0.1 Phuong phap phan tich binh phuong S.0O.S

0.1.1 Bai todn mé dau

Thong thuong khi ding trude mot bai toan quen biét, cach ma ching ta thuong
bat dau dé giai quyét ching khong phai 1a thit mo mam cac bat dit thic da biét,
khong phai 1a tim ngay mot cdch don bién nao d6 ma thong thuong nhat 1a dua
vé cac dang binh phuong. Diéu nay duya trén tinh chat c¢é ban nhat ciia s6 thuec :
22 >0 Va € R. C6 rat nhiéu bai toan, cho dut ban chii dong hay vo tinh, déu da
stt dung phuong phap nay trong chting minh. Tuy nhién, rat c6 thé nhimg diéu ban
sap doc duge trong muc nay sé lam ban thiyc st ngac nhieén...

Ching ta sé md dau véi bat dang thic AM — GM, day c6 thé coi la bat dang
thiic co ban nhéat trong nhimg bat dang thic co ban. Nhung ching ta chi tim hiéu
bat dang thitc nay trong truong hop cac sé n rat nhd. V6i n = 2 chéng han, ta c6
bat dang thrc

Vi du 0.1.1. Vdi moi a,b> 0 ta cé bat dang thic a® + b> > 2ab

Sé khong c6 nhiéu diéu can phai ban t6i ¢ bat dang thic trén, ngay khi cac ban
hoc vé s6 thuc thi viéc ching minh bat dang thic dé da la qua dé&. Bat dang thic
tuong duong véi (a — b)? > 0, mot diéu qué hién nhién. Bay gid, ching ta xét tiép
khi n = 3 v bat ding thic sau day

Vi du 0.1.2. Vdi moi a,b,c> 0 ta cé bat dang thic a® + b + ¢ > 3abe

Khi héi vé mot chitng minh that cu thé cho bat dang thic nay, ching ta sé cam
thay mot chit boi réi. Tat nhién, bat ding thic tren khong kho, 16i giai chi trong
duy nhat mot dong ...

VT—VP:%(aerJrC) ((@=02+(b—c)+(c—a)?)

Va chac chin day la cach lam thong minh nhat, vi ching ta khong phai qua mot
budce trung gian nao ca. Ca 2 vi du trén déu duge ching minh bang phuong phap
phan tich binh phuong, nhung theo mot nghia tuong déi hep. Thuan lgi rat lén
trong 101 giai bai toan bang cach nay la viéc sit dung rat it kién thic cao cap, tham
chi ban khong can biét bat ki mot dinh 1i vé bat déng thiic nao ca. Ngoai ra, no con
12 mot phuong phép rat tu nhién theo suy nghi ctia ching ta.

Néu doc ki cac bai toan ¢ chuong trude, cac ban da gap khong it nhitng bai toan st
dung phuong phap nay trong chimg minh. Con bay gio, chiing ta sé khai quat cach
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stt dung va di tim ban chat ctia mot phuong phap ching minh ciye ki hiéu qua.
Bai toan quan trong ma ching ta phai xem xét dén trong muc nay la mot bat
diing thtc noi tiéng da duge gidi thieu ¢ chuong trude, bat déng thic Iran 96.
BDT * 1 ( Iran 98 ). V§i moi s6 thuc khong am a,b,c ta cé

1 1 1 9
>
@102 (bt e2  (c+a)?” Hab+betca)

Day ciing 1a bai toan c6 hinh thic phat biéu rat don gian va dep mét. Ngoai ra,
né con la mot bat ding thite rat khé khi ban chua dude tiép can truée do. Nhung
trude tien, ching ta hay xem lai bat dang thiic trong ki thi IMO 2005 va tim mot
chiing minh that ty nhién cho noé.
Vidu 0.1.3 (IMO 2005 Pro. A3). Gid st x,y, z la cic so thuc duong va zyz > 1.
Hay ching minh rang
25— g2 5.2 5.2

L >

eyt 22yt Sy

LOI GIAI. Viéc dau tién, ta can dua bat ding thic vé dang chuan hoa- dong bac.

x° — 2 x° — 2?.ayz xt — 2?yz

>
2o+ Y2+ 22 T 04 (Y2 + 2yt +yz(y? + 22)
xt — 2?yz - 22 — 2?(y* + 2?)
et +ya(y? +22) T 20t (Y + 22

Néu dit a = 22, b = y?, ¢ = 22 thi ta chi can chiing minh

Zch—a(b—l—c) -0
20>+ (b+¢)? —
a b
_ _ >
@Z(a b)2a2—|—(b—l—c)2 262+(a—|—c)2)_0

a,b,c

a,b,c

» & +cla+d)+a®—ab+ b
& Y G I @t o) 2

a,b,c
Bét ding thitc trén hién nhién ding. Dang thiic xay ra khi va chikhia = b= c = 1.

Chting minh trén khong phai la ching minh duy nhat, va c6 thé con c6 nhicu
chting minh doc ddo hon. Nhung néu xem xét khach quan thi chitng minh trén hoan
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toan rat tu nhien va co ban. N6i khai quat, khi ding truée mot bat déng thiic bét
ki clia 3 bién a, b, ¢, ta sé tim cach dua ching vé dang tong ciia cac binh phuong ki
hiéu
Sc(a —b)? + Syla —¢)* + Sa(b—¢)* >0

Phan dua vé dang chinh tac trén 1a buée dau tién trong cach st dung phuong phap
S.0.S. Néu ban da kha quen v6i bat déng thtic thi viéc lap cong thiic trén la tuong
d6i don gian, chi can biét qua mot sé phép bién doi va hing déng thic, con néu
ban chua quen, thi cac thic méic sé dude giai quyét trong muc "Biéu dién co sé cla
phuong phap S.O.S va mot s6 ki thuat phan tich".

Tat nhién, néu trong biéu dién co sé do cac he sé S,, Sy, S. déu khong am thi
bai todn duge ching minh. T trude t6i nay, day van la cach ma cach ban thuong
lam nhung day chi 13 truong hgp don gidn nhat trong ki thuat ching minh cla
phuong phap S.0.S. Diéu quan trong hon. S.0.S gitp ching ta giai quyét trong cac
truong hop ma theo quan ném cit 1a khong thé ap dung duge : C6 mot s6 hé s6
trong S,, Sp, S¢ la khong duong.

Thong thudng, trong cac bai toan déi xtng ta cé thé gia sit a > b > c. V6i cac
bai toan hoan vi thi phai xét thém truong hop ¢ > b > a. Trong truosng hgp
a > b > cta cod cac nhan xét sau

1. Néu Sy >0 : Do (a—c)>> (a—b)*+ (b—c)? nén
Sc(a —b)? + Sy(a — ¢)® + Sa(b—¢)* > (Se + Sp)(a — b)* + (Sp + Sa) (b — ¢)?

Va phan con lai ctia bai todan la chimg minh S, + Sy > 0, S. + S, > 0. Nhung
2 bat dang thitc nay luon cé thé ching minh khd don gidn, vi ching khong con
phdi nhan théem vdi cic binh phuong (a — b)?, (b — ¢)?, (c — a)?* nita.

2. Néu Sy, <0 : Do (a—c)*<2(a—0b)?+2(b—c)* nen
So(a—b)* + Syla —c)* + Sa(b—¢)* > (S, + 28)(a — b)* + (25, + S,) (b — ¢)?

Cung vay, viéc ching minh con lai S, + 2S5, > 0 va 2S5, + Sy > 0 sé don gian
hon rat nhiéu.

Trong nhiéu trudng hgp, ta can them mot sé6 uée lugng manh hon, chdng han wéc
luong hay dung dén 1a

Chang han khi ta c6 Sy, S. > 0 thi

a—=cC

Sb(a - 0)2 + Sa(b - C)2 = (b - C)2 ( Sb(b —c

)*+ S0 )= (b— o)




Va nhu vay bai toan sé duge ching minh néu a?Sy + 25, > 0.
Ta c6 thé tém tit cac két qua trén thanh mot dinh 1f nhu sau

Dinh 1y 0.1 (Dinh 1i S.0.S). Xét biéu thiic
S = f(a,b,c) = Su(b—c)* + Syla — ¢)* + S.(a — b)?
Trong dé S,, Sy, Se la cdc ham s6 cia a, b, c.

1 NéuS,.5,.5.>0 th S>0.

2. Neua>b>c wva Sy, Sy+S.,S+S, >0 thi S>0.

3. Newua>b>c wva S, S. S,+2S,,S.+2S, >0 thi S>0.
4. Newa>b>c wva S, S,>0,a*S,+b2S, >0 thi S>0.

5 Néu S, + Sy +S. >0 wva S,Sy+ SpSe +S.5,>0 thi S>0.

Ngoai ra dé S > 0 v6i moi a, b, ¢ thi ta phai c6 Sy + Splazp > 0, Sy + Sefp—e >0,
S, 4 Sale=a > 0. Trong d6 S, + Sp|a—y c6 nghia la ta xét biéu thiic S, + S, khi a = b.
V6i cac bai toan doi xitng ta c6 ngay S, = S, néu a=b. Nhan xét nay rat quan trong
trong cac cac bai todn tim hang s6 tot nhat.

Duong nhu dinh Ii nay con c6 vé qua don gidn va néu néi rang né cé6 ting dung véi
hau hét cac bat ding thic 3 bién thi that khé ma tudng tuong duge. Nhung thiec
té thi S.0.S da lam dudgc dicu nay va day 1a mot diéu rat ngac nhién.

Mot cau hoi nita dit ta 1a véi nhitg bicu thiic nao thi ta c6 thé chuyén vé dang
chinh tdc S.0.S nhu vay? Cau tra 16i 1a moi ham s6 doi xting f(a,b,c) thod man
f(a,a,a) = 0va f c6 thé chita can thiic, phan thiic cia a, b, ¢ luén luén c6 biéu dién
ay. Chitng minh diéu nay ban xem trong phan tiép theo.

Bay gio 1a mot s6 vi du cu thé dé ching minh tinh hiéu qua ctia phuong phap
nay, va néu co thé thi trude tien ban hay thit chiing minh ching theo cach khac

Vi du 0.1.4. Chiing minh rang vdi moi so thuc khong am a, b, c ta luon cé

a?+ 0%+ 8abc
+ > 2
ab+bc+ca  (a+b)(b+c)(c+ a)

LOI GIAI Ta chil ¥ dén 2 ding thic sau day

a2+bz+02:% ((@a=b°+(b—c)’+(c—a)?)
(a+0b)(b+c)(c+a)—8abc = a(b—c)*+b(c—a)* + cla — b)?



Nhu thé sau khi thém b6t 1 ¢ mdi s6 hang vé trai, ta cé bat dang thic tuong duong

(@a—0)2+(b—c)?+ (c—a)? - 2¢(a —b)? +2b(a — ¢)* + 2a(b — ¢)?

ab + bc + ca - (a+b)(b+c)c+a)
Ta tim duge
Sa:(a+b)(b+c)(c+a)_2a:b+c_a_ abe
ab + bc + ca ab + bc + ca
Sb:(a+b)(b+c)(c+a)_2b:a+c_b_ abe
ab + bc + ca ab + bc + ca
SC:(a+b)(b+c)(c+a)_2C:a+b_c_ abe
ab + bc + ca ab + be + ca

Do tinh déi xiing nén c6 thé gia si rang a > b > ¢, khi d6 dé thay S, > 0, S. > 0.
Duya vao tieu chuan thit nhat, ta chi can chiing minh ring S, + S, > 0 la xong.
Nhung diéu nay rat hién nhien vi

2abc 2¢*(a +b)

a =2c — -
Sa + % ¢ ab+bc+ca ab+bc+ca

Vay bat ding thtc da duge ching minh. Dang thic x4y ra khi va chi khia =b=c
hoac a = b, ¢ = 0 hoac cac hoan vi tuong tiing.

Chtng ta hay tré lai véi bat dang thic Iran 1996.

Vi du 0.1.5 (Iran TST 1996). Ching minh rang vdi cic s6 thuc khong am x,y, z
ta co bat dang thic
1 . 1 . 1 - 9
(x+y)>? (y+2)? (z+2)? " doy+yz+ 2z

LOI GIAL Dat a =2+ y,b =y + z,¢ = z + x. Ta phéi ching minh

1 1 1 9
2 42 2
(2ab + 2bc + 2ca — a” — b —c)(§+b—2+g)zz

Bing bién doéi don gidn, ta c6 thé chuyén bat dang thic trén vé dang

2 1 , 2 1 , 2 1 )
i Y 4 i _ = = _ >
(o= b= P+ (== p)a= P+ (= 5)a— P20
2 1 2 1 2 1
k@ PTaTE o TgTa



Gia st rang a > b > ¢ thi S, > 0. St dung tiéu chuan 4 ta chi can ching minh
b2Sy, + c2S. > 0 < b + ¢ > 2abc, nhung bat dang thitc nay hién nhién ding vi

a<b+c=0b+c>be(b+c) > abe
Ding thiic xay ra khi va chi khi @ = b = ¢ hoiic @ = b, ¢ = 0 hoiic cac hoan vi.

C6 mot vai cach chitng minh khéac cho bat ding thic Iran 96, cach thong thuong
chiing ta biét 1a khai trién va sit dung bat dang thic Schur, hodc diing cach da thic
do6i xtng. Tuy nhién ban doc sé dong ¥ véi toi rang cac phuong phap dé chi c¢6 ¥
nghia la chiing minh bat déng thic ding vé mat toan hoc, chit khong dé lai nhiéu
an tuong. Viéec biét st dung phuong phap S.0.S da lam bai toan trd nén don gian
hon rat nhiéu, day thuyc sy la mot 10i giai dep va ngan gon, thod man duge my quan
toan hoc ctia nhiéu ngudi.

Phuong phép phan tich binh phuong da ting xuat hién theo cach nay hay cach
khéc trong mot s6 bai toan bat dang thic, vi né 1a mot huéng suy nghi rat tu nhien
d6i véi bat déng thic. Nhung chic chin day sé 1a lan dau tién ma phuong phap nay
duge he théng va duge coi 1a phuong phap chinh thong cho ching ta. N6 dem lai
cho chting ta mot cach nhin chii dong va vo cling hiéu qua ddi vé6i cac bai toan, ma
chi mot thoi gian ngan trude con la nhitng bai toan vo ciing kho khan. Bat déng
thic Iran 96 dugce coi la bai toan co ban ting dung phuong phap nay (mac du téc
gid nghi dén S.0.S tit mot bat dang thic cii hon). S.0.S 1a tén lay tit chit cai dau
tién ctia cum tit Sum of Square.



