Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

ILNOI DUNG

Dé chitng minh A >B trong mot so trudng hop ta c6 thé nghi dén phuong phap
sau:“Tim C sau d6 chimg minh A >C va C>B ”.Nhung vin dé quan trong 1a
tim C.Dé tim C nhiéu khi ta phai md mim,du do 4n,dua vao mot phuong phap
cii da biét,...Trong bai viét nay Toi s€ dua ra mot kinh ngiém tim C dua vao
mot phuong phap cii da biét.

Sau khi chitng minh duoc mot bat dang thifc ta nén thit xem liéu c6 thé xay
dung duoc mot so bat ding thitc khéc tir bat dang thitc d6 hay khong hodc dua
vao 101 giai do ta c6 thé xay dung céc bat dang thic khac hay khong ?Sau day
t6i mudn minh hoa nhiing van dé trén.

Trudc hét ta chitng minh céc bo dé sau:

Bodél.«r rong 3 s0 bdt ky x,,x,,x; luon ton tai hai s6 x,x; (i va j thuéc

tap {1,2,3}) sao cho: % =8 hodc =a (a la s thuc bdt ky)
P 5s Tlxza T |x <a ' Y
Chitng minh:Khong mat tinh tong quat ta c6 thé gia sir x | <x, <X,
Néu x, <athi x, <avax, <a,a c6 di€u phai chiing minh.
Néu x,>a thi x, >a va x; >a ,ta cé diéu phai ching minh.

G T . 2 <
Bo deé 2. « Néu {X a hodc {X % thi xy>a(x+y)-a’ ”.
y>a y<a

Ching minh:Tir gi thiét ta cé: (x -a)(y-a)>0 hay xy>a(x+y)-a> (dpcm)
Van dung hai b6 dé nay dé chitng minh mét s6 bat dang
thiac(Cac vi du)

/
Vl du 1 .Cho x,y,z 1a céc s6 thuc duong .Chiing minh rang ta luon c6
bat dang thic: xyz+2(x*+y*+z)+8 > 5(x+y+z).Dang thiic xay ra khi ndo.
(Bai I-3 ciia chuyén muc Chao IMO 2007 dot 1 ctia Tap chi Todn hoc va tuéi
tré so 357 thang 3 nam 2007)
Chiing minh:
Theo bd dé 1 va vai trd x,y,z trong bai todn binh dang nén khong mat tinh

2 , PP TS b &> R b &9 R 2 aa ‘
tong quat ta co the gia su hoac 1.Kh1 do theo Bo dé 2 ta co

y=21 y<
Xy>x+y-1 = xyz>xz+yz-z (vi z>0 )
= Xyz4+2(X*+y*+z7)+8 > Xz+yz-z+2 (X *+y +2)+8 (1)
Ta s& chitng minh: Xz+yz-z+2(x*+y*+z°)+8 > 5(x+y+z) (2)
That vay:

(2) & (y+2-2)*+(x+2-2)*+3(x-1)*+3(y-1)*+2(z-1)* >0 ,duing.
T (1) va (2) suy ra: xyz+2(x *+y*+z°)+8 > 5(x+y+z) (Diéu phai chiing minh)
Dang thic trong trudng hgp nay xay ra khi x=y=z=1.
Vay dang thitc xdy ra khi x=y=z=1
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Nhan xé€t.Ta c6 thé chiing minh (2) nho dinh 1f vé ddu ciia tam thitc bac hai
nhu sau:
(2) & 272 +(x+y-6)z+2x*+2y>-5x-5y+8 >0 3)
Xem V€ trai ctia (3) 1a tam thitc bac hai 4n z ¢6 a=2>0 va
A =(x+y-6)*-8(2x*+2y*-5x-5y+8)
A =-15x* +2(y+14)x-15y*+28y-28
Xem A, la tam thifc bac hai 4n x ¢6 a=-15<0 va
A, =(y+14)*(-15)(-15y*+28y-28)
=-224(y-1)* <0,v6i moi y
Do dé A, <0,v61i moi X,y
Vay (3) ding v6i moi x,y,z (dpcm)
Nhan xét 1. Trong vi du trén A= xyz+2(x’+y*+2°)+8;  B=5(x+y+z);
C= xz+yz-z4+2(X° +y*+22)+8
Nh%flll X6t 2.Sau khi giai duoc bai todn trén Toi thit xem liéu cé thé tim C
doi vdi bai todn sau (vi du 2) bang cdch tuong tw nhu vi du 1 dugc khong?

/
Vi du 2. Cho X,y,z 1a cdc s6 thuc khong am.Chiing minh ring ta luon
c6 bat dang thic: 5(x*+y*+z°)+3xyz+9 > 9(xy+yz+zx)
Chitng minh:
Theo b6 dé 1 va vai trd x,y,z trong bai todn binh dang nén khong mat tinh

Y z z A2 9 X2 1 = X< 1 . 7 2 N z
tong qudt ta co thé gia su y>1 hoac .Khi d6 theo Bo dé 2 ta c6

y<1
Xy>x+y-1 = 3xyz>3xz+3yz-3z (vi z >0 )
= 5(xX*+y*+2°)+3xyz+9 > 5(x*+y’*+2°)+3x2+3yz-32+9 (1)
Ta s& ching minh: 5(x*+y*+2°)+3xz+3yz-3z+9 >9(xy+yz+zx) (2)
That vay:

(2) = 5(x*+y*+2°)+9 >9xy+6yz+62x+32
Ma theo bt dang thitc Co si ta c6:

3z=33Y7.11 < 2+1+1 (3)
3xz=33x2.21 < xX’+2°+1 =6xz < 2x+27°+2 4)
3yz=33/y’.Z°.1 < y’+7’+1 = 6yz < 2y°+27°+2 (5)
3xy=33/x°.y*1 < x*+y+1 =9xy < 3x’+3y°+3 (6)

Cong theo V€ céc bt dang thiic cling chiéu (3),(4),(5) va (6) ta c6
5(x*+y*+2°)+9 >9xy+6yz+6zx+3z.

T (1) va (2) suy ra  5(x*+y*+2°)+3xyz+9 > 9(xy+yz+zx)(Diéu phai chiing
minh)

Nhan xét 2.1.Tir hai vi du trén toi dinh huéng dé xay dung cdc bat ding
thitc méi nhu sau:
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Hu’(’mg 2.1. Tir vi du 2 ta c¢6 “Néu x,y,z la cac so thuc khong am va vai
trd x,y,z binh ding khong mat tinh tdng quét ta c6 thé gi sir :

Xy>x+y-1 = xyz>xz+yz-z (vi z >0 )”

Do d6 xyz+m(x*+y*+z%) > xz+yz-z+ m(x*+y*+z°).Tir d6 ta s€ c6 bat dang thiic
dang“Neéu x,y,z la cac s6 thuc khong am  thi
xyz+m(x*+y*+z3)+p>n(x+y+z).Dang thitc xay ra khi x=y=z=1"khi ta chon
duoc m,n,p sao cho bat dang thitc: xz+yz-z+ m(x*+y*+z>)+p>n(x+y+z) (¥)
ding v6i moi x,y,z.Dang thitc xay ra khi x=y=z=1.

Sau day 12 cdch chon m,n,p sao cho (*) ding v6i moi x,y,z va dang thitc xay ra
khi x=y=z=1.

Ta c6: (*) < mz*+(x+y-n-1)z+mx*+my?*-nx-ny+p >0

Dua vao dinh 1i vé ddu ctia tam thiic bac hai ta chon m,n,p sao cho

m> 0 m> 0
—%‘”‘1 _1khix=y=le< | n=2m+1
m
A,<0,Vx,yeR A,<0,VX,yeR

Trong d6 A =(x+y-n-1)*-4m(mx*+my?*-nx-ny+p)
Thay n=2m+1 vao A, varut gon,ta co
A =(1-4m?)x* +2(y+4m>-2)x+(1-4m?)y*+4(2m*-1)y+4(m+1)*-4mp
Suy ra
A, <0
& (1-4m?)x? +2(y+4m?-2)x+(1-4m?)y*+4(2m*-1)y+4(m+1)*-4mp <0 (**)
Ta cin chon m,p sao cho (**) ding v6i moi x,y va dang thifc xdy ra khi
x=y=1.Dua vao dinh Ii vé dau cta tam thic bac hai ta chon m,p thod man

1-4m? <2 0 ,
_2(y+4m2—2) 1 khiy=l o { 1-4m’ <0
2(1-4m°) A, <0,VyeR
A, <0 VyeR
trong d6 A, =(y+4m?*-2)*(1-4m?)[ (1-4m?)y*+4(2m>-1)y+4(m+1)*-4mp]
A, <0

< 2m*(1-2m?)y*4m?*(1-2m?)y+(2m?-1)%-(1-4m?)(m*+2m+1-mp) <O(***)
Ta can chon m,p sao cho (***) dlng véi moi y va dang thitc xay ra khi y=1.
Dua vao dinh 1i vé ddu ctia tam thiic bac hai ta chon m,p thoa méan
2m°(1-2m*) < 0

4P (1- 2n?) {1— 2m? < 0

AP _ondy LS

4m°(1-2m°) A, =0

A, =0

trong d6 A, =[2m*(1-2m?)]*-2m*(1-2m*)[(2m>-1)*-(1-4m?)(m*+2m+1-mp)]
=2m3(1-2m?)(1-4m>)(3m+2-p)
Suy ra:Néu 1-2m°<0 thi A, =0« p=3m+2
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Do d6 (*) dung véi moi x,y,z néu m,n,p thoa man

m>0 \/E

n=2m+1 m> )

1-4n? <0 < {n=2m+1

1-2nm’ <0 p=3m+2

p=3m+2

Do d6 ta c6 bat dang thitc “Néu x,y,z la ba s6 thuc khong am thi
xyz+m(x*+y*+z*)+3m+2 > (2m+1)(x+y+z).Déang thitc xay ra khi

x=y=z=1.Trong d6 m la s thuc cho trudc va m>g ”

Nhan xét 2.1.1. Khi ng thi bat dang thic “Néu x,y,z 1a cdc s6 thuc khong

am xyz+m(x’+y*+z>)+3m+2 > (2m+1)(x+y+z)” vin diing.
Vay ta c6 bat dang thitc: “Néu x,y,z 1a ba s6 thuc khong am thi
xyz+m(x*+y*+z%)+3m+2 > (2m+1)(x+y+z) (1.1)

trong dé m la sé6 thuc cho truée va m> g ”

Hll’(/l’llg 2.2.Ch()n m,n,p dé c6 bat dang thitc “Néu x,y,z 1a cc so thuc
khong am thi  xyz+m(x*+y*+z°)+p>n(xy+yz+zx) .Dang thitc xdy ra khi
x=y=z=1.”

Tir huéng 2.1 néu x,y,z 1a céc s6 thuc khong am va vai tro x,y,z binh dang
khong mat tinh téng quat ta c6 thé gia sir: Xxyz >xz+yz-z

Suy ra : xyz+m(x*+y*+z%) > xz+yz-z+ m(x*+y*+7°).

Ta s& chon m,n,p sao cho bat déng thic:

XzZ+yz-z+ m(x*+y*+z%)+p>n(xy+yz+zx)(*) ding v6i moi x,y,z. Dang thic xay
ra khi x=y=z=1.

Ta chon m,n,p (bang cach lam tuong tu huéng 2.1) nhu sau:

Ta c6: (*) = mz’+[(1-n)x+(1-n)y-1]z+mx’*+my*-nxy+p=>0

Chon m,n,p sao cho

m>0 m>0
_(1—n)x+(1—n)y—1zlkhi x=y=1 m:2n—1
2m 2
A,<0,Vx,yeR A,<0,¥X,yeR
Trong d6 A =[(1-n)x+(1-n)y-1]*-4m(mx’*+my*-nxy+p)

Thay m= 2n

A =n(2-3n)x* +2[(3n*-3n+1)y+n-1]x+n(2-3n)y*2(1-n)y+1-2(2n-1)p
Chon n,p thoa man:

vao A, varit gon,ta co
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

n(2-3n)<0
_ 2 _ - ) n(2-3n)<0
_—2(3n° =3n+1)y+n 1]=1kh1y=1<:> .( ) <
2n(2-3n) A, £0,VyeR
A'XSO,VyeR

trong d6 A, =[(3n*-3n+1)y+n-1]*n(2-3n)[n(2-3n)y*-2(1-n)y+1-2(2n-1)p]
=(1-n)(6n*-5n+1)y-2(1-n)(6n*-5n+1)y+4n*-4n+1+2n(2-3n)(2n-1)p
Chon n,p thoa man
(1-n)(6n* —5n+1) <0
_ —2(1-n)(6n*-5n+1) 1 o (1-n)(6n*-5n+1) <0
2(l-n)(6n? -5n+1) A, =0
A, =0
trong d6 A, =[(1-n)(6n*-5n+1)]*-(1-n)(6n*-5n+1)[4n*-4n+1+2n(2-3n)(2n-1)p]
=n(1-n)(2-3n)(2n-1)(6n-5n+1)(1-2p)

2N =150.n(2-3n)<0,(1-n)(6n%5n+1)<0 thi A, =0 p=%

Suy ra:Néu m=

Do d6 (*) ding v6i moi x,y,z néu m,n,p thoa man

m>0
2n-1
m=

2 n>1
n(2-3n)<0 o lm=2n-1

(1-n)(6n? —5n+1) <0 2
_1 p=2
p=> 2

Do d6 ta c6 bat dang thiic:

“Néu x,y,z la ba s6 thuc khong am thi

xyz+2nT_1 (x2+y2+zz)+% >n(xy+yz+zx).Dang thifc xdy ra khi x=y=z=1.Trong
dd n 1a so thuc cho truée va n>1"

Nhan xét 2.2.2.Khi n=1 thi bat dang thitc

“Néu x,y,z la ba s6 thuc khong am thi

Xyz+ ZnT—l (X2+y2+Z2)+% >n(xy+yz+zx) ~ van ding.

Vay ta c6 bat dang thifc:

“Néu x,y,z la ba s6 thuc khong am thi

2xyz+(2n-1) (xX*+y*+2%)+1>2n(Xy+yz+zx) (2.1).
Trong dé n la so thuc cho truée va n>1”

Huong 2.3.7u (1.1) va (2.1) (Nhan hai vé ctia (1.1) v6i p(p=> 0) ,nhan hai
vé€ clia (2.1) v6i q(q > 0) rdi cong theo vé& hai bt dang thitc cling chiéu vira thu
dugc) suy ra bat dang thic:

“Néu x,y,z la ba s6 thuc khong am thi
(p+2q)xyz+(mp+2nq-q)(x*+y*+z>)+3mp+2p+q
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

>(2mp+p)(x+y+z)+2nq(Xy+yz+zx),trong do m > % ,n>1,p>0q>0"(3.1)

Nhan xét 2.3.1. Ta c¢6 bat dang thic“Néu t 13 s6 thuc duwong thi t* +o -1>a t,
trong d6 o 12 s6 thuc vd a >1.Dang thic xay ra khi t=1".
Chiing minh:Xét ham s6 f(t)=t* —at +o -1 ,V6i te (0;+0)
f()=at*? - =a (t** 1)
fO=0at*'-)=0t"'-1=0t=1
Bang bién thién
1 + oo
0 +

~,

Tt bang bién thién suy ra: f(t) >0 v&i moi te (0;+x)

Hay t* +a -1>a t,v61 moi te (0;+o0)

Ding thitc xay ra khi t=1(Diéu phai chitng minh).

Ap dung bét ding thic nay ta c6:Néu x,y,z 12 cdc s6 thuc duong bat ky thi

X* + o -1>0 x?

y*+ o -1>0y?

7%+ o -1>a z%trong d6 o 12 s6 thuc va o >1

X* +y* +z2* +30 -3
(04

T
Fi)
£ty

NN,

Suy ra: x*+y*+z* < , trong d6 o 1a s6 thuc va o >1  (*)

Tur (3.1) va (*) suy ra

“Néu x,y,z la ba s6 thuc duong thi
o (p+2q)xyz+(mp+2nq-q) (x** +y2* +2*% )+2a (3mp+3nq+p-q)-

3(mp+2nq-q)> o 2mp+p)(x+y+z)+2 o nq(Xy+yz+zx),trong do m > g ;n>1,
p>0,g=0,0 >1.” 3.2)
Nhan xét 2.3.2.Dic biét hoa 3.1,chiang han chon m=p=q=1,n= g ta co bat
dang thic: “Néu x,y,z 1a ba s6 thuc khong am thi

XYZAXCHY 242242 > X+ Y+ 2+ XY +Y 242X

Nhan xét 2.3.3.Dic biét hoa 3.2,chang han chon m=n=p=1,q=0, o =2 ta c6 bat

dang thic:
“Néu x,y,z 1a ba s6 thuc duong thi 2xyz+x*+y*+z*+13>6(x+y+z)”

Huong 2.4.
2.4.1.Tuong tu trén néu x,y,z l1a cac s6 thuc khong am va vai tro x,y,z binh
dang khong mat tinh téng quét ta c6 thé gid st
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XYZ> XZHYZ-Z < XyZA+XY+Z > Xy+yZ+7X
Ma theo bt dang thitc Cosi ta c6:

x*+1224x2.1=2x(Vi x >0)
2,2 22 _
y+z° >2.y*z° =2yz (Viy,z >0)

Suy ra
4 Xy < 22+1+x2+y2_x2+y2+22+1
Y= 2 2
2 2 2
Do d6 Xyz+%+z+lz XYZAXY+Z

Vay ta c6 bat dang thitc: “Néu x,y,z 1a ba so6 thuc khong am thi

2xyz+ X*+y*+22+1>2(xy+yz+zx).Dang thirc xay ra khi x=y=z=1"
2.4.2.Tuong tu trén néu X,y,z,t la cac s6 thuc khong am va vai tro clia x,y,z,t
binh dang thi ta c6 thé gia st

Xy>x+y-1 = xyzt>xzt+yzt-zt (Vi zt> 0)

= XYZt+zt +XyzZ+Xyt > XZt+yzt+xXyz+xyt

Ma theo bat dang thitc Co si ta c6

2+8+12 337 =3u

X+y*+2°>33/x°y*Z =3xyz

xX*+y*+ >33yt =3xyt

Suy ra
3, 43 3 3, .3 3 3 .3 3 s 3 .3
2t +xyz+xyt< 2 UL XAy HZ XAy AU 20Xy +Z7+0) 4]
3 3 3
20+ Y+ 22 +t%) +1

Do dé: xyzt + > XyzZt+7t+Xyz+xyt

3

Vay ta c6 bat dang thitc
“Néu x,y,z,t 1a cac s6 thuc khong am thi
Ixyzt+2(x*+y*+22+t%)+1 > 3(xzt+yzt+xyz+xyt).Dang thirc xay ra khi
x=y=z=t=1”"
2.4.3.Bing céch 1am twong tu ta ¢6 bat dang thiic

“Néu X,Xy...X, la cac s6 thuc khong am thi

m-D]Tx +0-2)> ¥ +12(n-1)> % ;necN,n>3” 4.1)

i=1 i=1

j=li=li#]j

(Trong do [ [x =XXseeXps [ X =XpeeeXjiXj1ee Xy )
i=1 i=Liz]
Hu’(’mg 2.5. Tuong tu trén néu x,y,z la cac so thuc khong am va vai tro
X,y,z binh dang khong mat tinh tong quat ta c6 thé gia st
Xy 2X+y-1 = XyZ>X72+yZ-Z = XyZ+Z+XY >XZ+yZ +Xy
= (xyz)™+z(xyz)"'+xy(xyz)"' > (xyz)"'(xy+yz+zx),ne N*
Ma theo bat dang thitc Co si ta c6
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

XM x4y y 4y R 2 2 a2 ]
g ~ J ~ NG ~ /
n-1 s6 hang n-1 s6 hang n s6 hang

>(3n-1) 3n,\]//(X3n—1)n—l(yan—l)n—l(z3n—l)n =(31’1-1)Z(Xy2)n_1
X3n—]+X3n—l+.“+X3n-l +X3n—1+y3n—l+“.+y3n—l +Z3n—]+Z3n—l+“.+Z3n—l
- ~ J ~— A NG ~ J

n s hang n s hang n-1 s6 hang

>(3n-1) #YOM)" (v )" (2" )™ =(3n-Dxy(xy2)"!
Suy ra
z(xyz)" ' +xy(xyz)""

_ (n-1) X"t (n=1)y" 4+ nZ" T+ 1, 4y + (n-1) 2"
B 3n-1 3n-1
C@n-DC T+ Y 2 41

3n-1
@n-D0 + Yyt 1 2 41

Do dé6: (xyz)"+ > (xyz)"+z(xyz)" +xy(xyz)™!

3n-1
Vay ta c6 bat dang thic
“Néu x,y,z la cac s6 thuec khong am thi
(3n-1)(xyz)"+(2n-1)(x*™'+y**1+2°"1) +1>(3n-1)(xyz)"'(xy+yz+zx).Dang
thirc xay ra khi x=y=z=1(Trong d6 neN") ” (5.1)
Nhan xét 3.7u hai vi du trén,T6i van dung phwong phdp dé dé gidi cdc bai
toan sau (cdc vidu )

Vl du 3 «Cho x,y,z la cic s6 thuc khong am thoa man x+y+z=1.Ching

minh ring: 4(xy+yz+zx) < 1+9xyz.Dang thic xay ra khi nao.
Chiing minh
Theo bé dé 1 va vai tro x,y,z trong bai toan binh dang nén khong mat tinh

1 1
X2 X< —
tong quat ta c6 thé gia sir :f hoic :f Khi dé theo Bo dé 2 ta c6:
yz—- ys—
3 3
Oxy>3x+3y-1 = 9xyz>3xz+3yz-z (vi z >0 )
= [49xyz> 143x7+3yz-2 (1)
Ta s€ ching minh: 1+3xz4+3yz-z > 4(Xy+yz+zx) (2)

That vay:
2) o 1> z+z(x+y)+4xy
< 1> z4+z(1-2)+4xy (Vi x+y+z=1)
o (1-z)*> 4xy
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

& (x+y)*> 4xy (Vi x+y+z=1)
< (x-y)*> 0, diing.
Tu (1) va (2) suy ra 4(xy+yz+zx) < 1+9xyz (Diéu phai chiing minh)

Trong trudng hop nay dang thic xay ra khi x=y=z= % hoac x=y=% ,z=0
Do d6 déng thiic xiy ra khi x=y=z= % hoac X=y=% 2=0 hoiic x=7= % y=0

hoac z=y=% ,x=0.

Nhan xét 3.1.
3.1.1.Trong vi du 3 thay x,y.z lan luot bdi EE E (k 12 s6 thuc duong),ta c6

bat dang thic:“Néu a,b,c 12 c4c s6 thuc khong am thoa man a+b+c=k thi
4k(ab+bc+ca) <k’ + 9abc,trong d6 k 1a s6 thuc duong”

3.1.2.Dua vao Vi du 3 ta c6 thé chitng minh bat dang thc :

“Néu a,b,c 1a cac so thuc khong am thi (a+b-c)(b+c-a)(c+a-b)< abc (1)” nhu
sau:Dé thay (1) ding khi a=b=c=0.

Né&u mot trong ba s6 a,b,c duong thi a+b+c=k > 0

bat a=kx,b=ky,c=kz,ta c6 x,y,z la cac s6 thuc khong 4m thoa man x+y+z=1
va (1) tré thanh  (kx+ky-kz)(ky+kz-kx)(kz+kx-ky) <kxkykz

& (x4y-z2)(y+z-X)(z+x-y) <xyz (Vi k>0)

< (1-2z)(1-2x)(1-2y) <xyz (Vi x+y+z=1)

< 4(xy+yz+zx) < 149xyz,dung (theo vi du 3)

Vay (1) ding (di€u phai chiing minh)

3.1.3.Li do toi dang vi du 3 dé ching minh (1) 1a :trong cdc tai liéu thi ngudi
ta thudng dung (1) dé chitng minh vi du 3.

Nhan xét 3.2.Tir vi du 3 két hop véi bét dang thiic C6 si ta c6 thé tim gid
tri 16n nhat,gia tri nho nhét ciia céc biéu thitc

A=mxyz+xy+yz+zX, v6i X,y,z la cac sO thuc khong am thdéa man x+y+z=1(m
1a s6 thuc cho trudc) nhu sau:

a.Theo vi du 3 ta co6:
9 1
Xy+yZ+zX-—XyzZ < =
yty 2 VL=

Suy ra
A= xy+ z+zx-gx z+(m+g)x z <£+(m+g)x zZ
yty 4 y 4 y =2 4 y

3
x+y+zj _1.m

2 Bl W

. 9 9 9 9
Néum+~=>0 hay m>-= thi (m+~= <(m+=
4 4 y 4 ( 4)XyZ ( 4)( 12 27

m24;9 Ding thitc xay ra chang han khi X=y=z=%

Do do A<
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Néu m+%<0 hay m<-% thi (m+ % )xyz < 0

Do d6 A< % Pang thirc xay ra chang han khi x=y= % ,z=0.

b.Theo bat dang thic Co si ta cé

XY+YZ+zX=(X+y+Z)(Xy+yz+2X) > 33/xyz 33/xyyzzx =9xyz

= Xy+Yyz+2X—9xyz> 0

Suy ra

A=xy+yz+7x-9xyz+(m+9)xyz>(m+9)xyz (Vi xy + yz+ zx—9xyz > 0)
Néu m+9>0 hay m>-9 thi (m+9)xyz > 0

Do d6 A>0.Pang thitc xay ra chang han khi x=y=0,z=1.
_m+9
o7

3
Néu m+9<0 hay m<-9 thi (m+9)xyz> (m-+9) [” s Zj

m+
27

Do d6 A>

K&t luan:

9 Pang thic xay ra ching han khi x=y=z= %

Néu m<-9 thi gia tri I6n nhit ctia A 1a % , gid tri nho nhit chia A 1a m+9.

Néu -9 sm<-% thi gid trj 16n nhét cla A Ia % , id tri nhé nhét chia A 12 0
A 9 N .z . e A 9 . M+ 9 <, . 2 A 9 N
Néu m> 2 thi gia tri I6n nhat cua A la 7 gid trinho nhatcua Ala 0
Tir d6 ta c6 bat dang thitc:

“Néu x,y,z la cac so thuc khong am thoa man x+y+z=1 thi
m+9

a) < MXYZ+XY+YZ+ZX < % (Trong d6 m la so thuc cho truée va m<-9)

b) 0 <mMXyzZ+Xy+yz+zX < % (Trong d6 m la so thuc cho truée va -9<m<-— %)

¢)0 <MXYZ+Xy+yZ+ZX < m24;9 (Trong d6 m la so thuc cho truée va m> —% )”
Nhan xét 3.3.Néu x+y+z=1 thi

X4y +z? = (x+y+2z) - 2(Xy+yz+zx) =1-2(Xy+yz+2zX) (1)
X4y +2°-3xyz = (x+y+z)( X +y*+z%- Xy+yz+zx) = 1-3(Xy+yz+2x)

Do d6 x*+y*+z° = 1-3(xy+yz+zx)+3xyz (2)

Twr (1) va (2) suy ra:

m(xX’*+y*+2°)+n(x*+y*+z)+p(Xy+yz+zx) +qxyz

=m[1-3(xy+yz+zx)+3xyz] +n[1-2(xy+yz+zx) |+p (Xy+yz+zX)+qxyz
=(3m+q)xyz+(p-3m-2n)(xy+yz+zx)+m+n (3)
Nhan xét 3.4.Ap dung nhan xét 3.2 va nhan xét 3.3 ta c6 thé xay dung
céc bt dang thic bing cich sau:
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

3.4.1.Trong nhan xét 3.2 cho m=-2 ta c6 bét dang thic
“Néu x,y,z la cac so thuc khong am thod man x+y+z=1 thi

0< xy+yz+zx-2xyz< % ”?
Do d6 ta c6 bai toan:
Bai 3.1.Cho x,y,z la céc s6 thuc khong am thod man x+y+z=1 chiing minh
rang 0< Xy+yz+zx-2Xxyz< % (Dé thi IMO-1984)

3.4.2.Trong nhan xét 3.3 cho m=1,n=p=r=0,g=3 ta c6
Néu x,y,z la cac s6 thuc khong 4m thod man x+y+z=1 thi
X4y +2°4+3Xyz=6xXyz-3(Xy+yz+zx)+1=1-3(Xy+yz+2zx-2XyZz) 4)

Ma theo 3.4.1 ta c6 0< xy+yz+zx-2xyz< %

Do d6 ta c6 bat dang thiic
“Néu x,y,z la cac so thuc khong am thoa man x+y+z=1 thi

g < X+y+z27+3xyz <17
Do d6 ta c6 bai toan:
Bai 3.2.Cho x,y,z la cac s6 thuc khong am thoa man x+y+z=1 chiing minh
ring gs X +y*+z2’+3xyz <1
3.4.3.a. Néu x,y,z 1a d0 dai ba canh cuia tam gidc ¢ chu vi bang 1 thi
(x+y-z)(y+z-x)(z+x-y) > 0 (*)
3.4.3.b. Néu o >0 thi ton tai tam gidc ¢6 chu vi bang 1 sao cho

(X+y-z)(y+z-x)(z+Xx-y) <a
That vay

i.Néu a > 2—17 thi chon tam gidc ¢6 chu vi bang 1 ¢6 do dai cac canh la x,y,z
trong d6 x=y=z= % .Khi do (x+y-z)(y+z-x)(z+x-y)=2—17 <a.

ii.Néu 0<a <2—17 thi t6n tai t, < (o; %j dé £(t,)= 2>~ 4 = 0.
(Xét ham s6 f(t)=2t*-t>+o .Ham s6 f(t) lién tuc trén R.
Vi f(0)=a >o;f@=a _2_17<o nén f(())f@ <0.Suy ra ton tai t, e (o; %j dé
f(ty)=2t —t2 + o = 0).Khi d6 chon tam gidc c6 chu vi bang 1 ¢6 do dai cac canh

lax,y,z trong d6 x=y= "

;z=t,,taco

(x+y-2)(y+2-x)(z+X-y) =— 2t +t;=a. .
Tur 3.a va 3.b suy ra: Néu x,y,z 1a do dai ba canh ctia tam gidc ¢6 chu vi bang 1
thi (x+y-z)(y+z-x)(z+x-y) > 0;Dong thoi khong thé thay 0 boi s6 thuc p >0.
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Ma (*) < (1-2x)(1-2y)(1-22)>0 (Vi x+y+z=1)

& Xy+yzZ+7X-2XyZ >% (Khong thé thay % bdi s6 thuc vy >%)

Tu do6 ta cd bai toan :

Bai 3.3.Néu a,b,c 1a do dai ba canh cia mot tam gidc ¢6 chu vi bang 1 thi

1 <ab+bc+ca-2abc < 7
4 27

Tu (4) va bai 3.3 ta c6 bai toan sau
Bai 3.4. Cho tam gidc ABC ¢6 chu vi bang 1.Ching minh rang

é <a’+b*+c+3abe< % )

(Bai Ts 55, Tap chi Todn hoc va tudi tré thang 3 nam 2007)

3.4.4.Gia str x,y,z la do dai ba canh ctia mot tam gidc ¢6 chu vi bang 1 (theo

nhan xét 3.3),ta co:
A= m(x*+y*+Z°)+n(x*+y*+72)+p(Xy+yz+zX) +qXyZ
=(3m+q)xyz+(p-3m-2n)(xy+yz+zx)+m+n

m+q

=(p-3m-2 —
(p-3m n)(xy+yz+zx+ 5~ 3m_2n

xyzj +m-+n ,khi p-3m-2n=0

Chon m,n,p,q thoa man:

{ p—3m-2n=0 {p—3m—2n¢0
&

3am+q 5
p-am-2n q=3m+dn-2p

Khi dé

A= (p-3m-2n)(xy+yz+zx-2xyz)+m+n

Tir bai 3.3 va (5) suy ra bét dang thic:

“Cho x,y,z 1a do dai ba canh cia mot tam gidc ¢6 chu vi bang 1.Dat
A= m(X*+y’+2°)+n(x*+y*+2°)+p(Xy+yz+zx ) +(3m+4n-2p)xyz.

a.Néu p-3m-2n>0 thi:

p-3m-2n 7(p—3m-2n)

+m+n<A<——"———24+m+n
27
hay p+m+2n <A< 7p+62r;1+13n
b.Néu p-3m-2n<O0 thi:
7p+6m+13n < A< p+m+2n
27
3.4.5.Dic biét hod (6),chang han chon m=n=p=1 ta c6 bat dang thic:
“Néu x,y,z 1a do dai ba canh clia mot tam gidc ¢ chu vi bang 1 thi

% <Y HZ Y H 2Ry Hy 247X+ 5Ky Z<1 7

&)

(6)
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Nhan xét 3.5. Bing cich lam tuong tu 3.1.1,tir cc nhan xét 3.2 va3.4 ta
c6 thé xay dung cdc bat ding thitc méi.Chang han tir 3.4.4 cho m=p=0,n=1,ta
c6 bat dang thic:

“Néu x,y,z 1a do dai ba canh clia mot tam gidc ¢ chu vi bang 1 thi

13 2 2 2 1 2
= < XY 4z HAXxyz< =
27 y y 2

Tir bét déng thic nay(thay x,y,z 1an luot boi gg % ) ta ¢6 bai todn:
Bai 3.5. Cho tam gidc ABC c6 chu vi bang 2.Ching minh rang

% <a*+b*+c*+2abc<2

( Pé thi hoc sinh gidi tinh 16p 10 nam 2005 -2006)

Vl du 4. Cho x,y,z la cac s6 thuc khong am thoa man
Xy+yz+zx+xyz=4 (*).Chitng minh ring: x+y+z > xy+yz+zx.Dang thic xay ra
khi nao.

(Dé thi hoc sinh gioi Quoc gia nam 1996 -Bang B hay dé thi hoc sinh gioi tinh
16p 10 nam 2000-2001)

Ching minh

Theo bd dé 1 va vai trd x,y,z trong bai to4dn binh dang nén khong mat tinh

R 2 z FEPR. 9 X2 1 - X< 1 . z 2 A 2
tong quat ta co the gia su hoac 1.Kh1 do theo Bo dé 2 ta co

y>1 y<
Xy>x+y-1 = xyz>xz+yz-z (vi z >0 )
= Xy+yz+zX < XyzZ+z+Xy (1)
Ta s€ ching minh: Xyz+z+xy < x+4y+z (2)
That vay:
(2) © 4-xy-yz-zx+z+xy < x+y+z (Vi xy+yz+zx+xyz=4)
< (x+y)(1+4z) > 4 (3)
Néu x=y=0 thi (¥) trd thanh 0 =4 v6 li.Do d6 x+y+xy >0 va tir (¥) ta co:
4-xy
Z = -
X+ Y+ Xy
Vithe: 3) o (xay)(1+——9 )5 4
X+ Y+ Xy

< (X+y)(x+y+4) > 4(x+y+xy) (Vi x+y+xy >0)
& (x-y)*> 0, ding.
Tu (1) va (2) suy ra x+y+z > xy+yz+zx (Di€u phai ching minh).
Trong trudng hop nay dang thic xay ra khi x=y=z=1 hoic x=y=2,2=0.
Do d6 dang thitc x4y ra khi x=y=z=1 hodc x=y=2,z=0 hoic x=z=2,y=0 hoic
z=y=2,x=0
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Vl du 5 «Chting minh rang néu x,y,z 1a céc s6 thuc khong am thod mén
diéu kién:x*+y*+z*+xyz=4 (*)thita cé 0<xy+yz+zx-xyz < 2

(Dbé thi USAMO-2001)
Chting minh:
a)Chung minh xy+yz+zx-xyz < 2
Theo b6 dé 1 va vai trd x,y,z trong bai toan binh dang nén khong mat tinh
tong quat ta c6 thé gia s {X =1 hoic {X =1 Khi d6 theo B8 dé 2 ta ¢6

y>1 y<1

Xy>x+y-1 = xyz>xz+yz-z (vi z 20 )
= XY+yzZ+ZX-XyzZ < Xy+yz+zx-( Xz+yz-7)

= XYy+yZ+ZX-XyZ < Xy+Z (1)
Ta s€ ching minh: xy+z <2 (2)
That vay:
2 2
Te(*)tacdx><4, y* <4, xy<> Y <ava

(*) o Z+xyz+x*+y? -4=0 (**)

Xem (*%*) 1a phuong trinh bac hai (4n z) c6

A = (xy)*-4(y*+z2> -4) = (4-x)(4-y*) =20 (Vix* < 4, y* < 4)
Phuong trinh (¥*) c6 hai nghiém

Lo TANEX)E-Y) L o=@ X)(4-Y)

va 7z
2 2
_ 2 _ 2
Viz > 0nén z= _Xy+“(42X)(4 y)
_ _ 2 _ 2
Dods (2) o xy+ NG X)E=Y)

2
S4-xy >/(4-X)(4-y?)
< (4-xy)* > (4-x?)(4-y?) (Vi 4-x*>0,4-y*>0,4-xy>0)
< (x-y)*= 0, ding.
Tu (1) va (2) suy ra xy+yz+zx -xyz < 2 (Diéu phai chiing minh).
b) Chitng minh: 0 <xy+yz+zx-xyz
Néu ca ba s6 x,y,z 16n hon 1,dé thay v€ trai cta (*) 16n hon 4 (Vo Ii )
Do d6 trong ba s6 x,y,z ¢6 it nhat mot s6 chang han 13 x sao cho x <1.
Suy ra xy+yz+zx-xyz=xy+zx+yz(1-x)>0 (diéu phai chiing minh)

Vl du 6.Cho x,y,ze (0;1),thod man xyz=(1-x)(1-y)(1-z) (*).Chiing
minh ring: x*+y*+z* > =

(Bai 2(44) chuyén muc thi giai todn qua thu-Tap chi Todn hoc tudi tho 2
THCS s6 44)
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Chitng minh
Theo bd dé 1 va vai trd x,y,z trong bi todn binh dang nén khong mat tinh

1 1
X2 —= X <

tong quat ta c6 thé gia str 2 hoac
y=2 > ys

.Khi d6 theo B6 dé 2 ta co:

|_\
_ NIFrN|

4xy >2x+2y-1 = 4xyz>2xz7+2yz-z (vi z >0
Mat khéc tir (*) ta cé
2XyzZAX+y+7= Xy+yz+zx+1 < 4xyz4+2x+2y+27= 2xy+2yz+27x+2 (F*%)
Tur (¥%) va (**%) suy ra 2xy+2yz+2zx+2 >2x742yz-7+2x+2y+27
= 242xy > 2x+2y+z
= 2(1-x)(1-y) > z
= 2(1-x)(1-y)(1-z) > z(1-z) (Vize(0;1)nén 1-z>0)
= 2xyz > z(1-z)
= 2xy>1-z (Viz>0)

(%)

:>z+2xy-% > % (1)
Ta s& chiing minh x*+y*+z* > z+2xy-% (2)

That vay:
(2) = 4(x-y)* + (2z-1)* >0 ,ding.

T (1) va (2) suy ra x24y%47> > % (Diéu phéi ching minh).

/
Vl du 7.Cho ba s6 thuc x,y,z thoa méan xyz=1.Chiing minh rang
X’y? + y*72P + 2°x7 + 3 > 2(x+y+z)
Chitng minh.
Theo bd dé 1 va vai trd x,y,z trong bai todn binh ding nén khong mat tinh

B ) TR G- R DGR R o i L
tong quat ta co the gia su 201 hoac 2<1.Kh1 doé theo Bo dé 2 ta co
y =2 y' s

x2y* 2x*+y*-1

= XYV +yZ+727x*+3 2 Xy +y 2+ 2x + 2 (1)
Ta s& chiing minh x> + y* + y°z> + z2’x*> + 2 > 2(x+y+z) (2)
That vay:

Q) X+ y* +y*Z + 2°x* + 2 -2x-2y-2zxyz > 0 (Vixyz=1)
o (x-1)*+ (y-1)* + (xz-yz)* > 0 ,ding.
Tx(l)va@)suyra  x*y*+y*?Z?+z2’x*+3 > 2(x+y+z)  (Diéu phai
ching minh).

/
Vl dll 8.Cho ba s6 thuc bat ki x,y,z.Chiing minh rang
(x*+2) (y* +2) (z* +2) > 3(x+y+z)*
Ching minh
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Theo bd dé 1 va vai trd x,y,z trong bai todn binh dang nén khong mat tinh
2

> 2 < s N ,
x2_1 hoac Xz_l.Khl do theo Bo deé 2 ta co
y 21 y <1

tong quat ta c6 thé gia sir {
x2y?>x?+y*-1

= x> y? +2x* + 2y* +4 > 3(x* + y* +1)

=(x*4+2) (y* +2) > 3(x* + y* +1)

S (C42) (Y 42) (B +2) 2 3(C 42 41) (P 42) (ViZ2+2>0) (1)
Ta sé& chitng minh 3(x? + y? +1) (22 +2) > 3(x+y+z)* )
That vay:

Theo bat ding thitc Bunhiac 6pxki ta cé

(x2+y? +1) (1+1+2%) > (x+y+z)*

= 3(x*+y*+1) (22 +2) > 3(x+y+z)?

T (1) va (2) suy ra (x* +2) (y* +2) (z* +2) > 3(x+y+z)* (Diéu phai chiing
minh).
Nhan xét 8.1.Bat dang thiic niy chat hon bat ding thiic sau
Cho ba s6 thuc khong am x,y,z.Ching minh rang
(x> +2) (y> 42) (Z% +2) > 9(xy+yz+zx) (Dé thi Chau A Thdi Binh Duong-2000)
(Vi véi x,y,z bat ky ta luon ¢6 3(x+y+z)? > 9(xy+yz+zx))
Nhan xét 8.2.Tuong tu vi du 8 ta c6 thé gii bai todn sau:
“ Cho ba s6 thuc bt ki x,y,z.Ching minh rang
(x* 43) (y* +3) (z* +3) > 4(x+y+z+1)*”
Nhan xét 8.3.Tir vi du 8 va bai todn trén Toi tim céch chiing minh bai
todn tong quat sau

/
Vl du 9.Ch0 n s6 thuc bat ki X |,X,....,x, .Ching minh rang
(x24m) (x 2+m)... (x24+m) > (m+1)™? (X, + X, +...+ X, +m-n+1)
Trong d6 m,n 1a hai s6 tu nhién thoa man m > n-1van > 2.

Chiing minh

1) Khim>2

Xét b6 dé 3. “Cho so thuc a bat ki va bon so thuc khong am b,x,y,z bat ki.
bat P, = (x+b)(y+b)(z+b), S, = (a+b)(y+z+b-a)(x+b),

S, = (at+b)(x+z+b-a)(y+b), S, = (a+b)(x+y+b-a)(z+b),
S,,, =minis,,s,,s,|.
Chiing minhrang P, >S,, 7
Chiting minh b6 dé 3
Theo bo dé 1 va vai trd x,y,z trong bai todn binh dang nén khong mat tinh

R 4 2 R .9 9 X 2 a - X S a . P R N 2
tong quat ta co the gia su { hoac { . Khi dé theo Bo dé 2 ta co
y>a y<a

Xy >a(x+y)-a
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

= xy+b(x+y) + b? > a(x+y)-a® + b(x+y) + b?
= (x+b)(y+b) > (a+b)(x+y+b-a)
= (x+b)(y+b)(z+b) > (a+b)(x+y+b-a)(z+b) (Viz+b=>0)
= P,>S, = P,>S, (Diéuphdiching minh)
Xét bé dé 4. “Cho hai s6 tu nhién m,n saochom > n-1,m > 2,n > 2 van so
thuc khong am bat Ki X ,X,,..,X,, .Dat S, = {2,...;n} Khi do6 ton tai tap A, gdbm
a, phan trsaocho A, < S, ,a, > 1 va bat dang thitc sau ding
P, = (x;, + m)( x, +m)...( X,+m)
> (m+1)™ ( m+l-a, +Y x Ym+l-nta,+ Y x ) (%)
oA, ieS,\A,
Ching minh b6 dé 4 (bing phuong phdp quy nap)
V6i n=2 thi (*) trd thanh:
P,=(x, +m)(X,+m) > ( m+l-a, +> x )m-l+a,+ > x )
icAy ieS,\A,
Trong trudng hop nay chon A, = {1} ta c6 b dé 4 ding véi n=2
Gia st b6 dé 4 diing v6i n=k, k> 2, k< m nghia la:
P, = (x; + m)( X, 4m)...( X,+m) >
(m+1)*? ( m+l-a, +Y x Ym+l-k+a, + > x )

Py ieSOA
Suy ra
P = Xy + m) Py >
Xy + m) (m+1)*? ( m+l-a, +> x Ym+l-k+a + D x ) (1)
Py ieSOA
bat b, = max {a,;;k-a}, x=b-a+ > x
ie Ay
y=bta-k+ > x ) 7= X, +b,-1.
ieS A
Khi dé:
Xy +m) (m+1)*? ( m+l-a, +> % Ym+l-k+a + D x )
Py ieSOA,
= (m+D)*? (x+m+1-b,) (y+m+1-b,) (z+m+1-b,) (2)

Tur (1) va (2) suy ra
P, > (m+1)*? (x+m+1-b,) (y+m+1-b,) (z+m+1-b,)
Dé thdy x,y,z > 0 vim+1-b, > 0.Ap dung b6 dé 3 cho a= b, ; b=m+1-b, ta cé
Py = (m+1)*2S

Néu P, > (m+1)*?S, hay P, > (m+1)*' (x+y+m+1-2b,) (z+m+1-b,)
thichon A,,, =S, tacé bd dé 4 ding v6i n=k+1
Néu Py, > (m+1)**S,  hay P, > (m+D"" (x+z+m+1-2by) (y+m+1-by)
thi chon A,,, =A, U {k+1} tacé bo dé 4 ding véi n=k+1
Néu P, > m+1)*?S,  hay P, > (m+1)*' (y+z+m+1-2b,) (x+m+1-b,)
thichon A, =(S\A,) U {k+1} tacdbd dé4 ding véi n=k+1

Do d6 bo dé ding v6i n=k+1
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

Vay bo dé 4 dugc chiing minh

Van dung bo dé 4 dé chiing minh bai toén trong trudng hop m > 2

Ap dung bd dé 4 ta c6

(X24+m) (X 5+m)... (X 2+m)

> (m+1D)™ ( m+l-a, +Y % )m+l-n+a, + > %) (3)
A iShA,

(Trong d6 S, = {1,2;..;n} va tap A, gom a, phan tirsaocho A, < S,,a, > 1)

Theo bat dang thitc Bunhiacox pki ta c6

( m+l-a, +> % )(m+l-nt+a, + D %)

icA, ieS,\A,
=(+1+.+1 + Y)Y+ T+1+.+1)
A ieA, ieS,\A, Y
m+1-a, so 1 m+1-n+a_ so 1
>( Yx +m+l-n+t D x ) =(X; + X, +.t X, +m-n+1) ° (4)
ieS,\A, ieA,
Tur (3) va (4) suy ra

(x24+m) (x 2+m)... (x2+m) > (m+1)"* (X, + X, +...+ X, +m-n+1)
(Diéu phai chiing minh)

2) Khi m=1 thi n=2 va bat dang thic trd thanh

(x2+1) (x2+1) > (x, +x,)?* .Dé thay bat dang thifc nay ding.
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Mot phuong phdp chitng minh bdt ddng thite va xdy dung mot s6 bdt ddng thirc

ILKET LUAN

Sau khi tim duoc mot phuong phép dé giai mot bai todn nao d6 ta can ghi
nhG phuong phdp d6 va thir van dung phuong phap d6 dé gidi céc bai toan
khac;Dong thoi ta nén thir xem liéu c6 thé dua ra cdc bai todn khac lién quan
hay khong . T4t nhién khong c6 mot phuong phdp van nang dé giai moi bai
todn .Nhung né€u chiing ta bi€t van dung linh hoat mot phuong phap nao dé thi
chiing ta c¢6 thé van gidi dugc nhiéu bai toan bing phuong phdp d6.Céi khé &
day 1a lua chon phuong phap dé giai mot bai todn,van dé nay phu thudc vao
kha nang clia ngudi 1am todn. Néu ching ta nim dugc “chia khéa clia bai toan”
thi ching ta c6 thé “phu 1én mot 16p bui dé dau chia khéa d6 di ™ ,tir d6 ta c6
thé x4y dung cac bai todn mdi.

Vi kinh nghiém giang day con it,nang luc ¢6 han nén Toi rat mong duoc su
doéng gép clia cdc dong nghiép dé bai viét nay dugc hoan thién hon.
Téi xin chan thanh cam on !
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