TIEP NOI CAU CHUYEN VE “BAT PANG THUC NESBITT”

Cao Minh Quang, GV THPT chuyén Nguyén Binh Khiém, Vinh Long, E-mail: kt13quang@yahoo.com

1. Loi gi6i thiéu
Thang 3 nim 1903, trén tap chi “Educational Times”, A. M. Nesbitt da dé xuét bai toan sau

Cho a,b,c 1a cdc s6 thuc duong. Chimg minh rang:

a b c 3
b+c+c+a+a+b 25 (1)

Ping thirc xay ra khi va chikhi a=b=c.

Ngoai ra, ta cling nhan the‘iy r?mg, (1) & dang déng bac nén dé chung minh (1), véi diéu kién a,b,c 1a céc sb thuc duong,

ta con c6 thé gia st a +b + ¢ =1, tirc 1a chimg minh bét dang thirc

3
T2 22 (2,
y+z z4+x x+y 2

trong d6 x, y,z 1a cic sd thuc dwong c6 téng bang 1.

Bai todn qua that rat don gian va dep d&, n6 da duoc rat nhidu ngudi quan tim va tim céc cich giai. Trén Tap chi Toédn
Hoc Tudi Tré s6 358 (thang 4 —2007), tic gia Vi Dinh Hoa da gi6i thiéu cho ban doc mot dang tong quat cua bat dang
thirc (1), @6 chinh 12 bat dang thirc Shapiro duge phat biéu dudi dang:

Vé6imoi x, >0,x, +x,, >0(i=12,..,n),x,,, =x thitacé

n

X; n
Z—>5’

=1 ‘xHr] + 1+2

Ding thirc xay ra khi va chi khi x, = x, =...= x, .

Trong bai viét nho nay, t0i xin tong hop cdc 16i gidi cho bat dang thirc (1) va mt s6 két qua khdc dwoc phat trién tir (1)
trong thoi gian gan day.

2. Mt s6 10i giai cho bat ding thirc Nesbitt

Thét sy bt dang thirc (1) ¢6 rat nhiéu cdch giai, ngodi mot sd cdch rét don gian con c6 nhing céch phic tap, doi khi phai
st dung dén céc bat dang thirc co dién (Jensen, Karamata), dinh 1 don bién, ...

2.1. Nhém céc 19i gii sir dung phép bién ddi twong dwong phdi hop véi cac bt ding thirc thong dung.

Loi gidgi 1. Cong 3 vao hai vé cua bit ding thic (1), ta c6

(1)@[

+1]+[ b +1]+[ < +1]22@[(a+b)+(b+c)+(c+a)}[ R . Y
c+a a+b 2 a+b b+c cHa

b+c

X x 1z s 1 1 1
D¢ thay bat dang thuc trén ddng vi ta ludn c6 (x+ y+ z)[—+—+— >9Vx,y,2>0.
X 'y z

+[ < l]20
a+b 2

Loi gidi 2. Bat déng thire (1) twong duong véi bat déng thic

[ a 1] [ b 1
—_— + —_——
b+c 2 at+c 2

a—b+a—c+b—c+b—a+c—a—|—c—b

>0
b+c a-+tc a+b o
@(ab)[ L ]+(bc)[ Lot ]+(ac)[ . ]20
b+c c+a atc c+b b+c a+b
(a—b) (b—c) (a—c)

(bto)atc) (at)atd) (bic)ath)
Loi gidgi 3. Sir dyng dang thic (a+b)(b+c)(c+a)=ab(a+b)+bc(b+c)+ca(c+a)+2abc
(1)< 2Aa(a+b)(a+c)+b(b+a)(b+c)+c(c+a)(c+b)]>3(a+b)(b+c)(c+a)
©2(a’+b"+c') > ab(a+b)+bc(b+c)+ca(c+a).
Bit ding thirc cudi dugc suy ra tir bt dang thire x° + y° > xy(x+ y), trong d6 x,y 1a cdc sb thuc duong.
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Loi gidi 4. Ta nhan thy ring
(l) N a(a +b —|—c) N b(a +b —|—c> N c(a —|—b—|—c) >
b+c a+tc a-+b

é(a +b —|—c)
2

2 2 2
a b c at+b+c
+

& + +
b+c c+a a+b 2
Do d6, ta chi can chirng minh bat ding thirc cudi.
Ap dung bét dang thirc AM — GM, ta c6
2

2
a JrbJcmZ/a .b+c:a
b+c 4 b+c 4

2
c+a>b c Jra+b>c

>a+b+c.

2

. b
Tuong tu, ta c6 + > b,
c+a 4 a+b 4

Cong cdc bat ding thirc trén theo timg vé, ta dugc didu phai chimg minh.

2.2. Nhém céc 19i gii sir dung bat ding thirc cb dién.

(a1 +a, +...+an)2

¢ e a, a a
Loi gidgi 5. St dung bat dang thic Cauchy — Schwarz, dang —L+—2 ... 42> , trong do6
& e ¢ Y e T, b = ab, tab +.tab o C
a,,a,,....a,,b,b,,...,b 1acic sb thuc duong. Ta cé
a b o e o (a+b+c) >3(ab+bc+ca)_§
b+c c+a a+b— 2(ab+bc+ca) - 2(ab+bc+ca) 2
Loi gigi 6. Khong mat tinh tong qudt, ta gia sit a > b > ¢ . Khi d6, d& dang kiém tra dugc ! > ! > ! . Do @6, st
b+c c+a a+b
dung bat dang thirc Chebyshev phoi hop véi bat dang thirc AM — GM, ta c6
a b c 1 1 1 1 1 9 3
: : >—(a+b+c + + >—(a+b+c). ==
b+c c+a a+b 3( ) b+c c+a a+b 3( ) (b—l—c)—l—(c—i—a)—l—(a—i—b) 2
* Str dung bat ding thiic cuia ddy sap thi ty, dang:
V6i 6 56 thuc x,,Xx,,X,,y,,¥,, Y thoa man didu kién x >x, >x,, y, >y, > y,. Khi d6
0+ 5y, x> xy x5y (4,
trong d6 (il, iy, i3) 1a mot hodn vi cta bd (1, 2,3) .
Chirng minh. Bat z, =y, .2, =y, ,2, =, . Khi d6 (*) tr¢ thanh
N0+ XY, F XY 2 X625 X2 + X2, (* *)
hay x,(y, _Zl)+x2(Y2_Zz)+x3()’3 _23)20'
Tanhanthiyrang y, >z, Y, + % >4+ VA Y+, + ¥, =2+ 2 + 2.
Do d6, x, (yl —z,)+x2 (yz _Zz)+x3 (ys _Z3)2x2 (y| _Z1)+x2 (yz _Z2)+x3 <y3 _Zs):
=X [()ﬁ +)’2)_(Z1 +Zz)}+x3()’3 —Z3)2x3 [(Yl +Y2)_(Zl +Z2)}+x3()’3 _23):
= x3[(y1 +y,+y)—(z+2, +z3)}=O.
Vay (**) da dugc chirng minh. Ta c6 161 giai sau:
Loi gidi 7. [ Cao Minh Quang | Khong mét tinh tong quat, ta gia st @ > b > ¢. Ta kiém tra dugc ! > ! > !

b+c c4a a+b
Ap dung bd dé trén, ta c6

a b c b c a a b c c a b
+ + > + + , + + > + +
b+c c¢c+a a+b b+c c¢c+a a+b b+c c+a a+b b+c c+a a+b
Cong 2 bét dang thirc trén theo timg vé, ta duoc

a n b n c 2b—l—c_i_c—i—a a—l—bhay a b n c ZE.
b+c c¢c+a a+b b+c c+a a+b b+c c¢c+a a+b 2

2



V6i viée chudn héa x+ y+ z =1, gitp ta c¢6 nhitng 151 giai khac cho (2).

Loi gidi 8. Xét ham sb y = f(x)zli. Ta chimg minh dwgc ham sé nay 16i trén (0,1). Ap dung bat ding thic
— X

Jensen, ta co

L)) (a2 [

3

3
]hayx+y+2=x+y+zz—.
I-x 1-y 1-z y+z z+x x+y 2

C e eae A PN , . N F X X oA N .z AL TN i .
Ngoai 10i giai trén, véi viée chirng minh dugc ham s6 y = f (x) = 1 161 trén (0,1) con gitp ta c6 mot 101 gidi khic
—x

cho (1’) nhu sau.

Loi gidi 9. [ Cao Minh Quang ] Khong mét tinh tong quat, ta gia sit x> y > z . Khi d6, d& thdy xZ%,z §%,suy ra
1 2 . 1 11 . .z , . X
x+y:1—121—5=§,d0 a6 (x,y,z)- 333 . Ap dung bat dang thirc Karamata cho ham y:f(x):]
—x
o o 111 ]
10i trén (0,1), doi voi bo rdi (x, y,z) > 333" ta cé
1 1 1 X Z 3
f(x)+f(y)+f(z)Zf[§]+f[§]+f[§] hay —— 42—+ ——>=.

y+z z4+x x4y 2
2.3. Nhém céc 19i gii sir dung phwong phap dbi bién, phdi hop véi cac bt ding thirc cb dién.
Loi gidai 10. Pat x=b+c,y=c+a,z=a+b.Khi dé
a:y+z—x’b:z+x—y’C:x+y—z_
2 2 2

Do d6 bét dang thirc (1) trd thanh

y+zfx+z+xfy+x+yfz2§’hay y+z+z+x+x+y26'
2x 2y 2z 2 X y Z

D@ thiy bét dang thirc cubi ludn ding, vi theo bat dang thix AM — GM, ta ¢6

y+z+Z+x+x+y+£+£+22662.£.£.1.1._:6.

X y z y 2z z XXxXyyzz

a n b n c B b " c " a < " a " b

b+c c¢+a a+b’ b+c c+a a+b’ b+c c+a a+b’

B+C:b+c+c+a+a+b:3’A+B:a—l—b_'_b—i—c_'_c—l—a’A_’_C:a+c+b+a+c+b'
b+c c¢c+a a+b b+c c+a a+b b+c c¢c+a a+b

Ap dung bt dang thirc AM — GM, ta c6

Loi gidgi 11. Dat A= Ta co

a+b b+c c+a

at+c b+a c+b 3
b+c c+a a+b

b+c c+a a+b B

A+BZ3\3/ =3,A+C23i/

3
Suyra 2A+ B+ C > 6 hay AZE.

Léi gidi 12. [ Hojoo Lee | Pt x=—2—,y= b =—_ va AXryTe
b+c c+a a+b
x oy oz _atbtc_|
l+x 1+y 14z a+b+c

Suy ra 1= 2xyz + xy + yz + zx. Ap dung bit ddng thirc AM — GM, ta c6

. Tacin ching minh A > % .Tacéd

1=2xyz +xy+ yz + zx <2A° + 347
1
Do d6 (2A—1)(A+1)* >0, hay Az

Lai gidi 13. [ Hojoo Lee | Pt x=—%— y— 2 ¢

= L= .Tacéd
b+c Y c+ta a+b




X y Z a b c
+ + = + + =1l.
1+x 14+y 14z a+b+c a+b+c a+b+c

Xétham f(x)= % . Ta chimg minh dugc ham f 1a ham 16m trén (0,+o00) . Ap dung bét déng thirc Jensen, ta c6
x

f[l]%%[f(x)Jrf(Y)*f(Z)]Sf[#]

Nhung ta cling chitng minh dugc f 1a ham tang, do d6

X+y+z b
y a +c

N 3
, tie 1a >

lS + >—.
2 b+c c+a a+b 2

. e . N c o8 N A P ST < a
Loi gidi 14. [ Hojoo Lee ] Vi vai tro cua a,b,c la nhu nhau nén ta c6 thé gia surang a >b>c. Tadit x=—,y =
c

thix >y >1 vado do (1) tré thanh

@ b
c yec 1 3, x v 1 53
Q_'_l ay g+é 2 y4+1 x+1 x+y 2
c c c <
Ap dung bt ding thirc AM — GM, ta c6
)c—&-1_~_y—i-122:> x_ Y So | (r#%)
y+1 x+1 y+1 x+1 x+1  y+1
Do do6, dé chung minh (¥#%), ta s€ chirng minh
’_ L1 2271
x+1 y+172 x+y
1 1>1 1

E_y—&—l_x—&-l_x-i-y
y—1 y—1
= >
2(y+1) " (x+1)(x+y)

(y=D[(x+D)(x+y)=2(y+1)]
2(x+y)(x+1)(y+1)

Bét déng thirc cubi ding vix > y >1.
Dé chirng minh (***), ngoai 151 giai trén, ta con mot 101 giai khac nhu sau.
Loi gidi 15. [ Hojoo Lee | Bat m = x+ y,n = xy . Khi d6 (***) tr¢ thanh

m —=2n+m 1_3
—————+—>=S2m —m’ —m+2>n(Tm—2) ()
m+n—+1 m- 2

Tadé yrang 7m—2>0 va m*> > 4n . Do d6 dé ching minh (****), ta s& ching minh
4(2m’ —m® —m+2) >m* (Tm—2) < m’ —2m* —4m+8 >0 (m—2) (m+2) >0 (hién nhien).

. b A .
Loi gidi 16. [ Cao Minh Quang ] Bat x:Z,y:—,z:£ thi x,y,z>0,xyz=1. (1) dugc viet lai dudi dang
c a

S

x Y z 3
RN R e p— ZEc)2(x2y+y2z+zzx)Z(x+y+z)+(xy+yz+zx).

Str dung bat dang thirc AM — GM, ta ¢6

1 1
x2y+y2z—|—z2x=§(x2y+y2z—|—y2z)—i—g(yzz—i—zzx—i—zzx)%—

—|—%(Z2x+x2y+x2y) Z%/xzysz2 —I—%/yzzsx2 +§/z2x5y2 =x+y+z

Chiing minh tuong tu ta cling nhan dugc

o |



1 1
x2y+yzz+z2x:§(x2y+zzx+zzx) +§(yzz+x2y+x2y)+

+%<z2x+y2z +yzz) Z%/x“z“y +\3/x4y4z +%/xy4z4 =xy+yz+2x
Cong cac bAt dang thirc trén, ta nhan duoc 2(x y+ y Z+2z x) (x+ y+ z) + (xy +yz+ zx) .

2.4. Nhom cac loi giai sir dung phwong phép danh gia dai dién, ky thuit chon “diém roi” ciia bit ding thirc AM —
GM va cac bit ding thirc cé dién.

Loi gidgi 17. [ Hojoo Lee | Ap dung bt ding thic AM — GM, ta ¢

Voo +b7 b > 3ab® =3ab, Na@ + + >R ae® =3ac.

Cong hai bét déng thirc trén, ta nhan duoc

2(Va' Vb7 ) 2 3a (b c).

a >§ \/E
¢ 2Ja P+
Tuong tu, ta cling chirng minh dugc
b3 A ¢ 3 ¢
cta” 2\q B 4 ath T 2 B G
Cong cdc bat ding thirc trén theo ting vé, ta dwoc
a n b n c 3f+f+\/7 3
b+c c¢c+a a+b— 2(4.(4.(

Lai gidi 18. [ Hojoo Lee ] Tacé (x+ y)’ > 4xy Vx,y>0. Do d6

Do do6

[Za —I—(b—l—c)]2 ZSa(b—l—c)
©4a” +4a(b+c)+(b+c) >8a(b+c)
@4a(a+b+c) (b+c)[8a (bJrc)]

a 18a b—c
b+c 4 “a+b+c’

Tuong tu, ta cling chirng minh dugc

b 1 8—c—a ¢ 1 8&c—a—>b
ct+a 4 a+b+c a+b 4 “a+b+c’
Cong cdc bat ding thirc trén theo timg vé, ta dugc
a_ b Lo 18(a+b+c) (a+b+c):
b+c c+a a+b 4 a+b+c
Loi gidi 19. [ Cao Minh Quang ] Ap dung bét dang thire AM — GM, ta c6

2(a—|—3b—|—c> _ 2a+(b+;)+(b+c) EW'

3
N

a 3\f ava .
2 \/a—l-b—i—c)

Tuong tu, ta chirtng minh duoc

Suy ra

b 3\/7 b\/g c 3\/7 c\/;

c+a 2 \/a+b+c)3 a+b 2 \/a—I—b—i—c)

Cong cdc bat dang thirc trén, ta c6



a b c >3\/§ ax/g—l—b\/Z—l—c\/E

+
b+c c+a a+b 2 \/(a+b+c)3

Do d6 dé chirng minh (1), ta s& chimg minh

G aa +bb+ce

\/(a—&—b—l—c)}

bat x= \/;, y= \/Z, = \/; R bat déng thtre trén tré thanh

21<i>3(a«/; er\/g Jrc«/;)z Z(a +b+c)3.

3()c3 +y° +z3)2 Z(x2 +y? +zz)3.
Ap dung bét dang thirc Cauchy — Schwarz, ta c6

(x2 +y? +z2)2 < (x3 +y +z3)(x+y+z) .
Ap dung bét dang thirc Chebyshev, ta c6

(x2 +y + ) (x+y+2)<3(F + ) +z3).
Nhan hai bat ding thirc trén theo timg vé, ta dugc

3()c3 +y° +z3)2 Z(x2 +y? +zz)3.
Loi gidi 20. [ Cao Minh Quang | Ta chting minh bat déng thtrc (2)
Ap dung bt dang thirc AM — GM, ta c6

X +9x(y+z)
y+z 4

oo [9 Xy +3) _
N4 (y+2)

Tuong tu, ta chirtng minh duoc
y 4 9y (Z + x)
Z+x 4 = x+y 4

Cong ba bt ddng thirc trén theo timg vé, ta duoc

X y Z 9 -3 .
. x+y+2(xy+yz+zx)_ (x+y+2z) (i)

Nhung

Setyra=2aty+3f 22+ i)

Cong 2 bét dang thirc (i) va (ii) theo timg vé, ta dugc

3
"t > (xtytz)=
y+z z4+x x+y 2

Ngoai 101 giai trén, (2) con c6 cac 101 gidi sau.

| W

>9x71.

Loi gidgi 21. [ Hojoo Lee ] Ta c6 4x—(1—)c)(9x—1):(3x—1)2 >0. Suyra 4x>(1—x)(9x—1) hay T2
—x

Tuong ty, ta c6

y S%-1 2 [9z-l

-y~ 4 "1-z~ 4

Do d6
x y z >9(x+y+z)73_3

y+z z4+x x+y 4 2
Loi gidgi 22. [ Cao Minh Quang ] Véi x €(0,1), sir dung bat déng thirc AM - GM, ta c6

(2—-2x)+(1+x)+(1+x)] 64

(272x)(1+x)(1+x)§ 3 75.




X

2
Do d6, > %x(l + x)z . Twong tu, ta c6

— X

Cong ba bt ddng thirc trén va sir dung bat déng thirc

,Vx,y,2>0,r >1, tadugc

f+yW%’>x+y+zr
3 3

27
S S S )2y )+
l-x 1—-y 1—-z 32

27| (1) (1) 3
+(x+y+2)1>=|3|=| +6|=| +1|==.
ety +2i2 5 [3} [3} 2
Loi gidi 23. [ Cao Minh Quang ] Véi x €(0,1), ta c6
2 X 9x*
(Bx—1) >0&3x+1>9x(1-x) & > :
1—-x  3x+1
Chtiing minh tuong tu, ¢
2 2
y > 9y , Z > 9z ’
1-y 3y+11-z 3z+1
Do d9,
o> 9y 922 _ (3x+3y+32) 3
x+y+zzx+y+zz( y):_'
lI-x 1-y 1-z 3x+1 3y+1 3z+1 3(x+y+z)+3 2
2.5. Nhém céc 19i gii sir dung phwong phap sir dung dinh 1y don bién, sir dung bit ding thirc phu
Loi gidi 24. Ta sir dung dinh 1i don bién dé chimg minh (1). Dt
E(a,b,c)z a " b " c ’t:a—l—b’ :a—l—b—l—c.
b+c c+a a+b 2 3
D@ thiy rang
2 2
a +b"+cla+b 22 4+2
E(a,b,c) 3 ( >—|— ¢ > = ! _2‘_ fe i=E(t,t,c).
ab+c¢ —l—c(a—i—b) a+b  t"4+c +2ct 2t
3

Do d6, theo dinh 1i ddn bién, ta duoc E(a,b,c) > E(v,v, v) = 7"

Loi gidi 25. [ Cao Minh Quang ] Trude hét, ta ching minh néu x, y, z 12 céc sb thuc duong c6 tong bang 1 thi

x+yq+y+a+g+ﬂy22'
y+z Z+x x+y

Str dung bét dang thiuc a” +b* 4+ ¢ > ab+ bc + ca,Ya,b,c >0 ,vadé yring x+ y+z=1, tacé

)Hrszrerszerrxy:(Hy)(xﬂ)JF(YJFZ)(YJHC)Jr

y+z Z+x xX+Yy y+z z+x
Jr%(z;ry)z(xJFY)Jr(erz)Jr(erx)—Z.
Bay gio ta trd lai viéc chimg minh (2). Diing bt dang thirc “fbgi(ﬁb),\m,bo_
a
Ta c6
X Y Z >7_ Yz X Xy >2il :é.
y+z+z+x x+y~ Y+Z+Z+x+x+y_ 4[<J’+Z>+<Z+x>+<x+)’>] 2



3. Mot so két qu{l dwoc phat trién tir bat dang thirc Nesbitt

Trong thoi gian gén ddy, c6 rat nhiéu ngudi quan tim va giai céc bai todn bét dang thirc, ta nhan duogc mot sb két qua dep
12 mé rong, tong quét hodc két qua manh hon (1). Xin dugc dé cap dén mot sé bai todn d6 nhu sau

Bai 1. [ Tran Nam Diing | [ Tap chi Toan Hoc va Tudi Tré ] Cho a,b,c 1a céc s thuc dwong . Chirng minh ring
2 2 2
1 a+b +c S _4a b ¢ <y 1 ab+bc—+ca

- + —"_ [l __-ﬁ.
2 ab+bc+ca b+c c+a a+b 2 a +b +c

Bai 2. [ Vasile Cirtoaje ] [Vasile Cirtoaje, Algebraic Inequalities, Old and New Methods, GIL, 2006 ] Cho a,b,c la cac
s6 thuc duong. Chirng minh ring

1 2
a 4 b 4 c 3 ab+bc+ ca

b+c c+a a+b 6 3 a+b+c

Bai 3. [ Titu Vareescu, Mircea Lascu ] [Titu Vareescu, Vasile Cirtoaje, Gabriel Dospinescu, Mircea Lascu, Old and New
Inequalities, GIL, 2004 ] Cho a,b,c,« 1a cic $6 thuc duong sao cho abc =1, > 1. Chung minh r.'?lng

a @ b « ¢ @ 3
>

+
b+c c+a a+b 2

\ ‘ A . 2
Bai 4. [ Tran Tuan Anh ] [ Tap chi Toan Hoc va Tuoi Tré ] Cho a,b,c,k la cac so thuc duong sao cho k > 5 . Chting

a ¢ b ¢ c ¢ 3
+ + Z—k
b+c c+a a-+b 2

Bai 5. [ Vasile Cirtoaje ] [Vasile Cirtoaje, Algebraic Inequalities, Old and New Methods, GIL, 2006 ] Cho a,b,c,r 1a

minh rang

‘ 1 5
céc s0 thuc duong sao cho r > % —1. Chirng minh rang

n
2a " 2b " 2c >3,
b+c c+a a+b
Bai 6. [ Vasile Cirtoaje ] [ Vasile Cirtoaje, Algebraic Inequalities, Old and New Methods, GIL, 2006 | Cho a,b,c la cac
s6 thuc duong. Chirng minh ring

a b* c? a b c
2 2 + 2 2 + 2 2 — + + °
b>+c" ¢ +a a+b" b+c c+a a+b
Bai 7. [ Titu Zvonaru, Buchrest, Romania ] [ Problem 2970, CRUX 2006 ] Cho a,b,c la cac ) thuc duong va m,n la
cdc s6 nguyén dwong sao cho m > n . Ching minh ring

am bﬂl Cm an b)l C)l
+ > + + :
bm _"_C”l Cm +am alﬂ _"_bm bll _"_Cn Cll _"_an all _"_bn
Bai 8. [ Pham Vian Thuan ] [ Problem 3200, CRUX 2006 ] Cho r,s la cac ) thuc duong, r <s va a,b,c € (r,s).

Chung minh ring

a b c 3 (V—S)z
+ + <—+ .
b+c c+a a+b 2 2r(r—|—s)

Bai 9. [ Viét Nam TST, 2006 ] Cho a,b,c €[1,2]. Chimg minh ring

1 1 1 b
(atbte)| =+ +=|>6|——4————|.
a b c b+c c+a a+b

Bai 10. [ Pham Kim Hung, Sing Tao Bat Pang Thirc, Secrects in Inequalities, Nha xuat ban Tri Thirc, 2006 ] Cho
a,b,c¢ 1a cic s6 thyc dwong. Chirng minh ring

—1
a b oy jgdbtbeted 3 g2 Bt
b+c c+a a+b a +b +c 2 2
Bai 11. [ Pham Kim Hung, Siang Tao Bt Déng Thuc, Secrects in Inequalities, Nha xuét ban Tri Thirc, 2006 ] Cho
a,b,c lacac $6 thuc duong. Chiing minh rr?mg



a b c abc
+ + + 3 3 3
b+c c+a a+b 2(a’+b’—|—c )

>3
3

Bai 12. [ Cao Minh Quang ] Cho a,b,c 1a cdc sb thyc duong, a+b+c=1, m,n 1a cdc sb thyc khong am thoa diéu
kién 6m > 5n . Chirng minh rang

ma+nbc+mb+nbc+mc+nab > 3m+n.
b+c c+a a-+b 2

Bai 13. [ Pham Van Thuan, Lé Vi, Bt Déng Thtrc, Suy Luan & Khdm Phé | Cho a,b,c 1a céc sb thuc duong. Chung
minh rang

abc
(a —I—b)(b—l—c)(c—l—a)

a b c
+ + +
b+c c+a a+b

Bai 14. [ Cezar Lupu ] [ Mathematical Reflections 1 (2007) ] Cho a,b,c¢ 1a cdc s6 thuc duong. Chirng minh rang

a b c a* +be b’ +ca A +ab
+ + =
b+c c4+a a—+b (a+b)(a+c> (b+c>(b+a) (c+a)(c+b)

Bai 15. [ Pham Hitu Burc] [ Mathematical Reflections 4 (2007) | Cho a,b,c la cac ) thuc duong. Chirng minh réng

a+b+c>bc+ca+ab
b+c c4+a a+b a+bc b 4ca +ab

Cau chuyén vé “bat dang thic Nesbitt” chic han chua dimg lai. Hy vong mot ngay nio d6 ban s& tim dugce cho minh mot
101 giai dep cta bai todn Nesbitt va phat trién né theo nhiéu hudng khac.
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