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NGUYEN ANH KHOA

A.Loi gi6i thiéu:

Céc bit dang thirc thuan nhat c6 diéu kién va khong c6 diéu kién 1a hai bai toan hoan toan khéc nhau
nhu 4n sau trong d6 ching lai c6 mbi quan hé mat thiét véi nhau. Chinh sy lién quan mat thiét nay da
lam nay sinh mot ki thuat maéi ching minh bat dang thac d6 1a “ki thuat chuan hod”. Trong bai viét nay
chiing ta s3 khdm pha ki thuat nay co y nghia nhu thé ndo nhé!

B. Kién thirc co ban:

1.1 Bdt dang thirc thuan nhat:

Hamsd f(x;X,;...x,) ciacac bién x;x,;...x, dwoc goi & ham thuan nhit bac a néu ton tai sb thuc t

thoa mén: f(tx 1. 1x) =t F (X X5 X,)

Tur d6 ta cd dinh nghia bat dang thic thuan nhat nhu sau:

* Bat dang thuc thuan nhat 1a bat dang thic ¢6 dang: f(x;%,;...x,) 3 0 trong d6 f(x;X,;...x,) laham
thuan nhé,t bac a . o o

Vi duy: Bat dang thic AM-GM labat dang thac thuan nhat bac 1.

tx +iX, I3 NG POoX H X, X3 N X
Tir déy tro di trong bai viét ndy khi néi dén bat dang thirc thuan nhat takhdng can quan tam dén bac a .
1.2 Mgt sb phwo‘ng phap, ki thugt chwng minh bat dang thzc:
Trong phan ndy ta khong xét hét tat ca cac phuong phép, ki thuat chirng minh bt dang thirc tir trudc téi
nay ma chi xét mot sb phuong phép 3 dugc &p dung trong bai viét ny.
1.2.1 Phwong phap don bién: o
Phuong phap dqn bién tu tuong chinh lalam giam so bién d& cd thdng qua cac dai luong trung binh, dua
bat dang thirc can chirng minh vé dang don gian hon 6 thé chirng minh truc tiép bang cach khao sat
ham mot bien.
Dinh |i don bién: Gia st f(x;%,;...x,) lamdt ham sb lién tuc va déi xirng Vvéi tat ca cac bién xéc dinh
trén mot mién lién thong thoa man diéu kién sau:
R

> RS Xn(l)

f (%, %,

X +X, .. F X,

Khi d6 bat dang thire sau s& thoa man (x;%,;..x.) 3 f(XX;...x) trong d6 x = -

Diéu kién (1) c6 thé bién doi thanh mot sb dang khéc nhu:

F 0% %) ® F (06X X1 0%,)

®[y2+y2 24y fs)
f(x,%,..%)3 f \/Xl 2 \/Xl 2 Xy, X T
2 2 p
Tuy nhién trong bai viét ndy ta chi chli y dén phuong phép don bién vai cac bat dang thirc 3 bién nén'ta
2 Xét den truong hop cu thé nhu sau:
Gia sir tacan chang minh: f (x, X,,%;) 3 O taco thé chirg minh: (X, %,,x )3 f(t,t,X,)
Trong d6 giatri cuat co thé 1a:
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+ Trung binh cong: t = %

+ Trung binh nhan: t =/xx,

2 2
+ Trung binh binh phurong: t = ,/%

Sau d6 tachi can ching minh f (t,t,x,) 3 0 labai toan dwoc giai quyét. Cha y khi chirng minh bat dang
thirc co diéu kién, ta thuc hién phép don bién thi phép don bién d6 phai dam bao thoa man diéu kién caa
céc bién; vi du nhu khi cho diéu kién la tong thi ta chi don bién bing trung binh cong dugc ma thdi.
Phuong phép don bién ma dira vao trung binh cong; trung binh nhén; trung binh binh phuong la nhitng
dang don gian nhat ngoai ratacon cd mot sd phép don bién nhu sau:

+ Don bién toan mién : st dung khi bat dang thic can chirng minh ¢é dai lugng chénh léch bac
cua c&c dai lugng xap xi 0 (x- y),(y- 2),(z- X):

f(x,y,2)3 f(x- zy- z0)

+ Don bién vé bién: sir dung khi ding thirc xay ratai cac giatrj bién.

f(x,y,2)3 f(0,s,t) trong do st tuy thuéc vao moi bai toan

+ Don bién khéng xéc dinh: (UMV) Néu f 1amot ham lién tuc d6i xang xéc dinh trén tap U

X > )(I + X; X + X (0] f (

thoa dieu kien: f (..., X,....,X;,...) 3 mlng ¢ T .
)

5
0,....% +xj,....);j

Khi d6 véi moi by %, %,,...%, T U thi f(x,%,..x,)3 min{C}". , NghialaGTNN cia f (X, X,,....x,)
s dat dugc khi va chi khi trong c&c sb X, X,,....x, €Ot sd bang 0, c&c sd con lai bang nhau.
1.2.2 Bét dang thirc Schur va ki thugt déi bién P,Q,R:
a. Bat dang tharc Schur:
Vi moi s6 thuc khdng am a, b, ¢,k taco:
a“(a- b)(a- c)+b*(b- c)(b- a)+c*(c- a)(c- b)3 0.
Néu k =1, thi tacé: a(a- b)(a- c)+b(b- c)(b- a)+c(c- a)(c- b)3 0(1)
(1) con duoc xuét hién ¢ cac dang sau:
l.(b+a- c)(b+c- a)(a+c- b) £ abc
2.(a+b+c)*+9abc3 4(a+b+c)(ab+bc+ca)
3.a°+b®+c®+3abc3 ab(a+b)+bc(b+c)+ca(c+a)
Néu k =1, thi taco: a’(a- b)(a- c) +b?(b- c)(b- a)+c*(c- a)(c- b)3 0(2)
(2) con duoc xuét hién & dang sau:
a*+b*+c*+abc(a+b+c)3 a’(b+c)+b’(c+a)+c*(a+h)
* Chay: Bt dang thic Schur bac 2 ddng véi moi sb thuc a,b,c.
b. Bdt dang thirc Schur suy rgng: (Vornicu-Schur).
Vi cac s6 thuc duong a, b, c, X, y, z thoa mén (a,b,c);(x,y,z) lacac bd don diéu. Khi d6 taco:
X(a- b)(a- c)+y(b- c)(b- a)+z(c- a)(c- b)3 0
Vigc ching minh bat dang thirc Vornicu-Schur khong khéc gi cach chiing minh bét dang thirc Schur
nhung cac dp dung ciano lai da dang va phong pht hon bat dang theee Schur.
Sau day lamot bat dang thirc manh hon bat dang thire Schur va cong cu chirng minh cuané la phai dung
toi phuong phap phan tich binh phuong S.0.S: (bai toan 2 duoc xé ¢ phan sau).
a’+b®+c® +3abc? aby/2(a”+b%) +bcy/2(b* +¢?) +cay/2(c” +a%)
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c. Kithugt déi bién P,Q,R: ‘ S ,
binh li: Moi dathic d6i xaing F(a,b,c) déu co6 thé biéu dién dudi dang cac dathirc doi xirng Viete.
Nghiala cé thé biéu dién qua c&c dai lwong a+b+c,ab+bc+ca,abc.
Tur d6 tacd y tuong sau: Khi chirng minh mot bat dépg thirc d6i xing ta co thé doi bién lai nhu sau:
bat p=a+b+c;g=ab+bc+ca;r =abc. Khi d6 bat dang thirc Schur bac 0,1,2 duoc biéu dién lai nhu
sal:
Véi k=0 thi pg- 9r3 0. (i)
Véi k=1thi @) U p?- 4pg+9r 3 0(ii)
Véi k=2 thi (2)U p*- 5pq+4qg® +6pr 3 0(iii).
Trong thuc hanh tathuong sir dung mot sb két qua phan tich nhu sau:
lab(a+b)+bc(b+c)+ca(c+a)=pg- 3r
2.(atb)(b+c)(c+a)=pg-r
3.(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)=p*+q
4.ab(a® +b*) +bc(b® +¢?) +ca(c® +a%) = p°q- 20° - pr
5a°+b*+c*=p°- 2q
6.a®+b*+c’® = p’- 3pg+3r
7a'+b'+c' = p*- 4p’q+2q9° +4pr
8.a°b’ +b*c* +c’a’ =q° - 2pr
9.a%*+b’c®+c’a® =qg°- 3par +3r?
10.a'b* +b'c’ +c*a* =q* - 4pg°r +2p%r? +4qr?
Diéu quan trong matarut radugc do 1a (i);(ii);(iii) tasuy ra
r £m
9
X .
rs3 max:,o’ p(4q- p )l7l
1

N

(49- p*)(p*- q)l

r 3 max : 0,
i 6p
Ddng thoi trong viéc chirng minh ta ciing thudng sir dung mot sd bt dang thac rang budc gitta 3 bién
p,a.f :
p*2 3q
p’3 27r
q’3 3pr

2p+9r 3 7pq
p’q+3pr 3 49
1.2.2 Look at the end point: ) )
bay chinh la ki thuat xét phan tir bién, trong bai vjét nay ta s sir dung mot s6 dinh li sau:
Pinh 1 1: Néu f(x) 1aham bac nhit theo x thi néu f (a)2 0; f (b) 3 0 khi d6 (x)3 0 véi moi

xI [a,b].
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Pinh 1 2: Néu f(x) 1aham bac nhit theo x thi : min{ f(a); f(b)} Ef(X)E max{ f(a); f(b)} V&I moi
xI [a,b].

Pinh 1i 3: Néu f(x) lamot ham sb 16i dudi trén khoang [a, b] thi f(x)£ max{ f(a), f(b)} :

Pinh 1i 4: Néu f(x) 1amot ham sb 16m dudi trén khoang [a, b] thi f(x)3 min{ f(a), f(b)} :

1.2.3 Phurong phép can bang h¢ si:

1.2.4 Ki thugt che¢n diem roi doi voi AM-GM:

1.2.5 Phwong phép phan chang:

bay lamét trong nhirng y tuong khé hay trong viéc chirng minh bt ding thirc ciing nhu sang tao bét
dang thuc. Phirong phdp ndy Iy v tuéng tir bai toén sau:

Bai toan: Cho hai ham F (X, X,,...X.); G(X,, X,,...x.) thuan nhit bac a >0. Taxét ménh dé sau:

Néu F(x,%,..%,) =k thi G(X,%,..%,)3 m(*)  (k,m>0)
+ Néu F; G lahai ham tang ddi voi X, %,,...x, . Khi do:

(*) U Néu G(x,X,,...x,) =m thi F(X,X,,...x) £k
+ Néu F laham tang; G laham giam ddi véi x,,%,,...x, . Khi do:

(*) U Néu G(x,X,,..x,) =m thi F(X,X%,,..x )3 K
Ban doc tu chung minh bai toan nay va nén ghl nhé két qua dé sau ndy tién sir dung.
C. Ki thudt chudn hoé bt danq therc thuan nhdt doi xing;
Nguoi tasir dung y twong chuan hoé la nhu sau:
Gia sir ta can chiing minh bat dang thirc thuan nhat  (x, X,,...X,) 3 g(X, X,,...x.) trong d6 f va g la hai
ham thuan nhit cling bac. do tinh chit cia ham thuin nhit ta cé thé chuyén bt dang thic trén vé viéc
chiing minh bt dang thic f (x,,%,,...X,) 3 @ Véi moi X, X,,...X, thoa man g(x,,x,,...x,) =a. Loi ich cia
viéc chuan hoa lata cé thé 1am don gian cac biéu thirc ciia bat dang thirc can chirng minh, tan dung duoc
mot so tinh Ch?lt d?lC biét cua héng 0.
Ban doc c6 thé hiéu ki thuat chuan hoa théng qua bai toan sau.
\/ab+bc+ca£i/(a+b)(b+c)(c+a)

Problem: (STBDBT) CMR véi a,b,c khdng am thi 3 (D)

Chic hin c&c ban diéu nhan rariang day 1A bai toan tir sich “ Sang tao bat ding thiee” caaanh Pham Kim
HUng ciing trong phan anh Hung gidi thiéu ki thuat chuan hod Vi thé toi s3 khdng duaraloi giai ma chi
quan tam téi cach thirc chuan hod, vi sao lai chuin hod dugc.

Hién nhién céc ban diéu d& dang nhan ra bit dang thirc cin ching minh 1a thuan nhét.

Theo s&ch, anh Hung chuin hod ab+bc +ca = 3. Khi taldy a :%;b' =%;c' =£ tacinchont seo cho

/ab+bc+caA3 e A
ab +bc +ca =3 ldc dbé tatimduoc t = — 3 Bat dang thirc dung véi a,b,c nénno £
ding véi a,b,c sau khi nhan a,b,c véi t.

Nhu vay viéc tim s6 t 1axong ( tat nhién cac buéc trén ta chi lam trong nhép khong can ghi vao bai
lam).Béy gio ta coi nhu churabiét so t, ta sE tao dieu kién a,b,c nhu sau
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i/(a+b)(b+c)(c+a). (ab+bc+ca)’ |

8
2 2 2
o |[@Bero’cra)’
3\/ 64aab+bc+ca<'.j
€ 3 3
.2 .2
& 0 e 0 e 8
~ 1 g a b Tg b c _g c a T
8 g\/ab+bc+ca \/ab+bc+ca \/ab+bc+ca \/ab+bc+ca \/ab+bc+ca \/ab+bc+ca—
2
bat x= a Yy = b 2= ¢ khi d6 taco diéu kién xy + yz+xz=3 va

) - lz_
\/ab+bc+ca y \/ab+bc+ca \/ab+bc+ca

bt ding thirc cin ching minh tré thanh :
i/(X+ Ny+2(x+2) , ,
8

C6 I& t6i ddy cac ban d& hiéu duoc vi sao ta lai chuan hod duoc nhu vay. Nhung dé tang thém niémtin ta
thir chuan hoa bai toan trén theo mot cach khac thir xem. Chang han chuan hoa a+b+c=1

Tadat a =%;b' =%;c' =%tac§n chontsaocho a +b +c¢ =1, lic d6 tatimdugc t =a+b+c.

Bay gio taxem nhu chua biét s t, ta S8 tao diéu kién a,b,c nhu sau:
1
0 ab+bc+ca 1 c (a+b)(b+c)(c+a) 1
. 3 .
3 (a+b+c)2 8 (a+b+c)3

~ 1é a b b c c a u 1l ath 6ee b+tc e c+a 6
—. . + . + . - £ 3—. - : -
3'Ba+b+c'a+b+c a+b+c a+b+c a+b+c a+b+cH 8 8a+b+0g8a+b+cé(éa+b+0g
a | _ b __ c

,y— lz_
a+b+c a+b+c a+b+c

ching minh tré thanh: \/xy+ 3;2+ X ¢ i/(x+ y)(y; z)(x+2)

Pé hiéu sau hon ban doc c6 thé tu minh chuan hoa bai toan trén theo abc =1 hoic
(a+b)(b+c)(c+a)=8.
Ghi chd: bit dang thirc trén con ¢6 mot cach chirng minh khé hay nhu sau:

Sir dung hai bit dang thirc phu sau:

(a+b)(b+c)(c+a), (a+b+c)(ab+bc+ca)

bat x=

khi d6 taco didu kién x+ y+ z=1 vabit dang thirc cin

8 9
(a+b+c)?3 3(ab+bc+ca)
Khi d6 ta co:
i/(a+b)(b+c)(c+a) - (a+b+c)(ab+bc+ca) , i/\/ZE’.(ab+bC+Ca)(ab+bC+Ca _ fab+bc+ca
8 9 9 3
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Céch giai ndy dugc GV Hoang birc Nguyén-khdi THT chuyén DHSP Ha Noi dua ratrong chuyén muc
“ban doc tim toi” trong b&o Toan hoc vatudi tré véi tén “Ung dung cia mot dang thirc”

Nhu vy ta co thé thay dugc mot bit dang thirc mot khi da thuan nhét thi c6 thé duge chuan hod bang
nhiéu cach khac nhau. Chuan hodla mot ki thuat co ban nhung ki thuat ndy lai doi hoi nhitng kinh
nghiém va do tinh té nhit dinh. Day ciing chinh ladiéu doc déo va kho khin nhét caa ki thuat nay, vi
chuin hod mot cach hop |7 thi tamai 6 1oi giai bai toan don gian nhét.

Bay gio chiing ta 3 xem thir ki thuat chuin hod c6 sirc manh nhu thé ndo trong thé gigi bat ding thirc.
Bit dau tir ddy tro di trong mdi bai todn ta s khong giai thich ré rang cach chuan hoa nira ma diém nay
s& danh cho ban doc.

D. Ki thugt chudn hod va i#ng dung:

Trong phan bai tap toi s3 00 gang ghi rd ngudn gc xuat xi cua bal toan tur dau ra. Tuy nhién do c6 mot
sd sir han ché nén c6 mot sb bai toan ching téi khdng ghi ré ngudn goc xuat xa mong ban doc théng

cam.
Problem 1: ( England-1999)
Cho X, Y,z khong &m. Chirng minh rang:
2(x+y+2)’ +9xyz3 7(x+y+2)(xy+yz+x2)
Solution:

Bat dang thirc d& cho la thuan nhit nén ta chuan hoa x+ y+z=1, khi d6 bt ding thirc can chirng minh
tro thanh: 2+9xyz3 7(xy + yz+xz) .(1)

Do tinh d6i xtng ciia bat dang thirc can chirng minh nén ta hoan toan c6 thé gia st x=max{x,y,7} .
Taxé f(X)=(7y+7z- 9yz)x+7yz- 2 voi xi %,1@.
Sir dung Look at the end point (dinh Ii 1) ta co:

?o M(y+2)+12yz- 6 _49yz-1) . - yog & *28 °
f(1)=7(y+2)- 2yz- 2=-2<0vi x=1p y=2=0.(3)
T (2)&(3) suyra f(x)£0P bat ding thirc dd cho dung.
pang thuc xayra U x=y=z.
Taxét tiép mot bai toan tuong tu sau:

Problem 2: ( Suu tam). ‘
Cho X, Yy, z khéng am. Chirng minh rang:

Oyz+(x+Yy+2)*2 A(xy+yz+x2)(x+y+72)

Solution:

Bat dang thuc d& cho thuan nhat nén ta chuan hod x+ y+ z=1. Khi d6 bit dang thirc cin ching minh
tro thanh: 1+9xyz3 4(xy + yz+ Xz2).

Do bét dang thirc cd tinh doi xing nén tagia st x=max{x,y,z} .
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Xét f(x)=(4y+4z- 9yz)x+4yz- 1 voi xi %,1@.
Sir dung Look at the end point (dinh li1) ta co:
2 a2/0
aé.o Ay+2)+3yz- 3 = yz- £OV| yZEa;‘y zc? é__ (2)
fess 3 9 €2 3 2z

fQ=4(y+2)-5yz-1=-1<0vi x=1b y=2z=0.(3)

Tu (2)&(3) suy ra: f(x)£0P bét ding thirc ¢4 cho ddng.

bingthicxayra U x=y=z.

Comment 1: Qua hai bai toan trén chdic han ban doc ciing da thay dioc s hiru ich cia viéc chudn hoa.
Viéc chudn hoé khong nhizng 1am cho bai toan nhin don gidn hon ma né con dinh huéng loi gidi cho
ching ta mgt cach kha rd rang.

Qud thdt cac bai toan tir nay tre vé sau trong bai viét nay néu ta khong lam mgt cong viéc 1a chuan hoa
thi rat kho dé cho mgt loi gigi hay, dep trong tung bai toan duroc.

Chuy: Céac bai toan trén diéu cé thé chirng minh mgt céch tryec tiép, bang céch khai trién hai vé rit gon
sau d6 s dung thém BOT Schur.

Bing phuong phép tuong tu ban doc tu giai hai bai todn sau:

Problem 3: (IMO-1984) ‘
Cho X, Yy, z khéng am. Chirng minh rang:

21(x+y+2)(xy +yz+x2) £7(x+y+2)° +54xyz

Problem 4: ( Suu tam) ‘
Cho X, Y,z khéng am. Chirng minh rang:

2(x+y+2)° £+ Yy +2°) +27xyz £ 9(x+ y + 2)°

Goi y: Chuan hoa x+y+z=1. BDT ¢ VT xay ratai bién. BDT & VP xay ratai tam.
Sau day taxét tiép mot 1op bai toan c6 muac do kho khan.

Problem 5: (Macedonia 1999) ‘
Cho a,b,ckhdng &m. Chirng minh rang:

abc(a+b+c)+(a” +b*+c?)* 3 4abc,/3(a” +b* +c?)

Solution:
Bat dang thirc d& cho thuan nhat va ddng thoi véi mong mudn biéu thirc trong can mét di ta chuan hoa
a’ +b? +c? =1. Khi d6 bt ding thirc can chirng minh trg thanh:

abc(a+b+c)+12 4y/3.abc U a+b+c+$ 3 443 (1)
Té6i day néu giai theo cach théng thuong ta s3 thu duoc hai bat ding thic tréi diu d6 &
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a+b+c£+/3
1
—— 333
, abc ) ) .
Vi thé ta phai tim cach khéc dé giai quyet (1). Phuong phdp toi vu lUc ndy 1a sir dung ki thuat chon diem

roi voi bt dang thirc AM-GM. Tas3 tim cach téch a+b+c dé khi sir dung bét dang thac AM-GM dau
bang s& xay ra, dvatham so a vao taco:

aa+ab+ac+i+(1- a)(a+tb+c)
abc
Sir dung BDT AM-GM dau bang xay rakhi aa = i nhung do tinh d6i xing cia bai todn nén ta du

doén diu bing xay rakhi cac bién bing nhau, nghia laldc d6 tacd: a = a_l“ =9. Nhu vay tass giai quyét
(1) nhu sau:
@ U 9a+9b+90+$- 8(a+b+c)3 44 93.abc.i- 3(a? +b? +c?) =124/3- 843 =43

Vay bét ding thirc ¢a cho ding. Pang thirc xay ral a=b=c.
Comment 2: Bat ddang thirc AM-GM |a mét bat dang thize thuan nhat nén né rdt hizu hiéu trong viéc
ching minh cac bat dang thire thuan nhat khac. Tuy nhién diéu kho khan nhdt cia né 1a diéu kién xay ra
ddu bang rdt nghiém ngat, vi thé viéc ap dung truc tiép mgt cach may moc rat dé ddn dén sai lam.
Bt dang thirc AM-GM c0 kha nhiéu ki thugt sz dung nhing ban doc nén biét 3 ki thugt chinh:

+ Kithugt can bang hé s6: sir dung dé gidi cac bat dang thizc khdng doi xing.(sé duoc gidi thiéu
¢ phan sau) | | |

+ Ki'thugt chon diém roi-trong so: sir dung dé gidi cac bat ddang thirc doi xirg khi ta nhdn thdy
duroc ddu bang xay ra cia bai toan. |

+ K7 thugt AM-GM nguoc dau: s dung dé gidi céc bat dang thizc hoan vi.
Sir dung ki thuat trén ta giai cac bai toan sau:

Problem 6: (Crux 2946)
Cho a,b,cdwong. Chiang minh rang:

(ab+bc+ca)(a® +b” +c?) +abc(a+b+c) 3 4abc,/3(a” +b” +¢?)

Solution:
Bat dang thuc d& cho la thuin nhit va ciing véi mong mudn lam mét biéu thire trong cian nén ta chuan
hoa a® +b?® +c? =1. Khi d6 bit dang thirc cin ching minh tré thanh:
ab+bc+ca+abc(a+b+c) 2 4y/3.abc
0 a+b+ctielsls 43(1)
o a b c
Sir dung ki thuat chon diém roi ta co:

@ 0 3a+3b+3c+§+%+%- 2(a+b+c)3 66/33.abc.i- 2./3(a% +b? +¢?) =6+/3- 243=4/3

Vay bét ding thirc ¢a dugc ching minh. Bang thac xay ral a=b=c.
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Problem 7: (Suu tam)
Cho a,b,c duong. Chirng minh rang:

(ab+bc+ca)(a® +b”+c?) 3 2abcy/3(a” +b” +¢*) +abc(a+b+c)

Solution:
Bat ding thirc d& cho thuan nhit ta chuian hod a® +b? +¢? =1. Khi d6 bat ding thirc ¢an ching minh tro
thanh:
ab+bc+ca3 2y/3.abc+abc(a+b+c)
01ilil arbeo)e 2430
a b c

Sir dung ki thut chon diém roi ta co:

W0 Lelilisaiapiae- 4arbo)e 6,3/33.abc.$- 4\J3(a2 +b? +c?) =6+/3- 4/3=2/3

a b c
Vay bit dang thirc d& cho ding. Pang thac xayra U a=b=c.
Ban doc tu luyén cac bai sau.

Problem 8: (Suu tam)
Cho a,b,c duong. Chirng minh rang:

2(ab+bc+ca)(a’ +b° +¢?) +3abc(a+b+c) * 15abc(a” +b? +c2)%

Problem 9: (Suu tam) ‘
Cho a,b,c duong. Chirng minh rang:

3(ab +bc+ca)(a? +b® +c?) + dabc(a+b+c) 3 21abc(a2+b2+cz)y2

Problem 10: (Suu tam)
Cho a,b,c duong; m,n duong va 2n3 m. Chirng minh rang:

mabc(a+b+c) +n(ab+bc +ca)(a’ +b° +¢*) * V3(m+n)abc(a® +b? +c2)y2

Huéng dan:
NX: Day la bai toan tong quét ciia cac béi todn trén. Sau khi chuan hod a* +b? +¢* = 3 ta st ¢6 dugc bt
dang thirc sau:
m(a+b+c)+nael+1+123 3(m+n) (*)
ga b cg
Ngoai cach sir dung ki thuat chon diém roi, taco thé sir dung cach giai sau:
bat X :1+£+E;Y —a+b+c
a b c
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Goi VT (*) IaT tacs: T=2(v+Y+x)+3h- D9x
2 & 23

Dé dang chirng minh: X 3 3; XY?3 27. Khi d6:

mo.,, 9m _a& mo

- —:3%3 —+3¢ch- —2=3(m+n)

2g & 23

Tiép theo day ta sz xét nhirng bai todn vira &p dung ki thuat chuan hod vira 4p dung phuong phép can
bang hé so.

ng. SXY2+§%

Problem 11: (Suu tam)
Cho a,b,ckhdng am. Chiing minh rang:

289(a’ + 64b° +c*) 3 64(a+b+c)°

Solution:
RG rang d6i vai bai todn trén néu takhai trién hai vé dung phuong phép bién ddi twong dwong thi dan téi
loi giai qua dai hodc khdng ra. Néu dé y tathdy bat dang thic dé cho |a thuin nhit nén nd dinh hudng
cho ta nghi téi ki thuat chuan hod bit dang thirc.
Néu a+b+c =0 thi bat ding thirc hién nhién duing.
Néu a+b+c>0 tachuin hod a+b+c=1. Khi d6 bt dang thic can chirng minh tro thanh:

a’+64b° +¢*3 el

289

Do vai trd a,c nhu nhau nén ta dwa vao day cac thamsd a ;b :

a®+640° +¢° = (a’+a’ +a®) +(64b° +b° +b°) +(c* +a° +a’)- 4a°- 2b°
Ap dung BBT AM-GM trong tirng diu ngoic ta co:
a®+64b°>+c®3 3aa®+12bb*+3aa’- 4a°- 2b°®
ja=c=a

Ping thuc xay ra U !b:% P 8 +b=4(1)
i
fa+tb+c=1
Pong thoi véi y mudn 1am xuit hién a+b+c =1 néntaphai c6: 3a2=12b* b a =2b (2)
8 4
To (D& (2 suyraa =—;b =—
(1)&(2) suy 17 17
Do do6: a®+64b* +c*3 ﬁ.
r 2 289 2 A~
Vay bat dang thic da cho da duoc chtrng minh. Bang thic xayra U a=c=8b
Céach khéc; Tadung dao h{‘;\m don hién. o
Do tinh doi Xirng cua 2 bien a,c nén noé dinh hudng cho ta danh gia gua mot bat dang thirc trung gian
guen thudc dé tir d6 taxét theo an b:

3
atc x . o
a’+c®s3 % ( tadé dang chirng minh BDT nay bang phuong phap bién doi tuwong duong)

Tacod: a®+64b° +c33 64b° +

(a+c)’ _ 2550 +3p*- 3p+1
4 4
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3 2 _
xé f(o) =222 i [o)) b (5) =(7650° +6b- 3).
' 1
f(b)=0P b=—.
(b) 17
Lap bang bién thién ciaham s f (b) trén doan [0;1] tathay f (b) 3 6;9

Vay a®+64b® +¢° 3 zigg bang thirc xay ra 0 a=c =8b.

Problem 12: (Suu tam)
Cho a,b,c duong.Tim GTNN :

_10a” +10b* +¢?
ab+bc+ca

Soluiton:
Biéu thurc A c6 tinh thuin nhét nén ta chuan hod ab+bc +ca =1(1). Bai toan qui vé tim GTNN cua
A=10a* +10b> + ¢ véi ab,c thoa diéu kién (1).
2a’+2b?3 4ab

Taco: 8a? +%c2 3 4ac
8b? +%c2 3 4bc

Cong lai tasuy ra 10a® +10b* +¢* 3 4(ab+bc+ca) = 4.
Ping thuc xayra U 4a=4b=c.

Problem 13: (bai toan tong quét).
Cho a,b,c,k duong. Tim GTNN cua:
_k(a®+b*)+c?

( k cho trudéce).
ab+bc+ca

Solution:

Bat dang thirc d& cho thuan nhit nén ta chuan hod ab+bc + ca =1. Bai todn qui vé tim GTNN cia
A=k(a®+b?) +c? vdi ab,c thoa diéu kién trén.

Tatach k=1+(k- 1)(0<I £k). Ap dung bat dang thic AM-GM ta co:
la’ +1b*3 2lab

(k - I)a2+%c23 J2(k - ac
(k- 1p* += L2s - be
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Vi y mudn xuét hién ab+bc +ca =1 thi taphai co: 2 = %hnbl=jifﬁ¥

1+/1+8k . . - 1

Vay GTNN cia A=————==_ Ping thic xay ral a=b= c
4 2(k- 1)

Problem 14: (Swu tam).
Cho a,b,c duong. TimGTLN cua:

_ 4ab + 6ac +8hc
(a+b+c)?

Solution:
Biéu thurc A c6 tinh thuan nhat nén ta chuin hod a+b+c=1. Bai todn qui vé viéc tim GTLN cua:
A=4ab+6ac+ E’Bbc, VoI a,b,g thoa diéu kién trén. Q
Ta s dung Ki thuat hé s6 bat dinh dé tach ra cac hang tir trong biéu thirc A nhu sau:
A=aa(b+c)+bb(a+c)+gc(a+b)=(a +b)ab+(a +g)bc+(b +g)ca
Podng nhit céc hé sb ta co:
_| a+b=4 |a =1
|a +g=6 U | b=3
lp+g=8 Ig=5

Do go:
dab+6ac+8bc=a(b+c)+3b(a+c)+5c(a+b)=a(l- a)+3b(l- b)+5c(1- c)
u
=3 %%-1°+§% +5c-39u
4 § 26 & 25 & 20 4
bit x=|a- 1 ;y:‘b- —|;z=|C- E‘D X+y+z=|a- = b- = C- Hs atb+c- E‘:l
2 2 2 2 2 2 2

Bai todn qui vé viéc tim GTLN caa A:%- (x> +3y? +57%) V6i x+y+1z3 %

Sir dung phuong phép can bang hé s ta co:

aé.50
846@ 46
®5 6 . 30 15 399
3y°+3. Z3=yb x*+3y*+52°3 —DA——-x+3 +57%) £=—
y'+ €165 46° y 92 ( y ) 92
57° +Saei9 ﬁz
&465 46
Vay GTLN cua A= 39 . bang thie xay raU ga b:gc
92 4 10

Ban doc tu luyén mot sb bai todn sau:
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Problem 15: (Suu tam)
Cho a,b,c duong. Tim GTNN cua

_a’+b*+16c®
(a+b+c)®

Problem 16: (Suu tam)
Cho a,b,c,d duong. Tim GTNN cua:

_ 5a’ +4b” +5¢% +d?
ab+bc+cd +da

Problem 17: (Suu tam)
Cho a,b,c duong. TimGTLN caa:

:ab+2bc+3ac
(a+b+c)’

Comment 3: Ki thugt can bang hé s6 1a mgt ki'thugt can thiét va thirong duroc si dung, méac du doi lic ta
phai gidi quyet nhiéu hé phurong trinh kha phuc tap. Nhung doi Véi cac bai toan khong ¢ dang chudn
tirc 1a khong doi xing, khdng hoan Vi, cac bie éu thizc 1éch nhau thi cong viéc nay duong nhu la bdt bugc.
Qua cac bal toan trén ta cang thay tam iing dung quan trong cua ki thugt chudn hoa gua thdt cac bai
toan trén néu ta khdng kem theo sz dung ki thugt chudn hod thi khéng thé giai quyét ching duwroc.

Tiép theo ta s xét mot sb bai todn vira sir dung ki thuat chuan hoé vira sir dung phuong phép don bién.

Problem 18: (Vasile Cirtogje)
Cho x,Y,z duong. Ching minh rang:

43 ( )% 743

+9xyz3 T(xy+ yz+ zx)(x2 +y? +zz)}é

X +y*+z

Solution:
Ngoai hinh cua bai todn that “cdng kénh” néu nhu theo 16i mon ta suy nghi sir dung phuong phép bién
d6i twong dwong nhu binh phuong hai vé chang han hay sir dung phuong phép manh nhu S.0.S hay don
bién thi van khong dé gi ra bai toan.
Nhung ta hdy binh tinh suy xét lai cAu hinh caand. D& nhan thiy bét ding thirc ¢4 cho thuan nhat va véi
mong mubn lam mét di c&c biéu thirc trong can ta chuan hod x? + y? + 72 = 3.Khi d6 bét ding thirc can
chirng minh tré thanh:

12+9xyz3 7(xy +yz+ 2X)
Dén day ta sir dung phuong phép don bién theo trung binh binh phuong. Ta ching minh:
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e /\2 2 2 2 0
f(x,y,2)- f \/X ty ,\/X ty ,Z+£0
é 2 2 -

1)
14z(x- y)?

X+ Yy +4/2(X° +Y?)

Tacan chirng minh: (9z- 7)/2(x% +y*) £7z0 ? Z9«/2(3- Z)£7.BPTndydingdo z£1.
Z9g

U (9z- 7)(x- y)* £

2

/ \ + \
Cuoi cung ta cung ta can chirng minh trong truong hop x=vy. bat t = X > y , BBT can chirng minh
R _ 2 2 0
tré thanh: 7(t? +22t) £12+9t22 0 7? Z 407)322 £12+9z§8 0
'] e 9

Cong viéc cua chiing ta bay gio lakhao sat ham sb bién z. (ban doc tu giai)
Céch khac: Tadon tat ca vé mot bién z nhu sau.BDT can chirng minh tuong duong véi BDT sau:
7z(x+y)+xy(7- 92)- 12£0

BDT trén ddng that vay :
_ 2 2 _ _ 52 _ 52
72(x+y) + xy(7- 92) £ (7 92)(2x +y )+7Z ’72(x2+y2) c (7 92)2(3 z )+72(52 z’) 12
30
(z-1E2- 22
2 2
pit f(2) =" 92)2(3' 2 )+7Z(52' 2) - 28 29¢0(21 [0,1)).

Vay bit dang thirc d& duoc ching minh. Dang thirc xay ral x = y=z.

Commnet 4: That ra véi bai toan nay thi phuong phap don bi en van chwa phai 1a toi wu nhat, bai vi
khao sat ham z ¢ cach 1 hoi khé. Nhung van voi y turong don tat ca vé mgt bién ta da gidgi quyét bai toan
theo cach 2 mgt cach nhe nhang, ngan gon. Ta da vin dung mgt cach khéo 1éo BOT AM-GM khi danh

gi&
2 2 2
’72(x2+y2)£2+x +y :5- z .

2 3
Do ta dy dodn x =y =1 nén ta ap dung BAOT AM-GM giira hai so 2 vax® + y* ma van dam bao diéu
kién ddu bang xay ra.

Problem 19: (Viét Nam MO-2002).
Cho X, Y, zlasb thyc bat ki. Chang minh rang:

3
B(x+y+2)(X*+y* +Z°) £ 27xyz+10(x2 +y 4+ zz)/2
Solution:
Bat dang thuc thuin nhit nén tachudn hod: x* + y* + 2% =9. Khi d6 bét ding thirc can chirng minh trg
thanh: 2(x+y+2z)£xyz+100 [2(x+y+2)- xyz]2£100.

Khong mat tinh tong quét gia sir |X| £|y| £|7 .Ap dung BDT Cauchy-Schwarz:
[20c+y+2)- 32" =+ y)* + 22 X £ Gx+y)*+ ZPER +(2- xy) = 72- 20wy + Xy 42Xy
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O [2(x+y+2)- xyz]” £100+(xy +2)*(2xy- 7).
Tu [XE|YE|4P 223 3P 2xyEX* +Yy* £6.
Suy radpcm.

Céch khéac: o

Tasir dung phuong phédp dén bién . Xét hiéu:

oz \/y 'z —-f(XYZ) 2(J2y*+2) - y- z (y )—(y 2)° -59
é \/ o} ( ) é«/Z(y +Z)+y+z 25

Néu x,y,z>0. Taxé hai truong hop:
1£ XE£ y£ z. Khi d6: 2(x+y+2)- xyz£ 2\3(x% +y? +7%) - 1=6/3- 1<10.
O£ x£1. Khi d6: 2(x+ y+2)- Xyz<2(Xx+y+2) £2x+2\/2(y* + 2°) =2x+2,/2(9- x*) = g(X)

. 2/x
P g(x)=2- >0b g(x)£g() =10.
\J9- X
, , , 2 V12 V320
Néu trong 3s6 X, Y,z c6 mot b am, gia st x < 0. Khi do: féx,\/y ;Z ,\/y ;Z 5 f(xy,2)? 0.
9

2,20 2
Ta cin ching minh fé \/y tz \/y ;Z +£10hay : 2x+2,/2(9- X°) - —X(92x)£10

1]
0 h(x) = x*- 5x+4/2(9- x*) £20. Tacé: h(x)=3x*- 5- ji 00 x=-1P h(X)£h(-1) =20
9- x*

Problem 20: (Nguyén Anh Khoa) ‘
Cho X, Yy, z duong. Chirng minh rang:

7 3
g:%(a2 +b? +¢?) +(a+b+c)23 3 5(a+b+c)® +54abc(a+b+c)® + 729a’b*c?

geziltuéléonr; thirc & cho thuan nhit nén ta chuan hod a+b+c = 3. Khi d6 bat dang thic can chirng minh
tré thanh:. g8(a? +b? +c?) + 9} 3 5.3° +1458abc + 729a%h’C?
U g+a’+b*+c’ HS 3 135+ 54abc + 27a’b’c?
Sir dung bét ding thirc AM-GM ta co: (3+ a’+b’ + 02)3 3 27(1+a?)(1+b%)(1+¢?)
(1+a®)(1+b?)(1+c?) 3 5+ abc(2+ abc)
U a’+b?+c®+a’h® +b’*c? +c?a® 3 4+ 2abc(l)
Lai co: a’b® +b*c® +c?a® 3 abc(a+b+c) =3abc.(2)
Tur (1)&(2) taphii chang minh BBT sau: a® +b® +c®+abcs 4
Taviét BDT can chirtng minh duéi dang:
(b+c)?- 2bc+a+abc- 43 0U (3- a)®’+a’+bc(a- 2)- 43 00U (a- 2)bc+2a’- 6a+53 0

Khi @6 taphai ching minh :
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~

é (3-a)’ud
Tach dinh axé ham bac nhit f (bc) = (a- 2)bc+2a® - 6a+59b cl &; 2 g+
e Ug

Theo tinh chit v& ham bac nhét thi f (bc) ® min{ f (0): fe(3 3)° t}
u

Ma (0)= 287 6a+5=2%. 30 4150
& 25 2
_ 2
fME a-283, 2-6a+5:%(a-1)2(a+2)30
e u

Dodé f(bc)3 0
Vay bt dang thirc d& duoc chiing minh. Bang thic xdyra U a=b=c=1.
Sau day lamét so6 bai toan sir dung thém ki thuat doi bien p,q,r.

Problem 21: (Pham Sinh Tan) ’ ‘ ‘
Cho a,b,ckhéng &m va khdng cé hai so ndo dong thoi bang 0. CMR véi moi
k3 1 taludn co:
a ., b ¢ .(a+b+c)(ab+bc+ca)3 ok +1
b+c c+a a+b a®+b*+c’

Solution:

Bat da cho lathuan nhat nén ta chuan ho& a+b+c=1. Khi d6 bat dang thic can chirng minh tro thanh:
a . b +-_C kab+bg+ca32\/7+l
b+c c+a a+b a®+b*+c’

Ddi bién a,b,ctheo p,q,r ; khi d6 tacan ching minh:
1- 2q+3r+k q 3 oK +1.

q-r 1- 39+3r
Tace: 24+ 9 _1-3a#3r 9 g l-8ard, 9
g-r 1- 3g+3r g-r 1- 3q+3r o} 1- 3q+3r
Sir dung tiép bat dang thuc AM-GM ta co: 1-3q+3r +k'1 32+3 +13 2./k +1.
- r

E%k+2 3+Vk+1

bing thuc xay raU (a,b,c)

5
X, X,0+ hoac cac hoan vi.
o}

Problem 24: (Duong Bac Lam). ’ ‘ ‘
Cho a,b,ckhéng &m va khdng c6 hai so ndo dong thoi bang 0. CMR:

2 2 2
g g g 1
aea9+aeb9+aec o, Oabc 30

&b+cy &ctapg &a+bg (a+b)(b+c)(c+a)

Solution:
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5 2a 2b 2c
bat x= 'y = 1 Z=
b+c c+a a+b

thanh: x*+y*+ 27 +5xyz3 8.
Ddi bién x,y,z theo p,q,r khi d6 gia thiét: q+r =4. BDT cin chirng minh tré thanh:

p?- 2q+5r380 p*- 7q+123 0.

khi d6 taco: xy+ yz+ xz+ xyz = 4. Bt ding thirc can chirng minh trg

- 2 - 2 ~ 3
Néu 43 p sir dung bat dang thirc Schur r 3 wb 43 Q+WU qE—Z ++396
p

_ 7(p*+36)
4p+9

+123 00U (p- 3)(p°- 16)£0.

Do d6: p?- 7q+123 p? +12. Tacan ching minh:
> 7(p’ +36)
4p+9

Bét ding thuc trén ding vi: 43 g3 /393 3.

2
Néu p3 4 taco: p?2 163 4q nén: p°- 2q+5r 3 p’- 2q3 %3 8.

Vay bét ding thirc ¢a dugc ching minh. Bang thirc xay rakhi x=y=z=1hoic x=y=2,z=0 vacéc
hoén vi tuong ung.

Comment 5: Bai toan trén kha hay ta da dat mét lan an phu réi sau @6 ta msi doi bién theo p,g,r. Bén
day ta @a dung mgt thu thugt rat hay dong khi siz dung bat dang thire Schur @6 1a chia triong hop ra dé
gidi quyét. Bai toan trén trong khi sz dung phizong phép phan tich binh phurong SO.Sla kha dai dong
nhung ta da cd mgt 1oi gidi dep gon gang thod man my quan vé mdt toan hoc khi sz dung khéo 1éo ki
thudt doi bién p,q,r.

Sau day lamot sd bai todn twong tu nhu bai trén.

Problem 26: (Todn hoc& Tuoi tre). ’ ‘ ‘
Cho a,b,clacéc so khdng &m vakhéng co6 hai so nao dong thoi bang 0. CMR:

a+b+c+ 4abc 30

b+c c+a a+b (a+b)(b+c)(c+ta)

Problem 27: (Toén tudi tho)
Cho a,b,clacéc sd duong. Ching minh rang:
a b C 2ab 2bc 2ca
+ + 3 + +
b+c c+a a+b (b+c)(c+a) (c+a)(atb) (b+c)(a+b)

Taxét tiép mot bai toan kinh dién sau:

Problem 28: (Iran-1996)
Cho x, Y, z khdng am vakhdng c6 hai sd ndo dong thoi bang 0. CMR:
(><y+y2+xz)é L 1 1 &9
Ex+y)  (y+2' (x+2°l 4
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Solution:
Do tinh d6i xang cua bai todn néntagia st x3 y 3 z. Sir dung bit dang thirc Cauchy-Schwarz ta co:
1 N 1 ,lel N 1 6_ (x+y+22)°
2 e 28xey x+zp Ayr2P(x+2)
Nén ta can ching minh:

1, (x+y+22)°
&x+y)*  2(x+2)*(y+2)°

é u, 9
(xy+yz+ )e 1] 2
u

Do tinh thuan nhat caa bit dang thirc ta chuan hod x+y =1 vadat a=xy P %3 a3 z(1- z). Khi d6 bat

dang thic tré thanh:
2
f@=a+z+ 22010 5,
2(z+z°+a)° 4
Taco: f'(a)=1- (1+22)°(z+a- 7). f'(a) = (1+22)%(z- 22° +a)
2(z+7° +a)’ (z+Z+a)
Nén f'(a)dong biéntasuyra f'(a) £ f e o_ (2z- 1)(8Z° +202° +382+7)£0.
&45 (2z+1)*
Do d6 f(a) nghich biénvay nén: f(a)3 faé‘o M
&4y (1+227

Vay bit dang thirc d& duoc chang minh. Dang thire xay rakhi x=y =z hoicx=y=1,z=0.

Comment 6: Bai todn trén & mgt trong nhizng bai toan kha néi tiéng trong lang bdt dang thirc va da co
kha nhiéu cach xuat hi¢n dé giai quyét né nhu: phuong phép SO.S, phuong phap don bién, phuong
phap p,q,r...Nhung cach gidi trén kha mgi mé ma nguoi ta goi do la: “ Ki thugt Cauchy bdt d@oi” . Ban
doc ¢ thé tim hiéu ki hon ki thudt nay trong bai viét ciing tén ciza anh VB Quéc Ba Can.

Problem 29: (Pham Kim Hung).
Cho a,b,c duong. Chirng minh rang:

3
a+b+c+3\/ab032

b+c c+a a+b 2(@+b+c)

Solution: o
Sir dung bat dang thirc Cauchy-Schwarz ta co:
a . b ¢ abc ., (atb+c)’ N 33/abc
b+c c+a a+b 2@+b+c) 2(a@b+bc+ca) 2(a+b+c)
Do tinh thuan nhét ciia bat dang thirc nén ta chuan ho& abc =1.
Déi bién a,b,c theo p,q,r tacd bit dang thirc tuong duong:
2
55?20 437 4pa0 (- 4p+ON) +(30- ) 0
q
Bat dang thuc trén ding do:
p- 4pq+9r 3 0 ( Bat dang thirc Schur bac 1)

3(ab+bc+ca)3 9R/a*h’c® =9=9abcU 39-9r3 0
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Vay bét ding thirc ¢a dugc ching minh. Bang thac xay ral a=b=c.

Problem 30: (Olympic Ba Lan-2005)
Cho a,b,c duong. Chirng minh rang:

3 3
a’+b*+c®+6abc3 ——(ab+bc+ca)’?

Solution:
Bat dang thirc d& cho la thuan nhit nén ta chuan ho&: ab+bc +ca = 3. Khi d6 bét ding thirc can ching
minh tro thanh: a’+b*+c’+6abc3 9

Truéc hét ta chirng minh bat ding thirc sau: a® +b®+¢® + 7abc 3 10. Ddi bién a,b,c theo p,q,r taco:
. e . oo
Ap dung bét dang thac Schur taco: r 3 maxi O,wu = maxi O,%U.
| |
Tacan chirng minh: p*- 9p+10r 3 10. Bén day ta dung tha thuat “ Chia dé tri” dé giai quyét:
Néu p3 23 thi; p*- 9p+10r 3 p*- 9p- 103 12p- 9q- 10=3p- 10>0.

Néu p£2J3<4 thi;
p°- 9p+10r - 103 p°- 9p+1—; p(12- p*)- 10=%(p- 3) g16- p*)+3(4- p)+2|3 0

Nhu vay a®+b®+c®+7abc3 100 a®+b®+c®+6abcs 9+1- abc3 9.
Bat ding thirc trén ding do: 3=ab+bc+ca3 3¥a’h’c® U abc£1.
Ping thuc xay ral a=b=c.

Problem 31: (Suu tam) ‘
Cho a,b,cduong. Chirng minh rang:
1+£+£+ 9 34ae1+1+19
a b c a+tb+c @a+b b+c c+ag

Solution:
Bat dang thirc da cho lathuan nhit nén ta chuan hod a+b+c =1. Khi d6 bat dang thirc can chimg minh
tuong duong voi bat dang thirc sau:
1+£+£+93 4 + 4 + 4 (1)
a b c atb b+c c+a
e Xy Lz o
bat a= b= ;C= . Khi @6 (1) tuong duong:
X+y+z X+y+z X+y+z
x+y+z+x+y+z+x+y+z+93 4(x+y+z)+4(x+y+z)+4(x+y+z)

X y z X+Yy y+z X+2z

~ +Z X+z X+ x X
yrz Xvz X¥¥sy

0 y z 0

+ + (2
X y z 8y+z X+z x+y,&,( )
1

Tasir dung bat ding thirc phu: 1.1
A B A+B

. Taco:
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N
X
c

w

+

X X
y z y+tz,
4y i L a2 ~ , . 2 y ~

YiYs +y ;',D (2). Vay bat dang thirc da duoc chirng minh. Bang thirc xay ral a=b=c.
Z X X+z7

|
z,25 421
y X x+yh
Comment 7: Bai toan trén con co nhiéu cach gidi khac nhung cach gidi trén theo toi c6 1¢ 1a dep nhat.
N . f A e X z T S .
Con vi sao matacothe dat a= b= Y ;C= do la mgt dieu hoan toan ty nhién

X+y+z X+y+z X+y+z

va dé hiéu boi vi mgt khi ta @d c6 diéu kién a+b+c =1 thi viéc ton tai cac 6 X, y, z 1a mét diéu hién
nhién. Phép ddt nhu trén nguoi ta goi 12 phép thé dai so” . ?
Luwu y: Ban doc ¢0 thé sir dung phirong phap phan tich binh phirong SO.Sdé giai bai toan trén.

Problem 32: (Pham Kim Hung) ‘
Cho a,b,c duong. Chirng minh rang:

(a®+b* +c*)(ab+bc+ca)® (a” +b? +¢)(a’h? +b°c” +c*a?)

Solution:
Bat ddng thuc trén thuin nhit nén ta chuin hoa ab+bc +ca =1.Déi bién a,b,c theo p,q,r tacod bit
dang thie cin chirng minh twong dwong véi:
p*- 4p*+2+4pr3 p’- 2p° - 2+4pr
U (p*-5p?+6pr+4)+2pr(p*-3)3 0
Bat dang thuc trén lubn ddng do:
p*- 5p?+4+6pr 3 0( Bat dang thuc Schur bac 2 voi q=ab+bc+ca=1).

(a+b+c)®- 3(ab+bc+ca):%ga- b)?+(b- ¢)*+(c- @)’y 0

U p*-330U0 2pr(p*-3)30
Vay bét ding thirc ¢8 dugc ching minh. Pang thiec xayra 0 a=b=c.

Problem 33: (Nguyén Anh Khoa) ‘
Cho a,b,c duong. Chirng minh rang:
abc +a3+b3+0331_9
a’(b+c)+b’(c+a)+c’(a+b) abc 6

Solution:
Bat dang thuc d& cho thuan nhat nén tachuan hod a+b+c =1. Bdi bién a,b,ctheo p,q,r . Khi d6 bét

dang thire cin chirng minh twong dwong véi bt dang thire sau:
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r. p’- 3pg+3r, 19
pq- 3r r 6

r,1-30+3r, EU r’+(g- 3(-39+3r), 19
q- 3r r 6 r(g- 3r) 6
6r’>+6(q- 3)(1- 3g+3r) 3 19r(qg- 3r)
6r* +60- 18r +18q° +54qr +18qr - 45r*3 19qr - 57r?
q(18q+53r +2)+9r*+2(q- 9r)3 0
Bat dang thurc trén lubn ddng do:
q(18q+53r +2)+9r?3 0( véi a,b,c>0pb p,qg,r >0).
2(pg- 9r)2 00 2(q- 9r)3 0 ( Bat dang thuc Schur bac 0 voi p =1).
Vay bét dang thirc d& dugc chirtng minh. Bang thic xay ral a=b=c.
Comment 8: Tada biet hai bat dang thirc xay sau:

o oo O ([a)

a?(b+c) +b?(c+a) +c*(a+b)® Gabc U — abe gl
a‘(b+c)+b°(cta)+c(cta) 6
3 3 3
aB+b*+c®3 3abc U a+b+c,
abc

Tir hai bat dang thizc trén ta thdy bai toan 33 cho ta thuc hi¢n phép cong nguoc chié éu. Pa s bat dang
therc hién nay deu diroC tao ra nho phép cong nguoc chieu. Nhiing logi bdt dang thizc nher vay thi
phurong phép téi wu nhat 1a phan tich binh phurong SO.S Saudaylaloi giai bang phuwong phap SO.S
Bdt dang thizc can chizng minh twrong dwong véi bat dang thic sau:

a’+b’+c’® .1 abc
abc 6 a’(b+c)+b’(c+a)+c’*(a+b)
3 a’b- 6ab
0 a’+b’+c’- 3ahc S‘ma ©
abc 6.9 a’b

Ta tao dang chinh tdc cho hai vé ta co:
~(a+b+c)ga- b)*+(b- c)*+(c- a)’y
VT 2abc
c(a- b)>+b(c- a)*+a(b- c)*
" Gab(a+b) +6bc(b+c) +6ac(a+c)
S,(b- ¢)*+S,(c- a)*+S.(a- b)*2 0 trong do:
33 a.d a’b- a’bc

Khi ¢ bat dang thizc can chirng minh ¢6 dgng:

S = atb+c a [ — abc(17a+18b+180)
® 2abc  6ab(a+b)+6bc(b+c)+6ac(a+c) 6abc.g aZb 6abc.g a’b
sym sym
33 a.d a’b- ab’c
S = atb+c b _ ac sm abc(18a+17b+180)
2abc  6ab(a+b)+6bc(b+c)+6ac(a+c) 6abc.§_ a’b 6abc. a a’b
sym sym
33 a.d a%b- abc?
S _atb+c_ c __oc sm abc(18a+18b+17c)
° 2abc  6ab(a+b)+6bc(b+c)+6ac(a+c) 6abc.g a’b 6abc.g aZb
sym sym
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Viy bt dang thic dé chiing minhxong. o
Voi bai toan nay van de dat ralatimhang so k tot nhat sao cho bat dang thirc sau ding voi noi a,b,c
dweong:
3 3 3
- 2abc i La +b’+c 33+5
a‘(b+c)+b°(c+ta)+c(a+h) abc

Problem 34: (USAMO-2003)
Cho a,b,c duong. Ching minh rang:
(2a+b+c)*  (2b+a+c)®  (2c+a+b)’
2a’ +(b+c)® 20°+(a+c)® 2¢®+(a+h)?

Solution:
Bat dang thirc d& cho thuan nhit nén ta.chuan hod a+b+c =3. Khi d6 bét ding thirc can chirng minh
tuong duong voi bat dang thirc sau:

@+3* . (+3° (c+3°

£8.
2a°+(3- a)> 20°+(3- b)*> 2c*+(3-¢)?

(a+3)’

Nhiém vu cua ching ta bay gio 1atim sb thuc a sao cho: > 5 £aa+§- a (1) ding voi
2a”+(3- a) 3

al (0;3).Gia sirtontai b a thi:
(DU Zma’+(7- %a)a®+(15a - 22)a+15- 9 3 0.
bit f(a)=3aa’+(7- %a)a’+(15a - 22)a+15- % . Vi f(a)3 0(" al (0;3)) va f(1) =0 néntheo

dinh Ii Fermat tacé: f' () =00 a =—

2
_@*Y 4420 (a-124a+3)3 0.
2a+(3-a)° 3 3
Tuong tu ddi véi b, ¢ cong lai taduoc diéu can chieng minh.
Comment 9: Ki thugt tim s thuc a nhu trén nguoi ta goi d6 1a * phurong phép hé s bat dinh™ . Y tusng
cua ki thugt nay ta c6 thé hiéu so luroc nhur sau:

Bai toan: Cho céc s6 thuc a,.(i :E)T DI R'thod mén: g(a,) +g(a,) +...+ g(a,) =m(m>0).

Nhu vy ta can chang minh :

Ching minhrang: f(a)+ f(a,)+...+f(a)3 0.

HD: Vi bdt dang thizc can chiing minh va cd biéu thirc diéu kién dé bai 1a mang tinh doi xirng Véi tat cd
cac bién nén ddu bang thurong dat tai tam. Viéc ta phai lamla tim s thyc a sao cho: f(a,) 3 ag(a,)
dung véi mpi a thod mén dé bai. bay |a mét duong |61 rat co ban dé gidi quyét dang toan nay. Pong
thoi véi cac bat dang thirc thuan nhat sau khi chuan hod sé chuyén ngay vé dang nay.

Piéu kién can dé co thé s dung phurong phap nay la:

+ Bat dang thizc can chizng minh phdi thuan nhdt. o

+ Ddu bang cua bt dang thirc xay ra khi cac bién s6 bang céc gia tri trong mgt tap hizu han ndo dé
(therong thi tap @6 chi cd mgt so clng lam Ié} hai). ‘ ” o
+Bat dang thirc la tong cua mot day cac bieu thirc doi xiing nhau va ton tai cach chuan hod dé moi bieu
thizc chi con phu thugc vao mat bien so hodc cac biéu thirc 1a hoan vi lién tiep nhau.
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Problem 35: (IMO-2001)
Cho a,b, cduong. Chirng minh rang:

a b c
+ + 31
Ja?+8oc +b’+8ca +c?+8ab
Solution:
Bat dang thirc da cho thuan nhat nén ta chuan hod a+b+c=1. Khi d6 ba todn can ching minh tr&
thanh:

af (a® +8bc) + bf (b* +8ca) + cf (c* +8ab) 3 1
Trong d6 f(t) = % _Viham f 1aham I3i trén R' nén & dung bét déng thirc Jensen ta co:
af (a +80c) +bf (b” +8ca) +cf (c* +8ab) * f (a(a” +80c) +b(b” +8ca) +c(c” +8ab))
Tathdy f(1) =1 vaham f nghich bién nghiém céach trén R* nén ta chi can chixng minh:
13 a(a®+8oc) +b(b? +8ca) + c(c® +8ab)
U (a+b+c)®*3 a®+b’+c® +24abc
U c(a- b)?+b(c- a)* +a(b- c)*3 0
Vay bit dang thirc d& duoc ching minh. ang thirc xay ral a=b=c.
Comment 10: Vi loi gidi trén da s dung hamloi va ham don diéu nghiém cach nén c6 ¢ khdng phi hop
Voi cac pan chwa hoc cac li thuyét 52‘6. Sau d‘é}y la mot loi giai khac:
Ta chuan hoa abc =1khi d6 bat dang thiec can chieng minh twong durong:
1 + 1 + 1
J1+8a +1+8b +/1+8c
U & /(1+8a)(1+8b) 3 \/(1+8a)(1+8b)(1+8c)

cyc

31

U 8(a+b+c)+2,/(1+8a)(1+8b)(1+8c) § V1+8a 3 510
cyc

8 8 8

Do abc=1b a+b+c3 3 va (1+8a)(1+8b)(1+8c) 3 9a°h°c® =729 va

8 4 , C
A V1+8a3 § V9a® 3 9(abc)? =9. Cgng tdt cd lgi ta dirpc diéu can chirng minh.

cyc oyc
Bai toan téng quéat: Cho a,b,c>0;l 3 8. Chitng minh rang:
a b c

31.

+ +

Ja?+lbc o’ +lca o2+l ab
Loi giai bai toan nay tuong tu nhee bai trén.
Nhu vay 1a qua céc bai todn trén ching ta ciing da thiy duoc s hitu hiéu, loi ich cua viéc chuan hoa mot
bat dang thuc thuan nhét:

* Lam bat dang thic can chirng minh caa chiing ta don gian hon so véi ngoai hinh caa né lic
ban dau (thuong thi cac bt dang thire 10i giai co sir dung ki thuat chuan hoé thi ngoai hinh ciané khéa
“cdng kénh, dé so”).

* Sau khi chuan hod n6 gitp ching ta dinh hudng 101 giai bai todn ciing nhu sir dung cdng cu ndo
tiép theo dé sir Ii phan con lai cua bai todn. Tiéu biéu cho s loi ich ndy 1a sir dung ki thuat chuan hoA di
kém vai phuong phép don bién.
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* Mot khi ban d& chuan hoa duoc thi ciing chinh la ban 8 doén duoc dau bang xay ra khi ndo
(tai tdm hay tai bién), nghia la ban da di dugc 20% quang duong.
Tuy nhlen dleu doc dao va Cung Ia dleu kho khan nhat caa ki thuat nay Ia chuan hoa nhu: the nao la hop

Do chinh 1avan dé téi mong mudn cac ban hiéu duoc qua bai viét ndy.
NGi tém lai ki thuat chuan hoa ddng nhu theo tén caa nd tuy khdng phai 1a mot phuong phép giai mang
tinh bao quét nhur S.0.S; U.M.V;S.M.V; P,Q,R;ABC;GLA...nhung nd van la mot trong nhitng cong cu
uu tién hang dau khi d6i mit véi céc bt dang thire thuan nhit.
Két thic bai viét lamot sd bai tap tu luyén danh cho ban doc.
Problem 1:(Mihai Piticari, Dan Popescu, Old and Newl nequalities). Cho a,b, cduwong. Chirng minh
rang:

5(a*+b*+c*)(a+b+c)£6(a’+b*+c*)+(a+b+c)°
Problem 2:(Swu tam) Cho céc sb thyc a,b,c. Ching minh rang:

(af+ ol +[d) (a2 +b? +62) £ abo-+ (a2 b7 +.c2)
Problem 3:(Swu tdm) Cho X, Y, z dwong. Ching minh rang:
X2Y2 + VP2 + x2ZR 3 3xyz\/m
Problem 4:(Swu tam) Cho a, b, ¢ duong. Ching minh rang:
3(ab+bc+ca) +4(a+b+c)(a® +b? +C2)y2 3 21(a® +b* +¢c?)
Problem 5:(Swu tdm) Cho a,b,c dwong. Chirng minh rang:

Aa+b+c)(a® +b? +c?) £ 4/2.(a2 +b? +¢2) 2 + Gabe
Problem 6:(Russia MO) Cho a,b,¢ dwong. Chirng minh rang:

(a+b+)”.(Va+b++c)s 33(ab+hbe+ca)

Problem 7:(Swu tdm) Cho a,b,c dwong. Chirng minh rang:
2(a® +b? +¢?)® + 2(a® + b* + ¢?)*(ab+ bc + ca) 3 8a’b’c?
Problem 8:(Swu tdm) Cho X, Y,z dwong. Ching minh rang:
(X+y+2)(X*+y +2°) £ 2(x2 +y*+ zz)% +
Problem 9:(Swu tam) Cho a, b, ¢ duong. Ching minh rang:
(a®+b” + cz)% (a+b+c)3 a’b® +b’c* +c’a’
Problem 10:(Japan MO 2002) Cho a, b, ckhéng am. Ching minh rang:
(b+c- a)? ,(cta- b)? L (a+h- 0’ .3
(b+c)*+a> (c+a)®+b®> (a+b)’+c®> 5
Problem 11:(Nguyen Anh Khoa) Cho a,b,ckhdng am. Chirng minh rang:
a’ N b? N c? s 3
a’+3(b+c)® b’+3(c+a)® c*+3(a+b)® 13
Problem 12:(Darij Grinberg) Cho a,b,c khong &m vakhong cé hai s ndo dong thoi bang 0.
Ching minh rang:
(b+c)® N (c+a)? (a+b)
a’+bc W+m c’+ab
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NGUYEN ANH KHOA

A. Loi néi diu:
Nhu & phan trudc tadé xét bat dang thic thuan nhat voi ki thuat chuan hod va ta d thiy duoc sr quan
trong caa ki thuat ndy . O phan ndy ta xét mot 1op bat dang thirc khdng thuan nhit co didu kién vakhéng
c6 diéu kién. Tuy bat dang thic khéng thuan nhit khéng dugc nhiéu nguoi chi'y dén nhung theo téc gia
mot khi d& nghién ctru vé bat dang thac thi khdng nén |1ang quén bit cir van dé gi lién quan dén no. Vi li
do ¢6 ma hdm nay téc gia da viét thém mot bai viét vé bt dang thic khdng thuan nhit mong ban quan
tam dén.
B. Bt ding thirc khong thuin nhét:
Vi kién thuc l5p ham khéng thuan nhat khong co gi quan trong nén tac gia s¢ khdng néu ra day matac
gia mong mudn rang thong qua mot sd bai tap ban doc tu rut ra nhirng kinh nghiém riéng cho minh.

1.1 Bat ding thirc khdng thuan nhdt co diéu kign:
Taxét bai toan don gian sau:

Problem 1: (Suu tam) ‘
Cho a,b,c khéng amva a+b+c=3. Chirng minh rang:

a+b*+c®3 a®+b*+c?3 atb+c

Solution:

M3di vé cua bat dang thirc hon kém nhau mot bac dong thoi diang thie diéu kién 6 dang bac nhit nén ta
dira vao d6 dé ddng bac hai Vé.

Vé thir nhat: Bat dang thire can ching minh tuong dwong vai bt dang thire sau:

at+b*+c®) 3 (a®+b?+c?)(a+b+c) U (a®+b%- a’b- ab?)+ (b +c®- b’c- bc?)+(c*+a’- ca’- c?a)3 0
U (a- b)’(a+b)+(b- c)’(b+c)+(c- a)’(c+a)3 0

Bat dang thuc trén lubn ddng.

Vé thir hai: Bat dang thirc cin ching minh tuong duong véi bat dang thirc sau:

a*+b?+c?)3 (a+b+c)> U (a- b)?+(b- c)®+(c- a)*3 0.

Bat dang thuc trén lubn ddng.

Vay bét ding thirc ¢4 cho chirng minh xong. Bang thirc xay ral0 a=b=c=1.

Comment 1: K7 thudt da sz dung ¢ bai toan trén goi 1a ki thudt dong bdc hoa (thuan nhdt hod) bat dang
thizc. Pay 1a mét ki thugdt quan trong trong chuizng minh bdt dang thirc.

Néi dung ki thudt thudn nhat hoda bdt ding theec:

Gid sir ta can ching minh BDT f (%, %,,..%,) 3 g(X,, %,,...X,) matrong d6 bdc cia ciia 2 vé BDT chénh
|éch nhau thi ta dya vao diéu kién dé bai ( thuong thi doi véi logi todn ndy nguoi ta thurong cho thém
dieu kién rang bugc cac bién nhur tong hodc tich...) cho dé dong bdc 2 vé, réi sau @6 sir dung phép bién
doi twong dirong dé ching minh BAT 1a dung.
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Thyc ra thudn nhdt hoa va chudn hod |a hai ki thugt déi nguroc nhau nhung né bé sung cho nhau va co
moi lién h¢ mdt thiét véi nhau. Hau het cac bat dang thic co dieu kién deu duoc suy ra tur bat dang thirc
thuan nhat sau mgt budc chuan hod nao dé. Ban doc 6 the hiéu rd y ma téi muon néi théng qua bai
toan sau.

Problem 2: (IMO-1984) ‘
Cho x,y,zkhéng amva x+ y+z=1. Chirng minh rang:
7

+yzZ+XZ- 2Xyz £ —
Xy+yz xy227

Solution:
Thuan nhat ho& hai vé bat dang thirc ta co:

(o + vz ) (xty +2)- 2z (x+y+2)' (1)

U 7(x3+y3+23)+15xyz3 BXy(X+ Y) +6yz(y + 2) + 6xz(X + 2)
BDT trén dung do duoc suy ratir hai BDT sau:
6(x3+y3+23)+18xyz3 6Xy(X+Y) +6yz(y + 2) + 6xz(x+ Z) ( BDT Schur)

x> +y*+2°3 3xyz ( BDT Cauchy)

pang thuc xayra U x=y= z:%

Comment 2: ) ) ? ?

Sau da thuan nhat hda hai ve ta co thé phét biéu bai toan lgi nher sau:

Cho x,y, z khdng &m. Chuiing minh rang: 7(x+ y+2)® +54xyz3 27(xy + yz+ xz)(x+ y + 2)

Bay gio ta coi nhu chua bié't loi gidi cua bai toan hai. Ta gidi bai toan nay nhu sau:

Bat dang thirc da cho thuan nhat nén ta chuan hoa x+ y+ z=1(vi sao lgi chuan hoa nhu vay thi toi
nghi téi day cac ban dé tir ¢6 thé trd loi cau hoi @6). Khi a6 bat dang thirc can ching minh tuwong duong
Vo1 bat dang thirc sau: 7+ 54xyz 3 27(xy + yz+ xz) .

Pén day ta co thé gigi bang nhiéu cach khac nhau, sau #ay |a mét oi gidi theo phurong phép Look at the
end poi‘nt.

BOT can chieng minh tueong dwang voi BDT sau:

Xy +yz+yz- 2xy2- L =X(y+2)+ yal- 2x)-§—x(1 X) + yz(l- 2x)-l7

é (1- x)2 uo
Taco dinhx xét f(yz) = x(1- x) + yz(1- 2x)-—§yz €0 2 ur. Theo dinhlitaco:
g Bg

f (y2) £ max{ f (0): fif‘ XO}

2

Ma (0) = X(1- X)- ——=- X+ x- —<-xX4+x-2=-F%-10 £op t(0)<0
27 27 4~ & 25

é(1- x)*U - %2 Y . 3(1- x)*U
fe—A( ) G=x(- )+ & AN 7 _-1x 108, 10,4, fe—( ) UEO
B 4§ 4 4 277 2% 3% 6g B 4 4§
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Do d6 f(yz) E0b dpcm.

Qua d6 chdc ban doc da hiéu diéu téi muon ndi. Nhung theo kinh nghiém ban than thi téi thdy hau hét
cac bat dang thirc thuan nhdt deu dé chirng minh hon cac bdt dang thire khong thuan nhat (dac biét 1a
khéng cd diéu ki¢n).

Problem 3: (Suu tam)
Cho c&c sb thuc a,b,c thoa méan didu kien: a’% +b’% +¢73 = 3. Ching minh rang:

4, 4, 4,
a’ +b? +C?3 @' +b/% +0 3.

Solution:

Pé loai bé s6 mi hitu ti tadit 4n phu nhu sau: x=a’%;y =b'3; z=¢2 . Khi d6 bit ding thirc cin
chang minh trg thanh x® +y® +2° 3 x* + y* + z* véi didu kién x* + y? + 22 = 3.

Thuan nhat hoé bat ding thirc can chirng minh ta co:

3(X6 +y6 +ZG)3 (XZ + y2 +ZZ)(X4 + y4 +Z4)

U (- )20 +y) +(y? - Z2)X (Y +22)+ (X - ) (P +2)3 0

Bat dang thuc trén ludn ddng q

Vay bat dang thirc da dugc ching minh. bang thic xay ral a=b=c=1

Taxét tiep mot s6 bai todn cd mirc do khoé hon.

Problem 4: (Tran Tuan Anh).
Cho a,b,cduong va a+b+c=1. Chirng minh rang:

a+bc+b+ca+c+ab
b+c c+a a+b

32

Solution: o ‘
Thuan nhat ho4 bat dang thac can chirng minh ta co:
a(a+b+c)+bc+ b(a+b+c)+ca+ c(a+b+c)+ab

b+c cta at+b
_(atc)(ath) N (a+b)(b+c) N (a+c)(b+c)
b+c cta a+b

Sir dung bét ding thire AM-GM ta co:

(@+c)(a+b)  (@+b)b+c), 0
b+c c+a :

(a+b)(b+c) , (a+o)b+c), brehb & (@*0)@+*D) 5 yiasprc)=2.
c+a a+b i o brc

(@+c)(a+h)  @+c)b+c), I
b+c a+b b

Vay bét ding thirc ¢a dugc ching minh. Bang thec xayra U a=b=c ::—13 :
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Problem 5: (Nguyén Anh Khoa) ‘
Cho a,b,cduong va a+b+c=1. Chirng minh rang:

1 1 1 1
+ + £
Ja+bc +b+ca +c+ab 6abc

Solution: o ‘
Thuan nhat ho4 bat dang thac can chirng minh ta co:
1 N 1 N 1
Ja@+b+c)+bc (b(a+b+c)+ac 4/c(a+b+c)+ab
1 1 N 1

= +
J@+b)a+c) (b+c)b+a) /(c+a)c+b)
Sir dung bét ding thire AM-GM ta co:

/ 1 lee 1 (Y
£— + =
(a+b)(a+c) 28a+b atcg
1 lee 1 1 oI 1 1 1
£= + D
(b+c)a+b) 2&b+c a+b@y ,/(a+b)(a+c E2%b brc c+a

1 lee 1 1 0
£ +
(c+a)(c+b) 280+a c+bgb

1.1,

Sir dung tiép bat dang thic phy = +—= ta co:
ir dung tiép bat dang p A B TB
(a+b+c)?
1 + 1 + 1 £1aé__ £+£o ab+bc+c;a£ 3 _ 1 @
a+b b+c c+a 28a b cg 2abc 2abc 6abc

Tur (1)&(2) suy radpem. Bang thuc xay ral a=b=c ::—13 .
Sau day lamot sd bai todn tu luyén cho ki thuat ndy.

Problem 6: (Suu tam)
Cho a,b,cduong va abc =1. Ching minh rang:
1. (a+b)(b+c)(c+a)3 2(1+a+b+c)

1+1+1£1

"a+b+1 b+c+l c+a+l

Problem 7: (Suu tam) ‘
Cho a,b,c duong va a+b+c=1. Chirng minh rang:
1. 5+xyz® 2(xy + yz+xz)
b c

a
2. + +
a++a+bc b++b+ca c++/c+ab

£1
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Problem 8: (Suu tam)
Cho a,b,cduong va a+b+c=1. Ching minh rang:

a’+b?*+c*+abcs 4

Solution:
Tasir dung phuong phép Look at the end point. Taviét bat dang thic can ching minh dudi dang:
(y+2)°- 2yz+ x> +xyz- 43 00 (3- x)*+x*+ yz(x— 2)-430U (2— X)yz+2x* - 6x+53 0

e (3-
Tacd dinhx xét f(yz) = (x- 2)yz+2x> -6x+5(;yz gO( X) l;l:
e 4
, . €3- x)°'u
Theo dinhli f(yz) 2 min{ f(0); f &—"—@ .Ma
e 4
35 1
f(0) =2x*- 6x+5= 2%&.2%24250p f(0)>0
& 25 2
é(3- x)° é(3- x)*U
fuu (x- 2)(3 X)” +2x2-6x+5:£(x-1)2(x+2)3OD fumo
g 4 4 4 g 4

Dodo f(yz)3 Ob dpcm.
Sau day lamét bai toan tuong tu.

Problem 9: (Nguyén Anh Khoa)
Cho a,b,c duong va 2(a® +b® +¢?) +abc = 7. Chirng minh rang:
a+b+c£3.(*)

Solution:

That ki la chéq hénNCég ban thic méc vi sao matdi lai n6i bai toan ndy lai twong tu nhu bai toan 8. Vado
ciing lamot dicu dé hiéu.

Sir dung ki thuat phan chirng ta chirng minh bai toan tuong duong sau:

Vé6i a,b,c>0 va a+b+c=3. Chang minhring: 2(a +b? +c?)+abc3 7.(**)

Sir dung phwong phép Look at the end point ta viét bt dang thirc cin chirng minh duéi dang:

2(b+c)?- 4bc+2a?+abc- 73 0U 2(3- a)*+bc(a- 4) +2a*- 73 00 4a’- 12a+11+bc(a- 4)3 0

a8- ap U0
Tach dinh axét f(bc) =bc(a- 4)+4a’- 12a+11 bcI 908—_ at
é 2 g
Theo dinh Ii f (bc) 3 mm. f(O) feaeﬂ9$ Ma:
g 2 th

f (0) =4a’- 12a+11:(2a- 3)°+2>0

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

+4a’ - 12a+11= 30.Dodd f(bc)® 0P dpcm

9a§ aoU (3- a)*(a- 4)
= 2 g g 4
Comment 3: C6 |é cac ban s thic mac vi sao khi bt ddang thic (**) dang thi dan téi bat ddang thic (%)
dung do ciing chinh la cai hay cua ki thudt phan chizng. NO gidp ta dwa mgt bai toan chizng minh bat
dang thirc véi diéu kién phirc tap vé bai toan bdt dang thic tirong dwrong véi diéu kién nhe nhang hon.
Gia sir bdt dang thirc (**) ding viéc bay gio 1a tir (**) ta suy ra (*) nghia la ta c6 gid thiét:

a+b+c=3p 2(a®+b’+c*)+abc? 7.
Bay gio ta chiing minh (*). Gid s tontai a,b, cthod mén 2(a® +b? +c?) +abc=7. CMR:
atb+c£3.
Gid sir nguoc lai: a+b+c=3k>3. Dat: a=ka;b=kb;c=kcthi a +b +c =3vi (**) chizng minh

(a- 1)*(a+8)
4

dwocnéntasuyra 2(a +b” +c’)+abc 3 7.
Do k>1 nén 2(a2+b*+c?)+abc>2(a” +b +c )+abc 3 7(voli).

Problem 10: (Nguyén Anh Khoa)

2 2 2 3/ A2|h2A~2
Cho a,b,cduong vathoa man: a4 b L&y abc _u
b+c a+c a+b a+b+c 6

Chang minh rang: 1.1:1s5
a b c

Solution:

Xé&y dung bai todn phan ching: Véi a,b,cduong va §+% +% = 3. Chirng minh rang:

a’ b? ¢ Jah’c? . 11
+ + + 3 —.
b+c c+a a+b a+b+c 6

Sir dung bét ding thire AM-GM ta co: 3—1+1+13 3‘3/i p abcs 1.
a b c abc

2 2 2 3/ A2IW2A2 2 2 2
Khidé:a+b+c+\/abcga+b+c+ 1 .
btc c+a a+b a+b+c b+c c+a a+b a+b+c
Sir dung tiép bat dang thirc Cauchy-Schwarz ta co:
a’ b? c? 1 a+b+c 1
+ + + 3 + .
b+c c+a a+b a+b+c 2 atb+c

.2 . Lt 1
bat a+b+c=t3 3. St dung ki thuat diém roi ta co: §+f:

o O~
+

Vay bit dang thirc dugc chirng minh. Bang thic xay ral a =

Problem 11: (IMO-2005) ‘
Cho x,y, zduong va xyz3 1. Chirng minh rang:

5 2

x> - X Y- y? -7
5 2 2+ 2 2+ 2 2 530
X+y+7Z7 X+y+7 X+y+z
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Solution: q
Tathuan nhat hoa bat dang thirc nhu sau:

o X-X o X°-X°Xyz o x* - xX%yz

2 . -3 . 2 2X'- x2(y2+zz).
w2 XY+ Hxy2(YP+ ) XYY+ ) e XYY+ 2)
Pit a= x*;b=y? c=Z%. Khi d6 tacan chang minh:

o 2a’- ab+c),

ab,c 28.2 + (b+ C)2

~ O é a b l:l

U a-b - i°
A D v’ 2 @rorl

0 4 (- b)zg c’+c(atb)+a’- ab+b* U,

é a
anc g(2a” +(b+0)*)(20° +(a+c)’)
Vay bét diang thirc ¢8 dugc chirng minh. Pang thec xayra 0 x=y=z=1.

Problem 12: (Pham Kim Hung) ‘
Cho a,b,c duong va a+b+c=3. Chirng minh rang:

a’ b? c?
+ +
a+b®> b+c? c+a?

s 3
2

Solution:
Sir dung ki thuat Cauchy nguoc diu. Ta co bat diang thirc cin chirng minh tuong duong voi:
2 2 2
a- 2 > +b- b > +C- ¢ 2£a+b+c-§:§
a+b b+c cta 2 2

-~ ab®  bc® ca® .3
+ + £—
a+b® b+c® c+ta 2
Sir dung bat dang thirc AM-GM ¢ du6i mau ta co:

ab> . bJal

2£—|
a+b 2
bc? £c%:f,ID o A’ _a c+c£+bﬁ£a(c+1)+c(b+1)+b(a+1)£§
b+c? 2%-/ o a+b’ 2 4 2
ca’ _avcl

c+a® 2 b
Vay bit dang thirc d& duoc chang minh. DBang thire xay ral a=b=c=1.

Problem 13: (Suu tam) ‘
Cho a,b,cduong va a+b+c=1. Chirng minh rang:

a b csx@

+ +
Ji-a 1-b J1-¢ 2
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Solution:
, b . c _1-Q-a 1-@-b 1-(-9
J-a f1-b Vi-¢ J1-a  V1-b 1-¢

—1+1+1- -a++/1- b+4/1-
_x/l-a Vi-b J1-c (\/1 a+vl-b+vl C)(l)

Sir dung bét déng thirc Cauchy-Schwarz ta co:
J1- a++/1- b+1- c£./3(3- a- b- ¢) =/6
1 1 1 9
+ + 3 =—
Ji- a \/1-b VI-¢ 1-a+/1-b+41-¢c /6
b Cc 3 9 \/— f
Jl a V1-b Ji-c 6 2

Vay bét ding thirc dugc ching minh. Pang thirc xay ral a=b=c¢ ::—13 :

Taco:

Do do:

Problem 14: (Moskva-2000)
Cho X, Y,z duong va xyz=1. Chirng minh rang:

X2+ Y+ 722+ X+y+23 2(xy+yz+Xx2)

Solution:’
Do tinh doi xing cia bai todn néntagia st X£ y £ z. Tadat:
F(Xy,2) =X +y +Z° +x+y+2- 2(xy+Yyz+X2)

Xét hisu: f(x,y,2)- f(x+yz,\y2)

=XEHy +Z2HX+Yy+2Z- 20Xy + Yz HX2D) - XE - yz- yzZ- X- 2/yz+2(2x]yzZ + y2)
=y + 22+ y+z- 2xy+yz+x2) - 2/yz +4x\yz

=(y- 2" +(Jy-V2)*- 2x(y- V2)?

:(\/9 \/E)z(y+z- 2x+1+2\/ﬁ)

Do xEy£zb y+z-2x30nén f(x,Y,2)- f(x,ﬁ,ﬁ)3 0

it a=x\yz=bb ab? =1.Xé&: f(x.\/yz\y2) = f(abb)=at+a+2b- dab= -+

+2b-ﬂ
b

:b—ﬂ(zbf’- 4b3+b2+1):b—14(b- 1)?(2b° +4b> +20+1)3 0. Suyra: f(x,y,2) 3 f(x+/yz,\[yz)? 0.
Vay bét ding thirc ¢a dugc ching minh. Bang thac xay ral x=y=z=1.

Problem 15: (V& Quoc Ba Can)
Cho a,b,cduong va abc =1Ching minh rang:
a b c
+ +
J8c+1 8a’+1 +/8p’+1

31
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Solution:

Bai toan trén déy duoc anh V& Quéc Ba Can dwalén béo Toan hoc& Tudi tré. Tinh cho dén nay (thoi
diém t6i dang viét bai viét ndy) 1atdi chua nhan duoc 101 giai tir bdo Todn hoc& Tubi tré. Nhung may
man thay |at6i d giai duoc bai todn ndy va cang ngac nhién hon 1atéi da sir dung ki thuat thuan nhat
ho& Sau day laloi giai cuatoi:

Taco:
2
Jact+1=\J(2c+D(act- 20+ £ F2op2gp B 5@
J8c®+1 2c°+1
2
Joo +1=\J@b+ (- o X F2opppigp G 8 C
8o°+1 2b°+1
2
\/8a3+1:\/(2a+1)(4a2-2a+1)£4a *2 oat+1p 2 ¢ E
Jgai+1 2a°+1
Do do: a+b+c3?+?+zc.(1)
J8cP+1 f8a¥+1 f8*+1 27+l 2a*+1 207 +1
Do abc=1 néntadat a==:b=>:c =2 khi d6 (1) tré thanh:
y z X
X3 N y3 N 23

Xy +2yz°  yz+272¢ X2 +2xy°

3 X4 y4 Z4

X3y +2xy7 * y°z+2x%yz * XZ* + 2xy°z
Sir dung bét déng thirc Cauchy-Schwarz ta co:

X! N y* + z (X +y*+2°)°

XCy+2xyZ°  Vz+2x°yz  x242xy’z Xy + Y’z+ X+ 2xyz(X+ Y + 2)
Tachang minh: (x> +y? +2%)%3 X’y + y°z+ Z°x+ 2xyz(X+ y + 2)

U x*+y" + 28 +203y2 + Y222 + X°Z2%) 3 Xy + Y3z + X+ 2xyz(X + y + 2)
Sir dung bét ding thirc AM-GM ta chirng minh duoc: X°y? + y?z2 + X% 3 xyz(Xx+y+2).
Gia sir y=max{x,y, 7} . Xé hiéu:

X*+y'+7'- XCy- yiz- ZPx=x3(x- y)+ V(Y- 2)+Z%(z- X)

=(x- (- 2)+(y- (Y’ - X°) =(x- D°(X +x2+ %) +(y- 2)(y- )(X* +xy+y*)3 0
Bat dang thuc trén dung. Vay bét dang thirc ban dau da dugc ching minh. Bang thirc xay ra
U a=b=c=1
Qua céc vi du trén co 1& céc ban da tu ndm cho minh mot s kinh nghiém trong viéc giai quyét cac bai
toan khdng thuin nhit co didu kién. That raddi véi céc bat ding thirc khdng thuin nhit co diéu kién thi
ki thuat thuan nhit hod 1a duoc sir dung nhiéu nhit. Tuy nhién ban hély xét bt dang thirc sau:

Cho a,b,c3 0 va a+b+c=23. Chirng minh rang:

(a® +a+1)(0* +b+1)(c* +c+1) £ 27.

Déi véi bai todn trén thi viéc sir dung ki thuat thuan nhat hod vé 1a hoan toan vé dung ma phai sir dung
cong cu manh hon 1a phuong phdp don bién. Qua dé ti mudn nGi khdng phai ltc ndo ki thuat thuan nhét
hod ciing c6 thé giai quyét dugc hau hét céc bat dang thiac khdng thuan nhit co diéu kién (tirc 1a sirc
manh caa ki thuat thuan nhat hod cé chirng muc ndo dé). Tuy ndi thé nhung ki thuat ndy vé cling quan
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trong trong viéc chirng minh bét déng thirc vano ciing 1a mét tiéu chuan dau tién moi khi xét dén mot
bai toan bat ding thirc ndo dé.

Sau day lamot sd bai toan tu luyén:

Problem 1:(Swu tdm) Cho a,b,c3 0va a+b+c=1. Chirng minh rang:

a’+b®+c®+6abcs 1

Problem 2:(Phép 2005) Cho a,b,cdwong va a+b+c = 3. Chirng minh rang:
E+E+@ 33
a b c

Problem 3:(Toan hec& Tudi tré) Cho a,b,cduong va a+b+c=2. Ching minh rang:
a’b+b’c+c’afa’+b’+c’ £1+%(a4 +b* +c“)

Problem 4:(Swu tam) Cho a,b,c duong va a? +b? +c¢? = 3. Chirng minh rang:
a’(b+c)+b*(c+a)+c’(a+b) £6.

Problem 5:(APMO 2001) Cho a,b,c duong va §+% +% =1. Ching minh rang:

Ja+bc ++/b+ca++c+ab? Jabc +a+vb++/c.
Problem 6:(Swu tam) Cho a,b,cduong va a +b? +¢? =1. Chang minh rang:

1 1 1 a’+b’+c’
+ + +3.
b®+c*> c¢*+a®> a’+b’ 2abc
Problem 7:(Swu tam) Cho a,b,cduong va a+b+c=3. Chirng minh rang:

a’(b+c)+b*(c+a)+c*(a+b) £27r7
HD: Sau khi thuan nhat hod hai vé bit dang thirc ta sir dung ki thuat chuyén tir bat dang thirc c6 dau
bang dat tai bién vé chirng minh bat dang thirc ¢ dau bang dat tai tam. Cu thé la ta chirng minh bat dang
thirc sau:

(a+b+c)’3 4ga’(b+c) +b*(c+a) +c*(a+b)p+3abe.
Déy la ki thuat rég hay ban doc cd thé tham khao ki thuat ndy trén trang web diendantoanhoc.net

1.2 Bat dang thirc khdng thuan nhat khéng co diéu kién:

Problem 15: (Ao 2000)
Cho at 0,blahai sé thuc Chang minh rang:

aZ+b?+ = 3\@

Solution:

Taco:

az+b2+i2+9:a%+io +al+ 32 a’ 32£ J3
a a8 2ag 4a 4a

4
Vay bét ding thirc ¢a dug chang minh. Pang thirc xay ra U a = QE b= Z/Zé :
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Problem 16: (Nguyén Anh Khoa)
Cho a, b,cduong Chﬁ’ﬂg minh rang:

af
|G+ 10 +8?L+ + +—9 433 243
ag & bp & co 2+abc

Solution:
Taching minh 2 BPT phu sau: Vi x,y,z duong thi:

X +y +2°3 xyz(x+y+2)(2)

@+ X1+ y)A+2)® (1+xv2) ()
+ Ching minh BDT (1). Sir dung BBT AM-GM:
X4+X4+y4+z43 4X2yZ;y4+y4+X4+Z43 4Xy22;z4+z4+x4+y43 4Xy22
Cong don lai taco: x*+y* +2* 3 xyz(x+y+2)
+ Chirng minh BBT (2) . Taco:

L+ X)L+ Y)(L+2) =1+ X+ y+ 2+ Xy + yz+ xz+ xyz3 1+ 33 xyz + 33 /XZyZZZ +Xyz = (1+ 3/xyz)3
Bfgly gjc‘y ta quay‘lai viéc ching minh BDT (*) o
Bat dang thirc can chirng minh tuwong duong véi bat dang thirc sau:

2 2 2 Noyr
48?[+£2 +8?L+12 +8?L+12 3 43+ 243
ag & by & co 2+abc

4

Ua?[+10 +a§+1o +a§+1o 37+ 0
ag & by & cp & 2+ang

Sir dung BDT (1) tacé:

+:LO +8?L+10 +8?L+10 A+ 08?[+108?[+108%+1+1+£O

1
8 bg Cg aExg g8 Cg8 a b cg
Sir dung BDT (2) vaBbT AM-GM ta co:

3

Jloe, loee 1o, 1. 1 106, 6 3 5
TR

JLoe Lo, 1¢ +1+1+10 L1 6, .3 §
o 2 A b Y os Y ymTs T 38 ot e

Vay BDT da duoc chirng m|nh bing thuc xayraU a=b=c.

Problem 17: (Suu tam)
Cho a,b,cdwong. Ching minh rang:
1 1 1 3
+ + 3

a(l+b) b@+c) c(l+a) 1+abc

Solution:
Tacd bit dang thirc cin ching minh tuong dwong vai bit dang thire sau:
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1+abc+1+abc+1+ab03
a(l+b) b(l+c) c(1+a)
1+abc+a+ab+1+abc+bc+b+1+abc+ac+c3

>

a(l+b) b(1+c) c(1+a)
~ (l+a)+ab(l+c) N (1+b)+bc(l+a) N (I+c)+call+b)
a(l+b) b(1+c) c(1+a)

>

é 1l+a a(1+b)u € 1+b b(1+c)u é 1+c c(l+a)u
& ate + at + q’
ga(l+ b) 1+a ( éb@d+c) 1+b g c(1+ a) 1+c
Sir dung bét ding thie AM-GM tasuy ra é g 1+a a(1+b)33
oc €a(1+h)  1+a g

Vay bét ding thirc da dugc chirng minh. Ping thirc xay raU a=b=c=1.
Comment 4: Ta ¢0 bat dang thizc manh hon bat dang thizc trén nhe sau:

1 .1 1, 3

a(l+b) b(@+c) c(l+a) /abc(l+3abc)

Pé chirng minh diéu ndy ta chirng minh rang:

3 , 3 -~ > . P
U 1+ (abc)? 3 23abc (ding theo bdt dang thizc AM-GM).
Jabc(@@+</abc) 1+abc (abe) (@ing J )

Problem 18: (Suu tam)
Cho a,b,c,d duong. Chirng minh rang:

el 1,1 1éel , 1 1 16, 16

€a b ¢ difatb brc c+d d+ap 1+abcd

Solution:

Taco:
o 1 o 1 _eel 1oea+b c+d u a+b a+b c+d c+d
a a +a qt + + +

e oo ath &ab cdp Sab(c+d)  cd(a+b)l ab(a+d) ab(b+c)  cd(b+c)  cd(d+a)

4 a+b + a+b + c+d + c+d
\/ abcd ab(d+a) ab(b+c) cd(b+c) cd(d+a)
4 b+c b+c a+d a+d
+ + + +
Jabced bc(a+b) be(c+d) ad(a+b) ad(c+d)

Twong tu tacod: VT 3

Do do:
, 8 € a+b d+a U é a+b b+c U é c+d b+c U é c+d a+d
NT +a + gt e + gt e + qte +
Jabced gab(d+a) ad(a+b) egab(b+c) bc(a+b) gcd(b+c) be(c+d) ged(d+a) ad(c+d)
b NT3 8 2 2 2 2 8 2 & 10 2 aé. 16
\/ aJ_ bf cJ_ df Jab J_8a wf%b dg
16
b T3 3
\/abcd 1+ abcd

Vay bét ding thirc dugc chang minh. Bang thirc xay ral a=b=c=d =1.
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Problem 19: (Tran Nam Diing) ‘
Cho X, Yy, z duong. Chirng minh rang:

20X° +y*+Z°) + xyz+83 5(x+ y+2)

Solution:
Do tinh binh déng caa x, y, z nén khéng mat tinh tong quét ta co thé gia sir:
Sz s
}XslU}x£1@)
Ty*1l 1y£1
Khi d6 ta co:
Xy3 x+y-10 xyz3 xz+yz- zU xyz+2(x2+y?+7°)+83 xz+yz- z+2(x* +y*+7%) +8
Tacan chirng minh bét ding thirc sau:
XZ+Yyz- 2+2(X° +y*+2°)+83 5(x+y+2)
U (y+2z- 2 +(x+2z- 2> +3(x- )*+3(y- D> +2(z- )*3 0
Bat dang thiic trén ludn ddng. Vay bat dang thirc ban dau dugc ching minh. ang thirc xay
ralb x=y=z=1.
Comment 5. . : :
Chac han cac ban thac mac tai sao ta lai cé the gia s dugc nhur (*). That vdy deu nay hoan toan tu
nhién va de hiéu, ta chirng minh bé dé sau:
Bo dé 1:Trong bass X, %,,%, lubntontai hai s5 x,x, (i, j1 {12,3}) sao cho:

Y _3a
I')q UM (alass thyc bat ki)
Tx.3a ij a

B6 dé 2: Néu iX|3anj£ thi xixj3xi+xj-a2

CM:

Bo dé 1: Khong myt tinh tong quét ta co thé gia sk X, £ X, £ x;.
Néu x, EabP x £ab dpcm
Néu x,3 ab x,3 ab dpcm.
Bo dé 2: Tir gia thict tasuy ra (x - a)(x; - @)% 0U xx; 3 X +x, - a°
bay lahai bo deé tuong ching nhu don gian ma lai kha hay trong vi¢e chirng minh bat dang thic khong
thuan nhat khéng cd diéu kién, hai bé d@é nay duwoc thay gi a0 Son Kéu gidi thiéu trong bai viét “ Mgt

phurong phap ching minh bat dang thirc va xay dirng mét so bat dang thirc” .
Ta vdn dung hai bé @é trén chizng minh bai toan sau:

Problem 20: (Nguyén Anh Khoa) ‘
Cho X, Yy, z duong. Chirng minh rang:

Xyz+3(X* +y>+Z2°) +113 7(x+y+2)

Solution:
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. R 2 , A . q‘|X31r‘IX£1 . s ,
Do tinh binh dang ciaa X, y,znéntagia st { Ui . Khi d6 taco:
Tyl ty£l

Xy3 x+y-10 xyz3 xz+yz- zU xyz+3(x*+y*+ 7)) +113 3(x* + y? + Z%) +11+ xz+ yz- Z.
Tacan chirng minh:

X+ Y+ 7)) +11+xz+yz- 28 T(X+y+2)

U (y+2z- 2?+(x+2z- 2 +5(x- )* +5(y- D> +4(z- 1)*2 0
Bat dang thirc trén lubn dung. Vay bat dang thirc ban dau dugc chimg minh.,
bang thac xayral x=y=z=1.
Sau day ta s3 xét mot bai toan kha ndi tiéng vamot sb két qua thu duoc tir bai todn kinh dién nay.

Problem 21: (Darij Grinberg)
Cho a,b,cdwong. Chiang minh rang:

a’+b*+c”+2abc+13 2(ab+bc+ca)

Solution:
Déy lamot bai todn kha ndi tiéng c6 the coi n6 1a bat dang thirc tiéu biéu cho cac bat dang thirc khong
thuan nhat khong cé dicu kién. Sau day lamét so 1o giai cho bat dang thirc nay:
Cach 1: St dung phuong phap tam thirc bac hal.
Chuyén ve tam thirc bac hai theo a.
f(@)=a +2(bc- b- c)a+(b- c)*+1
D¢= (bc- b- ¢)?- (b- ¢)?- 1=be(b- 2)(c- 2)- 1
Né}u bc- b- ¢ 0b dpem.
Néu bc- b- c£0U (b- )(c- 1) £1. Tachialam hai truong hop:
+ C6 ddng 1 trong hai s6 b, ¢ 16n hon 2, s6 con lai nhé hon hoidc bang 2. Tathidy DSEO.
+ Cahai sd b,cdéu nho hon 2. Theo bat dang thic AM-GM
b(2- b)£1,c(2- c)£1P DI£O.
Vay bit dang thirc ching minh xong.
C{S\ch 2: St dyng ki thuat ban thuan nhat hoa o
Bat dang thirc can chirng minh tuwong duong véi bat dang thirc sau:
(a+b+c)(@®+b”+c*) +(a+b+c)(2abc+1) 3 2(a+b+c)(ab+bc+ca)
U § a®+(a+b+c)(2abc+1)3 6abc+g a’b
cyc sym
Theo bét ding thirc Schur bac 1tacé: § a°+3abc® § a’b.
coye sym
Theo bét ding thic AM-GM taco: (a+b+c)(2abc+1) 3 3¥abc.3¥(abc)? = 9abc.
Cong vé theo vé hai bét dang thirc trén lai ta dugc dpem.
Cach 3: Sir dung bo dé da néu trén.
A Ap urt 2 ., .. . 1a®l.jatl L, ;
Khbng mat tinh tong quat gia sir: | Ui . Khi @6 taco:
ib31 7bE£l
ab3 a+b-1U 2abc3 2ac+2bc- 2cU a*+b*+c” +2abc+13 a® +b’ +c*+2ac+2bc- 2c+1 .
Tacan ching minh : > +b” + ¢ + 2bc + 2ac- 2c+13 2(ab+bc+ca) U (a- b)>+(c- 1?3 0.
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Vay bt dang thirc duoc ching minh. ang thire xay rall a=b=c=1.
Sau day lamét so bat dang thirc lién quan dén bat dang thac trén

Problem 22: (Marian Tetiva) ‘
Cho a,b,cduong. Chirng minh rang:

a’+b*+c*+2abc+33 (1+a)(1+b)(L+c)

Solutior]: q ‘
Taco bat dang thirc can chirng minh tuong duong vai:
a’+b’+c*+abc+23 a+b+c+ab+bc+ca
U 2(a®+b®+c®)+2abc+43 2(a+b+c+ab+bc+ca)
Té6i day tasir dung bt dang thuc phu sau:
a’+b’ +c* +2abc+13 2(ab+bc+ca)
a’+13 2a
Va b*+13 2b
c? +,13 WZC ) )
Cong cac bat dang thirc trén lai ve theo vé ta cd dugc dpem.

Problem 23: (APMO 2004) ‘
Cho a,b,cduong. Chirng minh rang:

(a® +2)(b* +2)(c* + 2) 3 9(ab+bc+ca)

Solution: ‘
Taco bat dang thirc can chirng minh tuong duong:

O @+2)-93 abz 0
coyc oyc

U 4§ a?+2§ (a’h?+1) +(a’h’c® +1) +1- 9§ ab3 0
L o o
Sir dung bat dang thiec AM-GM ta co:
43 a®+28 (a%? +1) +(a%h?’c® +1) +1- 9§ ab?® § a’+3§ ab+4Q ab+2abc+1- 9§ ab
cyc cyc o cyc cyc cyc o
U 4§ a>+2§ (a%h?+1)+(a’h’c? +1) +1- 99 ab3 § a?+2abc+1- 2§ ab3 0
o, F , o o o
Vay bat dang thirc duoc chirng minh. bang thirc xay ral a=b=c=1.
Tacd bai toan manh hon bat dang thirc APMO-2004 nhu sau:

Problem 24: (Nguyén Binh Thi) ‘
Cho a,b,cduong. Chirng minh rang:

(a® +2)(b* +2)(c* +2) 3 3(a+b+c)®+(abc- 1)*

Solution: Taco bat ding thirc can chixng minh twong duong véi:
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Q a?+23q a’v? +2abc+73 6a ab.
cyc cyc
Bat ding thuc trén duoc suy ratir hai bt dang thuc sau:
Q a®+2abc+13 2a ab(1)
cyc

2a’b* +23 4abu
2b*c* +23 4bCyD 28 a%h? +63 4a ab(2)

2a’c® +23 4acp i

Cong (1)&(2) vé theo vé ta duoc dpcm. Bang thie xay ral a=b=c=1.

Problem 25: (Nguyén Anh Khoa)
Cho a,b,cdwong. Ching minh rang:

(1+a®)(1+b?)(1+c?) +43 4(ab+bc+ca) + (abc- 1)*

Solution: o ‘
Taco VT cuabat dang thie bang:
O @+a’)=1+g a*+§ a%h® +a%’c?
oye oye oye
Mit khéc talai c6: § a®+2abc+13 2 abU § a®+13 2§ ab- 2abc.
. cye oe oye oe
Dodé: () (1+a%)+43 § a?b? +a’h’c? +2§ ab- 2abc+4
oye oe cye
U O 1+a?)+43 § (ab+1)? +(abc- 1)2.
cyc
St dung tiép bat dang thiac AM-GM taco: ©) (L+a%) +42 48 ab+ (abc- 1)°.
oy oye

Vay bét ding thirc ¢4 chirng minh xong. Bang thirc xay ral0 a=b=c=1.

Problem 26: (Nguyén Anh Khoa)
Cho a,b,cdwong. Chiang minh rang:

3.max{(a- 1% (b- 1* (c- D} +32 2(1- a)(1- b)(- ¢)

Solution: o
Tasir dung bat dang thirc phu sau:

3max{(a- 17, (b- D (c- %} * 3 (a- 1)2+(b'31)2+(c' D’ -2 (a- 12
Tacan chang minh: § (a- 1°+33 20 (1- a) "

0 qa®- 2é’1cya+33 2- 2§ aizé ab- 2abc

cye e oye oye

U § a?+2abc+13 2aab

cyc
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Vay bét ding thirc dugc chirng minh. Bang thirc xay ral0 a=b=c=1.

* Attention: Trong qua trinh chirng minh bdt dang thirc c6 dang min(max){a,b,c} 3 d.Ta cdn nhé cac
bat dang thirc phy sau:
atb+c atb+c

3

max{a,b,c} 3 ;min{a,b,c} £

Sau day lamot sb bai toan tu luyen: ‘
Problem 1:(Nguyen Anh Khoa) Cho a, b, cduong. Chirng minh rang:

2+ a’ ('_53
g%i +4abc? 183 ab+14.

cyc

&

Problem 2:(Nguyén Pinh Thi) Cho a, b, cdwong. Ching minh rang:

>l Q N

O (1+a%) +—a2bzc2 +abc+213 ZC) (1+ab).
oye 2 oye

Problem 3:(Kvant 1988) Cho a, b, cduong. Ching minh rang:
C) (1+a)

3+ a+ 3=
3 ?Ca gcb 1+abc

Problem 4:(Swu tam) Cho a, b, ¢ dwong. Chirng minh rang:

1 8eé 1069é 1 0 9 5 8eé 1069é 1 0 9
9 aémhagI 1+abc 9 aémhagI Yabe(@+3/abc)
Problem 5: (Nguyen Anh Khoa) Cho x,y, zduong. Chu:ng minh rang:
('j
68+ 1 3 24.
& o G o +bz

Nhu vay latadé két thic phan bét dang thirc khong thuan nhét, qua céc vi dy trén ta co thé thiy duoc
cong cu dé gidi cac bat dang thire khdng thuan nhat lavo ciing phong pht moi bai ¢o nhitng ve dep
riéng. Mot lan nirata hdy xem lai bai toan quen thudc sau:

Véi a,b,c>0thi: a®+b®+c®+2abc+13 2(ab+bc+ca).(*)
Tur bai toan trén ta co thé tao ra hang loat bai toan lién quan ma c&c ban dathay. b6 chinh 1& nhiing déu
an sau vé dep cua m6| bai toan Nhu: anh Hung da noi dieu klen de bat dang thic hay dieu dau tlen Ia no
quat Cua né. vVa bat dang thr (*) chinhla nhu the‘
Bai toan tong quéat: Cho a,b,c>0. Ching minh rang:

(2n- 1(a® +b* +c?) +2ab+13 2n(ab+bc+ca)(n3 1).

Néu ban lamot nguoi dam mé bt dang thirc khong thuan nhét thi ban hdy xét bai toan sau:

Cho x,y,z>0. Ching minh rang:
a(b +2g)xyz+(mb +2ng- g)g x* +2a(3mb +3ng +b - g)- 3(mb +2ng- g)* a(2mb +b)§ x+2angq x

cye oye oye
J2

trong d6: m3 7;n3 lLa >1b,g3 0.

RG rang bét dang thirc trén khong thé néi 1a hay dugc vi ngoai hinh ciané qué cong kénh. Nhung day 1a
mot bat dang thirc khé ban doc tu chirng minh xem nhu bai luyén.
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2/ T IO AN UG AT

i NGUYEN ANH KHOA

A. Loi gigi thiéu: ‘ o ,
Ciing giong nhu bat dang thire khdng thuan nhat, bat dang thic ¢ dang hqén vi vong dugc rat it nguoi
chl y den. Hau het bat dang thic trong cac ki thi toan hién nay thi xéc xuat xuat hién cua bat dang thic
hoén vilarat it. Boi vi nhitng bat dang thic hoén vi thuong kho hon so véi bat dang thirc ¢ dang thuan
nhat hoac khong thuan nhat. Chinh vi If do d6 nén hom nay tdi quyet dinh viet thém vao chuyén dé cua
minh mot bai viét vé bat dang thirc hoan vi.
B. Kién thirc co bén: o
bén déy o 1€ ta nén dinh nghia lai mot o ki§:n thirc sau:
1.1 Hoén vi vong quanh- hoan v bat ki (doi xiéng):
1. Gia sir biéu thirc P 6 giatri khong doi khi ta hoan vi vong quanh céc bién a;a,;...a,
Nghiala P(a,a,,..a,)=P(a,,..a,,a)=..=P(a,,..a,,.a,,)
Véi n=3thitaco P(a,a,,a;) = P(a,,a,8) =P(a;,a,a,)
Khi d6 khéng mat tinh tong quét ta co thé gia sir
a =min{a,a,..a,} Ua = max{a, a,,..a,}
Trong truong hop nay nguoi tagoi biéu thirc P 12 biéu thirc cyclic caa c&c bién sb trén
2. Gia sir biéu thirc P c6 giatri khéng thay ddi khi ta hodn vi mot cach bt ki cac bién
a,a,,.a .Nghiala P(a,a,,.a)=P(b,b,.b)trong d6 b,b,,.h lahodn vi bat ki cia a, a,,..a,
Véin=3 thitacd P(a,a,,a,) = P(a,a;,a,)trong d6 i,j,mlahoan vi bat ki cua1,2,3
Khi d¢6 khong mét tinh tong quét taco thé giasir a2 a,% ...3 a Ua £a,£..£a,
Trong truong hop nay nguoi ta goi biéu thirc P 1a biéu thuc symmetric caa c&c bién sb trén,
1.2 Céch viét téng hoan vi- tong doi xing:
Sau day ta s3 dinh nghia cach viét nhu sau:
é P(x,y,2) =P(x,y,2) +P(y,z,X)+ P(zx,y)
cyc
a P(x,Y,2) =P(X,Y,2) + P(x,2,Y) + P(y,2,X) + P(2,X,Y) + P(Y, X, 2) + P(2, Y, X)
sym
é x3:x3+y3+23
cyc
ax=2+y +2)

sym

VD: § Xy = X2y +y?z+ 7%X
cyc

o
a Xy =Xy+xy* +y’z+ 2’y + X’z+ Z°x

sym
A xz=3xyz § xyz=6%yz
cyc sym
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Taco dinh nghia tuong tu nhu trén ddi voi céc viét C) .

C. Mét sb vi du va ki thuat chirng minh bat déng thirc hoan vi:

1. K7 thugt sir dung bdtqddnq thurc AM-GMWCOA dien. o

K1 thuat sir dung bat dang thirc AM-GM c¢6 dién khong ¢ gi méi meé . Ta bat dau véi bai todn don gian

sau;
Problem 1: (Nguyén Kim Cuong).
Cho a,b,cdwong. Chiang minh rang:
o &, o ab o ab®, o ab
lL.a—3a— 3 a 3 g —
cyc bc oc C oc C5 oc C
o ab, o ab o & o ab
2322: 82 4. § 2 382
¢ S Sb S
Solution: o
1. Ap dung bat dang thirc AM-GM nhu sau:
s .3 )
i+b_3 2@:"
bc ca c

i
3 3 . 3
b_+C_3 ZE;'/D éa_s éa_b

ca ab a-,- cycbc ac C
3 3 .

¢,a,

ab bc b

Vay bat dang thirc duoc ching minh. Pang thire xay ral a=b=c.
2. Ap dung bat dang thirc AM-GM nhu sau:

Vay bat déng/thirqc dugc chirng minh. Bang thic xay ral a=b=c.
3. Ap dung bat dang thrc AM-GM nhu sau:
I )
a E) +E +E 3 3@:'1
C a b C

b’ ca ab, .bci, o ah®, o ab

+—+—33—ybP a ‘a
@ b c aj o € C
53 !
ca +@+E3 3%:

Vay bat dang thirc duoc ching minh. Pang thire xay ral a=b=c.
4. Ap dung bat dang thirc AM-GM nhu sau:
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—+ + T

bc® ab® ¢ bp
Vay bét ding thirc dugc chang minh. Bang thirc xay ral a=b=c.
Comment1: Qua cAc Vi dy trén ta thay viéc tach ghép dé s dung bdt ddang thirxc AM-GM |a khé phong
phu va da dang. K7 thugt “ tach ghép nhént” nay no6 phu thugc vao ting bai toan va su nhay bén cua
nguoi lamtoan. Mot diém can chy la ta phdi tach ghép sao cho ddu bang xdy ra cia bdt dang thire
van dam bao.

Problem 2: (Nguyén Kim Cuong)
Cho a,b,c,d duong va abed =1. Ching minh rang:
o a’ o a
L. a %°* a —

cyc(a,b,c,d) C cyc(a,b,c,d) C

o adb* o ab’

2. a —3
cyc(a,b,c,d) C13 cyc(a,b,c,d) C

Solytion: q
1. Ap dung bat dang thic AM-GM nhu sau:
a_6+C_3+b_33 3 b =3 b* :3b_2u

¢ a d° “cd’a abcdd d]

3 3 3 2 2.
C—6+b—6+d—63 3 2C =3 c :3C—:I: 2
a® d®° b° “ahd “aboda al, o @ _ 3 &
b_?’_+_d_3 a_33 L, a o a? _ a_z?/ oe(ab.e,d) c® eye(ab,cd) C
d® b° ¢® bc®d abcdc c :
d_3+13+c_333 d =3 d2 - d_2|

b® ¢® a® ab’c abedb b p

Vay bat dang thirc duoc ching minh. Pang thie xay ral a=b=c=d.
2. Ap dung bat d¢ang thac AM-GM nhu sau:

' be’ cd’, \/ \/ _ab* U

c® d* a abcdc® T ¢y
b’ cd® |, da?, , b _, | b’ _chz:

13 + 3 + 3 3 0. 9~ Y 3 - 514 2
d a b d a abcd.d d’ i b é a’b 3 é ﬂ
cd* da® ab? 2d5 cdz?/ oe(abed) € op(abed) C

13+b3+333 abcd :33I
a c a’ a

)

d°a*  ab®  bc® _ da2I
+ + 333 =

b13 CS d3 blO ade b9 b3 p

Vay bit dang thirc dugc chirng minh. Bang thic xay ral a=b=c=d.
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Problem 3: (Toén hoc& Tudi tre)
Cho x,y,z duongva x+y+z=2001. Tim GTNN cua:
20 20 20

P X2

yll

Solution: o
Ap dung bat dang thirc AM-GM ta co:

X20 X20
gttt Ao s ° 20X
i41—24&

91an 11 1an

y20 20
3
; ax.(
, , q le Xll yll o
Ap dung bat dang thirc AM-GM mot lan nita nhu sau:

ae?oo:Lo 8920010 220018

G Admordand S35

Twong ty d6i véi 2= tacd: g —=

81an
X4y dung tuong tu déi vai y°;2° taco: § x° 3 988?0010 A x- 2488?00:LO
& &35S &3
Tu (1D)&(2) suy raF 3 3??%0 O .bang thuc xay ral x=y=1z= 2201.
o}

8920010

D

= (2)

o]

Problem 4: (Nguyén Anh Khoa) ‘
Cho a,b,cduong va abc =1. Chirng minh rang:

o 2a 1% aCSbO
cye a+c* 29 oy ﬂ

Solution:
Bat dang thirc cin chirng minh twong dwong véi bt dang thire sau:

o 2a 1% o ﬂo
o a+c’ 29 o abe g

o 2a .9 o _ZAo 2a+ocz+a36
oe atc® 2 ?CZa ?Ca+c2 ?C 2a
Sir dung bét ding thire AM-GM ta co:
o 2a o a+c’

+ 6.
§Ca+c2 ?C 2a

Vay bét ding thirc dugc chirng minh. Bang thirc xay ral0 a=b=c=1.

U
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2. Ki thugt AM-GM nguoc ddu:
Taxét bai toan don gian sau:

Problem 5: (Swu tam).

Cho a,b,cduong va a+b+c=3. Chirng minh rang:
a b c 3

3

2+ 2+ 2
1+b° 1+c¢° 1+a~ 2

Solution:

Takhong thé dung truc tiép BBT AM-GM véi mau sb vi khi d6 BDT & déi chiéu:
a_ . b C a b c¢.3

_t—t—3 -
1+b®> 1+c¢®> 1+a 2b 2c 2a 2

Dé giai bai toan ndy ta st diing mot y tuong tir mot dang thuc quen thuoe 1- = == .BDT cin
chirng minh tuong duong véi BPT sau:
a b C
a- +b- +C
1+b? 1+c?
-~ ab®  bc® ca’
U + +
1+b* 1+c¢® 1+a®> 2 ’
Tasir dung BBT AM-GM duéi mau so ta duoc:
2 2 2 2 2 2 é a+b+C 2 l:l
ab2+bcz+ca2 ab’ be? | ca :i(ab+bc+ca)£1A( yu_3
1+b® 1+c® 1+a® 2b 2c 2a 2

—&—— 0=

T a £a+b+c- 3

3

2 8 2 A 2
Vay bét ding thirc dugc chirng minh. Bang thirc xay ral0 a=b=c=1.
Problem 6: (Swu tam).
Cho a,b,c duong. Chirng minh rang:
a® N b* c?
a’+b’> b’+c?

s a+b+c
c’+a? 2

Solution:

BDT can chirng minh twong duong véi BPT sau:
2 3 3
& b __C
a’+b’ b® +c? c’+a
0 ab® bc? ca® _a+b+c
a’+b® b*+c?
Tas dung BDT AM-GM dudi miu so:

c’+a’ 2

ab® N bc? ab2+bcz+ca2_a+b+c
~a*+b® b’+c® c*+a’® 2ab 2bc 2ca 2

Vay bat dang thirc chirng minh xong. Pang thac xay ral a=b=c.

at+tb+c
sEa+b+c-

CaZ
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Problem 7: (Suu tam).
Cho a,b,cduong va a+b+c=3. Ching minh rang:
a+tl b+l c+1
+ +
b°+1 c¢®+1 a’+1

3

Solution:
BDT can chirng minh tuong duong véi BDT sau:
a+1- 2L e B g CM i be1ecel- 3

b? +1 c’+1 a’+1
3

2 2 2
0 (a+Db +(b+1)c +(c+1)a c
b® +1 c’+1 a’+1
Tasir dung bét ding thire AM-GM ta co:

) i +(a+b+c)2
(a+Db +(b+1)c +(c+1)a £(1+a)b+(1+b)c+(1+c)a:3+ab+bc+ca£ 3

b? +1 c’+1 a +1 2 2 2 2 2

Problem 8: (Suu tam)
Cho a,b,cduong va a+b+c=3. Chirng minh rang:
a’ b ., ¢

+ 31
a+2b> b+2c*> c+2a®

Solution: o
Sir dung bat dang thiec AM-GM ta co:
o __ 2ab® | 2ab® _ 2(ab)’
a+2b’ a+2b? 33 ab* 3
2(bc % 2(ac %
Twong tu ta co: %3 b- ( ) ; c 53 C- ( ) :
b+2c 3 c+2a 3
Do d6 ta chi can chirng minh: § a- %é (ab)%’ 310 § (ab)% £3.
cyc cyc cyc
Sir dung bét ding thire AM-GM ta co:
2
8 () ea 20 g 2 g B os
cyc

oe 4 2 N 3 oe 2 9 A
Vay bat dang thirc chirtng minh xong. Pang thirc xay ral a=b=c=1.

Problem 9: (V6 Duy Khanh) ‘
Cho a3 b3 ¢>0;n3 2duong va abc=1. Chirng minh rang:
a" b" c
+ +
a’+ab+b®> b?+bc+c?® c?+ca+a’

n

31
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Loi gigi: ‘
VT cuabat dang thirc can chirng minh tuwong duong voi :
n- 2| - n- 2| - .t
o %n-z_ az b(a+b323 o %n-z_ a" ‘b(a+b) 2: Q &gan-z_ la“’bg(l)
O a+ab+b’y & 3ab 5 &3 37
Do hai déy (a™*,b™?,c"*);(a,b,c) ladon diéu ting nén theo bét ding thirc hoan vi ta c6:
a"la+b"b+c"%c3 a"+b"3c+c"3a(2)
a" o a"? . 3Y(abc)™?
Tr(D&(2suyrag 4———3 3 =1.
()()ya Zrabt’ 23 3
Vay bét ding thirc du:qp chirng minh. Bang thicc xay rall a=b=c=1.
Attention: Ngi dung bat dang thirc hoan vi nhur sau:
Cho 2n s thuc (a,,a,,..a,);(b.b,,..b,) don diéu tang:

Tagoi A=ab +ahb,+..+ab; B=ab +ah +..+aph; C=ax +a,x, +..+ax (trong
d6(iy,i,,..i,) 1ahodn vi bat ki ciia (1,2,...n)).

Khi d6taco: A3 C3 B(*). .

Néu hai ddy @& cho don diéu nguoc chieu thi bat dang thirc (*) doi chiéu

Bdt ding thizc Chebyshev 1a mét trieong hop déc biét cua bat dang thirc hoén vi.
4. Ki thuat st dung phép thé va bit ding thirc Cauchy-Schwarz:

Problem 10: (Swu tam).
Cho a,b,cduong va abc =1. Ching minh rang:
o 1 3

3 =
30 a(a+l) 2

Loi gidi:

Do abc =1 nén ton tai c&c sb duong X, Y,z sao cho a = . Khi d6 bét dang thuc can

o

T
N I<
N

chirng minh tré thanh:

c ~ 0 & o X0~ _o
Tacan ching minh: M3 3¢ 22&3 X2 s 3¢3+a 3 230 28
e cye

3+3 % 2 o 25 ¥ Zg
oyc

Sir dung bét ding thirc AM-GM ta cé dugc dpem. Pang thac xay ral a=b=c=1.

X
- 3
o 9.

%QJ°
N | X
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Problem 11: (Suu tam)
Cho a,b,c dwong va abc =1. Chirng minh rang:
o a?

— % 31
gca2+ab+b2

Loi Qidi:
Do abc =1 nén tdn tai c&c sb duong X, Y,z sao cho a=2:p=Y:c=
y' oz
chirng minh tré thanh:
4
o) X 31
° Xt +32yz+ Y272
Sir dung bét déng thirc Cauchy-Schwarz ta co:
& ,0
4 gax-
é X 3 ecyc (%) . 1)
oo X' XYZHY'Z QX' +Q Xy +a XYz
cye ac o
& ,0
gd X'+
Lai c6: § x%yz? § x%y?.Dodé: (1) U ewC—%Zl.
cyc oyc oSN 20
A ¢~
o @

. Khi @6 bit dang thirc can

Vay bét ding thirc dugc chirng minh xong. Pang thirc xay ral0 a=b=c=1.

Problem 12: (Swu tam).

o ab+l, 4(1+r?)
cyc(a,b,c,d) a+1 1+r

Cho a,b,c,d duong va r* =abed 3 1. Chirng minh rang:

Loi gidi:

A LA ., Z r
Do abcd =r* 3 1 nén ton tai cac s6 duong X, Y, z,t Sa0 cho: a=Y.p=I%

X
dang thuc can chirng minh tro thanh:
o r’z+x, 4@1+r?) |
ac TY+X 1+r

o + . .
Xét hai bidu thic: A=§ 2-2:B=8§ —— . Taphai chang minh: A+(r2- 1)B3
e y+x  Gort+z

Theo bat ding thic AM-GM ta co:
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4ar. é Xy +8(xz+ yt) =4(r - D(Xx+ 2)(y+t) +4(x+ Z)(y +1) +8(xz+ yt)

el y.z)
b 4r. § Xxy+8(xz+ )£ (r-1(x+y+z+t)2+2(x+y+z+t)2=(r +1)(x+y+z+t)?
oe(xy.zt)
Sir dung bét déng thirc Cauchy-Schwarz ta co:
A:(x+z)ae L + L 2+(y+t)ae L + L 23 Ax+2) + Ay+Y)
Sry+x rt+zg EIX+Y rZ+ty X+z+ry+rt  y+t+rx+rz
A(x+y+z+1)? 8

3 3

(X+2)2+(y+t) > +2r(x+2)(y+1t) r+1

(X+y+z+t)? . (X+y+2z+t)? . 4
Z(ry+x)+t(rz+y) +x(rt +2) + y(rx+t) r(xy+yz+z+tx)+2(xz+yt) r+1
Tur hai bt déng thirc trén suy radpem. Bang thae xay ra0 a=b=c=d =r.

3

Problem 13: (Suu tam)
Cho a,b,cduongva § % = 2. Chirng minh rang:

cyc

8744 a

orc & e

Loi gidi:
biéu kién da cho tuwong duong vai viéc ton tai cac b X, Y, z duong sao cho :
X z
a= b= y ,C= :
y+z  x+z = X+y
Khi d6 bat dang thic can chirng minh tuong dwong véi bat dang thuc sau:

x O

8 2s408 22
smY excYtZg

Bat dang thuc d& chirng minh. Dang thuc xay ral a=b=c= % :

Trong qua trinh chirng minh céc bai todn bét diang thirc 6 khi ta ciing 1am sir dung mot tha thuat nguoc

v6i phép thé. Thi thuat d6 thé hién qua bai toén sau:

Problem 14: (Suu tam)
Cho a,b,c duong. Chirng minh rang:

2 a 3i
3:\/ab+b2 J2

Loi gigi: q
VT cuabat dang thirc twong duong véi:
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2

& |al

a :
a ga bT
2 a _o_ b Qo )
a =a 3 ()
oo Vab+bT oo AL, 8 3,
b o VD
.2
oS o] o
a, _b __c ga V= ax+2af a x+6
bat x=—;y=—;z=—P xyz=1.Khid6 () U e;fc g5 o o
b c a a vx+1 & % 5
cye 3ga X+3+ 3ga X+ 3=
eoc 4] ecyc 1]
2 (= o) 0 L . i
Do dé: g a__,5+3 S=Qq x+33 6+. Sir dung diem roi ta co:

Ay VB 4 p
£+3 \/_ae\/_ 30[2\/5 3\/§>AS+3 3

2'§2 " si 22 2o s 2

Vay bét ding thu:c duoc chang minh. Ping thuc xay ral a=b=c.
5. Ki thuat chon phan tir |6n nhat:

Problem 15: (Suu tam)
Cho a,b,cdwong. Ching minh rang:
ab bc ca a b c
+ + 3 + +
c(c+ta) a(a+b) b(b+c) c+a a+b b+c

Solution:
Do BDT c¢6 tinh hodn vi vong quanh nén ta gia sir: a=max(a,b,c). Tadwa BDT can chiing
minh vé& dang sau:
a(b- c) + b(c- a) +c(a- b) ,
c(c+ta) a(a+b) b(b+c)
Tachiarathanh 2 truong hop sau:
TH1: a3 b3 ¢>0. Khi d6 taco:
a(b- ¢)3 O;c(c+a)Ea(a+b)
c(a- b)2 O;b(b+c)Ea(a+b)
Suy ra a(b-c), alb-c) va c(a-b), ca-b) Do d6
c(c+ta) a(atb) b(b+c) a(a+b)
a(b- c) + b(c- a) +c(a- b) , a(b- c)+b(c- a)+c(a-b) ~0
c(c+ta) a(a+b) b(b+c) a(a+b)
TH2: a3 c2 b>0. Khi d6 taco:
a(b- c)£0;c(c+a)2 b(b+c)
c(a- b)E£0;a(a+b)3 b(b+c)
Suy ra a(b-c), a(b-c) va b(c- a) , b(c- a) .
c(c+ta) b(b+c) a(a+b) b(b+c)

Do do:
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a(b- c) + b(c- a) +c(a- b) , a(b- c)+b(c- a)+c(a- b) ~0

c(c+ta) a(a+b) b(b+c) b(b+c)
Vay bit dang thirc dugc chirng minh. Bang thic xay ral a=b=c
Comment 2: Bai toan trén kha hay va cach gidi trén |& ngan gon va dé hiéu nhat. Ngoai ra con ¢ 2
cach giai nhu sau:
C1: Si dung phép thé. BBT can chiing minh twong dirong Vi

b a cb Lac a b C

+= 3 + +
cc+a aa+b bb+c c+a a+b c+b
b 1 c 1 al 1 1 + 1

0= += 5 3 + 5
CCyp alyy PO,y €4y 84y Py
a b c a b c
. ._a _b __c _ e A
Dat x=—;y=—;z=—b xyz=1.BDT trg thanh:
b c a
y z X 1 1 1

+ + 3 + +
z+1 x+1 y+1 z+1 x+1 y+1

yx+D(y+D+z(y+D(z+D) + x(z+D(x+D) 2 (x+D(y+D +(y +1)(z+D +(z+(x+1)
(Xy* +yz2* + D) + (X +y* +2°) 3 (x+y+2)+3
U (x-7+(y-D*+(z- P +(x+y+2) +(xy* +yz + 2¢* - 3)3 0

o Oo©

S dung BDT Cauchy xy” +yz* + zx* 3 3§/(xyz)® =3. Ta suy ra dpcm.
C2: Sir dung phirong phép dénh gia tong cc phan thirc- phép the.
BOT can chieng minh tuwong dwrong voi:
€ ab c u € bc a u € ca b u
+ + a+ + q°
ec(c+a) c+a a(a+b) at+byg b(b+c) b+cy
. ab+c® bc+a® ca+b?
+ + 3
c(cta) a(a+b) b(b+c)
St dung BDT Cauchy tic la ta phai chieng minh:
(ab+c?)(bc+a?)(ca+b*) 3 abc(a+b)(b+c)(c+a)
Chia hai vé cho (abc)® ta duroc BOT tré thanh:
afl boaeb C e, Co, +aoa§+boa§+ co

— +
S " CoSc agsh ap & baE CE ap
Pat x:B;y:%;z:ED xyz =1. BOT can ching minh tré thanh:

(X+y)(y+2)(x+2)3 1+ x)1+y)(1+2)
Con lai ban doc tw churng minh.

Problem 16: (Suu tam)
Cho a,b,cdwong. Chiang minh rang:
a-b ,  b-c , c-a
+ +
Jb+c Je+ra atb

3

Solution:
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Gia sr a=max(a,b,c),taxét cac truong hop sau:
TH1: a3 b3 ¢>0. Khi d6 taco:
a- b3 0vb+c£+a+b

b-c3 0vc+af+a+b
a-b3 a-b . b-c3 b-c

va
Jo+c Ja+b  Jc+a +Ja+b
a-b b-c c-a ., a- b+b-c+c-a:

Do do:

Suyra: + + 3 0
Y Jo+c +Jc+a a+b Ja+b
TH2: a3 ¢3 b>0. Khi @b taco:
b- c£0,vc+a3 +b+c
c- a£0+a+b3b+c
b-c b-c c-a c-a
Do doé: 3 va 3
Jc+a Jb+c  Ja+b Jb+c
a-b b-c c-a , a-b+b-c+c-a
Suy ra: + + 3 =0.
Y Jo+c +Jc+a +a+b Jb+c

Vay bat dang thirc chirng minh xong. Pang thire xay rall a=b=c.
Comment 3: Ban doc cé thé tham khao thém cach giai sau day:

Dat x=+/b+c;y=+c+a;z=va+b(xy,z>0). Khi 6 ta co:
a:y2+ZZ_X2;b:ZZ+X2_yZ;C:X2+y2_Z
2 2 2

2

. yz - X2

BAOT can chirng minh trg thanh: +
X y z

-~ Xyt 7 L an . s

U ?+7+73 X+Yy+z.bén day ban doc tu gidgi quyét viéc con lai.

Problem 17: (Toan tuéi tho) ‘
Cho a,b,cduong. Chirng minh rang:

a(a- c)*+b(b- c)*3 (a- c)(b- c)(a+b- c)

Solution:
Khéng mét tinh téng quét tagia sir b3 a3 0. Khi d6 taviét bit dang thirc cAn chirng minh duéi dang:
a(a- ¢)*+b(b- c)*3 a(a- c)(b- c)+(a- c)(b- c)*
U b(b- c)*- (a- c)(b- ¢)*3 a(a- c)(b- ¢)- a(a- c)®
U (b+c- a)(b- c)*2 a(a- c)(b- a)
Do b+c- a®b-a® 0 nénnéu a- c£0 thi bt dang thirc hién nhién dung.
Do d6 tachi can xét trong truong hop a- ¢3 0U a3 cb b3 a3 c3 0. Taco:
(b+c- a)(b- c)*3 (b+c- a)(b- c)(a- ¢).
Nhu vay ta chi can chirng minh bat ding thirc sau:
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(b+c- a)(b-c)2 a(b- a)
U (b+c- a)(b-c)- a(b-a)3 0
U c(a- c)+(b- a)®3 0
Vay bét ding thirc dugc chang minh. Bang thirc xay ral a=b=c.

Problem 18: (Toén tudi tho)
Cho a,b,cdwong. Chiang minh rang:
a b+ C, c’:l+2008+ b+2008+ c+ 2008

4+ 24+ =
b ¢ a b+2008 c+2008 a+2008

Solution:
Bai todn ndy ta s3 khong sir dung phuong phép chon phan tir [6n nhat, nhé nhit ma s3 sir dung
mot phuong phép khéc lién quan mat thiét ndy do la phuong phédp “ Ban Schur- Ban S.0.S
Gia st c=min(a,b,c)
BPT can chirng minh twong duong véi BPT sau:
a-b + b-c L C-a g,
b(b+2008) c(c+2008) a(a+2008)

é 1 1 u
&b(b+2008) a(a+2008) &c(c+2008) a(a+2008){
(a+b+2008) . o o (atc+2008)
ab(a+ 2008)(b + 2008) ac(a+2008)(c+ 2008)

BDT trén ding voi céc diéu kién da gia sir ban dau.
Vay bét ding thirc dugc chang minh. Bang thirc xay ral a=b=c.
Comment 4: C6 thé ndi sz dung phirong phép “ ban Schur- ban SO.S’ @ gidi toan BPT la kha
hay. Tuy si’c manh ciza phuong phép “ ban Schur- ban SO.S’ khodng bang phurong phép phan
tich binh phuwong SO.S.
Nhueng c6 thé ndi phuong phap “ ban Schur-ban SO.S’ 1a mgt mdu muc khi dieng trieéc cace bai
toan vé bat dang thirc doi xiing hay hoan vi.
Ngi dung ciia phuwong phép “Ban Schur —Béan S.0.S".
Khi dirng truéc mot bai todn BOT doi xing hay hoan vi ta tim cach dwa bat dang thirc can
chizng minh vé dang sau: M (a- b)?>+N(a- c)(b- ¢)3 0
Véi diéu kién gia sir ¢ =min(a,b,c) Uc = max(a, b, c) . Nhiém vi ciia ta |a chirng minh cac hé so
M,N khéng am hogc dwong.
Vé mat i thuyét 1a ta c6 the dua mpi BDT doi xirng hay hodn vi bt ki vé dang ban schur- ban
S0.S Nhung trong thizc hanh thi ta can dira vao mét so deng phén tich téng quét nher sau:
Dang téng quét:

Gid s BPT can chizng minh ¢6 dgng |a:

(a- b)A(a,b,c)+(b- c)B(a,b,c) +(c- a)C(a,b,c)® 0

U (a- b)[A(a,b,c)- C(a,b,c)]+(b- ¢)[B(a,b,c)- C(ab,c)]2 0
Sau d6 tim cach phan tich céc biéu thirc A(a,b,c)- C(a,b,c); B(a,b,c)- C(a,b,c) sao cho chira
cacthirass a- bja- c.
Poi véi dang can thire thi ta co thé 1am nhe sau si dung biéu thicc lién hop:

3

0 (a- b)g— L__tb-0)
u

3

0 (a- b)?
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A(a,b,c).B(a,b,c)- C(a,b,c).D(a,b,c)
JA(a,b,c).B(a,b,c) +/C(a,b,c).D(a,b,c)
Sau d6 ta msi bat dau tim cch dira vé dang chinh tac ciia ban schur- ban SO.S.

Sau day la mgt so phéan tich thuong dung:
1.a*+b*+c?- ab- bc- ca=(a- b)*+(a- c)(b- c)
2a°+b*+c®- 3abc=(a+b+c)(a- b)*+(a+b+c)(a- c)(b- c)
3.ab(a+b) +bc(b+c) +ca(c+a)- 6abc = 2c(a- b)>+(a+b)(a- c)(b- c)
4.ab” +bc® +ca - 3abc=c(a- b)*>+b(a- c)(b- )
5" +b'+c* - abc(a+b+c) = §a+b)® +c’f(a- b)> +[ab+(a+c)(b+c)|(a- c)(b- c)
6.a°(b+c)+b*(c+a)+c*(a+b)- 2abc(a+b+c) =(a+c)(b+c)(a- b)* +(2ab+ac+bc)(a- c)(b- c)
7.ab+b’c+c’a- abc(a+b+c) = (ac+ch)(a- b)* +(a” +ac)(a- c)(b- c)
2
a,b,c ,_(a-b° (a-c)b-0)

JA(@.b,0)B(a,b,c) - \/C(a,b,c).D(a,b,c) =

8
b c¢c a ab ac
2
9.b+c+c+a+a+b_ 6= 2(a- b) +(a+b)(a- c)(b- c).
a b C ab abc
2
10 a_ b L_C 3__ (a-b) +(a+b+20)(a- c)(b- ¢)

‘b+c c+a a+b 2 (a+c)(b+c) 2(a+b)(b+c)(cta)
a b? N c® a+b+c_(a+tb+c)(a- b)2+(a+b+c)(a+b+20)(a- c)(b- )
b+c c+a a+b 2 (a+c)(b+c) 2(a+b)(b+c)(c+a)
6. Phuong phép P,Q.R: ‘ q
Phan nay ta thuong sir dung hang dang thirc va dinh Ii sau:
(a- b)*(b- c)*(c- a)® = p°q® +18par - 27r* - 4q° - 4p°r .
Dinh Ii: Cho ham sb: f (x) =ax2+bx+c(a>0).
* £(x)20,"xI RU D=b?- 4ac£0.
& X, £0(Ubs 0)
& (0)3 0(Uc3 0)
& x, 3 0(Ub £ 0)
& F(x)3 O(UDE£ 0)

11

* £(x)30,"x3 00

Problem 19: (Suu tam)
Cho a,b,c duongva a+b+c=3. Ching minh rang:

a’b+b’c+c’at4

Loi gidi: ‘ q
Bat dang thirc can chirng minh tuong duong véi bat dang thirc sau:

(o] ~ [o] O [o] O
28 ab£8U ¢§ a’b+ ] ab’ 2+ cH ab- § ab’<£8
cye Ecyc oy g €ecye cye 1]
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U § a?(b+c)+(a- b)(b- c)(c- a)£8.(1)
cyc
Ta chi can chirng minh bit dang thire torng treang hop (a- b)(b- c)(c- a)3 0.
@0 a az(b+c)+\/(a- b)*(b- c)*(c- a)* £8.

cyc

Déi bién theo p,q,r taco: pg- 3r ++/p’c® +18par +- 27r% - 4g°- 4pr £8.
U 36r?+(4p®- 24pg+48)r +4g°- 16pq +643 0
U 9r?+(39- 18q)r +g°- 12q+163 0

Pt 1(r) =9r +(39- 180)r +0'- 120+16P 1, ==o0_ >

Dung tiép ki thuat chiadé tri, xét hai treong hop sau:
THI1: O£q£§b r, £0.
18
f(0)=q’-129+16=(q+4)(q- 2)°2 0
b f(r)3 0.

TH2 Deresp r,s 0.
18

+ €39
f(r,) = 240° - 216q° +648q- 6302 0;" qi 5z—,3,.
(ra) =244 q q al 53

b f(r)3 0.
Vay bét ding thirc dugc chang minh.

Problem 20: (Suu tam) ‘
Cho a,b,ckhéng amva a+b+c=3. Chirng minh rang:
Q a%+2Q ab’ £643.

cyc cyc

Loi gidi: ‘ o
Bat dang thirc can chirng minh tuong duong véi bat dang thirc sau:
o o ~ o o O
28 ab+48 ab’ £12/30 3§ @(b+0)+cq ab’- § ab’ 2123
cyc cyc oyc ecyc oyc %]

0 3§ a%(b+c)+(a- b)(b- c)(c- a) £124/3(1)

Ta chi can chixng minh bit dang thire trong treong hop: (a- b)(b- ¢)(c- a)3 0.
@0 a az(b+c)+\/(a- b)?(b- ¢)%(c- a)? £12/3.
cyc

Déi bién theo p,q,r taco: 3(pq- 3r)+\/p2q2 +18pqr - 27r2 - 4¢f - 4p°r £124/3.
U 108r% +(4p®- 72pq+216y/3)r +4q® +8p?q? - 724/3pq+4323 0
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Dt
_ 216q- 108- 2163
108

f(r) =108r+(4p°- 72pq+216v3)r +4q® +8p°q? - 72\/3pq+432b r,

Sir dung ki thuat chia dé tri, xét 2 truong hop sau:
TH1: 0£q£—216@+108 br £0.
216
f(0) = (q+12+6y3)(q+3- +/3)2 0.
b f(r)30.
216y/3+108
216

TH2; £q£3b 1,30,

f(r,)=4q°- 360 +108q +81- 108/3 3 Oa[2 ql §M—+108 339.
& 216 g
Vay bét ding thirc dugc ching minh.
Comment 5: K7 thugt trén kh& manh trong viéc chizng minh bdt dang thirc hodn vi c6 chiza dang
biéu thizc ab+b"c+c"a;ab” +bc" +ca”(n® 2). Tuy y tusng bién déi vé sir dung ki thugt P,Q,R
kha hay nhung khdi lirong tinh toan lai qué Ién. Nén theo ¥ kién cua téc gid thi xét cho cling viéc
s dung phuong phap P,Q,R trong mgt so bai todn hoan vi chura phdi 12 phuong phap toi wu
nhat. Tuy nhién ban doc van nén ndmrd tu twong chizng minh nay, du sao né van la cong cu ho
tré ddc lwc cho chung ta trong viéc chizng minh bdt dang thirc hoan vi.
Sau day lamot so bai toan tu luyén:
Problem 1:(Nguyén Kim Cwéng) Cho a,b,c duongva x,y,zl R. Chang minh rang:
ax+y+zb— X+y-z ° axby

o
1' a - X+y+z 3 a

cyc c cyc c
2 o a2x+zb— X+2y . ° axby
* a y+2z a z
cyc c cyc c
3 o a3x— y+zb— X+3y+z . ° axby
* a X+y+3z a
cyc cyc c
Problem 2:(Swu tam) Cho a,b,c duwong va a+b+c=3. Chirng minh rang:
2 2 2
a_ . b ¢ aq

+
a+20® b+2c¢® c+2a’ ‘
Problem 3:(Phgm Kim Hung) Cho a,b,c duong va abc =1. Ching minh rang:

1+a 1+b 1+c
. 1+b 1+c 1+a .
Problem 4:(Tran Tudn Anh) Cho a,b,c¢ duong. Ching minh rang:
a?-b® b?-c? ?- @
+
Jb+c +Je+a +a+b
Problem 5:(Swu tdm) Cho a,b,c dwong. Chirng minh rang:

a+b+cs3

3 0.

L4
0
4 g&a a: 3§ ab+gq a’b’+abc.d a.
ewc %] cyc oyc cye
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PHU LUC

Y/, '”W//ﬁ ’7/’/ 1T '\\‘\‘\\‘\‘ MNNNNR
(LT LT ;/ V ] lm XY\ X\ &x\\‘g\f\i\\i\li\; —\

A. Loi digi thiéu:
O céc phan trugc, mot sd bai tap trong loi giai tdi ¢ sir dung phuong phap phan tich binh phuong S.0.S.

Déi voi mot sb ban c6 1& da1am quen véi pheong phép ndy thdng qua cudn "Séng tao bat dang thuc" caatéac
gia Pham Kim Huing hoic qua c&c tai liéu trén mang. Tuy nhién véi c&c ban chwa cé diéu kién hoc tap thi
viéc tiép can phuong phép ndy lakha khé. Vi thé hdm nay t6i xin man phép duoc trich lai mot sd két qua tir
truéc toi nay manguoi tathudng sir dung déi véi phuong phép ndy.

B. Ki thuét lam chit bét ding thic:

Chic c6 ban sg thac mic phan ndy co gi lién quan téi phuong phép trén. Nhung thét ravi ang dung hau hét
cua phuong phap phan tich binh phuong S.0.S |& chirng minh nhitng bét diang thirc duoc 1am chit. Do dé
ma tdi nghi nén dua phan nay ratrudc dé ban doc lam quen.

Muc ndy ta chi quan tAm dén bét dang thirc dai s5.

Y twéng ciia ki thugdt 1am chgt bdt ding thic:

Gia sir ta cd bat dang thirc dang : A£ B. Néu c6 C sao cho A£ C £ B thi tandi bat ding thirc thir hai chat
(manh) hon bt dang thirc thir nhat.

Y tugng trén tudng chirng nhu don gian nhung hiu hét cac bat dang thuc tao nén tir y tuong ndy déu 1a bat
dang thie khd tham chi la rat khd. Taco thé hinh dung ki thuat trén thong qua vi du sau:

Problem 1: Cho a,b,c¢ dwong. Ching minh rang:

a® b* c? a+b+c
+ + 3 D
a’+ab+b® b’+bc+c® c*+ca+a’ 3
Viéc chirng minh bat dang thac trén ndi chung 1a khdng kho vata khéng quan tdm dén viéc chirng minh nd
nhu thé ndo mata chi xét xem bat dang thirc chat hon (1) la bat dang thac nao.

Xuit phét tir y tuong /2(a® +b?) 3 a+b taxdy dung cho b cac bién con lai khi d6 ta dugc bét ding thic :
J2(a% +b?) +4/2(07 +C?) +4/2(c? +a%) 3 2(a+b+c)

avaa'+b)
0 = 2+ 870789
6 . 3 L ,
Sau khi cho vai giatri cu thé cac bién a,b,c tanhan thay ve trai cia (1) 16n hon veé trai cua(2). Nén tir d6 ta
c6 bai toan sau: ‘
Problem 2: Cho a, b, cduong. Chirng minh rang:

o a’ 3 2 \/2(a2+b2) 3)

a

cyc b2+bC+C2 oc 6
3 2 2
O déy taco biéu thac A= a#-sz NG );C:a+b+c.
o0 O° +bc+c? o 6 3
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Talai c6 nhan xét sau: §/4(a®+b?) 3 a+b tuong tu taxdy dung cho cac bo cac bién con lai ta cd bit ding

3 3 3
thirc sau: & Ja@+p’) 2 2@a+b+c)0 § J4@ +b’) . a+b+c(4)
c oy

6 3

Sau khi cho vai giatri dic bigt tanhan thay vét tréi (1) 16n hon vé tréi (4) nén tir d6 ta co bét dang thirc sau:
Problem 3: Cho a,b,cduong. Chirng minh rang:

2 a® o JA@+b) 5)

oe DX +bc+c® . 6
RG rang c&c bat dang thic (3),(5) lachit hon bat dang thirc (1) vaviéc chimg minh céc bit dang thirc ndy da
tro thanh cong viéc kha khd (nhung s8 chang la gi néu ta sir dung phuong phap phan tich binh phuong
S.0.9)
* Chay: Tai (3),(5) xay radau bang 1a boi vi cac bat dang thirc duoc sir dung dé lam chit (2),(4) ¢6 diu
bang dat tai tm nén khi (3).(9) ddng thi dau bang chic chin s3 xay ra. ‘ q
Ngoai rambt 16p céc bit dang thirc hién nay dugc tao ratir "phép cong nguoc chiéu”. Nhu chang han bai

toan sau: ‘
Problem 4: Cho a,b,c duong. Chirng minh rang:
a’+b’ +c? N 8abc .
ab+bc+ca (a+b)(b+c)(c+a)
Tadahiet:

a’+b’+c® | 8abc £1

ab+bc+ca (a+b)(b+c)(c+a)
Thuce hién phép cong ngugc chidu ta dugc Problem 4. q
T[én day la cac y tuong sang tao bat dang thirc dua vao dé ban doc cd thé ty tao cho minh nhirng bai toan
bat dang thirc dep.
C. Co sé phwoeng phap phan tich binh phweng SO.S:
Tacd mot so dinh nghia va dinh |i sau: , ’ , o ,
binh nghia 1. M6t ham phén thirc ba bien F(a,b,c) duoc goi 1adoi xing néu va chi néu dong nhat thirc
sau
F(a,b,c) = F(x,y,2) dlng véi moi hodnvi (x,y,2z) cua (a,b,c). Hon nita néu véi moi sb thuc duong x
ma
F(x,x,X) =0 thi F(a,b,c) duoc goi laham déi xang ba bién chuan.
Pinh nghia 2: Ham nira dbi xtng ba bién. Mot ham phan thic ba bién G(a,b,c) dwoc goi 1a nira dbi xang
néu va chi néu ddng nhét thirc sau G(a, b, c) = G(a,c,b) dung véi moi bd ba sd thuc duong (a,b,c) . Hon
nira néu véi moi cap hai sb thuc duong x,y ma G(x, y,y) =0 thi G(a,b,c) duoc goi 1& ham nira ddi xang
babién chuan. ’ ’ ,
binh |i 1: (Biéu dién co s& doi vai 16p ham dathuc). Gia st F(a,b,c) lamot dathirc do6i xing ba bien
chudn thi ton tai mot dathirc nira d6i xing babién G(a,b,c) sao cho ddng nhit thirc sau la ding.

F(a,b,c) =G(a,b,c)(b- c)*+G(b,c,a)(c- a)* +G(c,a,b)(a- b)?

Hé qud 1: (Biéu dién co s vai phan thirc). Gia sir raing M (a,b,¢); N(a,b,c) 1ahai dathac nra déi xirng ba
M (X, X, X)
N(X, X, X)
sd niraddi xirng ba bién G(a,b,c) sao cho déng nhit thirc sau 1a dang.

bién, hon nita véi moi sb thuc duong x thi phan sb lamot hang sb t ndo dé. Khi do ton tai ham
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M (a,b,c) + M (b,c,a) + M (c,a,b)
N(a,b,c) N(b,c,a) N(c,ab)
Bé dé 4: (Biéu dién chinh tic). Gia s a,b,g lahiru ti c6 tong bang 3k , khi d6 ton tai biéu dién co s cho
biéu thuc.

F(a,b,c) = - 3t =G(a,b,c)(b- c)*+G(b,c,a)(c- a)*+G(c,a,b)(a- b)°.

f (a,b,c) =g a*b*c- 6ab“c
om

Trong d6 tong lay trén tat ca cac hoanvi (a¢b¢gd cua (a,b,g).
binh i SO.S:

Xét biéu thic S= f(a,b,c) =S,(b- c)*+S,(a- c)’+S.(a- b)?
Trong d6 S,,S,, S, lacac hamsb cua a,b,c.

1.Néu S,,S,,S.2 0 thi S3 0

2.Néua3b3cvas,§+S,S5+S,20thi S30

3.Néua3b3cvas,S,S +2S,S,+25,3 0thi S3 0

4.Néu a® b3 cvas,S 2 0a’S +b’S 2 0thi S30

5.NéU S, +S+S20vaSS+SS +SS,20thi S30
Ngoai radé S3 0 véi moi a,b,c3 0 thitaphaico: S, +S [,.,2 0,S,+S.|,..2 0,S.+S,]...2 O trong d6
S, +S .., 0 c6 nghialataxét biéuthirc S, +S, khi a=b. Véi cac bai toan ddi xiingtacongay S, =S,
néu a=b. Nhan xét nay rat quan trong trong cac bai toan tim hing sb tot nhét.
Sau day lamét so dang thirc thuong dung trong phén tich:
1a2+b?- 2ab=(a- b)?
a,b ,_(a-by
b a ab
3.a° +b°- ab(a+b) = (a+b)(a- b)?

2

4.a°+b*+c*- ab- be- cazég(a- b)® +(b- c)*+(c- a)’y
5a°+b*+c*- %(a+b+c)2 =§ga- b)*+(b- ¢)® +(c- a)°y
6.(a+b)(b+c)(c+a)- 8abc=a(b- c)* +b(c- a)*+c(a- b)?

723 +b° 4G 3abc=%(a+b+c)g(a- b)? +(b- ) +(c- a)Y

212 _ (a- b)®
84/2 b?) - b) =
(@ rb)- (@b a+b+,/2(a’ +b?)

9a*+b*+c*- abc(a+b+c)=%g(a- b)*((a+b)? +¢*) +(b- ¢)*((b+c)* +a*)+(c- a)*((c+a)*+b*)}

a . b ¢ 3_ (a- b)? N (b- ¢)? N (c- a)?
‘b+c c+a a+b 2 2a+c)b+c) 2(@+b)(a+c) 2(b+c)(b+a)
* Chay: phuong phap phan tich trén la khong duy nhét.

Tacd thé hiéu "ndbm na' phuong phdp phéan tich binh phuong S.0.S nhu sau:

10
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Gia sir ta.can chirng minh bit dang thire A3 B trong d6 ta dé biét hoac ching minh duoc:

JA3 C .JAEC
iB3C {BEC

Khi d6 thay vi ta chirng minh bit dang thirc d& cho taqui vé chirng minh bat dang thic:
A-C3B-C (1 hOaC C- AEC-B(2

Loi ich caa phuong phép ndy & Do céc vé cua bat dang thuc (1) , (2 déu khoéng am (théng thuong 1a cac
dai lugng binh phuong du). Khi d6 viéc ta can lam 1a so sénh céc hé sb cua céc dai lugng khong am do véi
nhav.

D. Mét sb bai todn khong cn sir dung tiéu chuin:

Problem 1: (Tran Nam Diing)
Cho a,b,c duong. Chirng minh rang:

a’+b?+c? a b c
+ 3 + +
ab+bc+ca b+c c+a a+b

Loi gigi: , o ‘
* Ta phan thay hai vé déu lon hon hoac bang 3/2., q
Bat dang thirc can chirng minh tu:ong duong vaéi bat dang thirc sau:

a’+b’ +c? 13 3

e — a—_ —

ab+bc+ca qc bt+C 2
a (a- by’

0 o 3 8 (a' b)2

ab+bc+ca o 2(a+c)(b+c)
Pua bt dang thirc vé dang chinh tic: S, (b- ¢)?+S,(c- a)>+S,(a- b)?3 0
a.2
* (b+a)(c+a)
b2
Trongdd: § =— >0
(b+a)(b+c)

_

C T NS~ >0
(c+a)(ct+b)
Vay bai todn duoc chang minh. Bing thiae xay ral a=b=c.

Problem 2: (Suu tam) ‘
Cho a,b,c duong. Chirng minh rang:

o a2 o 0
a F+a a3 ?2 /3.a a’
oye oye o

Loi Qidi: ‘
Tanhan thay ha vé ciabat dang thic déu lon hon hoac bang: 2(a+b+c).
Bat dang thirc cin chirng minh twong dwong véi bt dang thire sau:
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2
é%- a3?2 f3.éa2- 2§ a
cyc cyc cyc cyc
a (a- by’

2
Ué(a_b)gz cyc

5 b 3 a’+§a
o o

Pua bt dang thirc can chirng minh vé dang chinhtac: S, (b- ¢)?+ S, (c- a)?+S.(a- b)?3 0.

1 2 1 1 a+tb
S, ==- 3. = >0
c /3.éa +§a C at+b+c c(a+b+c)
cyc cyc
Trongd(’):SD:E- 2 s1. 1 _ btc >
a lgé a2+ a a atb+c a(a+b+c)
oyc cyc
1 2 1 1 _  a+c

3

S

C

=—- —- = >
b 33a’+§a b a+b+c Db(a+b+c)
oyc
Vay bét dang thirc duoc ching minh. Bang thirc xay ral a=b=c.
Sau day lamét so bai tu luyén danh cho ban doc budc dau lam quen véi phuong phap nay.
Problem 3: (Crux 2290)
B 5 ~
Cho a,b,c dweng. Chiéng minh rang: ¢O (a+b)+ 2 abcQ (2a+b+c).
e cyc 1] oyc
Problem 4: (Swu tam)
& ,0
Cho a,b,c dwong. Chiing minh ring: cg a°+ +g a’b’ 3 23 a’b.
€oec @G o sym

Problem 5:(Swu tam)
Cho a,b,c dwong. Chiing minh rang: § a2. iz+153 43

o a
oc  oc @ om D

Problem 6:(Swu tam)
Cho a,b,c dwong. Chieng minh rang: § a2.9 iz+273 43 ag S
a
o o

cyc cyc
Problem 7:(Swu tam) ‘
Cho a,b,cdwong. Ching minh rang:

182 1840 p3= 282 +8a22 g
o D+C 2 50 ¢ g D+HC oo 2V e

E. M6t sb bai toan sir dung tiéu chuin:

Problem 3: (Bat ding thac Schur)
Cho a,b,c duong. Chirng minh rang:

Q a®+3abc? § ab4/2(a% +b?)
cyc cyc
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Loi Qidi: . . ) .
béy labai toan ma phan trudc matadade cap toi. Bay gio tase giai quyet bai toan ndy bang phuong phap
S.0OS.
Tanhan thiy hai vé bit ding thirc déu lon hon hoic bing § ab(a+b) . B4t ding thirc cin chirng minh
cyc
tuong duong voi :

3 a®+3abc- § ab(a+b)3 § aby/2(a’+b?) - § ab(a+b)
cyc cyc cyc cyc

0 & (a+b-c)(a-b)’, o ab(a- b)®

o 2 o \/2(a% +b%) +a+b
Pua bt dang thirc vé dang chinh tic: S, (b- c)?+ S, (c- a)’+S.(a- b)?3 0.
S = (b+c-a) bc
: 2 J2(02 +¢%) +b+c
. cta-b ca
Trong do: § = > PG a) rare
S = atb-c ab

’ 2 2% +b%) +a+b

Khéng mét tinh tong quét gia sta3 b3 c. Khi d6:

(c+a- b)(vZ(a“CZ) +a+C)- 28C (c+a- b)(a+c)- 2ac
2(\/2(a2+cz) +a+c) 2(«/2(a2+cz)+a+c)

_(atb- c)(\/2(a2+b2)+a+b)- 28D 2(a+b- c)(a+b)- 2ab

= 2(\/2(a2 +b?) +a+ b) 2(«/2(a2 +b?) +a+ b)

P §+S30
Tachang minh :

30(c+a- b3 ca+c? a)

30(a+b-c3® aja+b3 b)

2ab 2bc 2e a C u_aeb+b('53

- 3 2bal- - 1=b =
J2(@%+b*) +a+bh (2(b*+c?) +b+c 81 2a+h) 2(b+c)fj &a+b b+cg

Vay bit dang thirc dugc chirng minh. Bang thic xay ral a=b=cUa=b,c=0 va céc hoan vi.

S, +S =2b-

Problem 4: (Suu tam)
Cho a,b,c duong. Chirng minh rang:
a’+b*+c? N 8abc .
ab+bc+ca (a+b)(b+c)(c+a)

Loi Qidi:

Nhu d&ndi & phan truéc bat diang thirc trénduoc tao ranhd phép cong nguoc chiéu. Tass chirng minh nd
biang phuong phép S.O.S:

Bat dang thirc cin chirng minh twong dwong véi bt dang thire sau:
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aa a(a-b? § 2c(a- by
cyc SabC 2 3 cyc

—-1%1- U 2%,
a ab O (a+b) a ab O (a+b)
cyc cyc cyc cyc
Pua bt dang thirc can chirng minh vé dang chinhtac: S, (b- ¢)?+S,(c- a)?+S.(a- b)?3 0.
s, =@Db*OC*d) o o g C
ab+bc+ca ab+bc+ca
Trong do: § = (a+bjbrojcra) 2b=a+c- b- __abe
ab+bc+ca ab+bc+ca
S = (a+b)(btc)(c+a) 2c=a+b- c- __abe
ab+bc+ca ab+bc+ca

Khong mat tinh téng quét gia sir a3 b3 c. Khi d6 déthiy S,,S. 2 0b S +S,3 0.
2abc  _ 2c*(a+h) 0
o ab+bc+ca ab+bc+ca )
Vay bat dang thirc duoc chirng minh. Bang thirc xay ral a=b=cUa=b,c =0 vacéc hoan vi.
Comment 1: Bai toan dat ra latim hang so k tét nhat sao cho bat dding thirc sau ding véi moi a,b, ¢ khéng

Tachang minh: S, +S, =2c-

A

am.
2 2 2
arbte 8abc 3 1+Kk. (S duoc xét ¢ phan sau)
ab+bc+ca (a+b)(b+c)(c+a)
Problem 5: (Suu tam) ‘
Cho a,b,c duong. Chirng minh rang:
3 3 3
g o, A1)
oc D a“+b“+c
Loi gidi:
Ta thy hai vé cua bit ding thirc déu lon hon hoic bing: § a. Bét ding thirc cin chirng minh twong duong
cyc
33 &
o & o c o . o (a-b)?. o (a+b)(a- b)?
a-aa’—zg—-aal § & %
cyc ac aa ac w D y a tb7+c

cyc

Pua bt dang thirc ching minh vé dang chinh tac: S, (b- ¢)>+S,(c- a)>+S,(a- b)?3 0.

2 2
g =2*e
c
2 2
Trongd(’):S.D:C b c
2 2
SC:a +c°

Do bét ding thirc co tinh hoén vi taxét hai truong hop:
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* a3 b3 c.Khidotacod: S,,S 2 0. Tachangminh: S, +2S 3 0;S. +2S 3 0 c4 hai bat dang thic nay
chirng minh khéng kho, danh cho ban doc.

* afbf£c.Khiddtaco: S,S, 3 0. DEdang chitng minh: S, +S 3 0.

Vay bit dang thirc du:oc chirng minh., Dang thuc xay raU a= b=c.

Bay gid ta s xét mot sb bai toan vai yéu cau latim hang sb k dé bit dang thirc thoa man mot déi kién ndo
d6. Tabat dau véi bai todn sau:

Problem6: (Nguyén AnhKhog)

Tim hang so duong k tot nhat dé bat dang thac sau ludn ddng:
a’+b’+c® N 8abc
ab+bc+ca (a+b)(b+c)(c+a)

& déy a,b,c lacéc sb thuc khdng amtuy y.

3

Loi gidi: ‘ o
Bat dang thirc can chirng minh tuong duong véi bat dang thirc sau:
o’ +b’+c® 0, 8abc

Kab+bcrca 4~ (a+b)b+c)(c+a)
é(a b)? ac(a b)?

3

K.
ab+bc+ca (a+b)(b+c)(c+a)
Pua bt dang thirc vé dang chinh tic: S, (b- ¢)?+S,(c- a)*+S,(a- b)?3 0.

Trong d6 c&c hé sb duogc xéc dinh bai:
S, =k(a+b)(b+c)(c+a)- a(ab+bc+ca)

S =k(a+b)(b+c)(c+a)- b(ab+bc+ca)

S =k(a+b)(b+c)(c+a)- c(ab+bc+ca)
DK cin: Ldy b=c,tacé S, =S, . Bé bat dang thic ddng thi phai co:
2ab+b?
2(a+h)?

§+S =252 00 k?
t LA 1 . .. Y R S L1
Mat khac max f (a,b) :—. Tu day tasuy ragiatri tot nhat caa k IaE.

bK du: Voi k= E Khéng mét tinh tong quét gia st a3 b3 cb SESES.

(a+c-b) abc
2 2
(a+b-c) abc
2 2

S, = (ab+bc+ca) 3 0(a+c- b3 c)

S, = (ab+bc+ca) 3 0(a+b-c3 a)

P §+S30
S, +§ =(a+b)(b+c)(c+a)- (a+b)(ab+bc+ca)=(a+b)c’2 0.

Vay bét ding thirc ding voi moi a,b,c? 0U k3 %.Déngthircxéyraf) a=b=cUa=b,c=0 vacéc

hoan vi.
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Problem 7: (BUi Viét Anh) S
Tim hang so duong k tot nhat dé bat dang thac sau ludn ddng:
3 3 3
a’+b’+c Tk abc s 3+L
abc (a+b+c) 27

o ddy a,b,c lacéc sb thuc khdng amtuy y.

Bat dang thirc can chirng minh twong duong véi bat dang thirc sau:
a®+b*+c’ el abc O
————-33ke—=-——— =

abc €27 (a+b+0)’ g

(a+tb+0)§ (a- b)?  (a+b+70)q (a- b)?
U cyc 3 cyc

2abc k. 54(a+b+c)’

Pua bat dang thirc vé dang chinh taic: S,(b- ¢)*+S,(c- a)’+S.(a- b)*3 0.
Trong d6 c&c hé sb duogc xéc dinh bai:

S, =27(a+b+c)*- kabc(7a+b+c)

S =27(a+b+c)* - kabc(a+7b+c)

S, =27(a+b+c)*- kabc(a+b+7c)
DK cin: Ldy b=c, taco: S, =S.. Dé bit dang thirc dang thi ta phai co:
27(a+ 2b)*
ab?(a+8b)

S,+S =253 00 k£

Mit khéc min f (a,b) :%. Tir d6 suy ragiatri tot nhat caa k |a%.

PK du: Vi k:%rg. Khong mat tinh téng quét gia sir a3 b3 cb S £S £S,.

S, =4a+b+c)*- 27abc(a+7b+c)3 27abc(4a+4b+4c- a- 7b- ¢) =27abc(3a- 3b+3c)2 0
S, =4(a+b+c)*- 27abc(a+b+7c) 3 27abc(4a+4b+4c- a- b- 7c) = 27abc(3a+3b- 3¢) 2 0
P §+S30
S, +§ =4(a+b+c)*- 27abc(4a+4b+c) 3 27abc(4a+4b+4c- 4a- 4b-c)3 0.
Vay bit dang thirc ddng véi moi a,b,c3 0U kE%.Déng thac xay raU a=b=c.
Sau day lamot sd bai tap tu luyén: ‘
Problem 1:(Swu tam) Cho a,b,c duong. Chirng minh rang:
a b C abc 5
+ + + 3 —
b+c c+a a+b 2@+b*+c®) 3
Problem 2:(Swu tdm) Cho a,b,c dwong. Chirng minh rang:
1 1 1 21

. + 3
a’+ab+b® b®+bc+c® c*+ca+a’® 2(a’+b*+c’)+5(ab+bc+ca)
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1 1 1 27
+ +

2. 3
8a®+7ab+8b> 8b°+7bc+8c® 8c®+7ca+8a” 23(a+b+c)’
Problem 2:(Pham Kim Hung ) Tim hing s6 duong k dé bat ding thirc sau lubn ddng véi
a,b,c3 0:

(a+b)(b+c)(c+a) Tk ab+bc+ca
abc “a?+b*+c?

3 8+k

pS kEMW?2 o o
Problem 4:(Swu tam) Tim hang so6 duong k dé bat dang thirc sau dang véi a,b,c3 0:

a + b + c +kab+bc+ca3 k+§

b+c c+a a+b a?+b*+c? 2

Luu y: Céc bai todn trén chi la nhirng bai don gian gitp nhitng ban méi lan dau tiép can phuong phép
S.0.S. Phuong phép nay rat manh doi voi bai todn bat dang thirc ddi xung 3 bién dang da thirc, phéan
thac, khong c0 can thirc (van cé truong hop ngoai 18 cu thé Problem 2), hdu hét cac bit dang thuc loai
ndy déu phai "chiu thua" truéc sicc manh caa nd. Dé ndm rd vadiéu luyén phuong phap ndy ban doc nén
tham khao thém trong séch " Sang tao bt ding thirc" caatéc gia Pham Kim Hing hoic truy cap vao céc
trang web dugc gidi thiéu & phan muc luc.

Loi két: Bat dang thirc qud 1a& mét thé gidi dep dé biét bao, cang di sau vao nd ta méi cam nhdn hét
diroc nhirng vé dep ma né mang lai. Nhur c&c ban @& biét bat dang thirc 1a mét phan rat réng va c6 kha
nhiéu dé tai hap dan chua diroc nghién cizu. Ciing vi |i do d6 va dong thoi toi dang hoc 16p 10 nén kién
thizc c6 han khé trénh khsi nhizng sai sot, mac du @4 rat c6 gang hoan thanh bai viét trong thoi gian
ngan nhat. TAc gid xin chan thanh cam on s d6ng gop ¥ kién chan thanh cia ban doc doi véi bai viét
nay.
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