Mét S6 Pinh Ly Hinh Hoc Va Ung Dung Lop 11T1
PINH LY CEVA VA MENELAUS

Dua Theo Bai Ciia Titu Andreescu va Zuming Feng
Trong 103 Geometry Problems

Quy u6c: P=ABNCD dé ky hiéu P 1a giao diém ctia AB va CD. Néu cac diém A, B, C thiang hang,

. AB _AB o AB AB
ta quy udc dau BC =— (vi vay néu B nam gitra A va C thi vl >0, nguoc lai vl <0)

1. Pinh Ly Ceva’
Cho tam gidc ABC. D, E, F 1an luot nam trén cc canh BC, AC, AB. Chting minh riang cidc ménh dé
sau la twrong duong:
1.1 AD,BE,CF dong quy tai mot diém.
sin ZABE sin ZBCF sin ZCAD _ 1
sin ZDAB "sin ZEBC sin ZFCA
AE CD BF _,

EC DB FA

Chirng minh. Ching ta s& ching minh rang 1.1 din dén
1.2, 1.2 dan dén 1.3, va 1.3 dan dén 1.1.
Gia sur 1.1 ding. Goi P 1a giao diém cta AD, BE, CF.
E Theo dinh ly ham $b sin trong tam gidc APB, ta

F c6: sin ZABE _sin ZABP :ﬁ.(l)

sin ZDAB  sin ZBAP BP
P sin/BCF BP

Tuong tu, ta cing c6; ——=——:(2
gt g sinZEBC CP @)

B 5 C 51'n ZLCAD 22.(3)
sinZFCA AP
Nhan ting vé cta (1), (2), (3) ta duoc 1.2.
Gia str 1.2 diing. Theo dinh ly ham sin trong tam gidc ABD va tam gidc ACD ta
..sinZADB _AB sinZCAD CD Do d6:

co: = : = .
sinZBAD DB sinZACD CA

sn£CAD _AB €D | /BpA+ 2ADC =180") (4)
sin Z/ADC CA DB E
sinZBCF _CA BF )
sinZFCA BC FA F
s?nLABE:BC.AE.(@ P
) sinZEBC AB EC
Nhan tirng vé cua (4), (5), (6) ta dugc 1.3.
Gia str 1.3 ding, ta goi B C
P=CFNBE,D =APNBC.
Theo 1.1 va 1.2, ta co:
AE.CDI .BF = AE.CD.BF =1 hay: ﬂzc—D.Do d6:D=D,.
EC DB FA EC DB FA DB

Tuong tu, ta cling c6:

Nhan xét.

“Ceva (1647-1734): nh todn hoc Y
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V6i dinh 1y Ceva, ta c6 thé chimg minh dugc cic dudng trung tuyén, dudng cao, dudng phéan gidc
trong cta tam gidc dong quy tai mot diém. Cac diém d6 lan luot la trong tim (G), truc tim (H ), tim
duong tron ndi tiép tam gidc (). Néu duong tron ndi tiép tam gidc ABC cit AB,BC,AC lan luot tai
F.D,E. Khi d6,tacé: AE=AF,BF =BD,CD =CF. B::ng dinh 1y Ceva, ta chiing minh dugc AD, BE,
CF dong quy tai mot diém, diém d6 goi 1a diém Gergonne (Ge) ciia tam gidc ABC (hinh dudi).

A

C
B

Luru y: Dinh ly Ceva c6 thé duoc suy rong boi nhirng giao diém nam ngoai tam gidac ABC ma khong

nhét thiét phai ndm trong nd. Vi vay, cic diém D, E Fco thé nam ngoai cic canh BC, CA, AB nhu hinh
bén. E

B C D
Vi du sau sé& cho thay 1d ing dung cta dinh 1y Ceva.

Bai todn. [IMO 2001 Short List] Cho diém A; 12 tim ctia hinh vudng ndi tiép tam gidc nhon ABC c6
hai dinh nam trén canh BC. Pinh nghia tuong ty vdi cic diém B,, C; . Chung minh rfmg AA;, BB, CC,
dong quy.

Loi giai:

Goi Az la giao diém ctia AA; va BC. B, va C, dugc x4c dinh tuong tu.

Theo dinh ly ham $b sin, ta co:

SA _ sin ZSAA, ha SA, sin ZBAA,

AA, sinZASA ' AA sin(45"+ ZB)
TA, sin ZCAA,

Tuong tu: = ha A
SN (s zc)
AA, sin(45°+£C)
TA,  sin ZCAA, T
A 2
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sin ZBAA, sin(45°+2C) AA sA
sin ZCAA, 'sin (45" + ZB) TA, "AA,
Chtrng minh hoan toan tuong tu, ta cling dugc:

sin ZBCC, sin (45° + £B) | o
sin ZACA, 'sin(45°+24)

Do @0, ta duoc: =1.(1)

sin ZABB, sin (45° + £A) i 3
sin ZCBB, 'sin (45° + £C)

Nhén tirng vé cua (1), (2), (3) két hop dinh ly Ceva ta dugc diéu can chtirng minh.

Bai tgp ap dung: . ) ) ) i

1. Qua céc diém A va D nam trén duodng tron ké céac Wdu’(‘yng tiép tuyén, phﬁng cat nha}u tai diém
S. Trén cung AD lay cac diém Ava C. Cac duong thaing AC va BD cat nhau tai diém P, céc
duong thing ABva CD cit nhau tai diém O. Ching minh rang duong thang PQ chira diém O.

2. Trén cic canh cta tam gidc ABC vé phia ngoai ta dung cic hinh vudng. A, B,,C, la trung
diém cac canh ciia cac hinh vudng nam dbi nhau véi cac canh BC,CA, AB tuong tmg. Ching minh
rang cac dudng thang AA,,BB,,CC, dong quy.

3. Chimg minh cac duong cao, dudng trung tuyén, tim dudng tron ndi tiép, ngoai tiép tam gidc
dong quy tai mot diém.

4. Trén cac canh BC,CA, AB cua tam gidc ABC léy cac diém A, B,,C, sao cho cac duong théng
AA,,BB,,CC, ddng quy tai mot diém. Chimg minh rang cac dudng thang AA,,BB,,CC, dbi xtmg
v6i cac dudng thang gc’) qua cac duong phan gidc twong tng, ciing dong quy.

2. Pinh Ly Menelaus’ q ‘ ‘
Cho tam gidc ABC . Cic diém H, F, G lan luot nam trén AB, BC, CA. Khi d6:
AH BF CG

M, N, P thang hang khi va chi khi —.—.——=—1.
HB FC GA

Chung minh:
» Phan thuén:
Str dung dinh 1y sin trong cac tam giac AGH,BFH ,CGF, ta duogc:

AH sinZAGH BF sin/ZBHF CG _sin ZGFC

GA sinZAHG HB sin ZHFB FC sin ZCGF
(voiluu y réng sin ZAGH =sin ZCGF;sin ZAHG =sin ZBHF ;sin ZHFB =sin ZGFC)
Nhan ting vé ta dugc diéu phai chimg minh.

» Phan dao: Goi F'=GH N BC. Hoan toan tuong tu ta c6 dugc:

AH BF' CG _AH BF CG( BF'

. —_——— =-1) hay—=£,suyra F=F"
HB F'C GA HB FC GA F'C FC

“Menelaus: nha todn hoc c¢b Hi Lap (thé ky I sau cong nguyén) 3
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A G
H
G
B F B F

Nhdn xét. Dinh 1y Menelaus co rat nhiéu ing dung trong giai toan. Nhiéu dinh 1y ndi tiéng dugc ching

minh mot cach dé dang nho dinh 1y Menelaus nhu dinh 1y Ceva, Pascal, Desargues (s& dugc néu & phan
bai tap dudi day).

B

Vi du [Pinh ly Pascal].

Cho A, B, C, D, E, F 1a cac diém nam trén mot dudng
tron (c6 thé ko xép theo thir ty nhu trén). Goi
P=ABNDE,Q=BCNEF,R=CDn FA. Ching minh
rang P, O, R thang hang.

Chung minh:

Goi X =EFNAB,Y=ABNCD,Z=CDNEF.

Ap dung dinh 1y Menelaus cho BC, DE, FA (d6i véi tam
gidc XYZ), ta co:

ZQ XB YC XP YD ZE YR ZF XA

2L A2 A TP AR TR A 22 (11).Do
OX BY' CZ PY DZ EX RZ FX AY
0: Qﬁﬁ =—1. Theo dinh 1y Menelaus ta dugc P,
OX 'PY RZ
0O, R thang hang.
Y Q
Bai tap dp dung:

1. Diém P nam trén duong tron ngoai tlep cua tam glac ABC, A, B, C1 lan Iuot 1a chan
dudng vudng goc ha tir P xuéng BC, CA, AB. Chimg minh rang A, B, C; thang hang.

2. Trong tam gidc vudong ABC ké duong cao CK tu dinh cua goc vudng C, con trong tam
gidc ACK ké duong phan giac CE. D la trung diém cia doan AC, F 1a giao diém cua cac
duong thang DE va CK. Chimng minh BF //CE.

3. Céc duong thang AA,,BB,,CC, dong quy tai diém O. Chimg minh rang giao diém cia
cac duong thang AB va AB,, BC va B,C,, CA va C,A nam trén mot duong thang.

4. [Dinh 1y Desargues] Cho hai tam gidc ABC, A'B'C’. Néu cic duong thing
AA’,BB’,CC’ dong quy tai mot diém O, thi cac diém P,Q,R thing hang, trong do6
P=BCNB'C,0=CANC'AYR=ABNA'B".
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DUONG THANG SIMSON.

Bai todn:

Cho tam gidc ABC noi tiép trong duong tron (O). Diém M thugc duong tron (0). Goi A’,
B’, C’ lan luot 1a hinh chiéu vudng goéc cua M xudng BC, CA, AB. Chimg minh rang A’, B’, C’
thudc mot dudng thang. Pudng thang d6 duoc goi 1a duong thing Simson tng véi diém M cua
tam gidc ABC.

Loi giai:

Néu M tring vao mot dinh nio d6 cua tam gidc ABC thi ta dugc diéu phai chirg minh.

Khong mit tinh tong qudt, gia st M thudc cung BC
(cung khong chura A).

Hai diém B’ va C’ nam vé hai phia ctia dudng thang
BC. Vay A’ B’, C’ thang hang khi va chi khi
/ZBA'C'=ZCA'B'.

A

Ta co:
/BA'C'=/BMC', /CA'B'= /CMB'
Mait khac:
/BMC'= Z/CMB' (Vi Z/BMC =180° — /BAC = ZC'MB") !
Nén /BA'C'=/CA'B'. C

Nhu vdy, ta da chimg minh xong tinh chat ké trén C
cua duong thang Simson, sau day 1a mot s6 vi du dp dung
cu thé: M

Vidu 1.

Cho tam gidc nhon ABC ndi tiép duong tron (O). Piém M thudc cung nho BC, ha MB’
vudng géc voi AC, MC’ vudng géc v6i AB. Tim vi tri cia M dé B’C’ 16n nhét.

Loi giai.

Nhu vay, véi dé bai nhu trén, khi 1dy MB’ vudng géc véi AC, MC’ vudng géc véi AB, ta
thiy duoc “dang dip” cua dudng thang Simson. Piéu con lai can thiét chinh 12 ha MA’ vudng
g6c v6i BC. Khi d6 A’, B’, C’ thang hang.

A

Khi dé: ZA'C'M = £ZA'BM ;
ZA'B'M =ZA'CM
Suy ra AABC ddng dang voi AMCB.
Nén: £=M—C'<1:>B 'C'<BC.
BC BM
Déu “=" xay ra khi va chikhi B'=C va C'=B.
& M va A d6i xiing nhau qua tim dudong tron (O).

Vi dy 2.



Mét S6 Pinh Ly Hinh Hoc Va Ung Dung Lop 11T1

Cho tir gidgc ABDC ndi tiép dudng tron (0). Goi d 4 1a duong thang Simson cua tam gidc
BDC g vé6i diém A. Cic duong thang d,.d..d,dugc dinh nghia twong ty. Ching minh rang
bbn duong thang nay dong qui.

Loi giai.

Trudce hét, ta ching minh dugc cdc doan thang nbi mdi
diém trong s6 cac diém A, B, C, D véi tryc tAm cua tam giic c6
ba dinh 12 ba diém con lai ¢6 cling trung diém 1.

Khi d6, ta ciing ching minh dugc cic duong thang
Simson dang xét cung di qua L.

Bai 3.

Cho duong tron (O;) va (0;) cit nhau tai A va B (hai diém nam vé 2 phia cua AB). Mot
duong théng Athay ddi qua A cit (0;), (0,) lan luot tai C va D khdc A (A nam gitta D va C).
Tiép tuyén tai C cua (O;) va tiép tuyén tai D ciia (O,) cat nhau tai 7. Goi P, Q lan luot 12 hinh
chiéu vudng géc cua B xudng céc tiép tuyén nay.

a) Tim vitri A dé BT 16n nht.

b) Chirng minh PQ tiép xtic v6i mot dudng

tron ¢b dinh.

Loi gidi.

Dé thady BCTD 1a tir gidc ndi tiép, nhur vay,
tuong ty nhu nhitng gi da lam & céc bai todn
trudc, ta s€ thuc hién :

a) Ha BR vudng géc v6i CD thi 3 diém P,
0O, R thang hang.

Khi d6, ta chimg minh BT 16n nhat khi va
chi khi BQ 16n nhat khi va chi khi D d6i xing B
qua O,.

b) Ta ciing dé dang ching minh duoc PQ
tiép xiic v6i dudng tron dudng kinh AB cb dinh.
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DIEN TiCH TAM GIAC THUY TUC

Dua theo bai viét ciia Ivan Borsenco

_Trong Todn hoc, Hinh Hoc ludn gidi quyét cdc bai todn voi nhiing két qua chinh xdc va hap dan. Bai

viét sau day trinh bay vé mét trong nhiing két qua tuyét dep trong bai todn hinh hoc — Dinh ly Euler cho

tam gidc thuly tic va ing dung cua né. Ching ta hay bat dau véi phép chiing minh dinh 1y, sau dé cung
nhau thao luan cac Bai toan Olympiad. i ) . )

Pinh nghia. Cho tam gidc ABC va mot diem M bat ky. Goi A;, B;, C; 1an luot 1a hinh chiéu cia M
Ién cic canh BC, CA, AB.Tam gidc A;B,;C; duoc goi la tam gidc thuy tic cua tam gidc ABC ung voi
diém M. )

Pinh 1y 1. Cho C( O,R) 1a duong tron ngoai tiép tam gidc ABC. Goi A;B,C; la tam gidc thuy tic cua
tam gidc ABC tng véi diém M.

Swe AR

Chiing minh. Pau tién ta dé y rang AB,MC;, BC;MA;, CA;MB; 12 nhiing tt gi4c noi tiép. Ap dung
dinh 1y ham Sin vao tam gidc AB,;C; ta dugc B,C, = AM sin« . Tuong tu, ta dugc AC, = BM sin § va
B,C,=CM siny (Trong 36 a = £ZBAC; = ZCBA; A= ZACB). Tt d6 suy ra:

BC, AM AC, BM AB _CM
, BC 2R’ AC 2R’ BC 2R
Gia st AM, BM, CM cat duong tron C(O,R) tai X, Y, Z.

Ta co:
ZABC, =ZABM + ZMB,C, = ZACM + LMAC, = LZYB+ ZBYX = ZLZYX.
Tuong tw, ZB,C,A = ZYZX va £B,AC, = ZYXZ. Do d6, AAB,C, dong dang v6i AXYZ va

AlBl — RAIBICI
XYy R
3 XY MX
Mat khic, AMAB dong dang véi AMYX néntacd —=——.
AB MB

Tir céc két qua thu vé ta dugc:
Suse R AB.BC.AC, _MX MA MB MAMX |R*—OM’|
Swc Rise ABBCAC  MB 2R 2R 4R 4R*
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Tir d6 ta c6 thé thiy biéu thirc trén khéng phu thude vao vi tri diém M (ké ca trong hay ngoai duong
tron).

Hé qua 1: Néu M nam trén duong tron, hinh chiéu ctia M 1én cic canh tam gidc s& thing hang
(Pinh 1y Simson).

Mot dinh ly nita ma ching t6i muon gioi thi¢u (khong chung minh) dén ban doc 1a dinh ly
Lagrange noi tiéng.

Dinh Iy 2 Cho tam gidc ABC va diém M théa hé thic uMA+vMB+wMC =0 . Vi mot diém P bat
ky nam trong mp(ABC). Ta dugc:

2 2 2
+ +
u.PA> +v.PB* +w.PC* = (u+v+w)PM* + ywa +uwb” +uve .

u + v+w
Céch chtng minh c6 thé tim thiy khi 4p dung Dinh ly Stewart mot s0 1an. Dinh 1y nay c6 mot hé qua
rat hay khi P tring véi tAm O duong tron ngoai tiép tam gidgc ABC. Khi d6, ta duogc:

vwa’® +uwb’ +uvc’
w+v+w)
Tir hé quéa nay két hop dinh ly Euler cho tam gidc thuy tdc, ta dugc dinh 1y sau:

Pinh Iy 3: Cho M 1a diém ndm trong mat phang tam gidc ABC, véi khdi tdm 12 (u,v,w). Ky hiéu A,
B;, C; la hinh chiéu cua M 1én céc canh tam gidc. Ta dugc:

-OM* =

2 2 2
Sunc, _vwa” +uwb” +uvc

S .5c AR (u+v+w)’

Tir két qua trén ching ta c6 thé thay Pinh 1y 1 va Pinh 1y 3 d3 dua ching ta nhan thirc phan nao vé
dién tich tam gidc thuy tic. Pinh ly Euler vé dién tich tam gidc thuy tuc that sy 1a mot cong cu tién ich
cho viéc gidi cdc bai toan hinh hoc. Ung dung dau tién ma ching t6i sip gidi thiéu sau day néi vé nhiing
diém Brocard.

Pinh nghia diém Brocard: Trong tam gidc ABC, duong tron qua A va tiép xic véi BC tai B, dudng
tron qua B va tiép xiic v6i AC tai C va duong tron qua C tiép xiic voi AB tai A. Chiing cat nhau tai mot
diém, goi 1a diém Brocard. Mot cich tong quat, ta c¢6 hai diém Brocard, diém thir hai xuat hién khi ta
quay nguoc chiéu kim dong h su tiép xic cta céc duong tron.

Bai toan 1: Cho Q, va Q, 14 hai diém Brocard clia tam gidc ABC. Chiing t6 ring 0Q, = 0Q, , véi O
la tam dudng tron ngoai tiép tam gidc ABC.

Hudng dan: Tl dinh nghia diém Brocard, ta thay:

LQAB=/Q BC=/Q,CA=w,, tuong tu LQ,BA=/LQ,AC =£Q,CB=w,. Ta di chitng minh
w=Ww,.

Pé ¢ ring Ssoc _ BQ,.BCsinw _sin’w, vA tong tu
S.c ABBCsinfS sin’f v

- 2 s 2
Scaa _sin®w, Siop  sin’w,

.2 ’ .2 .
Sipe  Sin"y S,.. sin"«
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Cong céc dién tich ta duogc:
Spac TScoutSaon _sin’w,  sin®w,  sin’w,
1: = ) + — + — hay
sin“a  sin“ 8 sin"y
S SR
sinw, sin’a sin® B sin’y

SABC

)

Céch tinh tuong tu, ta cling dugc

1=1+1+1(2)

.2 .2 .2 .2
sin“w, sin“a sin®f sin"y

Tu (1), (2) suyra w, =w, =w.
Y tuong cho cdch ching minh trén bat nguén tir Dinh 1y Euler cho tam glac thuy tac. De ¥ rang
Q, va Q,1udn nam trong tam glac ABC, bdi vi mdi nira duong tron nhu trén déu nam & mién trong

AABC . Tir d6, Q va Q,ludn ndm trong tam gidc. Pé ching minh 0Q, = OQ, ta chimg minh dién tich
tam gidc thily tic ctia chling bang nhau. Néu vay, ta c6 R —0Q; = R —0Q>. Tir d6 suy ra dpcm.

Ky hi¢u A,B,,C, lan luot 12 hinh chiéu cua Q,1én cic canh BC, CA, AB. Sau d6, st dung dinh 1y
ham Sin mé rong, ta duoc AC, =BQ;sinb, vi BQ 1a duong kinh duong tron ngoai tiép tor gidc
BAQ,C, . Cing dp dung dinh 1y Sin vao tam gidc ABQ, ta dugc:

BQ, ¢
sinw  sinb

Dan dén: AC, =BQ, sinb=csinw.

Tuong tu, ta c6 B,C, =bsinw va A B, =asinw. D& dang ta thay tam gidc A B,C,dong dang vé6i tam
gidc ABC theo ti s6 dong dang sinw .

T w,=w,=w, ta két ludn duoc tam gidc thuy tic chra ©, va Q,cé cung dién tich. Suy ra
0Q, =0Q,.

Chii ¥: Giao clia cic duong ddi trung trong tam gidc ky hiéu 1a K va duoc goi 1a diém Lemoine. Ta
c6 thé chirng minh dugc KQ, = KQ,. Hon thé nita, cdc diém O, Q,K, Q, nam trén duong tron duong
kinh OK goi 1a dwong tron Brocard. Ching ta hiy cting nhau tim hiéu mot bai todn thd vi khéc sau day:

Bai toan 2: Cho tam giac ABC, ky hi¢u O, I, H lan lugt l1a tdm dudng tron ngoai tiép, ndi tiep va
truc tdm cua tam gidc ABC. Ching minh rang:

N Ol <OH.

Huong dan: Nhiéu cach chimg minh sé€ bat dau tir Ol hay OH, nhung ching ta hdy chon mdt huéng
khéc, dé6 1a dat dién tich tam gidc thuy tic vao I va H. Mgt cach don gidn, tam dudng tron ndi ti€p ludn
nam bén trong tam gidc ABC, va néu OH = R, ta dugc di€u can chitng minh. Vi vay, gid st OH <R.
Diéu dé dan dén tam gidc ABC Ia tam gidc nhon. D& chimg minh OI < OH ta c6 thé st dung dinh 1y

9
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Euler cho tam gidc thuy tic va ching minh dién tich tam gidc thuy tic tdm /, §,16n hon dién tich tam
gidc thuy tic tim H, S, . T d6, do S, =S, nén R*—0OI° > R*—OH’ hay OH >OI.

By gid ching ta hdy tim ca hai dién tich. Ky hiéu A,B,,C,1an luot 1a hinh chiéu cia H va
A,,B,,C,1an luot 1a hinh chiéu cta I 1én BC, CA, AB. Ta ¢6 A, B,,C,nam trén dudng tron Euler ban
kinh R/2 , tr d6:

_AB.BC,.CA
G 4R12
St dung dinh 1y Sin, d€ dang ta dugc B,C, =acos, AC, =bcos 8, A B, =ccosyvavi thé
abc.cos cos f cos
aBC, = eosy _ 2S cosarcos S cos Y.
2R
D¢ tinh dién tich tam gidc A,B,C,, d€ y rang:

S

r’(a+b+c)

1, . . .
Sapc, =Sam TSaic, tSsuc, =Er (sin @ +sin f +sin y) = 1R

B. v Bn?

Ma —— =sin ZLsin Zsin L Tadugce: S, ;. =25-" =28sinEsin Zsin
4R 2 2 2 e 4R 2 2

Tir &6 du dé ching minh sin % singsin% > cos acos fcos .
Bdy gid chiing ta hdy sir dung Bar Pdang Thirc Jensens cho ham 16m

f :(0,%) — R, f(x)=Incosx.

Tir d: f(a;bj+f(b;rcj+f(cgaj2f(a)+f(b)+f(0)-

Vi vay, In (sin % singsin %) > In(cos@cos fcos ¥), va bai todn da duoc giai quyét.

Hai vi du ké tiép dé huéng dan giai mot cach ngan gon mot sd bai todn Olympiad bang céch sir dung
Dinh Ly Euler vé tam gidc thiy tic.

Bai toan 3 [Olympiad Todn Balkan].

Cho tam gidc nhon ABC. Ky hiéu A, B, C,1a hinh chiéu ciia trong tAm G 1én céc mit cua tam gidc.
Chung minh rang:

zgﬂ<l

9 S 4
Huréng dan: Nhu ching ta da thdy, yéu ciu bai toan huéng ching ta sir dung truc tiép dinh 1y Euler
vé tam gidc thily tic. Ap dung ngay ta duoc:
2 R’-0G’
9 4R’
Bét dang thirc bén phai ludn diing. Ta di ching minh bat ding thic bén trai ding. Nhé lai biéu thirc
ma ching ta d3 biét

<1
4

90G’ = 0OH” = R*(1-8cos cos 3 cos ¥)
Vi tam gidc ABC nhon nén ta c6 cosacos fcos ¥ >0, dan dén 8cosarcos Bcosy>0.

2
Vi vay, 90G* < R*hay OG”* < %.
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Pua dén két luan sau: i ’ .

Bai toan 4. [Mathematical Rt‘eflections, Ivan Borsenco] Vi Qiém M bat ki nam trong tam gidc
ABC, xéc dinh bo ba (d,.d,.d;) lan luot 1a khoang cich tr M dén canh BC,AC,AB. Chirng minh
rang tap hop cic diém M thoa man diéu kién d,.d,.d, >r’, véi r 12 ban kinh duong tron ndi tiép tam
gidc, nam trong vong tron tim O ban kinh OI .

Loi gidi. ,

Goi A, B,,C, lahinh chiéu cia M trén cic canh BC,AC,AB . Xét AA B,C, la tam gidc thuy tic cho
diém M ,tacé £ZBMC, =180—a, ZAMC, =180— 3, ZAMB, =180y, nén:

2Spupe, =28, =d,d;.sina+d,d,.sin f+d,.d,.siny

d.d,.d
2SAA|B[C1 = 2S1 =123 [ a +£+LJ.

Ma ta da biét: 2S,,,. =28 =ad, +bd, +cd,.
Ap dung BPT Cauchy-Schwarz ta duoc:

4SS, =%(m1 +bd, +c.d3).(di+di+iJ S

1 2 3

Viét gon lai, ta dugc:

d,dy,d,.(a+b+c)’
2R

Str dung dinh 1Ii Euler cho tam gidc thuy tic, ta c6:
45*(R*=OM*) _d\d,dy(a+b+c) _r'(a+b+c)

4R2 - 2R - 2R
Tir ddy c6 thé suyra OI’ = R* =2Rr > OM”.
Vay voi moi diém M trong tap hop, ta co OM <OI (diéu _phai ching minh).

Pinh nghia cip duong thang dang gidc. La hai duong thang cting xuat phat tir dinh cia mot géc va
d6i xting nhau qua dudng phan gidc cua goc do.

Dinh nghia hai diém dang giac. La hai diém c6 duong thang néi chiing véi mdi dinh cia tam giac
la nhitng cap duong dang giac.

Bai toan 5. [Ivan Borsenco dé nghi]

Cho M 1a diém nam trong tam gidc ABC va khéi tam Ia (x;y;z). Goi R,, 1a ban kinh duong tron
noi tiép tam gidc thity tic cua diém M .Chimg minh rang:

\/(x+y+z) (“_2+5+ j >6\3.R,,.

X 'y z

Loi giai.
Kihi¢u N la diém dang gidc cua diém M . Ching ta can 2 bd dé sau:
B6 dé 1: Néu ABC, va A,B,C, 1a 2 tam

gidc thuy tic cua 2 dlem dang gidc diém M va ':’
N thi 6 diém nay nam trén mot vong tron. . / \\
Chitng minh. Chiing ta s& chimg minh rang /f e a0,
BB,CC, 1a mot tr gidc noi tiép. Dat L sl
ZBAM = ZCAN =¢. Va bdi vi ABMC, ni Cp,(( A \\\ggl
tiép, nén: c, ![[ l 7 /,. \;\\
/ s 7 | s
; D / !
\ E\’I’ "M j/f \\ . 1
,, %
.< i (i \‘}_', \ /’/ \\\
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ZAB,C, =90 - ZLC,B,C, =90 — LC,AM =90" —¢.
Tuwong tu, vi AB,NC, nén ta c6:
ZAC,B, =90° - 4B,C,B, =90° — ZB,AN =90" - ¢
Do d6 ZAB,C, = ZAC,B, nén B,B,C,C, 1a mot tir gidc ndi tiép. Cir thé ta thu duoc rang A A,B,B,
va AA,C,C, ciing la tir gidc noi tiép. Xét 3 dudng tron ngoai tiép tr gidc, néu chiing khong tring nhau
thi ching c6 mot tim dang phuong, d6 la diém giao nhau cua 3 tryc dang phuong. Tuy nhién mot diéu

trdi nguoc 1a ching ta c6 thé thdy rang nhimng truc ding phu’O’ng ndy, tuc cdc duong thang
AA,,BB, CC,, tao thanh mot tam gidc, dat tén 12 ABC. Diéu nay ching t6, cic diém

AL A, B,B,,C C, nam trén ciing 1 dudng tron.
B6 dé 2: Néu M, N 1a hai diém dang gidc, thi ta lu6n c6:
AM.AN  BM BN  CMCN

bc ac ab
Chirng minh. Goi A,B,C, 1a tam gidc thiy tic cia diém M . D& dang chimg minh dugc rang

=1.

. . 1
B,C, L AN. Vay dién tich cua tr gidc AB,NC, dugc tinh theo cong thirc E.B, C,.AN . Vi

. 1 : . 3
B,C, = AM .sin¢, ching ta dugc S, . = E.AM AN .sin o . Tuong ty, ta tim dugc rang

1

. 1 )
Secnn =5.BM.BN.s1n,B va Sc, v =E.CM.CN.sm7

Tu trén, ta suy ra: S,,c =S,z vc, T Spens, T Scans,

Hay: S, = %.(AM.AN.sin o+ BM .BN .sin f+ CM .CN .sin y)

Str dyung Pinh 1f ham Sin, ta dugc diéu can chirng minh:
AM . AN N BM .BN N CM.CN

) bc ac  ab
Quay tr¢ lai Bai todn . Ap dung BDT AM-GM vao bo dé 2, ta dugc:

1 1 (AM AN  BM.BN CM CN j _ AM .AN.BM .BN.CM .CN

=1.

27 27 bc ac ab a’b’c’
Lai cé:
B, A AB B B
AM, = G ,BM, = G ,CM, = L,AN = G ,BN = AZCZ ,CN = Az—
sin o sin siny sin o sin 8 siny
Ta thu duoc:

1 ABBC.ACBC AC,
27  a’b’c’.sin® a.sin® B.sin® y
4

Vi a’b’c’ .sin’ ai.sin® B.sin’ 7—F,nén:

1 _ 4R?
> > - AB,.BC,.AC,.A,B,.B,C,.A,C,

St dung bo dé 1 va Pinh 1f Euler cho dién tich ctia tam gidc thily tic, ta c6:

12



Mét S6 Pinh Ly Hinh Hoc Va Ung Dung Lop 11T1
AB.BC,.AC =4R, ———S

A,B,B,C,.A,C,=4R,,.

Vay:

R; (R*-OM?)(R*-ON?
1R (R oM} (R-0N)
, 27 . 4R’S?
Budc tiép theo 1a st dung Pinh Ii 3 cho diém M va diém dang gidc lién hop cua né:
at b
2 2 yZCl2 +xzb2+xycz xyz[x+y+zj
R*—OM* = = 5 2)
(x+y+2) (x+y+2z)

(D

2 2 2
Diém déng gidc ciia M 1a N, suy ra N thoa hé thirc < NA+2- NB+<_NC =0,
X y 4

Vay
azbzcz.xyz.(x+ y+2) 3 azbzcz.(x+ y+2)

2 2 2 2\
(yza® +xzb” + xyc?) Xz, a b <
Xy z

R*-ON’=

3)

Tu (1), (2) va(3), ta co:

1 R, a’b’c’
27 - 2 2 2
4R*.S*.(x+ y+z).[a+b+cj
X y z

Cudi cluing, ta thu duoc:

a b
\/(x+y+z).(—+—+—j >6\3.R,,.

X y z
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PINH Li PTOLEMY

Dua theo bai ciia Zaizai
Trén dién dan toan hgc

1. M¢é dau.

Hinh hoc la mot trong nhimg linh vuc toan hoc mang lai cho ngudi yéu todn nhiéu diéu thd vi nhat
va kho khan nhat. N6 doi hoi ta phai c6 nhiing suy nghi sang tao va tinh té. Trong linh vuc nay cling
xuat hién khong it nhimg dinh 1i, phuong phép nham nang cao tinh hiéu qua trong quad trinh giai quyét
cac bai todn, gidp ta chinh phyc nhing dinh nti ngd ghé va hiém tré . Trong bai viét nay xin gidi thiéu
dén cdc ban mot vai diéu co ban nhat vé dinh Ii Ptolemy trong viéc chimg minh céc dic tinh ciia hinh
hoc phang.

2. Noi dung - Li thuyét:

2.1. Pang thirc Ptolemy:

Cho ttr gidgc ABCD noi tiép duong tron (0) . Khi d6 AC.BD = AB.CD + AD.BC

D

Chung minh.
Lay M thudc duong chéo AC sao cho ZABD = ZMBC.
Khi d6 xétAABD va AMBC ¢6: ZABD = ZMBC, ZABD = ZMCB.

Nén AABD dong dang véi AMBC(g.g).
Do d6 ta c6:

AD _MC . 4pBC=BDMC (1) Laico 22 =BM s saBM = zDBC
BD BD BC

R AB BD
Nén AABM ~ ADBC(g.g). Suyra D hay AB.CD = AM .BD (2).
Tu (1) va(2) suyra AD.BC+AB.CD =BD.MC + AM .BD = AC.BD.
Vay dang thirc Ptolemy duoc chimg minh.
2.2. Bit ding thirc Ptolemy.
DAy c6 thé coi 1a dinh Ii Ptolemy mé rong boi vi né khong giGi han trong 16p tir gidc ndi tiép .
DPinh li: Cho tir gidc ABCD . Khi d6 AC.BD < AB.CD+ AD.BC.

14



Mét S6 Pinh Ly Hinh Hoc Va Ung Dung Lop 11T1

Chung minh.
Trong ZABC lay diém M sao cho:
LABD = ZMBC, ZADB =ZMCB
Dé dang chimg minh: A
AD BD
— ==
MC CB
= BD.CM = AD.CB
Ciing tir két luan trén suy ra:
AB :@, ZABM = ZDBC
BM  BC M
= AABM ~ ADBC(c.g.c) =
AB _BD
AM CD
Ap dung bt dang thtc trong tam gidc
va cdc diéu trén ta c6:

ABAD ~ ABMC =

= AB.DC =BD.AM. B C

AD.BC +AD.DC = BD(AM +CM )= BD.AC
Vay dinh Ii Ptolemy mé& rong da dugc chirng minh.
3, Ung dung ciia dinh li Ptolemy.
M¢ dau cho phan nay ching ta s& dén voi 1 vi du dién hinh va co ban vé viéc ung dung dinh 1i
Ptolemy.
Bai toan 1. [Dé thi vao truong THPT chuyén Lé Qui Pén - Quang Tri, 2005-2006] Cho tam gidc

déu ABC c6 céc canh bang a(a>0). Trén AC lay diém Q di dong, trén tia di clia tia CB 1iy diém P
di dong sao cho AQ.BP =a*. Goi M 1a giao diém cia BQ va AP . Chiting minh rang AM +MC = BM.

Chung minh. A
ek AQ AB
Tur gia thiet AQ.BP =a’suy ra — =—.
8 Q Y AB BP
Xét AABQ va ABPA cé: M

AQ AB
X =27 (ot) vi ZBAQ = ZABP
B BP(g) 0

Suy ra AABQ ~ ABPA(c.g.c)

= ZABQ=ZAPB (1)

Lai c6 ZABQ+ /ZMBP =60° (2)

Tu (1),(2) ta suy ra dugc B C P

ZBMP =180° - ZMBP — ZMPB =120" = ZAMB =180" — ZBMP =180" —120° = 60" = ZACB.

Suy ra tir gidc AMCB noi tiép duoc dudng tron.

Ap dung dinh 1i Ptolemy cho tir gidc AMCB ndi tiép va gia thiét AB = BC = CA.

Tacé ABMC+BC.AM = BM.AC = AM +MC = BM (dpcm).

Pay 1a 1 bai toan kha d& va tat nhién cdch giai nay khong duoc don gian 1dm.Vi néu mudn st dung
dang thirc Ptolemy trong 1 ki thi thi ¢6 18 phai chimg minh né dudi dang bo dé. Nhung diéu chd y ¢ day
1a ta chang can phai suy nghi nhiéu khi diing cdch trén trong khi d6 néu ding cich khéc thi 1oi giai c6
khi lai khong mang vé tuong minh.

Bai toan 2. [Dé thi chon d6i tuyén Hong Kéng tham dy IMO 2000] Tam gidc ABC vudng
cOBC >CA> AB. GoiDla mdt diém trén canh BC, Ela mot diém trén canh AB kéo dai vé phia diém
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A sao cho BD = BE = CA. Goi P la mot diém trén canh AC sao cho E, B, D, P nam trén mot duong tron.
Q1a giao diém thir hai ctia BP v6i dudng tron ngoai tiép AABC . Ching minh rang: AQ +CQ = BP

Churng minh.
Xét cac tr giac noi tiep ABCQ va BEPD ta c6:
ZCAQ = ZLCBQ = ZDEP E

(cing chin cdc cung tron)
Mit khic ZAQC =108 — ZABC = ZEPD \

Xét AAQC va AEPD c6:
ZAQC = ZEPD,
ZCAQ = /DEP = AAQC ~ AEPD
L AQ_CA L M OED=EPCA=EPBD () R Q
C

EP ED
(do AC=BD) B
£:£:>ED.QC:AC.PD:BE.PD (2) P
ED PD
(do AC=BE)

Ap dung dinh 1i Ptolemy cho tr gidc ndi tiép BEPD ta
co:

EP.BD+BE.PD=ED.BP (3)

Tu( 1), (2), (3) suyra
AQ.ED+QC.ED = ED.BP = AQ +QC = BP (dpcm).

C6 thé thay rang bai 1 1a tu tuong don gian dé ta xay dung céch giai ciia bai 2. Tirc 1a dwa vao céc
dai luong trong tam gidc bang nhau theo gia thiét ta sir dung tam gidc dong dang dé suy ra céc ti s6 lién
quan va sir dung phép thé dé suy ra diéu phai chimg minh. C4ch 1am nay t6 ra kha 1a hiéu qua va minh
hoa 13 rang qua 2 vi du ma zaizai dd néu & trén. Dé 1am 15 hon phuong phdp chiing ta s& ciing nhau dén
v6i viée chimg minh 1 dinh 1f bang chinh Ptolemy.

Bai toan 3. [ Pinh li Carnot] Cho tam gidc nhon ABC ndi tiép trong duong tron (O,R) va ngoai
tiép duong tron (1,r). Goi x, y,z 1an luot 12 khoang cdch tir O tdi cdc canh tam gidc. Chtng minh rang:
xX+y+z=R+r

Chung minh.

Goi M, N, P lan lugt 1a trung diém ciia BC,CA, AB. Gia st

x=0M,y=0ON, z=0P,BC=a,CA=b, AB=c.

T gidc OMBP nbi tiép, theo dang thic Ptolemy ta c6:

OB.PM =OP.MB+ OM .PB

Dods: R2=2%1xS ()

2 2 2

Tuong ty ta cling co :

RE=y 4422 (o)

2 2 2

a c b
R—=y—+z— (3

2 Y 2 2 ©)
Mat khac:

16
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a b c
(2+2+2j S asc =Sosc TSoca T Sous =

a b c
= X.E"i‘ ya‘i‘ Z.E (4)
Tu (1), (2), (3), (4) ta co:

(R+r)(a+[2)+cj:(x+y+z)(a+[;+cj:>

> R+r=x+y+z

Day la mot dinh Ii khé quen thudc va cach chung minh kha don gian. Ung dung cta dinh 1i nay nhu
d3 néi 1a dung nhiéu trong tinh todn céc dai luong trong tam gidc. Déi v6i truong hop tam gidc d6 khong
nhon thi cich phét biéu cua dinh If ciing c¢6 su thay doi.

Bai toan 4. [Thi HSG cac vung cia M1, nam 1987] Cho mot tir gidc ndi tiép ¢6 cac canh lién tiép
bang a,b,c,d va cic dudng chéo bang p,q. Ching minh rang

pa <@ +b>)(c +d?).

Loi giai.

Ap dung dinh 1f Ptolemy cho tir gidc ndi tiép thi ac+bd = pq

Viy ta can chimg minh p°¢* = (ac+bd)* < (a* +b*)(c* +d?)

Bt dang thtic nay chinh 12 mot bat dang thic rat quen thudc ma c6 18 ai ciing biét d6 1a BDT
Cauchy-Schwarz. Vay bai todn dugc chirmg minh.

Mot 10i giai dep va vo cling gon nhe cho 1 bai toan tuong chimg nhu 13 khé. Y tudng & day 1a dua
bat dang thirc can chimg minh vé 1 dang don gian hon va thuan dai s6 hon.

That thu vi 1a bat dang thirc d6 lai 12 BDT Cauchy-Schwarz.

Bai toan 5. Cho dudng tron (O) va BC 1a mot diy cung khdc duong kinh cta dudng tron. Tim diém
A thudc cung 16n BC sao cho AB+ AC 16n nhit.

Loi giai.

Goi D 1a diém chinh giira cung nho BC.

Dit DB = DC =a khong dbi. Theo dinh Ii Ptolemy ta c6:

AD.BC=AB.DC+AC.BD = a(AB+AC):>AB+AC—£ AD

a
Do BC va A khong doi nén AB + AC 16n nhét khi va chi khi AD 16n nhat khi va chi khi A 1a diém dbi
xtng cua D qua tam O cia duong tron.

4. Bai tap.

_ Bai toég 4.1. [CMO 1988, Trung Qudc] Cho ABCD1a mot tir gide ndi tiep voi dudng tron ngoai
tiép c6 tam (O) va ban kinh R. Cic tia AB,BC,CD,DA cat(O,2R)lan luot taiA',B',C',D'. Chung
minh rang:

A'B+B'C+C'D'+D'A'>22(AB+ BC +CD + DA)
Bai toan 4.2. Cho dudng tron (0) va diy cung BC khic duong kinh. Tim diém A thudc cung 16n
ctia BC dudng tron dé AB+2AC dat gid tl:i 16n nhat. ‘ ’
Bai toan 4.3. Cho tam giac ABC ngi tiep duong tron (O). Puong tron (0O') nam trong (O) tiép xtc voi
(O) tai T thudc cung AC (khdng chira B). Ké céc tiép tuyén AA', BB',CC't6i(0"). Ching minh ring
BB'.AC=AA'BC+CC'.AB
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Bai toan 4.4. Cho luc gidgc ABCDEF c6 céc canh ¢6 do dai nho hon 1. Chiig minh rang trong ba
dudng chéo AD, BE,CF c6 it nhat mdt duong chéo c6 do dai nhé hon 2.
Bai toan 4.5. Cho hai duong tron dong tdm, ban kinh cta duong tron nay gip ddi ban kinh cua
duong tron kia. ABCD 1a tir gid noi tiép du’(mg tron nho. Céc tia AB, BC,CD, DA lan luot cit duong

tron 16n tai A',B',C',D'. Chung minh rang. Chu vi to gidc A'B'C'D" 16n hon 2 lan chu vi t&r gidc
ABCD.
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PINH LY PTOLEMY MO RONG

Dua theo bai ciia Dwong Chau Dinh

1. DPinh Iy Ptolemy mé rong. Cho AABC ndi tiép duong tron (0). Puong tron (0,) thay d6i ludn
tiép xtic v6i BC (khong chira A). Goi AA',BB',CC" lan luot la cdc tiép tuyén tr A,B,C dén duong
tron (0, ), thi ta c6 hé h¢ thire sau

BC.AA'=CA.BB'+ AB.CC'.

Chung minh.

Xét truong hop (0) va (0') tiép xdc ngoai
v6i nhau (truong hop tiép xiic trong chimg minh
tuong ty).

Gia str M 1a tiép diém cia (0) va (0'). MA,
MB, MC theo tht tu cat (0') tai X, Y, Z.

Lic d6 YZ//BC,XZ//AC,XY//AB. Theo
dinh 1y Thales ta c6

AX BY (Z (1)
AM BM CM
Lai c6 AA” = AM.AX,BB"” = BM .BY,CC"* =CM .CZ (2)

AA” BB”? CC"” hay AA'_BB'_CC'
AM® BM® CM® C AM BM CM

Tir dinh 1y Ptolemy cho tir gidc ndi tiép MCAB thu dwoc BC.MA = CAMB+ AB.MC

Do d6 BC.AA'=CA.BB'+ AB.CC".

2. Cac bai toan ing dung.

Bai toan 2.1. Cho 2 dudng tron tiép xiic nhau, & duong tron 16n vé tam giac déu noi tiép. Tir cdc
dinh cua tam gfac ké cdc tiép tuyén toi dudng tron nho. Ching minh rang do dai mot trong ba tiép tuyén
d6 bang tong hai tiép tuyén con lai.

Tu (1) va (2) suyra

Loi gidi.
Coi ring dudng tron nhé tiép xtic véi BC (khong chira A) va dat [ ,1,.0 14n luot 1a do dai cdc
duong tiép tuyén ké tir A, B,C dén duong tron nho.
Tu dinh ly Ptolemy mo rong ta cé
al, =bl, +cl, =1 =1 +1.
Bai toan 2.2. Cho hinh vudéng ABCD ndi tiép dudng
tron (O). Mot dudng tron thay doi tiép xidc véi doan CD A

va cung nhé CD, ké tiép tuyén AX, BY véi dudng tron nay.
Chimg minh rang AX+BY khong doi.
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Loi giai.
Khong mat tinh tong qudt, coi rang hinh vuong ABCD c6 d6 dai canh bang 1. Tur d6 de dang suy ra
AC=BD=A2.
Ap dunh dinh 1y véi cdc tam giac ACD va BCD, ta dugc
CD.AX =AD.CM + AC.DM
{CD.BY =BC.DM + BD.CM

AX +BY =1++2.
Bai toan 2.3. AABC(AB< BC) ndi tiép duong tron (O). Trén canh AC lay diém B,, sao cho

. Cong hai dang thuc nay, suy ra

BB, =BA=c.Goi R 1aban kinh dudng tron (O, ) tiép xic BB,,B,C va cung nho BC (Khong chtra A)
va r 12 ban kinh dudng tron néi tiép ABB,C. Ching minh rang R = r.

Loi giai.

Gia str duong tron (0, ) tiép xdc véi BB,, B,C lan luot
tai M,N .

bt BM =x=BN(0<x<c).

[, =AM =x+2c.cos A
Suy ra [,=BN =c—x
[,.=CM =b—x-2c.cos A

Ap dung dinh 1y, ta dugc

al, =bl, +cl_ hay

x(x+2c.cos A)=b(c—x)+c(b—x—2c.cos A)

Suyra (a+b+c)x=2(bc—c’.cos A—ac.cos A).
Goi y la do dai tiép tiép tir B, t6i dudng tron ndi tiép
ABB,C.
: 1 1
Theé thi ta c6 y:E(BBI+BIC—BC):5(c+(b—2c.cosA)—a)
Lai c6
R=2r e x=2y & 2(bc—c*.cosA—ac.cos A)=(a+b+c)(c+b—2c.cos A—a) &

& 2bc=(b+c)’ —a* —2bc.cos A & a® =b* +¢* —2bc.cos A.

Tir day ta duoc diéu phai chtrng minh.

3. Bai tap.

3.1. [TH&TT bai T8/369] Cho AABC ndi tiép dudng tron (0) va c¢6 do dai cic canh
BC=a,CA=b,AB=c. Goi A,B,C, theo thit ty la diém chinh giita cung BC (khong chira A), CA
(khdng chira B), AB (khdng chua C). V& cédc dudng tron (0,),(0,),(0;) theo thir tw c6 dudng kinh 12
AA,,BB,,C,C,. Ching minh bt dang thirc
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L p >(a+b+c)2

F c1(0;) 3

Al(0))

+P

B/(0,)
Ping thiic x4y ra khi nao?
3.2. [TH&TT bai T11/359] Cho AABC. Pudng tron (O,) ndm trong tam gidc va tiép xiic véi céc
canh AB,AC. Puong tron (0,) di qua B,C va tiép xtc ngoai v6i duong tron (0,) tai T. Chimg minh

rang dudng phén gidc ciia géc BTC di qua tim dudng tron ndi tiép ciia AABC.
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MOT Ti SO VA UNG DUNG

Dua theo bai ciia Son Hong Ta
Trén Mathematical reflections 2 (2008)

Trong bai “Dinh 1y Ptolemy m& rong” ta da thdy mot tinh chat thd vi ddi véi hai duong tron tiép xic
nhau, & bai nay ta tiép tuc tim hiéu thém vé mot tinh chat khac d6i v6i hai duong tron tiép xic trong voi
nhau va sy ng dung cta tinh chat nay.

Bo6 Pé.Cho A va B 1ahai diém nam trén duong tron y. Mot dudng tron p tiép xdc trong v6i ¥
tai 7. Goi AE va BF lahaitiép tuyénké tir A va B dén

TA AE
p.Thitac6 —=——

TB BF A
Loi giai. Goi A, va B, la giao diém thtr hai cua TA, 7B
v6i p . Ching ta biét rang A B, song song voi AB. Vi thé
ta co,
AEY _AA.AT BB BT (BFY
TA, ) AT.AT BT BT \TB,) T
AE BF AE TA TA 3
Suy ra = = =—L=——_ day chinh la diéu
TA, TB, BF TB, 1B
phai chirng minh.
Dé minh hoa cho b6 dé nay, ching ta s€ dén vdi mot vai
vi dy. Bai todn sau day cua Nguyén Minh Ha, trong tap chi

todn hoc va tudi tré (2007). ’ B
Bai toan 1. Cho Q la duong tron ngoai tiép cia tam
gidc ABC va D latiép diém ctia duong tron (1) néi tiép
tam gidc ABC v6i canh BC. Chimg minh rang ZATI =90".
Loi giai. Goi E va F lan lugt 1a hai tiép diém cua
dudng tron p(1) véicanh CA va AB. Theo bd dé trén ta

co,
TB _BD BF
IC CD CE’

Vi vay tam gidc 7TBF va TCE dong dang. Suy ra
LTFA=/TFEA, conghiala A,I,E,F,T cung nam trén mot
dudng tron.

Vay LATI = ZAFI =90°. ’

Bai toan 2. Cho ABCD la tir gidc ndi tiep trong duong
tron Q. Cho @ 1a dudng tron tiép xdc trong voi Q tai 7', va
tiép xiic véi BD,AC tai E,F. Goi P la giao diém ciia EF véi AB. Chimg minh rang TP 12 duong
phan giac trong cua goc ZATB.

L s AT AF D , . X .
Loi giai. Tu bo de, ching ta c6 dugc 37 = BE vi vay bai todn s€ dugc chirng minh néu ta c6
AF AP
BE PB
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Chi y rang ZPEB = ZAFP, va tir dinh 1y ham sin dbi véi hai tam gidc APF,BPE, chiing ta c6
AP sin ZAFP _sinZBEP BP
AF sinZAPF sinZBPE BE’

duoc

AF AP 3
Vi vay, ta dugc — =——, suy ra dieu phai ching minh.
BE PB

Sau day la todn tor “Moldovan Team Selection” nam
2007.

Bai toan 3. Cho tam giic ABC va Q la duong tron
ngoai tiép tam gidc. Puong tron @ tiép xiic trong véi Q tai
T, vavoicanh AB,AC ¢ P,Q. Goi S la giao diém coa AT
v6i PQ. Chimg minh rang £SBA = ZSCA.

Loi gidi.

Diing bo dé , ta c6

BP BT sin/ZBCT _sin ZBAT _PS
CQ CT sinZCBT sinZCAT QS

Tir ddy dé dang suy ra hai tam gidc BPS va CQS dong
dang.

Vi vay ZSBA = ZSCA.

T

Bai toan 4. Cho dudng tron (0) c6 day cung AB. Goi (0, ),(0,) 1a hai dudng tron tiép xtic trong
véi (0) va AB. Goi giao diém giita (0,),(0,) 1a M,N. Chiung minh rang MN di qua trung diém
cung AB (khong chtra M,N).
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Loi gidi. Goi P va Q lan luot la tiép diém
ctia dudng tron (O,) v6i (O) va AB. R va §
1an lugc 1a tiép diém cta dudng tron (0,) voi
(0) va AB. Cho T la trung diém cua cung
AB (khong chtta M, N ).

Ap dung bd d& d6i véi hai duong tron
(0),(0,) va hai diém A,B véi hai tiép tuyén
AQ,BQ t6i dudng tron (O, ), thi ching ta c6
PA_0A
PB OB’

Diéu nay c6 nghia la PQ diqua 7.

Tuong tu, RS ciing di qua 7.

Mat khéc, ta lai c6
ZPQOA =ZQ0TA+ ZQAT =

=/PRA+ ZART = ZPRS,
Nén bdn diém P,O,R,S cung nam trén

T
mot dudng tron va goi né 1a dudng tron (O;).

Chi y rang PQ la truc dang phuong cia (0,) va (0,), RS la truc dang phuong cta (0,) va
(0,),con MN 1la truc dang phuong ctia (O,) va (0,). Vi vdy ba dudng thang PQ,RS,MN s& dong
quy tai tim dang phuong cta ba dudng tron nay.

Vay ta suy ra dugc MN s€diqua 7.

Chiing ta s€ ti€p tuc vé1 mot bai todn trong “MOSP Tests” nam 2007.

Bai toan 5. Cho tam gidgc ABC . Puong tron @ di qua B,C. Pudng tron @ tiép xic trong v6i @ va
hai canh AB,AC lan luot tai 7, P,Q. Goi M la trung diém cua cung BC (chta T ) ctua duong tron .
Chting minh rang ba dudng thang PQ, BC,MT dong quy.

Loi gidi.

Goi K=PONBC va
K'=MT nBC. Ap dung dinh ly
Menelaus trong tam giac ABC,
ta duoc

KB QC PA _ 1=

KC QA PB
KB BP

>—=—
KC CQ

Mit khdc, M 1a trung diém
cua cung BC(chta T) cia w
nén MT la duong phan gidc
ngoai cua goc ZBTC. Vi vay, bai
todn s& duoc chimg minh néu ta
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. BP 1B S 24X .4 £ 43 .
co @ = ool Nhung di€u nay ding theo bo dé, nén ta c6 diéu phai chirng minh.

Bai todn 6. Cho (0,),(0,) 1a hai duong tron tiép xtc trong véi duong tron (O) tai M,N. Tiép
tuyén chung trong cua hai dudng tron nay cat (0) ¢ bbn diém. Goi B va C 1a hai trong bon diém trén
sao cho B va C nam cing phia v6i 0,0,. Chiing minh rang BC song song v&i mot tiép tuyén chung
ngoai cta hai duong tron (0,),(0,).

Loi gidgi. V& hai tiép tuyén chung trong
GH,KL cta (0,),(0,) sao cho G,L nam
trén (0,) va K,H nam trén (0O,). Goi EF
1a tiép tuyén chung ngoai cua (0, ),(0,) sao
cho E,B nam cung phia so vé6i 0,0,. P,Q
Ia giao diém cua EF vé6i (0). Gio day ta
chi can chimng minh BC song song v6i PQ.
Goi A la trung diém cung PQ khong chira
M ,N. V& hai tiép tuyén AX,AY dén dudng
wn  (0).(0,)  (xe(0).¥e(0,)).
Trong bai todn 4 ta da chimg minh dugc
rang A,E,M thang hang; A,F,N thang
hang, va MEFN 1a tt gidc ndi tiép. Vi vy,

AX*=AE.AM = AF.AN = AY?
hay AX = AY.
MA MB MC
AX BG CL
Mit khéc theo dinh 1y Ptolemy, ta dugc
MA.BC =MB.AC+ MC.AB,

Suyra AX.BC = BG.AC+CL.AB.
Tuong ty ta cling c6 AY.BC = BH.AC+CK.AB.

Nén AC.(BH - BG)= AB.(CL-CK), hay AC.GH = AB.KL, suy ra AC = AB. Diéu nay c6 nghia

Theo bo dé ta cé,

1a A 1a trung diém cung BC cuia dudng tron (0).
Vivay BC// PQ.
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CUC VA POI CUC

Dua theo bai viét ciia Kin Y.Li
Trén tap chi toan Hong Kong

1.1. Dinh nghia:
Cho duong tron (C) tim O béan kinh r, mot diém P & ngoai (C). Trén OP léy P’ sao cho
OP.OP? =r’. Ta néi: dbi cuc cia P 1a dudng thing d vudng géc véi OP tai P’. Nguoc lai, véi moi

duong thang d khong qua tim O, ta néi P 1a cyc cta dudng thang d.

1.2. Tinh chit:

1. Véi diém P & ngoai (O,r), tir P ké 2 tiép tuyén PX, PY ciia (O,r). Goi P’ 1a giao diém cta XY va
OP. Ta c6 OP L XY . Khi d6 ta néi ddi cuc d ciia diém P 1a duong XY. Nguoc lai, voi hai diém phan
biét X,Y trén duodng trbn(O,r) , cuc cua XY 1a diém P (diém giao nhau cua hai tiép tuyén tai X, Y caa
(O,r). Piém P nam trén dudng trung tryc ctia doan thang XY va ZOXP = ZOYP =90° .

2. [Pinhly La Hire]. Cho x, y lan lugi 1a ddi cuc cia X, ¥, tacé X e yeYex

e Chitng minh. Goi X'Y' 1a cdc diém lan luot nim trén OX,0Y va théoa man diéu kién
OX.0X'=r*=0Y.0Y"'. Suyrabbn diém X,X"Y,Y"' cing thuc mot dudng tron. Tir d6 suy ra
X thudc y = ZXY'Y =90° & £XX'Y =90° < Y thudc x.
3. Cho x, y, z lan luot 1a dbi cuc ciia ba diém phan biét X, Y, Z, tacé Z=xNy < z= XY.
e Chung minh. St dung dinh ly La Hire,tacé Z=xNny < X thuoc z va Y thuc z & z= XY.

4. Cho W, X, ¥, Z nam trén (O,r). DPdi cuc p cia P=XYWZ la duong thang qua diém

Q0=WXNZY va R=XZNYW .
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* Chig minh: 14y S, T 1an lugt 1a cuc cia s =XY, t=WZ, P=sNt. Sirdung tinh chat (3.),
S=xny,T=wnz va p=ST.V&iluc gidc WXXZYY,tacd: Q=WXNZY,S =XXNYY,
R=XZNYW.

O day XX 1a tiép tuyén tai X. Ap dung dinh 1y Pascal (Xem bai “Binh Iy Ceva va Menelaus”), ta
¢6 S, O, R ciing thudc mot dudng thang. Tuong ty ddi voi luc gidc XWWYZZ, ta thdy O, T, R ciing thudc
mot dudng thang. Tir d6 ta suy ra dugc p=ST=QR .

Mot sb vi du ung dung cdc tinh chét cuc - ddi cuc:

1.3.1 Cho ntra dudng tron tim O dudng kinh UV. P, Q 12 hai diém thudc nira dudng tron d6 sao cho
UP < UQ. R 1a giao diém ciia hai tiép tuyén ctia nira duong tron tai P, Q va § 1a giao diém cua UP va

VQ. Chirng minh rang RS LUV .
S
%
K U V

Lay K = PQNUV . Theo tinh chét (4.) ta c6 dudng d6i cuc cua K di qua diém S. Hai tiép tuyén cua

Huong giai

nira dudng tron tai P va Q cét nhau tai R nén d6i cuc cua R 1a PQ. Tir diém K trén PQ, dp dung dinh Iy
La Hire, ta ¢6 R nam trén duong dbi cuc cua K, do d6 ddi cuc cia K 1a duong RS va K thude dudng
thang chira duong kinh UV nén tacé RS LUV .

1.3.2 Cho tir gidc ABCD va duong tron (O,r) ndi tiép tir gide. Goi G, H, K, L 1an luot 1a tiép diém
ciia AB, BC, CD, DA véi (O). Kéo dai AB, CD cit nhau tai E, AD va BC cét nhau tai F, GK va HL cét

nhau tai P. Ching minh rang OP L EF.
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Huong giai.

St dung tinh chit 1 vé cuc va ddi cuc , ta c6 ddi cuc cia hai diém phan biét E, F lan luot 12 GK va
HL . Lai c6 GK cat HL tai P. Ap dung tinh chét 3 ta c6 d6i cuc cta P 1a EF. Theo dinh nghia vé d6i cuc
tacd OP LEF.

1.3.3 Cho nira duong tron tim O dudng kinh AB. C 1a mot diém ndm ngoai duong tron. Tir C vé cat
tuyén cit (O) theo tht tu tai D, E. Goi (0,) 1a tam dudng tron ngoai tiép tam gidc OBD c6 dudng kinh

OF. Chimg minh bén diém O, A, E, G cing thudc mot duong tron.

Huong giai.
Kéo dai AE cét BD tai P, theo tinh chét 4 ta c6 ddi cuc ctia P voi duong tron tim O 1a duong thang

qua C va H véi H 1a giao diém ctia AD va EB. Tacé OP L CH . Liy Q la giao diém cua OP va CH.
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Lai ¢6 ZPQH =/PDH =/ZPEH =90°, nén P, E, Q, H, D cung thudc mot dudng tron, ma
ZPQD = ZPED = ZDBO, nén Q, D, P, O cung nam trén mot duong tron. Tu d6 ta suy ra Q trung G,
va dy 12 giao diém cta dudng tron ngoai tiép tam gidc OBD va dudng tron duong kinh OC.

Vi P=BDNOG = PE.PA=PD.PB=PG.PO nén O, A, E, G cung thugc mot duong tron.

1.3.4 Cho I 12 tim dudng tron ndi tiép tam gidc ABC. AB, AC, BC tiép xiic (I) 1an lugt tai M, L, K.
Puong thang qua B song song v6i MK cat LM, LK 1an lugt tai R va S. Ching minh tam gidc RIS 1a tam
gidc nhon.

Huong giai.

Ta c6 dbi cuc cua cac diém B, K, L, M 1an Iuot 1a
MK, BC, CA, AB. Laic6 B'=IBNMK

Vi B'e MK = B thudc duodng ddi cuc cua B’
(Pinh 1y La Hire)

= MK 1 RS=>ddi cuc cia B’ 1a RS =R, B, S
thang hang va cdc dudng dbi cuc cia ching dong quy
tai B’.

Lai c6, cdc dudong doi cuc cua K, L cat nhau tai C

valL K, S théng hang nén déi cuc cua ba diém L K, S

ddng quy tai C. Ttr d6 ta suy ra d6i cuc cia S 1a B’'C

vatacling c6 dugc IR L B'A, va RIS=180"— ZAB'C.

Goi T la trung diém cua AC, ta co:

2BT=B'C+B'A=(B'K+KC)+(B'M +MA) = KC +MA

KC+MA CL+AL _AC

5 nén B’ nam trong duong tron

Vi KC khong song song MA, B'T<

duong kinh AC = ZAB'C >90° = ZRIS <90° = ARIS 1a tam gidc nhon.

1.3. Mt 56 bai tap dp dung:

1.4.1 [Australian-Polish 98] Cho 6 diém A, B, C, D, E, F thudc mdt dudng tron sao cho céc tiép
tuyén tai A va D, duong BF, CE dong quy. Chtng minh rang céc dudng thing AD, BC, EF hoic doi mot
song song hodc dong quy.

1.4.2 Cho tam gidc ABC. Puong tron ndi tiép (I) tiép xiic véi BC, CA, AB lan luot tai D, E, F. K 1a
mot diém bét ky thudc dudng thing EF. BK, CK cit AC, AB lan lugt tai E’, F’. Ching minh rang E’F’
tiép xiic vai (I).
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1.4.3 Cho ttr gidc ABCD ngoai tiép (0). Tiép diém thudc cdc canh AB, BC, CD, DA lan luot 1a M,
N, P, Q. AN, AP cit (O) tai E, F. Chung minh ring ME, QF, AC dong quy.

1.4.4 Cho tir gidc ABCD ndi tiép (0). AC cit BD tai 1. (AOB), (COD) cit nhau tai diém L khéc
0.Chimg minh ring ZILO =90°.

1.4.5 Cho tam gidc ABC. Pudng tron dudng kinh AB cit CA, CB tai P, Q. Cic tiép tuyén tai P, Q
v6i duong tron nay cit nhau tai R. Chimg minh rang CR L AB.

1.4.6 Cho tam gidc ABC. BB’, CC’ l1a céc dudng cao. E, F la trung diém cta AC, AB. EF cit B’C’
tai K. Chirng minh rang AK vudng géc véi duong thang Ole cta tam gidc ABC.

1.4.7 Cho tam gidc ABC, dudng tron noi tiép tiép xiic véi BC, CA, AB lan luot tai D, E, F. Pudng
tron noi tiép tam gidc DEF tiép xtic v6i EF, FD, DE lan luot tai M, N, P. Chung minh réng AM, BN, CP
dong quy.

1.4.8 [Bai to4n Stanley-Rabinowitz] Cho tam gidc ABC, duong tron noi tiép tiép xiic v6i BC, CA,
AB lan luot tai D, E, F. Pla 1 diém bat ky trong mat phfmg. PA, PB, PC cit (1) lan Iwot tai X, Y, Z.
Chung minh rang DX, EY, FZ dong quy.
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