Phan thi Nhat

TRUONG PAI HQC BACH KHOA HA NOI
TRUNG TAM DPAO TAO TAI NANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao

Nam 1999
Mon thi: Toan hoc
Thoi gian: 90 phut(*).
Bai 1:
Khao sat su bién thién ctia ham sé f (x) x4c dinh trén toan R, duge cho nhu
sau:
x+—>— khi x=0.
f(x)= 1+e*
0 khi x # 0.
Bai 2:

Tim céc s6 thuc a,b,c théa man diéu kién a —2b+3c—16=0 sao cho biéu

thirc:
f=2a>+2b> +2c¢* —4a—4b—4c+15.

dat gia tri nho nhat.
Bai 3:

Chung minh rang phuong trinh:

a.cosx+b.sin2x+c.cos3x =x

c6 nghiém trén doan [-7, 7] véi moi a,b,c € R.
Bai 4:

Tim ham s f (x) xac dinh trén doan [0,1] , biét ring:

0< f(x) <1, Vxe [O,l].

va:

‘f()ﬁ)_f(xz )‘ 2 |x1 X0 vxl,xz € [O’l]'
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2000
Mon thi: Toan hoc
Thoi gian: 90 phut(*).

Bai 1:
Cho day sb X;5Xy5.005 X, ..., XaC dinh nhu sau:
x>0, x = 1n(1+xn_l), Vn=1.
Chung minh rang ddy so 4y hoi tu téi mot gidi han /. Tim /.
Bai 2:

Chtrng minh réng néu f (x) 12 ham s6 x4c dinh trén R, thoa mén diéu kién

‘f(xl)_f(x2)‘g|xl — X,

3
, Vx,x, e R

thi f(x) la ham hing.
Bai 3:

£(x) 1a mot ham s6 xé4c dinh va lién tuc tai moi x#0, ldy gid tri >0,thoa
mén diéu kién:

X

f(x)<k[ f(t)dt, ¥x=0.

0
Trong d6 k 1 mot hang s6 duong. Chiing minh rang f (x) =0, Vx2>0.

(Goi y: C6 the xét sy bién thién cua ham s6 F (x)=e™ j f(¢)dt trén khoang
0

(0,+00)).
Bai 4:
Ham s6 f(x) thoa man diéu kién f"(x) >0, Vx € R. Chting minh rang :
f(tx+(1—t)y)Stf(x)+(1—t)f(y), vx,yeR, Vt e(O,l).
Bai 5:
Cho céc sb thuc k., k,,....k,, khac nhau tng d6i m¢t. Chirng minh rang :
ae" +a, e +.+ae" =0, VxeR.

khi va chikhi ¢, =a, =...=a,=0.
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2001
Mon thi: Toan hoc
Thoi gian: 120 phut(*).
Bai 1:

Cho ham s f(x) = ( ¢ 1)2 . Xét diy sb {un} xac dinh bdi:
X+

uy=1,u,,=1f(u,), Vn20.
. . ) . 1
1./ Chirng minh rang phuong trinh f'(x)=x ¢6 1 nghiém duy nhét o e (E,IJ.
, s 1 e .
2./ Chung minh rang u, {5,1} voi moi n nguyén duong.

3./ Chimg minh rang f '(x) tang trén doan {%,1}. Suy ra ton tai mot sb

k €(0,1) sao cho u, —a| véi moi n nguyén duong.

um—a‘:k

4./ Chtrng minh rang: lim u, =a.

n—»0
Bai 2:

V6i2sd x,yeRtadat d(x,y) =%.
Chimg minh rang v6i 3 s0 x,»,z € R taludn co: d(x,y)<d(x,z)+d(y,z).
Bai 3:
Cho ham s6 f(x) c¢6 f"(x)>0 vaa <b. Ching minh rang:

L/ f(Ax, +(1=2)x,) > Af (%) +(1=2) £ (x,), Vx.x, €[a,b], VO< A<1.

2./j|:f(x)dx£ (b—a)f(a;bj.

Bai 4:

Cho a<b vahams6 f(x) c6 f'(x) lién tyc trén R théa man f(a)=f(b)=0

va i‘f'(x)‘dx = m. Ching minh rang; ‘f(x)‘ < %, Vx e[a,b].
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2002
Mon thi: Toan hoc
Thoi gian: 120 phut(*).

Bai 1:

Cho bat phuong trinh:

2
> 1
1+|x|>mx +Xx ()

1./ Giéi bt phuong trinh (1) khi m =2.
2./ Tim m eR 16n nhat sao cho bat phuong trinh (l)nghiém diung vé1 moi
xeR.

Bai 2:

Cho day s6 {x,} x4c dinh nhau sau:

X =2y w1,
2

n+l

Chimg minh ring day {x, } c6 gi6i han khi n — +o0 va tim gi6i han do.

Bai 3:
Cho cac sb thuc Ay, Qys..., Oy, thOa man:
a,#0
a, T L B
2 3 2003

Chting minh rang phuong trinh:
Ay +ax +a, x> + ..+ ayy,x =0
c6 nghiém trén doan [0,1].
Bai 4:
Cho ham s6 y = f(x) c6 dao ham cép hai f"(x)>0 tréntoanbd R va a e R
c6 dinh. Tim gié tri 1on nhét ctia ham s6 g(x) = f(x)+(a—x)f'(x) trén R.
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2003
Mon thi: Toan hoc
Thoi gian: 120 phut(*).

Bai 1:
Tim da thirc P(x) c6 béc bé nhét, dat cuc dai tai x=1 véi P(1)=6 va dat
cuc tidu tai x =3 véi P(3)=2.
Bai 2:
C6 ton tai hay khong mot da thirc P(x) théa man 2 diéu kién:
P(x)=P"(x).
i)P'(x)= P"(x).
v&i moi gia tri cua x.
Bai 3:
1./ Cho ham s6 xac dinh va f'(x) >0 Vx e R . Biét rang ton tai x, € R sao
cho f(f(f(f(xo)))) = X,. Chitng minh rdng f'(x,) = x,.
2./ Giai hé phuong trinh:

x=y +2y-2
y=2"42z-2
z=0+2t-2

t=x"+2x-2.

Bai 4:

Cho day s6 {x,} thoa man:

x, =2
X, X, Fotx, =n°x,

Tim gi61 han: lim(nzxn )

n—0
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2004
Mon thi: Toan hoc
Thoi gian: 120 phut(*).

Bai 1:
Tim céc sb a,b,c sao cho:
- a(2x3 —)c2)+b(x3 +5x° —1)—c(3x3 +x2) _

x>0 a(Sx4 —x)—bx4 +c(4x4 +1)+2x2 +5x

Bai 2:
_Chl'mg minh rang v&i moi tham sé m, phwong trinh:
x —9x—m(x2 —1) =0
ludén c6 3 nghi¢m.
Bai 3:
f (x) 12 ham s6 xéac dinh trén doan [0,1], théa mén diéu kién:

‘f(xl)_f<x2)‘<|xl — X[, Vx,x, E[O,l].

Chung minh rang ton tai mot diém duy nhat X, € [0,1] sao cho:

f(xo) = X,.
Bai 4:
1./ Chting minh rang néu ham sé f (x) lién tuc trén doan [a,b] thi:
b b
If(x)dx < Hf(x)‘dx.

2./ Chimg minh ring néu ham s f'(x)c6 dao ham lién tuc trén doan [a,b]
va théa mén diéu kién f(a)= f(b)=0 thi:

_(b-a)
4

j[f(x)dx
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2005
Mon thi: Toan hoc
Thoi gian: 120 phut(*).

Bai 1:
Cho day s6 {u,} x4c dinh nhu sau:

1
u,=Lu =u_, +——, Vn=0.
n-1
1./ Chimg minh rang diy s6 4y khong dan t6i mot gii han hiru han khi
n — +o.
2./ Ching minh rang: limu, = +oo.

Bai 2:
Cho ham s6 f(x) lién tuc, don diéu gidm trén [0,5] va a €[0,b].
Chung minh rang:

a

b
bjf(x)dx > aJ.f(x)dx.
0 0
Bai 3:

f (x) 12 mot ham s6 lién tuc trén doan 0,%}, théa man:

f(x)>0 va f(x)dx<1.

SN 1

Chtng minh rang phuong trinh:

f(x)=sinx
c6 it nhat mot nghiém trong khoang (0,%).
Bai 4: )
Cho ham so:

x% sin (lj khi x # 0.

X

0 khi x =0.

S (%)=

voi o 1a hang s6 duong. Véi gid tri ndo cua o, ham so f (x) c6 dao ham tai moi x.
Bai 5:
Tim tat ca cac ham so f(x) c6 dao ham lién tuc trén R va thoa mén hé thirc:

f(x+y):f(x)+f(y)+2xy, Vx,yeR.
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dio tao K.s tai ning va K.s chit lwong cao
Nam 2006
Mon thi: Toan hoc
Thoi gian: 120 phut(*).
Bai1:
Phuong trinh: X —ax? 4= 0, (trong d6 a 1a tham s6), c6 bao nhiéu nghiém?
Bai 2:

Cho day s6 {u,} xéac dinh nhu sau: u, € R va:

1
u,, =u, +_”t—un‘dt, VneN.
0
1./ Ching minh rang: d6 1a 1 day s6 ting va néu u, 21 thi:
1
u,, =2u, —7 VneN.

Twr d6 chirng minh rang: limu,, = +oo.

n—>0

2./ Chimg minh rang néu 0 <u, <1 hay néu u, <0 thi limu, = +co.

Bai 3:
1
Véimoi n nguyén duong, dit 1, = Ix“ ln(l +x° )dx.
0

1./ Tinh lim/,.

n—>0

2./ Giasit ce(0,1). Pat 4, = jx In(1+x*)dx, B, =j.x" In(1+x*)dx.
) |

&

Chung minh rang: limi =0.

n—»0 B
Bai 4:
1./ Tim nhitng ham sb f (x) xac dinh trén R, lién tuc tai 0, sao cho:
f(2x)=f(x), VxeR
2./ Tim nhiing ham s6 g(x) x4c dinh trén R, c6 dao ham tai 0, sao cho:
g(2x) = 2g(x), Vx eR.
Bai S:
x vay 1a 2 duong thang chéo nhau. 4 va B 1a 2 diém c6 dinh trén x. CD 1a doan

thang c6 chiéu dai / cho trudc truot trén y. Tim vi tri cia CD sao cho dién tich toan
phan cia tit dién ABCD 13 nho nhat.
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TRUONG PAI HOC BACH KHOA HA NQI
TRUNG TAM BPAO TAO TAINANG

Pé thi tuyén sinh chwong trinh dao tao K.s tai ning va K.s chit lwgng cao
Nam 2007
Mon thi: Toan hoc
Thoi gian: 120 phut(*).

Bai 1:
Cho phuong trinh: (\/ﬁ + \/;)3 — m =m (1) (m 13 tham s6)
1./ Giai phuong trinh (1) khi m =1.
2./ Tim m & phuong trinh (1) c6 nghiém.
Bai 2:
Véi n 1a s6 nguyén duong, dat:

2n-1

O e [y
S|y

U, =[x (sinx)" dx va ¥, = [x*"(cos2x)"" dx.
Chung minh rang:
1/ IimU,=1limV, =0.

2
22U, +V, <2 wn>1.
32
Bai 3:
Ky hiéu tap R* 1a tap cac sb thuc duong. Gia st f:R* — R* 1a mot ham sd
lién tuc va théa man f(f(x)) =J(x+ 1)5 +1. Chung minh rang:
1./ Néu f(xl) =f(x2) thi x, = x,.

2./Hamsd f(x) don diéu ting va lim Jel) L.
SR
Bai 4:

Cho mat phing (P) va 2 diem C, D & vé 2 phia d6i véi (P) sao cho CD
khong vudng gbc voi (P) Hay xac dinh vi tri 2 diém A4, B thudc (P) sao cho
AB=a (a>0cho trudc) va tong do dai CA+ AB + BD dat gia tri nho nhat.

Bai 5:

Cho k,,k,,...,k, 14 cac s6 thuc dwong khac nhau ting d6i mot.

Chimg minh rdng: A cos(kx)+ 4, cos(k,x)+...+ 4, cos(k,x)=0, VxeR khi
vachikhi 4, =4, =..=4,=0.
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Phan thi Hai

DAP AN
Ky thi chon h¢ Ky sw tai ning va K¥ sw chit lwong cao
Niam 1999
Moén thi: Todn
Bail:
x> — khi x#0
f(x)= 1+e*

0 khi x=0.

Trudc tién ta cod lirrolf(x) =0= ham s lién tuc tai x=0.
X—>

1 1
l+e"+x.e".7 ¢ t
) l+eé' +t. , 1
Voi x#0, f'(x)=1+ X142 rong d6 £ =—.
X

(He;jz (1+e)

bat g(t)=1+e' +1e' = g'(1)=€'(2+t)=> g'(t) =0 1=-2.

Qua t=-2, g'(¢)déi dau tir 4m sang duong, vdy ¢=-2 la diém cyc tiéu duy nhét
cua g(t) = g(t) > g(—2) =l+e’ -2e’=1-¢e">0.

Dodé f'(x)>0,vxeR".

Vay f(x) dong bién trén R.
Bai 2:

Ap dung bét dang hic Bunhiacopxki ta co:

[(a—1D.1+(B-1).(=2)+(c-1)3F <[(a=1)" +(b-1)" +(c=1)*][1* +(=2)* +37]

=14* <[a* +b* +c* -2a—-2b—2c+3].14

=24’ +2b> +2c* —4a—4b—4c+15> 2(14%) =37.

Dau bang xay ra khi:

a-1 _b-1 c-1 (a-1)-2(b-1)+3(c-1)

1 -2 3 1+4+9
=a=2,b=-1,c=4.

1.

Vi Hitu Tiép K52- PTVT-KSTN-DHBKHN. Ha N¢i, thang 8/2008
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Bai 3:

bcos2x csin3x x?

Xét f(x)=asinx— Sty 1a ham s6 xac dinh, kha vi trén R va:
fm) = fem =22
2 2

Theo dinh ly Roll, ton tai X, €(—m,7r) ma f'(x,)=0.
Vay phuong trinh da cho c6 nghiém x, € (-7, 7). (dpcm)
Bai 4:

Cho x, =1,x,=0=|/(1)- f(0)|2[1-0|=1. (*)
Do

0< f(1)<1,0< f(0)<1

=|f()-f(0)|<1.
Kéthop véi (1)= | £(1)- £(0)| =0.

Dau bang xay ra, viy xay ra 2 truong hop:

*)TH1: {f(l)zl
£(0)=0.
Cho x, =0,x,=x=|f(x)|>|x= f(x)>x. (1)
Cho x,=Lx,=x=[l- f(x)|2|l-x=1-f(x)21-x= f(x)<x. )

Tr (1 )va(2)= f(x)=x.

J1H)=0
f(O)=1.

Lam tuong ty ta co f(x)=1-x.

*)TH2 {

Két luan: c6 2 ham sb thoa man diéu kién bai toan 1a:
f(x)=x
f (x) =1-x.
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DAP AN
Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao
Nam 2000
Mon thi: Todan

Bai 1:

Xét g(x)=x—In(1+x) co g'(x)zl—%>0, x €(0,+o)
+ X

= g(x)ddng bién trén (0,+o0)

= g(x)>g(0)=0, Vxe(0,+x)

T cach x4c dinh dady = x, >0, Vn>1.

=X, =X, =x,—In(1+x,)=f(x,)>0, Vn>I.

Vay {x,}1a dy giam va bj chan dusi boi 0= {x,} hi tu.

Gid su limx, =/ khi d6 1 1a nghiém cta phuong trinh g (x) =0=/=0

n—>0

Vay limx, =0.

n—>0

Bai 2:
Tir g hidt a c6: 0 <L) =/ () <|x, -x[.
‘ X=X ‘

Cb dinh x,, cho x, = x,

o< tim LB S0 g, ~x[ =0= lim L) =flo)l

XX, xl — xz XX, XX, xl — x2
— lim M =0.
XX, ‘xl —X2

Diéu d6 nghia la:

I '(x),vxeRva f'(x)=0,VxeR= f(x)=c,VxeR,(c=const).

Vay f (x) 1a ham hang.
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Bai 3:
Xétham sé: F(x)= e_kxjf(t)dt trén [0;+c0)
0

X

Taco: F'(x)=e™ (f(x)—kjf(t)dtJSO,VxZO.

0

Vay F(x)<F(0)=0,vx>0= [ f(t)dt<0,vx>0.
0

Gia st ton tai x,>0: f(x,)>0, do f(x) lién tucnén | f(¢)dt>0.
0
Diéu mau thuin chig t6 f(x) =0,Vx>0.

Bai 4:
Khong giam tong quat, gia st x < y (truong hop x = y BDT hién nhién ding)

Taco: f(ov+(1-1)y)<tf (x)+(1-1) £ ()
<:>(1—t)(f(y)—f(tx+(1—t)y))Zt(f(tx+(1—t)y)—f(x)) (1).
Ap dung dinh Iy Lagrange, Ja & (x, (& +(1-1) y))
vi be((ex+(1-1)y).») (a<b)

théa man: f(y)—f((tx+(1—l)y)) =

f
f

va f((tx+(1—t)y))—f(x)=f'(a)((tx+(1—t)y)—x)
/(@)

Vay (1) @f'(b)t(l—t)(y—x)zf'(a)t(l—t)(y—x) (2)
Do f"(x) >OVxe]R:>f'(x) dong bién trén R
= f'(6)> f"(a)

Va t(l—t)(y—x)>0Vx<y,te(0,1)

Vay (2) diing, tir 46 BDT cén ching minh dtng.
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Bai 5:
ae” +a,e” +.. . +a " =0, VxeR (1)
Ta chimg minh bang quy nap theo n.
Véi n=1, hién nhién ae™ =0,vxeR < a=0.
Gia st khang dinh dang dén n—1.
bit f(x) la vé tréi ciia phuong trinh. Dao ham 2 vé cia (1) ta co:
kae™ +ka,e™ +..+kae™ =0, VxeR
Viay knf(x)—f'(x) =0, VxeR.
n—1
= Z(kn —ki)aiek"x =0, VxeR.
i=1
Theo gid thiét quy nap = (k, —k,)a, = (k, - k,)a, =...=(k, —k,_, )a,_, = 0.
Do cac k, khac nhau 61 motnén a, =a, =...=a, , =0.
Tir d6 hién nhién a, = 0.
Theo nguyén 1y quy nap, bai toan dugc chung minh.
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DAP AN
Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao
Nam 2001
Mon thi: Todan

Bai 1:

e
(1+x)
Khi d6 g (x) lién tuc trén (0,+00) va:
e’ (erl)2 —2¢" (x+1)

(x+1)4 -
e’ (x—l)
(x+1)

1./ Xétham so g(x)= f(x)—-x= —x, x € (0,+0).

2

g'(x)=

1<0, VxeR.

Vay g(x) nghich bién trén R.
Mat khac:

—> phuong trinh g(x) =0 c6 nghiém «a € (%,lj.

Tur d6 phuong trinh f(x) = x c6 nghiém duy nhét o € (%, 1).

2./ Tacé u, =f(u0)=f(1)=£e(l,1j, f(ljzﬁe(l,l).

4 \2 2 9 2

. ' e (x—l) . g .1
Va  f'(x)= (x+1)3 <0,Vx e R= f(x)nghich bién trén 5,1 .

Do do6 véi xe[%,l},f(x) E(%’Ltflc[%’l}'

Bing quy nap = u, € [%,I}N’n eN.
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37 )=e("x(_)'c_1—)1):f"(x):(ex(x—1)+ex)(x(w;l—i)_1)—63(x+1) e (x—1)
_e"x(x+1)+3e"(l—x)> e 1
- oy 0, v [ ,1}.

= f'(x) tang trén doan {%,1}.

= /'(x)< /(1) =0,
oo E
2

Chon k (qg,1) batky.

=—q>-1=0<|f'(x)|<q<L.

Theo dinh ly Lagrange, 38, nam gitta ., o ma:

=l =|f ()= 1 (@) =[1(5,)

n+l>

u,—o Sq|un —a|<k|un —a|.

4./ Theo cau 3/ |u, —a|<klu,, —a|<k*|u, ,—a|<..<k"

-]
Do 0<k<1=>k"— 0 khi n —+o0 tir d6 lim|u, —a|=0= limu, =a.
Bai 2:
_ =y
d(x’y)_1+|x—y|'
Tacod: d(x,y)<d(x,z)+d(z,x)
I
1+|x—y| l+|x—z| 1+|z—y|
el )]
1+|x—y| 1+|x—z| 1+|Z—y|
I

(1+|x—y|)(1+|z—x|) B l+|z—y|'
Lai do |x—y|—|z—x|£|z—y| va
(1+|x—y|)(l+|z—x|):l+|x—y|+|z—x|+|x—y||z—x|21+|x—y|+|z—x|21+|z—y| >0
_ 1 < 1
(1+|x—y|)(1+|z—x|) - 1+|z—y|'
Viy ta c6 diéu phai chimg minh.
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Bai 3:
1./ Xem bai 4 nam 2000.

2./ Xét ham s6: g(x):]if(t)dt_(x_a)f(x;aj,xe[a,b]_
Ta co: g'(x):f(x)_f(xﬂ;aj_x;af'(x;aj.

X+a N
ma
2

(232 o235

= e )=(54) re-r(552))

Do f"(x) >0,VxeR= f'(x) ddng bién trén R.

x;a :>f‘(x0)<f'(x;aj:>g'(x)SO,Vxe[a,b].

Theo dinh 1y Lagrange ton tai X, € (a,

Via<x, <
Vay g(x) < g(a) =0,Vxe [a,b].

Hay If(z)dtg(b—a)f(“bj.

2

Bai 4:
Do f(x)lién tuc trén [a,b]= 3x, € [a,b]mé‘f(xo )‘ > ‘f(x)‘, Vx ela,b].

Tacd: m :J.‘f'(x)‘dx: f‘f’(x)‘dx+ﬂf’(x)‘dx

+7(8)= 1 (%)
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DAP AN
Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao
Nam 2002
Mon thi: Todan
Bai 1:

> mx’ + x. (1)
1+|x|

2

>2x% + x.
1+|x|

1./ Khi m=2,(1) &

Xét 3 truong hop:
*)TH1: x> 0.

(2)@1 Z(2x+l)x<:>12(2x+l)(l+x)<:>2x2+3x£0<:>x£—5.
+X

Vay trong truong hgp nay, BPT v6 nghiém.
*)TH2: x < 0.

(2)@%2(2x+1)x<:>1£(2x+1)(1—x)<:>2x2+x£0<:>x£—5.
—X

*)TH3: x =0 =BPT dung.
. 1
Vay nghiém cua BPT la x < B vax=0.
2./
Piéu kién can:

Gia st m la so thoa man.

> mx® +x, Vx>0

= >
1+|x|

<:>1L2mx2+x<:>mx+(m+l)SO, Vx>0=m<0.
+ X

Cho x>0 =>m+1<0=>m<-1.
Diéu kién du:
Véi m =—1. Thay vao ta thdy BPT dung v6i moi x € R

Két luan m =—1.

Vi Hitu Tiép K52- PTVT-KSTN-DHBKHN.

Ha N¢i, thang 8/2008

18



19

Bai 2:
Tur gia thiét ta c6: x, > -1, Vn.
Do

1 1 1
|xl|:§<|1|:>x2<—5:>5<|x2|<1.
:>—Z<x3<—l:>l<|x3|<z<1:>...:>—z<xn<—l,Vn>2.

8 2 2 8 8 2

2
it f(x):x?—l.
Xét phuong trinh f(x)=x,xe(—%,—%), c6 nghiém « =1-+/3.

Theo dinh Iy Lagrange, ton tai B, nam gitta @ va x, thoa man:

X, —a|=|f(x,)-f(a)=|£(8) B,

,(kzz<1j.
8

Do limk"|x, —a|=0= lim|x,,, —a|=0= limx, =a =1-+3.

n—0 n—0

xn—a|= xn—a|<k|xn—a|

<k’

n
X, —a|...<k X -«

Bai 3:

2 2003
a,x

ax’ 4.4 Som?
3 2003
Ta cod f(x)lién tuc trén [O,I]Vé f(O) = f(l) =0, theo dinh ly Roll, 3x, € [0,1]

2002

Xétham sd f(x)=a,x+

+ , xe[O,l].

sao cho f'(x,) =0=> phuong trinh a, +a,x + a,x" + ...+ ay,x
doan [0,1].

=0 co6 nghiém trén

Bai4:
Xét ham s6: h(x) = f(a)—g(x) :f(a)—f(x)—(a —x)f'(x).
Theo dinh ly Lagrange, 3x, nam gitra @ va x thoa man
f(a)=f(x)=1"(x)(ax).
Do doé: h(x) = (a—x)(f'(xo)—f'(x)).
Vi f"(x)20, Vxe R= f'(x) dong bién = (a—x) vaf'(a)- f'(x) cing dau
:>h(x)20, VxeR:g(x)Sf(a), VxeR.

Dau bang xdy ra khi x = a.
Vay max g(x)= f(a).
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DAP AN
Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao
Nam 2003
Mon thi: Todan

Bai 1:
Do da thirc P(x) dat cuc dai va cuc tiéu tai x =1 va x =3nén deg P(x)>3 va
P'(x) :(x—l)(x—3)Q(x) voi Q(x).
(deg P(x)1a bac cua da thirc P(x))

Néu degQ(x)=0,0(x)=a
= P(x) = a(%z—bcz +3xj+c.

P(1)=6:>4?a+c=6.
P(3)=2=c¢=2=a=3=P(x)=x"—6x"+9x+2.
Thir lai thay da thuc nay thoa man bai toan va co bac nhé nhat.
Bai 2:
Trudce hét ta ¢ nhan xét: Néu da thue O(x) khong doi dau trén R thi degQ(x)
chan.
Gia st ton tai da thirc thoa man bai toan.
Xét R(x)=P(x)-P"(x)=0, VxeR.
RO rang deg R (x) =deg P(x) = degP(x) chén = degP'(x) 1¢.
= deg(P'(x) —P"(x)) =deg P'(x) 1&.
= da thuc (P'(x) —P”(x)) d6i diu trén R (mau thuin voi if)).
Diéu vo 1y suy ra khong ton tai da thirc thoa man diéu kién bai toan.
Bai 3:
1./Do f'(x)>0,VxeR=x,>x, < f(x)> f(x,).

Néu: f(xo)>x0:>f(f(x0))>f(x0)>x0:>f(f(f(xo)))>f(f(x0))>xo.
= (S (L E))) > (1 (%)))> %
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Tuong ty dbi voi truong hop 1 (%) < x,.

Diéu vo Iy din dén f(x,)=x,.

2./ Khong giam tong quat, gid st x = max{x,y,z,t} = x > y;x > 1.
ny:>y3+2y—22y<:>(y—1)(y2+y+2)20<:>y21:>x21
x2t= 0+ 2625t (1-1)(F+1+2) <02 1= x <1,
>x=l=y=t=1=z=1L

Vay nghiém cua hé phuong trinh 1a x=y=z=7=1.

Bai 4:

Tur:

X, X, +o kX, =00, > 0’X, + X, :(n+1)2xn+1.

n(n-1)

:nzxn=n(n+2)xn+1:>xn+l=n+2xn:xn+1=mxn.
. __nln-n.21 4
T (4 2)(n+1).427 (n42)(n+ 1)
2
= limnix, =— 4
n—»w " (n+1)i’l
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PAP AN
Ky thi chon hé K¥ sw tai ning va Ky sw chit lwgng cao
Nam 2004
Mbon thi: Toan
Bai 1:
- a(2x34—x2)+b(x3 +5x7 —l)—c(3x3 +x2) 1
X—>koo a(Sx - x) —bx* + c(4x4 + 1) +2x° +5x
. (2a+b-3c)x’ +(5b—a—c)x’ b
< lim =1.
Hiw(Sa —b+4c)x4 +2x° + (—a +5)x+c

Nhan xét, d€ ton tai gidi han trén, ca tor va mau phai c6 ciing bac va h¢ s6 cao nhat
cua tir va mau phai bang nhau, di€u nay twong duong voi:

__ 2
S5a-b+4c=0 109

46

20+b-3c=0=b=—

sh _ 109

TaTes 14

c=—-.

109

Bai 2:

Xéthamsé f(x)=x" —9x—m(x2 —1).
f'(x):3x2 —2mx—-9.

Ta thiy phuong trinh f'(x) =0 ludn c6 2 nghiém trai déu x,,x, do ac <0 va
X m ) 2m
xX)=|—=———I3x"-2mx—-9)—| 6 +— |x.
f(x) (3 9j( ) [ 9 j

2 2

= f(xl)f(x2)=(6+7mj xx, <0.

Viay 2 diém cuc tri cua ham sb d6 thi ham s y=f (x) nam & 2 phia cta truc
hoanh.

Lai do f (x) la da thtrc bac 3 nén phuong trinh f (x) =0 luodn ludn cé 3 nghiém
phéan biét.
Bai 3:

TL‘l’:‘f(xl)—f(xz)‘<|x1 —x2|

Cho x, > x, = f(x) = f(x,)= f(x)lién tyc trén [0,1].

Trude hét ta chimg minh ton tai x, [0,1]: /(%) = x,. (1)

Theo gid thiét: £(0)=0, f(1)<1.
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Néu 1 trong 2 BDT trén xay ra du bang=> (1) ding.

Néu {J;((?;Z?.Xét ham s6 g(x) = f (x)—x,x[0,1]= g(x)lién tuc trén [0,1].
Ma g(O) >0,g(1)<0:>5|x0 e[O,l]:g(xO):0:>f(xo):x0

Vay (1) luén dang.
Gid sir ton tai a,b€[0,1]: f(a)=a, f(b)=b,a#b.

Theo gid thiét: |a—b| =/ (a)~- f(b)| <|a—b|. V6 Iy=> Gi sir sai.
Vay ton tai duy nhét s6 x, théa man f(x,)=x,.
Bai 4:

1./ <

f(x)‘dx.

.b[f(x)dx

Chia [a,b] thanh cdc doan nhé ma trén mdi doan d6 f(x) khong doi dau.

PR ——

Gidsu a=x,<x <x,<..<x,=D>b lacac diém chia.

Ta co: |[ f (x)dx|= gff(x)dx si'xff(x)dx =§xﬂf(x)\dx=ﬂf(x)\dx.

2./ Tathéy, voi Vxe(a,b), Elte(a,x),ke(x,b):
| SO S = f(@)H @O (x—a)<M(x-a).
| S fO) = f() = 'R [(b—x)<M(b-x).

Suy ra If(x)dx < ”f(x)‘dx.
= .Hf(x)‘dx+ j.‘f(x)‘deM J%(x—a)dx+ i(b—x)dx
a+b b 2
:M (X—[l)z 2 —(b—X)2 a+b :(a_b) M.
2 4
a 2
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PAP AN
Ky thi chon h¢ K sw tai ning va K¥ sw chit lwong cao
Nam 2005
Moén thi: Todn
Bai 1:
1
un+1 =un+_' (1)
u

N 1
1./ Gia st ton tai limu, =1. Trong (1) cho n > +0=1=/ +;. Phuong trinh nay

n—0

vO nghiém = khéng ton tai gi¢i han lim u,.

2/Do uy,=1>0=u,>0,Vn= {un} la day tang.
Gidsu IM :u, <M ,Vn= {un} bi chan trén.
= {u, } hoi tu. Mau thudn véi cau 1./.
Vay gid su sai= lgn; u, =+oo.
Bai 2:
Do f(x) lién tyc trén [0,6] = 3F (x) 1a nguyén ham cua f (x) trén doan do.

= be(x)dx > aj‘f(x).

=b(F ()—F( )) a(F(b)=F(0)).
< (b-a)(F(a)=F(0))2 a(F(b)~F(a)).
)-d (
F(

Theo dinh ly Lagrange Jc e (O,a ,d € a,b)(c < d)

F(a)-

va

0)=/(c)
F(b)-F(a)=/(d

.a

)(b~a)

Vay BDT & d¢ bai twong duong v6i: (b—a) f(c).a>a.f(d)(b-a).
)2

Do f( ) 1a ham s6 don diéu giam = f(c f( ) Ma (b—a)aZO nén BDT da

cho dung.
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Bai 3:
Xét ham s g(x):f(x)—sinx véi xe[O,%}.

Taco g(0)=f(0)>0. (1)

sin xdx <1-1=0. )

O o [N

C :
Va Ig(x)dx=J.(f(x)—sinx)dx=.|.f(x)dx—
0 0 0

Néu 3Ix, :g(xo) =0= dpcm.
3

Néu g(x)>0,Vxe (0,%) = jg(x)dx > 0. Mau thuan véi (2).
0

Néu 3Ix, :g(xl) <0.

Két hop vé6i (1) va do g(x) lién tuc trén {0,%} = 3x,:2(x))=0= f(x,) =sinx, (dpcm).

Bai 4:
x7 sinl khi x#0
Flx)=1" "% (a>0).
0 khi x=0.
, 1 e a
Tacd 0<|xsin—| < [x%| va hngx =0do a>0.
x X—>

Vay lirr(}f(x) =0=/(0) nén f(x) lién tyc trén R.
R& rang v6i Va, f(x) c6 dao ham tao Vx # 0. Ta phdi tim « dé ton tai f'(0), tirc

14 tOn tai gi6i han lingw = lim(x“_l sinlj.
x—> X

X x—0
Tuong tu nhu trén, gidi han trén ton tai néu « > 1.
Véi a <1, ta s& chimg minh khong t6n tai giéi han trén.

1
That vay lim(x”‘1 sin—j = lim(tl’“ sint).

x—=0 X t—0
D@ dang chting minh duoc gi6i han nay khong ton tai bang phan ching.

Gia stir lim(tl"“ sint) =M. Tacla Ve>0,3t,: Vet >t, thi [f'"“sint—M|<e.

—x©
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Cho = kz = M = 0. nhung didu ndy 14 khong thé vi véi ¢ = % K2k > 2t—° thi
T

l-a
1 sint—M‘ :(%chnj khong thé nho hon &(&da nho). Piéu vo 1y din dén

khong ton tai gidi han trén.

Két luan: a > 1.

Bai 5:
f(x+y):f(x)+f(y)+2xy, Vx,y eR. (1)
Pat g(x)=f()c)—x2 :>(1)c:>f(x+y)—(x+y)2 =f(x)—x2+f(y)—y2
<:>g(x+y):g(x)+g(y). (2)

Do f(x) c6 dao ham lién tuc trén R nén g(x) c6 dao ham lién tyc trén R.
Cho x=y=0=> g(O) :2g(0):> g(O) =0.

glx+y)-g(x) _g(r)-¢(0)
y y

Cho y > 0= g'(x) =g'(0),‘v’x eR.

Taco: (2) =

= g'(x) =c,Vxe ]R(c = const)
:g(x):cx+d.(d :const):f(x):x2 +cx+d.
Thay vao (1) = d =0.
Vay f(x):x2+cx.
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DAP AN
Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao
Nam 2006
Mbon thi: Todan
Bail:
X —ax’+4=0.
Dit vé trai ciia phuong trinh 13 f(x) thi f'(x) =3x’ —2ax.

x=0.
f'(x):O<:> 2

X =

3
Zaj_ 8a’ 4a’ 4(27—613)
27 9 27

£(0)=4>0, f(?
Tir d6 ta co thé suy ra:
Néu a < 3: Phuong trinh c6 1 nghiém thuc.
Néua =3 : Phuong trinh ¢6 2 nghiém(1 nghiém kép x =2).
Néu a >3 : Phuong trinh ¢6 3 nghiém phan biét.

Bai2:

dt.

1
u,,=u, +j|t—un
0

1./ u, >1.
Tur cach xac dinh day tacod u,,, 2u, 21, Vne N.

1 1
=u,, =u, +j|l—un|dl:un +j(un —t)dt =2u, —%.
0 0

Twr d6 suy ra limu, = +oo.

n—0

1

1
. 1
2./Néu u, <0=uy, :u0+j(t—uo)dt:u0+§—uo =3
0

Vay ta chi can xét voi 0<u, <1.

1 U 1
Khi d6 u, :uo+J.|t—un|dt:u0+J.(u0—t)+J.(t—uo)dt.
0 0

:“0+“0(”0_0)__+

2
=u, +—.
0
2
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Do 0<u0<1:>u1>%.

Néu u, 21 = dpcm.(Theo céu 1./)

.1 1 1 3
Néu —<u <l=u,=u' +=>—+—==,
2 274 2 4
. x 1
Tuong ty néu u, van <1thi u, =u +—>—+—>1,
2 16 2

Vay theo cau 1/ ta c6 dpcm.

Bai 3:
1
1./ 1, :J.x” ln(1+x2)dx:>1n >0,VneN. *)
0
1
Taco: 0<1, < [x"In2dx = In2
7 n+1

. 2 . .
Do lim ne_ 0 nén theo nguyén ly giéi han kep tacé lim /, = 0.

n—>+op 41 n—>+0

2./Taco 4, = jx" ln(l +x2)dx < ln(l +cz)j.x”dx.
0 0

1

va B =j‘x"1n(1+x2)dx2ln(1+cz)J.x"dx.ZO.

cx"dx
:OSA”SJ; =
g J.x"dx

c

>

n+l

=0doO<cxl.

n+l

Ma lim

l’l*)OOl_C

Theo nguyén 1y gi61 han kep = lim 4, =0.

= B

Bai 4:
1./ f(2x)= f(x).
Tir gid thiét ta c6 f(x) = f(_

(lj,VneN.
27!

Véix batky cho n — +00 = f j—>f(o) do f(x) lién tuc tai x=0.

= f(x)=f(0), VxeR.

Vay nghiém cuia bai toan la f(x) =c,Vxe ]R,(c = const)

N | =
TN —
Il
~
7\
NG [P ST
N—
Il
Il

27!
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2./ Tu g(Zx) = Zg(x) = g(O) =0.
va £(2%) _28(x) _g(x) _g(x)-g(0)

2x 2x X X

Do g(x) kha vitai x=0 nén h(x):ix) lién tuc tai x =0 va i(2x)=h(x).
x

Theo cau 1./ta cd h(x)=c= g(x)=cx.

Bai S:

Goi HK la dudng vudng goc chung cua x,y. Qua H ké dudng thang y’ song song
VOl y.

Qua C,D ké CP, DQ song song voi HK, P,Q nam trén y’.

Ta co:

1 1
Spusco =Saco + Ssep + Seas + Spas :ECD(d(A,y)+d(B,y))+EAB(d(C,x)+d(D,x)).

Vay dién tich toan ph?m cta tor dién 4BCD nho nhét khi d (C ,x) +d (D,x) dat gia

tri nho nhat. )
Goi 7,J 1an luot 1a chan dudng vudng goc ha tir C,D xuodng x.
Ta phai tim vi tri cia C,D d€ CI + DJ dat gia tri nhd nhat.

Tacé CI +DJ =~JCH? — HI* +DH? — HJ?
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—VHK? + CK* — HI* +NHK? + KD — HJ>
—HK? + PH* - HI* +\|HK* + HQ? — HJ

—HK? + PI* +\|[HK* + QJ* =\ HK* + PH*sin> a +/HK> + OH’sin’ .

Véi o 1a goc gitaxva y va PQ = CD=1.
Lai co:

VHK? + PHsin* a ++ HK* + QH*sin’ @ > \/4HK2 +sin’a(PH + QH)’

> JAHK? + sin® a.PQ* =\J4HK? +sin’ a.I’
Dau bang xay ra khi va chi khi H 1a trung diém cta PQ. T d6 suy ra vi tri C, D.
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DAP AN

Ky thi chon hé K§ sw tai ning va Ky sw chit lwgng cao

Nam 2007
Mbon thi: Todan
Bai1:
(V= +x) —x(1-x) = m. (*)

1./ Piéu kién: 0< x<1.

Pit £ =1—x +x.

=1'=1+42 x(l—x):>
t>1.

Va i’ :(ﬂ+\/§)2 <(P+1)(1-x+x)=2=1<2.

Vay 1<t <+/2.

2
-1
Thay vao (*) ta c6: e Y (1)
Khi m =1
2
Ner-L e -2 -1=0

e (t-1)(28 +7 +1)=0o1=1.
0.
1.

X

Theo trén, ¢ >1, diu bang xay ra khi < {
X

Vay nghiém cua phuong trinh [a x =0,x =1.

§ s -l
2./Dat f(t)—t —T, tE|:l,\/§:|
Phuong trinh (1) ¢6 nghiém khi m nam trong dai gié tri cia f (t)
Taco: f'(t)=3t"—t=1t(3t-1).

Do 1142 = f(r)>0vr e[ 1.42],
= ()< 7)< f(2) =127 (<222,

Vay véi me {1, 2\2 —%} thi phuong trinh da cho c¢6 nghiém.
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Bai 2:

1./ Tathdy 0<U, < |x*"'dx=

O — [y
S

2n
i
1 (4) T
Ma lim~——=0 (do Z<l)

n—>0 n

= limU, =0.

n—©

Tuong tu, limV, =0.

2./ Véi x e [o,ﬂ thi 0 <sinx,cos2x <1,

_ . 2 . 2n-1
= 0<x™"<x, 0<(sinx)” <sinx, 0<(cos2x)™ < cos2x.

Vay:

x(2sin2x+cos2x)dx

O [y

1
U, +V, = sz”’l (2(sinx)2n +(cos2x)™" )dx <
0

Bai 3:

f(f(x)) = 15/(x+1)5 +1.

1./ Tacod f(xl)=f(X2):>f(f(x1))=f(f(x2))

:i/(xl +1)5 +1 :{/(x2 +1)5 +1.

& (x+1) +1=(x, +1) +1 & x = x,.
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2./ Theo cau 1./, f(x) don 4nh, két hop véi f(x)lién tuc trén R = f(x) don diéu
trén R.

Néu f'(x) don diéu giam trén R.
Tir gia thiét ta c6 £ (f(x)) > x+1>x= f(f(f(x)))> (%)
Va f(f(f(x)))<f(x) (Do f(x) don diéu giam trén R.)
Mau thudn suy ra f (x) don diéu ting trén R.
Do lim f(f(x))=+% nén lim f(x)= oo,

X—>+00 X—>+0

Tacd vdixdulom, 1< f(x+1) < f(f(f(x))) = \ (f(x)+l)5 +1.

e /() /()
5(f(x)+1)5+1 5(f(x)+1)5+1

Ma lim = lim =1.
X—>+00 f(x) f(x)—)oo f(x)

L o S(x+)
Theo nguyén 1y giGi han kep ta ¢6 lim ———=
X—>+0 f(x)

Bai 4:

Goi H,K lan luot 1a hinh chiéu cia C, D xubng

(P). 11a giao diém cua CD, HK Ta co:

CA+ AB+ BD =
AB +CH? + HA* +DK> + KB*.

Vay ta can xéc dinh A, B dé

JCH? + HA* +/DK> + KB dat gia tri nho nhét.

Theo BDT Mincopxki ta co:

JCH? + 14> +[DK> + KB* > \|(CH + DK’ +(HA+ KB)’

HA+ AB+ BK > HK

\

a{ = HA+KB>|HK — AB| = (HA+ KB)’ 2 |HK —d’.
AH + HK + KB > AB
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Dau bang xay ra khiva chi khi:
A,H,K,B thang hang (theo tht ty d6 néu a > HK, theo tha ty H,K,A,B khi
a<HK, A=H,B=K KHI a=HK) va:

HA_CH _IH_I4_1A__CH _ , __ aCH
KB DK IK IB a CH+DK CH + DK

Tom lai: CA+ AB+ BD dat gia tri nh6 nhét khi A,H ndm vé 1 phia so v&i I va

_aCH
CH+DK
Bai 5:
Aycos(kx) + A,cos(kyx) +...+ A,cos(k,x) =0, Vxe R (1)
Quy nap theo n

V6i n =1, khang dinh cta bai toan hién nhién ding.
Gia st khang dinh da dang dén n—1.

Véin. Dat f(x) 1a vé trai cua (1).

Ta co:

—f"(x) =kl Acos(kx) + k; A,cos(kyx) + k2 A,cos(k,x) =0, Vx e R.

:>f(x)+knzf"(x)=0, VxeR

n—1
= (kf —knz)ﬂ1 cos(kx)=0, VxeR.
1

i=

Theo gia thiét quy nap ta co (k,.2 - knz)ﬁ,. =0, Vi=l,n—-1L

Do k,,i=1,n—1 lacac s6 thue duong khac nhau = A, =0, Vi=1,n-1
= 4,=0.

Theo nguyén 1y quy nap ta c6 dpcm .

CHUC CAC BAN ON TAP TOT.
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