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1. M§ dau

Phuong trinh nghiém nguyén hay con dugc goi la phuong trinh Diophant 1a mot
trong nhimg dang todn lau doi nhat cua Toan hoc. Tir Euclid, Diophantus, qua
Fibonacci, rdi dén Fermat, Euler, Lebesgue ... va thoi hién dai la Gelfold,
Matiasevic, Shenzel, Serpinsky ... phuong trinh Diophant d& trai qua moét lich st
phat trién 1au dai.

Thong qua viéc giai cac phuong trinh Diophant, cac nha toan hoc da tim ra dugc
nhitng tinh chat sdu sic ciia s6 nguyén, sb hiru ty, sO dai sb. Giai phuong trinh
Diophant da dua dén sy ra doi ctia Lién phan s6, Ly thuyét dudng cong elliptic, Ly
thuyét xap xi Diophant, Thing du binh phuong, S6 hoc modular ...

Trong céac Ky thi hoc sinh gioi qudc gia va qudc té, phuong trinh Diophant van
thuong xuyén xuat hién dudi cac hinh thuc khac nhau va luén dugce danh gia la
kho do tinh khéng mau myc cta nb.

Bai giang nay c6 muc dich dwa ra mot sé phuong phap co ban dé tan céng cac bai
toan vé phuong trinh Diophant. Tuy nhién, v&i kha niang con han hep ctia minh,
ching t6i hoan toan khéng cé tham vong bao quat hét cac van dé vé phuong trinh
Diophant. Chiing toi chu yéu chi gidi han trong cac phuong trinh da thire, bo qua
cac phuong trinh Diophant bac nhat va khong dé cap dén cac phuong trinh co
chira ham mdi.

bay la mot tap tai liéu mo, mot s6 chiing minh dugc bdé qua, mot s6 101 giai chi
trinh bay so luoc hodc bo qua. Chung toi rit mong nhan duoc v kién dong gop cua
quy thay co, quy anh chi va ban bé dong nghiép, ciing nhu cia cac em sinh vién,
hoc sinh dé tap tai liu dugc hoan thién hon.

Ching toi xin chan thanh cam on GS Nguyér} Van Mau va Truong Pai hoc Khoa
hoc Ty nhién PHQG HN da t6 churc khoa boi dudng nay va cho phép ching toi
duoc bao cao trudc cac thay co, anh chi va cac ban.

Phién ban 2.0 nay cua bai viét ¢4 duoc sira chita, chinh 1y va bo sung thém mot sd
van dé sau:



1) C6 loi giai va phén tich chi tiét cho mot s6 vi du va bai tap

2) B6 sung mot so két qua quan trong lién quan dén phuong trinh Pell

3) B6 sung thém mat s6 bai tip méi

4) B6 sung thém phan doc thém vé dudng cong hitu ty va dudng cong
elliptic.

2. Phuong phap chon mé-dun

Mot sO0 chinh phuong khong thé tan cung bang 2, 3, 7, 8. Mot s chinh
phuong chia 3 du 0 hoac 1. Mgt so chinh phuong chia 8 du 0, 1 hodc 4. Nhiing
tinh chat don gian d6 nhiéu khi lai 1a chia khéa dé giai nhidu phuong trinh
Diophant. Va d6 chinh 1a y tuéng chinh cta phuong phap chon mo-dun.

Vi du 2.1: (Viét Nam 2003, bang B) Hoi c6 ton tai hay khdng cac sé nguyén x, v,
u, v, t théa man diéu kién sau

X2+ y? = (x+1)? + u% = (x+2)% + V2 = (x+3)% + t2.
Loi giai: Khong.
Céch 1: That vay, gia st hé trén ton tai nghiém. Dat N 1a gia tri chung cua ca 4
biéu thtc.
Taco x*mod 8 € {0, 1, 4}, suy ra x* +Vy* € {0, 1, 2, 4, 5}. Ngoai ra, néu x chay
qua mot hé thang du dﬁy du mod 4 thi x* mod 8 s& la (0, 1, 0, 4) hay mdt hoan vi
vong quanh cta b trén.
Nhu thé Nmod8 e {0,1,4}n{1,2,5}n{0,1,4tn{0,4,5}=2. Mau thuan.
Viy khong ton tai cac s6 nguyénx, y, u, v, t thoa man dleu kién dau bal
Céach 2: Tur ha1 phuorng trinh dAu ta suy ra y* + v? — 2u® = 2(X+1) —x2 = (x+2)? =
- 2. Nhu thé, y? + v¥ = 2(u-1), suy ra y, v ciing tinh chin 1é. Néu y, v cung 1¢ thi
vé trai chia 8 du 2, suy ra u chan, nhung khi d6, vé trai chia 8 du -2, mau thuan.

Vi du 2.2. Chitng minh ring phuong trinh x? — 3y” = -1 khdng c6 nghiém nguyén
duong. q ’
Loi giai: x?+1 khong thé chia hét cho 3!

Vi du 2.3. (Pé @& nghi IMO 1981) Cho phuong trinh nghiém nguyén z° = (X*-
1)(y?-1) + n. Hoi phwong trinh c6 nghiém khong néu

(@) n=1981 (b) n =1985 (c) n=1984?
Loi giai:

(a) Tacé z%= (x*1)(y>1) +5mod 8. Vi z2=0,1,4mod 8, x¥*-1=0, 3, 7
mod 8, (x>-1)(y*-1) =0, 1, 5 mod 8 va (x*-1)(y>1) + 5 =2, 5, 6 mod 8 nén
ta co

7% # (x*-1)(y*-1) + 5mod 8
Mau thuan.

(b) Tuong tu, xét mod 9.

(c) n =1984. Rit gon phuong trinh, ta dugc x* + y* + z2 — xy* = 1985 (1). Y

twong cua ta 1a di tim biéu dién x* + y* = 1985. Khi d6 z = xy cho ta nghiém.



Bang cach xét chit s6 cudi cing, ta nhanh chong di dén nghiém 72 + 442 va 317
+ 32 bang phuong phép va sai. Tir d6 duge cac nghiém (x, y, z) = (7, 44, 7.44)
va (31, 32, 31.32).

Ghi chd: phwong trinh (1) ¢6 vO s6 nghiém nguyén duong, hay thir chirmg minh.

Bai tap

2.1. (Thuy Dién 2003) Tim tit ca cac cip sé nguyén duong x, y sao cho
x? — 3xy = 2002.

2.2. Tim nghiém nguyén ctia cac phuong trinh sau
1) x*-2y*=3
2) 2x* -5y’ =7
3) 5x% + 6x + 11 = y* + 4y

2.3. Tim nghiém nguyén cua phuong trinh x*° + y*® - z1% = 1999,

2.4. Ching minh ring phuong trinh x* — 2y* + 8z = 3 khong c6 nghiém nguyén x,
Y, Z.

2.5. Tim tt ca cac gia tri nguyén duong 1 <k < 10 sao cho hé phuong trinh  x? +
ky? = 2%, kx* + y? = ? ¢6 nghiém nguyén duong.

2.6. Chung minh ring phuong trinh x* +y? + 22 + x + y + z = 1 khong c6 nghiém
hiru ty.

3. Giéi han mién nghiém. Thir va sai

Cho x 12 s6 nguyén. Néu |x| < N v&i s6 nguyén duong N cho trudc thi x chi
c6 thé nhan hitu han gia tri. Cu thé x e {-N, -N+1, ...,0, 1, ..., N}. Diéu don gian
la chia khoa dé giai nhidu phuong trinh Diophant bang cach gidi han mién nghiém,
sau do dung phép thur.

Vi du 1: (Bai todn Arnold) Tim tit ca cac bd ba s6 nguyén duong sao cho tich cua
hai s6 bat ky cong 1 chia hét cho s con lai.
Loi giai: Goi a, b, ¢ 1a 3 s6 nguyén duong can tim. Khong mat tinh tong quat, ta
c6 thé gia sir a <b < c. Theo d¢ bai, ta co

ab+1:c,bc+1:a,ca+1:b
" (ab+1)(bc +1)(ca+1)

abc

Suy la s6 nguyén. Didu nay twong duong voi

£+1+1+LEZ (1)
a b ¢ abc



1 1

Nhu vay 5+6+E+521.Sﬁdungdiéukién a<b<ctasuyra
3 1
—+—21
a a

Tur d6 dé dang suy ra a < 3.
Ta xét cac truong hop

1 1
+a = 1. Khi d6 (1) tuong duong voi E+E+EEZ . LY luan tuong tu ta

suyrab<2. Néu b = 1, ta dugc ngay 2 eZ suyrac =1, hoac ¢c = 2. Ta dugc bd
c

nghiém (1;1; 1), (1;1;2). Cac nghiém nay thoa man diéu kién (chu y (1) chi la
diéu kién can!). Néu b = 2, ta dugc %+l+2i:kez. Do ¢ > 2 nén
c 2

i+ ! +i <% suy ra k = 1. Tir d6 tinh dugc ¢ = 3. Thur lai ta thiy nghiém (1; 2; 3)

2 ¢ 2
thoa man diéu kién.

+a=2. Khldo(l)tuongduongvol£+1+l+i—k Z.Doc>b>a=
2 b c 2bc
2 nén i+1+1+i l+£+£+l:§ nén suy ra k = 1. Ta dugc phuong trinh
2 b c 2c 2 2 2 8 8
1 1 1 1
—+-+—==2(b+c)+1l=bc=(b-2)(c-2)=5=15
b ¢ 2bc 2 .
Suyrab=3,c=7.Thtlai bd (2; 3; 7) thoda man diéu kién.
+a=3. Khi do (l)tuongduongvml+l+1+i_kez Ly luan tuong
3 b c 3bc
tu nhu o trén, ta dugoc k = 1. Tuc la
11 1 2
b ¢ 3bc 3

Néu b > 3 thi ta co 1+E+i l+£+i<E Nhu vay chi con kha nang b = 3.
c 3bC 4 4 48 3

Nhung khi do tinh ra dugc ¢ = ? khong nguyén, loai.

Vay bai toan c6 cac nghiémla (1;1;1),(1;1;2),(1;2;3),(2;3;7)(vacac
hoan vi).

Vi du 2: (Olympic 30/4 ndam 1999) Trong mat phang toa do Oxy cho 3 duong
thang c6 hé s6 goc lan lwot 1a 1/m, 1/n, 1/p véi m, n, p 1a cac sb nguyen duong.
Tim m, n, p sao cho 3 duong thang d6 tao vai truc hoanh 3 goc co tong sb do 1a
45°,



Loi gidi: Goi a, B, v 1a cac goc tao boi ba duong thing d6 v6i truc hoanh. Theo dé
bai ta c0 tga = i tg3 :1, tgy = i Ta can tim m, n, p nguyén duong sao cho o +
m n p

B + vy = 45° Diéu nay twong duong véi

tg(a+p+y)=1

- tga +19 +1gy —tgatgptgy _1

1-tgotgp —tgptgy —tgnga
©i+£+l+i+i+i_i=1 (1)
m n p mn np pm mnp

Khong mat tinh tong quat, gia st m < n < p. Khi d6

1 1 1 1 1 1 1 3 3

Sttt ——+————<—+—

m n p mn np pm mnp n n
Tu phuong trinh (1) ta suy ra

3 3

S5

m m
Tir d6 n < 3. D& thay n > 1 nén ta chi ¢6 2 trudong hop can phai xét

+m = 2. Thay vao (1) ta duoc

1 1 1 1 1 1 1

20 p 20 np2p 2mp

<np=3n+p)+1l< (n-3)(p-3)=10=1.10=25
Suy ra (n; p) = (4; 13) hoac (5, 8).

+ m = 3. Thay vao (1), ta duogc

1110101 1 1

3 n p 3n np 3p 3np

snp=2n+p)+le(-2)(p-2)=5=15
Suyra(n;p) =(3; 7).

Két hop lai ta duoc cac dap sd cua bai toan 1a (m; n; p) = (2; 4; 13), (2; 5; 8), (3; 3;
7) va cac hoan vi.

Bai tap

3.1. Tim tat ca cac nghiém nguyén duong cua phuong trinh

1 1 1 1
Sttty =4

x> y* 7% t?

3.2. Giai phuong trinh trong tap hop céac sd nguyén duong
1 1 1
—+—+—=1
X y z



3.3.Tim tit ca cac bd sb nguyén duong (x, y) sao cho x* + 1 chiahét cho y, y* + 1
chia hét cho x°.

3.4. (Bulgaria 2001) Tim tit ca cac bo sd nguyén duong (a, b, ¢) sao cho a® + b* +
¢3 chia hét cho a’b, b’c, ca.

3.5. (Ailen 2003) Tim tit ca cac nghiém nguyén ciia phuong trinh (m?+n)(n?+m) =
(m+n)>.

3.6. (Moldova 2003) Chirmg minh rang phuong trinh 1/a + 1/b + 1/c + 1/abc =
12/(a+b+c) cb vd so nghi¢ém nguyén duong.

3.7. (Rio Plate 2002) Tim tat ca cac cap s6 nguyén duong (a, b) sao cho
a’b+b
’ ab®+9
& mot sO nguyén.

3.8. (Litva 2003) Tim tat ca nghiém nguyén cta phuong trinh 3xy - X - 2y = 8.

3.9. (IMO 2003) Tim tat ca cac cap sd nguyén duong (a, b) sao cho sb

aZ

’ 2ab® —b® +1
14 50 nguyén.

3.10. (Na Uy 2003) Tim tit ca cac bo sb nguyén (x, y, z) sao cho x°>+y* + 2° -
3xyz = 2003.

3.11. (THTT 3/209) Tim tat ca nghiém nguyén (x, y) ciia phurong trinh
() (y+x7) = (xy)’

4. Phuwong phap xudng thang

Fermat da ding phuong phap nay dé chimg minh phuong trinh x*+yt=27*
khong 6 nghiém nguyén duong. Va ciing tir ddy, bang vai dong ngan ngui trén 18
cudn sach Dlophantus ong dd lam dau dau cac nha todn hoc suét 300 nim qua
bang dinh 1y 16n nbi tiéng mang tén ong.

Co so cua phuwong phap xudng thang 1a tinh sdp thir i tot cia N (va NK,
tich Pé cac ciia k phién ban N): Mot tap con khéac rdng bét ky ctia N déu c¢6 phan
tir nho nht.

bé ching minh mét phuong trinh la vo nghiém, ta gia s nguoc lai réng tap
R cac nghiém nguyén (tw nhién, nguyén duong) ctia phuong trinh khac rong. Ta
dua ra mot thi ty tot trén R va gia st ag 1a nghiém nho nhit (theo thir ty néu trén).
Néu bing cach nao d6 ta xdy dung duoc nghiém o4 nhé hon oy thi ching ta s& di



dén mau thudn. Mau thudn ndy chung to diéu gia sir 1 sai va nhu vay phuong
trinh da cho v6 nghiém.

Vi du 1: Chimng minh ring nghiém nguyén duy nhét cua phwong trinh x® — 3y® —
92°=01a (0, 0, 0).
Loi giai. Gia st phuong trinh d4 cho ¢6 nghiém nguyén khac (0, 0, 0). Trong sd
cac nghiém do, goi (Xo, Yo, Zo) 1 nghiém nguyén c6 [xo| + |Yo| + |Zo| = d Nho nhat.
RG rang d > 0.
Tir ding thire xo° = 3(Yo>+320°) suy ra X, chia hét cho 3. Dt xo = 3xy, ta duoc
27x,% = 3(yo +32¢°) => ¥° = 3(3%,>-20")
Tu day ta 1a1 suy ra yo Chia hét cho 3.batyg= 3y1, ta dugc
27yo° = 3(3%™20°) => 20> = 3(x:° — 3y1’)
Tir dang thirc cudi cling nay ta suy ra z0 chia hét cho 3. Dit zo = 3z thay vao thi ta
duoc
X13 - 3y13 - 9213 =0
tire 14 x4, Vs, Z; Ciing 12 mot nghiém ctia phuong trinh dé bai.

Nhung [xq| + lys] + [z1] = (Xol + Iyol + [20])/3 = d/3. Vi 0 < d/3 < d nén déu nay méu
thuan véi cach chon (xq, Yo, Zo).

Vay phuong trinh d& cho khong c6 nghi¢m nguyén khac (0, 0, 0).

Vi du 2: Chung minh ring phuong trinh x* + y* = 72 khdng c6 nghiém nguyén
duong.
Loi giai: Gia st rang phuong trinh da cho ¢ nghiém nguyén dwong. Gia st (x, y)
= d, tirc 1a x = da, y = db, trong d6 (a, b) = 1. Khi d6 a* + b* = (z/d?)’. Gia st z =
d’c, trong d6 ¢ € Q, khi d6

at+bt=c? (1)

Vice Q c®e Nnén theo Pinh Iy 6.1, ¢ € N*. Trong tat cé céc nghiém cua
phuong trinh (1) Chon nghiém co c nho nhit. Tacod (a?)* + (b%)% = ¢? trong d6 (a,
b) =1, suyra (a% b?) = 1, tic la (a, b?, c) 14 bo ba Pythagore nguyen thuy. Theo
dlnh ly 6.5, ton tai cac sb nguyén duorng m, n sao cho a® = m? - n?, b? = 2mn, ¢ =
m? + n? trong d6 m, n khéc tinh chin 1é, m > n va (m, n) = 1, nghia la a’ = m2 - n?
I¢. Gia str m chan, n 1&. Khi d6 n?, a® chia 4 du 1, nghia la m2 =n®+ a° chia 4 du 2
mau thuan. Vay m 1é, n chan, Ngoai ra (a, n, m) lap thanh bo Pythagore nguyén
thily, do d6 tdn tai p, q € N* sao cho a = p*- g% n=2pg, m = p? + ¢, trong do p,
q khéc tinh chin 1&, p > q va P =1, Ngoai ra b° = 2mn, nghia 1a b* =
4pq(p?+q?), suy ra b =2h, h e N*, khi do
h? = pq(p®+q ) (2)

Gia su rang ton tai sb nguyen t6 r chia hét pg, p*+q> Vi r Chla hét Pg nen khong
mat tong quat, co thé gia sir r chia hét p, khi d6 r chia hét (p* + %) - p® = ¢% suy ra
r chia hét g, mau thudn vi (p, q) = 1. Vay (pq, p°+q°) = 1, nhu thé, tir (2), theo dinh



I)'/61 tacc')pq-s p’+ g’ =t?vois, te N*. Vi pq—52 (p q) = 1nénp—u q—
V2 VO’lu VeN nghlala(u) + (V3?2 = t* hay u* + v* = %, trong d6 ¢ =m?’ + n° >
m=p’+q° =t >t mau thuan véi cach chon c.

Nhu vay diéu gia sir ban dau 14 sai va ta c6 dpcm.

Bai tap

4.1. Chuing minh rang phuong trinh X2 + y? + z% = 2xyz khong c6 nghiém nguyén
khéc (0, 0, 0)

4.2. Ching minh rang hé phuong trinh

x2+y2 =77 -2
Xy = zt

khong co nghiém nguyén duong.
4.3. (Hungary 2001) Tim tit ca cac sb nguyén x, y, z sao cho 5x* — 14y? = 117°,

4.4. Chimg minh rang hé phuong trinh  X* + 2y* = 7%, 2x* + y* = t* khong c6
nghiém nguyén duong.

4.5. Ching minh rang phuong trinh x* — y* = 72 khéng c¢6 nghiém nguyén dwong.

5. Xay dung nghiém

C6 nhiéu bai toan khdng yéu cau tim tat ca cac nghiém cua phuong trinh,
ma chi yéu cau chimg minh phuong trinh ¢6 vo s6 nghiém. Trong trudng hop nhu
thé, ta chi can xay dung mot ho nghiém chtra tham s6 1a du. Viéc xay dung nhu
thé co thé duge thuc hién b?mg cac gia dinh, gioi han mién nghi¢m. Céac si€u
phang 12 nhimg mién gidi han thong dung.

Vi du 5.1. (Italy 1996) Chirng minh ring phuong trinh a? + b> = ¢ + 3 ¢6 vo sb
nghiém nguyén (a, b, ¢).

Loi gidi: Chon ¢ = b+1 thi ta dwgc phuong trinh a® = 2b + 4 (*). Bay gid chi cin
chon a = 2k, b = 2(k*-1) 1a ta dwoc nghiém cua (*) va nhu vay phuong trinh ban
dau c6 ho nghiém a = 2k, b = 2(k?-1), ¢ = 2k? -

Vi du 5.2. (Canada 1991) Chtng minh ring phwong trinh x* + y® = z° ¢6 v6 s6
nghiém nguyén duong.

L0’1 glal Chay rang 2™+ 2M= 2™ Pyt x =22 y = 2™ 7 = 2™ [hi g6 x* +
y® = z°. Ta chi cin tim m sao cho m/2, m/3 va (m+1)/5 nguyén 1a xong. Day la mot
bai toan bac nhat don gian va ta ¢ thé tim dugc m = 6(5k+4).



Vi du 5.3. Chttng minh ring véi moi n > 2, phwong trinh X + y* = 2" luén luén c6
v0 s0 nghiém nguyén duong.

Loi giai: Xét s6 phitc o = a + bi. Gia sir " = X + yi thitaco

Sy e Hal = (e +0? |

Tirdo x*+y? = (a® +bH)".

Vi du 5.4. Chimg minh ring x> + y* + 22 = 2 ¢6 v0 s6 nghiém nguyén.
Loi giai. Patx =1-a, y = 1 + a thay vao phuong trinh, ta dugc

6a’ +2°=0
Tir day, néu chon a sao cho -6a° 14 mét 1ap phuong dung thi ta s& duogc (1-a; 1+a,
(1-al+a;3/—6a?) 1a mot nghiém nguyén cua phuong trinh. R rang o thé chon a
= -6k’.
Vay (1-6k%, 1+6k°, -6k) voi k nguyén 1a Mot ho nghiém cua phuong trinh X +y°
+ z° = 2. Do d6, phwong trinh d4 cho c6 vo sé nghiém nguyén.

Vi du 5.5. Chirng minh rang phuong trinh x* + y* + z* = 2 ¢6 v6 s6 nghiém hitu ty.
Loi giai. Ta tim cac nghiém (x, y, z) trong mat phang z = x + y. Khi do0
4 AL A_ AL A B _ nro2, 2 2
X Y 2 =X 4y + (xFHy) = 2(XHy+xy) .
Tur do, néu ta ching minh dugc phuong trinh X* + xy + y? = 1 ¢6 vO sb nghiém
hitu ty thi bai todn dugc giai quyét. Vé cach giai bai toan nay, xem phwong phap
cat tuyén trong phan 7.

Bai tap

5.1. Dya vao hang dang thirc [2(3x+2y+1)+1] - 2(4x+3y+2) = (2x+1)? -
ching minh ring phuong trinh X% + (x+1)? = y? ¢6 v s6 nghiém nguyén du:()’ng

5.2. Dya vao hang dang thire [2(7y+12x+6)] - 3[2(4y+7x+3)+1] = (2y)* -
3(2x+1)? ching minh rang phuong trinh (x+1)° — x* = y* ¢6 vd sb nghlem nguyén
duong.

5.3. Chirng minh rang tdn tai vo s cac cap s hitu ty duong (x, y) sao cho x> + y*
=9

5.4. (Bulgaria 1999) Chirng minh rang phuong trinh x* +y® + 2% + t* = 1999 ¢6 vo
s6 nghiém nguyén.

5.5. Ching minh rang vi moi n > 2, ludn ton tai n s6 nguyén duwong c6 tong bang
tich.



5.6. (IMO 82) Chiing minh rang néu n la s6 nguyén duong sao cho phuong trinh
x® — 3xy? + y* = n c6 nghiém nguyén (x, y), thi phuong trinh nay c6 it nhat 3
nghi¢m nhu vay. Chirng minh rang phuong trinh da cho khéng cé nghiém khi n =
2891.

5.7. Chimg minh ring phuong trinh (+x+1)(y*+y+1) = 22 + z + 1 ¢6 vO sb
nghiém nguyén.

5.8. (THTT 4/187, du tuyén IMO 92) Chang minh rang, véi s nguyén duong m
bat ky sé ton tai vo s6 cac cap sO nguyén (X, y) sao cho:

1) xvay nguyen t6 cing nhau

2) y chia hét x* + m;

3) x chia hét y* + m.

5.9. (Saint Peterburg 2003) Chiing rang ton tai cac s6 nguyén duong a >1,b>1,c¢
> 1sa0 cho a® - 1 chia hét cho b, b® — 1 chia hét cho ¢ va ¢® - 1 chia hét cho a va
a+b+c>2003.

5.10. Ching minh rang phuong trinh x* + y? + 22 = xyz ¢6 v6 s nghiém nguyén
duong.

6. Phwong phap sé hoc

C4c tinh chét cta s6 nguyén lién quan dén s6 nguyén td, udc sd chung, boi
s6 chung nhu DPinh 1y co ban cua sb hoc, cac dinh Iy Fermat, Euler, Wilson ...
dong mot vai trd quan trong trong viéc tim kiém 10i giai ctia phuong trinh
Diophant. Chiing t6i nhic lai mot s6 dinh 1y (khéng chirg minh) va dua ra mot sd
vi du ap dung.

Dinh Iy 6.1. (B dé) 1) Chon>1 la mét s6 nguyén dwong. Néu a, b, ¢ 14 cac so
nguyén théa man diéu kién a.b =c"va (a,b)=1thi a=(@)", b= (b’)" vdi cdc
6 nguyén a’, b’ nao do.

2) Néu a hitu ty, " nguyén véi n nguyén dwong ndo dé thi a nguyén.

3) Néu a nguyén Na hiwu 1y thi Ya nguyén.

Pinh Iy 6.2. (Pinh Iy nhé Fermat) Néu p la s6 nguyén t6 va a la mét s6 nguyén tity
y thi @ — a chia hét cho p. Néu (a, p) = 1 thi a"* =1 (mod p).

Dinh Iy 6.3. (Dinh Iy Euler). Néu m la s6 nguyen dwong, (@ m) =1t a"™ =1
(mod m), trong dé ¢ 1a Phi-ham Euler — sé cdc sé nguyén dicong nhé hon m
NQuYen to cing nhau véi m.



Pinh Iy 6.4. (Pinh Iy Wilson). p la s6 nguyén té khi va chi khi (p-1)! + 1 chia hét
cho p.

Pinh Iy 6.5. (Pinh Iy Fermat-Euler) Néu p = 4k+1 thi ton tai cdc sé nguyén dwong
a, bsaochop=a’+b?

Dinh Iy 6.6. (Mt tinh chat quan trong) Cho p la s6 nguyén t6 dang 4k+3 va (a, b)
= . Khi d6 a*+b* khong chia hét cho p.

Vidu 6 1: (Phuong trinh Pythagore) Tim nghi¢m téng quat ciia phuong trinh X2 +
y? = 7% trong tap hop cac sb nguyén duong.
Giai bai toan nay ta co két qua sau ma ta phat biéu nhu mot dmh ly
Dinh Iy 6.7. Moi nghzem nguyen duong cua phu’O’ng trinh X2 + y? = 7% déu c6 thé
Vlet duoi dang x = (m*-n9k, y = 2mnk, z = (m*+nk hodc x = 2mnk, y = (m*
Nk, z = (M*+n’)k, trong d6 cdc s6 nguyén m, n, k théa man cdc diéu kién sau:

1) (mn)=1(xy)=k

2) CAcC S6 m, n khdc tinh chan 1é

3) m>n>0,k>0.
Chirng minh.
Gia st (x, y) =k, khi d6 x = ka, y = kb trong d6 (a, b) = 1. Ta c6 (ka)® + (kb)? = Z*
< a?+b?=(z/k)% Pat z=ke,c € Q, khido a®+b*=c% Doc e Q,c® € N nén
theo dinh 1y 6.1, ¢ € N. Vi (a, b) = 1 nén it nhét 1 trong hai s6 a, b phai 1¢. Gia sur
ring b 1¢, khi d6 a% b® khi chia 4 du 1, nhu thé ¢? chia 4 du 2, diéu nay khong thé
vi ¢? chia hét cho 2 ma khong chia hét cho 4. Vay b chin va nhu thé ¢ = a + b?
lé. Taco

b2 =(c-a)(c+a) = (Ejz _c-acHl

2 2 2
D& dang kiém tra rang (c-a)/2, (c+a)/2 la cac s6 nguyén nguyén té cung nhau. Nhu’
thé, theo dlnh ly 6.1, ton ta1 cac so nguyen dwong m, n sao cho (c-a)/2 = n?,

(c+a)/2 = m?, tu:doc—m +n?, a=m?—n’vab=2mn, trong d6 (m, n) = 1.

Vidu 2: (Lebesgue) Giai phuong trinh x? — y® = 7 trong tap hop cac sb tu nhién.
Loi giai: Néu y 1a s6 chén, tirc 1a y = 2k thi x = 8k® + 7 chia 8 du 7 la diéu khong
thé. Vay y 1é. Ta co

X+1=yP+8 & X2+ 1= (y+2)(y2 -2y + 4)

Néu y chia 4 du 1 thi y+2 c6 dang 4k+3. Néu y chia 4 du 3 thi y*—2y + 4
c6 dang 4k+3. Vi vay, trong moi trudng hop, vé trai déu co ude dang 4k+3 va do
d6 c6 udce nguyén t6 dang 4k+3, diéu ndy méu thuin véi dinh 1y 6.6.

Vi du 3: (Euler) Ching minh ring phuong trinh 4xy — x — y = z* khéng ¢ nghiém
nguyén duong.



Huéng dan: Viét phuong trinh dudi dang (4x — 1)(4y — 1) = 42° + 1 va st dung
dinh 1y 6.6.

Vi du 4: a) Cho X, y, z la cac s6 nguyén thoa man diéu kién x/y + y/z + z/x
nguyén. Chirng minh rang xyz 1a lap phuong ctia mét sé nguyén.

b) Tim nghi¢m nguyén cua phuong trlnh xly + y/Z +2z/x=3.
Huéng dan: Viét phuong trinh dudi dang x 7 + y2X + 7%y = kxyz Goi p 1a udc
nguyén t cia (x, y). Hiy ching minh rang xyz chia hét cho p°.

Bai tap
6.1. Giai phuong trinh trong tap hop cac s6 nguyén duong
1.1 1
+
X Yy ~ 2003

6.2. Tim nghiém nguyén ciia phuong trinh x® - 5y = 13,
6.4. Chimg minh rang phuong trinh x* + 3 = 4y(y+1) khong c6 nghiém nguyén.

6.5*. Chimg minh ring phwong trinh x’ + y’ = 1998 khdng c6 nghiém nguyén
duong.

6.6*. Ching minh rang néu p 1a s6 nguyén td, n 1a sé nguyén duong thi phuong
trinh

X(x+1) = p™y(y+1)
khong cé nghiém nguyén duong.

6.7*. Tim tat ca nghiém ctia phuong trinh
V2 =53 + (x+4)?
trong tap hop céc so nguyén.

6.8. Chitng minh rang néu c 14 s nguyén duong 1é thi phwong trinh
X¥-y*=(2c)?-1
khong c6 nghiém nguyén duong.

6.9. (Euler) Chirng minh rang phuong trinh
4xyz -x-y-t=0
khong co nghiém nguyén duong.

6.10. (Nga 1997) Tim tt ca cac cip sé nguyén té sao cho p° - q° = (p+q)>.

6.11*. (Legendre) Chung minh rang phuong trinh ax? + by’ = CZZ’trong doa,b, c
la cac tham s6 khong c6 ude chinh phuong, d6i mdt nguyén to cung nhau co



nghiém nguyén duong khi va chi khi hé phuong trinh déng du sau c6 nghiém (a,

B, v):
bc=a® (moda),ca=p*> (modb),ab=-y*> (modc).

7. Phwong phap hinh hoc

Hinh hoc ¢ nhitng tmg dung rat bat ngd trong viéc giai cac bai toan s6 hoc.
Chung ta chic chan con nhé bai toan cia IMO 42 “Cho cac sb nguyén duong a, b,
¢, dvéia>b>c>d>0.Giast ac+bd= (b+d+ta-c)(b+d-a+c). Chung minh rang
ab +cd khong phai la sd nguyén t6” d4 dugc giai hét stc 4n tuong bang ... dinh
ly ham sé cos va dinh 1y Ptolémé. Dudi ddy, ta s& xét hai vi du ing dung ctia hinh
hoc trong s6 hoc voi hai phuong phap tiép can khac nhau.

Phuong phap thir nhit dwoc goi 1a phwong phap cat tuyén, st dung y tuong
ctia hinh hoc giai tich vao viéc nghién ciru cac diém nguyén va diém hiru ty trén
duong cong. Chinh huéng di nay d4 dan dén khai niém dudng cong elliptic, mot
trong nhitng vién gach co ban dit nén mong cho viéc chimg minh dinh 1y 16n
Fermat. O day, chung ta chi gidi han & mét vi du nho.

Vi du 1: Tim tat ca cac nghiém nguyén khac (0, 0, 0) ciia phwong trinh

X2 + 2y? = 37° (1)

Loi giai: Chia hay vé cua phuong trinh cho z%, ta dugc phuong trinh

(x/2)* + 2(ylz)* = 3
batu= x/z, v = y/z, ta dugc phuong trinh

u?+2v2=3 (2)
trong do u, v hitu ty. Bai toan quy vé vigc tim tat ca cac nghlem hiru ty cua (2)

Ta can tim tat ca cac diém hitu ty nam trén ‘duong cong (E): v’ +2v¥=3.Chiy
rang (1, 1) 1a mot diém hiru ty cua (E). Néu (uo, Vo) la mot diém hitu ty khac (1,
1) thi duong thang qua (1, 1) va (ug, Vo) € c6 h¢ s6 goc hiru ty. Mit khac, néu y=
K(x-1) + 1 1a duong thang qua (1, 1) v6i hé s6 goc k hitu ty thi, ap dung dinh Iy
Viet cho phuong trinh hoanh 6 giao diém, giao dlem thir hai cua duong thang
trén vai (C) cling c6 toa d6 hiru ty. Tinh toan truc tlep ta cO toa d6 cua diém nay la
C2k?-4k-1  -2k®—2k+1
Co2k?+1 T 2k%P41
Tir day ta ciing tim duoc nghiém tong quat cua (1). Vi du véi k=-1 ta duoc u =
5/3, v =1/3 vatacd nghiém (5, 1, 3) cua (1).

Phuong phap thtr hai 1a phuong phap diém nguyén, lu6i nguyén. Rét nhiéu
dinh ly sau sac ctia s6 hoc duge ching minh bang cach tinh s6 diém nguyén trong
mot mién. Chang han Luét thuan nghich binh phwong cho ky hiéu Legendre da
dugc chiing minh nhu vay. Dudi ddy, ching ta xét mot ng dung khac ciua phuong
phép ludi nguyén.

Vi du 2: B6 d& Minkowsky va dinh Iy Minkowsky



Dinh 1y Minkowsky 1a mét vi du rat thG vi vé ung dung cta hinh hoc trong ly
thuyét s6. Chung ta bat dau tir mot két qua rat don gian nhung hitu ich

Bé dé 7.1. Trén mdt phang cho hinh F ¢6 dién tich I6n hon 1. Khi d6 ton tai
hai diém A, B thuéc F, sao cho véc to AB ¢ toa do nguyén.
Chung minh: Ludi nguyén cit hinh G thanh cac mau nho. Chong cac mau nay lén
nhau, do tong dién tich ctia cic mau 16n hn 1, nén c6 it nhat 2 mau cé diém chung.
Goi A, B 1a hai diém nguyén thuy Gng v&i diém chung nay thi A, B 14 hai diém
can tim.

B dé 7.2. (B6 dé Minkowsky) Trén mdt phang cho hinh 16i F nhén goc toa

dé lam tam doi xieng va cé dién tich 1om hon 4. Khi dé né chira mét diém nguyén
khac géc toa do.
Chung minh: Xét phép vi tu tam O, ty s6 1/2 , bién F thanh G. Do G c6 dién tich
Ién hn 1 nén theo bd dé 1, ton tai hai diém A, B thudc G sao cho véc-to AB ¢6 toa
d6 nguyén. Goi A’ 1a diém d6i xtng v6i A qua O. Do hinh G dbi ximg qua gdc toa
d6 nén A’ thudoc G. Do G 16i nén trung diém M cua A’B thudc G. Goi N 1a diém
dbi xtng ctua O qua M thi N thudc F va ON = AB, suy ra N 1a diém nguyén khéc
O (dpcm).

Pinh Iy 7.3. (Pinh Iy Minkowsky) Cho a, b, c la cdc s6 nguyén, trong dé a
> 0vaac - b° = 1. Khi d6 phirong trinh ax? + 2bxy + cy® = 1 ¢6 nghiém nguyén.

Bai tap
7.1. Tim tit ca cac cdp (x, y) cac sb hitu ty dwong sao cho x* + 3y = 1.

7.2. Chung minh rang mot duong cong bac hai bat ky hodc khong chira diém hiru
ty nao, hodc chita vo sé diém hitu ty.

7.3. Hay tim vi du mot duong cong bac hai khong chira diém hiru ty nao.

7.4*. Chirng minh rang néu D 14 s6 nguyén khong chinh phuong thi phuong trinh
x? — Dy? = 1 ludn ¢6 nghiém nguyén duong.

7.5. Cho p, q la cac s6 nguyén duong nguyén té cing nhau. Bang cach dém cac
diém nguyén, hdy chirng minh cong thirc

[QHZ_q}___{(p—l)q} (P-D@-1
p p p 2

8. Phuong phap dai so0 (Phwong phap gien)
Néu tir mot nghiém cua phuong trinh d4 cho ta c6 quy tic dé xay dung ra
mot nghiém méi thi quy tac d6 chinh 1a gien. Phuong phap gien 1a phuong phap




dua vao gien dé tim tit ca cac nghiém cua phuong trinh da Cho to cac nghiém co
so. Pé tim cac nghiém co so, ta ap dung bude 1ui, tirc 1a quy tic nguoc cla quy tic
tién noi trén. Minh hoa t6t nhat cho ¥ tudng nay 1a phwong trinh Pell va phuong
trinh Markov. Ta bat dau bang phuong trinh Pell.

Phuong trinh Pell ¢ dién 1a phuong trinh dang, x> — Dy* = 1 trong d6 D 1a
s6 nguyén dwong khong chinh phuong. Néu D = k? thi tir phén tich (x — ky)(x +
ky) = 1 ta suy ra phuong trinh d& cho c6 cac nghiém nguyén duy nhat la (£1, 0).
Trong truong hop D bat ky thi (+1, 0) ciing 12 nghiém cua phuong trinh Pell. Ta
goi nghiém nay 1a nghiém tam thuwong.

V6i s6 nguyén duong D khong chinh phuong cho trude, dat S = { (x, y) €
(N")?| x* = Dy? = 1} la tap hop tit ca cac nghiém nguyén duong cia phuong trinh
Pell

x2—Dy*=1 (1).

Ta c6 dinh 1y quan trong sau
Dinh Iy 8.1. Néu D la s6 nguyén duong khéng chinh phwong th 'S = &, tire la
phirong trinh (1) ¢6 nghiém khéng tam thwong.

Chung minh dinh 1y nay kha phurc tap, dwa vao 1y thuyét lién phan sé hodc
phuong phap hinh hoc. Tuy nhién, vé mit Gng dung (trong cac bai toan phd
thong), dinh 1y nay 1a khong thyuc su can thiét vi voi D cho trudc, ta ¢ thé tim ra
mot nghiém nguyén duong cua (1) bang phuong phép thtr va sai. Ta bo qua dinh
ly ndy va chuyén sang dinh 1y mé ta tit ca cac nghiém cua (1) khi biét nghiém co
SO.

Véi (x, y), (x’, y°) € Stacdnéux>x’thiy>y’. Do dé co thé dinh nghia
(X, y) > (X’ y’) © x> x’. Véi thir tu ndy, S 1a mot tap sip thir tu tot. Goi (a, b) 1a
phan tir nho nhat cta S theo thir tu trén. Ta goi (a, b) 1a nghiém co sé cua (1).

Dinh Iy 8.2. Néu (a, b) la nghiém co sé cua (1) va (x, y) la mdt nghiém nguyén
dwong tity Y ciia (1) thi ton tai s6 nguyén dwong n sao cho x + y\/B =(a+
b~/D )" Va tir d6 moi nghiém ciia (1) déu cé thé tim duge béi cong thirc

_(a+bVD)" +(a-byD)" - (a+bvD)" —(a—-bvD)"

2 ’ 2JD @
Chutng minh: Nhan xét rang néu (x, y) 1a nghiém cua (1) thi
X’ = ax — Dby
y’ =ay - bx

cling 14 nghiém cua (1) (c6 thé khong nguyén duong)

Trude hét, do VD v tynénnéux +y+/D = (a+b+/D)"thix-yJ/D = (a
-b/D)" vatirdo x*—Dy? = (a+ b+/D)"@- b+/D)"= (a° - Db?)" = 1, suy ra (x,
y) la nghiém cua (1) va ta c6 cong thirc nhu trén.

Tiép theo, gia sir khong phai nghiém nao cua (1) cling c6 dang (2). Goi (x*,
y*) 1a nghiém nho nhét khong c6 dang (2) thi rd rang x* > a, y* > b.

Theo nhan xét: x’ = ax* - Dby*

y’ =ay* - bx* (3)
la nghiém cua (1)



D& dang kiém tra dugc rang 1) x* > x* > 0 va 2) y* >y’ > 0. Tur d6, do tinh
nho nhat ciia (x*, y*), ton tai n nguyén duong sao cho x’+y’+/D = (a+b/D)".
Giai hé (3) véi an 1a (x*, y*), ta duoc (chu y a° — Db? = 1) x* = ax’ + Dby’, y* =
ay’ +bx’. Tu do

x* + y*JD = ax’ + Dby’ + (ay’+bx’)¥D = (at+b/D)(x’+y’+D) =
(a+b \/B)n+1
mau thuan!.
Vay diéu gia sir 1 sai va (2) 1a tit ca cac nghiém cua (1).

Tiép theo, ta xét phuong trinh dang Pell, tirc 13 phuong trinh dang

x* - Dy’ =k (4)
trong d6 D khong chinh phuong va k ¢ {0, 1}.

Ta ¢ mot s6 nhan xét sau

+ Khéng phai vai cdp D, k nao phuong trinh (4) cling c6 nghiém. Vi du:
phuong trinh x* - 3y? = -1.

+ Néu phuong trinh (4) ¢4 nghiém nguyén duong thi né ¢ vo sé nghiém
nguyén duong. Ly do: néu (x, y) 1a nghiém cia (4) thi

X’ =ax + Dby

y’ =ay + bx
cling la nghiém cua (4), trong d6 (a, b) la nghiém co sd ctia phuong trinh.

Nhu thuong 18, ta dit S = { (x, y) € (N)?| x* = Dy? = k} va goi (a, b) 12 nghiém
co s cua phuong trinh Pell twong Gng x* — Dy? = 1. Nghiém (xo, Yo) thudc S dugc
goi 1a nghiém co s cia (4) néu khong t6n tai (x°, y°) € S sao cho

x =ax’ + Dby’

y=ay’ + bx’
Goi Sy la tap hop tat ca cac nghiém co so. Ta c¢6 dinh 1y quan trong sau:

Dinh Iy 8.3. Voi moi D, k ta co |Sy| < .
Chutng minh: Néu So = @ thi [So| = 0 < co. Tiép theo gia st Sq # &. Goi (x, y) 1a
Mot nghi€m co so nao do cua (4). Xét hé
ax’ + Dby’ = x
ay’ +bx’ =y
c6 nghiém x’ = ax — Dby, y’ = ay — bx. D& dang chirng minh dugc (x*)? — D(y’)? =
1. Vi (X, y) € Spnén theo dinh nghia (x’, y’) ¢ S. Piéu nay xay ra khi va chi khi
[x's 0 {ax < Dby {xz <—kDb? (5)
& 2=
y'<0 |ay<bx y? <kb*  (6)
Néu (5) xay ra thi ta c6 danh gia y® = (x*-k)/D < -k(Db?+1)/D
Néu (6) xay ra thi ta c6 x* = Dy? + k < Dkb® + D.
Trong ca hai truong hop, ta ¢o [Sy| < .




Cudi cung, cha ¥ rang tir mot nghiém (x y) bt ky cta (4) khong thude So, bang
cach di nguoc xudng bang cong thirc x’ = ax — Dby, y’ = ay — bx ta ludn c6 thé di
dén mot nghiém co so ciia (4). Nhu vay, v6i dinh 1y trén, phuong trinh dang Pell
d4 dugc giai quyét hoan toan. Duéi ddy ching ta xem xét mot vi du:

Vi du 8.1. Tim tit ca cac nghiém nguyén duong cia phuong trinh x* — 5y* = —4
(2).
Loi giai: Bang phép thir tudn ty, ta tim dwoc nghiém co so ciia phuong trinh X2 —
5y* = 1 1a (9, 4). Theo phép ching minh dinh 1y 8.3, nghiém co s cua (1) thoa
man

X <4547,y <(4542+4)5 =>x<17,y<9
Dung phép thir tuan ty, ta tim duoc hai nghiém co s¢ 1a (1, 1) va (11, 5). Tt hai
nghiém nay, bang cong thirc

X' =9x + 20y, y’ = 4x + 9y
ta tim duoc tat ca cac nghiém cua (1).

Vi phép giai phuong trinh dang Pell, trén thyc té ta da co thé giai tit ca cac
phuong trlnh Dlophant bac 2, tirc 1a phuong trinh dang

ax? +bxy+cy +dx+ey+f 0
Dua vao ly thuyét dudng cong bac 2, ta c6 thé dua phuong trinh trén vé mot trong
cac dang chinh sau

+ Dang ellip: ax?+by?=c(a, b, ¢ > 0) — c6 hitu han nghiém, giai bing
phuong phép thur va sai

+ Dang parabol: ax” + by + ¢ - giai bing ddng du bac 2

+ Dang hypebol: ax® - by? = ¢ - phuong trinh dang Pell
Ngoai ra con c6 cac dang suy biét nhu hai duong thang cit nhau, hai duong thang
song song, ellip 4o ... Dudi day, ta xét mot vi du ap dung:

Vi du 8.2: Tim tit ca cc cip sd nguyén duong (m, n) thdéa man phuong trinh
m(m+1) + n(n+1) = 3mn
Loi giai: Xét phuong trinh d& cho nhu phuong trinh bac 2 theo m
m? - (3n-1)m + n(n+1) = 0
Phuong trinh ndy ¢6 nghiém nguyén duong khi va chi khi A 1a s6 chinh phuong,
tuc la
(3n-1)2—4n(n+1) = y* & y? = 5(n-1)* = - 4
ta thu duogc phuong trinh dang Pell ma ta d4 biét cach giai.

Dic biét voi k = -1, phuong trinh x> — Dy” = -1 dwoc goi 1a phuong trinh Pell loai
2. Binh 1y dudi day cho chung ta di€u kién c¢6 nghiém cua phuong trinh nay.

Pinh Iy 8.4. Cho d 1a mét sé6 nguyén dwong khéng chinh phwong. Xét phirong trinh
2 2
X“—dy =-1 (1)



Goi (a, b) la nghiém nhé nhat ciia phwong trinh Pell lién két véi phirong trinh (1),
tire la phuong tinh x* —dy? = 1 (17).
Khi do phuong trinh (1) ¢6 nghiém khi va chi khi hé sau c6 nghiém nguyén duong
a=x*+ dy? )
b = 2xy.
Chung minh. Gia sir (Xo; Yo) l1a nghiém nguyén duong cta hé phuong trinh (2), vi
(a;b)la nghiém nguyén duong cta phuong trinh Pell lién két nén
a’—db’=1
Do vay, tu (2) ta ¢ (xo + dyg)* — d(2xoy0) =16 (X’ —dye?)’ =1 © x> —dyo’ =
1 hodic xo° — dyo® = -1. Néu xo° — dyo> = 1 thi (X, Yo) 12 nghiém nguyén duong cua
phuong trinh Pell lién két. Do (a, b) 12 nghiém nho nhat ctia (17) nén xo > a, Yo > b,
ma a = Xo° + dyg” => Xg = Xo° + dyo?, vO Iy!

Néu xo? — dyo? = - 1 thi (Xo; Yo) 12 nghiém nguyén duwong cta phuong trinh (1).

Dao lai: Gia sir phuong trinh (1) c6 nghi¢ém nguyén duong. Khi d6 goi (xo; Yo) 12
nghiém nguyén duong nho nhat cta (1). Ta s€ chirng minh (xo; Yo) chinh la
nghiém nguyén duong cia hé (2).

That vay, dat u = xo* + dyo?, V = 2UgVp thi u? — dv? = (x¢° + dyo?)? — d(2XeYo)? =
(Xo>-dyo?)® = 1 (Vi Xo? — dyo” = -1). Suy ra u, v 1a nghiém ciia phuong trinh (1°). Do
(a; b) 1a nghiém nguyén duong nho nhat ctia (1’)nénu >a, v > b.

Ta ching minhu=a, v=b.

Giasutrailaiu>a,v>b(viu>a < v>Dh).

Tacod 0<a-bd <(a—bd)(@a+bv/d)=a?—db? =1

Do do (a—b\/a)(xO + yoﬁ) <Xy + yO\/a < ax, —bdy, + (ay, —bxo)\/a <X, + yO\/H
Tou>a, v>bsuyra a+byvd <u+vy/d =(x, + y,/d)2.

Do vay

—(ax, —bdy,) + (ay, - bXO)\/E =(a+ b\/a)(_xo Yo Jd) < (X0 + Yo Jd)? (=%, + Yo Vd)
Hay

—(ax, —bdy,) + (ay, — bxo)\/a < (dyg - Xg)(xo + yo\/a) =Xo yo\/a'

bit s = axo — bdyy; t = ay, — bxo, ta co

s+t\/a<xO +y0\/a 3)

—s+td < Xy + yO\/a 4)
Ta thay
s?—dt’= (ax02 - bdyo)2 — d(ayo-bxo)
=a (Xo dYO ) + b?d(dyo’-Xo°)
= -a% + db’
=-1.
Vay s’ —dt? =-1, suyras=0 (vinéus=0thidt* = 1suyrad =1, vo ly).
Ta chung minh t > 0.

2



Tacot>0 < ayp > bxe < a%yy’ > b?X,? & (1+db?)ye? > b?(dye>-1) < yo? > -b?.
Bat dang thirc cudi cung dung do d6 t > 0.

Dos#0néns>0hoac-s>0.

Néu s > 0 thi (s; t) 1a nghiém nguyén dwong ctia phwong trinh (1). Ma (Xo; Vo) &
nghiém nguyén duong bé nhat ctia phuong trinh ndy nén s > o, t > yo suy ra
s+t/d > x, + y,4/d tréi voi (3). Truong hop —s > 0 thi (-s; t) la nghiém nguyén
duong ctia phuong trinh (1) va Iy luan tuong tu, ta di dén mot bat dang thirc mau
thuan voi (4).

Vau (u; v) = (a; b).

Nhén xét. Thuc té 1a ta & ching minh két qua sau : Néu (a ; b) 1a nghiém nho nhat
cta (1°) va (m, n) 12 nghiém nh6 nhit cia (1) thi a=m?+dn? b =2mn.

Mot diéu tha vi khac nira 1a phuong trinh dang Ax? - By” = 1 ciing c6 mdi lién
quan chit ché dén phuong trinh x* — Aby? = 1. Ta c6 két qua sau:

Dinh Iy 8.5. Cho phiong trinh AX> — By? = 1 @H) ’
Vi A va AB khong chinh phwong. Goi (a, b) 1a nghi¢m nho nhat cia phwong trinh
Pell két hop x* - ABy* =1 (2)

Gia sir phirong trinh (1) ¢6 nghiém va (xo; Yo) 1& nghiém nhé nhdt ciia né thi (xo;
Vo) 1& nghiém duy nhat ciia hé phwong trinh

a = Ax* + By?

b =2xy
Chimg minh. Gia st (xo; Yo) 12 nghiém nho nhat cua (1). Pat u = Axo’ + Byp?, v =
2X0y0 thi ta c6

U = ABV” = (AXo” + Byo®)” - AB(2XoYo)” = (AXo” - Byo?)* = 1.
Chung to (u; v) 14 nghiém cta phuong trinh (2). Ma (a; b) 12 nghiém nho nhat cua
phuong trinh nay nénu >a, v>b.
Ta chirng minhu=a,v=nh.
That vay, gia sirtrailai u>a;v>h.

a—bvAB < (a—bvAB)(a+bvAB)=a? - ABb? =1

= (a—bVAB)(VAX, +v/BY,) < (VAX, +/By,)

= (axo - BbYO)\/K+ (aYO - Abxo)\/E < (\/Kxo + \/g)/o)

Lai co
(a+b\/ﬁ) <(u +v\/ﬁ) = (\/Kxo +\/§y0)2
= (ax, — Bby,)v'A — (ay, — Abx,)v/B = (a+bv/AB)(AX, —+/BY,)
< (VAX, +4By,)* (VAX, —V/BY,) = (VAX, +/BY,)

Pit s = axq — Bbyj, t = ayy — Abx, thi cac bat dang thirc trén c6 thé viét lai thanh



svVA +t/B < xO\/K+ yO\/E 3)

sVA —t/B < xO\/K+ yO\/E (4)

Tiép theo, ta co (As? — Bt?) = A(axo — Bbyo)? — B(ay, — Abxo)?
= (a® - ABb)(Axy" - Byd) = 1.1 = 1.

Tathiy s > 0 vi

s>0 “axy > Bhby, ©a’xy’ > B?b%y,” < a’Xy” > Bb*(Axy>-1)
& (a%-ABb?)xy” > - Bb? < xo° > - Bb?.
Bat dang thire cudi cung ding, do d6 s > 0.
Tathly t # 0 vit = 0 & ay, = AbXy & a%y® = A%bxy® < (ABb*+1)y,” =
Ab%(By,?+1) ¢ yo? = Ab?. Diéu nay khong thé xay ra do A khong chinh phuong.
Néu t > 0 thi (s; t) 1a nghiém nguyén dwong ctia (1), ma (o ; Yo) la nghiém nho
nhét cta (1) s > Xg ; t > Yo, do vay

svA +t4/B > VAx, ++/By,, diéu nay mau thuan vai (3).
Tuong tu, voi t <0 thi (s ; -t) 1a nghiém nguyén dwong cua (1) va ta cling dan dén
mot bat dang thirc mau thuin véi (4).
Vay u=a, v="b hay (X ; Yo) la nghiém cua h¢ trén.

Vi du 8.3. (Vietnam TST 2009) Cho a, b 1a c4c sé nguyén duong khong chinh
phuong sao cho a.b cling khong chinh phuwong. Chtrng minh rang it nhat mot trong
hai phuong trinh

ax’ —by*=1 vaax’ - by’ = -1.
khong co nghiém nguyén duong.
Loi giai. Gia st ca hai phuong trinh

ax—by’=1 (1)
va

bx? —ay’ =1 (2)
c6 nghiém
Goi (m ; n) 1a nghiém nho nhét cua phuong trinh x* — aby? = 1, (x; y1) 1a nghiém
nho nhat ctia phuong trinh (1) va (X,, Y2) 1a nghiém nho nhét ciia phuong trinh (2).
Ap dung dinh 1y 8.5, ta c6

m = ax’ + by,

N =2X1y;
va

m = bx,? + ay,’

N = 2X5y>
Do ax;? = by,” + 1 va ay,” = bx,” — 1 nén tir dy ta suy ra

ax,” + bY12 = bx,” + aY22

&2by* +1=2bx,° - 1
& b(x™y,%) = 1.

Diéu nay khong thé xay ra do b > 1.

Phurong trinh Markov ¢é dién 1a phuong trinh dang



X1% + X2+ oot X2 = KXgXo. . X (1)
O day n va k 13 cac tham sd nguyén duong. Truong hop riéng khi n =k = 3 —
phuong trinh

X2+ y* + 7% = 3xyz (2)
dugc nghién ctru chi tiét trong bai bao ciia A.A Markov vé dang toan phuong
duong dang ¢ Bdo cdo VHL KH Lién X6 nam 1951; “dang Markov”, lién quan
chat ch& dén phuong trinh dang (2) duogc str dung trong 1y thuyét xap xi cac s6 vo
ty bang cac sd hiru ty.

Pau tién, ta cha ¥ dén mot tinh chat thd vi ctiia phuong trinh Markov. Néu phuong
trinh (1) c6 mot nghiém thi n6 s& c6 rt nhiéu nghiém va co the tao ra cac nghiém
d6 bang cach sau day. Ta s& coi mot bién, chang han x,, 12 “an s6”, con tat ca cac
bién khac nhu cac tham sd. Khi d6, vi phuong trinh

X2 = KXq.. . XnaX + X2+, + X2 = 0
la phuong trinh bac 2 theo x va cé nghiém x = x,, nén no co nghiém nguyén thu
hai X’, = u; theo dinh ly Viet ta ¢

U=KXpo. X1 = X = X+ X)X (3)
Chuy réng u < Xp khl va Ch1 khi

Xi T+t Xnt’ <X S 2 > KXp. Xg1  (4)
Qua trinh ndy cd thé thuc hién voi moi bién sb xj trong vai tro cua x,. Nhung chi
dbi voi mot bién - bién 16n nhat 13 c6 thé xay ra (4) va ta thu duoc nghiém méi (xy,
X2, ..., X’n) “nhod hon” nghiém cii (thtr tu theo tong cac bién); nhu vay, theo da s6
la cac nghiém tang 1én va ta c6 cay nghi¢m.

Tiép theo, trir nhitng treong hop dac biét, ta s€ gia su ré'mg X1 <x,<...8x,. Tasé
noi nghiém (x4, Xz, ..., X) 12 nghiém géc (nghiém co so), néu

X12+ . Xn-12 > an & 2Xn < le. . Xp1 (5)
(tir nghiém nay, tat ca cac nhanh cay di dén cac nghiém bén canh, déu ting)

Bé dé 8.4. Néu phwong trinh (1) c6 nghiém nguyén dwong thi nd c6 nghiém gac.

Bo dé 8.5. Néu n > 2, (X1, X2, ..., Xn) la nghiém géc, ngodai ra, x; <xp < ...<xp. Khi
do

Xy Yoz < 2(n-1)/K.
Ching minh:
l<2x1...xn_2xn_12 < KXq. . Xn2XnaXn = X2 oot X XoZ < 2(X 2.+ Xn1?) < 2(0-1)Xq
1

B dé 8.6. Néu x1 < xp < ...<xy 1& C&C 6 nguyén dwong bt ky thod man diéu kién
1< X2
<xPH .+ Xl thi tyso R = (x12+...+ an)/X1X2...Xn khong vwot qua (n+3)/2.



Pinh Iy 8.7. Néu phwong trinh (1) ¢6 nghiém va n #k, thi n > 2k —3khin>5van
>4k -6 khin =3, n=4.

Tu cac dinh ly va b6 dé trén, véi n cho trude, viée tim tt ca cac gia tri k sao cho
(1) ¢6 nghiém thyc hién duoc dé dang. Hon nita, phuong phap gien duoc sir dung
& trén c6 thé ap dung cho cic phuong trinh dang twong tu, vi du phuong trinh
(x+y+2)* = kxyz.

Cuoi cung 1a mot vi du khac vé ing dung ctia gien

Vi du 8 3: (Iran 2001) Gia st x, y, z 1a cac sd nguyén duong thoa man diéu klen
xy = z* + 1. Chirng minh ring tdn tai cac sb a, b, ¢ va d sao cho x =a’+ b% y=c?
+d? va z = ac+ bd.

Bai tap

8.1 (Ailen 1995) Tim tit ca cac sb nguyén a sao cho phuong trinh x* + axy + y* =
1 ¢6 v0 s6 nghiém nguyén phan biét x, y.

8.2. (Pai Loan 1998) Ton tai hay khong nghiém ctia phwong trinh
X*+y° + 22+ U% + v = xyzuv — 65
trong tap hop cac s6 nguyén 16n hon 1998?

8.3. (Viét Nam 1999) Cho hai day s6 (x,), (n=0, 1, 2, ...) va (y,), (n=0, 1, 2, ...)
duoc xac dinh

8.4. (Viét Nam 2002) Tim tat ca cac sd nguyén duong n sao cho phuong trinh
X+ Y+ z+t=ny/xyzt cd nghiém nguyén duong.

8.5. (Ba Lan 2002) Tim tat ca cac cip s6 nguyén duong x, y thoa min phuong
trinh (x+y)? — 2(xy)? = 1.

8.6. (My 2002) Tim tat ca cac cap sap thir ty cac sd nguyén duong (m, n) sao cho
mn — 1 chia hét m* + n.

8.7. (Viét Nam 2002, vong 2) Chimg minh rang ton tai s6 nguyén m > 2002 va m
s0 nguyén duong phan biét a,, ay, ..., a, Sa0 cho

ﬁ a’ - 4i a’
i=1 i=1

la s6 chinh phuong.



8.8. (Viét Nam 2002, vong 2) Tim tat ca cac da thirc p(x) voi hé s6 nguyén sao cho
da thirc

q(x) = (x*+6x+10)(p(x))* - 1
la binh phuong ciia mot da thirc v6i hé sé nguyén.

8.9. (THTT 6/181) Vi gia tri nguyén duwong nao cia p thi phwong trinh X2 + y? +
1 = pxy c6 nghiém nguyén duong?

8.10. (THTT 4/202) Cho ba $6 nguyén a, b, ¢; a> 0, ac - b = P1P2...Pm trong do
P1, P2y ---» Pm 12 CAC 56 nguyén td khac nhau. Goi M(n) 1a s6 céc cip s6 nguyén (x,
y) théa man

ax? + 2bxy + ¢y’ = n.

8.11. (Pé d& nghi IMO 95) Tim s nguyén duong n nho nhat sao cho 19n+1 va
95n+1 déu la cac so chinh phuong.

8.12. Tam giac voi canh 3, 4, 5 va tam giac vdi canh 13, 14, 15 ¢6 cac canh 1a cac
SO nguyén lién ti€p va co6 dién tich nguyén. Hay tim tat ca cac tam giac ¢ tinh chat
nhu vay.

8.13. Chiing minh rang néu ca 3n+1 va 4n+1 déu 1a cac sé chinh phuong thi n
chia het cho 56.

8.14*. Trong céac hang Cua tam giac Pascal, hdy tim hang c6 chira ba s6 hang lién
tiép lap thanh mot cap sb cong.

8.15. (My 1986) Tim s6 nguyen duong n > 1 nho nhit sao cho trung binh binh
phuong ciia n s6 nguyén duong dau tién 1a mot sd nguyén.

8.16. (IMO 88) Néu a, b, q = (a’+h?)/(ab+1) I cac s nguyén duong thi q la sb
chinh phuong.

8.17. (MOCP 03) Tim tt ca gia tri n sao cho phuong trinh (x+y+z)? = nxyz c6
nghiém nguyén duong.

8.18. (PTNK 03). Tim tit ca cac sb nguyén duong k sao cho phuong trinh X2 -
(k*-4)y* = - 24 c¢6 nghiém nguyén dwong.

8.19. Chung minh riang phuong trinh (k*4)x* - y* = 1 khéng c6 nghiém nguyén
Vo1 moi k>3.



8.20. (Mathlinks) Cho A 1a tap hop hitu han cac s6 nguyén duong. Chirmg minh
rang ton tai tap hop hiru han cac sé nguyén duong B sao cho A c Bva [lg X =
2 yeB X2.

8.21. (AMM 1995) Cho x, y la cac So nguyén duong sao cho xy +x vaxy +y la
cac s6 chinh phuong. Chirng minh rang c6 diing mot trong hai sd x, y 1a s6 chinh
phuong.
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