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NGAY THU NHAT (23/11/2009)
Bai 1.
Cho a, b, c 1a cac s6 thuc théa méan diéu kién da thic P(x) = x* + ax3 + bx2 + cx + 1 co it
nhat mot nghiém thyc. Hay xac dinh tat ca cac bo (a, b, ¢) nhu thé sao cho a? + b? + ¢? dat gia
tri nhé nhat.
Loi giai:
Goli x, la nghiém thuc cua P(x). Ta co:
xg+axd +bxt+cxg+1=0 —(x5 +1) = axd + bx3 + cx,
Theo bat dang thirc Cauchy — Schwarz thi:
(xg + 1% = (axd + bx2 + cxy)? < (a®? + b? + ) (x§ + x§ + x2)
Piat t = x véi t > 0 thi tir diéu trén ta co:
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Ping thic xay ra khi va chi khi:
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Vay cac gid tri can tim cua a, b, ¢ la:
(b)_<222) \(b)_(z 22)
ar ;C - 3;313 va a! )C - 3! 313

Bai 2.

Cho n 1a mét s6 nguyén duong va tap hop A = {1,2,---,2n}. Mot tap con cia A duoc goi la tot
néu n6 gém dung hai phan tir x,y sao cho |x — y| € {1,n}. Tim s6 cac tap hop {4, 4,, -, A}
thoa man A; la tap con tét cia A véimoi i = 1,2,--,nva A, UA, U U4, = A.

Loi giai:

Goi u, (n=1,2,..) 1a s cac tap hop {4;,4,, ...,A,} théa man yéu cau dé bai dong thoi hai
phan tir n va n + 1 khong di cung nhau trong bét ¢t tap A; ndo. Ta chia cac s6 1,2, ...,2n vao
mot bang 2 X n nhu sau:

n+1l| n+2 2n
Thé thi mdi cach chon duoc liét ké trong u,, twong ng véi mot cach chon tir bang trén céc cap
gom hai sb & ciing mot cot hodc hai sé lién tiép nhau trén ciing mot hang. Xét u,,,,, vi phan tir




2(n + 1) chi c6 thé di cung véi n + 1 hodc 2n + 1 trong cling mot tap A; nao d6 nén ta xét hai
kha nang nhu sau:
1. 2(n+ 1) van+ 1 cung thuoc mot tap A;, giasu do la A, 4.
1 2 n+1
n+2 n+3 - 2(n+1)
Lic nay, moi cach chon mot bo {4;,4,, ... n} g voi mot cach chon cac cap sé gom
cac sd & cling mot cot hodc & canh nhau trong cung mét hang tir mot bang 2 x n. Theo
dinh nghia cta ta s6 cach chon nhu thé 14 u,,. Vay trong trudng hop nay ¢é u,, cach chon.
2. 2(n+ 1) va2n+ 1 cung thuoc mot tap A;, giase do la A, 4.
1 2 n n+1
n+ 2 n+3 2n+1 | 2(n+1)
Ldc nay ta thady n + 1 chi c6 thé di cing v&i 2(n + 1) (trudng hop n + 1 di cing véi

n + 2 khoéng duoc xét trong u,,,,) nhung 2(n + 1) da di cung v6i 2n + 1 nén n + 1 phai
di cung vai n trong cling mot tap A; nao do, gia sir d6 1a A,,. Dén day, sir dung ly luan
nhu trudng hop trén ta thiy sé cach chon cac tap {A;, Ay, ..., Ap_1} 1a upy_q.

Vay theo quy tic cong thi u,,; = u, + u,_,. Mat khdc u; = 1,u, = 2 nén ta c6 cong thic:
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Bay gio ta xét treong hop sinh ra bo {44, 4,, ...
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R6 rang 1 chi 6 thé di cing véi 2 hoac n + 1 nhung n + 1 da di cing n nén 1 chi c6 thé di cung
véi 2. Tiép theo, n + 2 ¢6 thé di cung v6i 2, n + 1 hay n + 3 nhung 2 di di voi 1 conn + 1 da
di voi n nén n + 2 phai di véi n + 3. Tiép tuc, 3 ¢6 thé di cung 2, 4 hay n + 3 nhung 2 di di voi
1 con n + 3 da di v6i n + 2 nén 3 phai di v6i 4. Tiép tuc Iy luan nhu trén ta suy ra cac tap 4;
phai cé dang {1,2},{3,4},...,{n n—1}L{n,n+1},{n+2,n+3},...,{2n — 1,2n}. Tu do
suy ra truong hop nay chi cho ta mot bo {4;,4,, ..., A, } néu n 1é va khdng cho bo nao néu n
chan.

Tom lai, s6 cac bo {A;, 4,, ..., A, } thoa man yéu cau dé bai Ia:
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Bai 3.
Tim tat ca cc ham s6 f: N* — N* thoa méan ddng thoi cac diéu kién:
I. f tang ngattrén N*;



ii. f(f(n)) =4n +9,vn € N*;
iii. f(f(n)—n)=2n+9,vn e N",
Loi giai:
Vi f lam ham ting va f:N* - N* nén f(a) — f(b) = a — b,VYa,b € N*vaa > b.
Tur iii. ta co:
2=2n+1)+9-2n+9) =f(f(n+1)—(n+1))—f(f(n)—n)
2fn+ D -+ -FM)-n)=f(n+1)-f(n) -1
Suyraf(n+1)—f(n) <3, vne N taclaf(n+ 1) — f(n) € {1,2,3},Vvn € N*,
Giasatontain € N*saocho f(n+1)— f(n) =1thi f(n+1) — (n+ 1) = f(n) — n, suy ra:
2+ D+9=f(fn+ 1D - (n+1) =f(f(n)—n)=2n+9,vdly
Giasatontain e N*saocho f(n+ 1) —f(n) =3thi fn+1) - (n+1) =f(n) —n+2.Ta
lai c6 f(f(n+1) —(n+ 1) — f(f(n) —n) =2 nénnéu f(n) >nthitaditt = f(n) —n, s
c6 t € N* hon nita f(t +2) = f(t) + 2, ma f tang nén f(t + 1) — f(t) = 1, mau thuan. Vay
nén f(n) < n, song Vi f ting nén f(n) > n,vn € N*, dan dén f(n) = n. Nhung tir day ta lai c6
n=fm)=f(f(n)) =4n+9,suyran = -3,V ly.
vaynén f(n+1) — f(n) ¢ {1,3}, vn e N*vavithé f(n+ 1) — f(n) = 2,vn € N*,
Do d6 f(n) = 2n + k véi k nguyén nao d6. Thay vao f(f(n)) =4n +9tacd k = 3,
Vay f(n) = 2n + 3 13 ham s6 duy nhat thoa man yéu cau dé bai.

Bai 4.
Cho dudng tron (0) ¢ dinh va AB 1a mot day ¢ dinh khac duong kinh cua (0). Goi I 1a trung
diém cua AB. P la mot diém di dong trén cung I6n AB cia (0). Cac diém M, N lan luot thudc
cac tia PA, PB sao cho £«PMI = «PNI = £APB.

a. Chiing minh rang dudng cao tir P cua tam giac PMN di qua mot diém cé dinh.

b. Chuang minh rang duong thang Euler cua tam giac PMN di qua mot diém cb dinh.
Loi giai:




a. Ky hiéu X = MINPB,Y = NI N PA. Tacd 2PMI = £PNI = £APB nén céac tam gidc PMX
va PNY can tai X,Y. Tir d6 suy ra ZPXM = £PYN = 180° — 2£APB, suy ra M,N, X,Y dong
vién. Goi S 1a tam duong tron ngoai tiép tam giac AOB thi S ¢6 dinh. Ta co:

£ISB = 180° — £AOB = 180° — 2£APB = £PXM va twong tw £ISA = £PYN
Suy ra I,S,X,B dong vién va 1,S,Y, A ciing ddng vién. Suy ra £SXB = £SYA = £SIB = 90°,
suy ra IS 1a duong kinh cua dudng tron ngoai tiép tam giac PXY. Mat khac M, N, X, Y dong vién
nén MN va XY dbi song vai nhau trong ZAPB, suy ra IS L MN. N6i cach khac, dudng cao tir M
ctia tam giac PMN di qua diém S ¢6 dinh (dpcm).
b. Trudc hét ta chirng minh bb dé sau:
Bo dé: Cho tam gidc ABC va mot duong tron (w) di qua hai diém B, C va cit lai cac canh
AB,AC tai X,Y. Goi XX',YY' 1a cac duong cao cua tam gidc AXY va BB’, CC' la cac duong cao
cua tam giac ABC, H, H' la truc tdm cua tam giac ABC va tam giac AXY. Ky hiéu I = BY n CX.
Khi d6 H, I, H' thing hang.

Ching minh bé dé:

Ta c6 X,Y,X',Y' dong vién nén B'X - H'X' = H'Y - H'Y", tic 13 Py (gy; = Prn(cx (6 ddy ta
ding ky hiéu [UV] dé chi dudng tron dudng kinh UV).

Taco B,C,B’,C’ dong vien nén HB - HB' = HC - HC', tic 1a Py (sy] = P\[cx)-

Cudi cing B, C,X,Y dong viennén 1B - IY = IC - IX, tac 1a P\ (py] = Pi[cx]-

Suy ra H, 1, H' thang hang vi cling thudc truc dang phuong cia [BY] va [CX].

B dé duoc chung minh.

V2o bai, goi H,0’ lan luot 13 tryc tm va tdm duodng tron ngoai tiép cua tam giac PMN. Ta c6
O'P =0'M va XP = XM nén X0’ 1a duong trung truc cua PM, suy ra XO' L PY. Tuong tu ta
cling c6 YO' L PX. Vay nén 0’ ciing chinh 14 tryc tdm cua tam gidc PXY. Ap dung bd dé cho




tam gidc PXY véi (w) = (MNXY) thi ta c6 0’,H,I = YN n MX thang hang. N6i cach khac,

duong thang Euler 0'H cua tam giac PMN di qua diém I ¢b dinh (dpem).

Bai 5.

NGAY THU HAI (24/11/2009)

Cho a, b, c 1a céc s6 thuc duong. Giai hé phuong trinh:

Loi giai:

Dit (m,n,p) = (a,ab, bc?) thé thi m,n,p > 0. Hé trd thanh:
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Xem (*) & hé phuong trinh tuyén tinh an (m, n, p), ta co:
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(xy)™" =p = bc?
(yz)'=n=ab = (xyz)"! = abcV (xyz)~! = —abc
zx) '=m=a
Giai ra ta thay hé c6 hai nghiém la:
11 ¢\ . 1 1 c
o) = (Grperg) w0 = (5 -503)
Bai 6.
Cho day sé {a, } xac dinh boi: a; = a; a4, = (a; + a, + -+ a, — 2)?,vn = 1,2,---. Ky hiéu:
Sp=a;+a, ++a,Vn=12,..
Tim tit ca cac gia tri cua a dé {S,,} ¢6 gisi han hitu han khi n — +oo.
Loi giai:
Tur gia thiét suy ra S, — S, = (S,, — 2)2. Vay nén ddy {S,,} thuc ra I duoc xac dinh nhu sau:
51 =0,Sn41 = f(Sp) =57 —35, +4
Taco S, — S, = (S, — 2)2 > 0 nén {S,,} la day khong giam. Mit khac:

f’(x)=2x—3=0<:)x=%
3
X —00 1 E 2 + oo
') - 0 +
+oc0 + oo
\2 2/'
f(x) \7/
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Xeét céc trudng hop cua a, ta thiy:
1. Néu a > 2. Gia st {S,,} c6 gigi han 1a L thi ta phai ¢c6 L = f(L) nén L € {1,2}, song vi
{S,,} khdng giam nén L > a > 2, mau thuin. Vay néu a > 2 thi {S,,} khdng hoi tu.
2. Néu a < 1 thi tir bang bién thién suy ra S, = f(a) > 2, quay Vé truong hop 1 ta cling co
{S,,} khong hoi tu.
3. Néu 1 < a < 2 thi tir bang bién thién ta co:

7
FSSS2,VneN

Tu do, {S,,} khéng giam va bi chan trén nén {S,,} hoi tu.
Vay cac gia tican timcua a la a € [1,2].

Bai 7.

Tim tat ca cac s6 nguyén duong k sao cho phuong trinh sau c6 nghiém nguyén duong x, y:
x2+y2+x+y=kxy

Loi giai:



Khéng mat tinh tong quét, gia st x > y. Xét gia tri k sao cho phuong trinh da cho c6 nghiém
nguyén dwong. Trong cac nghiém 4y, ta goi (xo, ¥,) 12 nghiém sao cho x, = y, > 0 va x, nho
nhat. Xét tam thuc f(x) = x? — (ky, — 1)x + y2 + y,, ta ¢6 f(x,) = 0 va theo dinh ly Viete
thi f(x) con c6 moét nghiém x; = ky, — 1 — x,. Nhung theo cach chon (x,,y,) cua ta thi
x4 = X9 = Y, NéN y, nam ngoai khoang hai nghiém cua tam thirc bac hai £ c6 hé s cao nhat 1a
s6 duong. Tir d6 f(v,) = 0.

2
:>y§—(ky0—1)y0+y§+y020z>k£2+y—£4(viy021)
0

Néu k = 1 thi phuong trinh ¢6 dang x2 + y2 + x + y = xy, tuong duong voi:

2 3y2
(x-=2) +=-+x+y=0(0dlyvixy>0)

Néu k = 2 thi phuong trinh c6 dang x? + y? + x + y = 2xy, twong duong voi:
(x—y)2+x+y=0dlyvix,y > 0)

Néu k = 3 thi phwong trinh ¢6 nghiém (x,y) = (2,2).

Néu k = 4 thi phuong trinh c6 nghiém (x,y) = (1,1).

Vay céc gidtricantimcua k lak = 3vak = 4.

Bai 8.

Cho tam giac ABC nai tiép trong duong tron (0). Ky hiéu I,1;, I, I3 1an lugt 1a tim duong tron
noi tiép va tdm cac duong tron bang tiép trong cac goc A4, B, C cua tam giac ABC. Puong tron
ngoai tiép tam giac II,I; cat duong tron ngoai tiép tam giac ABC tai hai diém My, N,. Al cit
dudng tron ngoai tiép tam giac ABC tai J;. Ky hiéu d; 1a duong thang di qua J; va vudng goc voi
M, N;. Cac duong thing d,, ds dugc dinh nghia twong tw. Ching minh rang dy, d,, d; dong quy.
Loi giai:




Goi (0) 1a duong tron ngoai tiép tam giac I,1,15. Ta c6 Al L 15, BI L I;1; nén I 1a tryc tam
cua tam giac I,1,15 va (0) 1a duong tron Euler cua tam giac ;1,15 nén O 1a trung diém cua 10,
Ma 21,0,1; = 2(180° — 2I,113) = 221,1,13 = £1,0'I; nén 0’ d6i xtng véi 0, qua I,13, suy ra
00, = 1,1, tic 13 AI0,0’ 12 hinh binh hanh. Ma 0 1a trung diém ctia 10’ nén O ciing 1a trung
diém cua 1,0,. Hon nita 00; L M;N; (dudng ndi tdm vudng goc vai day chung) nén 1,0 L
M;N;. Mit khac, J; 1a trung diém cua I1; (dudng tron Euler di qua trung diém cua doan thang
ndi tryc tam cua tam giac véi dinh cua tam giac ay) nén phép vi tu:

1
}[(I,k ZE):I]_O]_ _)dl

Suy ra d, di qua trung diém S cua OI. Ly luan tuong tu thi d,, d; ciing di qua trung diém S cua
01. Vay ta c6 d;, d,, ds ddng quy tai trung diém S cua OI (dpcm).



