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Phan I

De toan va loi giai






Chuong 1

So6 hoc

1.1 Dé bai

1.1. Gia st m, n 1 hai sé nguyén duong thod min g 1a s6 18 véi d = (m, n). Xac

dinh (a, + 1, a, — 1) véi a 1a s6 nguyén duong 16n hon 1.

1.2. Diy s6 {a,} dudc xdc dinh nhu sau: a9 =0, a; = 1, ap =2, a3 = 6 va
Apiq = 20p43+apiy —2a,41 —a, v6imoin > 0.
(a) Ching minh ri“mg a, chia hét cho n véi moin > 1.

(b) Chitng minh rang diy sb {@} chita v6 s6 s6 hang chia hét cho 2009.
n

n=1

1.3. Cho m, n 1a céc s6 nguyén duong nguyén td cung nhau, m 12 s6 chin. Tim uéc
s6 chung 16n nhit ctia m? +n? vam® +n’.

1.4. Cho cic s6 nguyén duong a, b, c, d thda min ac + bd chia hét cho a® + b?.
Chiing minh rang
(P 4d?, a®+b*) > 1.

1.5. Tim tit ca c4c s6 nguyén duong k sao cho phuong trinh
X4y x4y =kxy

c6 nghiém nguyén duong.
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1.6. Tim tit ca c4c s6 nguyén duong x, y thod min

x>+ 15y* + 8xy — 8x — 36y —28 = 0.

1.7. Ching minh ring
[12" —5" >7

v6i moi m, n nguyén ducng.

1.8. Cho n 1a sb nguyén duong sao cho 3"~! chia hét cho 229 Chiing minh ring

n > 02007

1.9. (1) Cho a = 52" +19 Ching minh sé a c6 it nhat 25 chit sé 0 ding lién
nhau.

(2) Chiing minh ton tai vo s6 sb tu nhién n ma 5" c6 it nhat 100 chit s6 0 ding
lién nhau.

1.10. Cho f : N* — N* thod min cac diéu kién
(i) f(xy) = f(x)f(y) v6i moi x, y thoa man (x, y) = 1;
(i) f(x+y) = f(x)+ f(y) v6i moi bd sé nguyén td x, .

Hay tinh £(2), £(3), £(2009).

1.11. Tim tAt ca c4c bo sb tu nhién a, b, ¢, d d6i mot phan biét thda man

- =b-*=3>-d%
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1.2 Lui giai

e .2 2, N . A A 2 ~ n \ A 2 4.
Bai 1.1. Gid su m, n la hai so nguyén duong thod mdan 7 la so lé véi d = (m, n).

Xdc dinh (ay, + 1, a, — 1) véi a la s6 nguyén duong lén hon 1.
(Pai hoc Vinh)

, 2
Léi gidi. Do d = (m, n) nén (m ”) zl.ngésélénéntacé (m ”> —1,

d’d d’d

suy ra (2m, n) = d. Theo dinh 1y Bezout, ton tai u, v nguyén sao cho 2mu+nv = d.
bit D = (a,, + 1, a, — 1). Khi d6

a” = —1 (mod D),

suy ra
a®™ =1 (mod D).

Ngoai ra ta da cé
a" =1 (mod D).

Tit nhiing diéu trén, ta suy ra
a? = @™ = 1 (mod D).
Do m = dm’ nén tit day ta suy ra " = 1 (mod D). Két hop v6i a” = —1 (mod D) ta
suy ra 2 = 0 (mod D). Ti day suy ra D = 1 hodc D = 2. Dé thiy v6i a 18 thi D =2
con véi a chin thi D = 1. D6 chinh 1a két luan cia bai toan.
Binh luan. Day 1a mot bai toan kha ciin ban vé bac ctia mot sd theo modulo. Trong
céc bai toan nhu vay, dinh ly Bezout ludn 12 mot két qua hitu ich.
Bai 1.2. Day s6 {a,} dugc xdc dinh nhu sau: ay =0, a; =1, a =2, a3 = 6 va
Any4 = 2013 + Ay —2ap11 —a, Vi moin > 0.
(a) Chitng minh rang a, chia hét cho n véi moin > 1.
(b) Chiing minh rang ddy sé {@} chita v6 s6 s6 hang chia hét cho 2009.
n Jnp=l1
(Pai hoc Khoa hoc tw nhién)

Loi gidi. Phuong trinh déc trung cla day {a,} c6 dang x4 —2x3 —xp +2x+1 =0,
tuong duong (x*> —x — 1) = 0. Tu d6 s6 hang t6ng quat cda a,, c6 dang

an=c1a"+cf" +n(cza” +caf"),
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trong d6 o > fB 1a cac nghiém ctia phuong trinh x> —x — 1 = 0. Tit day, tit cac diéu
1 1
=———.Suyra

V5T

o)

ay L e .
Tuday tadugc — =F,,v6i Fi =1, b =1, F, 1 =F,+F,_1 v6imoin=1, 2, ...
n

kién ban dau, ta tim dudc c; = > =0, ¢3 =

ttic 1a day s Fibonacci. Két luan cau (a) dén day 1a hién nhién.
D€ gidi phan (b), ta c6 thé di theo cdc huéng sau.

Cdch 1. Dung quy nap chiing minh rang F,,,, = F, 1 F, + F,F,_1. Sau d6 tiép tuc
dung quy nap chiing minh ring Fy, chia hét cho F,. Tir ddy, d& chiing minh két luan
ctia bai todn, ta chi can chi ra mot gid tri nguyén duong 7 sao cho F, chia hét cho
2009 1a xong. C6 thé tinh toan dugc rﬁng Fis¢ chia hét cho 49, con Fag chia hét cho
41, tit d6 Fago chia hét cho 2009.

Cdch 2. Ta ching minh ménh dé t6ng quat: V6i moi sd nguyén duong N, ton tai vo
s6 s6 hang ctia ddy s6 Fibonacci chia hét cho N.

Dé thuc hién diéu nay, ta b sung thém sb hang Fy = 0 cho diy Fibonacci. Chd
y 1a ta van c6 hé thic F,y = F, + F,_; v6imoi n =0, 1, 2, ... Goi r; 1a sb du
trong phép chia F; cho N. Xét N2 + 1 ciip sb du (ro, 1), (r1, 12), ..., (rn, *N11)-
Do 0 < r; <N — 1 nén chi ¢c6 N? cilp gia tri (r;, r;.1) khac nhau. Theo nguyén 1y
Dirichlet, ton tai cip chi sb i < j sao cho (r;, riy1) = (rj, rjs1). Tu day, do ri_y
chinh 1a s6 du trong phép chia ry; 1 —r cho N néntasuy rari_1 =rj_1, rio =rj_a,
..., Fo = rj—;. Suy ra day s6 du tuan hoan véi chu ky j—i. Viro =0 nén Tk(j—i) =0
véimoi k=1, 2, ... vataco ry;_; chia hét cho N véi moi k =1, 2, ... (dpcm).

Binh luin. Y tuéng ding nguyén ly Dirichlet d&€ chiing minh tinh tuan hoan ctia day
s6 du khong méi. Dé thi vo dich Lién X6 truéc day c6 cau: Chitng minh ring trong
day s6 Fibonacci ton tai it nhat mot sd tin cuing bang bdn chit s6 0.

Dé thi chon doi tuyén Viét Nam nidm 2004 ciing c6 ¥ tudng tuong tu:
Cho day s6 (x,) (n=1, 2, 3, ...) dugc xac dinh béi: x; = 603, x, = 102 va

Xnt2 = Xpt1 +Xn + 24/ Xpt1X, —2  vOimoin > 1.
Chiing minh rang
(1) Tit c4 cic sb hang ctia day s6 da cho déu la cdc sb nguyén duong.

(2) Ton tai vo han sb nguyén duong n sao cho biéu dién thap phan cta x, c6 bdn
chit sb tan cung 1a 2003.
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(3) Khong ton tai s6 nguyén duong n ma biéu dién thip phan ctia x,, ¢6 bdn chit
s6 tan cung 12 2004.

Bai 1.3. Cho m, n la cdc s6 nguyén duong nguyén té cing nhau, m la sé chdn. Tim
udc s6 chung 16n nhdt ciia m* +n? va m> 4+ n>.
(Pong Nai)
Loi gidgi. Do (m, n) nguyén tb ciing nhau va m chin nén n 18. Dit
d = (m*+n* m®+n).
Dé thiy d 18. Do m® +n® = (m+n)(m? + n* — mn) nén tu day suy ra
d|mn(m+n).

Tur day lai suy ra d 12 u6c cta (m+n)3. Gia sit d > 1. Khi d6 goi p 1a mot uéc sd
nguyén t6 ctia d thi p | (m+n)3, suy ra p | m+ n. Mit khic

(m+n)* — (m?> +n?) = 2mn,

suy ra p | 2mn. Vi p 18 nén p | mn. Vi p nguyén t6 va (m, n) = 1nén ti day suy ra
p | mhodc p | n. Nhung do p | m+n nén tit day lai suy ra p | n va tuong tng 1a p | m.
Mau thuin. Vay diéu gia st 1a sai, téc lad = 1.

Bai 1.4. Cho cdc sé nguyén dwong a, b, c, d théa mdan ac + bd chia hét cho a* + b*.
Chiing minh rdng
(P +d* a®+b*) > 1.

(Pai hoc Sw pham)

Bai 1.5. Tim tdt cd cdc sé nguyén duong k sao cho phicong trinh
X4y 4 x4y =kxy (1)

co nghiém nguyén duong. )
(Phé thong Ning khiéu)

Loi giai. Gia st k 1a mot gia tri sao cho phuong trinh (1) ¢6 nghiém nguyén duong.
Khi d6 ton tai nghiém (xo, yo) ctia (1) Vi xo + yo nhd nhit. Khong mét tinh tdng
quat, c6 thé gia st xo > yo. Xét phuong trinh bac hai

x* — (kyo— 1)x+y§ +yo = 0. (2)
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Theo gia st & trén thi xg 12 mot nghiém cia (2). Theo dinh ly Viet thi

2
xlzkyo—l—xozyojoyo

cling 1a mot nghiém ctia (2). DE thiy x; 1a mot s6 nguyén duong, vi thé (x, yo) ciing
12 mot nghiém nguyén duong ctia (1). T gi thiét xo + yo nho nhit ta suy ra

X1+ Yo = X0+ Yo.

2

N /i o (LA 42 -

Tiic laMZxo,suy ra y(z)—i—yOZx%.Tu’day ta c6 bat dang thuc kép
X0

Yo < x5 <yg+yo < (o+1)%

2 N
suy ra xo = yo. Thay vao (1) ta dugc 2+ — =k, suy ra xq chi c¢6 thé bang 1 hoic 2,
X0

tuong ting k bing 4 hoic 3. Véi k = 3 ta c¢6 (2, 2) 1a nghiém ctia (1), v6i k = 4 ta c6
(1, 1) 1a nghiém cda (1). Vay k = 3 va k = 4 1a tit ca cdc gid tri can tim.

Ta ciing c6 thé danh gid k khac mot chit, nhu sau.

Cdch 1. Tu dflng thuc x(z) + y(z) + X0 4 yo = kxoyo, chia hai vé cho xo, yo, ta dudc

X 1 1
.
Yo Xo Yo Xo

X k 1
Mait khéc, ciing theo 1y luén & trén thi kyp — 1 —xg > xp nén suy ra 20 <= ——.
e Yo 2 2y

Tu dé ta co

9]

2 2y xo Yo Xo 2 2yo  xo xo 2 2’
Tit d6 suy ra k < 5. Hon nita k chi ¢6 thé bang 5 khi xo = yp = 1 (trudng hdp nay
din dén mau thufn). Trudng hop k = 3 ta c6 nghiém x = y = 2, k = 4 ta c6 nghiém
x=y=1.Con véi k < 2 thi r0 rang la phuong trinh v6 nghiém.

Cdch 2. Ly luan nhu trén thi

_ )’%-I-yo <
X0 -

X0 < X1 Yo+ 1.

Nhu vy yo + 1 ndm ngoai hai nghiém cta tam thic f(x) = x* — (kyo — 1)x+y3 + Yo,
suy ra f(yo+1) > 0. Tu dé
2(yo+1) 2

=2+ — <4,
Yo Yo

k<



Loi gidi va binh ludn dé thi cdc tinh, cdc truong Pai hoc ndm hoc 2009-2010 9

Binh luan. Ky thuit st dung trong 16i giai trén dugc goi la ky thuat phuong trinh
Markov. Ky thuat nay hién nay di trd nén khd quen thuoc. Dudi day 1a mot sb bai
toan c6 thé gidi dugc biang ky thuat nay:

21,2
1. Chitng minh ring néu x, y la cic s6 nguyén duong sao cho n = n la mot
Xy
s6 nguyén thi 7 12 mot s6 chinh phuong.
(IMO 1988)
2. Hay tim tt ca cac s6 nguyén duong 7 sao cho phuong trinh
X+y+z+t=nyxyzu
c6 nghiém nguyén duong.
(VMO 2002)

Sé thu vi néu chiing ta xét bai todn tim tit ca cdc nghiém ctia (1) khi k =3 va k = 4.

Bai 1.6. Tim tdt cd cdc sé nguyén dwong x, y thod mdn
x* 4+ 15y 4 8xy — 8x — 36y — 28 = 0.

(Can Tho)

Bai 1.7. Chiing minh rdng
112" — 5" > 7

vai moi m, n nguyén duong.
(Hdi Phong)

Bai 1.8. Cho n la sé nguyén duong sao cho 3"~ chia hét cho 2°°°. Chiing minh
rang
n > 22007,

(Binh Dinh)

Bail9. (1) Choa= 52174100, Chiing minh sé a ¢ it nhdt 25 chit s6 0 diing lién
nhau.
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(2) Chitng minh ton tai vo sé sé tw nhién n ma 5" cé it nhdt 100 chit s6 0 diing
lién nhau.
(Bdc Ninh)

Hudng dan. Hay chiing minh ring 524100 _ 5100 tan cung bing it nhit 100 chi
s6 0 (tdc 1a chia hét cho 10100!) va 5% < 1075.

Binh luén. Bai to4n nay kién thiic st dung khong khé nhung phét biéu kha dep va
thu vi.
Bai 1.10. Cho f : N* — N* thod man cdc diéu kién

(i) f(xy) = f(x)f(y) vdi moix, y thod man (x, y) = 1;

(ii) f(x+y) = f(x)+ f(y) véi moi bé 56 nguyén t6 x, y.

Hay tinh f(2), f(3), f(2009).
(Ninh Binh)

Loi gigi. Thay x =2,y =3 vao (i), ta dugc f(6) = f(2)f(3). Thay x =y = 3 vao
(ii), ta dugc £(6) = 2£(3). Tt day suy ra £(2) = 2. Tir d6 f(4) = 2f(2) = 4. Dt
f(3) = a, talan lugt tinh dugc

f6)=f3)+f(2)=a+2,
f(N)=f5)+f2)=a+4,
F(12) = £(7)+ £(5) = 2a+6.

Mat khac f(12) = f(3)f(4) = 4a nén ta suy ra 2a + 6 = 4a, tic la a = 3. Vay
f(3)=3.Tudaysuyra f(5) =S5, f(7) =7. Talai co

FAN+7B3)=7(14) = f(2)f(7) =2-7= 14,

suy ra
fA1) =f(14)—f(3) =11
Dé tinh £(2009), ta sé l1an ludt tinh £(41) va £(49). Vi 41 1a s6 nguyén tb nén

FA1)+£(3) = f(44) = f(4)f(11) =4f(11) = 44,
suyra f(41) =41. Taco

f(49) = f(47) + f(2) =2+ f(47).

AT +£(5) = f(52) = f(H)f(13) =4(f(11) + f(2) = 4(11 +2) = 52,
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suy ra f(47) =47 va f(49) = 49. Cudi cing

£(2009) = f(41)£(49) = 41 - 49 = 2009.

Binh luén. Diéu ding ngai nhit trong 15i gidi bai nay 12 rAt dé nham vi ngd nhan. S&

thi vi néu xét bai toan téng quat: Chiing minh f(n) = n v6i moi n nguyén duong.

Bai 1.11. Tim tdt cd cdc bo sé tw nhién a, b, ¢, d déi mot phén biét théa mdan
- =p-c*t=c*-d.

(Pai hoc Khoa hoc tu nhién)
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Chuong 2

Phuong trinh, hé phuong trinh

2.1 Dé bai

2.1. Giai phuong trinh

1 2x+1 1
Elogz(x+2)+x+2:log2 . + 1+; +2vVx+2.

2.2. Giai phuong trinh

9<\/4x+1 —\/3x—2> —x+43.

2.3. Giai hé phuong trinh
¥ = y+a
y2 =z+a ,
?=x+a

trong d6 a 14 tham s6 thoa man diéu kién 0 < a < 1.

2.4. Giai phuong trinh

sinx — cosx sin’ x — cos> x

sin3x — cos 3x sinx+cosx

13



14 Tran Nam Diing (chii bién)

2.5. Giai hé phuong trinh

x?—2xy+x+y=0
X —4x?y 43242 =0

2.6. Giai phuong trinh

—223 41002 — 17x + 8 = 252 v/ 5x — x3.

2.7. (a) Tim tt c4 cdc gia tri cia tham sb thuc a sao cho phuong trinh
a(sin2x+1)+1 = (a—3)(sinx+cosx)
c6 nghiém.

(b) Phuong trinh 2* — 1 —x?> = 0 ¢6 bao nhiéu nghiém s6 thuc? Hay giai thich.

2.8. Giai hé phuong trinh

{ B4yt =104y

VAX+5+4/y2+8=6

2.9. Tim tht c4 cc nghiém thuc ctia phuong trinh

3 1x—1=13v283 +2:2 +x— 1.

2.10. Giai trong tap hop cic s6 thuc hé phuong trinh sau

2009

Y xi =2009
i=1

2009 2009

Y A=)
i=1 i=1
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2.11. Cho a, b, ¢ 1a c4c s6 thuc duong. Giai hé phuong trinh
1 p—
Xy B

abz —bc*x+—=a

ax — aby + bc?

1
bc* —az+ — =ab
¥z

2.12. Giai hé phuong trinh

9y3(3x* — 1) = —125
45x%y +75x = 6y?

2.13. Giai hé phuong trinh

VX xy+1+x+/y? +x+y+1+y=18
VA2 +xy+l—x+/y?+x+y+1—-y=2

2.14. (a) Giai phuong trinh

x+2

—-2=0.
x—1

(x—=1)(x+2)—(x—1)

(b) Tim tét ca cic s6 thuc x, y, z thda man hé phuong trinh

VX+ Y +HVZ=3
(+0)(14y) (1 +2) = (1+¢m7)°
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2.2 Loi giai

Bai 2.1. Gidi phuong trinh

1 2x+1 1\?
Elogz(x—i—Z)—i—x—i—2—10g2 + 1—1—; +2vVx+2. (1)
(Pai hoc Vinh)

N . 1
Loi giai. Diéu kién dé phuong trinh (1) xac dinh la x € (—2, —2) U (0, 4o0). Bay

gio, ta bién ddi phuong trinh (1) nhu sau

1 2\ 2 1\?
logZM—Z\/x+2+x+3zlog2 <2+x)—<4+x>+x+4+(1+x> ,

1 1 1’
logzx/x+2—2\/x+2+x+2zlogz<2—|—)—2<2+>+<2+>. (2)
X X X

Xét ham s f(t) = logyt — 2t +1? v6it > 0. Ta cé

1
i) = [1—+2t—2 2\/—21‘ 2= Zwln —2>0,

nén f(¢) 1a ham ddng bién véi ¢ > 0. Miit khdc, ta thiy riang phuong trinh (2) c6
dang

f(m) =f<2+i> 7
nén tif viéc st dung két qua f(¢) dong bién, ta thiy ring né tuong duong véi
¢a3:z+§
Binh phuong hai vé va thu gon, ta viét dugc phuong trinh niy thanh

-2 —4x—1=0.

3++413 3—+13
Giai ra, ta tim dugc x = —1 (nhén), x = + 5 (nhdn) vax = 5 (loai). Vay
3++4/13
tdp nghiém cia phuong trinh da cho1a § = {—1 , +2 } .

Binh luan. Vi bai todn vira ¢6 ham log (hay mi) va vira ¢6 ham da thic (phéan
thic) thong thudng thi viéc nghi dén dung tinh don diéu ctia ham sb d€ gidi 1a diéu
dé hiéu. Bai nay chi khé hon dé dai hoc mot ti.
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Bai 2.2. Gidi phuong trinh

9<\/4x+1 —\/3x—2> —x43.

(Ha Noi)

N 2 .
Loi giai. Diéu kién x > 3 Nhan hai vé ctia phuong trinh v6i v/4x + 1+ v/3x —2,
ta ducc

O(4x+1) — (3x—2)] = (x+3) (\/4x—|—1+\/3x—2> .

Sau khi thu gon, ta viét dugc phuong trinh nay dudi dang

9(x+3) = (x+3) (\/4x+1+\/3x—2) .

Do x+3 > 0 nén ta c6 phuong trinh tuong duong

9=v4x+1++3x-2.
Dén day ta c6 thé giai bang nhiéu cach.

x+3

Cdch 1. Két hop v6i phuong trinh /4x+ 1 —/3x—2 =
84
Viri=""

dé dudc phuong trinh

tir d6 giai dudc bang cach binh phuong hai vé.

Cdch 2. Giii phuong trinh 9 = v/4x+ 1+ v/3x — 2 bing phuong phap binh phuong
lién tiép.

Cdch 3. Chi y ring f(x) = v4x+ 1+ /3x—2 12 mot ham sb ting trén mién xdc
dinh. Do d6 phuong trinh f(x) =9 c6 khong qua mot nghiém. Nhan thdy x = 6 1a
nghiém clia phuong trinh f(x) = 9, suy ra x = 6 la nghiém duy nhét ctia phuong
trinh f(x) =9, va ciing 1a nghiém duy nhit clia phuong trinh dé bai.

Bai 2.3. Gidi hé phuong trinh

x? =y+a
y=z+a ,
z2 =x-+a

trong do a la tham sé thod mdn diéu kién 0 < a < 1.
(Ninh Binh)
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Loi gidi. Khong mét tinh tong quat, ta gia sit x = max{x, y, z}. Ti d6 suy ra 7> =
max{x?, y?, 72}. Pén day, ta xét hai trudng hgp.

Truong hop 1. z > 0. Trong trudng hop ndy, ta dé dang tim dudc nghiém ctia hé da

1 /1
holax=y=z= - —+a.
cholax=y=z 2+ 4+a

Truong hop 2. z < 0. Néu x > 0 thi tif phuong trinh thi ba ta c¢6 z> > a, suy ra
7 < —v/a < —a,dan téi y?> < 0, mau thuin. Vay ta phdic6 0 >x>y. Tux+a>z+a
tacdz> >y%, suyray >z (viy, z<0). Nhu thé y+a > z+a, dan t6i x> > y?, hay
x <y (vix,y<O0). Tiddy va tif x >y, ta c6 x = y. Thay vao hai phuong trinh dau,
ta tim dudc x = y = z. Vi két qua vira tim dudc nay, thay vao hé di cho ta dé dang

jdiradugcx=y=z= *1 — “ *1 +
1a1 X a.

1 /1
Toém lai, hé phuong trinh da cho c6 hai nghiém l[a x=y=2z= - + 1 +a va

2
! 1+
X = = = — — — a.
YTET VA

Bai 2.4. Gidi phitong trinh

sinx — cosx sin’ x — cos> x

sin3x —cos3x  sinx+cosx
(Pong Nai)
Loi gidi. St dung hing dang thic
sin3x — cos 3x = 3sinx — 4sin’ x4+ 3cosx —4cos> x

= (sinx 4 cosx)[3 — 4(sin® x — sinxcosx 4 cos”x)]

= (sinx+cosx)(2sin2x — 1),

ta dugc diéu kién d€ phuong trinh ¢6 nghia 1a (sinx + cosx)(2sin2x — 1) # 0 va
trong diéu kién d6, phuong trinh dugc rit gon lai thanh

3x—cos’x)(2sin2x — 1),

sinx — cosx = (sin
tuong duong
(sinx — cosx)[1 — (sin®x + sinxcosx + cos®x)(2sin2x — 1)] = 0,

hay
3
(sinx — cosx) <— sin®2x — 5 sin2x+ 2> =0.
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Tur d6 giai ra dugc phuong trinh.

Binh luin. Bai nay gidng dé thi dai hoc hon, khong c6 y tudng gi.

Bai 2.5. Gidi hé phuong trinh

X2 —2xy+x+y=0
2 =4y 4332 4+y> =0

(Pong Nai)
Loi gidi. Hé phuong trinh da cho c6 thé viét lai thanh

{ (2 +y)+x(1-2y)=0
(2 +y)2+3x%(1-2y) >0 °

Tir phuong trinh thd nhét, ta tim dudc x> +y = —x(1 — 2y). Thay vao phuong trinh
thua hai, ta co
x(1-2y)2+3x(1-2y) =0,

hay
2¢(1-2y)(2-y) =0,

suy rax =0, hodc 1 —2y =0, hodac 2 —y = 0.

+ Xét x = 0. Khi d6 tir x> +y = —x(1 — 2y), ta tim dudc x = y = 0.

+Xét1—-2y=0. Tuday vatr x> +y=—x(1—2y),tasuyrax’ = —y=—— <0,

vO nghiém.

+ Xét 2 —y = 0. Thay vao phuong trinh thi nhit, ta ¢6 x> — 3x +2 = 0. Gidi ra tim
dugc x = 1 hoac x = 2.

Toém lai, hé da cho c6 ba nghiém la (x, y) = (0, 0), (1, 2) va (2, 2).

Bai 2.6. Gidi phitong trinh
23 1002 — 17x + 8 = 2x* v/ 5x — x3.

(Binh Dinh)
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Loi gidgi. Dé thiy x = 0 khong phai 1a nghiém ctia phuong trinh. Chia hai vé cta
phuong trinh cho x°, ta dudc

10 17 8 3/ 5
B TP .
+x x2+x3 X2 ’

82 — 1712 +10r —2 =2+/512 — 1, (1)

tuong duong

1
voit=— (1t #0).
X
Ta tiép tuc bién d6i phuong trinh (1) thanh
(2t —1)° 422t —1) =52 —14+2v/52 — 1.

Xétham s6 f(x) = x> +2x thi f'(x) = 3x> +2 > 0 nén f 1a mot ham s6 ting trén R.
Phuong trinh cubi cling c6 thé viét lai thanh

F@r—1) :f<€/5t2—1).

Do f 1a ham s ting nén phuong trinh nay tuong duong véi

2 —1=+/52—1,

hay
8 — 121> +6r—1=5>—1.

17 ++/97 17 +97

Giai ra ta duge r = 0 (loai), t = T Tuong dng ta tim dudc x = B

Bai2.7. (a) Tim tdt cd cdc gid tri ciia tham sé thuc a sao cho phwong trinh
a(sin2x+1)+1 = (a—3)(sinx + cosx)
co nghiém.
(b) Phuong trinh 2* — 1 —x% =0 ¢6 bao nhiéu nghiém sé thyc? Hdy gidi thich.

Huédng ddn. (a) Dit t = sinx +cosx thit € [—\ﬁ, \@} . Pua bai toan vé tim a
sao cho phuong trinh at> + (3 —a)t +1 = 0 c6 nghiém ¢ € [—ﬂ, \ﬁ} . C6 thé

. s 3t+1
giai bang phuong phap tam thic bic hai hodc khao sat ham s6 y = ” —:2 trén doan

[—ﬂ, ﬁ} . bap sb:a< 1 hodaca > 9.
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(b) Pit f(x) =2 — 1 —x% thi f/(x) =2*In?2 — 2. Phuong trinh ”(x) = 0 c6 mot
nghiém thyc, suy ra f’(x) c6 khong qua hai nghiém thuc va f(x) c6 khong qua ba
nghiém thyc. Mat khdc, ta c6 0, 1 1a nghiém cta f(x), ngoaira f(4) = —1, f(5) =6
nén f(x) c6 mot nghiém nita nam giita 4 va 5. Suy ra sd nghiém thuc cda phuong
trinh 1a 3.
Bai 2.8. Gidi hé phuong trinh

4yt =yl 4y (1)

Vax+5+4/y?+8=6  (2)

(Pong Nai)

Loi gidi. Néu y = 0 thi o phuong trinh (1) suy ra x = 0, va phuong trinh (2) khong
dugc thoa man. VAy y # 0. Chia hai vé ctia phuong trinh (1) cho ¥, ta dugc

() i

Xét ham s6 f(x) = x° +x, tacé f/(x) = 5x* +1 > 0, suy ra f 1a ham s6 ting trén R.

Phuong trinh (3) c6 thé viét lai thanh f <x> = f(y) vado f la ham tang nén tuong
y
duong vé6i - y, suy ra x = y*. Thay vao phuong trinh (2), ta dudc
y

Vax+5+vVx+8=6. (4)

Giai ra ta dudc x = 1 12 nghiém duy nhit ctia phuong trinh (4). Tir d6 hé ban du c6
nghiém duy nhat (x, y) = (1, 1) va (x, y) = (1, —1).

Ghi chi. Tham khao thém 16i giai bai 2.2 (Ha Ndi) va bai 2.6 (Binh Dinh).

Bai 2.9. Tim tdt cd cdc nghiém thuc ciia phuong trinh

3 1x—1=13v283 + 22 +x— 1.
(Cdn Tho)

Bai 2.10. Gidi trong tdp hop cdc sé thuc hé phwong trinh sau

2009

Y xi=2009
i=1

2009 2009

IR
i=1 i=1

(Pai hoc Sw pham)
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Loi gidi. Gia st (x|, X2, ..., X2000) 12 mdt nghiém ctia hé. Ap dung bét déng thiic
Cauchy-Schwarz, ta c6
2009 2000 \ 2
200 > Y x|,
=1 =1
suy ra
2009
Y 7 >2009. (1)
Py
Béy gid dp dung bét dang thic Chebyshev cho cdc bd sb (x7, 13, ..., ¥35) V2
(x5, xg, A xgoog) dugc sip thd tu nhu nhau, ta c6
2009 2009 2009
Yoo | [ Y af) <2000 ) . (2)
i=1 =1 =1
Tur (1) va (2) ta suy ra
2009 2009

Y =) af (3)

Tir phuong trinh thid hai ctia hé da cho ta suy ra ddu bang xay ra & (3), tic l1a diu
bing phai xay ra & (1) va & (2), tic 1a ta phai ¢6 tit ci cac x; bang nhau. Tir d6 suy
ra tit ca cdc x; bang 1. VAy x| = x, = --- = xp000 = 1 12 nghiém duy nhét ctia hé
phuong trinh.
Bai 2.11. Cho a, b, c la cdc s6 thuc duong. Gidi hé phuwong trinh
1 2
ax—aby+ — =bc
Xy
abz —bc*x+ — =a

b —az+— =ab
yz

(Pho thong Ning khiéu)
Hudng dan. Viét hé dudi dang
1
Ax—By+—=C
Bz—Cx+—=A
7X

1
C—-Az+—=8B
Yz

roi gidi hé im A, B, C theo x, y, z (phuong phdp gidi theo tham s6).
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Bai 2.12. Gidi hé phuong trinh

9y3(3x* — 1) = —125
45x%y +75x = 6y?

(Pong Thdp)
Loi giai. Cdch 1. Hé phuong trinh da cho tuong duong véi

27x3y3 4+ 125 = 93
45x%y 4 75x = 6y?

. 2 3
Tur phuong trinh thit nhat suy ra y = 0. Nhan hai ve cia phuong trinh thit hai véi >
ta dudc

135 225
-y Sy =9y

{ 27x3y3 4125 = 9y3
2 2

Trong hé hai phuong trinh nay, trif tuong ting vé theo vé cho ta

135 225

5 10 5
Giai ra ta tim dugc xy = —3 hodc xy = ER hodc xy = 6 Thay vao phuong trinh

. . R S o . .
thit nhat & trén, ta tim dugc tuong ting y =0 (loai), y=5vay= > Tir d6 suy ra céc
1

2
nghiém x tuong tng la x = 3 vax= 3

2 15
Tom lai, hé phuong trinh da cho c6 hai nghiém la (x, y) = (3, 5) , (3, 2) .

Cdch 2. Viét lai hé phuong trinh du6i dang

27x3y% + 125 = 9y3
45x%y +75x = 6y?

Tir phuong trinh thi nhat suy ra y # 0. Do d6 hé trén c6 thé dudc viét dudi dang
tuong duong la

125
276+ - =9

y
455 75x ’
— t 2 = 6
y y
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5\ 3
3x3+<> =9
( )5 . 5 |
3x-—- <3x+> =6
y y

5 .
bata=3xvab = —. The thitaco
y

hay

A+ =9
abla+b)=6
Bing mot chit bién ddi don gian, dé thiy hé nay tuong duong véi
a+b=3
ab=2 ’
. . o 2 <
Giai ra ta tim dudc a = 2, b = 1 (tuong Gng véi x = 3 y=5)hoica=1,b=2
(tuong ting véi ! 5)
ngung véix=—,y=-).
g ung 3 Y )
A 1A oy as e A 2 15
Véy hé phuong trinh da cho c6 hai nghiém la (x, y) = 3 5), 373)

Binh luén. Thuc chit bai hé trén xut phat tir dé thi dé nghi 30-4 1an thd XIV cta
truong THPT chuyén Luong Thé Vinh, Pong Nai: Giai hé phuong trinh

8x3y 427 = 18y’

4x°y 4+ 6x = y? ’

Bai 2.13. Gidi hé phuong trinh

VX xy+14+x+/y? +x+y+1+y=18
VA2 xy+l—x+/y?+x+y+1—-y=2

(An Giang)

Bai 2.14. (a) Gidi phuong trinh

x+2

—-2=0.
x—1

(x—1D(x+2)—(x—1)

(b) Tim tdt cd cdc sé thuc x, v, z théa mdn hé phicong trinh
VEH 3=
1+ (1+y)(1+2) = (1+y@7)"
(Phii Yén)



Chuong 3

Bat dang thitc va cuc tri

3.1 Débai

3.1. Cho hai sb thuc x, y thdaman 1 > x>y > 0. Chiing minh réng

x3y2+y3—|-x2 >
X2+y24+1 ~ Y

3.2. Cho q, b, c 1a ba s6 thuc cho trudc théa man D = ac — b> > 0 va ham s
f(x, ¥) = ax* +2bxy+ cy?. Chiing minh ring ton tai hai s6 nguyén u, v khong dong

thdi biang 0 sao cho
D
Fen =25

3.3. Tim diéu kién ctia s6 duong k sao cho véi moi a, b, ¢ duong théa man abc = 1,

ta luén co
1 1 1

ak(b+c) * b*(c+a) * ck(a+b)

3.4. Cho ba sb thuc a, b, ¢ théa man
a<b<c, a+b+c=0, ab+bc+ca=-3.
Chiing minh ring

—2<abc<2 va —-2<a<-1<b<l<ec<?2.

25
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3.5. Cho hinh chép S.ABCD cé ddy ABCD 1a hinh thoi canh bing a va SA = SB =
SC = a, trong d6 a 1a mdt sb thuc duong cho trudc.

(1) Chitng minh ring SD < v/3a.

(2) Xdc dinh do dai canh SD theo a dé khi chép S.ABCD c6 thé tich 16n nhAt.

3.6. Cho tam gidc ABC ¢6 BC = a, CA = b, AB = c. M 1a m6t di€m tuy y bén trong
tam gidc ABC. Chiing minh ring
MB-MC MC-MA MA-MB
+ + >
bc ca ab

1.

3.7. Cho hinh chép ti gidc déu S.ABCD. Goi R va r 1an lugt 12 ban kinh hinh cau

ngoai tiep va noi tiep cia nd. Tim gia tri nho nhat cua —.
r

3.8. Cho a, b, c 1a céc sb thuc duong. Chiing minh ring
a 2 n b 2 n c 2 S 1
a+2b b+2c c+2a) — 3

3.9. Véi ba sb duong x, y, z, ta ki hiéu M 1a s6 16n nhét trong ba s

1 |
Inz+In <x+1>, In-+In(yz+1), Iny+In <+1).
yZ z xyz

Tim gid tri nhd nhét c6 thé cta M khi x, y, 7 thay d6i.

3.10. Cho x, y, z 12 ba sb thuc khong am c6 tdng biang 3. Chiing minh ring

P+ + 24 xyz > 4.

3.11. Cho cic sb thuc duong a, b, ¢ thda abc = 1. Chiing minh ring

a n b n c <1
a2+2 b242 24277
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) ) 3
3.12. (1) Xdc dinh gid tri nhd nhit ctia ham s6 y = x3/2 — ?x trén (0, +oo).

(2) Cho céc sb duong a, b, c. Chiing minh ring
/a3+ /b3+ /c3>a+b+c
b3 A3 a~b ¢ a

3.13. Gia st phuong trinh x* + ax® + bx? + cx + 1 = 0 ¢6 it nhat mot nghiém thyc.
Tim gi4 tri nhd nhét ctia a® + b* + 2.
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3.2 Loi giai

Bai 3.1. Cho hai sé thuc x, y théa man 1 > x >y > 0. Chiing minh rdng

)c3)72—i-y3 +x?
x2 +y2+1

(Ha Noi)
Loi gidi. St dung bit dang thiic AM-GM, ta c6 x>y* +y> > 2xy? V/Xy. Do do, ta chi
can chitng minh dugc
202 Ay +x > y(F 37 4 1),
tuong duong
(=) + 2" Vay —y(x* +5*) > 0.
Do (1 —x?)(x—y) > 0nénx—y > x*(x—y). Vay ta chi can chiing minh
P x—y)+27 /5y —y(¥ +)%) > 0.
Bit dang thifc nay dugc viét lai nhu sau

P =y) + 7 +y) =y +37) 2 (v y—2y/%)
hay
2
x(x—y)? >y (V=)
Ta co
2 2 2 2
=) =x (Ve V) (V=) 20 (Va=vh) " 207 (Ve =)
nén bit dang thic cudi ding. Pang thiic xdy rakhix=y=1vax=y=0.
Binh luan. Loi gidi trén st dung ky thuat "thuan nhét héa", mot ky thuat rat hitu
hiéu dbi véi cac dang bai toan khong thuan nhéit. Chang han, ban doc c6 thé thi sir
dung ky thuat nay dé gidi hai bai toan sau:

1. Cho a, b, c 1a cic sb thuc duong. Chiing minh ring

a® +b* +c* +2abc+1 > 2(ab+ bc +ca).

2. Cho ba s6 thuc duong a, b, c. Chitng minh rang

2(a* +b*+c*) +abc+8>5(a+b+c).
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Mot diéu thi vi 13 st dung két qua hai bai toan nay, ta c6 thé gidi bai todn thi APMO
2004: Cho a, b, ¢ 1a c4c sb thuc duong. Khi d6

(a®+2)(b* +2)(c* +2) > 9(ab+ bc +ca).

Bai 3.2. Cho a, b, c la ba sé thie cho trude théa man D = ac — b* > 0 va ham s6
f(x, ¥) = ax? +2bxy + cy?. Chiing minh rdng ton tai hai sé nguyén u, v khong dong

thoi bang 0 sao cho
D
f <2/ 3

Loi gidi. DE Y rang | — f(x, y)| = |f(x, ¥)| nén ta chi can xét a > 0 la dugc. Két hop
v6i gia thiét D = ac —b*> > 0, tacé a > 0 va ¢ > 0. Liic nay ta c6

(Pai hoc Khoa hoc tu nhién)

by\> D
f(x,y)=a<x+ay> +gy220-

Do d6 yéu ciu cia bai todn tuong duong vdi viéc chi ra cip s6 nguyén (u, v) khong

ddng thai bang 0 sao cho
/D
f(ua V) S 2 §

Goi A={(x,y)|x€Z, y€Z, x> +y*> > 0}. Thé thi ta c6 f(x, y) > 0 v6i moi
(x, y) € A. Goi (u, v) € A sao cho f(u, v) = (mi)n f(x, y) va dat K = f(u, v),
X, y)EA
K > 0. R0 rang u, v phai 12 hai s6 nguyén t6 ciing nhau, do d6 ton tai hai s6 nguyén
s, t sao cho
us—vt =1. (%)
bat g(x, y) = f(ux+1ty, vx+sy), tacé

min g(x,y) = min f(ux+ty, vx+sy) = f(u,v) =K
(x,y)€A (x,y)€A

(dat dudc tai x =1 vay = 0). Bat L = uta + vsc + btv + usb, sau mot vai tinh toan
don gian ta viét dugc

g(x, y) = flux+ty, vi+sy) = f(u, v) - x*+2Lxy+ f(t, s) - y*.

Tu (), ta co
K'f(ta S) :f(ua V)'f(ta S) :L2—|—D,

suy ra

Ly 2 Dy2
K K

g(x, y):K<x+ +22



30 Tran Nam Diing (chii bién)

Bay gid, ta chon s6 n nhu sau

L o JL 1
JR— n JR— J—
)k K= 2
"=V I|L 1 one L1
JR— n JR— J—
K Nk 2
. Ll 1
2
K<gn —1)=K LN D _K, D
=8 ==K ) Tk=a Tk

4D /D R
suy ra K2 < ER hay K <2 3 b6 1a dieu phai ching minh.

Bai 3.3. Tim diéu kién cia sé duong k sao cho vdi moi a, b, ¢ duong théa mdn
abc =1, ta luén co
1 + 1 + 1
ak(b+c)  b(c+a) cKa+b)

3
> —.
-2
(Bdc Ninh)
| I
Loi giai. Xétt>0,choa=b=tvac= a2 Bat dang thuc da cho trg thanh

oy, 2075
=t > —.
2 MRS

A 1 N A s A P A . A 2. 1 N A N 2,
Neu k < 3 thi cho t — 40, ve trai ti€n din vé 0, trong khi ve phai 1a hang so va 16n
% o 1
hon 0, mau thuan. Do d6 ta phai c6 k > >

. 1 .
Tiép theo, ta sé chung minh k > 2. That vy, gia st 3 <k<?2,chot— 0, ve trai
tién dan v& 0, trong khi d6 vé& phai 1a hing s6 14 16n hon 0, mau thun. Vay ta phai
cOk>2.

Bay gid ta sé chiing minh véi k > 2 thi bit dang thiic da cho diing. St dung bét dang
thiic Chebyshev cho hai by don diéu cling chiéu

1 1 1 . 1 1 1
va
ak=2’ pk=27 k=2 a*(b+c)’ b*(c+a)’ c*(a+Db))’

ta dudc
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Miit khac, theo bit dang thiic AM-GM thi

1 1 1 3 3
ak—2 + ph—2 + k2T gk rpk—2gk—2

Két hop véi trén, ta c6

1 1 1 1 1 1
> .
ak(b+c) * b*(c+a) * ckla+b) = a?(b+c) * b*(c+a) + c2(a+b)

Do d6, ta chi can ching minh dudc

1 1 1
a*(b+c) * b*(c+a) * c2(a+b)

tuong duong
bc ca ab 3

ab+0) T bleta) catb) "2

Day chinh 12 bt dang thitc Nesbitt dudc ap dung cho ba sb duong bc, ca, ab. Tom
lai, ta c6 k > 2 1a tp hop céc gia tri can tim.

Binh luin. C6 thé thiy bai nay cho ta mot két qua téng quat cho bai todn thi IMO
1995: Néu a, b, ¢ 1 ba sb thuc duong théa man abc = 1 thi

1 1 1
a*(b+c) * b*(c+a) * c3(a+b)

Miit khac khi thay ldiy thita k & tiing phén s bdi a, b, ¢ ta duge mot bat dang thiic
thd vi véi chiéu ngudc lai 1a

1 1 1
a*(b+c) * bP(c+a) * c“(a+Db)

Chitng minh bét dang thic nay bing cach dung bit dang thiic Bernoulli.

Bai 3.4. Cho ba sé thuc a, b, ¢ théa mdn
a<b<c, a+b+c=0, ab+bc+ca=-3.
Chiing minh rdng
—2<abc<2 va —-2<a<-1<b<l<c<?2.

(Ninh Binh)
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Loi gidi. Xét ham s
f(x) = (x—a)(x—b)(x—c) = x> — (a+b+c)x* + (ab + bc + ca)x — abc
= x> —3x—abc.
Tacé f'(x) =3(x*>—1), f'(x) c6 hai nghiém x = —1 vax = 1. Do f(x) c6 ba nghiém
phan bién biéta < b <cnéntaphdico —1 <b<1vaf(—1)f(1)<0.Ma f(—1)=
2 —abe, f(1) = —(24abc), nén —(2 —abc)(2+ abc) < 0, hay —2 < abc < 2. Lai
co f(=2)=—(2+4abc)=f(1)vaf(2)=2—abc=f(—1),suyra f(—2)f(—1) <0
va f(1)f(2) < 0. Piéu nay nay co nghiala -2 <a< —1val <c<2.
Tom lai, ta c6
—2<abc<2 va —-2<a<-1<b<l<c<?2.
D6 1a diéu phai chiing minh.
Binh luin. Bai nay ban chét chinh 1 bai chon doi tuyén Anh nim 1995: Cho a, b, c

1a céc sb thuc thda man dong thoi cic tinh chita < b <c,a+b+c =6 vaab+
bc 4 ca = 9. Chiing minh ring

O<a<l<b<3<c<4

Nhung da bi che gidu di, ngudi ra dé da st dung phép dit ddi bién (a, b, c)
(a+2, b+2 c+?2) r6i bién d6i d€ ra dugc bai "Ninh Binh" trén.
Bai 3.5. Cho hinh chop S.ABCD c6 dday ABCD la hinh thoi canh bang a va SA =
SB = SC = a, trong do a la mot sé thuc dwong cho trudc.

(1) Chitng minh ring SD < +/3a.

(2) Xdc dinh do dai canh SD theo a dé’khéi chop S.ABCD c6 thé'tich I6n nhdt.

(Pong Nai)

Loi gidi.
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(1) Xét ch6p S.ABC c6 cac canh bén bang nhau nén SH 1a duting cao ctia chop véi H
1a tim dudng tron ngoai tiép tam giac ABC. Do AB = BC nén H thudc dudng trung
truc BD cta AC, suy ra AC_L(SBD).

Tuong tu v6i chép A.BSD c6 cic canh bén bing nhau ma AO_L (SBD) nén O 1a tim
dudng tron ngoai tiép tam gidc SBD. Vi OB = OD nén tam gidc SBD vudng tai S.
Tir d6 ta tinh dugc

BD? = SB> + SD* = a*> + SD?,

suy ra

BD? 24 8D? 2 _gp?
AOZZABZ—BOZZABZ—izaZ_a +S _3(1 S '

4 4 4

Do AO? > 0 nén ta phéi c6 SD? < 342, hay SD < /3a.

(2) Theo trén, ta c6 AC = 2A0 = v/3a? — SD?. Do tam giac SBD vudng tai S c6 SH
la duong cao nén

_ 2Ssp _ SB-SD _ a-SD
~  BD  BD  BD

SH

Do vay

1 1 1
VS.ABCD = gSH . SABCD = ESH -BD-AC = ga-SD- vV 3612 —SDz.

Theo bit dang thiic AM-GM thi

2 2 2 2
sD-\/3a —sp? < P +(3Z _SD):%,

suy ra
3

Vs.aBcp < T
2 . 2 PN - . 2 2 2 \/§ ~ 2 .. N
bang thuc xay ra khi va chi khi SD” = 3a” — SD”, hay SD = - @ Vay thé tich hinh

) 3
chép S.ABCD dat gid tri 16n nhét khi SD = \Z[a.

Bai 3.6. Cho tam gidc ABC c6 BC = a, CA = b, AB = c. M la mot diém tuy ¥ bén
trong tam gidc ABC. Chitng minh rdng

MB-MC MC-MA MA-MB
+ + > 1.

bc ca ab

(Binh Dinh)
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Bai 3.7. Cho hinh chop tit gidc déu S.ABCD. Goi R va r ldn luot la bdn kinh hinh
\ < < < R
cdu ngoai tiép va ni tiep cua no. Tim gid tri nho nhdt ciia —.
(Binh Dinh)

Bai 3.8. Cho a, b, c la cdc sé thiuc duong. Chitng minh rdang

2 2 2
a n b n c >1
a+2b b+2c c+2a) T3

(Pai hoc Sw pham)

Loi gidgi. Cdch 1. Sit dung bét dang thitc Cauchy-Schwarz, ta c6
(a+2b)* < 3(a* +2b%).
Do d6, ta chi can ching minh dudc

a? n b? n 2 >
az+2b%2  b2+2c2 0 24242 T

St dung bét dang thiic Cauchy-Schwarz mot 1an nita, ta dugc

2 ) B2 .\ 2 . (@ + b2+ 2)?
a>+20>  b242c? 2424 T a?(a? +2b%) + b2 (b2 4 2¢?) + 2 (c? 4 2a?)

=1

Bai toan dudc chiing minh xong. Dé thiy dang thiic chi x4y ra khi a = b = c.

Cich 2. Ta sé chiing minh bit dang thiic chit hon 1a

2 2 2
a n b n c n 18abc .
a+2b b+2c c+2a (a+2b)(b+2c)(c+2a) —

a b c
batx = = ac=—— Khidotacd
ax a+2b’y b—l—ZCvac c+2a raotaco
%1y 2% 12 1
a x b y a z
suy ra
()G G
X y Z
hay

Oxyz=1—(x+y+z)+xy+yz+zx.
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BAt dang thiic can chiing minh tr thanh
Ky 18xyz > 1.

Thay 18xyz =2 —2(x 4y +z) +2(xy + yz +zx) vao, ta viét dugc bat dang thiic nay
thanh
4y 4+ =2(x+y+2)+2(xy+yz+2x)+1>0,

hay
(x+y+z—1)2>0.

Binh lun. Bt ding thic da cho van ding khi thay gia thiét a, b, ¢ > 0 béi gia thiét
(a+2b)(b+2¢)(c +2a) #0.

Bai 3.9. Vdi ba sé duong x, y, z, ta ki hiéu M la sé 16n nhdt trong ba s6
by 1 1
Inz+In{ —+1), In—+In(xyz+1), Iny+In{—+1]).
yz Z xXyz

Tim gid tri nhé nhdt co thé ciia M khi x, y, 7 thay doi.
(Pai hoc Su pham)

Loi gidi. Tu dinh nghia ctia sb M, ta c6

X 1
M21HZ+IH(+1), MZlny—i—ln<—|—1)7
Yz xyz

suy ra
(x+yz)(xyz+1)

1
2M21nz+ln<x+1> —|—1ny+1n<+1>_1n _
Yz xyz xyz

Miit khac, theo bit dang thiic AM-GM thi

(e +y2)lyz+1)
xyz o

4,

suy ra 2M > In4, hay M > In2. Dé thiy dang thiic xdy rakhi x =y =_z= 1 nén ta

c6 két luan minM = In2.

Bai 3.10. Cho x, y, 7 la ba sé thuc khéng dm cé tong bang 3. Chiing minh rang
¥+ + 2 4xyz > 4.

(Luong Thé Vinh, Dong Nai)
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Loi gidi. Ta biét ring trong ba sé x — 1, y— 1 va z— 1 ludn c6 hai s6 cung diu véi
nhau. Gid st hai s6 d61ax—1 vay—1, thé thitacé z(x—1)(y—1) >0, suy ra

xyz =z z(x+y—1)=2(2-2).

Mit khéc, theo bat ding thitc Cauchy-Schwarz thi

2 3_Z)2
RPN G o ) I .
=T 2

Do viy, ta chi can chiing minh dugc bét dang thiic sau la du

3_ 2
B2 21) +2242z(2—2) > 4.

A 1z 1 o .
Bien doi tuong duong ta dugc E(Z —1)2 > 0, hién nhién ding. Ta c6 dang thic xay
rakhivachikhix=y=z=1.

Bai 3.11. Cho cdc sé thuc duong a, b, ¢ théa abc = 1. Chitng minh rdang

a . b . c <1
a2+2 b24+2 2427

(Kon Tum)
Loi gidi. St dung bit ding thiic AM-GM, ta c6
a4 e 11
a+2 " 2a+1 2 22a+1)
Do dé, ta chi can chiing minh
1 1 1 1 1 1
] M EREreey| M Rt B
hay
2a1+1+2b1+1+2c1+121' ()

Pén day c6 nhiéu cach danh gia.

Cdch 1. Gia st c = min{a, b, c}, ta cé ab > 1. Sau d6 st dung bit dang thiic quen

thudc
1 1

2
+
X+l y+1 T eyl

Vx,y >0, xy > 1
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cho x =2a,y=2b,tacd

1 1 2
+ > .
2a+1  2b+1 7 2v/ab+1

Vay ta chi can chiing minh dugc

2 1
+ >1
2vVab+1 2c+1

*A N 3 2 A v, R X 1 N A <A e
Cong viéc nay kha don, ta chi can ddt an + = /ab r0i thay ¢ = o vao roi bien doi
tuong duong 1a dudc.
Cich 2. Pita=x>,b=y vac=7,tacé

| ST SR
2a+1 2341 23 +xyz  yz+2x%

suy ra bat dang thic (%) tudng duong véi

2 x Xy
+ + > 1.
yz+2x2 oz +2yr  xy+272

St dung bét dang thiic Cauchy-Schwarz, ta dudc

vz 7% Xy (vz+zx+xy)?

+ + > =1.
yZ+2x2  zx+2y%  xy+222 T yz(yz+2x%) + zx(zx + 2y2) + xy(xy + 222)

Diéng thiic xdy rakhia=b=c=1.
Cdch 3. Quy dong va riit gon, ta c6 bat ding thic (%) tuong duong
(2a+1)2b+1)+2b+1)(2c+1)+(2c+1)(2a+1) > (2a+1)(2b+1)(2c+ 1),

hay
a+b+c>3.
BAt dang thifc nay diing theo AM-GM.
Binh luan. Mot bai toan thd vi duge dét ra tir bai toan nay, dé 1a: Tim tat ca céc gid

tri ctia k d€ bét dang thiic sau

a n b . c < 3
a+k b2+k 24k 1+k

ding v6i moi a, b, ¢ duong thdéa man abe = 1.
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Day 1a mot bai toan khé. Hién da ching minh dugc bit dang thiic nay ding cho

1 se TN, c9. A N .z s LA A 9 N N A A 2
3 <k <5 (véi loi giai so cap), con gia tri tot nhat cia k 1a mot so rat 1e.

N6i riéng vé bét dang thic (*), né chinh la mot trudng hop riéng ciia bai toan chon

ddi tuyén Romania nim 1999: Cho ay, as, ..., a, 1a cic s6 thuc duong thda min
ajap ---a, = 1. Khi do
1 1 1
+ ++——<1L
ai+n—1 ar+n—1 a,+n—1
£ 12 N . N L1101 .
Trong bat dang thiic nay, cho n = 3 va thay lan ludt a;, a,, az bdi —, A ta s€ thu
a c

dudgc (x).

.. e, g, 3
Bai 3.12. (1) Xdc dinh gid tri nhé nhdt ciia ham sé y = x3/* — Ex trén (0, 4-o0).

(2) Cho cdc s6 duong a, b, c. Chitng minh rang
JE P e e b e
b3 A3 ad~b ¢ a

Loi gidi. (1) Ap dung bit ding thiic AM-GM, ta c6

(Can Tho)

PN L | > 3x.

Tir d6 suy ra

3x 1
>
)
Dang thic x4y ra khi x = 1.
(2) St dung két qua cau (1), ta c6
a3 a 1 »$¥_ 3 b 1 3 3¢ 1
,,,,, >-.2_ = S

Cong lai ta dugc

Je e e J3fa b e} 3
b3 c3 A~ 2\b ¢ a 2

Do d6 ta chi can chiing minh

3(a, b c
2\b ¢ a
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Bit dang thiic nay tucng duong véi

4
b
hién nhién diing theo AM-GM. Ta c6 dang thifc xay ra khi va chikhia = b =c.

b ¢
+-+= >3,
c a

Binh luan. Day 1a mot dang bai cit va khong ¢6 y tudng gi méi mé. Hon nia, viéc
cho thém céu (1) lai cang 1am cho né trd nén tim thudng hon, vi két qua cau (1) da
gdi mG ngay dudng di nudc bude cua cau (2).

Bai 3.13. Gid sit phuong trinh x* 4+ ax® + bx* + cx+ 1 = 0 ¢6 it nhdt mot nghiém
thuce. Tim gid tri nhé nhdt cia a* + b* + ¢2.
(Pho thong Ning khiéu)

Loi gidi. Goi xo 12 nghiém ctia phuong trinh da cho. Dé thiy xo # 0, tif d6 suy ra
1 c
b=— (x%+2+axo—|—> .
X0 X0
Do d6

2
1 c

PP+ =d A+ <x3+2+axo+> .
X0 X0

St dung bét dang thiic Cauchy-Schwarz, ta dugc

1 e\’ 1)?
a’+c*+ <x(2)+2+axo+> ] [(—x0)2+ (—) +1
xO X0 X0

c 5, 1 ¢\’
> | —axo— —+x5+ 5 +axo+ —
X0 xo X0

>

suy ra
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véi ddu bang dat dudc tai xy = &1, nén

4
f+ﬁ+82§
Pang thic xay ra khi va chi khi
a c , 1 c
=1 =% tztant—
—X0 o X0 X0
X0
XO:|:1
1 c
b:—(x8+2+ax0—|—>
xo X0
N . 2 . 2 2
Glalhcnaytatlmdu’oca:b:c:—g(u’ngvdlxozl)vaa:c:g,b:—g

4 4
(ing v6i xo = —1). Vay gi4 tri nho nhit ctia a® +b* + ¢ 1a 3

Binh lu4n. C6 thé thy ring bai toan nay dudc liy y tuéng tif bai todn Tournament
of the Towns 1993: Néu a, b 1a céac sb thuc sao cho phuong trinh x* + ax® 4 2x> +
bx+ 1 = 0 c6 it nhat mot nghiém thuc thi a® + b> > 8.



Phan 11

Mot so bai giang toan
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Chuong 4

Giai phuong trinh ham bang cach
lap phuong trinh

“Cudc song la chudi nhitng phuwong trinh ma ta kiém tim oi gidi.”

Giai bai toan bang cach 1ap phuong trinh va hé phuong trinh 13 mot phuong phap
thong dung trong cic bai toan dai sd. Y tudng la d€ tim mot 4n s6 nao do, ta dua
vao céc 4n s6 phu, st dung céc dit kién da cho tao ra méi lién hé giita cac 4n s6 d6
(cac phuong trinh), giai hé phuong trinh, tim ra gid tri cta 4n sd can tim. Phuong
phép tuong tu ciing c¢6 thé 4p dung cho cic bai toan hinh hoc tinh toan (chang han
bai todn giai tam gidc, tii gidc), cac bai toan dém (phuong phap day sb phu).

Trong bai nay, chiing ta dé cap téi phuong phap lap phuong trinh, hé phuong trinh
dé giai cdc bai toan phuong trinh ham. Y tudng chung ciing 14 dé tim mot gid tri
f(x) hodc f(a) nao dé, ta st dung phuong trinh ham dé tim ra mdi lién két gitta cac
dai lugng, néi cach khéc, tao ra cac phuong trinh sb. Giai cac phuong trinh s6 nay,
ta ¢6 thé tim ra f(x) hodc f(a) v6i a 1a mot gia tri nao do.

Véi nhitng phuong trinh ham c6 hai (ho#ic nhiéu hon) phuong trinh diéu kién, ta c6
thé tim cach két hop cdc phuong trinh d6 dé tim ra f(x). Phuong phap co ban van
12 tao ra cac mbi lién két, hay cac phuong trinh bang cach tinh mot gia tri bang hai
céach khéc nhau.
Vidu 4.1. Tim tdt cd cdc ham s6 f : R — R thod man diéu kién

(i) f(—x) = —f(x) vdi moi x thuoc R;

(ii) f(x+1)= f(x)+ 1 vdi moi x thujpc R;

43
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1 X

(iii) f () = Lz) vdi moi x khdc 0.
x x

Loi gidi. Tht ca céc diéu kién déu trén mot bién x. Trong trudng hgp nay, ta c6 thé

duing mot chit khai niém vé dd thi d€ hiéu con dudng di dén 15i gidi. Ta xem cac sd
- 2 L N A . 2 ~ A 2,0 - 2 1 -

thuc nhu cac dinh cia mét do thi. Pinh x sé dudc noéi véi cac dinh x+ 1, —x, —. Cac

X

diéu kién dé bai s€ cho chiing ta cac moi lién hé gitta gia tri cia ham s0 tai cac dinh

dudc nbi bdi mdt canh. Néu chiing ta tim dudc mot chu trinh thi mot cach tu nhién,

chiing ta s& c6 mot phuong trinh (d€ tranh ham s6 c6 hai gia tri khac nhau).

Ta tht tim mot chu trinh nhu vy

1 1 1 X x+1 1 1
x=>x+1—=——=— —1- = — =14+-—=-—=x
x+1 x+1 x+1 x+1 X X X

Dit y = f(x) thi tlf chu trinh & trén, ta 1an lugt c6

1) ) T\ atd a1y
oyt
x y+1 x+1 (x+1)7  2+2x—y
f :1_727 f = 2 = 2 )
x+1 (x+1) X X X
x+1

T d6 suy ra 2x"y =y, tiic lay = x. Vay f(x) = x.

Trong ly luén trén, ta can dén diéu kién x khac 0 va — 1. Tuy nhién tif hai diéu kién
f(=x)=—f(x), f(x+1) = f(x)+ 1 ta dé dang suy ra f(0) =0 va f(—1) = 1. Vay

f(x) = x 1a tht cac nghiém cta bai toan.
Vi du 4.2. Tim tdt cd cdc ham 56 f : R — R thod mdn diéu kién

f&@ —y) =xf(x) = f(y) vimoix,ythuocR.

Loi giai. Thay x = y = 0 vao phuong trinh ham, ta dugc f(0) = —f(0), suy ra
f(0) = 0. Thay y = 0 vao phuong trinh ham, ta dugc

f(2) = xf (x). (1)

Tir d6 suy ra
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Thay x = 0, ta dudc f(—y) = —f(y). Thay y bing —y, ta dugc

FOT+y) = F(7) = (=) = F() + £ )

v6i moi x, y. Tt d6, két hop véi tinh chit ham 18, ta suy ra f(x+vy) = f(x) + f(y)
v6i moi x, y. Bay gid ta c6 f((x+4 1)?) mot mit c6 thé tinh theo cong thiic (1), tic 1a
bang (x+1)f(x+1) = (x+ 1)[f(x) + £(1)]. Mit khéc, ta c6 thé khai trién

F(x+1)%) = f(P 4204 1) = f(P) + 2 (x) + £(1) = xf (x) +2f (x) + £(1).

Tir d6 ta dugc phuong trinh (x+ 1)[f(x) + f(1)] = xf(x) +2f(x) + f(1), suy ra
f(x) = f(1)x. Pit f(1) = a, ta dugc f(x) = ax. Thit lai vao phuong trinh ta thiy
nghiém duing.

Vay f(x) = ax v6i a € R 1a tht ca cdc nghiém cla bai toén.
Phuong phap tao ra cic méi lién két ciing c6 thé 4p dung hiéu qua trong cac bai toan
phuong trinh ham trén Q, N, Z. Ta xem xét mot s6 vi du.
Vidu 4.3. Tim tdt cd cdc ham s6 f: QY — Q7 thod mdn cdc diéu kién
(i) f(x+1)= f(x)+1vdi moi x thuégc Q;
(ii) f(x?) = f>(x) véi moi x thuéc Q.

Loi gidi. Tu diéu kién (ii), ta suy ra dugc f(1) = 1. St dung két qua nay két hop vdi

diéu kién (i) ta dé dang suy ra f(n) = n v6i moi n thuoéc Z* va f(r+n) = f(r) +n

v6i moi r thudc Q1 va n thudc Z*. Bay gid ta tinh f(r) v6i r = B, P, qELT.Y
q

tudng ta sé tinh f((r+ ¢)?) theo f(r) bang hai cach. Trudc hét
F(r+9?) = f2(r+q) = (f(r) +9)* (1)
Mit khéc
f(r+a)*) = f(P+2p+) = f(P)+2p+ = (N +2p+q". (2)

Tir (1) va (2) ta suy ra f2(r) +2qf(r) +q2 = f>(r) +2p+q*, do d6 f(r) =

=r

SRS

Vay f(r) = r v6i moi r thugc Q.

Vidu4.4. Tim tdt cd cdc ham s6 f : N — N sao cho

f(m*+n?) = f2(m) + f2(n)  véi moi m, n thuéc N.
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Loi gidi. Cho m = n =0, ta dugc £(0) =2%(0), suyra f(0) =0.Chom=1,n=0,
ta dugc f(1) =0 hodc f(1) = 1. Ta xét trudng hgp f(1) = 1, trudng hgp f(1) =0
xét tuong tu. V6i £(1) = 1, ta 1an lugt tinh dugc

@)= f2+17) = (1) +£2(1)
f(4)=f(22+0%) = £2(2) + 1*(0)
[5) =2 +12) =2 (2)+ (1)

Nhung 1am sao dé tinh, chang han £(3)? R6 rang f(3) khong thé tinh dugc theo so
dd trén dudc, vi 3 khong biéu dién dudc dusi dang tdng clia hai binh phuong.

9

2
4,
5

Ta nhd lai mot bai todn Iop 3. Co mét cdi cdn dia vdi 2 qud cdn 1kg, Skg va mot bao
duwong ncng 10kg. Hdy cdn ra Tkg duong bang mét ldn cdn. Ré rang, vdi cdch cdn
thong thudng thi ta chi can dugc 1kg duong, 4kg duong (5 — 1), Skg duong va 6kg
duwong. Tuy nhién, néu tinh ¥y mot chiit, ta cé thé' cé phwong dn cdn dugc Tkg duong
nhu sau: Ddt vao dia bén trdi qud cdn 1kg va 10kg duong, dia bén phdi la qud cdn
5kg, sau do chuyén ddn dwong tiv bén trdi sang bén phdi sao cho cdn cdn bang, khi
do s6 dwong con lai & dia bén phdi la Tkg!

Bay gio ta cling thii thuat tuong vdi bai todn nay. Ta khong tinh dugc truc tiép f(3)
nhung ta lai ¢ £2(5) = £(25) = £(32+42) = f2(3) + £2(4). T d6 ta dugc f(3) = 3.

Tuong ty nhu viy ta c¢6 thé tinh dude £(6) nhd vao ding thic 6% + 82 = 107, trong
do f(8) = f(2>+2%) =2f%(2) =8, f(10) = f(3° +1%) = f2(3) + f2(1) = 10.

Tiép tuc, &€ tinh £(7), ta d€y 7> + 12 = 50 = 52+ 52, tit d6 f(7) = 7. Ciing nhu thé,
do 112422 =10>+5”néntasuyra f(11) = 11.
Cich 1am nay c6 thé tdng quat hod nhu thé nao? Y tudng 1a néu m? +n® = p* + ¢>

(1) thi f2(m) + f2(n) = f*(p) + f*(g). Do d6 néu ta da tinh dugc f(n), f(p), f(q)
thi f(m) cling s€ tinh dugc.

Lam thé nao dé c6 dudc nhiing dang thitc dang (1) & dang tdng quat, cho phép ta
ching minh f(n) = n v6i moi n bing quy nap? Ch y ring (1) c6 thé viét lai thanh
(m—p)(m+ p) = (g—n)(g+n) =N. Do dé néu chon nhiing s6 N c6 hai céch phan
tich thanh tich ctia nhiing s6 c6 cling tinh chin 18, ta sé tim dudc nghiém cho (1).
Chon N =8k =2-4k=4-2kvaN = 16k =4 -4k = 8 - 2k, ta dugc hé

mp=2, m+p=4k, gq—n=4, q+n=~2k,

va
mp=4, m+p=4k, g—n=8, g+n=2k.
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Tit d6 dudc cac hing dang thiic tuong ting
(2k+1)> + (k—2)> = (2k—1)> + (k+2)?,

(2k+2)%+ (k—4)* = (2k—2)* + (k+4)%.

Tir hai dang thiic nay, véi chd y 1a ta da ching minh dude f(n) =nvéin=0, 1, 2,
3,4, 5, 6, ta dé dang chitng minh bing quy nap dudc ring f(n) = n véi moin € N.

Trudng hop f(1) = 0, ciing bang cach Iy luin néu trén ta suy ra f(n) = 0 véi moi n
thudc N.
Bai tap

1. Tim tit ca cac ham s6 f : Q — Q thoa man céc diéu kién

(1) f(x+1) = f(x)+ 1 v6i moi x thude Q;
(i) £(x*) = f3(x) v6i moi x thuoc Q.

2. Tim tit ca cdc ham £ : R\0 — R thoa man dong thdi cic diéu kién
0 (1) =1
. 1 1 1
() o))
xX+y X y
(iii) (x+y).f(x+y) = xyf(x)f(y) v6i moi x, y ma xy(x +y) # 0.
3. Tim tit ¢4 cdc ham s6 f : R — R thod man
f&@ =) =2f() =y f(y’)  v6i moix, y thuoc R.
4. Tim tt ca cic ham s6 f : Z — Z thoa man diéu kién
f@+0+) = £a)+ 2 (b)+f3(c) véimeia, b, cthude Z.
5. Cho ham sb f : R — R thoa man diéu kién
() f(x?) = £?(x) v6i moi x thudc R;

(i) f(x+1) = f(x) 4+ 1 v6i moi x thudc R.
Ching minh ring f(x) = x.
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