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PROBLEMS

11474. Proposed by Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia, and Valentin Vornicu, Aops-MathLinks forum, San Diego, CA. (Correction) Show
that when x, y, and z are greater than 1,

r (x)x2+2yz r (y)y2+2zx r (Z)z2+2xy > (F (X)F (y) r (Z))xy+)'z+zx .
11483. Proposed by Eric Pité, Paris, France. (Correction) The word “nonnegative”

should read “positive.”

11495. Proposed by Marc Chamberland, Grinnell College, Grinnell, IA. Let a, b, and
¢ be rational numbers such that exactly one of a’b + b*c + c?a, ab* + bc? + ca?, and
a® 4+ b> + ¢ + 6abc is zero. Show thata + b + ¢ = 0.

11496. Proposed by Benjamin Bogosel, student, West University of Timisoara, Timi-
soara, Romania, and Cezar Lupu, student, University of Bucharest, Bucharest, Roma-
nia. For a matrix X with real entries, let s (X) be the sum of its entries. Prove that if A
and B are n x n real matrices, then

n(s(AA") +s(BB") —s(AB")s(A"B)) >
s(AAT)(s(B))> + s(BB")(s(A))* — s(A)s(B) (s(AB") + s(A" B)) .

11497. Proposed by Mihdly Bencze, Brasov, Romania. Given n real numbers x, ... , X,
and a positive integer m, let x,,1; = x;, and put

n n

2 2 m 2m

A=Y —xx +x5,)" . B=3)_ x".
k=1 k=1

Show that A < 3B and A < (3" B/n)".
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11498. Proposed by Y. N. Aliyev, Qafgaz University, Khyrdalan, Azerbaijan. Let
ABCD be a convex quadrilateral. A line through the intersection O of the diagonals
AC and BD intersects the interior of edge BC at L and the interior of AD at N.
Another line through O likewise meets AB at K and C D at M. This dissects ABCD
into eight triangles AK O, KBO, BLO, and so on. Prove that the arithmetic mean
of the reciprocals of the areas of these triangles is greater than or equal to the sum of
the arithmetic and quadratic means of the reciprocals of the areas of triangles ABO,
BCO,CDO, and DAO. (The quadratic mean is also known as the root mean square;
it is the square root of the mean of the squares of the given numbers.)

11499. Proposed by Omran Kouba, Higher Institute for Applied Science and Technol-
0gy, Damascus, Syria. Let H, be the nth harmonic number, given by H, = > ,_, 1/k.
Let

Sc =Y (=1)""" (logk — (Hy, — H,)) .

n=1

Prove that for k > 2,

k—1 1 r & @2l —
S = log2+—10gk—ﬁ;(k—l—l—Zl)cot(i).

2k 2 2k

11500. Proposed by Bhavana Deshpande, Poona College, Camp Pune, Maharashtra,
India, and M. N. Deshpande, Institute of Science, Nagpur, India. We have n balls,
labeled 1 through n, and n urns, also labeled 1 through n. Ball 1 is put into a randomly
chosen urn. Thereafter, as j increments from 2 to n, ball j is put into urn j if that urn is
empty, otherwise, it is put into a randomly chosen empty urn. Let the random variable
X be the number of balls that end up in the urn bearing their own number. Show that
the expected value of X isn — H,,_;.

11501. Proposed by Finbarr Holland, University College Cork, Cork, Ireland. Let
3
Lo

1—iz I+iz

8@ =1-

l—az

Show that the coefficients in the Taylor series expansion of g are all nonnegative if and
only if a > ﬁ .

SOLUTIONS

An Unusual GCD/LCM Relationship

11346 [2008, 167]. Proposed by Christopher Hillar, Texas A&M University, College
Station, TX, and Lionel Levine, University of California, Berkeley, CA. Let n be an
integer greater than 1, and let S = {2, ..., n}. For each nonempty subset A of S, let
7(A) = [];c4 j. Prove that when k is a positive integer and k < n,

l_[lcm({l, ey n/il}) = ged({m(A): |Al =n —k}).
i=k

(In particular, setting k = 1 yields ]_[;’=1 lem({1, ..., [n/i]}) =n!)
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Solution by Richard Stong, Center for Communications Research, San Diego, CA. We
prove that both sides equal [, p»"*, where e, (n, k) = >__, |log,(n/i) | and the
product runs over all primes (only finitely many primes contribute). Let v, (n) denote
the maximum r such that p” divides n.

For the left side, letting /(x) = lem({1, ..., [x]}), we have v,(I(x)) = Llogp xJ,
since p” divides /(x) if and only if x > p”. Hence [/_, I(n/i) =[], pr™".
For the right side, let (by, ... , b,_;) be the result of putting (v,(2), ..., v,(n)) in

nonincreasing order. The number of terms with v, (k) > r equals the number of mul-
tiples of p” in S, namely |n/p"]. Thus by > r if and only if K < n/p", and hence
b, = Llogp(n/k)J. The smallest value of v,((A)) such that |[A| =n — k will be
achieved when A consists of exactly the elements of S corresponding to by, ... , b,_;.
Hence

n—1
vy(eed(r(A): [Al=n—k}) =) b =e,n k),
i=k

using the fact that the term for i = n in the summation for e,(n, k) always equals 0.
. . . . . e (n,k)

Applying this formula over all primes shows that the right side also equals [ ], p»®".

Also solved by D. R. Bridges, J. H. Lindsey II, O. P. Lossers (Netherlands), M. A. Prasad (India), T. Rucker,

K. Schilling, A. Stadler (Switzerland), M. Tetiva (Romania), S. Vandervelde, B. Ward (Canada), GCHQ Prob-
lem Solving Group (U. K.), NSA Problems Group, and the proposers.

Some Triangle Inequalities

11363 [2008, 461]. Proposed by Oleh Faynshteyn, Leipzig, Germany. Let m,, m,,
and m, be the lengths of the medians of a triangle 7. Similarly, let 1,, I, I., h,, hy,
and /. be the lengths of the bisectors and altitudes of 7', and let R, r, and S be the
circumradius, inradius, and area of 7. Show that

11, N LI, LI,

I Lt

> 3(2R —7r),

and

maIb mbIc mcla 5
> 348,
he + hqg * hy, —

Solution by GCHQ Problem Solving Group, Cheltenham, U. K. We write a, b, ¢ for
the lengths of the three sides, and s = (a + b + ¢)/2 for the semiperimeter. We will
write ) or [ for a three or six term sum or product, respectively, over permutations
of the triangle, with three terms if the sum is formally independent of the direction
of the cycle, and six if not. Thus, Y ab denotes ab + bc + ca while Y a’b = a*b +
b*c + c*a + ab® + bc? + ca®. We use several results from (or easily deduced from)
Geometric Inequalities by Bottema et. al. (Nordhoff, Groningen, 1969), including:

., 28
“ T (b+c)sin(A)2)’

Zaz = 2(s> —4Rr — r?), Zazb = 2s(s> = 2Rr + 1),

r A
abc = 4Rrs, ﬁznsmi’

Z a’b’*c = 4Rrs(s> + 4Rr + r?),
Z a’b’ = Zs(s4 +r* 4+ 6Rr? + 8R*r? + 2r%s* — 10Rrs?),

Za4b =2s(s* —3r* — 14Rr® — 8R?*r? — 2r%s% — 6Rrs?).
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The first inequality must be reversed. In fact, we will show that

Li, LI LI,
L

16
— (2R — <32R —r).
9 ( r) < ) I — = ( r)
We begin with
25 25
Z 1.1, Z 1o sin(A/2) (cra)sin(B/2)
= 25
L (a+b)sin(C/2)
28 C
= - Z(a + b)? sin® —.
[T(a + b)[]sin(A/2) 2
Now

2 Z(a + b)? sin? % = Z(a +b)%(1 — cos C)

=22a2+22ab—ZazcosC—ZZabcosC.

But2Y abcosC =) (a* +b*—c*) =) a* so

ZZaz—I—ZZab—ZZabcosCz (Za)2=4s2

and

atzcosCzL a3bccosC_— a*c(a® +b* —¢?)
> - =D

Zabc <Za c+2 X:azb2 Zazc3>

[s —3r* — 14Rr* — 8R*r* — 2r*s> — 6Rrs> + 4Rr (s> +

= 4Rr
4Rr + 1) — (s*+r* +6Rr +8R* > +2r5> — 10Rrs)]
_ 2Rs> —4Rr? —r® —rs?
o R

Therefore

, C 2Rs +4Rr? 4+ r3 + rs?
2 b .
Z(a—i— )? sin’ 7= R

Furthermore, [[(a + b) = Y. a’b + 2abc = 2s(s*> + 2Rr + r?) and []sin(A/2) =
r/(4R). Hence

1,1, n I,1. n I, 2QRs> +4Rr> + 13 +rs?)
I. 1, I, N s2+2Rr +r? ’

()

Now by Geometric Inequalities (5.9), 4R*> + 4Rr + 3r> > s> > r(16R — 5r). For our
lower bound: 2Rs? + 36Rr? + 17rs® 4+ 17r3 > 32R?*r 4+ 26Rr? + 17rs*> + 1713 >
32R%*r, so 9(2Rs> + 4Rr> + rs> +r3) > 8(2Rs*> + 4R*r —rs®> —r?) = 8(s* +
2Rr +r*) (2R — r). Hence

IaIb + Iblc + IcIa
I 1, I,

16
> E(2R —7).
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For our upper bound: R > 2r, so 0 < (R — 2r)(24R + 10r)r = 24R*r — 38Rr> —
1073, and hence 44 R*r — 10Rr? > 20R?*r + 28 Rr? + 20r3. Therefore 2Rs* + 12R?r
> 44R%*r — 10Rr*> > 20R?r + 28Rr?> + 20r3 > 8Rr? + 5rs®> + 53, and 3(2R —
r)(s? 4+ 2Rr + r?) = 6Rs> + 12R*r — 3rs> — 3r® > 4Rs*> + 8Rr? + 2r3 + 2rs.
This inequality, in combination with (x), gives

LI, LI LI,
1. 1, I,

32R — ).
Now consider the second inequality. By elementary calculus, a function of the form

f(x) = x?* 4+ 21 /x achieves its minimum at x = A'/3, so f(x) > 31%/5.
Letting A = [ [m,I,/ h., we have

2 272 272
myl, mil; mgl, myl,. m1; h, )
( h, ) h? + he h, h? + myl, ) —

Denote the exradii of T by r,, r,, and r.. By Geometric Inequalities (8.21) and (6.27),
we have m mym. > r,ryr. = §?/r = Ss. By (8.7) we have

8a’b*c? 1—[ A 8a’h’c? l_[ s(s—a)

L, = ——"[Jcos=
YT Ml@+b) 2 Tla+b)
_ 8a’b’c®> Ss  8abcSs  32RsS’
" [Ia+b)abe  Tl@+b) [l@+b)
25 887 28°
hohphe = [ 22 = 2= =

a abc  Rrs’
Now

32RsS* Rrs 16R?rs? m,I,\> 16R?rs? \**
A=8Ss——— —— = ———  and Z— > =——— .
[Ta+b) 253 [](a+b) h, [T(a +b)

By (5.5) and (5.1), s*> > 3r(4R 4+ r) > 3r(9r) = 27r%, s0 s > 3/3r. By (5.8) s?
4R?* +4Rr +3r%, and thus s> + 2Rr +7%> < 4R*> + 6Rr + 4r*> < 4R> + 3R?> + R?
8R?. Hence [J(a + b) = Y a’b + 2abc = 2s(s*> — 2Rr + r?) + 8Rrs = 2s(s?
2Rr +r?) < 2s(8R?*) = 16R?s. This leads to 3\/§(]_[(a + b))?> < s(16R%s)?
256R*s3. Now 319/283 = 315/2;2¢3 "and

4.2.6 2 2/3 2
352,363 < 729 256Rr*s _ 3g < 9( 16R?rs3 ) - (Z malb> ’
(IMea + b)) [1(a +b) h,

so that finally 3%4y/S < S m,I,/ h..
Also solved by V. V. Garcia (Spain) and R. Stong.

=+ 1A

A Multiple of a Prime

11364 [208, 461]. Proposed by Pdl Péter Ddlyay, Szeged, Hungary. Let p be a prime
greater than 3, and let 7 be the integer nearest p/6.
(a) Show that if p = 6¢ + 1, then

2t—1 ] 1 1
_ _1)/ _
(» ”’;( b <3j+1+3j+2)_0 (mod p).
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(b) Show that if p = 61 — 1, then
21 P 22 -
(=1) (=1
— 1 =0 d p).
(P =1 (Zj:03j+1+2j203j+2) (mod p)

Solution by Robin Chapman, University of Exeter, Exeter; U. K. The desired congru-
ence in both cases is

p—1 k
(p— 1! % —0 (mod p). ()

k=1
where
0 ifk=0,3 (mod©6),
x (k) = 1 ifk=1,2 (mod 6),
—1 ifk=4,5 (mod6).

Note that x (k) = (¢* — ¢7)/+/=3, where ¢ = ¢™/* = 1(1 + +/=3). Letting
F(z) = Z,’;ll z¥/k, we have

x®) _ F@) = FE™
=k V=3

For the value on the right, note that F'(z) = Y./~ 7' = 1 IZ_Z_I, so F'(1 —2) =
P (— DL (i 1)z*. Note also that ( 'Y = (=1)/ (mod p). Hence F'(1 —z) =

pG(2) + F'(2) (mod p), where G is a polynomlal having integer coefficients and
degree at most p — 2. We conclude that

2)

M1

d
7 (F@ - F(l - ) = —pG(2). 3)
Z

Let G(z) = ,’:;11 biz*~! with each b, € Z. Integrating (3) from 0 to z gives

P
F@—F(1-2)+F()=—p Z

k
k=1 k

Setting z = ¢ and using 1 — ¢ = ¢~ ! yields
P—
F@¢)—F@™)=-F() - Z ;"
k=

Since p is odd, F(1) = (p 1)/2( + 5 ) = ,(f:ll)/z W)—k) It follows that
(p — D! F(1) is a multiple of p We conclude that in the context of algebraic inte-
gers, (p — D! (F(¢) — F(¢™")) =0 (mod p). Multiplying by /=3 yields a rational
integer, and dividing by —3 (justified by p > 3) and invoking (2) yields the desired
congruence (1).

Editorial comment. Stong showed also that (p — I)!'F() = (p—DI'FCH =0
(mod p), which leads to (p — 1)! Z/I;ll @ = 0 (mod p) for every integer s.

Also solved by J. H. Lindsey II, M. A. Prasad (India), A. Stadler (Switzerland), R. Tauraso (Italy), M. Tetiva
(Romania), A. Wyn-Jones, GCHQ Problem Solving Group (U. K.), and the proposer.
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Relating Two Integer Sequences

11365 [2008, 462]. Proposed by Aviezri S. Fraenkel, Weizmann Institute of Science,
Rehovot, Israel. Let t be a positive integer. Let y = /12 + 4, o = %(2 +y —1t), and
B = 12+ y +1t). Show that for all positive integers n,

-2
nB] = [(lna] +n(t — )] +1 = [(lna] +n( —1) + Da] - 1.

Solution I by Donald R. Bridges, Woodstock, MD. Letting € = (y —t)/2, we have
a=1+eand B =1+1+ €. Note that #* < y? < (¢t +2)?, so y and € are irrational
and 0 <€ < 1.

We write the expressions in terms of €. For the first, |[n8] = n + nt + |ne]. For the
second,

lna| +n( —1) =nt + |ne|,
(lna] +n(t — 1)) = nt + |ne] + nte + |ne €.

Squaring both sides of 4/12 + 4 =t + 2¢ yields te + €*> = 1, so nte + ne* = n. Also,
nte + |nel e > nte + (ne — 1)e, so the floor of the last displayed expression is nt +
lne] +n — 1, since 0 < € < 1. This proves the first equality.

To compute the rightmost expression in the problem statement, begin with

(lna] +n(@ — 1)+ Da =nt + |ne] + 1+ nte + [ne + 1] e.
Since nte + |ne + 1] € < nte + ne* + € < n + 1, we obtain the desired equality

L(lne) +n( —1) + Dal = [nB] + 1.

Solution II by the proposer. First, observe that « and B are irrational numbers satisfy-
ingl <o < Banda + f = of, and that as aresult, § > 2. It is well known that under
these conditions, AU B = N, where A = {|na]| : n > 1}and B = {[nB] : n > 1}.

Since B > 2, the set B does not contain consecutive integers. Hence each term of
B lies between two consecutive terms of A. That is, for each positive integer n there
exists m such that |ma], |nB], and [ (m + 1)« are consecutive integers. Given n, the
problem is to determine m.

Among the integers from 1 to |nf], exactly n lie in B, so [n8]| — n lie in A. There-
fore, m = |nB| — n. Thus

L(lnBl —n)al, [nB ], L((lnB] —n) + 1) et

are consecutive integers. It remains only to show that |n8] —n = |na] +n(t — 1).
This reduces to L%n(y + t)J = L%n(y — t)J + nt, which is true.

Editorial comment. The claim that A U B = N in Solution II is well known; the pro-
poser cited A. S. Fraenkel, How to beat your Wythoff games opponent on three fronts,
Amer. Math. Monthly 89 (1982) 353-361. The result is so astonishing and yet easily
proved that we include a short proof for the reader’s pleasure.

First note that a + b = ab is equivalent to 5 + % = 1. Also, a, b > 1. For any
k € N, the number of terms less than k in A U B is |k/a] + |k/b], since a and b are
irrational. We compute

2o Lo -2 e

Similarly, A U B contains k terms less than k 4 1. Hence there is exactly one term less
than k£ + 1 but not less than k; it equals k.
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Also solved by R. Chapman (U. K.), P. Corn, C. Curtis, J. H. Lindsey II, O. P. Lossers (Netherlands),
M. A. Prasad (India), A. Stadler (Switzerland), R. Stong, GCHQ Problem Solving Group (U. K.), and the
proposer.

An Exponential Inequality

11369 [2008, 567]. Proposed by Donald Knuth, Stanford University, Stanford, CA.
Prove that for all real ¢, and all @ > 2,

e e —2< (e +e) =2

Solution by Knut Dale, Telemark University College, Bp, Norway. For t € R and
a>0,let f(t,a) = ((e" +e )" —2%) — (e* + e ¥ —2). Since f(0,x) =0 and
f(—t,a) = f(t, o), we need only consider ¢ > 0. Write

sinh x
o _ (eﬂtx _ e*OlX) dx

f(t, @) =a/ {(ex—{—e)‘)
0

cosh x
= a/ (e* + e’x)“{g(x, 1) — g(x, a)}dx,
0

where g(x, @) = (e** — e ") /(e + e )% Let x > 0 and observe that g(x, o) > 0,
g(x,2) =g(x,1) > 0,and g(x,0) = g(x, co0) = 0. Note that

ag(x, o) In(e* +e) +x )
= >0 <= _— > ¢ ozx. *
oo In(e* +e) — x ()
Likewise, equivalence holds if we replace “>" with “=" or with “<” throughout ().
Since e?** is an increasing function of «,

In(e* +e™) +x
In(e* +e*) —x

2ax

has a unique solution « in the interval (1, 2). Thus, as a function of «, g(x, o) increases
from O to a maximum in (1, 2) and then decreases towards 0. Hence f (¢, «) > O for
ae(0,1)U(2,00), f(t,a) <Ofora € (1,2),and f(t,a) =0fora € {0, 1, 2}.

Editorial comment. Grahame Bennett (Indiana University) provided an instructive so-
Iution including a general context for this inequality. That solution is now incorporated
into a paper, appearing in the current issue of this MONTHLY (see p. 334).

Also solved by F. Alayont, K. Andersen (Canada), R. Bagby, G. Bennett, D. & J. Borwein (Canada), P. Bour-
don, P. Bracken, R. Chapman (U. K.), H. Chen, P. P. Dilyay (Hungary), K. Endo, G. C. Greubel, J. Grivaux
(France), J. A. Grzesik, S. J. Herschkorn, M. Hildebrand, F. Holland (Ireland), A. Incognito & T. Mengesha,
V. K. Jenner (Switzerland), O. Kouba (Syria), K.-W Lau (China), W. R. Livingston, O. P. Lossers (Nether-
lands), K. MclInturff, K. Nagasaki (Japan), T. Nakata (Japan), O. Padé (Israel), P. Perfetti (Italy), A. Plaza
& J. M. Pacheco (Spain), D. S. Ross, V. Rutherfoord, B. Schmuland (Canada), A. Stadler (Switzerland), R.
Stong, R. Tauraso (Italy), M. Tetiva (Romania), M. Thaler (Australia), J. Vinuesa (Spain), Z. Voros (Hungary),
T. Wilkerson, Y. Yu, BSI Problems Group (Germany), GCHQ Problem Solving Group (U. K.), Microsoft
Research Problems Group, and the proposer.
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