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Nhu theo dinh Iy Euler, ta ¢6 a®™ = 1(mod n), véi (a,n) = 1 (O day ¢(n) la ham Euler dém s6
cac s6 tu nhien nhé hon vh nguyén t6 cling nhau vé6i n , ky higu (a,n) la u6c chung 16n nhat clia a va
n). Tuy nhién thudng ta c6 mot luy thita ctia a, nhé hon p(n) ma dong du véi 1 theo modulo n . T
d6 dua dén dinh nghia sau:

Dinh nghia 1 Chon > 1 va (a,n) =1, cdp ciia a theo modulo n la $6 nguyén duong k nhé nhat sao
cho a* = 1(modn)

Ta xét cic lu§ thita lién tiép clia 2 theo modulo 7. Véi modulo nay, ta nhan duge cic quan hé dong
du sau:
21=21922=423=1,22=22=4,26=1,...

Tt trén suy ra 2 ¢6 cap 3 theo modulo 7.

Nhan xét ring néu hai s6 nguyén dong du véi nhau theo modulo n, thi chiing c6 cuing cap(theo
modulo n). That vay néu a = b(mod n) va a* = 1(mod n) , lai do a* = b*(mod n) nén suy ra
b* = 1(mod n) .

Ciing chti ¥ 14 trong dinh nghia trén chiing ta chi xem xét cdc sé nguyén a sao cho (a,n) = 1. That
vay, néu (a,n) > 1 thi ta da biét la phuong trinh dong du az = 1(mod n) vo nghiém, do d6 mbi quan

hé a* = 1(mod n)(k > 1) khong thé xay ra vi néu xay ra thi ta c6 z = a*~! 1a nghiém ctia phuong
trinh ax = 1(mod n) . Do vay khi néi vé cap clia s6 nguyén a theo modulo n , thi luon gia thiét rang
(a,n) = 1.

Trong vi du trén ta thiy 2¥ = 1(mod 7) khi va chi khi k 14 boi ctia 3, v6i 3 1a cip clia 2 theo
modulo 7. Dinh 1y dau tién sau day sé chitng t6 trong trudng hgp tdng quét hon.

Dinh 1y 2 Cho s6 nguyén a c6 cap k theo modulo n . Thi a® = 1(mod n) néu va chi néu klh , ddc
biét ta cé klp(n) .

Ching minh

Gia st ta c6 k|h , thi h = k.j , véi j 1a s6 nguyen. Béi vi a* = 1(mod n) nén (a*)? = 19(mod n) hay
a" = 1(mod n).

Ngudc lai, gid sit 1 s6 nguyén thoa . Theo thuat toan Euclide thi ton tai cic sb ¢, 7 sao cho h = gk +r
,v6i 0 < r < k. Vay a" = (a?)*.a” , ma ca a" = 1(mod n) va a* = 1(mod n) . Tit d6 suy ra
a” = 1(mod n) . B&i vi 0 < r < k va k 1 s6 nguyén duong nhé nhat thod a* = 1(mod n) . Vay r =0
néen klh .

Dinh 1§ 2 cho phép ta tién hanh tinh toan bac ciia mdt s6 nguyén a theo modulo n , thay vi phai
xem xét tat ca cac luy thita clia a , thi cAc luy thita chi can gii han 1a cac udc ciia p(n). Dé giai thich
diéu nay, ching ta tinh cap ctia 2 theo modulo 13. Vi ¢(13) = 12 , do d6 cap ctia 2 phai la mot trong
cacsd 1,2, 3, 4, 6, 12. Tu:

21 =222 =423 =821 =3,20 = 12,2 = 1(mod 13)

Tu day nhan thiy ring 2 c6 cip 12 theo modulo 13. Vi mot wée bat ky d cia ¢(n) , khong phai
ltc nay ching ta ciing chon duge mot s6 nguyén a c¢6 cap d theo modulo n . Vi du la lay n = 12 thi
©(12) = 4, va s8 khong ton tai mot s6 nguyén nao c6 cap 4 theo modulo 12, that vay, vi dé dang thay:

1'=5%2=72=112 = 1(mod 12)



Va do dé chi c6 thé chon dugce cap 1a 1 hodc 2. Duéi day trinh bay tiép mot tinh chit co ban lién
quan dén cap ctia mot s nguyen.
Dinh 1y 3 Néu s6 nguyén a cé cap k theo modulo n , thi a® = a’(mod n) néu va chi néu i =
j(mod k) .
Ching minh
Dau tien gia st ring a' = o/ (mod n) , v6i i > j . BSi vi a nguyén t6 ciing nhau véi n , nén ta cé
a’™7 = 1(mod n). Theo dinh 1y 2 thi ta c6 k|i — j, suy ra i = j(mod k)
Ngudc lai, gid stt i = j(mod k). Thi ta c6 i = j + kq, v6i ¢ 1a mot s6 nguyén. Theo dinh nghia ctia k,
a* = 1(mod n). Do dé a’ = a?**1 = a’.(a*)? = o/ (mod n). Tit d6 ta c6 diéu phai chitng minh.

Tt két qua trén ta c6 he qui sau:
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Hé qua 4 Néu a c6 cip k theo modulo n, thi cic s6 nguyén a,a?,...,a"* khong dong du vdi nhau theo

modulo n

Ching minh
Néu a’ = a/(mod n) v6i 1 < i < j <k, thi theo dinh 1y trén suy ra i = j(mod k). Nhung diéu nay
chi c¢6 thé x4y ra kh i = j

Mot cau héi ty nhien duge dit ra la: C6 thé mo ta duge hay khong cap ciia bat ky luy thira nao
clia a theo cap clia a. Cau tra 16i nhan dugce trong dinh 1y sau:

Dinh 1y 5 Néu s6 nguyén a cé cap k theo modulo n va h > 0, thi a” ¢ cip la ﬁ theo modulo n

Ching minh
Dat d = (h, k), thi khi d6 ta c6 thé viét h = hy.d va k = ky.d, v6i (hy, ko) = 1. R6 rang:

(ah)kl _ (ah1d)k/d = (ak)h1 = 1(mod n)

Néu gia sit a” c¢6 cap r theo modulo n, thi theo dinh ly 2, phéi c6 r|k;. Mat khac, béi vi a ¢6 cap k
theo modulo n, nén tit dong du:
a" = (a")" = 1(mod n)

suy ra k|hr hay kid|hidr, suy ra ki|hyr. Nhung (ki,hi) = 1, do d6 ki|r. Vay k; = r, ta c6 diéu phai
chiing minh.
T dinh 1y trén ta rat ra mot hé qué sau:

Hé qua 6 Cho s6 nguyén a cé cip k theo modulo n. Thi a” ciing cé cip k néu va chi néu (h, k) =1
Chiing ta sé thiy két qua ciia qua trinh & trén thong qua trudng hop dic biét sau:

Vi du 1 Bang sau day trinh bay cip clia cac sd nguyén duong nhé hon 13 theo modulo 13:
Ching ta quan sat riang cap clia 2 theo modulo 13 13 12, trong khi d6 cap ciia 22 va 23 14 6 va 4, tuong
ng; d& dang nhan thay ring: 6 = % va 4 = % Theo ding dinh 1y trén, cic s6 nguyeén la luy

thita ciia 2 ma ciing c6 cap 12 theo modulo 13 1a cic luy thita 2% ma (k,12) = 1; cu thé la:
21 =225 =6,2" = 11,2'" = 7(mod 13)

Néu mot sé nguyéen a c¢6 kha nang cé cip 16n nhat cé thé, thi ta goi né 1a 13 mot cin nguyén thuy cia
n.

Dinh nghia 7 Néu (a,n) = 1 va a ¢6 cap p(n) theo modulo n, thi a la mot can nguyén thuy clia so
nguyén n

Hay néi mot cach khéc, n ¢6 a 1a mot can nguyen thuy néu a?™ = I(mod n), nhung o* =
1(mod 13) v6i moi s6 nguyén k < ¢(n)

Dé dang thay ring 3 13 mot cin nguyén thuy cia 7, do:

31=3,32=232=6,3=4,3"=5,3° = 1(mmod 7)



Téng quat hon, ching ta cé thé ching minh cin nguyén thuy ton tai véi bat ky modulo nguyen
t6 ndo, va day 13 mot két qua quan trong co ban. Mic dit ¢6 thé c¢é can nguyén thuy ctia n véi cid n
khong phai la s6 nguyen t6(vi du, 2 1a mot can nguyen thuy ctia 9 vi 290 = 26 = 64 = 1(mod 9)).
Ciing khong c6 1y do gi dé tin tudng 1 moi sé nguyén n déu sé hitu 1 can nguyén thuy, vi sut ton tai
ctia can nguyén thuy phu thudc vao tiung truong hgp dac biét hon la mot quy luat chung.
Vi du 2 Ching ta ching t6 ring néu F, = 22" + 1,n > 1 la s6 nguyén td, thi 2 khong phai 1a
can nguyén thuy ctia F, (RS rang 2 1a cin nguyén thuy ctia 5 = Fy). T sy phan tich 22" =
(22" +1)(2%" - 1), ta co:

22" = 1(mod Fp,)

T d6 suy ra cap ciia 2 theo modulo F,, khong vugt qua 2. Nhung véi gia thiét F, 1a s nguyeén t6
thi

o(F,)=F,—1=2%
va bing quy nap don gidn dé dang xac nhan duge 22" > 2"t véi n > 1. Do vay, cAp clia 2 theo
modulo F,, nhé hon ¢(F,). Do dé 2 khong thé 14 cin nguyén thuy cta cta F),

Mot trong nhitng tinh chit quan trong ciia cin nguyén thuy nidm & dinh 1y sau:

Dinh 1y 8 Cho (a,n) = 1 va ay,as,...,au@) la cic 56 nguyén duong nhé hon n va nguyén to cung
nhau véi n. Néu a lo mot can nguyén thuy cia n, thi

a,a’,.. .,a‘o(”)

dong du theo modulo vdi n vdi a1, as,. .., Ay (n) theo mot thid tu nao do.

Ching minh

Vi a nguyén té cting nhau véi n, nén cic luy thita clia a cling nguyén té cting nhau véi n. Do vay, moi
a* dong du modulo véi mot s6 a; nao d6. Ma ta da biét ¢(n) sb trong tap a,a?,...,a%™ khong dong
du véi nhau, do vay cac luy thita nay phéai dong du(khong nhét thiét theo thi ty xuat hien) céc s6
nguyen ai, ag, - - ., dy(n)-

Mot hé qué cta nhiing gi ching ta vita chitng minh G trén, 14 trong trudng hgp cin nguyén thuy
ton tai, ching ta sé biét chinh xéc n6 cé6 bao nhiéu can nguyén thuy.

Hé qua 9 Néun cé mot can nguyén thuy, thi né c¢é chinh zdc p(p(n)) can nguyén thuy.

Ching minh
Gia st a la mot can nguyén thuy cia n. Theo dinh 1y trén, cidc cdn nguyén thuy khac cta n dudc
tim trong tap hop a,a?,...,a?™. Nhung s6 cac luy thita a®,1 < k < ¢(n), ma cé cip ¢(n) bing véi
s céc s6 nguyén k sao cho (k,¢(n)) = 1. Va 1o rang ¢6 ¢(p(n)) s6 k thod man. Vay c¢6 ¢(¢(n)) can
nguyén thuy.

Két qué trén c6 thé giai thich qua truong hop a = 2 va n = 9. Bdi vi ¢(9) = 6, sau luy thira dau
tién ctia 2 phai dong du theo modulo 9, theo mot thit tu ndo d6 véi cac s6 nguyén duong nhéd hon 9
va nguyén t6 cting nhau véi 9. Cac s6 nguyén duong nhoé hon 9 va nguyén t6 ctiing nhau véi 9 1a 1, 2,
4,5, 7, 8, vh chiing ta nhin thiy ring:

21 =21922=423=82t=72°

)

5,25 = 1(mod 9)

Theo hé qua trén thi ching ta c6 chinh xéc ¢(p(9)) = ¢(6) = 2 can nguyén thuy cta 9, va ching la
cac s6 2 va 5.

Bai tap

1. Tim céc cap cia 2, 3 va 5 theo:

. modulo 17.

. modulo 19.

. modulo 23.

. Chitng minh céc khing dinh duéi day:

. Néu a c6 cAp hk theo modulo n, thi a® ¢6 cip k theo modulo n.

N0 T



b. Néu a c¢6 cap 2k theo modulo s6 nguyén t6 18 p, thi a* = —1(mod p)

c. Néu a c6 cip n — 1 theo modulo n, thi n nguyén to.

3. Chiing minh réng ¢(2" — 1) 1a boi clia n véi n > 1.

4. Gia st cip ciia a theo modulo n 14 h v cip clia b theo modulo n 1a k. Ching t6 ring cip cia ab
theo modulo n chia hét hk, dic biet néu (h, k) = 1, thi ab c6 cap hk.

5. Cho biét a c6 cap 3 theo modulo p, véi p 1a s6 nguyén t6 1&, ching t6 a + 1 c6 cap 6 theo modulo p.
6. Xac nhan cac khing dinh sau:

a. Cac udéc nguyen t6 1é ctia n? + 1 ¢6 dang 4k + 1.

b. Cac u6c nguyeén t6 18 ctia n* + 1 c6 dang 8k + 1.

c. Cac udc nguyen t6 1é ctia n? +n + 1 khéac 3 ¢6 dang 6k + 1.

7. Chitng minh ring ton tai vo han cic s6 nguyén t6 c6 dang 4k + 1,6k + 1 va 8k + 1.

8. a. Chitng minh ring néu p va ¢ la cac s6 nguyén to 18 va gla? — 1, thi hodc 1a gla — 1 hodc 1a
q=2kp+1vé6i k 1 sb nguyén.

b. St dung phan a dé ching minh riing néu p la s6 nguyén to 18, thi moi wéc nguyen to6 1é ctia 2P — 1
c6 dang 2kp + 1.

c. Tim uwéc nguyen t6 16 nhé nhét ctia s6 217 — 1 va 229 — 1.

9. Chiting minh ring ton tai vo han cac s6 nguyén t6 c¢6 dang 2kp + 1, vdi p 13 s6 nguyén t6 18.

10. a. Ching t6 2 la cdn nguyén thuy ctia 19, nhung khong phai la can nguyén thuy cta 17.

b. Chiing t6 rang 15 khong c6 cin nguyén thuy bing viéc tinh cac cap ciia 2, 4, 7, 8, 11, 13, va 14 theo
modulo 15.

11. Cho r l1a mot can nguyén thuy ctia n. Ching minh ring r* 1a cin nguyén thuy ctia n néu va chi
néu (k,p(n)) = 1.

12. a. Tim can nguyén thuy cta 10.

b. St dung thong tin 3 1a can nguyén thuy ctia 17 dé nhan dude 8 can nguyen thuy cta 17.

13. a. Ching minh réng néu p va ¢ > 3 1a cac s6 nguyen t6 1é va ¢|R,, thi ¢ = 2kp + 1, v6i k nguyeén.
b. Tim cac wéc nguyén t6 nhé nhat clia Rs = 11111 va Ry = 1111111.

14. a. Cho p > 5 1a s6 nguyén t6. Néu R, 1a sd nhé nhét sao cho p|R,, chiing t6 n|p — 1. Vi du Rg la
$6 nho nhat chia hét cho 73, va 8|72.

b. Tim R,, nhd nhét chia hét cho 13.



