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Chtng minh rang day s6 da cho hoi tu va tim  lim =z,
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Cho day s6 (Z,)n>0 xac dinh nhu sau

Cho diém P ndm trén dudng tron ngoai tiép (O) clia tam giac ABC. Cac tiép
tuyén clia duong tron noi tiép (I) clia tam giac ABC ké tit P cat lai (O) tai
X, Y. Chiing minh ring XY song song v6i mot canh clia tam giac khi va chi
khi P la tiép diém ctia duong tron tiép xic véi hai canh cia tam giac va tiép
xtc trong véi (O).

Tim tat cd cac tap hop X chita it nhat hai s nguyén duong, c6 tinh chat véi
moi m,n € X, m < n thi ton tai k € X sao cho n = mk?

Chiing minh rang phuong trinh
=3yt =1
khong c¢6 nghiem nguyén duong dang (3t + 1; 2u?)

Vé6i mdi s6 nguyen khong am n, xac dinh cac sé nguyen a,, by, ¢, bdi cong thitc
U 4 bp V2 + VA = (1+ V2 + V4"

Chiing minh rang

. an néun=0 (mod 3)

1 .
o Z CPap =< b,v/2 néun=1 (mod3)
F=0 cnV4 néun=2 (mod 3)

«Ghi cha. Hoc sinh lam it nhat 04 bai
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Cau 1. Diéu kién z,y, 2 > 0 Viét lai hé vé dang N 1+z
z 4

17

Vi=—+7

\ r 4

Do ham sb f(t) = +/t,t > 0 1a ham s6 dong bién va ham sb g(t) =1+ 1, ¢ >0
1a ham s6 nghich bién, nén z = y = 2. Thay vao he, dudc x = y = z = 4 14 nghiem
duy nhat ctia he.

Loi giai 2. Dieu kien z,9,2 > 0
Cong ba phuong trinh véi nhau, ta duge

VB iHVE = Tt = (WIS @)+ (V=D )+(VE =D (2) = 0

trong do
At VE+2

t
="+
Néuyz <2thil+l=\r<2=y>4=14+0= F>2=2<4>141=
Vz2<2=x>4hay /x >2v0ly.

Vay vz > 2. Tuong tu \/y, /2> 2. Tudébz =y =2=4

>0 Vi>0

Cau 2. Vi ham s6 f(z) = (v/2)%,z > 0 13 ham s dong bién va 2, = (V2)V2 >
V2 = z, nén day da cho la day don diéu tang.

Bang quy nap, dé dang chitng minh duge 0 < z,, < 2 Vn. Vay day da cho hoi
tu vé a € (0;2) théa man phuong trinh a = (v/2)® < o? = 2. Giai phuong trinh,
ta dudgec oo = 2

Cau 3.

Bo dé 1. Cho duong tron (/) nim trong dusng tron (O) va P € (O). Hai tiép tuyén
ciia (1) ké qua P cit lai (O) tai QR. Khi d6 QR tiép xtc vé6i ().

Bo6 dé 2. Cho tam gidc ABC noi tiép trong duong tron (O) va ngoai tiép quanh

duong tron (I). Goi (O,) 1a duong tron tiép xic véi hai canh AB, AC' va tiép xtc
trong véi (O) tai A'. Cac diem B’, " duge xac dinh mot cach tuong tir. Khi d6
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1. Cac duong thing AA’, BB',C (' ddng quy tai tam vi tu ngoai clia hai duong
tron (O) va (1).

2. Phan giac ciia cac goc ZCA'B, ZBC'A, ZAB'C dong quy tai 1.

(<) Gia stt duong tron (0,) tiép xtc v6i hai canh AB, AC' va tiép xic trong véi

(O) tai P. Ap dung b6 dé 2, PI di qua diém chinh gitta cung Q ciia cung BC (chia
A). Nhung theo bd dé 1, I 1a tam dudng tron noi tiép ciia tam giac PXY nén Q

ciing 1a diém chinh giita cung XY. Do dé6 XY || BC (ciing vuong goc véi OQ)
(=) Giastring XY || BC. Goi @ 1a diém chinh giita cung XY (chita A) ctia (O).

Do XY, BC la hai day song song ctia (O) nén @ ciing la diém chinh gitta cung BC.
Tit d6 va do P, I, Q thing hang, nén QI la phan gidc cta cac goc ZBPC, /X PY,
di qua P. Néu duong tron (O,) tiép xic véi hai canh AB, AC' va tiép xtc trong véi
(O) tai P', thé thi QI 1a phan giac ctia géc ZBP'C, vay P' = P

Cau 4. Gia st tim dugc tap X théa man va m < n 1a hai phan tt bé nhat cia X.
Khi d6, do cach xac dinh X ton tai k € X sao cho n = mk? suy ram < k < n, do
do k£ = m hoic k = n.

Néu | X| = 2, dé thay X = {m;m?} théa man.

Néu | X| > 3, goi ¢ 1a phan tt bé thit ba cia X (ttic 1a m < n < ¢), khi d6 ton
tai £ € X sao cho ¢ = mf?. Do ¢ > ¢ nén ¢ = m hoic £ = n. Néu £ = m thi ¢ = n,
vo Iy. Vay £ = n = m? va g = mf? = m”. Nhung ton tai t € X sao cho ¢ = nt?, nén
t=m? mam?>¢ X. Voly, vay | X| =2va X = {m;m?}

Cau 5. Gia stt trai lai, phuong trinh ¢6 nghiém nguyén duong, va goi (x; y) 1a nghiem
nguyen duong véi y nhé nhat.
Ta c6

3yt =3dut =21 = (z—1)(z+1) = (3t+2)(3t) = 4u* = t(3t+2) =0 (mod 4)

Tu d6, do t,3t + 2 cung tinh chén 1é, suy ra ¢,3t + 2 cuing chan. Dit { = 2a va
3t+2=2b (suy ra b = 3a+ 1). D& thay a,b € N* va (a;b) = 1. Theo trén ta c6
ab=u*va dod6 a=m*b=n*= n*—-1=3m (1)

+ Néu m 18, thi m* =1 (mod 8) = n* =4 (mod 8) vo Iy

+ Néu m chén, thi m* = a < u* = ab vi, néu m* = «* thi b = 1 mau thuin véi
b=3a+ 1. Vay, c6 thé dat m = 2p,n? = 3¢ + 1. Khi dé 48p* = 3¢(3¢ + 2)

Do (1), n> =1 (mod 4), suy ra ¢ = 0 (mod 4). Dit ¢ = 2¢1,3q + 2 = 2p; =
p1 = 3q; + 1 nguyeén td cting nhau véi ¢;. Khi d6 4p* = p1¢i. Do ¢; chén, nén
q1 = 4yt,p1 = 27 va khi dé

(27)” = 3(247)* =1 (2)
Day la phuong trinh Pell ¢6 dang z* — 3y* = 1. Va 16 rang rang 27 13 khong chia

hét cho 3, nén c6 dang 3k + 1.
2

. m
Can ching minh 2y7 < y. That vay 2y7 = /g1 < 2p° = 5 < u? < 2u? Vo ly,
do tap s6 nguyen duong khong chita day gidm vo han. DPCM

Cau 6. Ta ¢o
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Tu d6 suy ra diéu phai chiing minh.



