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1. Loi gi6i thiéu
C6 rat nhiéu dinh ly hinh hoc ndi ti’éng. Chiing ta s& cung nhin lai céc dinh ly nay va mot vai
ap dung cua ching. Trudc hét, ta s€ viet P=WX (1YZ dé ki hiéu P 1a giao diém cuta hai duong

2 /4 < R < N ~ . s A AB AB N LA A
thang WX va YZ . Neéu cic diem A, B,C thang hang, ta s€ qui udc dau BC =— (vivaynéu B
BC

nam gita A va C, thi AB >0 (nguoc lai AB <0)).
BC BC

2. Céac dinh ly
2.1. Pinh Iy Menelaus (Nha toan hoc ¢6 Hy Lap (thé ky I sau cong nguyén))
Cho tam gidc ABC . Céc diém X,Y,Z lan luot nam trén cic duong thang AB, BC,CA. Khi d6

X,Y,Z thang hang @ﬂ.g.g:—l.
XB YC ZA

Chimg minh. (=)Goi L la dudng thing vudng géc véi dudng thang chira cdc diém X,Y,Z,
ching cit nhau tai O. Goi A',B',C' lan luot 1 chan cdc dudng vudng gdc ha tir cic diém A,B,C
xuong duong thang L. Khi dé, ta c6

AX A'O BY B'O CZ C'O

X5 0BYC 0CTZA oA
Nhan céc dang thirc trén theo timg vé, ta nhan dugc

AX BY CZ A'O B'O C'O

XB'YC'ZA OB OC" OA'
(<:) Goi Z'= XY N CA. Ap dung dinh Iy Menelaus (phan thuan) cho dudng thing qua cic

diém X,Y,Z', ta nhan dugc

AX BY CZ'
XB'YCZA
AX BY CZ' AX BY CZ
XB'YC Z'A XB'YC ZA
2.2. Pinh Iy Ceva (Nha toan hoc Y (1647 — 1734))
Cho tam gidc ABC . Céac diém D,E,F lan Iuot nam trén céc doan théng BC,CA,AB . Khi @6

3 AF BD CE
AD,BE,CF dbong quy @—.—.C—zl
FB DC EA

Twr d6 suy ra hayC—Z:C—Z.Dodé Z'=7.
Z'A ZA
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Ching minh. (:>) Ap dung dinh 1y Menelaus cho duong thang AD (d6i voi tam gidc
BCE ), tacé
BD CA EP
DC AE'PB
Tiép tuc 4p dung dinh 1y Menelaus cho duong thang CF (d6i v6i tam gidc ABE), ta cé
AF BP EC
FB'PECA
Nhan cdc dang thirc trén theo timg vé, ta thu duoc
AF BD CE_,
FB DC EA
(<:) Goi P=ADNBE,F'=CP() AB. St dung dinh Iy Ceva (phan thun), ta cé
AF' BD CE _

F'B'DC EA
Tir d6 suy ra A—FQC—E:A_FQE hay AF' _ AF Dodé F'=F.
F'B'DC EA F'B DC EA F'B F'B

2.3. Pinh ly Pascal (Nha toan hoc Phap (1623 - 1662))
Cho A,B,C,D,E,F lacéc diém clng nam trén mot duong tron (co thé khong xép theo thir tu
nhu trén). Goi P = ABN\DE,Q = BCNEF,R =CD(\ FA.Khi d6 cic diém P,Q,R thing hang.

Chimg minh. Goi X = EF(\AB,Y = ABNCD,Z =CDEF . Ap dung dinh 1y Menelaus
cho cac duong théng BC,DE,FA (déi véi tam gidc XYZ), ta co
QEE__IXP YD ZE 1YR ZF XA

OX BY CZ  PY DZ EX  RZ FX AY
Nhén cic déng thirc trén, chid ¥ rang XA.XB = XE.XF,YC.YD = YAYB,ZE.ZF = ZC.ZD , dugc
20 XP YR _
OX PY RZ

Theo dinh 1y Menelaus, ta nhén dugc cac diém P,O,R thfmg hang.
2.4. Dinh ly Newton (Nha toan hoc Anh (1642 — 1727))

Mot dudng tron ndi tiép tir gide ABCD, lan luot tiép xidc voi cdc canh AB,BC,CD,DA tai
céc diém E,F,G,H . Khi do6, cic duong théng AC,EG,BD,FH déng quy.




Chimg minh. Goi O = EGNFH va X = EH(\FG. Vi D 1a giao diém ctia cdc tiép tuyén
v6i dudng tron tai G, H , st dung dinh ly Pascal cho cic diém E,G,G,F,H,H ta suy ra cac diém
0,D, X thing hang. Tuong ty, sir dung dinh 1y Pascal cho cic diém E,E,H,F,F,G ta suy ra cic
diém B, X,0 théng hang. Do d6, B,0,D thfmg hang, vi thé cdc duodng th'fmg EG,BD,FH cit
nhau tai O . Ching minh tuong ty, ta ciing nhan dugc cdc duong thang AC,EG,FH cit nhau tai
0. Do d6, cdc duong thang AC,EG,BD,FH dong quy tai O.

2.5. Pinh ly Desargues (Nha toan hoc Phap (1593 - 1662))

Cho hai tam gidc ABC,A'B'C'. Néu cic duong thing AA',BB',CC' dong quy tai diém O,

thi cdc diém P,Q,R thing hang, trong d6 P = BCNB'C',Q =CANC'A'R=ABNA'B'.

Chimg minh. Ap dung dinh 1y Menelaus 1an lugt cho cdc duong thing A'B' dbi voi tam gidc
OAB ; duong thang B'C' doi voi tam gidc OBC, duong thing C'A' d6i véi tam gidc OCA, ta co

OA' AR BB' __ OB' BP CC'_ | AA' 0C' CQ _

A'A'RB'BO BB PCCO "AOCCOQA
Nhan cdc dang thirc trén theo timg vé, ta thu duoc
AR BP CQ
RB'PC QA

Theo dinh 1y Menelaus, ta suy ra cic diém P,Q,R thang hang.
2.6. Dinh ly Brianchon (?)

Céc duong théng AB,BC,CD,DE,EF,FA tiép xtc véi mot dudong tron 1an Iuot tai cac tiép
diém G,H,I,J,K,L (c6 thé khong xép theo thir tyr nhur nay). Khi d6, cic duong thang AD, BE
va CF ddng quy.

Chimg minh. Goi M = ABNCD,N = DE(\FA. Ap dung dinh 1y Newton cho tir gidc
AMDN , suy ra cdc dudng thang AD,IL,GJ dong quy tai diém A'. Twong tu, cic duong thang
BE,HK,GJ dong quy tai diém B'; cic duong thing CF,HK,IL dong quy tai diém C'. Chi y
rang IL= A'C'. Ap dung dinh ly Pascal cho cic diém G,G,I,L,L,H , suy ra cic diém A,O,P
thing hang, trong 46 O = GIN\LH,P = IL(\ HG . Tiép tyc 4p dung dinh 1y Pascal cho cdc diém
H,H,L,1,1,G,suyra C,0,P théng hang. Do d6 A,C,P thfmg hang.

Béy gio ta dit G=ABNA'BH =BCNB'C,P=CANIL=CANC'A". Ap dung dinh Iy
Desargues (phan dao) cho céc tam gidgc ABC,A'B'C', suy ra cic duong thang AA'=AD,BB'=BE,
CC'=CF dong quy.

Luu y rang, phan dao cua dinh 1y Brianchon ciing diing. That vdy, goi O = BB\ CC'. Xét
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céc tam gidc RBB',QCC'. Vi cdc dudng théng RO,BC,B'C' cit nhau tai P,va A=RBNQC,
O=BBNCC', A'=BRNC'Q, st dung dinh 1y Desargues (phan thun), ta c6 A,0,A' thang
hang. Do d6, cdc duong thang AA',BB',CC"' dong quy.
3. Mot s6 bai toan ap dung

Bai toan 1. Trong tam gidc ABC, M la chan duong vudng géc ha tir A xudng dudng phan
gidc trong cia géc ZBCA. N, L lan lugt 1a chan cic duong vudng goc ha tir cic dinh A,C xudng

dudng phan gidc trong cua goc ZABC. Goi F 1a giao diém cua cic dudng thang MN va AC, E
1a giao diém cua cdc duong thing BF va CL, D 1a giao diém cia cdc dudng thing BL va AC .

Chimng minh ring DE va MN song song v6i nhau.
Loi giai.

Kéo dai AM cit BC tai G, kéo dai AN cét BC tai I.Khi 6 AM =MG,AN =NI, suy ra
MN va BC song song véi nhau. Vi AM = MG néntacé AF = FC.Kéo dai CL cat AB tai J .
Khidé JL=LC,suyra LF va AB song song vdi nhau.

Goi H=LF(\BC.Tacé BH = HC . Trong tam gidc BLC , cac doan th'fmg BE,LH,CD cét
nhau tai F . Str dung dinh 1y Ceva, ta nhan dugc

BH CE LD
HC EL DB
. CE DB
Vi BH = HC nén ZL 1D Tu d6 suy ra DE va BC song song voi nhau. Do d6, DE va

MN song song v&i nhau.

Bai toan 2. (Macedonia 2001) Cho tam gidic ABC ndi tiép trong mot duong tron. Goi D a
giao diém cua ti€p tuyeén tai A véi duong thang BC, E 1a giao diém cua tiép tuyeén tai B voéi
duong thang CA, F la giao diém cua tiép tuyén tai C véi dudong thang AB . Ching minh rang
cicdiém D,E,F thang hang.

Loi giai. Ap dung dinh 1y Pascal cho céc diém A,A,B,B,C,C ciung nam trén dudng tron, dé
théy duoc cac diém D,E,F th'fmg hang.

Bai toan 3. Cho tam gidgc ABC ndi tiép trong mot duong tron. D, E 1an luot 1a cac diém giita
ctia cdc cung AB,AC . Goi P 1a mét diém thudc cung BC, Q = DP N\ BA,R = PE( AC . Ching
minh rang duong thing QR chua tim I dudng tron ndi tiép cua tam gidc ABC .

Loi giai.




Vi D ladiém giira clia cung AB nén dudng thang CD chia doi géc ZACB . Tuong ty, duong
thang EB chia d6i géc ZABC.Do d6 I =CD()EB. Ap dung dinh 1y Pascal cho cac diém C,D,
P,E,B, A, ta nhan duoc cic diém I,O,R thfmg hang.

Bai to4n 4. (Australia 2001) Cho A,B,C,A',B',C" la cdc diém ndm trén mot dudng tron sao
cho AA' vubng géc BC, BB' vudng géc CA, CC' vudbng géc AB. Mot d‘iém D nim trén
duong tron. Goi DAYBC = A", DB'NCA=B",DC'\ AB=C". Chung minh rang A",B",C" va
tryc tAm cua tam gidc ABC thang hang.

Loi giai.

Goi H 1a tryc tam cda tam gidc ABC . Ap dung dinh 1y Pascal cho cac diém A,A',D,C',C,B,
tasuy ra H,A",C" thfmg hang. Tuong ty, 4p dung dinh 1y Pascal cho cac diém B',D,C',C,A,B,
ta ciing nhan dwoc B",C",H thang hang. Tir d6 suyra A",B",C",H thing hang.

Béi‘ toan 5. (IMO 1991 unused) Cho tam gidc AB’C va P 1a mot diém trong tam gidc. Goi
B, P, lan luot l1a chan cic duong vudng géc ha tir P xudng cdc canh AC,BC.Noi AP,BP;tux C
ké cdc dudong vudng géc xudng AP,BP . Goi 0,,0, 1a chan cdc duong vudng géc nay. Gia su
ring 0, = B,Q, = P,. Chung minh rang céc duong thing FO,,0P,,AB ddng quy. (ki hiéu = chi
cic dudng thiang khong tring nhau)

Loi giai.

vi ZCRP,ZCP,P,ZCQ,P,ZCQ,P déu 1a céc gbc vudng nén cic diém C,0,P,P,P,,Q, cung
nam trén mot dudng tron c6 dudng kinh 12 CP. Chid y rang A= CP, N\ PQ,,B=Q,PNPC. Ap
dung dinh 1y Pascal cho cic diém C,P,Q,,P,Q,,P, ta nhan dugc X = PQ, N Q,P, thudc dudng
thang AB .

Bai toan 6. (China 2005) Mot duong tron cit ba canh BC,CA,AB clia tam gidc ABC tai cic
diém D,,D,;E,,E,;F, F,. Cic doan D,E,,D,F, cit nhau tai L, cic doan E,F,E,D, citnhau tai
M , céc doan FD,,FE, cit nhau tai N . Chiing minh ring cdc duong thang AL BM,CN ddng quy.

Loi giai.




Goi P=D,F,ND,E,,Q=ED,NE,F,,R=FENF,D,.
° Ap dung dinh ly Pascal cho cac diém E,,E.D, F.F, D,,tanhan dugc A,L,P théng hang.
o Ap dung dinh ly Pascal cho cac diém F,,F,E.D,,D,,E,, tanhan duoc B,M,Q thfmg hang.
o Ap dung dinh ly Pascal cho céac diém D,,D,,F, E E,,F,, tanhan dugc C,N,R théng hang.
Goi X =E,E N\DF,=CANDF,Y=F,FFNED,=ABNED,,Z=D,D N\ FE,=BCNFEE,.
o Ap dung dinh ly Pascal cho céac diém D, F.E E,, D,,F,,tanhan dugc P,R,X théng hang.
o Ap dung dinh ly Pascal cho céac diém E.D, F.,F, E,, D,,tanhan dugc Q,P,Y théng hang.
° Ap dung dinh ly Pascal cho cac diém F.E.D,D,,F, E,, tanhan duoc R,Q,Z théng hang.
Xét hai tam gidc ABC,PQR,tacé X = CANRP,Y = ABN\PQ,Z = BC QR . Ap dung dinh
1y Desargues (phéan ddo), tacé AP = AL,BQ = BM ,CR = CN 1a cac dudong thang dong quy.
4. Mot s6 bai toan tw luyén

Bai 1. Cho tam gidc ABC .Goi E la chan duong vudng géc ha tir B xudng AC, D la chan
duong vudng gbc ha tr E xuong BC, F la trung diém ciia AB . Chiing minh rang AD, BE,CF

dong quy khi va chi khi ZABC = 90°

Bai 2. Cho P 13 mot diém ném trong tir gidc 16i ABCD. Cic dudng phan giic trong cua céc goc
/APB,/BPC,/CPD,/DPA lan luot cat cic dudng thang AB,BC,CD, DA tai cic diém K,L,M,N .
Chiing minh rang néu KLMN 1a hinh binh hanh thi PB = PD,PA = PC.

Bai 3. Cho tam gidc ABC vudng tai C. \{é phia ngoai cla tam gidic ABC, ta lan lugt dung céc
hinh vuong ACMQ, BCNP . Chung minh rang cic duong thang AP, BQ dong quy véi dudong cao
CH cuatam gidc ABC.

Bai 4. Cho M 1a mot diém nam trén dudng tron ndi tiép tam gide ABC,va R 1a mdt diém bat
ky. C4ac duong thang AR,BR,CR lan lugt cat duong tron noi tiép tai cic diém A, B,,C,. Ching
minh ring giao diém cua céc cip dudng thing MA,,BC;MB,,CA;MC,,AB thing hang va duong
thang nay ciing chira diém R .

Bai 5. Cic diém A,...,Ag cung nam trén mot dudng tron; cac diém L,L,M,N lan Iuot thude cac
duong théng AAL AA LA AL AAS sao cho KL || AA,, LM || A,A,, MN || AAs . Ching minh réng

NK || AA,
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