DON BIEN "THUA — TRU"
V6 Qubc Ba Can - PH Y Duogc Can Tho

Phuong phap don bién tir khi méi xuat hién cho dén nay, n6 da thé hién duoc vai tro va
tinh hiéu quéa ctia minh trong viéc giai toan bat dang thitc. Tuy nhién, phuong phap nay
c6 nhiéu nhugc diém ma chiing ta, nhiing ai da tirng sit dung déu dé dang nhan thay. Mot
trong nhitng nhuoc diém cta né 1a rat khé st dung véi bat drfmg thitc chita can va mot s6
bat dang thiic dang phan thic (phéan thitc bac cao). Bai viét nhé nay, chiing t6i xin dugc
chia sé ctiing ban doc mot phuong phéap don bién gitp chiing ta giai quyét duge kha nhiéu
bai toan ba bién (manh dat mau md nhat ctia bat dfmg thuc hién nay) thudéc mot trong hai
dang trén. Phuong phap nay da giup chung t6i giai duge kha nhiéu bai toan khé ma mot
vai trong s6 d6 da ting 1a nhimng bai toan md. Chung t6i xin dugc goi d6 1a phuong phap
"don bién thira — trur".

Dé bat dau, ta sé xét vi du sau, mot bai toan tudng chirng nhu khong thé giai bang don
bién sd cap

Vidu1 Gidsita,b,c la cdc s6 thuc khong am théa man a + b + ¢ = 1. Chiing minh ring

1 1 1 2
+ + >44 2
Va2 +ab+b2 VP2 +bc+c2 V2 +ca+a? V3

(Xtar)
Loi gidi. Dé y rang bat dang thic da cho c6 dang thic xay ra tai @ = b,c = 0 nén néu

dung don bién dé giai thi y tudng ctia ta la don bién vé trung binh cong. Khi do, gia su
¢ = min{a,b,c} va dat P(a,b,c) = 1 + 1 + 1 ta phai chiing minh

T Val+ab+b? VB2 +be+c? V2 +cat+a?’
b b
P(a,b,c) > P <a42— ,a42— ,c> )

Dén day, ta thay rang viéc tach binh phuong (a — b)? tir
1 1 2

_I_ —
VP2 +bc+c2 V2 +ca+a? \/<a+b>2+f(a+b>+c2
2 2

la rat phirc tap, né phai trai qua nhiéu lan truc can. Vi vay, du c6 tach duge thanh cong
thi viéc ddnh gid cta ta lic sau cling sé khé khan rat nhiéu (phai néi la rat kho). Day ciing
chinh 1a li do lam ta tudng nhu phuong phap don bién s cap khong hiéu qué cho bai



toan dep va kho nay. Bay gid 1a y tudng chinh la ching t6i muén gidi thiéu cting ban doc:

. s X SR, Y 1 1 22 S ea . N
> *
Chung ta dieu biet rang ———— + = > oty (*) va viéc tach binh
phuong tir 2v2 2 la rdt dé dang (chi can mot bude truc can la

Vel fac+ber2 \/(a;zrb)z+@+cz
xong), nén ta nghi rang viéc dung bat dang thitc (x) chéc sé c6 gitip ich cho viéc don bién
ctia ta. Nhung tiéc rang, bat dang thiic (*) khong di manh dé thuc hién nhiém vu nay, vi
vdy y tudng clia ta sé la thiét lap mot danh gia chat hon rat nhiéu dé st dung

1 N 1 - 2V/2
Va2 +ac+c2 B2+ bc+c2 T (/a2 + b2 +ac+bc+2c2 —k(a—b)?

7

tuong duong

1 1 4
2 - >
[a2+ac+c2 +b2+bc+62 a2+b2+ac+bc—l—2c2—k(a—b)2} -

. ( 1 B 1 )2
T \Vartact+c V2 4be+c)
Bat dang thtic nay c6 thé dugc thu gon thanh

2(a—b)*[(a+b+c)®—k(a® +b*>+ 2c® + ac + be)]
(a2 4+ ac+ c2)(b? + be + ¢?)[a?> + b%> +ac + bc + 2c2 — k(a — b)?] —

(a—b)*(a+b+c)?
(a% + ac + c?) (b* + be + ¢?) (\/a2+ac—|—cz+\/b2+bc—|—c2>

4

hay la
2[(a+b+c)? —k(a® + b* + 2c¢® + ac + be)] -
(a2 4+ ac+ c2)(b? + be + ¢2)[a% + b?> +ac + bc + 2c2 — k(a — b)?] —

(a+b+c)?
5.
(a2 + ac + c2) (b2 + bc + c2) (\/a2+ac+c2+\/b2+bc+c2>

>

Choa =b = ¢, ta tim dugc k < 3. Vi k cang 16n thi ddnh gia ctia ta sé cang chit, sé cang
c6 ich cho ta hon nén ta c6 thé thir xét xem véi k = § thi bat déng thic trén c6 diing hay
khong, nhung vi bai todn chua duge chat 1dm nén ta ciing khong can thiét phai danh gia
"hét ga" nhu thé, ta sé thir véi k = 1 xem thé nao. Cho k = 1 vao, bat déng thic trén trd
thanh

2(2ab + ac + be — ¢?)

>
(a%2 4 ac + c?)(b? + bc + ¢?)(2ab + ac + bc + 2¢?) —




(a+b+c)?

>

7

(a2 + ac + c2) (b2 + bc + c2) (\/a2+ac+c2+\/b2+bc—|—c2)

tuong duong
2(2ab +ac+bc—c?) (a+b+c)?
2 = 2
2ab+ac+bc+2c <\/u2—|—ac+c2+\/b2+bc+cz)

2 .
% >1vava2+ac+R+ V2 +bc+2>a+b+c

nén bat dang thitc trén hién nhién ding. Nhu vay, ta da thiét lap dugc

1 N 1 - 22
VB2 +bc+c2  Z+ca+aZ T 2ab+ac+ bc+ 22

Dé dang dénh gia dugc

Va ta di dén viéc chiing minh

1 242 1 242
Va2 + ab b2+\/2 b be + 2¢2 = 3(a+b)? * (a+b)?
a2+ ab+ ab + ac + be + 2¢ \/ ! \/ 1 ac 4 be 422

dé hoan thanh budc don bién. Mot céng viéc kha don gian v6i nhirng ban nao quen véi
dao ham. That vay, datt = ab < (Hb) va xét ham sb

1 242

) = \/(1—c)2—t+ V2t +c+c?
ta dé thay
f(t) = 2[1- C)lz i (2t+2c\f62)3/2 <0
bdi vi ta ¢6 2[(1 —¢)? — ] — (2t+c+c2) = 2(a® + ab + b?) — (2ab + ac + bc + 2¢*) > 0

va 3 — (2;62 < 0. Diéu nay ching t6 rang f(t) 1a ham nghich bién, va ching ta thu dugc

ft)y>f ( (a+b) ) . Budc don bién da duge hoan tat, ticlatacé P(a, b,c) > P (”*b “erb,c> .

Viéc con lai cua ta chi la chiang minh P <”+b ”;b,c> >4+ %, mot cong viéc kha nhe

nhang véi phép chon tham s6 trong bat dang thitc AM — GM, xin dugc danh lai cho ban
doc phan nay. [
Vidu 2 Cho cdc sé diong a, b, c théa man a + b + ¢ = 3. Ching minh ring
1 n 1 n 1 < 1
5(a2+b?)+8 5(b2+c2)+8 5(c2+a*)+8 6

(Vasile Cirtoaje)



Loi gidi. Dé y rang bat dang thuc trén dat duge dau dang thic khia = b = ¢ = 1va
a=1%,b=c=1lnény tudng clia ta sé 1a don bién vé trung binh cong (dua trén gia thiét

> <. . S v _ 8 3 o 1 1 1
ctia bai toan). Gidsta > b > ¢, datk = ¢ va P(a,b,c) = e R i o i o Y

phai ching minh P(a,b,c) < P (a, be, %) < £25. Nhung ciing nhu bai trudc, ta thdy

1 2
2102 - 2
a<4-c +k a2+(l72j) +k

ta

rang viéc tach binh phuong (b — ¢)? tirhiéu —, Hl)z =t cung khad phuc

tap va dua dén bac cao rat khé danh gia. Vi vay, dé chitng minh né, ta sé st dung y tudng
sau: Tim m nhé nhéat dé bat dang thiic sau diing

1 1 4
< .
a2+b2+k+a2+cz+k = 2024+ b2+ 2+ 2k —m(b — c)?

Nhan ca hai vé ctia bat dang thitc nay véi (a® + b? + k) + (a® + ¢* + k) va st dung dang
thitc quen thudc (x + ) <% + %) -4 = %, ta c6 thé dé dang viét lai bat dang thic
trén nhu sau
(b? — c2)? < 4m(b — c)?
(@2+b2+k)(a®2+c2+k) — 222+ b2+ 2 +2k—m(b—c)?’

tuong duong

(b + c)? < 4m
(a2 4+ b2+ k)(a®>+c2+k) — 2a2+ b2+ 242k —m(b—c)?

2

Choa =b=c =1, tatim duoc m > Nhu vay, ta sé thit chiing minh bat déng thuc

k2
sau
(b+c)? < 8
(@2 +b2+k)(a>+c2+k) = (k+2) 22+ b2+ 2+ 2k — 25(b—c)?]
Ta co
2a2+b2+c2+2k—k42r2(b—c)2 <2a* 4+ b? + P+ 2k <2(a® + b + k),
va

4a®+24k)— (k+2)(b+c)? > 4(*+*) +k(b+c)* = (k+2)(b+c)?
40 +c*) —2(b+c)* =2(b—c)* >0,
nén bat dang thitc trén hién nhién ding. Do d6, ta c6

1 1 4
+ < ~
2+ +k a?+cE+k T 222+ + 242k — 25 (b—c)?




Tiép theo, d€ hoan tat budc don bién, ta phai chitng minh

1 4 1 4
- < +
Ptk 202+ 024+ 242k —pZp(b—c)2 T Ly pga g (R oy

tuong duong

(b—c)? N 22— K)(b—c)?
(440l +e)* +20 7 (k+2) [202 + 82 + 2+ 2k — g5 (b — 0)?] [202 + L5E 4 2k]

hay la
[262 + 82+ ¢ + 2k — 25 (b — 0)?] [20% + 5" 4 2] 22—k
(b2 + 2+ k)[(b+c)? + 2k] - k+2 7
Ta co
2a2+b2+cz+2k—kj_z(b—C)z_[(b"_C)z‘f’zk] = 2{1 —Zbc—k%(b—C)z
> 2b% —2bc — (b—c)*> = b* —c* >0,
va 5 5
2ﬁ+xbzo-+%—2w?+8+k%=ﬂﬁ—b%+[wtf)—28]2@
nén

20—k 4 _ 22—k
> 2 = >
VIZ22=— " 22 k12

Phép don bién dugc hoan tat. Va viéc con lai ctia ta chi la chiing minh P(3 — 2t t,t) < T iz
v6it = 3¢ vak = & Béng cach khai trién va bién déi tuong duong, ta thiy bat dang thiic

nay tuong duong Vdi

= VP.

25(5t — 1)2(t — 1)?
6(5t2 +4)(25¢2 — 60t + 53)

> 0 (dung).

Bai todn dugc chirtng minh xong. ]
Nhan xét 1 Qua 10i gidi nay, ta cd thé thiy tdp hop tit cd cdc gid tri ciia k dé bit ding thirc sau

1 1 1 3
<
A1k il ik  2raik o ki2

dingvdia,b,c >0,a+b+c=3lak > %.
Ngoai ra, truong hop k = 2 chinh la bai toan thi chon dgi tuyén Iran nam 2009.



Sau day la mot s hai vi du kha dep khac
Vidu 3 Cho cic sé duong a, b, c. Chitng minh bt dang thirc sau

ab L be n ca <§
a2 +b2+3c2  b2+c243a2  2+a2+3b2 — 5

(Pham Kim Hung, Vasile Cirtoaje)
Loi gidi. Khong mét tinh téng quat, gid sit ¢ = min{a, b, c}. Khi d¢, ta sé chiing minh

bc N ca < c(a+0b)+ B (a—10b)?
2+ c24+3a>  c2+a2+30> = 2224207+

That vay, bat dang thitc nay tuong duong véi

2 2, 2 2 2, 2
b(2a* 4+ 2b=+c¢*) a(2a*+2b +C)—a—b gg(a—b)z.
b2 + c2 + 3a? %+ a% + 3b? 25
Ta co
b(2a% + 2b* + ¢?) a(2a2+2b2—|—cz)_a_b _a(a®>—b?) b(b? — a?)
b? + 2 4 3a? c2 +a? + 3b? 2 +a243b2 b2+ 2+ 3a2

(a—b)?(a+ b)(3a® + 3b* + c* + 2ab)
(3a% + b2 +c2)(a% +3b% +c2) '

nén bat dfmg thiic trén c6 thé dugc viét lai thanh

c(a —b)?(a+ b)(3a% + 3b% + ¢ + 2ab) < g(u _p)?
(3a2 + b2 + ¢2) (a2 4 3b2 + ¢2) — 25 ’

tuong duong
2 2,2 18% 2 12, 22 2, 2
9c(a+b)-2(3a” 4 3b° + ¢ + 2ab) < g(&z + b +c%)(a” + 3b° + 7).
Ap dung cac bat dang thitc AM — GM va Cauchy Schwarz, ta dugc

9¢c(a+b) +2(3a2 + 362 + > + 2ab) ]°

9c(a+b) - 2(3a* +3b* + * + 2ab) < 5 ,

va
(30 + b* + ) (a® + 3b* + c*) > (a® + b* + 2ab + c*)>.



Lai co

36(a® + b* +2ab + c*) — 5[9¢c(a + b) +2(3a® + 3b* + ¢* + 2ab)]
= 6a® + 6b% +26¢> — 45¢(a + b) + 52ab
= 26(c —a)(c —b) + 6a* 4 6b*> — 19c(a + b) + 26ab
> 6a* 4 6b> — 19c(a + b) + 26ab > 38ab —19c(a +b) > 0,

nén bat dang thic trén hién nhién dung.
Tiép theo, ta sé chitng minh

ab c(a+0b)+ E(a—0b)? - a* + b? cy/2(a% + b2)
a? 4 b? 4 3¢? 202 + 20>+ ¢ T 2(a*+b*+3c%)  2a% + 2%+ %’

tuong duong
(a—b)? n c(a—b)? 18(a — b)?
2(a% + b2 + 3¢2) (2a2 + 262 + ¢2) [ 22+ 0%) +a+ b] ~ 25(2a% 4 2b% + ¢2)’

Do \/2(a2 +b2) +a + b < 2,/2(a2 + b2), nén ta chi can chitng minh dugc

1 n c S 18 . [a? + b?
2(2t243c2)  4At(42+c2) T 2542 +c2) 2 ’

tuong duong

c 72
,>7'
T2

2(4t2 + ?)
212 4 3¢?

Ta co
2(4t% 4 ¢?) c 4 (t —c) (21> + 4tc — 3c?) >0,

212 43c2 Tt T t(212 + 3¢2) -

ma 22 < 3nén bat dang thic trén hién nhién ding.
Cubi cung, ta di dén viéc ching minh bat déng thuc sau

t2 2tc 3
+ <.
2124+ 3c2 42 4+¢2 — 5
Khong méy kho khan, ta c6 thé phan tich
t2 2tc 3 (t —c)?(2t — 3c)?

W32 Tt e 5 5(2t2 + 3¢2) (42 +¢2) =

nén bat dang thic trén hién nhién diing va phép chitng minh ctia ta dugc hoan tat. Pang
thitc x4y ra khi va chi khia = b = chodca = b = 3¢ ciing cdc hoan vi. n

7



Vidu4 Cho cdc s6 duong a, b, c théa min a + b + ¢ = 3. Ching minh ring

4a2—27+4b2—27+4c2—27+69 -0
b2 + 2 c2 + a2 a? + b2 2 =7

(Vasile Cirtoaje)
Loi gidi. V6i chu y rang 4522;227 +4 = %ﬁfﬂ, ta c6 thé viét lai bat dang thic can
ching minh dudi dang
1 1 1 45
40 4+ 4b* 4 4> — 27 = >0.
(407 + 45"+ 4e ) 2 teietare) 27

Khong mét tinh tdng quat, gid st a = max{a, b, c}. Ap dung bat dang thirc Cauchy Schwarz,
ta c6 4a® + 4b% + 4c? — 27 > 4a® + 2(b + ¢)? — 27, nén bat dang thic trén dugc suy ra tir

[4a® 4 2(b +¢)? — 27] (

1 1 1 45 _
a2+b> b2+ c2+a?

Néu 4a® + 2(b + ¢)? — 27 > 0 thi bat dang thiic nay hién nhién ding. Trong truong hop
ngugc lai, ap dung bat déng thitc ma ta da thiét lap trong Vi du 2 & trén, ta co

1 1 1 2 1

+ + < +
@bk Ptk Atttk T gy 0P g (0 g

v6i moi k > 0. Tir d6, dat t = 3¢ va cho k = 0, ta thu duogc

1 N 1 N 1 2 +L
a2 +b2 b2+ 24a2 T a2 212

Do 442 + 8t2 — 27 < O nén

1 1 1 2 1
40% + 8t — 27 + > (4a® 2N =+ = ).
(4a” + 8t )<a2+b2 b2+c2+c2+a2> (4" + 8¢ ) 21 o

Vi thé, ta chi can ching minh duoc

2 1 45
47 + 8 —3(a+2t)"] (5 +55 | + > >0
[4a” + (a+ )](a2+t2+2t2>+2_
(a—t)2(a—5t)2
2t2(a2+t2) il
0 la mot bat dang thitc hién nhién diing. Phép chiing minh ctia ta dugc hoan tat. Dé thay
déng thuc xay ra khivachikhia = b = ¢ = Thodca = 2, b = ¢ = 2 va cac hoan vi tuong

u’ng. |

Bang mot vai tinh toan don gian, ta thay bat dang thitc nay tuong duong véi



Nhan xét 2 Moi ban doc ciing chirng minh két qud sau
Tép hop tét cd cdc gid tri ciia k d¢'bat dang thiic

a?+k  PP+k  A+k
>3(k+1
b2+c2+c2+a2+a2+b2_3( 1
diing vdi moi a, b, c duong sao choa+b+c =310 —% <k < 2.

BAI TAP DE NGHI

1. Gid st a, b, c 1a cac s6 thyc khong am théa man a + b + ¢ = 1. Chiing minh rang

Va2 +bc+ Vb2 +ca+ /2 +ab < 3

E.
(Pham Kim Hung)
2. Giastra,b,cla cac s6 thuc khong am thoa man a + b + ¢ = 1. Ching minh rfang
1 8
>4+ —.
;\/(a2+ab+b2)(a2+ac+c2) V3

(V6 Qubc Ba Can, Tran Quang Hung)

3. Cho cac sb thuc khong am a,b,c thbaman a + b +c = 1. Tim héng s6 k 16n nhat dé
bt dang thic sau ludn ding

\/u—l—k(b—c)z—i— \/b—l—k(c—a)z—l— \/c—i—k(a—b)2 < V3.
(Phan Thanh Viét)

4. Cho céc s6 thuc khong am a,b,c thdbamana +b +c = 1. Tim h:?mg s6 k 16n nhat dé
bat dang thitc sau ludn diing

1 1
+ + > 3/3.

Va+k(b—c)? /b+k(c—a)? c+k(a—0)>
(V6 Qubc B4 Can)
5. Gia st a, b, c 1a cac sb thuc khong 4m thdéa man a + b + ¢ = 3. Ching minh rang khi

do

1 n 1 n 1 S 3

(b+c)2+6 (c+a)+6 (a+b)2+6 10
(Duong Duc Lam)

6. Cho cac sb thuc duong a, b, c théa man abc = 1. Ching minh bat déng thirc sau

V82 +1+ /802 +1+4 /82 +1<3(a+b+c).
(Gabriel Dospinescu)




