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V. Senderou, A. Spivak

dinh 1§ iy do nha Todn hoc Pie Fermat (nguti

Phip, 1601-1665) dua ra nim 1640, it ngin gon:

Néiu p 1 56 nguyén t vi @ 1a miot s8 nguyén thé ti a* ~a
chiahétcho p.

Bé ngoai c6 vé don gidn, tuy nhién dinh I nay Iy ¢6 nhing
fing dung vé ciing quan trong.

Céc truding hop riéng.

1.p=2. Xeét hiéu a* ~a=a(a~1). Trong hai s6 t nhién lién tiép @ va a=1, thi phii <6 mot s5
chinva mt s8I nén tich cta chiing phai 3 mat 6 chin.

Ta biét ring @ va @ 6 cing tinh chin Ié do d6 hi¢u cla ching phiila s6 chin. Nhu viy ta c6 thém
mot cich chiing minh don gidn cho trniéng hop nay.

2.p=3.Xét hiu a*~a=(a+Da(a~1). Mot s6 chia cho 3 thi c6 56 dur1a 0,1 hose 2. Do d6 trong
356 ty nhién lén tiép a-+1,a,a~1 phii c6 mot s6 chia hét cho 3, va tich cia chiing ciing chia hét cho
3. Dé thiy hé qui la hiéu trén chia hét cho 6.

Baitip

1. Chitng it @ +5 chia hét cho 6 vdi migi s ién a

Xeét hiéu a* ~a. Véi a=2,a=3 thi 2* ~2 =14 3* ~3 =78 khong chia hét cho 4. Nhu viy ta thiy
ring phit biéu cia dinh 17 s¢ khong diing trong trting hop p 13 hop s6.

3. p=5.Xethién a’ - a=(a* +1)(a+1)a(a~1). Véi a=1, hiéu trén bing 0; a=2 thi 2°~2=30;
a=3thi ¥-3=240;a=4 thi #~5=1020;4=5 thi ¥ ~5=3120;4=6 thi 6 ~6=7770. Tit
ci cic higu trén déu chia hét cho 30.

Nhin thiy o’ ~a chia hét cho 2 va 3. Ta ching minh hig niy cing chia hét cho 5.

56 ty nhién @ chia cho 5 thi c6 56 du 13 0.1.2.3,4. Trubng hop 56 dur1d 0,14 th ti sy phan tich
thi

£athifas6 t suy ra iéu a° —a chia het cho 5. Tromg hop s6 du







[image: image2.jpg]@ +1=(5k+2)" +1=5(5F" + 4k +1) chiahét cho 5.

Tutung b véi £=3. Viy ta thu duge diéu ph chiing minh.

Tacé the phan tich @* +

@-2)a+2)+5 vidods
@ ~a=(a+2a+Dala-1a-2)+5a+Dala-1)
6 cing s6 dut v6i (a-+2)(a+Da(a~1)a~2) kbi chia cho 5.

Tich $ 56 t nhién lién tiép (a+2)(a+1)a(a~1(a~2) chia het cho 5, do d6 hitu a’~a cong chia
hét cho 5. Cing nhin duige hé qua 1 hiéu nay chia hét cho 30.

Vao nam 1501 K. F. Gauss dua ra ki hi¢u dfng du. Ta sif dung chiing d& don gian hos dién dat su chia
het.

Hai 56 nguyén .5 goi 1 dtong dut modulo n néu chiing o cimg 50 dit khi chia cho 3 nguyén 1. Ki
higula a=b(modn).

Gidsit a=b(modn), ¢ =d (modn), dé ding chiing minh:

i asc=bed(modn)
i ac=bd(modn)
i a" =b" (modn).

1.5, nguyén v 7 Khng im.

Baitip
2. Gidi phiong trinh déng dut 3 =11(mod101)
3. Gidi phiong trinh déng dut 143 =0 (mod12).

4. Vi k= 0. Ching minh rdng
. New ka=#b(modim) the tii a=b(modn).

b. Neia ka = kb (@odn) v k nguyen t cng nhaw voi 1 the thi

B(modn).

4.p=7.Xéthitn @' —a

(@-Da(a+1)a ~a+1)(a +a+1).

Hay thit mot s6 gid tr cia a: 0'=0=0, ' ~1=0, 2’ ~2=126=7.18, 6’ ~7=279930=7.30990.

Biy gid ta se chifng minh higu teén chia hét cho 7 véi moi s6 ty nhién . Ta cé:

a1

(@-2)a+3) @mod7) v a*~a+1=a*

~6=(a+2)(a-3) (mod7)






[image: image3.jpg]Suy ra higu trén dong du véi tich biy s6 ty nhién lién ticp. 56 ty nhién @ chiacho 7 c6 56 4130, 1,
2,3,4,5,6 nén tich (a+3)(a+2)(a+Da(a~1)(a~2)a~3) chia heétcho 7.

Baitep

5. . Chitng i ring a”

(mod42).

. Chitng minh rng &*

(mod30).

5. p=11.Xéthitu @* ~a=(a-Da(a+1(@ =@ +a* +a=1(e* - +a*~a+1)

Tacé (a-3)a-4)a-5Xa-9)=(a* ~Ta+12)(a* ~14a+45) = (@ +4a+ 1)

3a+1)

=d*+a-10a* a+

# 4 +a* +a+1 @@od11). Tuong ty, ban c6 the chi ra:

(a-2)(a-6)a-T)a~-8=a"
Nhut vy higu trén dong du voi tich 116 t nhién lién tiép, v tich ndy chia hét cho 11.

Tiép tue véi p=13 hoc nhitng s6 nguyén (6 1dn hon ban c5 the dua ra ting 1 gl riéng biét cho
titng truting hop. Tuy nhién, da dén lic ching ta tiép cin véi trddng hop téng quit cia dinh 1
Fecmat nhd 461 v61 mois6 nguyén 6 2.

Baitap

. Chilng i réng
. Tich cia 458 nguyén lén ticp th chia hét cho 24.

b. Tich cia § 58 nguyén lién ticp thi chia hét o 120.

€. 0 ~5a* +4a chiahét cho 120 v moi s8 gyt G

7. Ching i ring @ vi @ cd chitsd tin ciing giong nhau.

8. Ching i ring ' =’ chia hét cho 30 vdi bt i 6 nguyén m.n.

9. Néus8 k Khong chia hét cho 2, 3, § the thi k' ~1 chia hét cho 240.

10. . Chitng minh réng 2222 + 55553 chia hét cho 7.
b. Thm dutsd cia phép chia (13* +15) +18% cho 7.

11, Chitng nih tgn cing cia 11° ~1 8 hai chit 5 tén cig L& hai 6 0.

12.a. Tim t8tci cd s nguyén @ sao cho 6 +1 ¢6 tin cing i s5.0.







[image: image4.jpg]b. Clrtng mins ring @ +1 Kidg the ton cing 13 s Khng vo1 bit ki 8 nguyén @ nio.

Khdc khong. Tim uéc chung lon nhit cia cic 8 ¢ dang " —a, vii @

14, Cho trafc s8 tt nivién n>1. Chitng mink réng uc chung 1én nhdt cia cde s6 dang a"~a, @ thude

tdp 50 nguyén triig v S chung 1n nhdt cla cdc 5 dang a"~a, voi a=123, 2"

Truding hop téng quit.

Xeét 6 nguyén t6 p va s6 ngayén k khong chia hét cho p.Véi p=19, k=4. Lip bing xét cic s

2...,18 vicie du's6 ciia 4 khi chia cho 19.

; 1 2 3 ] 5 3 7 B s
ar gl s i) 16 20 ) 28 D 36
drmod1d | 4 s 5 16 1 s 5 5 17
7 o T ) 3 i) 15 g 7 i
ar 40 = 4 52 56 60 2 6 72
4rmodls | 2 6 10 i 15 3 7 0 15

Ta nhin thiy ring céc 56 du i 4 kbi chia cho 19 déa 491 mot khic nhau va chinh 14 céc 55 7. Téng
quit hon ta c6 khing dinh

N 8 ngupén k Khing chia het cho s nguyén t5 p v 7.7, 1d hai 53 d phen bigt trong phép chia &
cho p thi ki ke cd hai 55 dic phin bigt Khi chia cho p.

Thit viy néa B~k = k(s
nguyén t6 ciing nhau véi  nén 7; =7 (mod p) hay

0(mod ) thi do & khng chia hét cho p, hay néi cich khic

Baitdp

15. Ton tai hay king <8 6 nhién 1 sao cho 1999n cd tén cilng 14 957

16 Neéu s nguyén k nguyén 6 ciing nhas v 3 6 nhién 71 thi t6n tai s6 ¢ whién X sao cho Jer—1 chia
hétcho n.

17. Néie 0.B nguyén 5 cig nhav, thi bit ki s0 nguyén ndo cing c6 the bica disn dusi dang ¢ =ax+By,

vt X3 nguyén.

By gi6 ta ban dén 161 gi cia dinh 1 Fermat nho. Ta c6 the viet &~ =K(k™ ~1). Nhut viy néu &
chia hét cho  thi dinh 1§ 1 hién nhién nén quan trong 1 trding hop & Khong chia hét cho .








[image: image5.jpg]Djnh k1.
Né s6 nguyén k khong chia hét cho s6 nguyén 6 p thi £ c6 56 du1a 1 khi chia cho .
Chitng i

Cic s6 du cia cic sSK. 28, 3K, .. (p~Di d0i motkhic nhau, va 4613 123, p~1. Nhurviy

k2K3k(p-Dk=123.(p-1) (mod p)

Hay F7(p~1

(p-D)! (@od p), suyra £ =1(mod p) (*).

G diy ching ta sit dung ket qua d Bai tép 4. C6 the bien d6i (£ ~T)(p—1)
(21! nguyén t5 cing nhau véi p nén din dén (7).

(mod p) va do

Baitip
18, Tim phn duckhi chia 3 cho 43.
19. Néius8 nguyén @ khing chia hét cho 17, thé thi a° —1 hogc a® +1 chia hét cho 17.

20 Chiing i ring mn—mn® chia hét cho S6786730 vdi moi s6 nguyén mn.

21, Tim it ci cdc 8 nguyén t5 p sao cho 5" +1 chia hét cho p.

22, Clitng minh ring 79 =57 =2 chia hét cho 6p vdi moi s8 nguyén 16 p 16,

23, V61 p 158 ngupén 88 thE thl ng 17 27+ (p =1y chia cho p dut p-1.

2403t ¢8 6 chit 5 chia i cho 7. Ta di S it s hing tram nghis i vé sas v g dos v Ching
minh rang 58 moi nhn duge cing chia het cho 7. Thi d, 632387 vi 200004 chia hét cho 7 sau Khi
bie di i digc 323876 vi 42 cimg cia bt cho 7.

25, Xét 58 rguyéns 9 p kh 2, 3, 5. Chitng ring 56 duge 1p bd¢ D=1 5 1 s¢ chia it cho p. Thi i
111111 chia hétcho 7.

26°. Chitng minh réng vGi bt ki 5 nguyén 16 p 056 Op chits 11... 1122...22...99...99 (trong d6 c6
B hirss 1, p chitss2,..., p chit s 9) ding dit i s5 123456789 khi chia cho p.

Cécbang nhan modulo.

Hay xem xét n—1 56 du khic khong trong phép chia mdt s6 cho 7. Lip cic bing ma & ciia hang thif

@ va ctthit b 1455 ducia phép chia cia tich ab cho 7, trong d 0<a.5<n.
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5 tacé Bang 1, n=11tacé Bing2.
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Bang 1 Bang3.
x[1 2 3 4 6 1 8 9 w0
T 6 7 & 9 owon
2 P O T T ) 16K
ala 6 9 0 3 6 9 0 3 6 9 Bings.
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e LI A TR R
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s 4 0 5 4 0 8 4 0 8 4 N
9|8 6 5 0 9 @3 009 8 3 sos o0onog
wlw & 6 1 2 0 56 a2 L LTI
wfu w8 76 i3 2 4 o7 '
Bang 4. Bangé.

Ta thiy ring trong cic bing niy s6 d trong cic & ciing khic khong. D6i véi 7 1 cic s6 nguyén t6 thi
56 du tich hai s6 d khic khang cing c6 8 du khic khong trong phép chia cho 7.

D vis cic hop 56 71 thi tich hai s6 dt cia n6 c6 thé c6 dul bing O trong phép chia cho 71 Thi du
22:=0(mod4) (xem Bang 3.), vi d6i v61 1 =12 thi xiy ra nhiéu trfég hop hon nta (xem Bing 4.)
Bay gio i cdc bing da c6 xod di cic cot va hing 6 chita s6 dut bing 0. Thi du & Bang 2 ta xo4 di hing







[image: image7.jpg]i 2 v ot thir 2 thl thu dutoe bing 5, & Bing 404 di cic cot v hang thir2, 6, 3,9, 10 thi thu e
Bng . O cic bing mi 1 158 nguyén t th Khong cin phiixod di hing hay o nio ci.

Nhin thiy ring cic hing va cot dutgc lai 1o nhiing hing va cot c6 56 duge dinh 1a nguyén 6 ciing nhau
Vi 1. Ta c6 khang dinh (hay ching minh)

"Ha s8 nguyén t8 cing whate v0i 1 thi tich cia chiing 52 c6 <8 du khdc Kong modulo 1.
Baitgp

27. Lam sing 16 tinh 461 sing cia cdc cdp 50 dit qua cdc dung céo 3 cdc bing 1.6.

Dinh1j Euler.

By gi0 ta s¢ c6 mot sy tSng quit cita dinh I Fermat nho cho truing hop phép chia di véi mot s6 t
nhién 71 bit ki Ta da xem xét cic bing nhin modulo d phin triéc va nhin thiy ring & cia hing v
bt duge dinh 56 1A nguyén t6 cing nhau véi 71 thi sé 6 du 56 khic khong molulo 7. Hon nia &
trong mdi hang hoge mdi cot trong cic bing mi nhin dutge déu c6 chifa s6 du doi mot khc nhau
modula 7. C6 the khing dinh néu cic s dul 4,a,,4,....q, modulo 71 d6i mdt khic nhau va nguyén
6 ciing nhau v 71 thi cic 56 K4, &, ka, <6 56 duf cing chinh I céc 56 @,y ..., (hay ching
minh). Ta c6

kaykay. K, =0,4,..a, (modn)

Titds (K ~Dagy .a, a, (modn) do @,....q, déa nguyén t6 ciing nhau v61 7 nén
¥ =1(modn). Néu 711 s6 nguyén t6 thi r = n~1, ta thu duige khing dinh cita dinh 17 Fermat nho.
Khing dinh t6ng quit duoc mang tén Dy Iy Euler.

Dink 2.

Néias6 nguyén k nguyén t5 cing nhau i s8 td whicn 1 thi K" =1 chia hétcho 1, wi r 1 s6 cde 50 tu

nhién nguyén £ citng hat i 7 ma Khng vugt qud 1.
Baitiy

28. Chiing minh rdng néi I chia hét cho 3, the'thl
a. k' chia cho 9 c6 dus61& 1 hodc 8.

b K chia cho 243 ¢6 dut s 1 1 hopc 242.
29, Clhitng mirh ritng

N @ +5 + chia et cho 9, hEthi mit trong ede 58 .5.C chia it o 3.






[image: image8.jpg]b. Tong adc binh phitong cia 3 56 riguyérs chia hét cho 7 ki vi chi K t9ng cdc lup thita bic 4 cia nhitng.
58 nguyéns 46 chia hét cho 7.

30, Chitng i ritng 7 77" chia et o 10.

31 Tim 3 chit s cudi ciong cia 7.

32 Neias8 nguyén @ nguyén 13 cing nhas v <5 0 nhién > L, chiing minh ring phidang trivh dng dut
ax=b(modn) tuong duong vai x=ab(modn) . Trong d6 1 1d s cdc 5y whidn khong bé han n
nguyén 16 cing nhau vi 1.

33, Ching minh ring néa 1 158 & i 16 6h€ 4 2 ~1 chi hét cho 1.
347, Tim titci cd s6 t nhién n'> 1 sao cho tong 1'+2°+_+ (1=1)" chia hét cho 1.

35", Ching v
n chia hét cho 5.

ring vl mdi S8t whién . thi t6n tai mOt b1 8 1 cila nd sao cho tong cd chirsd cia

Ham Euler.

Nam 1763, Leonard Euler (1707-1783) da ra ki hiéu g(01)dé chi 56 luang cic s6 du modulo 7 ma
nguyén t6 ciing nhau véi 1. Thidy : o()=1, 9(4)=2, @(12)

Neéu p 1 s6 nguyén t6 the thi () = P~1. Hay xét @(p") véi m 1 56 y shién. Cic s6 d modulo

By gi0 thit tinh (1000), 6 1 56 tt c céc s6 t nhién bé hon 1000 va khng chia hét cho 2 va 5. C6
500 56 chin trong s6 cic s6 ty nhién bé hon 1000. 5 200 sd chia hét cho  trong s cic 6 t nhién
bé han 1000. C6 1006 chia hét cho 2va § trong s6 cc s6 t nhién bé hon 1000, it viy thu dulge :

£(1000) =100~ (500-+ 200~100) = 400.
Baitip
36. Tinh 9(2'5") vt @ v b 1o cdes6 ¢ hidn.
37Vt .4 I hai s6 nguyén 16 khdc nhau. Tink @(pq) vi 9(p°a") wii a,b 1 adc 56 t nhicn.

38. G phuorg trinh :
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Ap dung phutong phip tutong t ta c6 the tinh (1) véi moi 6 nguyén ducng 7. Mot thi du phitc tap
hon dé1am 10 hon phuiang phip nay, hay tinh ¢(300). Cic 56 t nhién bé hon 300 c6 150 s6 chin,
100 56 chia hét cho 3, 60 56 chia hét cho 5. Trong s6 nhirng boi ny lai c6 50 56 chia hét cho 2.3=6, 30
56 chia hét cho 2,510 vA 20 56 chia hét cho 3.5=15. Trong s cic boi cia 6, 10va 15 niy lai <6 1056
chia hét cho 2.

0. Nhur vy tacé -

9(300)=300~[150+100+ 60~

+30+20-10)] =80

Pé c6 phép chiing minh tng quit st dung phuong phip ndy ban c6 the doc bai bio « S8 foc v
nhitng nguyén 1 dém » cia N. Basileva va V. Gytenmakhera dang trong s6 Kvant No2, nam 1994. Va
duti diy 1 mot cich chiing minh khic.

Dink 3.

B Buler 6 tinh chdt nhan, tic 1i @(mm)

POm)on) w61 m.n gy t8 cing nha.
He g

Néi 71 c6 dang phan tich chinh tic n = p p?

VE Py P P, 18 cde S nguyén t8 phin bigt cia

Vi . .....0, T cde <8 tu nhién. The thi

o) = (P )o(pF)--2(pl") = (B = P NPE —
Chitng minks D 15 3

Xt cic 56 c6 dang mx+ny véi 0<x<n, 0<y <. Viet ching thanh mdt bing 71 6. Thi dy véi

5.m=8, taco bing sau :

T\ o 1 B 3 P s 3 7
o o 5 0 15 20 25 30 35
1 s 13 s 23 28 3 38 43
2 16 21 26 31 36 a1 46 s1
3 2 25 34 3 ) g 54 5
Z £ 37 2 @7 ) 57 & &7

Gl 56 trong bang trén phii 6 duf s6 di mot khic nhau khi chia cho m1. Thit viy néu c6

£y 2 (mod mn).

Vil 0< 3%, <m0y, y, <m. The thitacs :
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i+ =y £y, (modn) (1) va m +ny,

Tir (1) suy ram; =y @modm). Do m.n nguyén t6 cing nhau nén ;= Jy(@modm). Hon nia

o2y <m nén y, = . Tuong e véi (2) tac6 x,

Nhut vy cic 56 & trén 6 s6 d di mot khic nhau kb chia cho7m . Hon nia tip cic 6 du niy chinh
I tip QL2 mn~1 Néi cich khic véi moi d=0.L._.m1~1déu ton tai cip 56 x.y sao cho
0x<n, 0<y<m va d =+ (modmn).

Ta c6 UCIN(noc+1y,m) = UCLN 1y, m) = UCLN(y, m). Tutomg tu UCLN G+ 1y, 1) =UCLN(x. ).

C6 nghia 12 nhing 6 trong bing trén nguyén t6 cing nhau v6i m sé nim & ¢3¢ mA ) nguyént ciing.
hanvéi 7, vi nhiing s6 nguyén t6 ching nhau véi 71 s& nim & dong ma X nguyén t5 ciing nhau véi
1. Cdc 56 nguyén t8 citng nhau véi 771 sé 14 giao cia cic dong va cic ct do.

Diéu iy chifng t6 hé thitc p(m)p(n) = ()
Baitep

39. Vit cdc 56 # 0 dén mn—1 viio bing sa

1 B w1
n+l n+2 2n-1
n 2n+1 22 -1

=D [ G2

Chitng minks dinh 1§ Euler thong qua nhiing mrh dé sau

i Nhitng s iguyén {6 ciong whau v 71 1dp ddy (1) it cia bing trén.
. 1 S0t mdt Ot bt K i bidng trén c6 it s8 51 mt e nhas K chia cho m.

i Tiemi bt c6 (m) s nguyén 85 ciing nhate vii m .

. MOt 8 nguyér 5 clong nhas v 11 Khi vi chl K55 1 nguyén 6 cing nhass véi 1 vi 1

40. Mt dutimg trom duige phins chi tharh 7 phdn bing nhat bai 1 didm. C6 bao nhiéu dubng gdp kiic

i s cdc doan il 16 déis bing whau vé 1dy cdc dinh thugc vio tap n diém trén.







[image: image11.jpg]Quy e hai dudng giip Khiic dic cof 1 tring nhau néi dudng ndy se dong nhdt vdi dudng ki qua met
phép quay.

41, Clitng i i v3i bt i 6 4t nhiés . thi

a. @m)(n) = (BCNNm. i (UCLN (. )
b. @) = (BCNNTm. DUCLN (. )
<. GOM@UCLN (. 7) = p(mn)o(UCLN (. ).

42. G ede phuang trink

o o) :% n>3 v L sd t nhién.

B @(1X) = 9(x) i 58 tu i n >1.

Mt ma véi chia khod mé.

Hay tung tiéng ring ban nhin duoe mot thong diép ma ho tf mot ngudi ban, nhung anh ta da
Khong the gip ban tnid d6, viy loai ma hod g cé the sif dung duioe trong triting hop ndy. C4 £5n tai
‘phuiang phip ma hod ndo ma 6 the truyén tin khip the i, thim chi ci ngui ban lin ke thi déu
ahin duoe nhung ké th hodn toan Khong thé g ma duge thong diép cia ban 7

D6 thit surla mot loai ma hod tuyétva, n6 khic hoin toin véi cic loai ma hod thung sit dung bi mit
chil yéu 1a chia khod, khi ndm m duge chia khod thi c6 the ma hod hay gidl ma thong tin dé ding.
Loal mdt ma méi d8 cip i goi 14 « Mit ma véi chia khoi mi », khi ma da ma hos thong digp thi chi
6 tic gid méi c6 the gidi ma théng tin nhin duec.

MjtmaRSA.

Nam 1978, ba nhi Toén hoc Rivest, Shamir vi Adleman da ma hod mot ciu Anh ngur va hia se trao
gidi 100 USD cho ai gidi ma dulge thang diép dé :
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982251457083569314766228839896280133919905518209451 57815154,

Ho g thich chi tiét phuong php ma hod. Cic chi cii duige quy ude a=015=02, .2 =26va diu
cich 3 00 . Sau 6 ho viet ciu thong thong diép nh cic cho s6 trén thay the cho cic chu cii duge sip
ién tuc thinh mot s6 ¥ c6 78 chirsd. Tiép theo ho sit dung mdt s6 nguyén t6 p <6 64 chi s, mot s6
nguyénts g 65 chi s6 . Va tich cia chiingla

1438162575788886766932577997614661201021829672124236:
5733897830397123563958705038989075147599200026879543541

6184203570693524

Vaho chon s ) 13 dang ma hod cia thong di¢p nho cong thiic :

" (mod pg)

Ho céng b6 tich pg, 58 ) vA 56 nguyén t6 9007 vi chinh phuong phdp ma hod vA cho biet s6
nguyn t6 p c6 64 chir s6, s6 nguyén t6 ¢ c6 65 chu 56 vi x ¢6 78 chursS. B mit chi nim & hai s
. 6 gid tr bing bao nhitu. Diu doi héi A tim ¥ thod man phong trinh dong duf trén.

Cau chuyén trén kst thic vio nim 1994, khi ma Atkins, Kpaft, Lenstra va Leilang gl ma duge cin
thong di¢p d. Va hai s6 nguyén £ ho tim dugela

p=349052051084763004914784961990389813341 776463840338 7843990820577
9= 32769132903266709549961988190834461413177642967992042539798288533

Trong cusn “M3 i vé Ly thuyét Mat ma” xuit bin nam 1998 cia céc nha Todn hoc niy viet ring :
< Kt qua ky digu iy (s phin tich migt 5 c5 129 chiv 5 thanh nivin t) dat dige whi mit thudt todn
i tich mt 53 thanh nhan t, 66 tén goi 1 phitong php Sin binh phutong. Qui trinh the hidn tink

fodn 1 nhir vdo su cing tic cla ci mt A nga dong ddo. Didu hank dy dn 1 bon tdc gid i 11 gidi vii
st chudin bf budc ddu vé If thuydt <5 khodng 220 ngdy chng vl s tham gi cia gdn 600 ngut vi Khodng.
1600 iy tinks lén ket oot whau qua Internet. »

Ding tiéc 13 viéc di siu vao phuong phip phin tich cia ho da wiot qué khuon kho cia bii viet. Ta
chip nhin bb qua phin ndy va tiép tuc bin luin vé  tuding hé thong mit ma RSA (46 chinh i cic chix
il dia cia cic nha Todn hoc phit minh raloai mit ma niy).

¥ tung nby nbutsau

Cho cic s6 nguyén t6 p.g, tinh duge P(pg) =

-D(g-D-
Giasit

o =1+ko(rg)
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Euler

= x(y m

1

x (mod pg)

=9007,va 1 thoi man phutung trinh déng du ¢f =1(mod p(pg)) . &
diy 6 ¢ duge chon sao cho phii nguyén t6 cing nhau vGi (p~1)(g~1), b the iy e=1 hosc
¢=(p~1)(g~1~1 nhung se khang hop I néu musn gid bi mat. Khi d6 / ton tai do thuit toin
Euclid. Do diéu kién y =x*(mod pg) nén

Trong thi du cia chiing ta thi

= x(mod pg)

Nhutviy s6 ¥ cin tim1a phin ditcia ' cho pg.
Tai sao mit ma RSAlai goi 1 loai mit m v6i chia khod mér2 Do 14 tai vi s8 € va tich pg dutoe ngusi
ma hod thong di¢p cong khai. Khi ma ma hod bit ki thong diép nio thi chi cin c6 mot miy tinh ci
nhin véi mot chuong trinh tinh todn ndo d6 14 di. Qué trinh gidi ma se d€ ding néu biét duge s6 7.
Nhuing cich duy nhit dé tinh duge f thi ph biét duge gi tri cia p va g, i I cdn phin tich pg
thinh nhin t. Thuit toén phan tich mot s6 thanh thita s6 nguyén 3 1a thuit todn c6 dj phic tap ma
nén hi vong c duge 1 g 13 khong c6 hién thutc. Ngay ci sy thinh cong nim 1994 cia bén nhi
Toén hocvéi phutong phip phn tich cia ho chi c6 hiéu lyc khi da biét s6 chir s6 ciia 2 va ¢, con néu
Khong thi ci hé thng lién két cia 600 con nguii vi 1600 miy moc d6 qua Internet da phi du hing.

Bartsy

437, (Dinh cha cé ban yéu ip trnh trés iy tin)

@ Tim 5 s nam 1994 b whis Todn hoe Atkins, Kpaft, Lenstra v Leilang da tink tods dige.
b i i s Anh gl i i 1978 e i o 05 Rivest, Shair, Adleman.

Mot s6 bai toin dé nghi.

Chi ra sy t6n tai cia cic hop s 7 sao cho véi bit ki 3 nguyén @

thi " ~a chia hét cho 71 (goila cic 56 Carmichacl)

2. Khong ton tai 6 t nhién 71 ndo d& 2' +1 chia hét cho n+1.

3. Neéu 2" =1 chia hét cho 7 thi n =1 hojc n=3. Hay ching minh
diéu nay.

4. Cic diém duge dinh s6 12, 7~1 c8 the duge xép trén mat

dtng tron sao cho bat ki 3 56 @.5.¢ lién tiép nhau thi 5 —ac
chiahét cho 71 Tim céc s6 2 nbutvay. (Hinh bén minh hoa mot triang hop khi n=7)







[image: image14.jpg]5. Vet nhitng 56 nguyén £ p nio thi t9n ti 56 nguyén @ sa0 cho '+’ +a* +a-+1 chia het
cho p.

(Con ticp ki sau)




