon noi tiép dudng tron (O;R). Dudng cao BH=RV/?2,

D va E 1a hinh chiéu vuéng géc ciia H len AB va BC. Chitng minh D, E, O
thang hang.

Bai 5:

Tim s6 p nguyén t6 dé ton tai cac s6 nguyen duong x,y, n thda man:

Bai 6:

Xét tat ca cac s6 N gom 2008 chit s6 thdéa man chia hét cho 99 va cac chit s6
ctia N thuoc tap S = {1,2,3,4,5,6,7,8}. Tinh trung binh cong clia tat ca
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cac sO6 nhu vay.

Bai 7:

Cho hai dudng tron (O;R) va (O’;R’) cit nhau tai A va B. Tt diém C trén
tia d6i clia tia AB ké céc tiép tuyén CD, CE véi (O) (D, E 1a cac tiép diém
va E ndm trong duong tron (O’)). AD va AE cat (O’) lan lugt tai M va N.
Chitng minh ring dudng thang DE di qua trung diém MN.

Tai lieu dude tong hop tir cac forum Toan hoc ¢ Viet Nam
diendantoanhoc.net

mathscope.org

maths.vn

chihao.info

diendan3t.net

To be continued ...
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