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Chwong IX
GIA TRI RIENG VA CAC BAI TOAN GIA TRI BIEN

§ 9.1 Bai toan Sturm-Liouville va Khai trién ham riéng
e Bai toan Sturm — Liouville
e Khai trién ham riéng
1. Pat van de
e Trong chuong 8 ta thay cé nhiéu bai toan gid tri bién khac nhau, song tat ca
déu dua vé mot dang phwong trinh vi phan thwong khi stv dung phuong phap
tach bién.
2
ox2’
khi cho cac diéu kién bién khac nhau ta cé céc bai toan gia tri riéng khac nhau.
Goi X, (x) la cac ham riéng UJng véi cac gia tri riéng A, thi c6 nghiém hinh thirc
dang chudi u(x,t) =Y c, X, (

e Phuwong trinh truyén nhiét mét chiéu % =k

& d6 ¢, dwoe chon sao cho u( x,0) Zc T, ( =f(x).

Nhw vay thuc chét ta cadn mét khai trién ham f(x) theo cac ham riéng X,(x).
Céch tim khai trién nay?

2. Bai toan Sturm-Liouville (Do hai nha todn hoc ngwoi Phap Charles Sturm
(1803-1855) va Joseph Liouville (1809-1882) phéat hién ra vao nhirng nam 1830).
Ludn bién ddi dwoc phwong trinh bac hai sau (sau khi nhan thém mét nhan to
thich hgp) A(x)y"+B(x)y'+C(x)y+AD(x)y =0 vé dang

2 o0& |-a(ay +ar(x)y =0



a) Bai toan Sturm-Liouville
Dinh nghia. Bai toan Sturm-Liouville 1a bai toan gia tri diém dau mut c6 dang sau

2 P(%|-ax)y+ar(x)y =0 (a<x<b)

ary(a)-apy'(a) =0, Bry(b)+/foy'(b) =0,
& do of + a5 #0, p2+ B2 +0,tham sb A chinh la gia tri riéng ta can tim.

Vidu 1. Ta c6 phwong trinh vi phan y"+ Ay =0 la bai toan Sturm — Liouville voi
cac diéu kién bién khac nhau

e y(0)=y(L)=0:p=1,9=-1,r=0, ;y=p=1, &; =, =0
*y'(0)=y'(L)=0:p=1,9=-1,r=0, 4= =0, o= S =1
e y(0)=y'(L)=0:p=1,g=—-1,r=0, y=fo =1, ap = ;=0

Chu y. Bai toan Sturm-Liouville ludn c6 mét nghiém tam thwong y(x)=0.

Dinh li 1. Céac gia tri riéng Sturm-Liouville

e Céc ham sb p(x), p'(x), q(x), r(x) lién tuc trén doan [a, b]

e Biét p(x) > 0, r(x) > 0

Khi d6 céac gia tri riéng cua bai toan Sturm-Liouville tao thanh mét day tang
M<A<<..<A_4<A,<..

vaco lim A, = +4oo.
X—>o0

Néu thém g(x) > 0, ta c6 cac gia tri riéng déu khéng am.

e Bai todn Sturm-Liouville thod man gia thuyét cda Dinh ly 1 thi dwoc goi la
chinh quy; nguoc lai sé la khéng chinh quy.

Vi du 2. Tim cac gia tri riéng va cac ham riéng twong wng déi vdi bai toan
Sturm-Liouville
y"+Ay=0 (0<x<L);
y'(0)=0, y(L)=0.
e La bai toan Sturm-Liouville thod man Dinh ly 1 v&i ¢ =3, =0, o, = f; =1 nén
khong ton tai cac gia tri riéng khdng am.
y'(0)=A=0

s A=0=8
y(L)=B=0

e Khi 1=0 c6 y(x)=Ax+ B, ti cac diéu kién {



= y = 0 khéng phai la mét gia tri riéng.
e Khi 1=0a?, c6
y(x)= Acosax+ Bsinax

y'(x)=—-Aasinax+ Bacos ax.
Do y'(0)=0=B=B=0, y(L)=AcosalL =0, = aL=(2n—1)%.
Nén cé cac gia tri riéng va cac ham riéng twong ng la
2 2
o (en-1)"n ___(2n-1)zx
ﬂn—an—T, yn(X)—COST

Vi du 3. Tim céc gié tri riéng va ham riéng twong (rng cda bai toan Sturm-Liouville

y"+Ay=0 (0<x<L);

y(0)=0, hy(L)+y'(L)=0 (h>0).
e L3 bai toan Sturm - Liouville thod man Binh ly 1 v&i o=/5,=1, a, =0,
By =h>0, nén sé khéng cé gia tri riéng nhoé hon 0.
e Khi 1= 0cd y(x) = Ax + B, tiv gia thiét y(0) = B=0 nén

hy(L)+y'(L)=hAL+ A= A(hL+1)=0,

, n=1,2,3, ...

— A =0, do d6 0 khéng phai la gia tri riéng.

e Néu 1 =0a?, c6 y(x)=Acosax+Bsinax.

o Tl gia thiét y(0)=A=0 = y(x)=Bsinax = y'(x)= Bacosax.
o Tir gia thiét hy(L) + y(L) = 0 = hBsinal + Bacosal = 0.

e V&i B # 0 ¢co tanaLz—gz—a—L nén c6 B =al la nghiém duwong cua

h hL’
2
phwong trinh tan x = —h—XL, do d6 c6 A, = o =’f—g, Yn(Xx)=sina,x = sin’BZX.

Vi du 4. Kiém tra gi4 tri riéng va ham riéng dbi voi bai toan Sturm — Liouville sau

n°z? 1
y'+ Ay=0,y(0)=y(L) =0, yo(x) =1 va 4, =2 ¥n(x) = cosnmx

¢ Thoa bai toan Sturm — Liouville v&i oq = 5, =0, a, = 5, =1 nén theo dinh |i 1
khong cé gia tri riéng am



e 1=0, co phuwongtrinh y"=0= y=Ax+ B.
Tw gia thiét y(0) =0 = A= y = B, nhwng do gia thiét y(0) =0 = B=0va 1=0
khéng phai la gia tri riéng.
e 1= >0 cé phwong trinh y" + &?y = 0, c6 nghiém téng quat:
y = Acosax + Bsinax = y(x) = —Aa sinax + Ba cosax
e Tlr gia thiét: y(0)=0=B=0va A =0 vatw y(L) = 0 co:
2 2

~Aasinal =0 = al = nmhay A, = o =nL—Z

e s S nx
e Do d6 c6 cac ham riéng twong tng la y, (x) = cos——

b) Cac ham riéng truc giao

Dinh nghia. Cac ham s6 ¢(x) va y(x) duoc goi 1a triec giao trén doan [a, b]
b

vGi ham trong s6 r(x) néu ng(x)yr(x)r(x)dx =0,
a

Dinh li 2. Tinh trwc giao cta cac ham riéng

e Gia sr cac ham p, g, rtrong bai toan Sturm-Liouville thoa man dinh ly 1

e CO yi(x) va yj(x) la cac ham riéng twong ng v&i cac gia tri riéng khac nhau

Ava 2.
b

Khi d6 ta c6 Jy,-(x)yj(x)r(x)dx - 0.
a

c) Chuéi cac ham riéng
e Gia s f(x) biéu di&n thanh chudi ham riéng trong khoang [a, b]

b

} [ 100y a00r(x)dx
f(x)= Zcmym(x), &do c,=4

n=1 J‘[yn(x)]2 r(x)dx

Vi du 5. Tim ham riéng cta bai toan Sturm-Liouville sau

y'+Ay=0  (0<x<ux);



f s s R . R T . 71-cos2x T A
e C6 cac hamriéng la y, = sinnx va do Jo sin? x dx = -[o TdXZE nén co

f(x):chsinnx, 0<x<m,
n=1

2 4z 27 ,
& dé c, =;Jo f(x)sinnx dx
DPinh Ii 3. Sy hoi tu ctia chudi cac ham riéng

e Cho cac ham riéng y4, s, ya,... cla bai toan Sturm-Lioville chinh quy trén doan
[a, b]

e Biét f(x) tron tirng khic trén doan [a, b]

Khi d6 chudi ham riéng Zcmym (x)=1f(x), a< x < bnéu f(x) lién tuc, con néu
n=1

fix) khong lién tuc tai x thi c6 > ¥ m () :%[f(x+) +f(x-)]

n=1

Vi du 6. Hay biéu dién ham so f(x) = A (A la hang s0) voi 0 < x < 1 dwéi dang
chuoi cac ham riéng cua bai toan Sturm-Liouville

y"+ly=0 (0<x<1);
y(0)=0, y(1)+2y'(1)=0
e L& bai toan Sturm-Liouville ctia Vi du 3 v&i L = 1 va h = % céc ham riéng:

¥, (x)=sinB,x trong d6 £, 1a ham dwong cua phwong trinh tan x = -2x.

1
j Asin B xdx

e Tr d6 ta c6 cac hé sb trong chubi can tim la ¢, =2

3
J‘sin2 B, xdx
0

1
e Mat khéc co IAsin,B,,xdx = ,BAU —cos f3,)
0

n

sin2,8,ﬂ,x}1 =1[1_sinﬁncosﬁnj_
2 B

1 1
jsinz Boxdx = %J.(1 —C0S20,x)dx = 1{x —
0

2
0 0

2p,



e Do cac gia tri riéng thod man phwong trinh tanx=—h—XL, nén co

sinf, _ cosp,

= , Vi vay
By 1
2
1(y_sinfycosfy|_1 1—LS'B”.COS,3” =1(1+2cosz,b’n)
2 :Bn 2 1 1 2
>

) ‘ = 2A(1-
e C6 chudi ham riéng can tim la f(x) = Z ( COS;_B”)
— ,Bn(1+2003 B

Chu y. Cac dang toan co ban cta muc nay la

sin B, x.
)

1. Kiém tra céc gid tri riéng, ham riéng cutia bai todn Sturm — Liouville: cac bai 1 - 5
trang 409

2. Biéu dién ham f(x) bang chudi ham riéng cla bai toan Sturm — Liouville: cac
bai 7, 8, 9, 10 trang 410.



§ 9.3 Nghiém tuan hoan 6n dinh va tan sé tw nhién
e Dao ddng cung bién, cong huéng
e Tan s6 ty nhién
e Dao dong nhiét d6 dwdi mat dat
1. Tan s6 tw nhién
e Muc 8.6 da cho nghiém cua bai toan day rung

9 9 T

até’=awza)(}2’ [az ;]; (1.1)
y0,t)=y(L,)=0 (1.2)
¥(x,0)=flx),  t{x 0)=9(x (1.3)

X
L

la y(xt)= (A,,, cosnﬂTat + B, sin mzatjsin L

* Nghiém trén m6 ta cac do rung tv do clia day cé chiéu dai L, ty trong tuyén
tinh p dwéi d6 cang T va cé tan so tw nhién (vong quay) cua doé rung la
0w, =2 n=1,2,3, ..
L
2. Cac dao dong cworng birc va Cong hwong

e Gia str c6 mét lyc tuan hoan bén ngoai F(t) = Fycosmt tac dong déu 1én soi
day theo chiéu dai cia né. Khi dé t» muc 8.6, sw dich chuyén y(x,t) cta day sé
thod man phwong trinh dao ham riéng khéng thuan

%y 2%
=a + F, cos wt 2.1
o2 ax® @1
v&i diéu kién bién y(0, ) = y(L, 0) = y(x, 0) = y{x, 0) =0 (2.2)

e Néu c6 nghiém riéng Yp(Xt) cua phuwong trinh (2.1) thoa man y(0, f) = y(L, 0)
= 0 va sau d6 tim nghiém y,(x,t) nhw (1.4) thod méan cac diéu kién (1.2), (1.3)
voi f(x)=-y,(x0), g(x) =-D;y,(x,0) thi ro rang y(x, 1) = ye(x, ) + yp(X, ) cling
la nghiém cda (2.1), (2.2).
e Ta tim y,(x, f) nhw sau. Kiém tra cac thanh phan cia (2.1) dy doan

Yp(X,t) = X(x)cos ot (2.3)



Thay vao (2.1) tacé a® X" + &® X =-F,

o Tir gid thidt X(0) = 0 = A= 12
a
' 9%y _ 29%
Tl gia thiét X(L) =0 = = 328_ (2.4)
t X2

e Gia st tan sb wcua lwc tuan hoan bén ngoai khdng bang bat ky mét tan sé tw

nhién nao w, = ? cua day, do dé sin(a)—Lj =0, tr (2.4) ta giai ra B, va co
a

X(x) =

i(co a)_x_1j Fo[cosa)L/a ]

w? a @? sin(wL/ a) a

e Thay vao (2.3) ta c6 y,(x.t) can tim.

e Day rung la dac trwng cla cac hé théng lién tuc cé mot day vo han céc tan sb
rung tw nhién. Khi mét lwc tudn hoan bén ngoai tac ddng Ién hé cac do rung
céng hwédng cé strc cdng pha manh c6 thé xay ra néu tan s bat budc gan toi
mot trong nhirng tan sé tw nhién cta hé théng nay. Do do thiét ké két cau dang
can tranh céc dé rung cdng hwéng nhw vay.

3. Tan s6 tw nhién cta dam

Hinh 9.3.1. M6t thanh chan bj giv chat & hai dau

e Hinh 9.3.1 cho thady mét thanh dam déng chét co6 chiéu dai L, ty trong tuyén p
va modun Young E, bj gitr chat & hai dau. D6i voi 0< x< L va t>0, ham léch
y(x,t) thoa man phwong trinh bac bon

2 4
st )
X

da dwoc dé cap trong Muc 9.2; | la mémen quan tinh cua mat cat dam xung
quanh truc ngang doi xung VvOi nd. BGi vi ca sy dich chuyén va dé déc bang 0 &
mdi dau cb dinh nén cac diéu kién diém cubi la

YO0, =yd0, ) =0va y(L, ) = y(L, ) =0
e Ta can tim céc tan sé tw nhién cha dé rung cia dam, do 1a cac gia tri w dé
phwong trinh (3.1) c6 nghiém khéng tam thwéng dang y(x, 1) = X(f)cos(at — 7



2

e Thé vao (3.1) co X -2 x =0
a

2
e Dat o* :w—4, phwong trinh trén cé nghiém téng quét 1
a

X(x)= Acoshax+ Bsinhax+ Ccosax+ Dsinax

thod méan diéu kién bién dan dén phwong trinh coshx cosx = 1

! It i o L 1
. /By 2 B\ 3m /By

Hinh 9.3.2. Cac nghiém cua coshx cosx = 1

e Tl Hinh 9.3.2 ta thay phuong trinh nay cé day téng cac nghiém dwong {f,};

2.2
o Mat khac w=a?a® = ﬁLf

\ 2 EI n Ve PN X N \
va a“ = |— nén cac tan so rung tw nhién vong
o,

tron clia dam cé cac dau bj gitr chat 13
>
), :’B—g El (radian/giay), n=1, 2, 3, ...
2\ p
Vi du 1. Gia st cau kién co ban clia mét cay cau la mét thanh dam | bang thép dai
120 feet c6 mat cat dwoc chi rd trong Hinh 9.3.3, mémen quan tinh | = 9000cm*,
} =10 cm—~|
! T,

t

Zeom

0cm ——

i0cm

—_—
Hinh 9.3.3. Mét xa ly twdng

e Néu ching ta thay thé cac gia tri

L (120ft)(30.48%), p=(7.7sij(400m2), E-2x102. Y7

cm® cm?



va cac gia tri cla S va f, vao trong phwong trinh (19), ching ta thay rang hai
tan sb tw nhién thap nhéat cia dam Ia

o ~12.74789 (122"°T‘9j, o, ~35.13729 (335"°_"9j

S min S min

e Khi mot dai doi linh hanh quan khoang 120 bwac/phit tiép can cay cau nay,
can than trong giam nhe bwd&c chan trwdc khi di qua vi déi khi cau sép do
nhirng chan dong cong hudng.

e Nh¢ lai thdm hoa cla khach san Kansas City ngay 17/07/1981, mét cay cau
trén khong day dién vién mua bi sap d6. Cac nha nghién céu cho rang sw
chuyén déng dong nhip cla cac dién vién nay da gay nén nhung chan doéng
cong hwéng cé strc tan pha déi véi cac thanh dam thép | d& cay cau.

Vi du 2. Mét thanh chan déng chét cé chiéu dai L dwoc 1am bang vat liéu co ti
trong dva mé dun Young E. Thay U(x, 1) = X(x)cosat trong oU; = EU,, dé tim tan
sb tw nhién ctia dao déng doc cua thanh chan, thod méan 2 diéu kién da cho tai 2
daumatla x=0va x = L.

2

e C6 phwong trinh uy = &uy, a :g la:

thay U(x, t) = X(x)cosat c6 &X"+ afX =0

c6 nghiém tdng quat X(x) = Acos 2% + Bsin X
a a

X(0) = X(L) = 0= A=0va X(x) = Bsin%x vater X(L) = 0= sin%x 0= =
nta nrx |E

e Tan s6 ty nhién clia dao dong doc 1a @, = < =T\

Vi du 3. Tim tan so tw nhién cla dao dong ngang clia dam dong chat biét dau tai
x =0 c0 dinh, dau tai x = L dwoec lap ban I, phwong trinh tan so la tanhx = tanx.

_E
Yo,

e Thay y(x, ) = X(X)cos @t Va0: ¥y + @'V = 0, a*

nhan dwoc phuong trinh a* X" — &£ X =0

c6 nghiém téng quat X (x) = Acoshﬂ + Bsinhﬂ + Ccosﬂ + Dsinﬂ, 6=V
a a a a

.V(Oa t) = yX(Oa t) = Oa _}/(L, t) = yXX(LJ t) = 0
e Ttr céc diéu kién trén ta cé X(0) = X'(0), X(L) = X"(L) = 0 va c6

10



¢ doé S, la nghiém dwong cua phwong trinh tanhx = tanx
2 2

e Tan sb ty nhién ddi v&i dao déng ngang ctia dam la @, = (%) a® = % /E

Jo,

4. Dao dong nhiét d6 dwéi mat dat

o Gid sl nhiét do dwoi mat dat & mot vi tri dac biét 1a ham s6 u(x, #) cua thoi
gian t va dé sau x dwdi bé mat. Nhw vay u thoa man phwong trinh nhiét u; =
ku,,, vOi kla sw khuéch tan nhiét cda dat.

e Sy thay ddi dinh ky theo mua cua céc nhiét dd bé mat trung binh hang thang,
véi nhiét do tdi da vao gitra mua hé (thang 7 & ban cau b&c) va nhiét do tbi thiéu
vao gitra mua dong (thang Mot) la rat gan voi sw dao déng sin hay cosin. Do dé
ching ta sé gia st rang

u(0,t) =T, + Aycos wt (4.1)
trong d6 4y t = 0 vao gitra mua hé.
e Néu nhiét d6 tai dd sau cd dinh ciing thay déi theo chu ky vai t.
e P&t U(x, ) = u(x, t) — T, thi c6 nghiém tuan hoan

U(x,t) = A(x)cos(wt —7) (4.2)
cua bai toan

oU |, 9°U

—=Kk—— x>0, t>0), 4.3

TR ( ) (4.3)

U(0,t) = Aycos wt (4.4)

Str dung phép tach bién U(x,t) = X(x)e'®, c6 phan thuc [a nghiém can tim
e Thay nghiém nay vao (4.3), (4.4) cé X —a?’X =0

& dé azi\/Ezi(1+i) 2
K 2k

e phuwong trinh nay c6 nghiém téng quéat

X(x) = Aexp(—(1+ i) xJw/ 2k ) + Bexp(+(1+ i) x/w/ 2k
Theo gia thiét c6 X(0) = Ao nén c6 X(x) = Ayexp(—(1+i)xv/w/ 2k)

e Nghiém can tim la

Ux.t)=ReU(x,t) = Ay exp(—x/w/ 2k |cos(wt — xJw/ 2k) (4.5)

11



e Nhw vay bién dd A(x) cia nhiét d& hang ndm gidm xudng theo ham mi nhw 1&
mot ham cua dd séu x

A(x) = Ay exp(-x/w/ 2k) (4.6)
Hon nira, c6 mét sy cham pha y(x) = xJw/2k & dd sau x.

Vi du 4. Cho J@/2k = 0,00446 cm™, A(X) :%AO, x =~ 155,30 cm = 510 feet.

Khi d6 néu A, = 16° tir (4.6) thi & d6 sau khodng 20 feet, bién d6 clha sw thay
dbi nhiét dd hang nam chi 1a 1°.

Vi du 5. T (4.5) cho sw thay déi hoan toan cltia cac mua khi #(x) = x 2—“;( 7

@ d6 sau x = 704,39 cm = 33,11 feet.

- : ; 200
g ’\2\»\ “T400 x o)
4

(s x 107)

Hinh 9.3.4. D6 thj ham nhiét dd U(x, t) trong phwong trinh (29)

e Hinh 9.3.4 cho thay d6 thj U= U(x, t) d6i véi o < x< X, 0 < t< T, trong d6 X
twong wng voi 23 feet theo centimet va T dén 2,5 nam theo giay.
* C6 thé kiém tra canh phai clia d6 thj xem la nhiét d6 & do sau 23 feet c6 t6i da
khi nhiét dé bé mat toi thieéu khong?
Chu y. Dang toan co ban ctia muc nay 1a tim tan sé tw nhién dbi véi cac dao
dong doc va ngang clia dam: céac bai 1 — 6 (trang 433); 8 — 14 (trang 434)

Ghi nh¢
e Tuan nay cé bai kiém tra thir 2 mét tiét (vao tiét sau) ddi véi cac I16p co gid bai
tap vao thw 4, 5, 6 v&i ndi dung la: Chwong 4, chwong 5 va cac muc 6.1, 6.2
e Budi sau gi® Ii thuyét hoc muc: 9.4
e Tuan sau gi® bai tap 1am bai tap 1& cac muc: 6.4, 7.1 va 7.2.
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