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SKOLIAD No. 116Lily Yen and Mogens HansenPlease send your solutions to problems in this Skoliad by 1 Otober, 2009. Aopy of Crux will be sent to one pre-university reader who sends in solutionsbefore the deadline. The deision of the editors is �nal.

Our ontest this month is the Final Round of the Swedish Junior HighShool Mathematis Contest 2007/2008. Our thanks go to Paul Vaderlind,Stokholm University, Stokholm, Sweden for providing us with this ontestand for permission to use it. We also thank Jean-Mar Terrier of the Univer-sity of Montreal for translating this ontest from English into Frenh.Swedish Junior High Shool Mathematis ContestFinal Round, 2007/20083 hours allowed1. Values are assigned to a number of irles, and these values are writtenin the irles. When two or more irles overlap, the sum of the values of theoverlapping irles is written in the ommon region. In the example on theleft below, the three irles have been assigned the values 1, 3, and 8. Wherethe irle with value 1 overlaps the irle with value 3 we write 4 (= 1 + 3).In the region in the middle, we add all three values and write 12.
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In the �gure on the right above are four irles and, thus, thirteen regions.Find the number in the middle if the sum of all thirteen numbers is 294.2. This is the 20th edition of the Swedish Ju-nior High Shool Mathematis Contest. The�rst quali�ation round was held in the fall of1988, and this year's �nal is held in 2008. Thatis twenty-one alendar years, 1988{2008, butthe table below has room for only eighteen ofthem. Whih threemust be omitted if the digitsum in every row and every olumn must bedivisible by 9? (Two solutions exist.)
.......................................................................................................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.......................................................................................................................................................................................................................................................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.

.......................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.......................................................................................................................................................................................................................................................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.....................................................................................................

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

.

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

..

.

.

..

.

.

..

.

.

..

.

.



130
3. The line segments DE, CE, BF ,and CF divide the retangle ABCDinto a number of smaller regions.Four of these, two triangles and twoquadrilaterals, are shaded in the �gureat right. The areas of the four shadedregions are 9, 35, 6, and x (see the�gure). Determine the value of x.
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A

B C

D

E

F

9

35

x

6

4. A goody bag ontains a two-digit number of goodies. Lisa adds the twodigits and then removes as many goodies as the sum yields. Lisa repeatsthis proedure until the number of goodies left is a single digit number largerthan zero. Find this single digit number.5. In how many ways an the list [1, 2, 3, 4, 5, 6] be permuted if the produtof neighbouring numbers must always be even?6. The digits of a �ve-digit number are abcde. Prove that abcde is divisibleby 7 if and only if the number abcd − 2 · e is divisible by 7.
Conours su �edois de math �ematiques pr �eoll �egialesRonde �nale, 2007/2008Dur �ee : 3 heures1. On attribue des valeurs �a un ertain nombre de erles, et on les �erit dansles erles orrespondants. Quand plusieurs erles se oupent, la somme desvaleurs des erles qui se reoupent est insrite dans la r �egion ommune.Dans l'exemple i-dessous �a gauhe, les trois erles ont omme valeurs 1,

3 et 8. L �a o �u le erle de valeur 1 reoupe le erle de valeur 3, on �erit 4(= 1 + 3). Dans la r �egion du milieu, on additionne les trois valeurs et on�erit 12.
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Dans la �gure de droite i-dessus, on a quatre erles ave treize r �egions.Trouver le nombre dans le milieu si la somme des treize nombres est 294.
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2. Cei est la 20e �edition du Conours su �edois demath �ematiques pr �eoll �egiales. La premi �ere rondede quali�ation a eu lieu en automne 1988, etla �nale de ette ann �ee a lieu en 2008. Cela faitvingt-et-une ann �ees alendrier, 1988{2008, maisla table i-ontre n'a de plae que pour dix-huitd'entre elles. Quelles sont les trois qui doiventêtre omises si la somme des hi�res dans haqueligne et dans haque olonne doit être divisiblepar 9 ? (Il y a deux solutions.) .......................................................................................................
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3. Les segments DE, CE, BF et CF divisentle retangle ABCD en un ertain nombre der �egions plus petites. Dans la �gure de droite,quatre d'entre elles sont ombr �ees, deux tri-angles et deux quadrilat �eres. Les aires desquatre r �egions ombr �ees sont 9, 35, 6 et x (voirla �gure). D �eterminer la valeur de x.
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A

B C

D

E

F

9

35

x

64. Le nombre de surprises ontenues dans un sa �a surprises omporte deuxhi�res. Lise retire du sa autant de surprises que le total de son additiondes deux hi�res. Elle r �ep �ete la même pro �edure jusqu' �a e que le nombrede surprises restantes soit un nombre positif d'un seul hi�re. Quel est enombre ?5. De ombien de mani �eres la liste [1, 2, 3, 4, 5, 6] peut-elle être permut �ee sile produit de nombres voisins doit toujours être pair ?6. Un nombre omporte les inq hi�res abcde. Montrer que abcde est di-visible par 7 si et seulement si le nombre abcd − 2 · e est divisible par 7.
Next we give solutions to the County Competition run by the CroatianMathematial Soiety 2007 given at [2008 : 195-196℄.1. Find all integer solutions to the equation x2 + 112 = y2.Solution by Johan Gunardi, student, SMPK 4 BPK PENABUR, Jakarta, In-donesia.The given equation is equivalent to (y + x)(y − x) = 112.Hene, y + x and y − x are divisors of 112, namely ±1, ±11, and

±121. If y + x = ±1 and y − x = ±121, then y = ±61 and x = ∓60. If
y + x = ±11 and y − x = ±11, then y = ±11 and x = 0. If y + x = ±121and y − x = ±1, then y = ±61 and x = ±60. Hene, the solutions for
(x, y) are (−60, 61), (60, −61), (0, 11), (0, −11), (60, 61), and (−60, −61).Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina.
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2. In a irle with entre S and radius r = 2, two radii SA and SB aredrawn. The angle between them is 45◦. Let K be the intersetion of the line
AB and the perpendiular to line AS through point S. Let L be the footof the altitude from vertex B in ∆ABS. Determine the area of trapezoid
SKBL.Solution by Johan Gunardi, student, SMPK 4 BPK PENABUR, Jakarta, In-donesia.First, tan 2x =

2 tan x

1 − tan2 x
, so we have

−1 = tan 135◦ =
2 tan(135◦/2)

1 − tan2(135◦/2)
,

and thus tan
135◦

2
= 1 +

√
2.Sine ∠SAB =

135◦

2
, we then have

SK = 2 tan ∠SAB = 2 + 2
√

2. Hene, thearea of △SAK is 1
2
SA · SK = 2 + 2

√
2.Also, SL = BL = SB · sin 45◦ =

√
2,so the area of △SBL is 1

2
SL · BL = 1 andthe area of △SBA is 1

2
SA · BL =

√
2. Thearea of △LBA is the di�erene of the areas of

△SBA and △SBL, whih is √
2 − 1.
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Therefore, the area of trapezoid SKBL is (2+ 2
√

2
)

−
(√

2 − 1
)

= 3 +
√

2.Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina.The use of trigonometry an be avoided by noting that △ALB is similar to △ASK.3. Let a, b, and c be given nonzero real numbers. Find x, y, and z if
ay + bx

xy
=

bz + cy

yz
=

cx + az

zx
=

4a2 + 4b2 + 4c2

x2 + y2 + z2
.

Solution by Johan Gunardi, student, SMPK 4 BPK PENABUR, Jakarta, In-donesia.We have that a

x
+

b

y
=

b

y
+

c

z
=

c

z
+

a

x
, whih implies that a

x
=

b

y
=

c

z
.Let k be this ommon value. Then a = kx, b = ky, and c = kz. Substitutinginto the given equation yields that 2k =

4k2x2 + 4k2y2 + 4k2z2

x2 + y2 + z2
= 4k2 hene

k = 0 or k = 1
2
. If k = 0, then a = b = c = 0, ontraditing the requirementthat a, b, and c are nonzero. If k = 1

2
, then x = 2a, y = 2b, and z = 2c.Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina.
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4. Let a and b be positive real numbers suh that a > b and ab = 1. Provethe inequality

a − b

a2 + b2
≤

√
2

4
.Determine a + b if equality holds.Solution by �Sefket Arslanagi �, University of Sarajevo, Sarajevo, Bosnia andHerzegovina.The given inequality is suessively equivalent to

a − b

a2 + b2
≤

√
2

4
;

(a − b)2

(a2 + b2)2
≤ 1

8
;

8(a − b)2 ≤
(

a2 + b2
)2 ;

0 ≤
(

a2 + b2
)2 − 8

(

a2 + b2
)

+ 16ab .Sine ab = 1, the last inequality is equivalent to
0 ≤

(

a2 + b2
)2 − 8

(

a2 + b2
)

+ 16 =
(

a2 + b2 − 4
)2 ,whih is obviously true. Moreover, equality holds if and only if

0 = a2 + 2 + b2 − 6 = a2 + 2ab + b2 − 6 = (a + b)2 − 6 ,that is, if and only if a + b =
√

6.5. The ratio between the lengths of two sides of a retangle is 12 : 5. Thediagonals divide the retangle into four triangles. Cirles are insribed in twoof them having a ommon side. Let r1 and r2 be their radii. Find the ratio
r1 : r2.Solution by Johan Gunardi, student, SMPK 4 BPK PENABUR, Jakarta, In-donesia.Reall that the radius of the irle insribed in a triangle with area Fand perimeter P is 2F/P .Let ABCD be the retangle and assume without loss of generality that
AB = 5 and BC = 12. By the Pythagorean Theorem, eah diagonal of
ABCD has length 13. Divide the retangle into four triangles eah with area
5 · 12

4
= 15. The perimeters of adjaent triangles are then 13

2
+

13

2
+5 = 18and 13

2
+

13

2
+ 12 = 25. Therefore, the radii of the irles insribed in thesetriangles are r1 =

2 · 15

18
and r2 =

2 · 15

25
, so the ratio r1 : r2 is 25 : 18.Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina.
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MATHEMATICAL MAYHEMMathematial Mayhem began in 1988 as a Mathematial Journal for and byHigh Shool and University Students. It ontinues, with the same emphasis,as an integral part of Crux Mathematiorum with Mathematial Mayhem.The Mayhem Editor is Ian VanderBurgh (University of Waterloo). Theother sta� members are Monika Khbeis (Asension of Our Lord SeondaryShool, Mississauga) and Eri Robert (Leo Hayes High Shool, Frederiton).

Mayhem ProblemsPlease send your solutions to the problems in this edition by 15 July 2009.Solutions reeived after this date will only be onsidered if there is time before pub-liation of the solutions.Eah problem is given in English and Frenh, the oÆial languages of Canada.In issues 1, 3, 5, and 7, English will preede Frenh, and in issues 2, 4, 6, and 8,Frenh will preede English.The editor thanks Jean-Mar Terrier of the University of Montreal for transla-tions of the problems.
M388. Proposed by Kyle Sampson, St. John's, NL.A sequene is generated by listing (from smallest to largest) for eahpositive integer n the multiples of n up to and inluding n2. Thus, thesequene begins 1, 2, 4, 3, 6, 9, 4, 8, 12, 16, 5, 10, 15, 20, 25, 6, 12, . . . .Determine the 2009th term in the sequene.M389. Proposed by Lino Demasi, student, Simon Fraser University,Burnaby, BC.There are 2009 students and eah has a ard with a di�erent positiveinteger on it. If the sum of the numbers on these ards is 2020049, what arethe possible values for the median of the numbers on the ards?M390. Proposed by Neulai Staniu, Saint Mueni Sava TehnologialHigh Shool, Bera, Romania.A Pythagorean triangle is a right-angled triangle with all three sides ofinteger length. Let a and b be the legs of a Pythagorean triangle and let h bethe altitude to the hypotenuse. Determine all suh triangles for whih

1

a
+

1

b
+

1

h
= 1 .
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M391. Proposed by Neulai Staniu, Saint Mueni Sava TehnologialHigh Shool, Bera, Romania.Determine all pairs (a, b) of positive integers for whih both a + 1

b
and

b + 2

a
are positive integers.M392. Proposed by the Mayhem Sta�.Determine, with justi�ation, the fration p

q
, where p and q are positiveintegers and q < 1000, that is losest to, but not equal to, 19

72
.M393. Proposed by the Mayhem Sta�.Inside a large irle of radius r twosmaller irles of radii a and b are drawn,as shown, so that the smaller irles aretangent to the larger irle at P and Q.The smaller irles interset at S and T .If P , S, and Q are ollinear (that is, theylie on the same straight line), prove that

r = a + b.
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.................................................................M388. Propos �e par Kyle Sampson, St. John's, NL.On engendre une suite en �erivant (en ordre roissant), pour haqueentier n, les multiples de n jusqu' �a et y ompris n2. La suite ommene donainsi : 1, 2, 4, 3, 6, 9, 4, 8, 12, 16, 5, 10, 15, 20, 25, 6, 12, . . . . D �eterminerle 2009e terme de la suite.M389. Propos �e par Lino Demasi, �etudiant, Universit �e Simon Fraser,Burnaby, BC.On a 2009 �etudiants ayant haun une arte portant un nombre en-tier positif di� �erent. Si la somme des nombres �gurant sur es artes est
2020049, quelles sont les valeurs possibles de la m�ediane des nombres sures artes?M390. Propos �e par Neulai Staniu, �Eole Tehnique Sup �erieure de SaintMueni Sava, Bera, Roumanie.Un triangle pythagorique est un triangle retangle dont les ôt �es etl'hypot �enuse sont mesur �es par des entiers. Soit a et b les longueurs desôt �es d'un triangle pythagorique et h la longueur de la hauteur abaiss �ee surl'hypot �enuse. Trouver tous les triangles de ette forme pour lesquels

1

a
+

1

b
+

1

h
= 1 .



136
M391. Propos �e par Neulai Staniu, �Eole Tehnique Sup �erieure de SaintMueni Sava, Bera, Roumanie.Trouver toutes les paires (a, b) de nombres entiers positifs pour lesquels
a + 1

b
et b + 2

a
sont des entiers positifs.M392. Propos �e par l' �Equipe de Mayhem.Trouver, ave preuve �a l'appui, la fration p

q
, ave p et q entiers positifset q < 1000 et qui soit la plus prohe de 19

72
, mais distinte de elle-i.M393. Propos �e par l' �Equipe de May-hem. Comme le montre la �gure, on des-sine deux petits erles de rayon a et bdans un grand erle de rayon r de sortequ'ils soient tangents �a elui-i en P et Q.Les petits erles se oupent en S et T . Si

P , S et Q sont olin �eaires (- �a-d s'ils sontsitu �es sur une même droite), montrer que
r = a + b.
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Mayhem Solutions
M350. Proposed by the Mayhem Sta�.Dean rides his biyle from Coe Hill to Apsley. By distane, one-thirdof the route is uphill, one-third of the route is downhill, and the rest of theroute is on at ground. Dean rides uphill at an average speed of 16 km/h andon at ground at an average speed of 24 km/h. If his average speed over thewhole trip is 24 km/h, then what is his average speed while riding downhill?Solution by Johem van Gaalen, student, Medway High Shool, Arva, ON.Suppose that it took x hours for Dean to travel from Coe Hill to Apsley.His average speed on this trip is 24 km/h, so he travelled a total distane of
24x km. Also, the total distane for eah of the uphill, downhill, and levelsetions of the trip was 1

3
(24x) = 8x km.Dean rode at a speed of 16 km/h for a distane of 8x km, so his timeriding uphill was 8x

16
=

x

2
hours.Dean rode at a speed of 24 km/h for a distane of 8x km, so his timeriding on at ground was 8x

24
=

x

3
hours.
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Adding the times so far, we obtain x

2
+

x

3
=

5x

6
hours. Sine thetotal time for the trip was x hours, this means that Dean rode downhill for

x − 5x

6
=

x

6
hours.This means that his downhill speed was 8x

x/6
= 48 km/h.Also solved by COURTIS G. CHRYSSOSTOMOS, Larissa, Greee; LUIS DE SOUSA, stu-dent, IST-UTL, Lisbon, Portugal; IAN JUNE L. GARCES, Ateneo de Manila University, QuezonCity, The Philippines; ANTONIO GODOY TOHORIA, Madrid, Spain; RICHARD I. HESS, RanhoPalos Verdes, CA, USA; R. LAUMEN, Deurne, Belgium; CARL LIBIS, University of Rhode Island,Kingston, RI, USA; KARAN PAHIL, student, Malolm Munroe Junior High Shool, Sydney, NS;RICARD PEIR �O, IES \Abastos", Valenia, Spain; KUNAL SINGH, student, Kendriya VidyalayaShool, Shillong, India; MRIDUL SINGH, student, Kendriya Vidyalaya Shool, Shillong, India;and ALEX SONG, Elizabeth Ziegler Publi Shool, Waterloo, ON.M351. Proposed by Kunal Singh, student, Kendriya Vidyalaya Shool,Shillong, India.Let C be a point on a irle with entre O and radius r. The hord ABis of length r and is parallel to OC. The line AO uts the irle again at Eand it uts the tangent to the irle at C at the point F . The hord BE uts

OC at L and AL uts CF at M . Determine the ratio CF : CM .Solution by Ian June L. Gares, Ateneo de Manila University, Quezon City,The Philippines.Sine AE is a diameter of the irle withentre O, we have that ∠EBA = 90◦. Sine
AB is parallel to OC, we also have that
∠BAE = ∠COF . Sine ∠FCO is a rightangle (beause CF is the tangent to the irleat C) and AB = OC = r, then △ABE isongruent to △OCF . Thus, BE = CF .By the Pythagorean Theorem,

CF = BE =
√

AE2 − AB2

=
√

(2r)2 − r2 =
√

3r .Again, sine △ABE and △OCF are on-gruent, AO +OE = AE = OF = OE +EF ,or AO = OE = EF = r, whih means that
E is the midpoint of OF .
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Next, BE is parallel to CF beause they are perpendiular to AB and
OC, respetively, whih are parallel. Sine BE is parallel to CF and E isthe midpoint of OF , it follows that L is also the midpoint of OC, whene
CL =

1

2
r. Sine BE is perpendiular to AB whih is parallel to OC, then

BE is perpendiular to OC as well.Again sine BE is parallel to CF , we dedue that ∠CML = ∠BLA.Also, ∠MCL = ∠LBA = 90◦, and hene △MCL is similar to △LBA.
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Sine CL =

1

2
r =

1

2
AB, we have that CM =

1

2
BL. Sine also BL =

1

2
BE(beause a radius perpendiular to a hord bisets the hord), we have that

CM =
1

4
BE =

√
3

4
r.Therefore, CF

CM
=

√
3r√

3r/4
= 4 and CF : CM = 4 : 1.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; COURTIS G.CHRYSSOSTOMOS, Larissa, Greee; LUIS DE SOUSA, student, IST-UTL, Lisbon, Portugal;ANTONIO GODOY TOHORIA, Madrid, Spain; RICHARD I. HESS, Ranho Palos Verdes, CA,USA; RICARD PEIR �O, IES \Abastos", Valenia, Spain; MRIDUL SINGH, student, KendriyaVidyalaya Shool, Shillong, India; ALEX SONG, Elizabeth Ziegler Publi Shool, Waterloo, ON;and LUYUN ZHONG-QIAO, Columbia International College, Hamilton, ON. There was oneinorret and one inomplete solution submitted.Gares and Hess also onsidered the ase of BE interseting OC extended, rather than

OC itself.M352. Proposed by the Mayhem Sta�.Consider the numbers 37, 44, 51, . . . , 177, whih form an arithmetisequene. A number n is the sum of �ve distint numbers from this sequene.How many possible values of n are there?Solution by Ian June L. Gares, Ateneo de Manila University, Quezon City,The Philippines.The ommon di�erene of the given sequene is 7, and there are 21terms in the sequene, sine 177 − 37

7
= 20. Let n be a sum of �ve terms inthe sequene; that is,

n = (37 + 7a) + (37 + 7b) + (37 + 7c) + (37 + 7d) + (37 + 7e)

= 185 + 7(a + b + c + d + e) ,where a, b, c, d and e are distint elements of the set {0, 1, 2, . . . , 19, 20}.Let X = a + b + c + d + e. Sine we want to ount the number of di�erentpossible values of n, it suÆes to ount the number of possible values of X.The least possible value of X is 0+1+2+3+4 = 10, and the largestpossible value of X is 16 + 17 + 18 + 19 + 20 = 90. We show that theintegers from 10 to 90 inlusive are possible values of X.When a = 0, b = 1, c = 2, d = 3, and e = 4, 5, . . . , 19, 20, the valuesof X range from 10 to 26.When a = 0, b = 1, c = 2, e = 20, and d = 4, 5, . . . , 18, 19, thevalues of X range from 27 to 42.When a = 0, b = 1, d = 19, e = 20, and c = 3, 4, . . . , 17, 18, thevalues of X range from 43 to 58.When a = 0, c = 18, d = 19, e = 20, and b = 2, 3, . . . , 16, 17, thevalues of X range from 59 to 74.When b = 17, c = 18, d = 19, e = 20, and a = 1, 2, . . . , 15, 16, thevalues of X range from 75 to 90.
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Thus, every integer from 10 to 90 is a possible value of X. Sine 10 and

90 are the smallest and largest possible values of X, respetively, there are
90 − 10 + 1 = 81 possible values of X and so 81 possible values of n.Also solved by LUIS DE SOUSA, student, IST-UTL, Lisbon, Portugal; JOHAN GUNARDI,student, SMPK 4 BPK PENABUR, Jakarta, Indonesia; and RICHARD I. HESS, Ranho PalosVerdes, CA, USA. There were four inorret and four inomplete solutions submitted.M353. Proposed by Mih�aly Benze, Brasov, Romania.Determine all pairs (x, y) of real numbers for whih

xy +
1

x
+

1

y
=

1

xy
+ x + y .

Solution by Antonio Godoy Tohoria, Madrid, Spain.First, we note that x 6= 0 and y 6= 0. Next, we rearrange, multiply by
xy and fator:

xy +
1

x
+

1

y
− 1

xy
− x − y = 0 ;

x2y2 + y + x − 1 − x2y − xy2 = 0 ;
x2y(y − 1) + x

(

1 − y2
)

+ y − 1 = 0 ;
(y − 1)

(

x2y − x(1 + y) + 1
)

= 0 ;
(y − 1)

(

x2y − x − xy + 1
)

= 0 ;
(y − 1)

(

xy(x − 1) − (x − 1)
)

= 0 ;
(y − 1)(x − 1)(xy − 1) = 0 .Therefore, x = 1 or y = 1 or xy = 1.Thus, the pairs whih solve the equation are (1, y) for any nonzero realnumber y, and (x, 1) for any nonzero real number x, and (t, 1

t

) for anynonzero real number t.Also solved by GEORGE APOSTOLOPOULOS,Messolonghi, Greee; CAOMINHQUANG,Nguyen Binh KhiemHigh Shool, Vinh Long, Vietnam; COURTIS G. CHRYSSOSTOMOS, Larissa,Greee; LUIS DE SOUSA, student, IST-UTL, Lisbon, Portugal; IAN JUNE L. GARCES, Ateneo deManila University, Quezon City, The Philippines; RICHARD I. HESS, Ranho Palos Verdes,CA, USA; D. KIPP JOHNSON, Beaverton, OR, USA; CARL LIBIS, University of Rhode Island,Kingston, RI, USA; KUNAL SINGH, student, Kendriya Vidyalaya Shool, Shillong, India; ALEXSONG, Elizabeth Ziegler Publi Shool, Waterloo, ON; and LUYUN ZHONG-QIAO, ColumbiaInternational College, Hamilton, ON. There were two inorret solutions submitted.M354. Proposed by the Mayhem Sta�.Without using a alulating devie, determine the prime fatorizationof 320 + 319 − 12.



140
Solution by Luis De Sousa, student, IST-UTL, Lisbon, Portugal.Fatoring, we obtain
N = 320+319−12 = 319(3+1)−12 = 12

(

318 − 1
)

= 12
(

39 + 1
) (

39 − 1
).The identities x3 −1 = (x−1)(x2 +x+1) and x3+1 = (x+1)(x2 −x+1),give us 39 − 1 = (33 − 1)(36 + 33 + 1) and 39 + 1 = (33 + 1)(36 − 33 + 1).Thus, 39 − 1 = 26 × 757 and 39 + 1 = 28 × 703.So far, N = 12 · 28 · 757 · 26 · 703 = 25 · 3 · 7 · 13 · 703 · 757.Lastly, we need to hek if 703 and 757 are prime. Sine 302 = 900,we only need to hek divisibility by primes less than 30. By brute fore, weobtain that 703 = 19 · 37 and that 757 is prime.Therefore, the prime fatorization is N = 25 · 3 · 7 · 13 · 19 · 37 · 757.Also solved by ROBERT BILINSKI, Coll �ege Montmoreny, Laval, QC; IAN JUNEL. GARCES, Ateneo de Manila University, Quezon City, The Philippines; ANTONIO GODOYTOHORIA, Madrid, Spain; RICHARD I. HESS, Ranho Palos Verdes, CA, USA; D. KIPPJOHNSON, Beaverton, OR, USA; R. LAUMEN, Deurne, Belgium; RICARD PEIR �O, IES\Abastos", Valenia, Spain; JOS �E HERN�ANDEZ SANTIAGO, student, Universidad Tenol �ogiade la Mixtea, Oaxaa, Mexio; KUNAL SINGH, student, Kendriya Vidyalaya Shool, Shillong,India; MRIDUL SINGH, student, Kendriya Vidyalaya Shool, Shillong, India; MRINAL SINGH,student, Kendriya Vidyalaya Shool, Shillong, India; and EDWARD T.H. WANG, Wilfrid LaurierUniversity, Waterloo, ON. There were two inorret solutions submitted.Some alulating an be saved by noting that 36 − 33 + 1 = 36 + 2 · 33 + 1 − 3 · 33

=
(

33 + 1
)2

− 34 =
(

33 + 1 − 32
)(

33 + 1 + 32
)

= 19 · 37.M355. Proposed by the Mayhem Sta�.A right irular one with vertex C has a base with radius 8 and a slantheight of 24. Points A and B are diametrially opposite points on the ir-umferene of the base. Point P lies on CB.(a) If CP = 18, determine the shortest path from A through P and bakto A that travels ompletely around the one.(b) Determine the position of P on CB that minimizes the length of theshortest path in part (a).Solution by Alex Song, Elizabeth Ziegler Publi Shool, Waterloo, ON.Cut the one along CB and attenout the lateral surfae. We label the end-points of the ar whih previously formedthe irumferene of the base as B and B′.Note that BCB′ is a setor of the irlewith radius CB = CB′ = 24. We alsolabel the points on CB and CB′ that areat a distane of 18 from C as P and P ′,respetively. ..................
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B′

Sine the one had radius 8, then the length of ar BB′ is 2π(8) = 16π.The entire irumferene of the irle with entre C and radii BC and B′Cis 2π(24) = 48π, so BB′ is one-third of the total irumferene, and so
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∠BCB′ = 120◦. Sine A is the midpoint of ar BB′, then ∠BCA = 60◦.The shortest path from A to P and bak to A onsists of the line segments
AP and P ′A, as the shortest distane between two points is a straight line.By symmetry, AP = P ′A. To �nd the length of AP , we use the Lawof Cosines in △PCA, whene

AP =
√

CP 2 + CA2 − 2(CP )(CA) cos(∠PCA)

=
√

182 + 242 − 2(18)(24) cos(60◦)

=
√

324 + 576 − 432 =
√

468 = 6
√

13 .Therefore, the length of the shortest path in part (a) is 2AP = 12
√

13.If CP = x we again use the Law of Cosines to �nd the length of theshortest path from A to P and bak to A again, whih is 2AP , so we ompute
AP =

√

CP 2 + CA2 − 2(CP )(CA) cos(∠PCA)

=
√

x2 + 242 − 2x(24) cos(60◦) =
√

x2 − 24x + 576 .Sine this length equals √(x − 12)2 + 432, the length of the path is mini-mized when x = 12, so the length of the shortest path in part (b) is minimizedwhen P is the midpoint of CB.Also solved by RICHARD I. HESS, Ranho Palos Verdes, CA, USA; and RICARD PEIR �O,IES \Abastos", Valenia, Spain. There was one inomplete solution submitted.For P on the lineBC, the length ofAP is shortest when AP ⊥BC. Sine △ABC isequilateral, this ours whenP is the midpoint ofBC, in agreement with the featured solution.M356. Proposed by Mih�aly Benze, Brasov, Romania.Determine all pairs (k, n) of positive integers for whih
k(k + 1)(k + 2)(k + 3) = n(n + 1) .Solution by Alex Song, Elizabeth Ziegler Publi Shool, Waterloo, ON.Note that

k(k + 1)(k + 2)(k + 3) = k(k + 3)(k + 1)(k + 2)

=
(

k2 + 3k
) (

k2 + 3k + 2
)

=
[(

k2 + 3k + 1
)

− 1
] [(

k2 + 3k + 1
)

+ 1
]

=
(

k2 + 3k + 1
)2 − 1 = m2 − 1 ,where m = k2 +3k+1. Sine k is a positive integer, m is a positive integer.Now k(k + 1)(k + 2)(k + 3) = n2 + n, so m2 − 1 = n2 + n or

m2 = n2 + n + 1. Sine n2 < n2 + n + 1 < n2 + 2n + 1 = (n + 1)2, itfollows that n2 < m2 < (n+1)2, whih is not possible sine n2 and (n+1)2are onseutive squares.Therefore, there are no solutions.Also solved by CAO MINH QUANG, Nguyen Binh Khiem High Shool, Vinh Long, Viet-nam; LUIS DE SOUSA, student, IST-UTL, Lisbon, Portugal; IAN JUNE L. GARCES, Ateneo deManila University, Quezon City, The Philippines; RICHARD I. HESS, Ranho Palos Verdes,CA, USA; D. KIPP JOHNSON, Beaverton, OR, USA; and EDWARD T.H. WANG, Wilfrid LaurierUniversity, Waterloo, ON. There were three inomplete solutions submitted.
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Problem of the MonthIan VanderBurghHave you ever looked at two things and tried to �gure out whih istaller? Maybe two friends or two trees? This isn't so hard if the two thingsare right next to eah other, but to ompare that maple tree in your bakyardwith the the oak tree in your front yard isn't that easy, sine moving the treesis diÆult, unless of ourse you're in a prodution of \the Sottish play".With two friends, you ould get them to stand \bak-to-bak" and omparethem, but what if the objets are not easily moveable? Some of us might betempted to use trigonometry or some other advaned tehniques.There is another good way to do this { ompare them to a \standard".This ould be your house, a long stik that you have, or maybe another treepart way in between { basially, against anything that is easy to ompare toeah of them.How does this relate to mathematis?Problem 1 (2002 UK Intermediate Challenge). Given that x =

111110

111111
,

y =
222221

222223
, z =

333331

333334
, whih of the following statements is orret?(A) x < y < z (B) x < z < y (C) y < z < x(D) z < x < y (E) y < x < zNow wait { no alulators allowed! What ould we do? We ould trysome long division. We ould guess wildly. We ould try omparing one ofthese frations to another of these and do some arithmetial manipulations.Or, we ould ompare them to a ommon standard. Can you see a\nie" number that is lose to eah of x, y, and z?Solution. Eah of x, y, and z is lose to 1, so let's see how far eah is from 1and ompare them this way:

x = 1 − 1

111111
; y = 1 − 2

222223
; z = 1 − 3

333334
.So we've done an initial omparison of eah of x, y, and z to 1. Can you tellwhih is the biggest now and whih is the smallest?Perhaps my brother (the smart one in the family!) ould tell, but I'mnot that quik. We've ompared eah to a ommon standard (that is, to 1)but now what about these di�erenes? Again, there are lots of ways to dothis, but let's try a variation on the ommon standard approah.If we wrote eah of these di�erenes as a fration with numerator 1, weould ompare them relatively easily by omparing the sizes of the denomi-nators. Let's try this. First, we rewrite these as

x = 1 − 1

111111
; y = 1 − 1

(

222223
2

) ; z = 1 − 1
(

333334
3

) ;
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and then we onvert eah of the denominators to a mixed fration:

x = 1 − 1

111111
; y = 1 − 1

1111111
2

; z = 1 − 1

1111111
3

.Now, an you ompare the denominators? With a little bit of thought, wean see that 111111 < 1111111
3

< 1111111
2
.This means that 1

111111
>

1

1111111
3

>
1

1111111
2

. So x is the furthestaway from 1, sine its di�erene with 1 is the largest. Similarly, y is thelosest to 1, sine its di�erene with 1 is the smallest. This tells us that
x < z < y, so answer (B) is orret.It's always satisfying to be able to answer this type of problem withoutusing either a alulator or any algebra. Here's another problem that an usethis \ommon standard" approah.Problem 2 (1999 Pasal Contest). If w = 2129 ·381 ·5128, x = 2127 ·381 ·5128,
y = 2126 · 382 · 5128, and z = 2125 · 382 · 5129, then the order from smallestto largest is(A) w, x, y, z (B) x, w, y, z (C) x, y, z, w(D) z, y, x, w (E) x, w, z, yHere, your alulator wouldn't do you muh good, as these numbersare likely way too big for your alulator to handle. So let's again try the\ommon standard" tehnique. But what is our ommon standard going tobe?Solution. We pik a ommon standard, N , to be the produt of the smallestpower of eah of 2, 3, and 5 that ours in eah of the four original numbers.(Some of you may reognize N as the greatest ommon divisor of w, x, y,and z.) Among the four numbers, the smallest power of 2 that ours is 2125,the smallest power of 3 that ours is 381, and the smallest power of 5 thatours is 5128. So we de�ne N = 2125 · 381 · 5128.How dowe ompareN to eah ofw, x, y and z? Should we use subtra-tion again? It atually makes more sense to use multipliation (or division,depending on your perspetive).Let's �rst ompare N to w. Sine N ontains 125 fators of 2 and wontains 129 fators of 2, then we need to multiply N by 24 to get the orretnumber of fators of 2 for w. Sine N ontains 81 fators of 3 and w ontains
81 fators of 3, then N already gives us the orret number of fators of 3for w. Sine N ontains 128 fators of 5 and w ontains 128 fators of 5,then N already gives us the orret numbers of fators of 5 for w. Thus,
w = (2125 · 381 · 5128) · 24 = N · 24.Similarly, x = N · 22 and y = N · 21 · 31 and z = N · 31 · 51.Put another way, w = 16N , x = 4N , y = 6N , and z = 15N . Sine
N is positive, 4N < 6N < 15N < 16N , or x < y < z < w, so answer (C)is orret.
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THE OLYMPIAD CORNERNo. 277R.E. WoodrowWe begin with the Team Seletion Examination for the InternationalMathematial Olympiad from the Sienti� and Tehnial Researh Instituteof Turkey. My thanks for obtaining the problems for the Corner to RobertMorewood, Canadian Team Leader to the 47th IMO in Slovenia.The Sienti� and Tehnial Researh Instituteof TurkeyTeam Seletion Examination for the InternationalMathematial OlympiadFirst Day (1 April 2006)1. Find the largest area of a heptagon two of whose diagonals are perpen-diular and whose verties lie on a unit irle.2. Let n be a positive integer. In how many di�erent ways an a 2 × nretangle be partitioned into retangles with sides of integer length?3. Let x, y, z be positive real numbers with xy + yz + zx = 1. Prove that

27

4
(x + y)(y + z)(z + x) ≥ (

√

x + y +
√

y + x +
√

z + x )2 ≥ 6
√

3 .Seond Day (2 April 2006)4. Find the smallest positive integer x1 suh that 2006 divides x2006, if
xn+1 = x2

1 + x2
2 + · · · + x2

n for eah integer n ≥ 1.5. Given a irle with diameter AB and a point Q on the irle di�erentfrom A and B, let H be the foot of the perpendiular dropped from Q to
AB. Prove that if the irle with entre Q and radius QH intersets theirle with diameter AB at C and D, then CD bisets QH.6. In a university entrane examination with 2006000 students, eah studentmakes a list of 12 olleges from a total of 2006 olleges. It turns out that forany 6 students, there exist two olleges suh that eah of the 6 studentsinluded at least one of these two olleges on his or her list. An extensivelist is a list whih inludes at least one ollege from eah student's list.(a) Prove that there exists an extensive list of 12 olleges.(b) Prove that the students an hoose their lists so that no extensive listof fewer than 12 olleges an be found.
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Next we give the two days of the XIII National Mathematial Olympiadof Turkey, given under the auspies of the Sienti� and Tehnial ResearhInstitute of Turkey.The Sienti� and Tehnial Researh Instituteof TurkeyXIII National Mathematial OlympiadSeond Round

First Day (10 Deember 2005)1. Let a, b, c, and d be real numbers. Prove that
√

a4 + c4 +
√

a4 + d4 +
√

b4 + c4 +
√

b4 + d4 ≥ 2
√

2(ab + bc) .2. In a triangle ABC with |AB| < |AC| < |BC|, the perpendiular bisetorof AC intersets BC at K and the perpendiular bisetor of BC intersets
AC at L. Let O, O1, and O2 be the irumentres of the triangles ABC,
CKL, and OAB, respetively. Prove that OCO1O2 is a parallelogram.3. Some of the n + 1 ities in a ountry (inluding the apital ity) are on-neted by one-way or two-way airlines. No two ities are onneted by botha one-way airline and a two-way airline, but there may be more than onetwo-way airline between two ities. If dA denotes the number of airlinesying from a ity A, then dA ≤ n for any ity A other than the apital ityand dA + dB ≤ n for any two ities A and B other than the apital ity andwhih are not onneted by a two-way airline. Every airline has a return,possibly onsisting of several onneting ights. Find the largest possiblenumber of two-way airlines and all on�gurations of airlines for whih thislargest number is attained.Seond Day (11 Deember 2005)4. Find all triples (m, n, k) of nonnegative integers suh that 5m+7n = k3.5. Let a, b, and c be the side lengths of a triangle whose inirle has radius r.Prove that

1

a2
+

1

b2
+

1

c2
≤ 1

4r2
.6. Let {an} be a sequene of integers for whih there exists a positive integer

N suh that for any n ≥ N , an = |{i : 1 ≤ i < n and ai + i ≥ n}|. Deter-mine the maximum number of distint values that an be attained in�nitelymany times by this sequene.
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Next we give the 2005 Australian Mathematial Olympiad, written inFebruary 2005. Thanks for olleting these problems again goes to RobertMorewood, Canadian Team Leader to the 47th IMO.2005 Australian Mathematial OlympiadPaper 11. Let ABC be a right-angled triangle with the right angle at C. Let BCDEand ACFG be squares external to the triangle. Furthermore, let AE inter-set BC at H, and let BG interset AC at K. Find the size of ∠DKH.2. Consider a polyhedron whose faes are onvex polygons. Show that it hasat least two faes with the same number of edges.3. Letn be a positive integer, and let a1, a2, . . . , an be positive real numberssuh that a1 + a2 + · · · + an = n. Prove that

a1

a2
1 + 1

+
a2

a2
2 + 1

+ · · · +
an

a2
n + 1

≤ 1

a1 + 1
+

1

a2 + 1
+ · · · +

1

an + 1
.

4. Prove that for eah positive integer n there exists a positive integer xsuh that √
x + 2004n +

√
x =

(√
2005 + 1

)n.Paper 25. In a multiple hoie test there are q ≥ 10 questions. For eah questionthere are a > 1 possible answers, exatly one of whih is right. A studentwho gets r answers right, w answers wrong and does not attempt the otherquestions will reeive a sore of 100(r − w)

q(a − 1)
. Determine the pairs (q, a) forwhih all possible sores are integers.6. Let ABC be a triangle. Let D, E, and F be points on the line segments

BC, CA, and AB, respetively, suh that line segments AD, BE, and CFmeet in a single point. Suppose that ACDF and BCEF are yli quadri-laterals. Prove that AD is perpendiular to BC, BE is perpendiular to AC,and CF is perpendiular to AB.7. Let a0, a1, a2, . . . and b0, b1, b2, . . . be two sequenes of integers suhthat a0 = b0 = 1 and for eah nonnegative integer k(a) ak+1 = b0 + b1 + b2 + · · · + bk, and(b) bk+1 = (02 + 0 + 1)a0 +
(

12 + 1 + 1
)

a1 + · · · +
(

k2 + k + 1
)

ak.For eah positive integer n show that
an =

b1b2 · · · bn

a1a2 · · · an
.
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8. In an n × n array, eah of n distint symbolsours exatly n times. An example with n = 3 isshown at right.Show that there is a row or a olumn in thearray ontaining at least √

n distint symbols.
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Our next set of problems is the 56th BelarusianMathematial Olympiad,Category C, Final Round. Thanks go to Robert Morewood, Canadian TeamLeader to the 47th IMO, for olleting them for our use.56th Belarusian Mathematial Olympiad 2006Category C, Final Round1. (E. Barabanov) Is it possible to partition the set of all integers into threenonempty pairwise disjoint subsets so that for any two numbers a and b fromdi�erent subsets(a) there is a number c in the third subset suh that a + b = 2c?(b) there are numbers c1 and c2 in the third subset suh that a+b = c1+c2?2. (S. Mazanik) The points X, Y , and Z lie on the sides AB, BC, and CD ofthe rhombus ABCD, respetively, so that XY ||AZ. Prove that XZ, AY ,and BD are onurrent.3. (V. Karamzin) Let a, b, and c be positive real numbers suh that abc = 1.Prove that 2
(

a2 + b2 + c2
)

+ a + b + c ≥ ab + bc + ca + 6.4. (D. Dudko) Triangle ABC has ∠A = 60◦, AB = 2005, and AC = 2006.Alie and Betty take turns utting the triangle with Alie going �rst. A playermay ut a triangle along any straight line provided that two new trianglesare formed and eah has area at least 1. After eah move an obtuse-angledtriangle (or any one of two right-angled triangles) is removed and the nextplayer uts the remaining triangle. A player loses if she annot move. Whihplayer has a winning strategy?5. (I. Voronovih) Let AA1, BB1, and CC1 be the altitudes of an autetriangle ABC. Prove that the feet of the perpendiulars from C1 to thesegments AC, BC, BB1, and AA1 are ollinear.6. (V. Karamzin) Let a, b, and k be real numbers with k > 0. A irle withentre (a, b) has at least three ommon points with the parabola y = k2: oneof them is the origin (0, 0) and two of the others lie on the line y = kx + b.Prove that b ≥ 2.
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7. (I. Zhuk) Let x, y, and z be real numbers greater than 1 suh that

xy2 − y2 + 4xy + 4x − 4y = 4004 ,
xz2 − z2 + 6xz + 9x − 6z = 1009 .Determine all possible values of xyz + 3xy + 2xz − yz + 6x − 3y − 2z.8. (I. Akulih) A 2n × 2n square is divided into 4n2 unit squares. What isthe greatest possible number of diagonals of these unit squares one an drawso that no two of them have a point in ommon (inluding the endpoints ofthe diagonals)?

As a �nal set for this number we give Category B of the 56th BelarusianMathematial Olympiad 2006. Again thanks go to Robert Morewood forobtaining them for our use.56th Belarusian Mathematial Olympiad 2006Category B, Final Round1. (I.Voronovih) Given a onvex quadrilateral ABCD with DC = a,
BC = b, ∠DAB = 90◦, ∠DCB = ϕ, and AB = AD, �nd the lengthof the diagonal AC.2. (E.Barabanov) Is it possible to partition the set S into three nonemptypairwise disjoint subsets so that for any two numbers a and b from di�erentsubsets the number 2(a + b) belongs to the third subset, if(a) S is the set of all integers?(b) S is the set of all rational numbers?3. (I. Biznets) Let a, b, and c be positive real numbers. Prove that

a3 − 2a + 2

b + c
+

b3 − 2b + 2

c + a
+

c3 − 2c + 2

a + b
≥ 3

2
.

4. (I. Voronovih) Let a and b be positive integers suh that a + 77b isdivisible by 79 and a + 79b is divisible by 77. Find the smallest possiblevalue of the sum a + b.5. (I. Zhuk) Three distint points A, B, and C lie on the parabola y = x2.Let R be the irumradius of the triangle ABC.(a) Prove that R ≥ 1
2
.(b) Does there exist a onstant c > 1

2
suh that for any three distint points

A, B, and C on the parabola y = x2 the inequality R ≥ c holds?
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6. (I. Voronovih) A sequene {(an, bn)}∞

n=1 of pairs of real numbers is suhthat (an+1, bn+1) =
(

a2
n − 2bn, b2

n − 2an
) for all n ≥ 1. Find 2512a10 − b10if 4a1 − 2b1 = 7.7. (I. Voronovih) The point K (distint from the orthoentre) lies on thealtitude CC1 of the aute triangle ABC. Prove that the feet of the perpen-diulars from C1 to the segments AC, BC, BK, and AK lie on a irle.8. (E. Barabanov, V. Kaskevih, S. Mazanik, I. Voronovih) An equilateraltriangle of side n is divided into n2 unit equilateral triangles by lines paral-lel to its sides. Determine the smallest possible number of small trianglesthat must be marked so that any unmarked triangle has at least one side inommon with a marked triangle.

Next we turn to the �le of solutions from our readers to problemsgiven in the May 2008 number of the Corner, starting with the MathematialCompetition Balti Way 2004 given at [2008 : 211-213℄.1. Let a1, a2, a3, . . . be a sequene of nonnegative real numbers suh thatfor eah n ≥ 1 both an + a2n ≥ 3n and an+1 + n ≤ 2
√

(n + 1)an hold.(a) Prove that an ≥ n for eah n ≥ 1.(b) Give an example of suh a sequene.Solved by Jean-David Houle, student, MGill University, Montreal, QC;Pavlos Maragoudakis, Pireas, Greee; Edward T.H. Wang, Wilfrid LaurierUniversity, Waterloo, ON; and Titu Zvonaru, Com�ane�sti, Romania. We giveWang's write up.(a) Suppose that an < n for some n. Then
an+1 + n ≤ 2

√

(n + 1)an < 2
√

(n + 1)n

=
√

4n2 + 4n <
√

4n2 + 4n + 1 = 2n + 1implies that an+1 < n + 1.Now suppose that an+k < n + k for some k ≥ 1. Then
an+k+1 + (n + k) ≤ 2

√

(n + k + 1)an+k < 2
√

(n + k + 1)(n + k)

=
√

4(n + k)2 + 4(n + k)

<
√

4(n + k)2 + 4(n + k) + 1 = 2n + 2k + 1implies that an+k+1 < n + k + 1. By indution on k, we onlude that
an+k < n+k for eah integer k ≥ 1. In partiular, an+a2n < n+2n = 3n,a ontradition. Therefore, an ≥ n for all n.
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(b) If an = n + 1 for eah n, then an + a2n = 3n + 3 > 3n and also

an+1 + n = 2n + 2 = 2
√

(n + 1)an. Hene, {an}∞
1 = {n + 1}∞

1 is anexample of suh a sequene.2. Let P (x) be a polynomial with nonnegative oeÆients. Prove that if
P

(

1

x

)

P (x) ≥ 1for x = 1, then the same inequality holds for eah positive x.Solved by George Apostolopoulos, Messolonghi, Greee; Jean-DavidHoule, student, MGill University, Montreal, QC; Edward T.H. Wang,Wilfrid Laurier University, Waterloo, ON; and Titu Zvonaru, Com�ane�sti,Romania. We give the solution of Apostolopoulos.Let P (x) = anxn + an−1xn−1 + · · · + a0. For x = 1 we have
P (1)P (1) ≥ 1, so P (1)2 = (an + an−1 + · · · + a0)

2 ≥ 1.For x > 0 let
~u =

(√
anxn,

√

an−1xn−1, . . . ,
√

a0

) ,
~v =

(
√

an

xn
,

√

an−1

xn−1
, . . . ,

√
a0

) .Applying the Cauhy{Shwarz Inequality to ~u and ~v yields
P (x)P (

1

x
)

=
(

anxn + an−1xn−1 + · · · + a0

)

(

an

xn
+

an−1

xn−1
+ · · · + a0

)

≥ (an + an−1 + · · · + a1 + a0)
2 ≥ 1 .

3. Let p, q, and r be positive real numbers and let n be a positive integer.If pqr = 1, prove that
1

pn + qn + 1
+

1

qn + rn + 1
+

1

rn + pn + 1
≤ 1 .

Solved by George Apostolopoulos, Messolonghi, Greee; Mihel Bataille,Rouen, Frane; PavlosMaragoudakis, Pireas, Greee; and Titu Zvonaru, Com�ane�sti,Romania. We give Zvonaru's version.Let pn = x3, qn = y3, and rn = z3. We must prove that if xyz = 1,then
1

x3 + y3 + 1
+

1

y3 + z3 + 1
+

1

z3 + x3 + 1
≤ 1 ,
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or equivalently we must prove that

1

x3 + y3 + xyz
+

1

y3 + z3 + xyz
+

1

z3 + y3 + xyz
≤ 1 .Sine x and y are positive, (x−y)2(x+y) ≥ 0, hene (x−y)(x2 −y2) ≥ 0,hene x3 + y3 ≥ xy(x + y). It follows that

1

x3 + y3 + xyz
+

1

y3 + z3 + xyz
+

1

z3 + x3 + xyz

≤ 1

xy(x + y) + xyz
+

1

yz(y + z) + xyz
+

1

zx(z + x) + xyz

=
x + y + z

xyz(x + y + z)
= 1 .Equality holds if and only if x = y = z = 1, or if and only if p = q = r = 1.4. Let {x1, x2, . . . , xn} be a set of real numbers with arithmeti mean X.Prove that there is a positive integer K suh that the arithmeti mean of eahof the sets

{x1, x2, . . . , xK} , {x2, x3, . . . , xK} , . . . , {xK−1, xK} , {xK}is not greater than X.Solved by Oliver Geupel, Br �uhl, NRW, Germany; Jean-David Houle, student,MGill University, Montreal, QC; and Titu Zvonaru, Com�ane�sti, Romania.We give Houle's approah.Suppose otherwise. That is, for eah integer k with 1 ≤ k ≤ n supposethat one of the sets [Ed.: indeed the problem statement and the followingargument an be adapted for sequenes x1, x2, . . . , xn.℄
{x1, x2, . . . , xk} , {x2, x3, . . . , xk} , . . . , {xk−1, xk} , {xk}has arithmeti mean greater than X. Now we show by indution on k thatthis implies that the mean of {x1, x2, . . . , xk} is greater than X for eah k,whih is a ontradition.For k = 1 it is obvious that x1 > X by our assumption. Assume thatthe result holds for all positive integers less than some k > 1. Then there isan i ≤ k suh that the set {xi, xi+1, . . . , xk} has a mean greater than X.But we know that {x1, x2, . . . , xi−1} is either empty or has a mean greaterthan X, hene

x1 + x2 + · · · + xk = (x1 + · · · + xi−1) + (xi + · · · + xk)

> (i − 1)X + (k − i + 1)X = kX ,so that x1 + · · · + xk
k

> X, as required.
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5. For integers k and n let (k)2n+1 be the multiple of 2n + 1 losest to k.Determine the range of the funtion f(k) = (k)3 + (2k)5 + (3k)7 − 6k.Solution by Titu Zvonaru, Com�ane�sti, Romania.We have |(k)2n+1 − k| ≤ n, hene
|f(k)| = |(k)3 − k + (2k)5 − 2k + (3k)7 − 3k|

≤ |(k)3 − k| + |(2k)5 − 2k| + |(3k)7 − 3k| ≤ 1 + 2 + 3 = 6 .It follows that f(Z) ⊂ {0, ±1, ±2, . . . , ±6}. Note also that f is an oddfuntion, that is, f(−k) = −f(k) for eah k. By diret omputation we �ndthat f(0) = 0, f(6) = 1, f(16) = −2, f(3) = −3, f(20) = 4, f(31) = −5,and f(1) = −6. It follows that the range of f is {0, ±1, ±2, . . . , ±6}.6. A positive integer is written on eah of the six faes of a ube. For eahvertex of the ube we ompute the produt of the numbers on the three ad-jaent faes. The sum of these produts is 1001. What is the sum of the sixnumbers on the faes?Solved by George Apostolopoulos, Messolonghi, Greee; Oliver Geupel,Br �uhl, NRW, Germany; Jean-David Houle, student, MGill University,Montreal, QC; and Titu Zvonaru, Com�ane�sti, Romania. We give the writeup of Houle.Let the numbers on the faes be x1, x2, . . . , x6 suh that x1 and x6 areon opposite faes, as are x2 and x5, and x3 and x4. Then we have
x1x2x3 + x1x3x5 + x1x5x4 + x1x4x2

+ x6x2x3 + x6x3x5 + x6x5x4 + x6x4x2 = 1001 ;
(x1 + x6)(x2x3 + x3x5 + x5x4 + x4x2) = 1001 ;

(x1 + x6)(x3 + x4)(x2 + x5) = 1001 = 7 · 11 · 13 .Sine 7, 11, and 13 are primes and (x1 + x6), (x3 + x4), and (x2 + x5) areintegers greater than 1, the latter are the former in some order. it followsthat the desired sum is 7 + 11 + 13 = 31.7. Find all sets X onsisting of at least two positive integers suh that forevery pair m,n ∈ X, where n > m, there exists k ∈ X suh that n = mk2.Solved by George Apostolopoulos, Messolonghi, Greee; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution by Apostolopoulos.Let the set X satisfy the onditions and let m and n, where m < n, bethe two smallest elements in the set X. There is a k ∈ X so that n = mk2,but as m ≤ k ≤ n, either k = n or k = m. In the �rst ase mn = 1, aontradition. In the seond ase n = m3 with m > 1. Suppose |X| ≥ 3and let q ∈ X be the third smallest element. Then there is k0 ∈ X suhthat q = mk2
0. We have q > k0, so k0 = m or k0 = n. However, k0 = m
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implies q = n, a ontradition, thus k0 = n = m3 and q = m7. Now thereexists k1 ∈ X suh that q = nk2

1, hene k1 = m2. Sine m2 6∈ X, we havea ontradition if |X| ≥ 3.Therefore, the only elements that the set X an ontain are m and m3for some m > 1.8. Let f(x) be a nononstant polynomial with integer oeÆients. Provethat there is an integer n suh that f(n) has at least 2004 distint primefators.Solved by George Apostolopoulos, Messolonghi, Greee; and Jean-DavidHoule, student, MGill University, Montreal, QC. We give the argument ofApostolopoulos.Suppose the ontrary. Choose an integer n0 suh that f(n0) has thehighest number of distint prime fators. By translating the argument ofthe polynomial, we may assume that n0 = 0. Setting k = f(0), we have
f(wk2) ≡ k

(

mod k2
), or f(wk2) = αk2 + k = (αk + 1)k. Now, sine

gcd(αk+1, k) = 1 and k has the highest number of distint prime fators ofany admissible value of f , we must have αk + 1 = ±1. This annot happenfor eah w sine f is nononstant (in partiular |f(x)| → ∞ as x → ∞) soour supposition leads to a ontradition.10. Is there an in�nite sequene of prime numbers p1, p2, p3, . . . suh that
|pn+1 − 2pn| = 1 for eah n ≥ 1?Solution by George Apostolopoulos, Messolonghi, Greee.No, there is no suh sequene.Suppose the ontrary. Clearly p3 > 3 and p3 ≡ ±1 (mod 3).Further suppose that p3 ≡ 1 (mod 3). Then p4 = 2p3 − 1

(otherwise
p4 ≡ 0 (mod 3)

), so p4 ≡ 1 (mod 3). Similarly, p5 = 2p4−1, p6 = 2p5−1,and so forth. By indution we have pn+1 = 1 + 2n−2(p3 − 1) for n ≥ 3. Ifwe set n = p3 + 1, then using Fermat's little theorem we have
pp3+2 = 1 + 2p3−1(p3 − 1) ≡ 1 + 1 · (p3 − 1) = p3 ≡ 0 (mod p3) ,a ontradition.If p3 ≡ −1 (mod 3), then pn+1 = −1 + 2n−2(p3 + 1) for n ≥ 3 isobtained by similar arguments. Taking n = p3 + 1 then leads again to theontradition pp3+2 ≡ 0 (mod p3).11. An m × n table is given with +1 or −1 written in eah ell. Initiallythere is exatly one −1 in the table and all the other ells ontain a +1.A move onsists of hoosing a ell ontaining −1, replaing this −1 by a 0,and then multiplying all the numbers in the neighbouring ells by −1 (twoells are neighbouring if they share a side). For whih (m, n) an a sequeneof suh moves always redue the table to all zeros, regardless of whih ellontains the initial −1?
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Solution by Oliver Geupel, Br �uhl, NRW, Germany.Let (m, n) have the desired property. Perform a sequene of movesthat redues the table to all zeros, and let ek be the total number of edgesafter the kth move whih border two zero ells. We will prove by indutionthat ek ≡ k − 1 (mod 2) for 1 ≤ k ≤ mn.For k = 1 this is lear. For the indution step, it suÆes to prove that
ek+1 ≡ ek − 1 (mod 2). Now, eah time a ell hanges from ±1 to ∓1,one of its neighbours hanges to a zero. Hene, if a ell initially ontained
+1, then whenever it ontains −1 an odd number of its neighbours ontainzeros. Therefore, if a −1 is hanged to a zero, then an odd number of edgesbordered by zeros are reated. This means that ek+1 and ek di�er by an oddnumber, verifying the indution step.We have

emn = (m − 1)n + m(n − 1) = 2mn − (m + n)and by setting k = mn in the relation ek ≡ k − 1 (mod 2) we obtain
2mn − (m + n) ≡ mn − 1 (mod 2) ,

mn − m − n + 1 ≡ 0 (mod 2) ,
(m − 1)(n − 1) ≡ 0 (mod 2) .Thus, m or n is odd.Conversely, if m or n is odd, then we show how to redue the table toall zeros. Let ell (i, j) be the ell in the ith row and jth olumn. Let n beodd and let the ell (k, ℓ) ontain the initial −1. We redue eah of the ells

(k, ℓ), (k−1, ℓ), . . . , (1, ℓ) and also the ells (k+1, ℓ), (k+2, ℓ), . . . , (m, ℓ)to zero, in the order given. Now the ℓth olumn is all zeros, whereas the
(ℓ − 1)st and the (ℓ + 1)st olumns (if present) are all −1's. A olumn withall −1 entries and an odd number n of ells is redued to zero by hangingthe 1st, 3rd, 5th, . . . , nth ells to zero followed by the 2nd, 4th, . . . , (n − 1)thells to zero, leaving behind olumns of −1's. In this way we an redue thewhole table to zeros.13. The 25 member states of the European Union set up a ommittee withthe following rules.(a) The ommittee shall meet every day.(b) At eah meeting, at least one member state shall be represented.() At any two di�erent meetings, a di�erent set of member states shall berepresented.(d) The set of states represented at the nth meeting shall inlude, for every

k < n, at least one state that was represented at the kth meeting.For how many days an the ommittee have its meetings?
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Solution by George Apostolopoulos, Messolonghi, Greee.If one member state is always represented, then rules (b) and (d) will besatis�ed. There are 224 di�erent subsets of the remaining 24 member states,so there an be at least 224 meetings. However, rule () forbids omplimen-tary sets in two di�erent meetings, so the number of meetings annot exeed
1
2

· 225 = 224. Therefore, the ommittee an have its meetings for 224 days.14. A pile of one, two, or three nuts is small, while a pile of four ormore nutsis large. Two persons play a game, starting with a pile of n nuts. A playermoves by taking a large pile of nuts and splitting it into two non-empty piles(either pile an be large or small). If a player annot move, he loses. Forwhih values of n does the �rst player have a winning strategy?Solution by Jean-David Houle, student, MGill University, Montreal, QC.We prove by indution that the Sprague{Grundy funtion satis�es
g(n) ≡ n − 3 (mod 4), whih shows that the seond player has a winningstrategy if and only if n ≡ 3 (mod 4) or n ≤ 3. It is straightforward to showthat g(0) = g(1) = g(2) = g(3) = 0, g(4) = 1, g(5) = 2, g(6) = 3, and
g(7) = 0.Now suppose that g(k) ≡ k − 3 (mod 4) for k < n.Case 1 n ≡ 0 (mod 4). By the indution hypothesis, we have that
g(x − 1, 1) = g(x − 1) ⊕ g(1) = 0 ⊕ 0 = 0, sine x − 1 ≡ 3 (mod 4).Suppose there are a, b suh that a + b = n and g(a, b) = g(a) ⊕ g(b) = 1.Then it follows that |g(a) − g(b)| = 1, hene a + b ≡ 1 (mod 2), a ontra-dition. Thus, g(n) = 1.Case 2 n ≡ 1 (mod 4). By the indution hypothesis, we have g(x−1, 1)=1and g(x − 2, 2) = 0, similarly as above. Suppose there are a, b suh that
a + b = n and g(a, b) = g(a) ⊕ g(b) = 2. It follows that |g(a) − g(b)| = 2,hene a + b ≡ 0 (mod 2), a ontradition. Thus, g(n) = 2.Case 3 n ≡ 2 (mod 4). From the indution hypothesis, we have that
g(x − 1, 1) = 2, g(x − 2, 2) = 1 and g(x − 3, 3) = 0. Suppose thereare a, b suh that a + b = n and g(a, b) = g(a) ⊕ g(b) = 3. Then by indu-tion we must have either g(a) = 3 and g(b) = 0, or g(a) = 2 and g(b) = 1,assuming for de�niteness that g(a) > g(b). But then n ≡ 2 + 3 (mod 4)or n ≡ 1 + 0 (mod 4), both ontraditions. Thus, g(n) = 3.Case 4 n ≡ 3 (mod 4). If there are a, b suh that a + b = n and also
g(a, b) = g(a) ⊕ g(b) = 0, then it would follow that g(a) = g(b). However,sine n ≡ 3 (mod 4), this is possible only if one of a, b is 1, 2, or 3. Butthen it would be impossible for the other to be 3 modulo 4. Thus, g(n) = 0.[Ed.: See http://www.math.ucla.edu/~tom/Game_Theory/comb.pdf fora gentle introdution to the Sprague{Grundy funtion, as well as the bookWinning Ways for your Mathematial Plays (2nd ed., A K Peters, Ltd., 2001)by Elwyn R. Berlekamp, John H. Conway, and Rihard K. Guy.℄
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15. A irle is divided into 13 segments, numbered onseutively from 1 to
13. Five eas alled A, B, C, D, and E sit in the segments 1, 2, 3, 4, and
5, respetively. A ea an jump to an empty segment �ve positions away ineither diretion around the irle. Only one ea jumps at a time, and twoeas annot oupy the same segment. After some jumps, the eas are bakin the segments 1, 2, 3, 4, and 5, but possibly in some other order than theystarted in. Whih orders are possible?Solved by Oliver Geupel, Br �uhl, NRW, Germany; and Jean-DavidHoule, student, MGill University, Montreal, QC. We give Geupel's version.The segments are labelled onseutively S1, S2, . . . , S13. We de�ne analternative labelling T1, T2, . . . , T13 by the orrespondene
(

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T12 T13

S1 S6 S11 S3 S8 S13 S5 S10 S2 S7 S12 S4 S9

) .The T -labelling is suh that if a ea jumps �ve positions away, then its
T -index hanges by ±1. Two eas annot oupy the same segment, henethe order of the eas with respet to the T -numbering is invariant up to ylishifts. Initially, ( S1 S2 S3 S4 S5

A B C D E

) or ( T1 T4 T7 T9 T12

A C E B D

) isthe order of the eas. Therefore, the possible �nishing positions are
















T1 T4 T7 T9 T12

A C E B D
D A C E B
B D A C E
E B D A C
C E B D A

















or
















S1 S2 S3 S4 S5

A B C D E
D E A B C
B C D E A
E A B C D
C D E A B

















,
whih are the �ve yli shifts of the initial ordering of the eas.We prove that these �ve orders are reahable. Let A, B, C, D, and Ejump, one eah, in the same diretion. The new (onseutive) positions thenhave indies that are 5 more modulo 13 than the original indies, redued tothe range 1, 2, . . . , 13. Sine 5 and 13 are oprime, they eventually reah theposition ( S2 S3 S4 S5 S6

A B C D E

). If E jumps bakwards, then we obtaina yli shift of the starting order. The other required �nishing positionsare reahed by iterating. The following generalization is now obvious: For
s segments and n eas (n < s) where a jump is n positions away, if s and
n are oprime, then the possible �nishing positions are the n yli shifts ofthe starting order.16. Through a point P exterior to a given irle pass a seant and a tangentto the irle. The seant intersets the irle at A and B, and the tangenttouhes the irle at C on the same side of the diameter through P as Aand B. The projetion of C onto the diameter is Q. Prove that QC bisets
∠AQB.
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Solved by Miguel Amengual Covas, Cala Figuera, Mallora, Spain; MihelBataille, Rouen, Frane; Babis Stergiou, Chalkida, Greee; and Titu Zvonaru,Com�ane�sti, Romania. We give the solution by Amengual Covas.Let O be the entre of the givenirle.By the theorem of the power ofa point with respet to a irle appliedto P ,

PA · PB = PC2 .Now, in right triangleCPO, CQ is thealtitude to the hypotenuse. By a stan-dard mean proportion we then have
PC2 = PO · PQ .
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Hene,
PA · PB = PO · PQ ,or equivalently, P Q

P A
=

P B

P O
and P Q

P B
=

P A

P O
, so that triangles APQ, APOare similar to triangles BPQ, APO; respetively. Observing proportionalsides, we have AQ

P A
=

OB

P O
and QB

P B
=

OA

P O
. Sine OA = OB, it follows that

AQ

P A
=

QB

P B
, hene PO is the external bisetor of the angle at Q in triangle

AQB. However CQ ⊥ PQ, so CQ is the internal bisetor of the angle at Qin triangle AQB, yielding ∠AQC = ∠CQB, as required.17. Consider a retangle with sides of lengths 3 and 4, and on eah side pikan arbitrary point that is not a orner. Let x, y, z, and u be the lengths ofthe sides of the quadrilateral spanned by these points. Prove that
25 ≤ x2 + y2 + z2 + u2 ≤ 50 .

Solved by George Apostolopoulos,Messolonghi, Greee; Oliver Geupel,Br �uhl, NRW, Germany; Jean-DavidHoule, student, MGill University,Montreal, QC; and Titu Zvonaru,Com�ane�sti, Romania. We give thepresentation of Geupel.We assume that the four pointsdivide the respetive sides in theratios a

4 − a
, b

3 − b
, c

4 − c
, and d

3 − d
.
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We have

x2 + y2 + z2 + u2

= (4 − a)2 + b2 + (3 − b)2 + c2 + (4 − c)2 + d2 + (3 − d)2 + a2

= 25 + 2(a − 2)2 + 2
(

b − 3

2

)2

+ 2(c − 2)2 + 2
(

d − 3

2

)2 .The desired bounds now follow readily from the inequalities
0 ≤ (a − 2)2 ≤ 4 ; 0 ≤

(

b − 3

2

)2

≤ 9

4
;

0 ≤ (c − 2)2 ≤ 4 ; 0 ≤
(

d − 3

2

)2

≤ 9

4
.

18. A ray emanating from the vertex A of the triangle ABC intersets theside BC at X and the irumirle of ABC at Y . Prove that
1

AX
+

1

XY
≥ 4

BC
.Solved by Miguel Amengual Covas, Cala Figuera, Mallora, Spain; GeorgeApostolopoulos, Messolonghi, Greee; Mihel Bataille, Rouen, Frane; andTitu Zvonaru, Com�ane�sti, Romania. We give Bataille's solution.The proposed inequality an be rewritten as

BC · AY ≥ 4AX · XY . (1)First, we suppose AY < BC. Sine XY = AY − AX, the inequality (1) isequivalent to eah of the following, the latter being obvious:
4AX2 − 4AX · AY + BC · AY ≥ 0 ,

(2AX − AY )2 + AY (BC − AY ) ≥ 0 .Now, suppose that AY ≥ BC. Observing that BC = XB + XC and
AX · XY = XB · XC (by the Interseting Chord Theorem), inequality (1)may be written as

AY (XB + XC) ≥ 4XB · XC .This inequality ertainly holds, sine
AY (XB + XC) ≥ BC(XB + XC) = (XB + XC)2 ≥ 4XB · XC .19. In triangle ABC let D be the midpoint of BC and let M be a point onthe side BC suh that ∠BAM = ∠DAC. Let L be the seond intersetionpoint of the irumirle of triangle CAM with AB, and let K be the seondintersetion point of the irumirle of triangle BAM with the side AC.Prove that KL ‖ BC.
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Solved by Oliver Geupel, Br �uhl, NRW, Germany; D.J. Smeenk, Zaltbommel,the Netherlands; and Titu Zvonaru, Com�ane�sti, Romania. We give Smeenk'ssolution.Let α1 = ∠BAM = ∠CADand α2 = ∠BAD = ∠CAM ,so α1 + α2 = α = ∠BAC.Let β = ∠ABC, γ = ∠ACB.From the Sine Law in △ABMand △CAM , we see that
AM =

BM sin β

sin α1
=

CM sin γ

sin α2
.Therefore,

BM sin β sin α2

= CM sin γ sin α1 . (1)
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D

A

B CM

L K

Similarly, by the Sine Law in △BAD and △CAD we dedue that
BC sin β sin α1 = CD sin γ sin α2 . (2)Now BD = CD, so (1), (2) imply BM :CM = c2 :b2, hene CM =

ab2

b2 + c2
.As CK · CA = CM · CB, we �nd that CK : b = a2 :

(

b2 + c2
) and

BL : c = a2 :
(

b2 + c2
), hene KL ‖ BC.20. Three irular ars w1, w2, and w3 with ommon end-points A and Bare on the same side of the line AB, and w2 lies between w1 and w3. Tworays emanating from B interset these ars at M1, M2, M3 and K1, K2, K3,respetively. Prove that

M1M2

M2M3
=

K1K2

K2K3
.Solution by George Apostolopoulos, Messolonghi, Greee.One less an index is so many dashes.We have ∠AKB = ∠AMB and

∠AK′B = ∠AM ′B, beause theseare insribed angles. It follows that
△AKK′ is similar to △AMM ′, andhene KK ′

MM ′
=

AK ′

AM ′
.Similarly, △AK′K′′ is similar to

△AM ′M ′′, hene K ′K ′′

M ′M ′′
=

AK ′

AM ′
.Thus, KK ′

MM ′
=

K ′K ′′

M ′M ′′
, and it fol-lows that MM ′

M ′M ′′
=

KK ′

K ′K ′′
, as desired.
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April's Corner is omplete. Send your nie solutions soon!
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BOOK REVIEWSAmar SodhiPolynomia and Related Realms: Unommon Mathematial ExursionsBy Dan Kalman, Doliani Mathematial Expositions #35, MathematialAssoiation of Ameria, 2009ISBN 978-0-88385-341-2, loth, 265+xv pages, US$61.95Reviewed by Edward Barbeau, University of Toronto, Toronto, ONBy the seventeenth entury, researh into the systemi properties ofpolynomials and tehniques for obtaining, approximating, and lassifyingtheir roots was well underway, and there is hardly a great mathematiianof the last four hundred years who has not made a signi�ant ontributionin this area. Polynomials with real and omplex oeÆients is still an ativearea of mathematis, and there are lots of open problems. While many re-sults are abstruse, tehnial, and very speialized, there is muh to appeal tothe general mathematiian. The author of any book has a wealth of materialto hoose from for whatever audiene is to be reahed.This book is a worthy addition to the Doliani series. It is well writtenand ontains material that is appealing (but perhaps not familiar) to everyreader. However, it is not just about polynomials, whih oupy only the�rst third of the book. The seond part has to do with optimization whilethe third treats alulus. The author supplements the book by a website

http://www.maa.org/ume in whih he presents some additional material, inpartiular animated illustrations of topis in the book.However, this is by no means a retail selling of standard topis. Heasts the book as a travelogue, and deides not to go to the most popularand well-known sites, but to expand the visitor's experiene by \seeking outlesser known destinations". While some students may enjoy the book, theauthor has written it more for their teahers who \have travelled throughthe standard urriulum" and \may wish to seek out new vistas and exploreunsuspeted wonders a bit o� the beaten trak". He also hopes that the bookwill be read by those who apply mathematis, suh as sientists, engineers,and analysts. I am willing to bet that most readers will �nd something thatis new to them.The �rst destination is The Provine of Polynomia. The trip openswith a brief prospetus and review of basi material. Chapter One disussesHorner's method for representing and evaluating polynomials; this is usedto justify a geometri visualization of the roots of a polynomial due to anAustrian engineer, M.E. Lill, who published it in the Nouvelles annales demath �ematiques in 1867. This method had been largely forgotten, and the au-thor learned about it at a leture by Tom Hull on origami (Hull's website isnow at http://mars.wnec.edu/~thull, whih supersedes the referene givenin the book). The website for the book gives some dynami illustrations ofLill's method.
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The seond hapter o�ers a fresh look at solving quadrati and ubiequations, and introdues Newton's method, Lagrange Interpolation andpalindromi polynomials to the reader. It inludes a disussion of Marden'stheorem, to wit that, if p(z) is a ubi omplex polynomial with distint non-ollinear zeros, then the foi of the unique ellipse that touhes the sides ofthe triangle determined by the zeros at their midpoints are the zeros of thederivative p′(z); the website links to a proof. The third hapter treats roots,oeÆients, and symmetri funtions, while the fourth returns to equationsolving.The next port of all, Maxministan, fousses in partiular on Lagrangemultipliers. It is evident that the author has given a great deal of thoughtto what they signify and how they an be envisaged, so that this would bea valuable setion for any undergraduate wanting to get beyond the usualursory treatment. The multipliers are applied to a variety of situations,inluding the problem of �nding the longest ladder that an be taken arounda orner in a building and the problem of determining the maximum anglebetween the normal at a point of an ellipse and the line joining the point tothe entre. There is a nie disussion of duality that relates a maximizationproblem to a orresponding minimization one. One topi that makes its �rstappearane here and is taken up in the last setion of the book is that of anenvelope of a family of urves.Envelopes is a topi that used to be a ommon part of the tertiary syl-labus but whih has been absent for about the last half entury. It is revisitedin the Calulusian Republi where it is given a thorough treatment. However,this republi has other sites worthy of visit. Attention is foussed on equa-tions of the form ax = mx+b, where a, b, and m are parameters. Just as thelogarithm funtion an be invented to solve the partiular equation ax = b,we an de�ne the glog funtion in terms of whih solutions of a more generalform an be desribed; y = glog(x) if and only if ey = xy and the appropri-ate branh of the graph of the equation is taken. Properties and appliationsof this funtion are explored.The book omes full irle bak to polynomials and division by themonomial x − a in its disussion of an algebrai approah to di�erentia-tion, \derivatives without limits". Glossing over questions of existene, thismethod an be extended to radials, exponentials and trigonometri fun-tions, where the treatment is inomplete for the last. The author onludeswith a hapter giving a number of examples that evoke an appreiation ofalulus, in partiular its two mirales, muh out of little and more aurayfor less e�ort.There are several attrative features: essays in sidebars on partiulartopis, historial notes, and a setion at the end of the hapter that pro-vides historial bakground and a guide to the literature. There is a generousbibliography, with links provided on the author's website to eletroni ref-erenes. For leturers in searh of novel material and teahers interested inprofessional development, this book is highly reommended.
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The Shape of Content: Creative Writings in Mathematis and SieneEdited by Chandler Davis, Marjorie Wikler Senehal, and Jan Zwiky, pub-lished by A.K. Peters, Ltd., 2008ISBN 978-1-56881-444-5, hardover, 194+xvii pages, US$39.00Reviewed by Georg Gunther, Sir Wilfred Grenfell College (MUN), CornerBrook, NLIn 1959, C.P. Snow suggested that there had been a breakdown in om-muniation between the \two ultures" of modern soiety { the sienes onthe one hand, the humanities on the other. Sine that time, this matter hasbeen hotly ontested by both sides and the debate ontinues to this day.Some argue that the di�erenes between these \two ultures" an be traeddown to the roots of our human reativity. They are seen as arising in partout of a biologial asymmetry in the human brain, a lateralization of brainfuntion, where the left hemisphere ontrols analytial and logial thought,while the right is the home of more holisti and reative mental ativities.The town of Ban� is one of the great beauty spots in Canada, indeed, inthe whole world. In addition to great senery and spetaular skiing, Ban�boasts of two world-lass failities. The �rst is the Ban� Centre (founded in1933), Canada's alaimed artisti, ultural, and eduational institute. Themission of the Ban� Centre is expressed in two simple words: inspiring re-ativity. This mission, whih had been limited to the arts and humanities, wasexpanded in the year 2000, when the Ban� International ResearhStation for Mathematial Innovation and Disovery (BIRS) was establishedas part of the Ban� Centre.The �rst diretor of the BIRS was Robert Moody, not only a leadingCanadian mathematiian, but a serious photographer as well. Moody quiklyrealized that the presene of the BIRS on the ampus of the Ban� Centreprovided a unique opportunity to bring together leading pratitioners fromboth ultures in an attempt to see what sort of dialogue might develop. Thisidea led to a number of workshops on reative writing in mathematis andsiene; the �rst three of these were held in 2003, 2004, and 2006.The book The Shape of Content, is a seletion of ontributions drawnfrom those three workshops, hosen beause they \best onveyed the spirit,the meaning, and the ahievements of the series". The ontributing authorsome from a wide range of disiplines; inluded in these are mathematis,biology, earth siene, physis, hemistry, and philosophy. As well, thereare piees written by poets and playwrights, musiians and reative writers.The ontributions themselves over the spetrum of reative writing: prosepiees, biographial skethes, poetry, and exerpts of plays reated duringthese workshops.The Shape of Content is a wonderful book. It is not to be read in asingle sitting, there are too many layers, too many subtleties. It needs tobe sipped slowly, with the same appreiation that is due a very �ne brandy.Nor is it to be read for its mathematial ontent; mathematis and sienelurk in the bakgrounds of many of the piees, but their presene is largely
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metaphorial, as be�ts suh powerful manifestations of our human reativity.While the individual ontributions di�er greatly in the shape of theirontent, they all display \a rossing between the platoni world of ideas wemathematiians might be exploring, and the `ideaspae' some philosophers(and some magiians) wonder about, a dimension inhabited by all the on-epts humans (and aliens) ould imagine, where all stories are true". [MaroAbarte, �Evariste and H�eloise, p. 5℄. In Ative Pass [p. 37℄, Isabel Burgesssays \Not all things vanish into darkness. Some vanish into light"; so it iswith many of the ideas, images, and phrases enountered in this volume.Cosmologists speak of the Big Bang, a onept too grandiose, too stag-gering for us to omprehend. And yet, in his poem The All of It [p. 47℄,Robin Chapman makes it omprehensible, makes it human, when he writes\Still, the dark blue bakdrop/ o�ers hope of god or natural law/ wherebeginnings are small enough/ to hold us all, the way the mind/ an hold thedrinking glass/ or see the newborn hild, that love/ set going from inompletehalves." As we ponder these words, our musings are enrihed by ChandlerDavis, when he writes, in the poem Cold Comfort [p. 53℄, \To fall bakon preditability:/ All is aused, nothing will be forthoming/ but what isembryonially already here,/ the mathematis tells truth about emergene".The penultimate ontribution to this volume is a desription of a simple\kithen-hemistry" experiment exploring the nature of soap. Single drops offood olour are added to a dish of milk; the olour droplets remain apart untila drop of soap is added; now \the isolated olours dane, play, and merge.Their yearning for ommunity has been answered. They join together, readyto paint a piture of beauty and truth... All these mirales result from thesimple fat that soap is able to operate at the same time in two worlds".[Randall Wedin, Breaking Down the Barriers, p. 182.℄Are there two ultures? Perhaps there are, but this volume is strongevidene that, no matter how far apart the sienes and the humanities mightat times seem to be, bridges an be built, and when the e�ort is made to buildthem, the results an be spetaular, resulting in olours that dane, play,and merge. \Whatever is, is right./ This is not an order, but a riddle, not asingle thought, but many", writes Adam Dikinson in his poem Great Chainof Being [p. 84℄. So it is with The Shape of Content: not a single thoughtbut many, many voies, singing together in harmony.
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A Useful Inequality Revisited

Pha.m V�an Thuâ.n and Lê V~�AbstratWe give a geometrial interpretation of a powerful inequality, and givesome natural derivations of the inequality. We use this inequality to solvea large lass of symmetri inequalities with four variables by using Rolle'stheorem and some appropriate substitutions.
1 IntroductionCâ?n V~o Quô�  B �a, [1℄ established a powerful inequality involving symmet-ri expressions, presumably stronger than the Shur Inequality. Later RoyBarbara [2℄ introdued another version of this inequality. However, it is notlear from [2℄ how the author ould establish the set of oeÆients for whihthe equality holds at two distint points, say (k, k, k) or (0, l, l) and its per-mutations, where k and l are nonnegative real numbers. Moreover, mostproblems in [2℄ are not strong enough to demonstrate the eÆieny of thisresult. Herein we will give some interesting appliations of this theorem.Geometrially, if the x-interepts of a ubi polynomial our at distintpoints a, b, and c, then its loal maximum and loal minimum values ouron opposite sides of the x-axis.

bbb

y = f(x)
b

b

a b c x

y

fmax

fmin

That is, the values of the ubi polynomial at these points are of oppositesign. This an be arrived at by notiing that the derivative has two distintroots, in partiular the disriminant of the derivative must be nonnegative.Copyright c© 2009 Canadian Mathematial SoietyCrux Mathematiorum with Mathematial Mayhem, Volume 35, Issue 3
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We laim that the rux of the problem lies in this geometrial propertyof ubi polynomial funtions. Indeed, the algebrai manipulations in thetheorem below niely reet the geometri properties of the preeding �gure.Theorem 1 Let a, b, and c be nonnegative real numbers, let p = a + b + c,and suppose that q = ab + bc + ca =

p2 − t2

3
for some t ≥ 0. Then,

(p + t)2(p − 2t)

27
≤ abc ≤ (p − t)2(p + 2t)

27
.Proof: Let f(x) = (x − a)(x − b)(x − c). We have

f(x) = x3 − (a + b + c)x2 + (ab + bc + ca)x − abc ,
f ′(x) = 3x2 − 2(a + b + c)x + (ab + bc + ca) .The disriminant, ∆, of the quadrati polynomial f ′(x) is nonnegative, sine

∆ = 4(a + b + c)2 − 12(ab + bc + ca)

= 2
[

(a − b)2 + (b − c)2 + (c − a)2
] .Alternatively,∆ = 4(p2−3q) = 4t2, so that√

∆ = 2t sine t ≥ 0. It followsthat f ′(x) has the roots c1 =
p − t

3
and c2 =

p + t

3
, and that c1 ≤ c2.If the roots a, b, and c of f(x) are distint or if two of these rootsare equal but distint from the remaining root, then by the usual methodsof alulus for �nding loal extrema we �nd that fmax = f(c1) ≥ 0 and

fmin = f(c2) ≤ 0. This last fat together with the omputations
fmax = f(c1) = f

(

p − t

3

)

=
(p − t)2(p + 2t)

27
− abc ,

fmin = f(c2) = f

(

p + t

3

)

=
(p + t)2(p − 2t)

27
− abc ,gives us the desired inequality

(p + t)2(p − 2t)

27
≤ abc ≤ (p − t)2(p + 2t)

27
.If a = b = c, then the inequality is trivial.

2 ApplicationsTheorem 1 has been employed to prove numerous inequalities of three vari-ables, some of whih are very hard, as shown in [1℄, [3℄. The attempt toformulate an analogue of this inequality for four numbers, with the aim ofproving a large lass of four variable inequalities, has not yielded any fruitfulresults. In the following we shall provide some advanes in this area.
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Problem 1. Prove that if a, b, c, and d are nonnegative real numbers, then

(a + b + c + d)
(

a2 + b2 + c2 + d2
)3/2 ≥

1

2

(

a3 + b3 + c3 + d3
)

(a + b + c + d)

+ (ab + bc + ca + da + db + dc)
(

a2 + b2 + c2 + d2
) .Solution. It is a onsequene of Rolle's theorem (note that if f is the moniquarti polynomial with roots a, b, c, and d, then f ′ has three real zeros)that there exist nonnegative numbers x, y, and z suh that

x + y + z =
3

4
(a + b + c + d) ,

xy + yz + zx =
1

2
(ab + bc + cd + da + ac + bd) ,

xyz =
1

4
(abc + bcd + cda + dab) . (1)We also have the identities

a2+ b2+ c2+ d2 = (a + b + c + d)2 − 2(ab + bc + ca + da + db + dc) ,
a3+ b3+ c3+ d3 = (a + b + c + d)3 + 3(abc + bcd + cda + dab)

= − 3(ab + bc + ca + da + db + dc)(a + b + c + d) .Hene, we need to show that
4

3
(x + y + z)

(

16

9
(x + y + z)2 − 4(xy + yz + zx)

)3/2

≥
(

64

27
(x + y + z)3 + 12xyz − 8(xy + yz + zx)(x + y + z)

)

· 2

3
(x + y + z)

+ 2(xy + yz + zx)
(

16

9
(x + y + z)2 − 4(xy + yz + zx)

) .For simpliity, we suppose without loss of generality that x+y +z = 1. Let
q = xy + yz + zx and r = xyz. The inequality then reads

4

3

(

16

9
− 4q

)3/2

≥ 2

3

(

64

27
+ 12r − 8q

)

+ 2q
(

16

9
− 4q

) ,whih is equivalent to eah of the following inequalities:
12
(

16

9
− 4q

)3/2

≥ 128

9
+ 72r − 48q + 32q − 72q2 ,

12
(

16

9
− 4q

)3/2

≥ 128

9
+ 72r − 16q − 72q2 .For q =

1 − t2

3
, 0 ≤ t ≤ 1, we have by Theorem 1 that r ≤ (1 − t)2(1 + 2t)

27
.Thus, it suÆes to show that

12
(

16

9
− 4

3

(

1 − t2
)

)3/2

≥ 128

9
+

8

3
(1 − t)2(1 + 2t)

− 16

3

(

1 − t2
)

− 8
(

1 − t2
)2 .
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This is equivalent to eah of the following

8

9
· 4
(

1 + 3t2
)3/2 ≥ 32

9
+

40

3
t2 +

16

3
t3 − 8t4 ,

16
(

1 + 3t2
)3 −

(

4 + 6t3 + 15t2 − 9t4
)2 ≥ 0 ,

3t2
(

8 − 16t + 93t2 − 60t3 + 222t4 + 36t5 − 27t6
)

≥ 0 ,and the latter is learly true for 0 ≤ t ≤ 1.Problem 2. Let a, b, c, and d be nonnegative real numbers whih satisfy
a2 + b2 + c2 + d2 = 1. Prove that
(a + b + c + d)2 ≥ a3 + b3 + c3 + d3 + abc + bcd + cda + dab

+ (ab + bc + ca + da + db + dc)(a + b + c + d) .Solution. Write the desired inequality in homogenous form,
(a + b + c + d)2

(

a2 + b2 + c2 + d2
)1/2 ≥

a3 + b3 + c3 + d3 + abc + bcd + cda + dab

+ (ab + bc + ca + da + db + dc)(a + b + c + d) .We substitute as in (1) of the preeding solution and write p = x+y+z,
q = xy + yz + zx, and r = xyz to obtain the equivalent inequality

16

9
p2
(

16

9
p2 − 4q

)1/2

≥ 64

27
p3 + 12r − 8pq + 4r +

8

3
pq .We group like terms and without loss of generality assume that p = 1, sothat the inequality reads

16

9

(

16

9
− 4q

)1/2

≥ 64

27
+ 16r − 16

3
q .Let q =

1 − t2

3
, 0 ≤ t ≤ 1. By Theorem 1, we have that r ≤ (1 − t)2(1 + 2t)

27
.Thus, it suÆes to show that

16

9

(

16

9
− 4

3

(

1 − t2
)

)1/2

≥ 64

27
+

16

27
(1 − t)2(1 + 2t) − 16

9

(

1 − t2
) .After some algebrai manipulations, this is equivalent to 1+3t2 ≥

(

1 + t3
)2,or t2

(

3 − 2t − t4
)

≥ 0, whih is obvious sine 0 ≤ t ≤ 1.It is impossible to redue an inequality involving the produt of fourvariables to a three-variable inequality using Rolle's theorem. Without Rolle'stheorem, the idea is to redue the number of variables by exploiting thehomogeneity and arranging the given variables.Problem 3 (J �anos Sur �anyi's inequality). Prove that if a, b, c, and d are non-negative real numbers, then
3
(

a4 + b4 + c4 + d4
)

+ 4abcd ≥ (a + b + c + d)
(

a3 + b3 + c3 + d3
) .
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Solution If one of a, b, c, or d is zero, then the desired inequality is true(for instane, one may anel terms and apply the Rearrangement Inequalitytwie). If a, b, c, and d are all positive, then (due to homogeneity) we ansuppose without loss of generality that

d = min{a, b, c, d} = 1 . (2)The desired inequality beomes
3
(

a4 + b4 + c4 + 1
)

+ 4abc ≥ (a + b + c + 1)
(

a3 + b3 + c3 + 1
) . (3)Let p = a + b + c, q = ab + bc + ca, and r = abc. By the assumption wemade in (2), we have p ≥ 3. Sine

a4 + b4 + c4 =
(

p2 − 2q
)2 − 2

(

q2 − 2pr
) ,

a3 + b3 + c3 = p
(

p2 − 3q
)

+ 3r ,the inequality (3) takes the form
2p4 − p3 − p + 2 − 9p2q + 3pq + 6q2 + 9pr + r ≥ 0 . (4)By Theorem 1,

r ≥ 1

27

(

p3 − 3pt2 − 2t3
) .Therefore, it suÆes to show that

2p4 − p3 − p + 2 − 9p2

(

p2 − t2

3

)

+ 3p

(

p2 − t2

3

)

+ 6 ·
(

p2 − t2
)2

9
+

p

3

(

p3 − 3pt2 − 2t3
)

+
1

27

(

p3 − 3pt2 − 2t3
)

≥ 0 ,whih is equivalent to
(p − 3)2(p + 6) + 2t2

(

9p2 − 15p − 9pt + 9t2 − t
)

≥ 0 . (5)Now 3p2 + 9t2 ≥ 9pt and furthermore sine p ≥ 3 and p ≥ t, we have
6p2 ≥ 18p > 15p + t. It follows that

9p2 − 15p − 9pt + 9t2 − t ≥ 0 ,hene (5) is true and the inequality is proved.Problem 4 (IMO Shortlist 1993). Prove that if a, b, c, and d are nonnegativeintegers, then
(a + b + c + d)4 + 176abcd ≥ 27(a + b + c + d)(abc + bcd + cda + dab) .Solution. If one of the four numbers is zero, then the inequality follows fromthe AM{GM Inequality. Otherwise we suppose (due to homogeneity) as in(2) above that d = min{a, b, c, d} = 1. We then need to prove that

(a + b + c + 1)4 + 176abc ≥ 27(a + b + c + 1)(abc + ab + ac + bc) .
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Let p = a + b + c, q = ab + bc + ca, and r = abc. From our assumption wehave p ≥ 3 and q ≥ 3, and the desired inequality takes the form

p4 + 4p3 + 6p2 + 4p + 1 − 27pq − 27q + (149 − 27p)r ≥ 0 . (6)For q = 1
3
(p2 − t2), 0 ≤ t ≤ p, we have by Theorem 1 that

(p + t)2(p − 2t)

27
≤ r ≤ (p − t)2(p + 2t)

27
.If 3 ≤ p ≤ 149

27
, then 149 − 27p ≥ 0. In this ase, by Theorem 1, in order toprove (6) it suÆes for us to show that

1

27
(14p + 3)(p − 3)2 + t2

(

3p2 − 68

9
p + 9 − 298

27
t + 2pt

)

≥ 0 .The inequality
3p2 − 68

9
p + 9 − 298

27
t + 2pt ≥ 0is proved by adding aross the following four inequalities

p2 + 9 ≥ 6p ; 14

27
p2 ≥ 14

9
p ; 2pt ≥ 6t ; 40

27
p2 ≥ 136

27
t .The last inequality is valid sine it follows from q = 1

3
(p2 − t2) ≥ 3 that

p2 ≥ t2 + 9 ≥ 6t.If 149 − 27p ≤ 0, then to prove (6) it suÆes for us to show that
1

27
(14p + 3)(p − 3)2 + t2

(

3p2 − 68

9
p + 9 +

298

27
t − 2pt

)

≥ 0 .Consider the funtion
f(p) = 3p2 − 68

9
p + 9 +

298

27
t − 2pt .We have

f ′(p) = 6p − 68

9
− 2t .Sine p ≥ t and p ≥ 149

27
, then f ′(p) > 0. Thus, f(p) is inreasing for

p ≥ max
{

t,149
27

}. It follows that
f(p) ≥ f

(

max
{

t,
149

27

})

≥ 0 ,and the inequality is proved.Problem 5. Let m, n, u, and v be real numbers suh that all of the roots of
x4 − mx3 + nx2 − ux + v = 0 .are nonnegative. Prove that m4 + 32v ≥ 3m2n.
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Solution. Givenm, n, u, and v as above, let a, b, c, and d be nonnegative realnumbers suh that x4 −mx3 +nx2 −ux+v = (x−a)(x−b)(x−c)(x−d).Then we need to prove that
(a+b+c+d)4+32abcd ≥ 3(a+b+c+d)2(ab+bc+ca+ad+bd+cd) . (7)The problem an be restated as follows: Prove that if four nonnegativereal numbers a, b, c, and d satisfy a + b + c + d = 1, then

1 + 32abcd ≥ 3(ab + bc + ca + ad + bd + cd) .In this form of the problem we see that if one of the four numbers is zero,then the desired inequality follows immediately from the Cauhy Inequality.Thus, we an suppose that a, b, c, and d are all positive, and further-more we an suppose (due to homogeneity) that
d = min(a, b, c, d) = 1 . (8)The inequality (7) then takes the form

(a + b + c + 1)4 + 32abc ≥ 3(a + b + c + 1)2(ab + bc + ca + a + b + c) .Let p = a+ b+ c, q = ab+ bc + ca, and r = abc. By our assumption (8) wehave that p ≥ 3 and q ≥ 3. In terms of p, q, and r the inequality beomes
(p + 1)4 + 32r ≥ 3(p + 1)2(q + p) .Expanding this yields

p4 + p3 + p + 1 − 3p2q − 6pq − 3q + 32r ≥ 0 .Let q = 1
3
(p2 − t2), 0 ≤ t ≤ p. By Theorem 1 we have that

r ≥ 1

27
(p + t)2(p − 2t) =

1

27

(

p3 − 3pt2 − 2t3
) .Thus, it suÆes to show that

p4 + p3 + p + 1 − (p2 + 2p + 1)
(

p2 − t2
)

+
32

27

(

p3 − 3pt2 − 2t3
)

≥ 0 ,whih is equivalent to
1

27
(5p + 3)(p − 3)2 + t2

(

p2 + 1 − 14

9
p − 64

27
t
)

≥ 0 . (9)Moreover, sine p ≥ 3 we have 14
27

p2 ≥ 14
9

p and sine q = 1
3
(p2 − t2) ≥ 3we have p2 ≥ t2 + 9. Consequently,

13

27
p2 + 1 ≥ 13

27
t2 +

16

3
≥ 64

27
t .It follows that

p2 + 1 − 14

9
p − 64

27
t ≥ 0and hene the inequality (9) is true. Equality ours when (a, b, c, d) is thevetor (1

4
, 1

4
, 1

4
, 1

4
) or some permutation of the vetor (0, 1

3
, 1

3
, 1

3
).
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3 ExercisesProblem 6. Let x, y, z, and w be nonnegative real numbers. Prove that
(

x4+ y4+ z4+ w4
)

(xy+yz+zx+wx+wy+wz) ≤ 3

8

(

x2+ y2+ z2+ w2
)3.Problem 7. Let a, b, c, and d be nonnegative real numbers. Prove that

1

2

(

a2 + b2 + c2 + d2
)5/2

+ 2abcd(a + b + c + d) ≥
(ab + bc + cd + da + ac + bd)

(

a3 + b3 + c3 + d3
) .Problem 8. Let a, b, c, and d be nonnegative real numbers. Prove that

a3 + b3 + c3 + d3 +
32abcd

a + b + c + d
≥ 3(abc + bcd + cda + dab) .Problem 9. Let a, b, c, and d be nonnegative real numbers whih satisfy

a2 + b2 + c2 + d2 = 1. Prove that
a + b + c + d ≥ a3 + b3 + c3 + d3 + ab + bc + ca + cd + da + bd .Problem 10. Let m, n, u, and v be real numbers suh that all zeros of thequarti polynomial x4 −mx3 +nx2 −ux+v are nonnegative real numbers.Prove that

(

m2 − 2n
)5/2

+ 8mv ≥ 4
(

m2 − 2n
)

u .Referenes[1℄ Câ?n V~o Quô�  B �a, On a Class of Three-Variable Inequalities, Mathe-matial Reetions, 2007, Issue 2
http://reflections.awesomemath.org/2007_2.html[2℄ Roy Barbara, A Useful Inequality, Crux Mathematiorum with Mathe-matial Mayhem, Vol. 34, No. 1 (February, 2008) p. 37-42.[3℄ Pha.m V�an Thuâ.n and Lê V~�, Olympiad Inequalities, Vietnam NationalUniversity Press, August 2007.Pha.m V�an Thuâ.n Lê V~�Hanoi University of Siene Hanoi University of SieneHanoi, Vietnam Hanoi, Vietnam

pvthuan@vnu.edu.vn levi121286@gmail.com
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PROBLEMSSolutions to problems in this issue should arrive no later than 1 Otober 2009.An asterisk (⋆) after a number indiates that a problem was proposed without asolution.Eah problem is given in English and Frenh, the oÆial languages of Canada.In issues 1, 3, 5, and 7, English will preede Frenh, and in issues 2, 4, 6, and 8,Frenh will preede English. In the solutions' setion, the problem will be stated inthe language of the primary featured solution.The editor thanks Jean-Mar Terrier of the University of Montreal for transla-tions of the problems.

3426. Proposed by Salvatore Tringali, student, Mediterranea University,Reggio Calabria, Italy.Find all prime numbers p, q, and r suh that p + q = (p − q)r.3427. Proposed by Jos �e Luis D��az-Barrero, Universitat Polit �enia deCatalunya, Barelona, Spain.The numbers a, b, c, and d all lie in the interval (1, ∞) and are suhthat a + b + c + d = 16. Prove that
∑yli loga( 4

√
bcd + a

)

≥ 11

2
.

3428⋆. Proposed by J. Walter Lynh, Athens, GA, USA.Fix an integer n > 2 and let I be the interval of all positive ratios rsuh that there exists an n-gon whose sides onsist of n terms of a geometrisequene with ommon ratio r. Prove that the endpoints of I are reiproalsof eah other.[Ed.: The proposer refers to CruxM67 [2003 : 430-431℄ and 3082 [2006 : 477℄for the speial ases n = 3 and n = 4.℄3429. Proposed by V�alav Kone�n�y, Big Rapids, MI, USA.The line ℓ passes through the point A and makes an aute angle withthe segment AB. The line m passes through B and is perpendiular to AB.Construt a point C on the line ℓ and a point P on the line m suh that thetriangle BPC is isoseles with BP = PC and(a) the line CP trisets ∠BCA,(b) the line CP bisets ∠BCA.
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3430. Proposed by Mihel Bataille, Rouen, Frane.Let n be a positive integer. Determine the oeÆients of the uniquepolynomial Pn(x) for whih the relation

cos2n θ + sin2n θ = Pn
(

sin2(2θ)
)

holds for all real numbers θ.3431. Proposed by Mihel Bataille, Rouen, Frane.Let f : R → R be a ontinuous funtion that satis�es
f(x + y) = f

(

f(x) · f(y)
)

for all real numbers x and y. Prove that f is onstant.3432. Proposed by Mihel Bataille, Rouen, Frane.Let a, b, and c be real numbers satisfying a < 2(b + c), b < 2(c + a),and c < 2(a + b). Prove that
3 ≤ 4

(

a3 + b3 + c3
)

+ 15abc

(a + b + c)(ab + bc + ca)
< 6 .

3433. Proposed by an unknown proposer.For eah positive integer n prove that
n
∑

k=0

1

2k + 1

(

2k

k

)(

2n − 2k

n − k

)

=
24n

2n + 1

(

2n

n

)−1 .
3434. Proposed by Brue Shawyer, Memorial University of Newfound-land, St. John's, NL.Given the line segment LMN with LM : MN = 1 : λ and λ > 0, andgiven the triangle ABC with ∠ABC = x + y and tan x

tan y
=

1

λ
, onstrut theangle x using only a straight edge and ompass.3435. Proposed by Dragoljub Milo�sevi�, Gornji Milanova, Serbia.Let a, b, c, and d be positive integers. Prove that

1

a + b + c + d + 2
− 1

(a + 1)(b + 1)(c + 1)(d + 1)
≤ 5

48
.
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3436. Proposed by Dragoljub Milo�sevi�, Gornji Milanova, Serbie.Let ABC be a right-angled triangle with hypotenuse AB. Let ma and
mb be the lengths of the medians to the sides BC and AC, respetively.Prove that √

5

2
≤ ma + mb

a + b
<

3

2
.3437. Proposed by Pham Huu Du, Ballajura, Australia and Vo Quo BaCan, Can Tho University of Mediine and Pharmay, Can Tho, Vietnam.Let a, b, and c be positive real numbers. Prove that

√

a2 + bc

b + c
+

√

b2 + ca

c + a
+

√

c2 + ab

a + b
≥
√

3(a + b + c) .
3438⋆. Proposed by Vo Quo Ba Can, Can Tho University of Mediineand Pharmay, Can Tho, Vietnam.Let a, b, and c be nonnegative real numbers. Prove the inequalitybelow for all κ ≥ 0, or give a ounterexample:

∑yli
√

a2 + κbc

b2 + c2
≥ 2 +

√

κ

2
.

.................................................................3426. Propos �e par Salvatore Tringali, �etudiant, Universit �e Mediterranea,Reggio Calabria, Italie.Trouver tous les nombres premiers p, q et r tels que p + q = (p − q)r.3427. Propos �e par Jos �e Luis D��az-Barrero, Universit �e Polytehnique deCatalogne, Barelone, Espagne.Les nombres a, b, c et d sont tous dans l' intervalle (1, ∞) et sont telsque a + b + c + d = 16. Montrer que
∑ylique loga

(

4
√

bcd + a
)

≥ 11

2
.

3428⋆. Propos �e par J. Walter Lynh, Athens, GA, �E-U.On �xe un entiern > 2 et soit I l'intervalle de tous les quotients positifs
r tel qu'il existe un n-gone dont les ôt �es onsistent en n termes d'une suiteg �eom�etrique de raison r. Montrer que les extr �emit �es de I sont r �eiproquesl'un de l'autre.
[N.d.R : Pour les as sp �eiaux n = 3 et n = 4, le proposeur renvoie �a CruxM67 [2003 :430-431℄ et 3082 [2006 :477℄].
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3429. Propos �e par V�alav Kone�n�y, Big Rapids, MI, �E-U.La droite ℓ passe par le point A et fait un angle aigu ave le segment
AB. La droite m passe par B et est perpendiulaire �a AB. Construire unpoint C sur la droite ℓ et un point P sur la droite m de sorte que le triangle
BPC soit iso �ele ave BP = PC et que(a) la droite CP soit une trisetion de l'angle BCA,(b) la droite CP soit la bissetrie de l'angle BCA.3430. Propos �e par Mihel Bataille, Rouen, Frane.Soit n un entier positif. D �eterminer les oeÆients de l'unique po-lynôme Pn(x) pour lequel la relation

cos2n θ + sin2n θ = Pn
(

sin2(2θ)
)

est satisfaite pour tous les nombres r �eels θ.3431. Propos �e par Mihel Bataille, Rouen, Frane.Soit f : R → R une fontion ontinue satisfaisant
f(x + y) = f

(

f(x) · f(y)
)

pour tous les nombres r �eels x et y. Montrer que f est onstante.3432. Propos �e par Mihel Bataille, Rouen, Frane.Soit a, b et c trois nombres r �eels satisfaisant a < 2(b+c), b < 2(c+a)et c < 2(a + b). Montrer que
3 ≤ 4

(

a3 + b3 + c3
)

+ 15abc

(a + b + c)(ab + bc + ca)
< 6 .

3433. Propos �e par un proposeur anonyme.Pour tout entier positif n, montrer que
n
∑

k=0

1

2k + 1

(

2k

k

)(

2n − 2k

n − k

)

=
24n

2n + 1

(

2n

n

)−1 .
3434. Propos �e par Brue Shawyer, Universit �e Memorial de Terre-Neuve,St. John's, NL.Sur une droite, on donne le segment LMN ave LM : MN = 1 : λet λ > 0, et on onsid �ere le triangle ABC ave l'angle ABC = x + y et
tan x

tan y
=

1

λ
. On demande de onstruire l'angle x en n'utilisant que la r �egle etle ompas.
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3435. Propos �e par Dragoljub Milo�sevi�, Gornji Milanova, Serbie.Soit a, b, c et d quatre entiers positifs. Montrer que

1

a + b + c + d + 2
− 1

(a + 1)(b + 1)(c + 1)(d + 1)
≤ 5

48
.

3436. Propos �e par Dragoljub Milo�sevi�, Gornji Milanova, Serbie.Soit ABC un triangle retangle d'hypot �enuse AB. Soit respetivement
ma et mb les longueurs des m�edianes aboutissant sur les ôt �es BC et AC.Montrer que √

5

2
≤ ma + mb

a + b
<

3

2
.3437. Propos �e par Pham Huu Du, Ballajura, Australie and Vo Quo BaCan, Universit �e de M�edeine et Pharmaie de Can Tho, Can Tho, Vietnam.Soit a, b et c trois nombres r �eels positifs. Montrer que

√

a2 + bc

b + c
+

√

b2 + ca

c + a
+

√

c2 + ab

a + b
≥
√

3(a + b + c) .
3438⋆. Propos �e par Vo Quo Ba Can, Universit �e de M�edeine et Phar-maie de Can Tho, Can Tho, Vietnam.Soit a, b et c trois nombres r �eels non n �egatifs. Montrer la validit �e del'in �egalit �e i-dessous pour tout κ ≥ 0, ou donner un ontre-exemple :

∑ylique
√

a2 + κbc

b2 + c2
≥ 2 +

√

κ

2
.

Fib!Lie!Tell it!Who is itMade this story up?Can you �nd the answer to this?There is glory waiting for the orret solution!
(This is a Fibonai poem!Searh for "pinus+�bonai" on the web to �nd out more.)
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SOLUTIONSNo problem is ever permanently losed. The editor is always pleasedto onsider for publiation new solutions or new insights on past problems.Last year we reeived a bath of orret solutions from Steven Karp, stu-dent, University of Waterloo, Waterloo, ON, to problems 3289, 3292, 3294,3296, 3297, 3298, and 3300, whih did not make it into the Deember issuedue to being mis�led. Our apologies for this oversight.

3326. [2008 : 170, 173℄ Proposed by Mih�aly Benze, Brasov, Romania.Let a, b, and c be positive real numbers.(a) Show that ∏yli(a2 + 2
)

+ 4
∏yli(a2 + 1

)

≥ 6(a + b + c)2.
(b)⋆ What is the largest onstant k suh that

∏yli(a2 + 2
)

+ 4
∏yli(a2 + 1

)

≥ k(a + b + c)2 ?
The same solution to part (a) by George Apostolopoulos,Messolonghi, Greeeand the proposer, modi�ed and expanded by the editor.Let P1 =

∏yli(a2 + 2
) and P2 =

∏yli(a2 + 1
). We �rst prove that

P1 ≥ 3(a + b + c)2 , (1)or equivalently
∏yli(1 +

a2 − 1

3

)

≥ (a + b + c)2

9
. (2)

We onsider three ases:Case 1 At least two of a, b, and c are at least 1.Say a ≥ 1 and b ≥ 1. Then sine (1 + x)(1 + y) ≥ 1 + x + y for x ≥ 0and y ≥ 0, we have
∏yli(1 +

a2 − 1

3

)

≥
(

1 +
a2 − 1

3
+

b2 − 1

3

)(

c2 + 2

3

)

=

(

a2 + b2 + 12

3

)(

12 + 12 + c2

3

)

≥ (a + b + c)2

9by the Cauhy{Shwarz Inequality.
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Case 2 One of a, b, or c is at least 1.Say a ≥ 1, b < 1, and c < 1. We have (1 + x)(1 + y) ≥ 1 + x + y if
x and y are both in the interval (−1, 0). Taking x =

b2 − 1

3
and y =

c2 − 1

3we then obtain
∏yli(1 +

a2 − 1

3

)

≥
(

1 +
a2 − 1

3

)(

1 +
b2 − 1

3
+

c2 − 1

3

)

=

(

a2 + 12 + 12

3

)(

12 + b2 + c2

3

)

≥ (a + b + c)2

9
.

Case 3 Eah of a, b, and c is less than 1.We have (1 + x)(1 + y)(1 + z) ≥ 1 + x + y + z if x, y, and z arein (−1, 0). Hene, sine a2 − 1

3
, b2 − 1

3
, and c2 − 1

3
eah lie in the interval

(−1, 0) we have
∏yli(1 +

a2 − 1

3

)

≥ 1 +
a2 − 1

3
+

b2 − 1

3
+

c2 − 1

3

=
a2 + b2 + c2

3
=

1

9

(

a2 + b2 + c2
) (

12 + 12 + 12
)

≥ (a + b + c)2

9
.

Therefore, equation (2) holds in all ases, and the proof of equation (1)is omplete.Next we replae a, b, and c in equation (1) by √
2a, √

2b, and √
2c,respetively. Then (1) beomes 8

∏yli (a2 + 1
)

≥ 6(a + b + c)2 or
4P2 ≥ 3(a + b + c)2 . (3)The onlusion now follows by adding (1) and (3).Part (a) also solved by MICHEL BATAILLE, Rouen, Frane; and CHIP CURTIS, MissouriSouthern State University, Joplin, MO, USA.Oliver Geupel, Br �uhl, NRW, Germany pointed out that part (a) follows from Problem3327, part (a).No omplete solution to part (b) was reeived. Both Walther Janous, Ursulinengym-nasium, Innsbruk, Austria and Stan Wagon, Maalester College, St. Paul, MN, USA produedompliated expressions for the onstant k in part (b). Wagon obtained his "in a moment" usingMathematia's Maximize Funtion and evaluated k = 6.24347 to 5 deimal plaes. Janousobtained a similar expression and evaluated k = 6.243471387 to 9 deimal plaes. However,he stated his result as a onjeture, sine he assumed in the ourse of his alulations that theratio (P1 + 4P2)/(a+ b+ c)2 is minimized when a = b = c. The editor strongly suspetsthese answers are orret, but has reeived only inomplete arguments of their validity.
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3327. [2008 : 170, 173℄ Proposed by Mih�aly Benze, Brasov, Romania.Let a, b, and c be positive real numbers.(a) Show that ∏yli(a4 + 3a2 + 2) ≥ 9

4
(a + b + c)4.

(b)⋆ What is the largest onstant k suh that
∏yli(a4 + 3a2 + 2) ≥ k(a + b + c)4 ?

Similar solutions by George Apostolopoulos, Messolonghi, Greee; MihelBataille, Rouen, Frane; and Chip Curtis, Missouri Southern State Univer-sity, Joplin, MO, USA.First, observe that a4 + 3a2 + 2 =
(

a2 + 2
) (

a2 + 1
). In the solutionof the preeding problem the inequality

∏yli (a2 + 2
)

≥ 3(a + b + c)2

and the inequality
∏yli (a2 + 1

)

≥ 3

4
(a + b + c)2

was proven. The result now follows by multiplying aross these two inequal-ities. Part (a) was also solved by WALTHER JANOUS, Ursulinengymnasium, Innsbruk,Austria; and the proposer. There was one inomplete solution submitted. Part (b) remainsopen.
3328⋆. [2008 :170, 172℄ Proposed by Mih�aly Benze, Brasov, Romania.Let a1, a2, . . . , an be positive real numbers. For 1 ≤ k ≤ n, de�ne

Ak =
1

k

k
∑

i=1

ai , Gk =

(

k
∏

i=1

ai

)

1
k , and Hk = k

(

k
∑

i=1

1

ai

)−1 .
(a) Show that 1

n

n
∑

k=1

Gk ≤
(

n
∏

k=1

Ak

)
1
n .

(b) Show that n

(

n
∑

k=1

1

Gk

)−1

≥
(

n
∏

k=1

Hk

)
1
n .
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Similar solutions by Walther Janous, Ursulinengymnasium, Innsbruk,Austria and Xavier Ros, student, Universitat Polit �enia de Catalunya,Barelona, Spain.The inequality in part (a) is known: see Kiran S. Kedlaya, \Proof of amixed arithmeti-mean, geometri-mean inequality", Amer.Math.Monthly,Vol. 101, No. 4 (1994), pp. 355{357.To prove part (b), we replae the numbers a1, a2, . . . , an in part (a)with their reiproals 1

a1
, 1

a2
, . . . , 1

an
and for eah k we let A′

k and G′
k be theresulting arithmeti and geometri means. Clearly, G′

k =
1

Gk
and A′

k =
1

Hk
.By part (a) we have

1

n

n
∑

k=1

G′
k ≤

(

n
∏

k=1

A′
k

)
1
n ,therefore,

1

n

n
∑

k=1

1

Gk

≤
(

n
∏

k=1

1

Hk

)
1
n

=

(

n
∏

k=1

Hk

)− 1
n

and
n

(

n
∑

k=1

1

Gk

)−1

≥
(

n
∏

k=1

Hk

)
1
n ,as required.Part (a) also solved by CHIP CURTIS, Missouri Southern State University, Joplin, MO,USA; and OLIVER GEUPEL, Br �uhl, NRW, Germany.Curtis ites the referene in our featured solution and in addition he ites TakashiMatsuda, "An indutive proof of a mixed arithmeti{geometri mean inequality", Amer. Math.Monthly, Vol. 102, No. 7 (1995), pp. 634{637. He informs us that Kedlaya's proof is ombina-torial in nature, while Matsuda's proof uses indution and Lagrange Multipliers.

3329. [2008 : 171, 173℄ Proposed by Arkady Alt, San Jose, CA, USA.Let r be a real number, 0 < r ≤ 1, and let x, y, and z be positive realnumbers suh that xyz = r3. Prove that
1

√
1 + x2

+
1

√

1 + y2
+

1
√

1 + z2
≤ 3

√
1 + r2

.
Solution by Roy Barbara, Lebanese University, Fanar, Lebanon.First we prove that for 0 < s ≤ 1 and x, y > 0 suh that xy = s2,

1
√

1 + x2
+

1
√

1 + y2
≤ 2

√
1 + s2

. (1)
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Let α = arctan x and β = arctan y. Sine tan α tan β = xy = s2 ≤ 1, wehave α + β ≤ π

2
. Thus tan α tan β ≤ tan2

(

α + β

2

) (see the book by IvanNiven and Lester H. Lane, Maxima and Minima Without Calulus, p. 103).Therefore
cos α + cos β = 2 cos

(

α + β

2

)

cos

(

α − β

2

)

≤ 2 cos

(

α + β

2

)

=
2

√

1 + tan2
(

α+β
2

)

≤ 2
√

1 + tan α tan β
.

This inequality implies (1). For xyz = r3, we have min{xy, yz, zx} ≤ 1.We may assume (by symmetry) that xy ≤ 1. Set xy = s2. By the previousresult
1

√
1 + x2

+
1

√

1 + y2
≤ 2

√
1 + s2and to obtain the given inequality it is enough to prove that if z > 0 and

s2z = r3, then
2

√
1 + s2

+
1

√
1 + z2

≤ 3
√

1 + r2
. (2)For z > 0 let

f(z) =
1

√
1 + z2

+
2

√

1 +
r3

z

=
1

√
1 + z2

+
2
√

z
√

z + r3
.

Diret omputation gives f ′(z) = − z

(1 + z2)3/2
+

r3

√
z(z + r3)3/2

. Furtheralulations reveal that f ′(z) = 0 if and only if (z − r)
(

(1 − r2)z + r
)

= 0,hene z = r is the only (positive) zero of f ′. Sine lim
z→0+

f(z) = 1 and wealso have f(r) =
3√

1 + r2
≥ 3√

2
> 2, it follows that f has an absolutemaximum at z = r and the inequality (2) holds.Also solved by CHIP CURTIS, Missouri Southern State University, Joplin, MO,USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium,Innsbruk, Austria; XAVIER ROS, student, Universitat Polit �enia de Catalunya, Barelona,Spain; ADAM STRZEBONSKI, Wolfram Researh In., Champaign, IL, USA and STAN WAGON,Maalester College, St. Paul, MN, USA; PETER Y. WOO, Biola University, La Mirada, CA, USA;and the proposer. There were two inorret solutions submitted.
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3331. [2008 : 171, 174℄ Proposed by Jos �e Gibergans-B �aguena and Jos �eLuis D��az-Barrero, Universitat Polit �enia de Catalunya, Barelona, Spain.Let a, b, and c be the lengths of the sides of triangle ABC, and let Rbe its irumradius. Prove that

3
√

a2b +
3
√

b2c +
3
√

c2a ≤ 3
√

3 R .Solution by Mih�aly Benze, Brasov, Romania.We prove the following generalization: If x, y, and z are (�xed) positivereal numbers, then
∑yli(axbycz) 1

x+y+z ≤ 3
√

3R .
Using the weighted AM{GM Inequality and the well-known inequality
a + b + c ≤ 3

√
3R (item 5.3 in Geometri Inequalities by O. Bottema etal., Groningen, 1969), we obtain

∑yli(axbycz) 1
x+y+z ≤

∑yli ax + by + cz

x + y + z
= a + b + c ≤ 3

√
3R ,

whih ompletes the proof. Taking x = 2, y = 1, and z = 0 yields thedesired inequality.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; �SEFKETARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia and Herzegovina; ROY BARBARA,Lebanese University, Fanar, Lebanon; MICHEL BATAILLE, Rouen, Frane; CAO MINHQUANG, Nguyen Binh Khiem High Shool, Vinh Long, Vietnam; CHIP CURTIS, MissouriSouthern State University, Joplin, MO, USA; CHARLES R. DIMINNIE, Angelo State University,San Angelo, TX, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, GrandePrairie, AB; JOE HOWARD, Portales, NM, USA; WALTHER JANOUS, Ursulinengymnasium,Innsbruk, Austria; KEE-WAI LAU, Hong Kong, China; SALEM MALIKI �C, student, SarajevoCollege, Sarajevo, Bosnia and Herzegovina; DAVID E. MANES, SUNY at Oneonta, Oneonta,NY, USA; XAVIER ROS, student, Universitat Polit �enia de Catalunya, Barelona, Spain;GEORGE TSAPAKIDIS, Agrinio, Greee; PETER Y. WOO, Biola University, La Mirada, CA, USA;TITU ZVONARU, Com�ane�sti, Romania; and the proposers.
3332. [2008 : 171, 174℄ Proposed by Panos E. Tsaoussoglou, Athens,Greee.Let a1, a2, a3, and a4 be positive real numbers and let λ and µ bepositive integers.(a) Prove that

a1

λa2 + µa3

+
a2

λa3 + µa1

+
a3

λa1 + µa2

≥ 3

λ + µ
.
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(b) Prove that

a1

µa2 + µa3 + µa4

+
a2

λa3 + λa4 + λa1

+
a3

µa4 + λa1 + µa2

+
a4

λa1 + µa2 + λa3

≥ 8

3(λ + µ)
.

Similar solutions byMih�aly Benze, Brasov, Romania and George Tsapakidis,Agrinio, Greee.Let λ and µ be positive real numbers.(a) We have
a1

λa2 + µa3

+
a2

λa3 + µa1

+
a3

λa1 + µa2

=
a2

1

λa2a1 + µa3a1

+
a2

2

λa3a2 + µa1a2

+
a3

3

λa1a3 + µa2a3

≥ (a1 + a2 + a3)
2

(λ + µ)(a1a2 + a2a3 + a3a1)
≥ 3

λ + µ
,sine (a1 + a2 + a3)

2 ≥ 3(a1a2 + a2a3 + a3a1). [Ed.: The Cauhy{ShwarzInequality is used for the �rst inequality in the above display; multiplyingeah side by (λa2a1 +µa3a1)+(λa3a2 +µa1a2)+(λa1a3 +µa2a3) makesthis more apparent.℄(b) We have
a1

µa2 + µa3 + µa4

+
a2

λa3 + λa4 + λa1

+
a3

µa4 + λa1 + µa2

+
a4

λa1 + µa2 + λa3

=
a2

1

µa2a1 + µa3a1 + µa4a1

+
a2

2

λa3a2 + λa4a2 + λa1a2

+
a2

3

µa4a3 + λa1a3 + µa2a3

+
a2

4

λa1a4 + µa2a4 + λa3a4

≥ (a1 + a2 + a3 + a4)
2

(λ + µ)(a1a2 + a1a3 + a1a4 + a2a3 + a2a4 + a3a4)
≥ 8

3(λ + µ)
,sine (a1 + a2 + a3 + a4)

2 ≥ 8(a1a2 + a1a3 +a1a4 +a2a3 + a2a4 + a3a4).Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; GEORGE APOSTOLOPOULOS, Messolonghi, Greee; MICHEL BATAILLE, Rouen,Frane; MIH �ALY BENCZE, Brasov, Romania; CAO MINH QUANG, Nguyen Binh Khiem HighShool, Vinh Long, Vietnam; CHIP CURTIS, Missouri Southern State University, Joplin, MO,USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; JOE HOWARD, Portales, NM, USA; WALTHERJANOUS, Ursulinengymnasium, Innsbruk, Austria; SALEM MALIKI �C, student, SarajevoCollege, Sarajevo, Bosnia and Herzegovina; PETER Y. WOO, Biola University, La Mirada, CA,USA; TITU ZVONARU, Com�ane�sti, Romania; and the proposer.Almost all solvers showed that the inequalities hold for positive real numbers λ and µ.
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3333. [2008 : 172, 174℄ Proposed by V�alav Kone�n�y, Big Rapids, MI,USA. The n points P1, P2, . . . , Pn, labelled ounterlokwise about a irle,form a onvex n-gon Q. Denote by P ′

i the point where the interior anglebisetor at Pi intersets the irle. Suppose that the points P ′
i determineanother onvex, yli n-gon Q′, whose interior angle bisetors interset theirle in the verties of Q′′. In this manner, we onstrut a sequene of on-vex, yli n-gons Q(k). For whih values of n an we start with an n-gonthat is not equiangular and arrive in k steps at an equiangular n-gon Q(k)?Solution by Oliver Geupel, Br �uhl, NRW, Germany.We prove that n has the desired property if and only if it is a multipleof 4. Let R0, R1, . . . , Rn−1 be the verties of Q(k−1), φ0, φ1, . . . , φn−1 bethe orresponding interior angles, and S0, S1, . . . , Sn−1 be the verties of

Q(k). The subsripts are taken modulo n. Sine the verties are yli andlabeled ounterlokwise, for eah j we have
∠Sj−1SjSj+1 = ∠Sj−1SjRj + ∠RjSjSj+1

= ∠Sj−1Rj−1Rj + ∠RjRj+1Sj+1

=
φj−1 + φj+1

2
. (1)Assume that Q(k−1) is not equiangular, whereas Q(k) is equiangular. Theequality of the angles ∠Sj−1SjSj+1 in (1) implies φj +φj+2 = φj+2 + φj+4for eah j, that is,

φj = φj+4 .Thus, if n were odd, then all the φj would be equal, ontraditing our as-sumption that Q(k−1) is not equiangular. Next, we suppose to the ontrarythat n ≡ 2 (mod 4). We would then have φ0 = φ2 = · · · = φn−4 = φn−2,whene the irular ars Rn−1R1, R1R3, . . . , Rn−3Rn−1 would be equal,and the pointsR1, R3, . . . , Rn−1 would be the verties of a regular (n

2

)-gon.It would then follow that φ0 = φ2 = · · · = φn−4 = φn−2 =
(n − 2)180◦

n
.Moreover, the same argument would apply to the odd subsripts; onse-quently, all the φj would be equal, again ontraditing our hypothesis.It remains to give an example for Q(k−1) with n = 4m, where m is apositive integer: insribe four regular (n

4

)-gons in a irle in suh a way thattheir initial verties are not evenly spaed. For an expliit example with Othe entre of the irumirle, let
∠R4jOR4j+1 =

135◦

m
; ∠R4j+1OR4j+2 =

45◦

m
;

∠R4j+2OR4j+3 = ∠R4j+3OR4j+4 =
90◦

m
.
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Note that the interior angles, namely

φ4j = 180◦ − 450◦

n
, φ4j+1 = 180◦ − 360◦

n
,

φ4j+2 = 180◦ − 270◦

n
, φ4j+3 = 180◦ − 360◦

n
,are not all equal. By (1) it is readily seen that Q(k) is equiangular.Also solved by JOSEPH DiMURO and PETER Y. WOO, Biola University, La Mirada, CA,USA; and WALTHER JANOUS, Ursulinengymnasium, Innsbruk, Austria. There was one inom-plete submission.DiMuro and Woo used a pitorial approah that foused on the short diagonals of theinsribed polygons|the hords joining Rj−1 to Rj+1. An n-gon insribed in a irle isequiangular if and only if these n hords have equal lengths. The point Sj where the bi-setor of ∠Rj−1RjRj+1 again meets the irle is where the perpendiular bisetor of thehord Rj−1Rj+1 meets the orresponding ar that does not ontain Rj . They prove that thederived n-gonQ′ is neessarily onvex whenever the initial n-gonQ is (so that the assumptionof the onvexity of Q′ was not needed in the statement of the problem): the perpendiularbisetor of the segment Rj−1Rj+1 passes through Sj , and one moves ounterlokwise toreah the next hord RjRj+2, whose perpendiular bisetor passes through Sj+1. By lookingat the diagonals, one easily sees that ifQ is any yli quadrilateral, thenQ′ is a retangle (andis therefore equiangular); for an 8-gon, if the alternate verties ofQ(k−1) form two nonsquareretangles, then it is not equiangular but Q(k), whih onsists of two squares, is equiangular.They raise the question of how wild the anestors ofQ(k−1) an be, but they do not pursue theanswer.

3334. [2008 : 172, 175℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.(a) Prove that
∞
∑

n=0

n+1
∑

k=1

(−1)k−1
`

n+1
k

´

k

(n + 1)2
= 2ζ(3) .(b) Prove that

∞
∑

n=0

n+1
∑

k=1

(−1)k−1
`

n+1
k

´

k2

(n + 1)2
=

π4

30
= 3ζ(4) .

[The funtion ζ is the Riemann Zeta Funtion: ζ(s) =
∞
∑

n=1

1

ns
.℄Solution by Oliver Geupel, Br �uhl, NRW, Germany.Let Hk =

n
∑

k=1

1

k
be the nth partial sum of the harmoni series. Thefollowing identity is well known [1℄:
n
∑

k=1

(−1)k−1 1

k

(

n

k

)

= Hn . (1)
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The identity below has appeared in this journal [2℄:

∞
∑

n=1

Hn

n2
= 2ζ(3) . (2)

From (1) and (2) we have
∞
∑

n=0

(

1

(n + 1)2

n+1
∑

k=1

(−1)k−1 1

k

(

n + 1

k

)

)

=

∞
∑

n=0

Hn+1

(n + 1)2
= 2ζ(3) ,

whih establishes part (a).To prove (b), we use the following identities due to D. Borwein andJ.M. Borwein [3℄:
n
∑

n=1

H2
n

(n + 1)2
=

11

4
ζ(4) ; n

∑

n=1

Hn

n3
=

5

4
ζ(4) , (3)

and the following summation trik [4℄:
∑

1≤j<k≤n

ajak =
1

2





(

n
∑

k=1

ak

)2

−
n
∑

k=1

a2
k



 . (4)
Let Tn =

n+1
∑

k=1

(−1)k−1 1

k2

(n+1
k

).From (1) we have
Tn =

n+1
∑

k=1

(−1)k−1 1

k2

((

n

k

)

+

(

n

k − 1

))

=

n
∑

k=1

(−1)k−1 1

k2

(

n

k

)

+

n+1
∑

k=1

(−1)k−1 1

k2

(

n

k − 1

)

= Tn−1 +

n+1
∑

k=1

(−1)k−1 1

k(n + 1)

(

n + 1

k

)

= Tn−1 +
Hn+1

n + 1
.

Sine T0 = 1, from this reurrene relation and indution we easily obtain
Tn =

n+1
∑

k=1

Hk

k
. (5)
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Using (4), we �nd that

∞
∑

n=1

(

1

(n + 1)2

n
∑

k=1

1

k2

)

= lim
m→∞

∑

1≤k≤n≤m

1

k2n2

= lim
m→∞





∑

1≤k<n≤m

1

k2n2
+

m
∑

n=1

1

n4





=
1

2





(

∞
∑

n=1

1

n2

)2

−
∞
∑

n=1

1

n4



 =
1

2

(

ζ2(2) − ζ(4)
)

=
1

2

(

5

2
ζ(4) − ζ(4)

)

=
3

4
ζ(4) . (6)

[Ed: It is well known that ζ(2) =
π2

6
and ζ(4) =

π4

90
.℄Applying (3), (4), (5), and (6) we then have

∞
∑

n=0

(

1

(n + 1)2

n+1
∑

k=1

(−1)k−1 1

k2

(

n + 1

k

)

)

=

∞
∑

n=0

1

(n + 1)2
Tn

=
∞
∑

n=0

(

1

(n + 1)2

n+1
∑

k=1

Hk

k

)

=
∞
∑

n=0

Hn+1

(n + 1)3
+

∞
∑

n=1

(

n
∑

k=1

1

(n + 1)2
Hk

k

)

=
5

4
ζ(4) +

∞
∑

n=1





1

(n + 1)2

∑

1≤j≤k≤n

1

jk





=
5

4
ζ(4) +

∞
∑

n=1

(

1

2(n + 1)2

(

H2
n +

n
∑

k=1

1

k2

))

=
5

4
ζ(4) +

1

2
· 11

4
ζ(4) +

1

2

∞
∑

n=1

(

1

(n + 1)2

n
∑

k=1

1

k2

)

=

(

5

4
+

11

8
+

3

8

)

ζ(4) = 3ζ(4) =
π4

30
.This ompletes the proof of part (b).Also solved by MOHAMMED AASSILA, Strasbourg, Frane; PAUL BRACKEN, Univer-sity of Texas, Edinburg, TX, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbruk, Austria(part (a) only); and the proposer.Aassila remarked that many similar and/or related identities an be found in the bookCombinatorial Identities by H.W. Gould.Referenes[1℄ Loren C. Larson, Problem Solving Through Problems, Springer-Verlag, New York, 1983,p. 160 [item 5.1.4.℄[2℄ Crux Mathematiorum with Mathematial Mayhem, Solution to Problem 2984, Vol. 31,No. 7 (Sept., 2005) pp. 478-480.
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[3℄ Jonathan Sondow and Eri W. Weisstein, MathWorld entry Harmoni Number, items 17and 19, http://mathworld.wolfram.com/HarmonicNumber.html[4℄ R.L. Graham, D.E. Knuth and O. Patashnik, Conrete Mathematis, Addison-Wesley,Reading, 1994, p. 37.
3335. [2008 : 172, 175℄ Proposed by Juan-Boso Romero M�arquez,Universidad de Valladolid, Valladolid, Spain.Let a and b be positive real numbers with a < b.(a) Prove that

ln b − ln a

b − a + 1
>

bb−a − ab−a

bb−a+1 − ab−a+1
.(b) Prove that

∫ b

a

(x−a)b(b−x)a dx <
1

a + b + 1

(

ba+b+1 −aa+b+1
)

(

b − a

b + a

)a+b .
Solution by Charles R. Diminnie, Angelo State University, San Angelo, TX,USA. Both inequalities are proved by using the General AM{GM Inequality,whih states that if a1, a2 > 0 and w1, w2 > 0 with w1 + w2 = 1, then

aw1

1 aw2

2 ≤ w1a1 + w2a2 ,equality holding if and only if a1 = a2.(a) For x ∈ (a, b) let a1 = a, a2 = b, w1 =
b − x

b − a
, and w2 =

x − a

b − a
.Sine 0 < a < b, the General AM{GM Inequality impies that

a
b−x

b−a b
x−a

b−a <

(

b − x

b − a

)

a +

(

x − a

b − a

)

b = x ,hene ab−xbx−a < xb−a. It follows that
∫ b

a

ab−xbx−a dx <

∫ b

a

xb−a dx =
bb−a+1 − ab−a+1

b − a + 1
.Sine

∫ b

a

ab−xbx−a dx =
ab

ba

∫ b

a

(

b

a

)x

dx

=
ab

ba

(

b

a

)x

ln
(

b

a

)

∣

∣

∣

∣

∣

∣

∣

b

a

=
ab

ba(ln b − ln a)

[

(

b

a

)b

−
(

b

a

)a
]

=
bb−a − ab−a

ln b − ln a
,
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we have

bb−a − ab−a

ln b − ln a
<

bb−a+1 − ab−a+1

b − a + 1
,and this is equivalent to the �rst inequality.(b) For x ∈ (a, b) let a1 = x−a, a2 = b−x, w1 =

b

a + b
, andw2 =

a

a + b
.The General AM{GM Inequality then implies

(x − a)
b

a+b (b − x)
a

a+b ≤
(

b

a + b

)

(x − a) +

(

a

a + b

)

(b − x)

=

(

b − a

b + a

)

x

with equality if and only if x − a = b − x, or if and only if x =
a + b

2
.Therefore, for all x ∈ (a, b) −

{

a+b
2

},
(x − b)b(b − x)a <

(

b − a

b + a

)a+b

xa+b ,and we have
∫ b

a

(x − a)b(b − x)a dx <

(

b − a

b + a

)a+b ∫ b

a

xa+b dx

=
1

a + b + 1

(

ba+b+1 − aa+b+1
)

(

b − a

b + a

)a+b.
Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; PAUL BRACKEN,University of Texas, Edinburg, TX, USA (in memory of James Totten); OLIVER GEUPEL,Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbruk, Austria; PETERY. WOO, Biola University, La Mirada, CA, USA; and the proposer.Bataille noted that the double integral I =

∫ ∫

∆

(

xb−a − yb−a
)

(1/x− 1/y) dxdyis negative, where ∆ = [a, b] × [a, b], and he obtained the inequality upon expanding it. Heremarked that if one onsiders I =
∫ ∫

∆

(

φ(x) −φ(y)
)(

ψ(x) −ψ(y)
)

dxdy, where φ and ψare ontinuous, monotoni real funtions on [a, b], then the method generalizes.
3336. Proposed by Mihel Bataille, Rouen, Frane.Let ABC be a triangle, and let B1 and B2 be points on AC and C1and C2 be points on AB suh that AB1 = CB2, AC1 = BC2, and B1C2intersets B2C1 at a point P in the interior of △ABC. If [KLM ] denotesthe area of △KLM , show that

[PCB] > [PCA] + [PAB] .
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I. Solution by Peter Y. Woo, Biola University, La Mirada, CA, USA.Let M be the midpoint of AC and let N be the midpoint of AB; let
c′ = AN(= 1

2
AB) and b′ = AM(= 1

2
AC). Assume that the points Bi and

Ci lie on the sides AC and AB of △ABC. Note that for P to lie insidethe triangle, both B1 and C1 must be loser to A than B2 and C2 are, orboth must be farther away. Let us label the points so that both are loser:
B1 lies between A and M while C1 lies between A and N . Finally, let
m = MB1 = MB2 and n = NC1 = NC2, and let NM meet B1C2 at Qand C1B2 at R. Our goal in what follows is to redue the problem to provingthat the points on NM are in the order N , Q, R, M .Note that

[PCB] > [PCA] + [PAB] if and only if [PCB] >
1

2
[ABC] (1)(sine [ABC] = [PCB] + [PCA] + [PAB]). The onditions in (1) hold ifand only if P is inside △ANM , whih is true if and only if NQ

QM
<

NR

RM
, or

NQ · RM

NR · QM
< 1 . (2)By Menelaus' theorem applied to the transversal C2QB1 of triangle ANM ,

NQ

QM
=

NC2

C2A
· AB1

B1M
=

n

c′ + n
· b′ − m

m
.Similarly, Menelaus' theorem applied to the transversal C1RB2 gives us

NR

RM
=

NC1

C1A
· AB2

B2M
=

n

c′ − n
· b′ + m

m
.Consequently,

NQ · RM

NR · QM
=

c′ − n

c′ + n
· b′ − m

b′ + m
,whih is less than 1, as required by ondition (2).II. Outline of the solution by Joel Shlosberg, Bayside, NY, USA, modi�edby the editor.Beause ratios of areas, ratios of segments on a line or on parallel lines,and onurrene of lines are all aÆne properties, we may, without loss ofgenerality, introdue a Cartesian oordinate system with

A = (0, 1) , B = (−2, −1) , and C = (2, −1) .With these oordinates, the midpoints of AC and AB are, respetively,
M = (1, 0) and N = (−1, 0) .
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As in the �rst solution, we take B1 between A and M , and C1 between Aand N . Letting the vertial distane from M to B1 be m and from N to C1be n, we have

B1 = (1 − m, m) , B2 = (1 + m, −m) ,
C1 = (−1 + n, n) , C2 = (−1 − n, −n) .Again, as in the �rst solution, we wish to prove that the point P where B1C2intersets C1B2 lies above the line NM , whih here satis�es the equation

y = 0. A straightforward omputation shows that the y-oordinate of P is
mn > 0, whih ompletes the proof.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; ROY BARBARA,Lebanese University, Fanar, Lebanon; RICARDO BARROSO CAMPOS, University of Seville,Seville, Spain; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbruk,Austria; V �ACLAV KONE �CN �Y, Big Rapids, MI, USA; TITU ZVONARU, Com�ane�sti, Romania; andthe proposer.In addition to his solution, Geupel showed that our statement of the problem was faulty:it should have expliitly stated that B1 andB2 are taken on the \side"AC (as opposed to theline AC), and similarly for the points C1 and C2 on side AB. Otherwise, with m > 0 and
n < 0 in the notation of the seond solution, it is easy to adjust these numbers so that P liesinside △ABC and below the lineNM, in whih ase the inequality in the problem would bereversed. In fat, the proposer had it orret, but the word \side" was unfortunately omittedfrom the printed version.
3337. [2008 : 173, 175℄ Proposed by Mihel Bataille, Rouen, Frane.In the plane of △ABC, what is the lous of points P suh that theirumradii of △PBC, △PCA, and △PAB are all equal?Solution by Oliver Geupel, Br �uhl, NRW, Germany.Denote the desired lous by Π, and let Γ and H be the irumirle andthe orthoentre of △ABC, respetively. We will prove that

Π = (Γ ∪ {H}) \ {A, B, C} .Let P ∈ Π. Then P is distint from A, B, and C. [Ed.: Whether or notone wants to inlude the verties as part of the lous depends on how oneinterprets the question; most readers felt that the verties should be omittedfrom the lous beause a irumirle is not well de�ned for a triangle whentwo of its verties oinide.℄ If two of the irumirles of the trianglesPBC,
PCA, and PAB oinide, then all three irles oinide with Γ, and weonlude that P ∈ Γ. Otherwise, the entres of these ongruent irumirleswill be distint. Call them OA, OB, and OC, respetively, and let A′, B′, and
C′ be the respetive midpoints of the line segments PA, PB, and PC. Then
AC ‖ A′C′. Moreover, OC is the reetion of OB in the mirror PA (whihis the ommon hord of two ongruent irles). Therefore, OBA′ = A′OC ;similarly, OBC′ = C′OA, whene A′C′ ‖ OCOA. We dedue that AC and
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OAOC are parallel. Sine PB is perpendiular to OAOC and, thus, to AC,the point P is on the altitude from B to CA. Similarly, P is on the otheraltitudes, whene P = H, as laimed.Conversely, eah point on Γ distint from the verties A, B, C belongsto the desired lous. It remains only to show that when ABC is not a righttriangle (in whih ase H would be a vertex), the triangles HBC, HCA, and
HAB have ongruent irumirles. This is a standard theorem|these ir-umirles all have radii equal to the radius of Γ|but its proof is easy: Drawthe lines through the verties of △ABC that are parallel to the oppositesides, forming a triangle A∗B∗C∗. Let OA, OB, and OC be the midpoints of
HA∗, HB∗, and HC∗, respetively. Sine A, B, and C are the midpointsof B∗C∗, C∗A∗, and A∗B∗, respetively, we see that H is the irumentreof △A∗B∗C∗, and

OAB = OAH = OAC = OBC = OBH

= OBA = OCA = OCH = OCB .This ompletes the proof.Also solved by GEORGE APOSTOLOPOULOS,Messolonghi, Greee; RICARDO BARROSOCAMPOS, University of Seville, Seville, Spain; WALTHER JANOUS, Ursulinengymnasium,Innsbruk, Austria; SALEM MALIKI �C, student, Sarajevo College, Sarajevo, Bosnia andHerzegovina; D.J. SMEENK, Zaltbommel, the Netherlands; and the proposer. There were �veinomplete submissions.Our result follows immediately from the 3-irle Theorem of Gheorghe T� iT�eia from 1908:If three ongruent irles pass through a ommon point, then their other three intersetion pointslie on a fourth irle of the same radius. The result was independently disovered by RogerA. Johnson (\A Cirle Theorem", Amer. Math. Monthly, 24:5 (May, 1916), 243-244) and issometimes attributed to him. Geupel's argument says that the four intersetion points of thesefour ongruent irles form an orthoentri quadrilateral (that is, eah point is the orthoentreof the triangle formed by the other three). Beause this on�guration has been studied for suha long time, it seems likely that the result might be more than a entury old.
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