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1 General Properties

InversionW is a map of a plane or space without a fixed p@rdnto itself, determined by a circle
with centerO and radius, which takes poinA £ O to the pointA’ = W(A) on the rayOA such that
OA-OA’ =r2. From now on, unless noted otherwi¥é always denotes the image of objéctinder
a considered inversion.

Clearly, map¥ is continuous and inverse to itself, and maps the interidreaterior ofk to each
other, which is why it is called “inversion”. The next thinggwbserve is thah P’'OQ’ ~ AQOP for
all pointP,Q # O (for /P'OQ' = ZQOP andOP’/OQ’ = (r?/OP)/(r?/0Q) = OQ/OP), with the
ratio of similitudeﬁ. As a consequence, we have

r2

OP-0Q

What makes inversion attractive is the fact that it mapssliaed circles into lines and circles.
A line throughO (O excluded) obviously maps to itself. What if a lipedoes not contai®? Let
P be the projection 0D on p andQ € p an arbitrary point ofp. Angle ZOPQ = Z0Q'P’ is right,
so @ lies on circlek with diameterOP’. Therefore¥(p) = k and consequently¥(k) = p. Finally,
what is the image of a circlk not passing througld? We claim that it is also a circle; to show
this, we shall prove that inversion takes any four concymtimtsA, B,C, D to four concyclic points
A B',C',D'. The following angles are regarded as oriented. Let us shantA'C'B' = ZA'D'B'.
We have/A'C'B' = Z/0OC'B' — Z/OC'A' = ZOBC — ZOAC and analogously AD'B' = ZOBD —
Z0OAD, which implies/A'D'B' — ZA'C'B' = ZCBD — ZCAD = 0, as we claimed. To sum up:

/OQP =/0PQ and PQ = PQ.

e Aline throughO maps to itself.
e A circle throughO maps to a line not containing and vice-versa.

e A circle not passing throug® maps to a circle not passing through(not necessarily the
same).

Remark. Based on what we have seen, it can be noted that inversioerpessangles between curves,
in particular circles or lines. Maps having this propertg aalledconformal.

When should inversion be used? As always, the answer contleexperience and cannot be
put on a paper. Roughly speaking, inversion is useful inrdgsstg “inconvenient” circles and angles
on a picture. Thus, some pictures “cry” to be inverted:
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e There are many circles and lines through the same poihtvert throughA.

Problem 1 (IMO 2003, shortlist). Let '1,», 3,4 be distinct circles such that 1,3 are exter-
nally tangent at P, and I, I' 4 are externally tangent at the same point P. Supposethat 1 and IMp; '
andl3; Tzandl4; M4 and M1 meet at A,B,C, D, respectively, and that all these points are different
from P. Prove that

AB-BC  PB?
AD-DC  PD?’

Solution. Apply the inversion with center @& and radius; let X denote the image of. The circles
I1,M 2,3, 4 are transformed into lineB4,M», 3,74, wherel'; || T3 and T, || 4, and therefore
2 2

SO re r :
ABCD is a parallelogram. Further, we hat® = ——AB, PB= —, etc. The equality to be
PA-PB PB
proven becomes
PD? AB-BC PD?
PB2 AD-DC PB?’
which holds becaushB = CD andBC = DA. A
e There are many angle$AXB with fixed A, B. Invert throughA or B.

Problem 2 (IMO 1996, problem 2). Let P be a point inside AABC such that Z/APB — /C =
/APC — /B. Let D,E be the incenters of AAPB, AAPC respectively. Show that AP, BD, and
CE meet in a point.

Solution. Apply an inversion with center g and radius. Then the given condition becomes
/B'C'P=/CBP,ie..BP =PC.ButPB = AP’iBPB, SOAC/AB=PC/PB. A

Caution: Inversion may also bring new inconvenient circles and andlé course, keep in mind
that not all circles and angles are inconvenient.

2 Problems

1. Circlesky, ko, k3, k4 are such that, andk, each touclk; andkz. Show that the tangency points
are collinear or concyclic.

2. Prove that for any point&,B,C,D, AB-CD + BC- DA > AC- BD, and that equality holds if
and only ifA,B,C,D are on a circle or a line in this ordePtplemy’sinequality)

3. Letw be the semicircle with diamet®Q. A circle k is tangent internally too and to segment
PQ atC. Let AB be the tangent tk perpendicular t¢*Q, with A on w andB on segmen€Q.
Show thatAC bisects the angle PAB.

4. PointsA, B,C are given on a line in this order. Semicircl®sw, w, are drawn orAC, AB, BC
respectively as diameters on the same side of the line. Aesegof circlesk,) is constructed
as follows:kg is the circle determined by, andk, is tangent taw, w;,k,_1 for n> 1. Prove
that the distance from the centerl@fto AB is 2n times the radius d,.

5. Acircle with centeO passes through poingsandC and intersects the sidé® andBC of the
triangle ABC at pointsK andN, respectively. The circumscribed circles of the triangi8é€
andKBN intersect at two distinct poin andM. Prove thatt OMB = 90°. (IMO 1985-5.)

6. Let p be the semiperimeter of a triangh8C. PointsE andF are taken on linéAB such
thatCE = CF = p. Prove that the circumcircle ghkEFC is tangent to the excircle ok ABC
corresponding té\B.
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. Prove that the nine-point circle of triangd&C is tangent to the incircle and all three excircles.
(Feuerbach’stheorem)

. The incircle of a triangl&BC is tangent tBC,CA, AB at M, N andP, respectively. Show that
the circumcenter and incenter &fABC and the orthocenter adkMNP are collinear.

. PointsA, B,C are given in this order on a line. Semicircleand| are drawn on diameteAB
andBC respectively, on the same side of the line. A citdetangent tk, tol at pointT # C,
and to the perpendicularto AB throughC. Prove thafAT is tangent td.

LetA;A>A3 be a nonisosceles triangle with incentet.etG, i = 1, 2,3, be the smaller circle
throughl tangent toAjA; 1 andAAi; 2 (the addition of indices being mod 3). LBt i = 1,2, 3,

be the second point of intersection Gf ; andC;,». Prove that the circumcenters of the
trianglesA;B11,A2Bal , AgBsl are collinear. MO 1997 Shortlist)

If seven vertices of a hexahedron lie on a sphere, thenepttie eighth vertex.

A sphere with center on the plane of the fABE of a tetrahedroi®ABC passes through, B
andC, and meets the edg&#, SB,SC again atA;,B;,Cy, respectively. The planes through
A1,B;1,C; tangent to the sphere meet at a pdint Prove thatO is the circumcenter of the
tetrahedror8A,1B,1C;.

LetKL andKN be the tangents from a poiktto a circlek. PointM is arbitrarily taken on
the extension oKN pastN, andP is the second intersection pointlofvith the circumcircle
of triangle KLM. The pointQ is the foot of the perpendicular frol to ML. Prove that
/MPQ = 2/KML.

The incircleQ of the acute-angled trianghBC is tangent tBBC atK. Let AD be an altitude
of triangle ABC and letM be the midpoint oAD. If N is the other common point & and
KM, prove thaQ and the circumcircle of trianglBCN are tangent dil. (IMO 2002 Shortlist)

3 Solutions

1

. Letk; andks, ko andks, k3 andks, ks andk; touch atA B,C,D, respectively. An inversion
with centerA mapsk; andk; to parallel linesk; andk,, andks andk, to circlesk; andk)
tangent to each other @ and tangent t&, atB’ and tok), atD’. It is easy to see th&',C’,D’
are collinear. ThereforB,C, D lie on a circle througt\.

r2

CD = xrar

. Applying the inversion with centéxand radius givesAB = Ar—;,, C'D/, etc. The

required inequality reduces @D’ +B'C' > B'D'.

. Invert throughC. Semicirclew maps to the semicircley with diameter® @/, circlek to the

tangent tow' parallel toP’Q’, and lineAB to a circlel centered oP’Q’ which touchek (so
it is congruent to the circle determined by). Circle! intersectsw’ andP'Q in A’ andB’
respectively. HencE’A'B’ is an isosceles triangle withPAC = ZA'P'C = ZA'B'C = ZBAC.

. Under the inversion with centérand squared radiusB - AC pointsB andC exchange posi-

tions,w andw, are transformed to the lines perpendiculaB®atC andB, and the sequence
(kn) to the sequence of circlék],) inscribed in the region between the two lines. Obviously,
the distance from the center kif to AB is 2n times its radius. Since circle, is homothetic to

k!, with respect tdA, the statement immediately follows.

. Invert throughB. PointsA’,C’' M’ are collinear and so af¢’,N’,M’, whereast',C’,N’, K’

are on a circle. What does the cen@of circle ACNK map to?Inversion does not preserve
centers. Let By andB; be the feet of the tangents frdBrto circleACNK. Theirimage$; and
B, are the feet of the tangents frddrto circle AC'N’K’, and sinceD lies on the circleBB;By,
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its imageQ' lies on the lineB; B, - more precisely, it is at the midpoint &;B,. We observe
thatM’ is on the polar of poinB with respect to circléVC'N’K’, which is nothing but the line
B1B:. It follows thatZOBM = /BO'M’ = ZBO'B] = 90°.

. The inversion with cent&® and radiugp maps point&€ andF and the excircle to themselves,

and the circumcircle oACEF to line AB which is tangent to the excircle. The statement
follows from the fact that inversion preserves tangency.

. We shall show that the nine-point cirdeouches the incircl& and the excirclds acrossA.

Let A1, B1,C1 be the midpoints oBC,CA, AB, andP, Q the points of tangency dfandk, with

BC, respectively. Recall tha& P = A;Q; this implies that the inversion with centéf and
radiusA; P takesk andk, to themselves. This inversion also talkee® a line. Itis not difficult
to prove that this line is symmetric 8C with respect to the angle bisector4BAC, so it also
touchesk andks,.

. The incenter ofAABC and the orthocenter oA MNP lie on the Euler line of the triangle

ABC. The inversion with respect to the incircle ABC maps point#, B,C to the midpoints
of NP,PM,MN, so the circumcircle oABC maps to the nine-point circle dAMNP which is
also centered on the Euler line BINP. It follows that the center of circl&BC lies on the
same line.

. An inversion with centeF maps circle$ andl! to parallel lineg’ andl’, circlek and linen to

circlesk’ andn’ tangent td’ andl’ (whereT € '), and lineAB to circlea perpendicular td’
(because an inversion preserves angles) and passes ti8o0g4a |’; thusa' is the circle with
diameteB'C'. Circlesk’ andn’ are congruent and tangentitatB’ andC/’, and intersec#’ at

A andT respectively. It follows tha#/ andT are symmetric with respect to the perpendicular
bisector ofB'C’ and henc&'T || I, SOAT is tangent td.

The centers of three circles passing through the sanmé¢Ipaind not touching each other are
collinear if and only if they have another common point. Heitds enough to show that the
circlesAiB;jl have a common point other thdn Now apply inversion at centdrand with
an arbitrary power. We shall denote Ky the image ofX under this inversion. In our case,
the image of the circl€; is the IineB{HBi’Jr2 while the image of the ling 1A 2 is the
circle IA Al , that is tangent td{B; ,, andB/B;,,. These three circles have equal radii,
so their center®;, P, P; form a triangle also homothetic B/ B,B;. Consequently, points
ALLA,, A5, that are the reflections bfacross the sides & P,Ps, are vertices of a triangle also
homothetic toB}B,B5. It follows thatA] B, A,B,, A5BS are concurrent at some poidt i.e.,

that the circle®\B;jl all pass through.

LetAYBZ,AZCX,AXDY,WCXD,WDYB,WBZC be the faces of the hexahedron, whéres
the “eighth” vertex. Apply an inversion with centét. PointsB’,C’,D’, X’,Y’,Z’ lie on some
planer, and moreovelC’, X', D’; D’,Y’,B’; andB’,Z’,C’ are collinear in these orders. Since
Alis the intersection of the plan¥8Z,ZCX, XDY, pointA’ is the second intersection point of
the sphere®VY’'B'Z’,\WZ'C'X',\WX'D’Y’. Since the circle¥’'B'Z’,Z/C'X’, X'D’Y’ themselves
meet at a point on plang, this point must coincide witd'. ThusA’ € rand the statement
follows.

Apply the inversion with centeé® and squared radiu8A- SA; = SB- By = C- ;. Points

A andA4, B andB4, andC andC; map to each other, the sphere throlgB,C,A1,B1,C;
maps to itself, and the tangent plane®\atB1,C; go to the spheres throughandA, Sand

B, S andC which touch the spherABCA;B;C;. These three spheres are perpendicular to
the planeABC, so their centers lie on the pla#®C; hence they all pass through the point
S symmetric toS with respect to plané@BC. ThereforeS is the image of0. Now since
Z/SA10 = /SSA = /SSA = Z0OSA, we haveOS = OA; and analogousi®S= OB; = OC;.
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Apply the inversion with centdd. Line MN'’ is tangent to circlé’ with centerQ’, and a circle
throughM is tangent td( atL’ and meetdN’ again atk’. The lineK’L’ intersectk’ at P/,
andN’CQ’ intersectdViL’ atQ'. The task is to show thatMQ'P' = ZL'Q'P' = 2ZK'ML".

Let the common tangent &t intersectMN’ atY’. Since the peripheral angles on the chords
K'L" andL’P’ are equal (taZK’L’Y’), we haveZL'O'P' = 2/L'N'P' = 2/K’'ML’. It only
remains to show thdt’,P’, ', Q' are on a circle. This follows from the equalisO’'Q'L’ =

90° — ZL'MK’ = 90° — ZL'N'P' = ZO'P'L (the angles are regarded as oriented).

Letk be the circle througlB,C that is tangent to the circl® at pointN’. We must prove
thatK,M,N’ are collinear. Since the statement is trivial fs8 = AC, we may assume that
AC > AB. As usual,Rr,a,f,y denote the circumradius and the inradius and the angles of
AABC, respectively.

. . . 1 . .
We have taorBKM = DM/DK. Straightforward calculation givé8M = EAD = Rsingsiny

DC-DB KC-KB . . . . B-y . .
andDK = — > =Rsin( —y) — R(sinf —siny) :4R5|n[32 ysmgsm%,
So we obtain sinBsin cosE cosY

tan/BKM = v _=%2%
4sin%’sin%sin% sinﬁ—;y

A

To calculate the anglBKN’, we apply the in-
versiony with center atk and powerBK -

CK. For each objecK, we denote b)b? its

image undery. The incircleQ maps to a

B K Jc B oK I
.~ ~ . BK-CK A~ o L
line Q parallel toBC, at dlstanceT from BC. Thus the poinlN’ is the projection of the

midpointU of BC ontoQ. Hence

~ ~ UN BK -CK
tan/BKN' =tan/BKN' = — = ———— .
UK r(CK—-BK)

B

Again, one easily checks thKB - KC = bcsinz% andr = 4Rsin% : sinE -sin%, which im-
plies
, besir? &
tan/BKN' = ——=
r(b—c)

AR?sinBsinysir’ & B cos® cos

4Rsin%sin%sin%’-2R(sinB —siny) sinﬁ—gy

HenceZBKM = ZBKN’, which implies thak,M, N’ are indeed collinear; thud’ = N.



