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Muc dich ctia gidi tich s6: phat trién cic phuong phap hi¢u qua va chinh
xac d€ tinh xap xi cac dai lugng ma khé hodc khong thé nhan dugc bing cac
phuong tién gidi tich.

m Muc dich

1. Cung c4p ki€n thic co s3 vé phuong phap tinh.

2. Sinh vién biét 4p dung, thuc hién (bing may tinh) va phan tich k&t qua
tinh toan.

3. Sinh vién c6 thé tu doc cac sach, bai bdo vé phuong phap tinh.
m NOi dung

1. Sai s6 va s& hoc dau cham dong

. He phuong trinh dai s6 tuyén tinh

. Noi suy

. Cac phuong trinh phi tuyén

. Pao ham va tich phan s&
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. Phuong trinh vi phan thudng
m Tai liéu doc thém

David Kincaid and Ward Cheney, Numerical Analysis Mathematics of Scien-
tific Computing, Brooks/Cole Publishing Company 1991.
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Chuong 1

Sai s6 va so6 hoc dau cham dong

Cac loai sai so:

- sai s& khi thi€t 1ap m6 hinh (toan hoc);

- sai s& do phép do dii lieu cta bai todn;

- sai s6 do phuong phap tinh, goi la sai s6 rdi rac héa (discretization error)
hay sai s& chiit cut (truncation error);

- sai s6 do phép biéu dién s& (bing mot sd hitu han cac bit) va tinh toan
trong may tinh, goi 1a sai s6 lam tron (roundoff error).

1.1 Cac khai niém co ban

Hai cach do do chinh x4c ctia mot dai lugng xap xi: sai s6 tuyét doi (absolute
error) va sai so tuong doi (relative error).
Dinh nghia 1.1. Cho ¥ 1a gié trj x&p x{ ctia x. Thi sai s6 tuyét d6i trong X la

Ax =x — X,

va néu x # 0 sai s6 tuong ddi [a

Ax X —X

X X

Sai s6 tuong d6i thé hien do chinh x4c t6t hon, nhung sai s6 tuyét doi
lai ¢6 ich khi gia tri chinh x4ac gin bing khong.
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Bai todn s6” (numerical problem) 1a m&i quan hé ham gitia di lieu nhap
(input data) - "bi€n doc 1ap” trong bai todn - va di lieu xuat (output data) -
k&t qua can tim. Di lieu nhap va xuft gdm mdt s& hitu han cac dai lugng
thuc (hoic phic) va nhu vay duge biéu dién bdi cac vecto ¢ kich thuée hitu
han. M&i quan hé ham cé thé bi€u dién dusi dang 4n hoic hién. Thudng ta
doi hdi di lieu xuat phai duge xac dinh duy nhat va phu thuoc lién tuc vao
dd liéu nhap.

Thudt todn (algorithm) cho mdt bai toan s6 1a sy mod ta diy dd cac phép
toan xac dinh tot qua d6 mdi vecto dit lidu nhap kha di dugc chuyén thanh
mot vectd dit lieu xuat. Cac”phép todn” & day dugc hiéu 1a cac phép toan
s6 hoc va 16gic ma may tinh cé thé thuc hién dugc, hoic 1a tham chi€u dén
nhiing thuat toan da biét.

Phuong phdp s6 (numerical method) 1a mot thd tuc dé xap xi mot bai
toan toan hoc bing mot bai todn s6 hay dé gidi mot bai toan s& (hay it niia
12 din n6é vé mot bai toan don gidn hon). Thuat ngii phuong phap sd t6ng
quat va duge ding rong rdi hon thuat todn, né it nhan manh vao cic chi tiét
tinh toan.

Thi du 1.1. X4c dinh nghiém thuc 16n nhat ctia phuong trinh bac ba
p(z) =apz® + a1z +azt + a3 =0

vGi cdc hé s& thuc ag,aq,as,as, 13 modt bai toan s6. Vecto dit lieu nhap Ia
(ao,ai,as,as). Di litu xuit 13 nghiém x cin tim. Mot thuat toan cho bai
toan nay c¢6 thé dugc xay dung dua vao phuong phap Newton, cling quy tic
chon gia tri dau va diéu kién diing thuat toan. Ciing c¢é thé xay dung thuat
todn trén cd sd cong thic (cho nghiém chinh xic) cia Cardano. Cong thiic
nay chda cin bac hai va bac ba vi vay ta cAn chi dinh thuét toan tinh cac
cin thic nay o

Mot bai todn todn hoc véi dit lieu nhap x va di lieu xudt y = F(x)
dugc goi 1a diéu kien tot (well-conditioned) né€u nhiing thay ddi "nhd” trong
x din d&én nhiing thay ddi "nhd” trong y. Néu sy thay ddi trong y 16n, bai
toan dugc goi 1a (& trong) diéu kien xdu (ill-condition). Diéu kién t6t hay xau
c6 thé phu thudc vao cach do su thay ddi. Vé phuong dién tinh toan, diéu
kién cta bai toan c6 lién hé véi tinh 6n dinh (stability) ctia thuat toan. Mot
thuat toan 1a én dinh (stable) n€u nhiing thay d8i "nhd” trong di liéu nhap
din d&n nhiing thay d8i "nhd” trong dii liéu xuit. Trudng hop ngugce lai, ta
no6i thuat toan khong on dinh (unstable).

Thi du 1.2. Cho ham F(x) kha vi. Gi st d6i s6 nhap x c6 sai s6 tuong doi
bing €, khi d6 sai s& tuyét d6i trong gia tri xudt cia F(x) [a

F(x) — F(x + ex) ~ —exF'(x).
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Sai s6 tuong doi la

F(x)— F(x +€x) exF/(x)
F(x) N F(x)'

Trudng hgp F(x) = e*, sai s6 tuyét do6i trong gia tri cia ham mi gay
ra do sai s6 ex trong d6i s& x dugc xap xi bdi —exe™, va sai s6 tuong ddi Ang
chiing —ex. Khi x 16n, diéu kién ctia phép (bai toan) danh gid ham nay doi
v6i sai s6 tuong d6i € nhd phu thudc rat nhiéu vao viéc chon cach do sai s6.

Trudng hgp F(x) = cos(x), § gdn x = m/2, sai s& tuyét d6i do sy nhidu
x thanh x + ex xap x1I bing ex sin(x) &~ ex/2. Sai sd tuong doi tai /2 khong
xac dinh. Tuy nhién, céc gia tri chinh xac

cos(1.57079) = 0.63268 x 107>, cos(1.57078) = 1.6327 x 10~

cho thady mot thay ddi rat nhd trong d6i s6 gin /2 c6 thé din t6i sai s6
tuong doi trong gia tri ham rat 16n (61%) o

Thi du 1.3. Tich phan ting phin thudng duge dung d€ thiét 1ap cong thiic
truy hdi. Thi dy, xét

1
E, = / x"e* dx véin =1,2,... (L1)
0

Tu (1.1) ta c6 ngay
Ei>E,>...>0. (L2)

Ap dung cong thic tich phan tiing phin, sau mot s6 bign ddi, ta dugc
cong thic truy hoi.

En=1—nE,,. (1.3)

Thanh phan dau

1
E =1 —/ e*ldx = 1/e,
0
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dung Matlab (IEEE-64!, chinh x4c don) ta tinh dugc:

E{ = 03679

E, = 0.2642

Ei = 0.0555

E; = 0.0572 E, khong gidm!

Eg = -0.0295 E, khong duong!

E>y = -30.1924 E, khong nim gitia O va 1!

Day 1a mot thi dy vé thuat toan khong 8n dinh. Phan tich: Gia st ta bit dau
bing E; = E; + 8, va cac tinh todn theo sau khong c6 sai s6. Thi

Ez - 1—2E1:1—2E1—28:E2—28,
E3 - 1—3E2:1—3E2+68:E3+68,

A

E, = E,+ (—-D"nls.
Mot thay d6i nhé trong gia tri ddu E, ”16n lén” rat nhanh trong E, sau dé.

Anh hudng nay 1a "xau” vi cac dai ligng E, gidm khi n ting.

Mot phuong phap thudng dung d€ cai thién tinh 6n dinh I3 viét lai cong
thtic hoic thay ddi tha tu tinh todn. Gia st ta biet gia tri xAp xi En cla En
v6i N nao do, ta c6 thé danh gia tich phan theo cong truy hdi ngugc:

1-E,
E, = n=NN-1,...,2. (L.4)
n

EEE, vi€t tit ctia Institute of Electrical and Electronics Engineers, 13 mot hiép hoi thé
gidi cac chuyén gia ky thuat.
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Nghién ctiu sy 8n dinh cta thuit toan gidng nhu trén. Néu Ey = Ey + € thi

. 1—Ey 1—Ey € €
E_ = = ——:E___

N—-1 N N N N—-1 N
~ €

En> = EN—2+m

A : €
E1 - Elim

Bing cong thic (14) ta ¢6 thé tinh x&p xi E, bit ddu td Ey véi N du 16n.
That vay, tit bat ddng thic

1
n+1

1
O<En</ x"dx =
0

ta thay c6 thé chon N d&€ cho sai s6 tuyét d6i cia E, can tinh khong vugt
qué giGi han cho trude o

1.2 Biéu dién s6 trong may tinh

1.2.1 S8 diau cham dong

S6 thuc x # 0 bat ky ¢ thé duge bi€u dién trong hé thap phan nhu sau

X = :t.dldz...dsds+1 oo X 10e, (15)
trong d6 d; > 0 v mdi d; (i = 2,3,...) nhan mot trong cic gia tri 0,...,9.
Phan .did, ... dugc goi 1a phan dinh tri (mantissa),
.dldz... :dl X 10_1 +d2X 10_2+

Cac tinh to4n trén may tinh dugc thuc hién trén hé thong s ddu chim
dong (floating point). Day 1a hé théng s6 ding mot s6 hitu han cic con s6 dé
xap xi hé thong s6 thuc (vo han). Tat ci cic s6 thudc hé théong véi s con sd
ding co s6 10 c6 dang

X = :|:d1d2 ds X 10e (16)



6 CHUONG 1. SAI SO VA SO HOC DAU CHAM DONG

trong d6 m < e < M. S6 khong 1a mot truong hgp dic biét, né duge viét nhu
la
0.0...0x 10™ (2)

Thidy 1.4. Néus =1,m = —1, M = 1, thi tap hop céac s6 ddu chaim dong la

+0.1x 1071, +£02x107Y, ..., 4£0.9x 107!,
+0.1 x 10°,+0.2 x 10°,...,4+0.9 x 10°,
+0.1 x 10!, +0.2 x 10',...,+0.9 x 10*

cting véi s6 khong 0.0 x 107!, Nhu vay c6 tat cd 55 con s6 o

|
T
-3.0 -20 -1.0 00 1.0 20 3.0

Hinh 11: Phan b6 s6 ddu chAim dong v6i B =4, s =1, m=—-1, M = 1.

Do tap hgp s6 dau cham dong, ky hiéu F, 1a hitu han nén mot s6 diu
cham dong biéu dién (xap xi) nhiéu s6 thuyc. Khi s6 mi e trong (1.5) 16n hon
M thi x khong thé duge bi€u dién trong hé théng ddu chdm dong nay. Néu
trong qua trinh tinh todn xuit hién s& v6i e > M thi ta néi tinh todn da
overflow. Cac hé diéu hanh khi gip trudng hgp nay sé diing lai viéc tinh
toan. Trudng hgp khi e < m, mot cach ty nhién, ta c6 thé xap xi x bing
khong. Khi tinh todn gip s6 nhu vay ta ndi tinh toan da underflow. Mot s6
hée diéu hanh, trong trudng hgp nay, gadn cho k&t qud bing khong rdi ti€p
tuc, mot s6 khac thi diing chuong trinh. Khi st dung cidc ngoén ngi lap trinh
hoic cdc phdn mém tinh toin ta cAn luu ¥ d&€n hé théng s6 ddu cham dong
ma noé st dung d€ tranh nhiing k&t qua khong dang cé.

Thi du 1.5. Mot thuat toan don gidn dung dé gidi phuong trinh f(x) = 0 la
thuat todn chia doi khodng. Trong thuat todn nay cin phai xic dinh xem
f(a) va f(b) c6 trai dau khong, nghia 1a f(a) f(b) < 0 ding hay sai. Tuy
nhién, khi a hay b khi gin nghiém cta phuong trinh thi tich f(a) f(b) ¢
thé underflow va dau clia né khong xac dinh! o

Thi du 1.6. Dinh thdc cia ma tran chéo duge tinh theo cong thiic
det = aja,---a,.

Trong nhiéu trudng hgp khi ding cong thic nay ta gip underflow hay over-
flow. Ching han, v6i hé théng ddu chdm dong M = 100, a; = 10°°,
a, = 10, g3 = 10739, 4t ca cac s6 a; con lai déu thudc pham vi biéu dién
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dugc va det = 108%. Nhung (a; X a») x a3 la overlow trong khi a; x (az x as)
lai thuc hién dugc. Diéu nay cho thay céc s6 ddu cham dong khong tuan
theo luat k&t hgp clia phép nhan trong hé thong so thuc.

Mot van dé ciing co ban khong kém 1a sy "nhay cAm” cda dinh thic
khi nhan ma trin véi mot s6. Néu A4 1a ma tran vuong cap n thi det(cA) =
c" det(A), khi n 16n diéu nay c6 thé gay ra overflow hay underflow.

D€ gidi quyét van dé & day, phan mém LINPACK md rong pham vi
hiéu luc cta s6 m. Mot cach [am khac 1a ding ham Iogarit va ham ma

In|det| = Zln|a,~|

i=1
det = exp(In|det]).

Néu diéu nay din dén overflow thi Ia vi ban than k&t qui khong biéu dién
dugc trong hé thong s6 dau cham dong o

Thi du 1.7. Khi tinh modun ctia s6 phic z = x + iy,

2l = VAT 2,

ta gap trd ngai khi x hay y l6n. Gia st x| > |y|. Néu x dd 16n, x? sé overflow
va ta khong thé tinh duge |z| ngay ca trudng hop né 14 diém dau cham dong
c6 hiéu lyc. N&u tinh toan dugc thiyc hién nhu sau

2| = IXI\/W,

chuéng ngai dugc vugt qua.

Viéc danh gia chuidn Euclide ctia vecto v = (v, va, ..., 0n),

n 0.5
vl = (va :

i=1

cting mot ki€u tinh todn nhu trén. Mot s6 ngudi 1ap trinh phin mém toan
hoc dé nghi diing chudn maximum

[vlleo = max |vi],
1<i<n
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vi né tranh dugc cic overflow va underflow. o

N&u mot s6 thuc x c¢6 s6 mi trong pham vi cho phép thi ¢6 hai cich
xap xi x thanh s& ddu cham dong, ky hiéu fI(x). Né&u fl(x) 1a k&t qua cia
viéc loai bd tat ci cac chit s6 sau s chit s6 dau trong (1.5) thi fl(x) dugc goi
12 bi€u dién chiit cut (chopped, truncated) ctia x. N&u cong thém 5 x 10~¢+D
vao (1.5) rdi chit cut thi ta duge mdt s6 ddu cham ddng gin véi x hon (biéu
di&n chat cut). Xac dinh fl(x) theo cach nay goi 1a lam tron s6 (rounding).

Thi dy 1.8. Neum = —99, M =99, s = 5 va = = 3.1415926. .. thi s3 chit
cut
fl(m) = 0.31415 x 10*

trong khi
fl(w) = 0.31416 x 10"

la s6 lam tron o

Néu dung biéu dién chit cut thi sai s¢ tuong d6i cta fl(x):

X — fl(X) . 0.00... Ods+1ds+2 ..o x 10
X - O.dldz...dsds+1ds+2...Xloe
0.00...099...
<
— 0.10...000...
0.00...100... -
= =10""".
0.10...000...

Trong hé thap phan, khi phép chit cut duge dung, con s& 10!~ dugc dinh
nghia [a don vi lam tron (unit roundoff), ky hiéu u. Néu dung phép lam tron
thi

x — fl(x)

1 1—s
< =10
X 2

vau =0.5x10"5,
S6 u la chin trén cta sai s6 tuong d6i trong phép biéu dién dau cham
dong ctia mot s6 khac khong. Néu biéu dién

fl(x) = x(1 +§)

thi § < u.
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may B s m M u
VAX 2 24 —128 127 6.0 x 10798
VAX 2 48 —128 127 1.4 x107Y7
CRAY-1 2 56 —16384 16383 3.6x 1071
IBM 3081 16 6 —64 63 9.5x107%
IBM 3081 16 14 —64 63 22x1071¢
IEEE

single 2 24 —125 128 6.0 x 10798

double 2 53 —1021 1024 1.1x10716

Bang L1: Cac thi dy vé hé théng s6 ddu chdm dong.

Thi du 1.9. Cic chuong trinh hién nay tim nghiém cta phuong trinh, tinh
tich phan xac dinh, gidi phuong tinh vi phan v.v. ..., thudng cho phép ngusi
st dung chi dinh do chinh xic. R6 rang 1a khong thé c6 16i gidi chinh xac
hon biéu dién d&u cham ddng ctia nghiém ding. Diéu nay c6 nghia la ngusi
stt dung khong nén yéu ciu sai s6 tuong d6i nhé hon don vi lam tron u. Nghe
c6 vé ky quic, diéu nay vAn x4y ra! Ly do 1a ngudi st dung khong biét gia tri
ctia u nén dua ra yéu cAu qua dang vé do chinh xac. Mot Iy do thudng thay
hon 13 ngudi st dung chi dinh sai s6 tuyét d6i r. Diéu nay c6 nghia la s6 bat
ky y* sé dugc chap nhan nhu 1a mot xap xi cda y néu

ly =y*| =<

Yéu cAu nhu vay tuong ting véi doi héi sai s6 tuong doi

* r
<—.

|y]

'y—y
y

Khi |r/y| < u, nghia 13, r < u|y|, yéu cAu nay khong chap nhan duge. N&u
nghiém ding [ cyc 16n, mot chiin sai s6 tuyét d6i ”viia phdi” thuong la khong
thé trong thuc hanh. Cic chuong trinh cho phép ngudi dung chi dinh chin
sai s& tuyét doi cAn phai c6 thé giam sat do 16n cta nghiém va dua ra khuyén

céo cho ngudi dung khi yéu cAu vé d6 chinh xac 1a khong thé. o

Cac cd s6 B = 2 (nhi phan), B = 16 (thap luc phan) thuong dugc ding
trong may tinh hon 1a ¢ s6 10. Cac trinh bay trén c¢6 thé thyc hién cho co
s0 B bat ky.

Dinh ly 1.1. Trong h¢ thong s6" ddu chdm dong F co s6 B giit s chit s vdi
m<e<M,kyhitu F = F(B,s,m, M), moi so thic trong pham wvi ctia F c6 thé
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duigc biéu dién vdi sai s6 tuong doi khong vuot qud don vi lam tron u,

I chat cut

U= s Tae
0.5, lam tron.

1.2.2 Thuat toan chuyén doi gitta cac hé théng so

Cho a 13 s6 nguyén trong hé théng s6 v6i cd sd @. Ta cAn xac dinh biéu dién
2 z A e ~ e 2’
ctia né trong hé thong s6 véi co s§ B:

a="byB" +by_1B" N +...+ by, 0=<b; <8B. (1.8)

Cac phép tinh trong (1.8) phai dugc thuc hién trong hé thdng sd véi co s6 o
va cing vay B dugc biéu dién trong hé théng s6 nay. Sy chuyén déi dugc
thuc hién bing cach chia lién ti€p clia a cho B:

bat go = a, va
qk = qk+1B +br, k=0,1,.... (19)

(gk+1 12 thuong con by 1a du trong phép chia.)
Né&u a khong la s6 nguyén, ta vi€t a = b + ¢, trong d6 b 1a phin nguyén
(integer part) va

c = b_l,B_l + b_2,3_2 + ... (110)

13 phaAn phan sd (fractional part) phai dugc xac dinh. Cac chi s6 nay nhan
dugc nhu phan nguyén (cta k&t qua) khi nhan lién ti€p ¢ véi B:
bat p_1 = ¢, va

Pk-B=bk+ pr—1, k=-1,-2,.... (1.11)

Vi mot phan sd hitu han trong hé thong s6 v6i co s6 B thudong khong tuong
Ging v6i mot phan s& hitu han trong hé théng s6 véi co s6 B nén cin thiét
phai lam tron.

Khi chuyén déi bing tay gitta hé thap phan va, chdng han, hé nhi phan
tat cd cac phép tinh dugc lam trong hé thap phan (@ = 10 va 8 = 2). Néu
nguogc lai, su chuyén d6i dugc thuc hién trén mot may nhi phan, cac phép
tinh dugc lam trong hé nhi phan (@ = 2 va g = 10).
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Thi du 1.10. Chuyén ddi s thap phan 176.524 thanh dang tam phan (ternary)
(co s6 B = 3). Vé6i phan nguyén ta c6 173/3 = 58 du 2; 58/3 = 19 du I;
19/3 =6 du 1;6/3 = 2 du 0; 2/3 = 0 du 2. Nhut vay, (176)10 = (20112)s.

Vi phan phan s6 ta tinh .524 x 3 = 1.572, .572 x 3 = 1.716, .716 x 3 =
2.148, .... Tiép tuc ta nhan dugc (.524)19 = (.112010222...)5. S6 thap phan
htiu han khong tuong tGng v6i phan s6 hitu han trong hé tam phan! o

1.2.3 S6 hoc dau cham dong

S6 cham dong ciing 1a s8 thyc. Cac k&t qud khi thuc hién phép +, —, X,
/ trong hé thong s6 ddu chdm dong ludn kém theo modt phép "lam tron”
nao d6, nghia 13 xap xi k&t qua nhan dugc ctia phép tinh tuong Gng trong hé
théng s6 thuc. Sau nay ta dung cac ky hieu @, 6, ®, @ d€ chi x4p xi d4u
chdm dong (floating point approximation) ctia cic phép tinh +, —, x, / trong
hé thong s6 thuc. Ta gid st cac thi tuc s6 hoc ctia phin ciing sinh ra cac két
qua thda

x@®y = fl(x+y),

X O y fl (X - J’),

x®y = fl(xxy),

x@y = fl(x/y)

mién la k&t qua tinh nim trong pham vi hé thdng s6 ddu chim dong. Mo
hinh phin ciing thda cac diéu kién trén goi 13 mé hinh chudn.

Nhu vay, trong mo hinh chuéin, véi x,y € F, ta c6
fl(x op y) = (x op y)(1 +6), 8] < u, (L12)

trong d6 u 1a don vi lam tron va "op” thay cho mot trong bon phép tinh +,
— - va /.

D€ thuc hién cic phép tinh trong m6 hinh s6 hoc nay bing tay, v6i mdi
phép tinh +, —, x, /, thuc hién phép toan bing s6 hoc chinh xac, chudn héa
k&t qua, va lam tron (chit cut) né. Dung mot cach khac, véi mdi phép tinh,
tinh k&t qua va chuyén ddi né thanh biu dién trong may truée khi ti€p tuc
phép tinh k& tiép.

1.3 Cac thi du tinh todn s6 dau cham dong

Hé théng s6 ddu cham dong cé cac tinh chat nhu hé thong s6 thuc nhung
khong phai tat cd. Ta sé thdy phép nhan va phép chia théda mian cic tinh
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chit clia hé thong s6 thuc t6t hon phép cong va phép trii.

Véi x,y,z € F,
x®@y = xy(l+d),
x®y)®z = (xy(1+461))z(1+62)
= xyz(1+61)(1+ 8).
Tich

(1+8)(+68)=1+e¢,
trong dé € 13 "nhd” va c¢6 thé danh gia so v6i don vi lam tron u
(I4+68)(A4+6)=14+81+6+6b~14+686+08

suy ra
(S 81 +82

va chin trén cda € 1a 2u. Truée khi t6ng quat héa két qua nay, ta luu ¥ ring
c6 thé xay ra trudng hop ma

x@(ye)F(x®y) 2z,
ngay ca khi s& ma khong viugt qua pham vi. Tuy nhién
Xx®(y®z)=xyz(l + 8)(1 + 64)
suy ra

x®@(®z)  (1+8)(1+685)
xRV ®z (1+8)(1+8)

1 +n,

trong d6 n la "nhd”. Nhu vay, luat két hgp cho phép nhan la ding mot cach
xap xi.
Trong trudng hgp tdng quat, n€u ta mudn nhan xq, Xa, ..., X, ta cé thé
lam bing thuat toan lap
Py = x
PP = P 1®x;, 1i=23,...,n.

Tinh trong hé thdng sd thuc ta c6

Pi = X1X3 " X; :(1+81)(1+82)(1+8,),
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trong d6 cac |8;] < u. Sai s& tuong d6i cia mdi P; ¢6 thé duge chin nho u
khong kho, néu dung xap xi

Pi ~ X1X2"')Ci(1 +81 +82 + ... +8i),
thi
|81 + 6y + ... +8,| <iu.
Diéu nay cho th&y chin trén sai s6 tuong doi phat trién mot cach cong don.
Mb&i phép nhan lam gia ting sai s6 tuong d6i mot lugng khong nhiéu hon

don vi 1am tron. Phép chia c6 thé phan tich theo cting mot cach va két luan
ciing tuong ty (xem bs dé 1.2).

Thi duy 1.11. Ham gamma, dinh nghia nhu la

'(x) :/ t* et dt,
0

t6ng quat hoa ham giai thita (factorial function) cho céc s6 nguyén lén céc s6
thuc x (va cling cho s& phtic x). T cdng thic truy hdi co ban

F'(x) = (x — D(x — 1) (L13)

va sy kién 1a T'(1) = 1. Mot phuong phap chuidn dé xap xi I'(x) v6i x > 2 la
dung cong thiic trén din vé viec xap xi T'(y) v6i 2 < y < 3. Diéu nay dugc
thuc hién bing cach cho N 1a mot s6 nguyén sao cho N < x < N + 1, bing
cach cho y = x — N + 2, va rdi chi ¥ ring 4p dung lién ti€p (113) ta dugc

F(x) =T =N +2)(x =N +3)--(x—2)(x — 1).

Ham I'(y) c6 thé x&p xi tot bdi ti s6 R(y) clia hai da thic v6i 2 < y < 3. Suy
ra, ta Xap xi

''x)~ R(y)(x—N+2)---(x—1).

Né&u x khong qui 16n, mot chiat chinh xac bi mat khi cAc phép nhan nay
dugce thuc hién trong s6 hoc ddu chdm ddng. Tuy nhién khong thé tinh I'(x)
v6i x 16n bing cach ti€p can nay bai vi gia tri cia né phét trién rat nhanh
nhu 13 ham cda x. Diéu nay c6 thé thdy tii cong thic Stirling

I'(x) ~ 27/x (S)x.
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Thi dy nay cho thdy mot van dé khac: do s6 hoc dau chdm dong tu
dong dai x véi cac s6 ¢6 do 16n khac nhau. Nhung nhiéu ham dic biét cda
vat Iy toan lai phat trién hodc suy gidm rit nhanh, thudng 1a ra ngoai pham
vi s6 ma. Khi diéu nay x3y ra cAn thiét viét lai cong thic cho bai toan dé
nhan dugc k&t qua t6t hon. Ching han, thudng ta lam viéc véi ham dac biét
InT'(x) hon la véi I'(x). o

Phép cOng va phép trit rat it théa man trong s& hoc dau chim dong
so v6i phép nhan va phép chia. Khi cic s6 c6 do 16n rat khic nhau duge
cong (hay duge trii), mot s6 thong tin c6 thé bi mat. Thi dy ta mudn cong
0.123456 x 10™* v&i 0.100000 x 10! trong s& hoc chit cut sdu-chii s6. Trudc
hét, s6 mii duge diéu chinh d€ trd nén gidng nhau va 1di cac s6 dugc cong lai

0.100000 x10!
+ 0.00000123456 x10!
0.10000123456  x10'.

K&t qua dugc chat cut thanh 0.100001 x 10!, Chu ¥ ring mot vai chit s6 da
khong tham gia vao phép cong. That vay, néu |y| < |x|u, thi x ® y = x va
s6 y chidng déng vai tro gi. Su mat mat thong tin khong c6 nghia la dap s6
khong chinh xac; that ra né chinh xdc d€n mot don vi lam tron. Van dé la
thong tin bi mat nay c¢6 thé cAn d&€n cho cac tinh toan vé sau.

Thi du 1.12. Ta c6 cong thic xap xi

F(x +6) — F(x)

F'(x) ~ ;

V& phai cia cong thic nay dugc goi la ti sai phan (difference quotient) ctia
ham F tai di€m x. Trong nhiéu 4p dung cong thic nay duge dung dé xap xi
F’(x). D& c6 x4p xi chinh xac, § phai "nhd” so v6i x. Tt hon né khong nén
qua nhd (d€ c6 su chinh xac) n€u khong ta sé ¢6 x @ § = x va gia tri tinh
ctia F’(x) sé bing khong. Né&u § dt 16n dé dnh hudng dén t6ng nhung vin
"nhd”, mot vai chii s6 ctia nd (§) sé¢ khong dnh hudng dén t6ng theo nghia
X ®8—x #68. Trong ti sai phan ta cAn chia cho hiéu thuyc cta d6i s6 chi
khong phai 1a §, nhu vy nén dinh nghia

A=(x®dOxX
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va xap xi

F(x + A) — F(x)
n .

F'(x) ~

Hai x&p xi ctia F'(x) & trén 1 tuong duong vé mit todn hoc, nhung vé mit
tinh toan thi khac. Thi dy, gid si F(x) = x va ta xdp xi F/(x) tai x = 1
bing cach dung § = 0.123456 x 10~ trong s6 hoc chit cut sdu-chii sd. Ta c6
1® 6§ = 0.100001 x 10%; tuong tu, A = 0.100000 x 10™* chi thé hién nhiing
chit s6 ctia § ¢6 anh hudng thuc d&€n tdng. Cong thiic diu tién cho

(1®8 el _ 0.100000x 10~*

= 0
8 = 0123456 < 10—% — 0-810000 < 10°.

Cong thdc thi hai cho

(1@d8 el  0.100000 x 107

== 1
A "~ 0.100000 x 104 0.100000 x 10",

Hién nhién cong thic thi hai cho xap xi t6t hon F/(1) = 1. o
Thi du 1.13. X4p xi tich phan x4c dinh

/a o

c6 thé dugc thuc hién bing cach phan hoach [a,b] thanh nhiing doan con
[, B] va x4p xi tich phan trén mdi doan con nay. Gid st ta dung cong thic

[ " s ~ foa [f(a) vy (“ / ) T f(ﬁ)].

Do chinh xac cia cong thic nay phu thudc vao do dai | — «|, d6 dai cang
nhd thi cang chinh x4c. Tuy nhién, néu |8 — «a| < 2u|«a|, cic s6 ddu chadm
dong o va o + (B — «)/2 1a gidng nhau. N&u a va B khong thé duge phan
biét trong d0 chinh xac (dang dung), cac két qua tinh sé khong giong cac két
qud toan hoc trong hé théng sd thuc. Trong trudng hgp nay ngudi st dung
phan mém phai dugc cAnh béo la su chinh x4c nhu yéu ciu 1a khong kha thi.
o
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Thi du 1.14. Téng S cla chudi sd
o
>
m=1

13 gi6i han clia day cac tdng riéng

n
S, = E Am.
m=1

Mot thuat toan tu nhién d& tinh S:

S1 = ai,
S, = S,-1Da, n=2,3,...,

ti€p tuc cho d&n khi t6ng riéng khong con thay ddi. Mot thi du c8 dién vé
chudi phan ky 1a chudi diéu hoa

01
2

Né&u thuat toan trén duge ap dung cho chudi diéu hoa, gia tri tinh toan S,
ting va a, = 1/n gidm cho dé&n khi

Sn = Sn—l ®a, = Sn

va thuat toan diing! Trong s6 hoc ddu chdm dong chudi phan ky nay cé t6ng
hitu han! Nhu vay cAn phai ¢6 vai phan tich toan hoc phu thém (khi tinh
téng ctia chudi s6) d€ c6 két qua tin cay. o

Thi du 1.15. Hai s6 ¢6 cac chii s6 diu gidng nhau thi phép trii gitia chiing sé
khti di cac chii s6 nay. Thidy, n€ux = 0.123654x107° va y = 0.123456x107>,
thi

0.123654 x107°
— 0.123456 x10~°
0.000198 x10™ = 0.198000 x 107%.
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Diéu dang quan tam la khi sy khi dugc thuc hién, phép trit duge thuc hién
chinh xdc, x © y = x — y. Nhung c6 sy "mat mat” thong tin, dugc goi la su
mdt ¥ nghia (loss of significane). Khi sy khit xay ra, ké€t qud x — y 1a nhd hon
x va y vé d6 16n, vi vay cac sai s6 da hién dién trong x va y la tuong d6i 16n
so v6i x — y. Gid st x 12 mot xap xi cia X va y la mot xap xi cia Y. Chiing
c6 thé 1a cac gia tri do hay k&t qua clia mot vai tinh toan. Hiéu x — y 1a mot
xap xi cia X — Y vdi sai s tuong ddi thda

x=—»-X-Y)|  |(x=-X)—(y—-7Y)
X-Y - X-Y
e redhdalreny
< + .
- X ||x-Y Y || X-Y

Néu x gin y dén do c6 su kh, sai sd tuong d6i c6 thé 16n vi mius6 X —Y
12 nhé so véi X hay Y. Thi dy, n€u X = 0.123654700... x 107>, thi x gidng
X sai khiac mot don vi lam tron trong s6 hoc sau-chii s6. V6i ¥ = y gia tri
tatim 1A X —Y =0.198700... x 1078, Mic du hiéu x — y = 0.198000 x 10~8
dugc thuc hién ciach chinh xdc, x — y vd X —Y khac nhau 3 s6 1é thi bon.
Trong thi du nay, x vd y c6 it nhat sdu chii s6 c6 nghia, nhung hiéu cia
ching chi con ba chii s& c6 nghia. o
Nhan xét 1.1. Mot nhan xét ¢ gia tri la ta da dung sy khi trong thi du 1.12
khi tinh

A=(xd6) o x.
Vi § 1a nhd so v6i x, c6 sy khtt v A = (x @ §) — x. Theo cidch nay ta nhan
duge trong A céc chii s6 cta § thuc sy dnh huéng dén t6ng.
Thi du 1.16. Cong thiic tinh nghiém phuong trinh bac hai

X2 4+bx+c=0

B

gid st b > 0. N&u ¢ nhd so véi b, cin bac hai ¢6 thé viét lai va xap xi bing
cach dung chudi nhi thic

b
X1,2 = —5 +
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Diéu nay ching t3 cac nghiém thuc

—b,
—c/b.

&

X1

&

X2

Trong s6 hoc c6 dd chinh xac hitu han mot vai chii sd clia ¢ khong dnh hudng
len t6ng (b/2)? — c¢. Trudng hgp téi han la

&t

Diéu quan trong d€ nhan thic ding 13 dai lugng nay duge tinh mot cach
chinh xac theo nghia tuong d6i. Tuy nhién, mot vai thong tin bi mat va ta
sé thay trong vai trudng hop ta cAn d&€n né trong tinh toan sau nay. Mot cin
bac hai dugc tinh v6i mot sai s6 tuong d6i nhd ciing ding v6i phép trit theo
sau. Vay thi nghiém 16n hon x; &~ —b dugc tinh chinh x4c bdi cong thiic
trén. Trong tinh todn nghiém nhd hon, c6 su khii khi s6 hang cin bac hai
bi trti tit —b/2. Ban than phép trit dugc thuc hién chinh xac, nhung sai s6 da
hién dién trong (b/2)?> © ¢ trd nén quan trong theo nghia tuong d6i. Trong
trudng hop t6i han cong thiic cho k&t qua bing khong nhu mot xap xi cia
x2. Sip x€p lai cong thic tinh ¢6 thé tranh dugc khé khian nay. Dung cong
thiic x1x, = ¢, nghiém x, cé thé€ dugc tinh bing

Xy = c/x1
cho gia tri chinh x4c hon. o

Thi du 1.17. Muén tinh t6ng clia mot chudi, diéu quan trong 1a biét khi
nao da 14y da céc s6 hang tit chudi d€ xap xi gidi han (t8ng clia chudi) véi
d6 chinh xic mong muén. Chudi dan d4u thu hdt sy chd ¥ nay. Gid st
Ao >ay1>...>dap > ape1 > ... > 0. Thi chudi dan dau

Y (=D"am
m=0

A Lyt 2 2yt N . N 2 P A
hoi tu t6i giGi han S va sai s6 cia tOng riéng

S, = Xn:(—l)mam
m=0
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thdéa
|S — Sul < anta.

Xem mot trudng hgp cu thé, danh gia sin(x) bing chudi Maclaurin ctia né

3 )CS )C7

sin(x)=x—§+§—ﬁ+....

Mic dau chudi nay hoi tu nhanh véi x cho truée bat ky, c6 khé khin s6 khi
|x| 16n. N&u, chdng han, x = 10, a,, 1a

10 10* 10° 107
"6 12075040

R6& rang c6 mot vai s6 hang thuc sy 16n cAn phai loai d€ nhan duge két qua
sin 10 c6 d6 16n khong qua 1. Cac s6 hang a,, 12 k&t qud ctia mot s6 phép
tinh & day c¢6 thé nhan duge véi sai s6 tuong d6i nhd. Tuy nhién, néu a,, 1a
16n so véi t6ng S, mot sai sd tuong dGi nhd trong a,, sé¢ khong nhd so véi S
va S s& khong duge tinh chinh xac.

Nguoi ta da lap trinh danh gia chudi nay bing mot cach truc ti€p, cin

than tinh, cu thé,
7 5
S (506

dé€ tranh nhiing con s6 16n khong can thiét. Bing cach dung s6 hoc ddu cham
dong chinh xac don tiéu chudn IEEE ngudi ta cong cac s6 hang cho d&én khi
cac tdng rieng khong con thay d8i. Cach tinh nay cho gia tri —0.544040 trong
khi gia tri chinh xac 1a —0.544021. Do pham vi s6 mi trong chinh x4c don
1a nhd nén ta sé gip trudng hgp overflow néu 8 ging tinh véi x = 100! Ro
rang s6 hoc dau chdm dong khong thoat khdi tit ca nhiing diéu c6 lién quan
vé do 16n.

Cac chudi thudng dugc dung nhu mdt cach danh gia gid tri cAc ham
s6. N&u gia tri cia ham cin tinh 1 nhd va n€u mot vai s6 hang trong chudi
tuong d6i 16n, thi phai dugc loai bd va ta phai nghi ring su khong chinh xac
trong tinh todn cac s& hang sé [am cho gi4 tri cia ham khong chinh xéc theo
mot nghia tuong d6i. o

Ta da thay cac thi du ching té tdng cia nhiéu s6 phu thudc vao thi
tu trong d6 ching duge cong. Nhu vay thi ty nao [a "t6t”? Trd lai véi thuat
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toan trong thi du 1.14 d€ tinh tSng a; + a» + ... + an. Trudc hét t6ng rieng
thi nhat la
t1(S2) = a1 ®azx = (a1 + ax)(1 + 8,)
= 82 + &a1 + b4y,

trong d6 |82| < u. Ti€p tuc,

fl(S3) = fl(Sz) b asz = (fl(Sz) + 613)(1 + 83)
= SS + (82 + 83)611 + (82 + 83)612 + 53613 + 8283611 + 8283612,

trong d6 |83] < u. Bd qua céc sd hang chia céc tich cta céc thia s6 bé,
t1(S3) = S3 + (82 + 83)ar + (62 + 83)az + 83as.
Cudi cling ta tim dugc

fl(a; +...+any) ~ (a1 +...+an)
+(62+ 8+ ... +dn)ax
+(62+ 683+ ... +dn)az
+(63+ 64+ ... +dn)as
+...+nan.
Theo x4p xi ndy, sai s6 phét sinh khi ax dugc cong vao Sk ¢6 thé ting len
nhung dnh hudng ctia né trong S sé¢ khong 16n hon (N — k + 1)ulax|. Diéu
nay dé nghi ring dé€ gidm sai s& toan phan, cac s6 hang nén dugc cong theo
tha ty d6 16n ting.
Sai s6 xap xi ¢6 thé udc lugng bdi

N
f1(Sn) — Sn| € Nu Y an|.

n=1

O day ta dung ky hiéu C ¢6 nghia 13 "nhd hon hay bing véi mot dai lugng
ma 13 mot cach xap xi”. Sai s6 tuong d6i clia tdng

N
1153 = vl it lonl
|SN| |Zn=1 an|

Trudng hgp nguy hiém la khi |Z,11v:1 an| < Z,iv:l la,|, lic d6 xay ra sy khd.
Mot hé qua quan trong 13 né€u tit ca cic s6 hang c6é cung dau, tdng sé dugc
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tinh chinh xac theo nghia tuong d&i, mién la s& cAc s6 hang khong qua 16n
dé€ su chinh xéac c6 hiéu lyc.

Vi chudi hoi ty
o0
=5,
m=0

thi |am| — 0 khi m — oo. Trudc hét ta 14y t6ng theo thi ty ty nhién
m=0,1,..., d€ chon s6 s6 hang cin thi€t N d€ tinh tdng rdi tinh Sy theo
thi ty ddom = N,N —1,...,0.

Thi du 1.18. Cho f(x) = x> — 2x + 1 dugc danh gid tai x = 1.018 véi s&
hoc chit cut 3-chii s6 va —100 < ¢ < 100. Dap s6 chinh xac 1a f(1.018) =
0.324 x 1073, Vi c4c hé s6 ciia f 1a s6 nguyén bé, khong c6 sai khi biéu dién
nhu 13 s ddu chdm dong. Tuy nhién, véi x thi khac, fl(x) = 0.101 x 10,
phép bi€u dién c6 sai s6. C6 nhiéu thuat toan dé€ tinh f(x):

fx) = [(x®)—Qx)]+1,
fx) = x(x—-2)+1,
flx) = (x=17>~
Cac dang nay cho:
y = [x®x)82®x)]®1=0.000x 1071,
V2, = x®@(x©62)®1=0.100x 1072,
y3 = x61)®(xae1)=0.100x 1073,

TAt ca cac k&t qua c6 sai sd tuong doi 16n. D6 1a vi bai toan la didu kién xau.
o

1.4 Anh hudng cta sai s& lam tron - sy truyén sai
s0

Trong tinh todn cic bai todn khoa hoc, di lieu nhap thudong khong chinh
Xac, sai s6 trong dii lieu nhap duge truyén di trong qua trinh tinh todn gay ra
sai s6 trong di lieu xudt. Ngoai ra sai s6 lam tron & mdi budc tinh ciing dugc

N . N A oA A, A ~ K . A 1
truyén di va xuit hién trong k&t qua cudi cing. Anh hudng cta sai s§ l[am
tron lén k&t qua cudi ciing cé thé duge danh gia bing cach diung céc bs dé
sau.
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R A 2 A \ 7 \ s o . N A Ao A,
Bo de 1.1. Trong phép cong va phép trit, cdi chan cho sai s6 tuyét doi trong két
qud duigc cho béi tong ciia cdc chan cho sai s6 tuyét doéi ciia cdc todn hang

y=Y +x. [|Ay]| <) |Ax]. (114)
i=1 i=1

D& nhan duge k&t qua tuong tng cho phép nhan va chia, ta bit dau
bing nhan dinh ring v6i y = In(x) ta c6 A(In(x)) ~ Ax/x. Phat biéu bing
16i: sai s6 tuong doi trong mot dai ligng xdp xi bang sai s6 tuyét doi trong logarit tu
nhién ciia né. Tu nhan xét nay ta co:

B6 dé 1.2. Trong phép nhan va phép chia, cdi chan xdp xi cho sai s6 tuong déi
duigc nhan bang cdch cong cdc sai s6 tuong doi ciia cdc todn hang. Téng qudt hon,

cho y = x{"' x5 2 xmn

n

(L15)

5
y

i

Chitng minh. Chiing minh bing cich 14y dao ham In(y) = mIn(x;) +
m In(xs) + ... + m, In(x,) r6i danh gid nhiéu trong tiing s hang m

Thi du 1.19. Trong phuong phap Newton gidi phuong trinh phi tuyén f(x) =
0 mot hiéu chinh Ax; (tit nghiém xap xi & bude k, xi) phai duge tinh nhu
latdss y = f(xk)/f (xx). Gia st ring f(xx) chi dugc bi€t v6i do chinh xac
tuong d6i nao d6, ta nén tinh f/(xx) chinh xac th& ndo dé c6 do chinh xac
cao hon? Vi gi6i han cia sai s6 tuong ddi trong y bing t6ng cta cic chin cho
sai sO tuong d6i trong f(xx) va f'(xx), nén sé khong c6 1gi n€u cd ging dat
sai s& tuong ddi trong f’(xx) "rdt it hon” sai s6 tuong d6i trong f(xx) o

Bay gi ta nghién ctu sy truyén sai s6 trong cidc bi€u thic phi tuyén
t6ng quat hon. Gia st ta cAn tinh ham y = f(x) ctia mot bién doc 1ap x. Sai
s6 trong x truyén téi y nhu thé nao? Cho Ax = x — X. B&i dinh ly gia tri
trung gian,

Ay = f(x) = f(X) = f'(§)Ax,

trong d6 £ ndm gita x va X. Gid st |Ax| < € thi

|Ay| = m;XIf’(S)IG, felx—ex+el
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Trong thuc hanh, thuong ta thay & bing danh gia c6 hiéu luc ctia x la da.
Ngay cd néu can sy chinh xac cao trong gia tri ctia f(x), hi€m khi can su
chinh xac tuong ddi cao trong cai chin sai s6 hodc danh gia sai s6. Chi can
cin than hon khi £ niim trong 1an can cia khong diém cta f/(x).

Hinh 1.2: Sai s truyén trong ham y = f(x).

Trudng hop y 13 ham 4n cda x xac dinh badi phuong trinh g(x,y) = 0.
Néu dg/dy # 0 thi

|Ay| < max e, Ee[x—e€,x+e

3

ag .. . 908
pROEERG)

Thi du 1.20. Trong thi du 116 bén dudi, gidi phuong trinh bac hai
ax* +bx +c =0,

ta thdy nghiém tinh todn rat "nhay cAm” véi sai s6 cia ¢. That vay, dao ham
phuong trinh x? + bx + ¢ = 0, trong d6 x = x(c) d6i véi ¢ ta duge

Qax+h S p1=0= oL
ax dc - dec  2ax+b

Lay x = x; va dung cic hé thic lién he gitia nghiém x; » v6i cac hé s6 a, b, ¢
ta co

dxi c/a dx _@ X2

- _ = = .
dc c(2x1 + b/a) X1 C X1 — X2
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Diéu nay ching té khi |x; — x3| < |x2] ¢6 thé rat nhay cdm v6i nhiéu tuong
d6i nhd trong c.

Khi x; = x, = r, phuong trinh c6 nghiém kép, phan tich trén khong
con hiéu lyc. Tuy nhién, né€u goi x la nghiém clia phuong trinh véi ¢ bi
nhiéu

ax®> 4+ bx +c+alAc =0,
thi (do b?> —4ac =0, r = —b/2a)

(x—r)* 4+ Ac=0.
Phuong trinh nay c6 nghiém x =r + V/Ac. o

D& phan tich sy truyén sai sd trong mot ham nhiéu bién f = f(x1,x2,..., xp)
ta cAn mot tdng quat hda clia dinh 1y gia tri trung gian:

Pinh ly 1.2. Gid sit ham ldy gid tri thuc f khd vi trong mot lan cdn ciia diém
x=(X1,X2,...,Xxn),va cho x = x + Ax la diém ndm trong lan cdn nay. Thi ton tai
s60,0<6 <1, sao cho

of (x + 0Ax)Ax;.
Bx,-

Af = flx+hx) = fx)=)
i=1

Tuong ty nhu trén ta d& dang ching minh:

Dinh ly 1.3 (Cong thic tng quat cho sy truyén sai s6). Gid sit ham ldy gid
tri thuc f khd vi trong mot lan can cia diém x=(x1, x2,...,Xn) v6i sai s0 Axy,
AXxy,.., Ax,. Thi udc ligng sau la cé hiéu luc

Af ~ Ax;, 116
f Z Bx,- ' ( )
i=1
trong dé cdc dao ham riéng dugc ddnh gid tai x.
Vi sai s6 cvc dai trong f(x1,X2,...,Xx,) ta c6 chan cia xdp xi

|Ax:]. (117)

Afl~Y

i=1

Bx,-
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Trong (1.17) |0f/0x;| 1a gi4 tri 16n nhAt cda tri tuyét d6i cac dao ham
riéng trong 1an can cia di€m da bi€t x. Trong hiu hét cac trudng hgp thuc
hanh chi can tinh 9f/0x; tai x rdi cdng thém mot lugng khodng 5 d&n 10
phan trim cho an toan.

Thi du 1.21. Tinh cac chin sai s6 cho f = x} —x,, trong d6 x; = 1.03+0.01,
X2 = 0.45 £+ 0.01. Ta nhan dugc

0
= 2x;| <2x1.03 <2.1, 'a—f

X2

8x1

suy ra Af <2.1 x0.01 +1x0.01 =0.031 hay f = 1.061 —0.450 +0.032 =
0.611 + 0.032; chin sai s6 da dugc nang lén 0.001 vi sy lam tron trong khi
tinh xf. o

Trong gidi tich s rat hi€m trudng hgp yéu cAu cho cac chin sai s6 dé
bao ddm toan hoc. Thudng thi chi cAn cho mot danh gia vé cap ctia do 16n
(order of magnitude) cia du bao sai s6.

1.5 So6 diéu kién

Nhu da bi€t, mot bai toan s6 la diéu kién x&u néu dit lieu nhap thay ddi mot
chit nhung di lieu xuat lai thay d6i rat 16n. Vi vay viéc c¢6 mot s6 do cho
su nhay cdm ctda dit liéu xuat khi dit lieu nhap thay d8i la rat hiu ich. Trong
bai todn tinh s6 gia tri ham y = f(x) ta c6 thé 14y | £/(x)| lam s& do d6 nhay
cdm clia f(x) d6i v6i nhi€u Ax cta x. Trong nhiéu tai liéu, ti s8 gitia sai s&
tuong d6i trong f(x) va x dugc dung.

Dinh nghia 1.2. Gid st x # 0 va f(x) # 0, thi s§ diéu kién « cho bai toan
tinh gia tri ham y = f(x), bdi dinh nghia [a

i | f(x +Ax) — f(x)| |Ax] x|
|Ax|—0 | f(x)] x|

|/ ()]
Sl

K =

(L18)

Ta néi bai toan tinh f(x) ti x 1a diéu kién x4u né€u « "16n” va didu
kién tot néu nguge lai.

S6 diéu kién 1a mot thuodc tinh cda bai toan sd va khong phu thudc vao
thuat toan dugc dung! Mot bai todn diéu kién x&u c6 khé khian noi tai khi
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gidi biang bat ky thuat todn ndo. Ngay cd né&u di liedu nhap [a chinh xac sai
s6 lam tron xuat hién khi tinh todn bing s6 hoc ddu chdim dong vin c6 thé
gay ra nhiéu rat 16n trong k&t qua cudi cling.

Thi du 1.22. Xét hé phuong trinh tuyén tinh

l « x| |1
a 1 y| |0
trong d6 « la di lieu nhap. Nghiém chinh xac [a

x=1/1-0a?), y=—a/(1—a?).

Ma tran suy bi€n khi o = 1, va bai toan tinh x, y 1a diéu kién xau khi o ~ 1.
Duing phuong trinh (118) ta thay s6 diéu kién khi tinh x la

Kk = ax'(a)/x(a) = 2a?/|1 —a?|.

Véi a = 0.9950 ta c6 biang cach dung phép khi Gauss va tinh toan trong hé
thap phan bén chii sd cac gia tri tinh duge la

y = —0.995/(1 —-0.9900) = —99.50, x =1+ 0.9950 x 99.50 = 100.0025,

thay vi gia tri chinh xac y = —99.7494, x = 100.2506. Chi ¢ ring hai chi s&
bi mat khi [Am tron trong mAiu s§ ldc tinh y (¢? = 0.990025 — 0.9900). S&
diéu kién « = 198 chi ra mot cach chinh xac ring ta c6 thé mat di su chinh
x4c ctia hai chi s6 thap phan c¢6 nghia. o

Bay gid ta xét bai toan s6 nhiéu bi€n P trong d6 di lieu xudt y; = f;(x),
Jj = 1,2,...,m phu thuoc vao di lieu nhap x = (x1,x2,...,x,). Thi, bdi
cong thiic truyén sai sd tdng quat (1.17), ta c6 danh gia sai s6 cuc dai

n

Afil~Y

i=1

ofi

S 1A, (L19)

Diéu nay cho ta mot ma tran cac s6 diéu kién (tuong do1i)

|xi |
|yl

oy

Bx,-

Kij =

Thuan tién hon néu dung mdt s6 duy nhat dé€ do diéu kién cda bai
toan. Diéu nay c6 thé thyc hién duge bing cach dung chuin
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Dinh nghia 1.3. S diéu kién « cta bai toan P véi di lieu nhap (x1, x2, ..., x,)
va di lieu xudt (y1, y2,..., ym) 12

115 —
k(P) = lim sup—M
=0 e |yl

o E =l = ellx]l. (1.20)

Chi ¥ ring «(P) 1a mot ham cla di lieu nhap x va phu thuoc vao cach
chon chuéin trong khong gian dit lieu va khong gian nghiém. Véi € di bé ta
c6 danh gia

17 =yl < kellyll + O(€?).
K&t qud 1a nghiem sé c6, vé dai thé, it hon s(= log,, ) chii s6 thap phan c6
nghia so véi d lieu nhap.

1.6 Phan tich sai so thuat toan

Cho thuat todn véi dit lieu nhap (ai,as,...,a,) qua cic tinh todn gia tri
trung gian bing cic phép toan s6 hoc cho 16i gidi (wy, ws,...,w;). C6 hai

ki€u phan tich sai s6 lam tron co ban cho mot thuét todn nhu vay.

Cho d&n nay ta da xét cach phdn tich sai so tién (forward error analysis).
Phan tich nay tim cic chin sai s& trong 16i gidi |w; —w;|, i = 1,2,...,t, bing
cach chin tai m&i budc tinh céc sai s6 c6 thé xuit hién va dnh hudng cia
ching.

D€ cuy thé, nhic lai bi€u thic cho sai s6 ctia t6ng ba so:
f1(S3) = S3 4+ (82 + 83 + 8283)x1 + (62 + 63 + 6203) X2 + 83x3.
Mot phan tich sai s6 tién c6 thé chin sai s8 tuyét d6i bdi

If1(S3) — S3] < Qu + u?)(Jx1] + [x2]) + ulx3].

Phan tich sai s6' lui? (backward error analysis) di tim mot tap céc di liéu
d; sao cho 10i gidi tinh todn w; 1a loi gidi chinh xdc n&€u cac a; duge 1ay [am
dii lieu nhap; ddng thoi cho cic chin cia |a; — a;|. C6 thé c6 vo s6 tap hgp
dt lieu nhu vay; thinh thodng c6 ding mot tap va cé thé xay ra, ngay ca véi
thuat todn rat don giadn, khong ton tai tip nao ca.

Do J.H. Wilkinson dé& xuat vao thap nién 50 ctia th& ky 20.
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Ta hay dién gidi biéu thic cho f1(S3) theo cich phan tich nay. Ta thay
rang
f1(S3) = y1 + y2 + ys,

trong dé

yi = xi1(14 8 + 83 + 8293),
Y2 = Xz(l +82 +83 +5283),
y3 = x3(1+4 83).

Theo phan tich sai s6 lui, tdng tinh todn la t6ng chinh xac cta cac s6 hang
yx ma mdi sd hang gin véi gia tri cho x; theo nghia tuong doi.

Dinh nghia 1.4. Mot thuat toan &n dinh, theo nghia phan tich sai s¢ lui,

néu né cho nghiém chinh x4c cda bai todn [ (wy, wa,...,w;) véi di ligu
(@i,ds,...,d,) gan véi di lieu (a1, as,...,a,) cla bai toan gdc.

V& phan hai 16 gidi (chinh xac va tinh toan) c6 gAn nhau hay khong,
do6 la van dé vé diéu kién cda bai toan. Hiéu luc ctia cich nhin sai s6 nay 1a
tach 151 vai trd &n dinh cta thuat toan va diéu kién ctia bai toan. Do phép
phan tich sai s lui khong tham chi€u dén 1oi gidi chinh x4c cho di liéu goc,
nén né dic biét hap dan khi di lieu nhap ¢6 do chinh xac hitu han, ching
han, khi d lieu dugc do hoic tinh toan. Cé thé xay ra 1a mot thuit toidn
dn dinh cho nghiém chinh xac mot bai toan véi dit lieu ma khong thé phan
biet dugc véi dit lieu cho trude vi su chinh xac hitu han ctia ching. That ra
ta khong thé yéu cAu nhiéu hon vé so dd s6 trong trudng hgp nhu vay, nhung
mdt 1An nita ta phdi nhan manh 13 gdn nghiém nhu thé nao, tuong 1ing véi dit
liew cho trudc, phy thudc vao diéu kién ciia bai todn.

Mot thi dy s6 sé gitp néu lén van dé nay. Cho x; = 0.12 x 102,
X2 = 0.34 x 10, x3 = —0.15 x 10?, gia tri thuc cia tdng [a S3 = 0.40 x 10°.
Khi tinh toan bing s6 hoc thap phan chit cut hai chii s6, f1(S3) = 0.00 x 10°,
mot k&t qué rat khong chinh xac. Tuy nhién, véi y; = 0.116 x 10?3, y, = x»
va y3 = X3, ta c6 f1(S3) = y1 + y2 + y3. K&t qua tinh 13 t8ng chinh xic cla
cac s6 gAn véi dit lidu géc. That vay, hai s6 trung véi dit lieu gbc va s6 con
lai sai khac mot lugng it hon don vi lam tron.

1.7 Biéu dién s6 dau cham dong 64-bit IEEE

m Cau chuyén lich s
Nam 1991 tén hia Patriot da that bai khi dugc ding dé ddnh chdan tén lka Scud
tan cong vao Saudi Arabi do sy sai lech trong bai todn quyét dinh. Tén hia Scud da
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bdn tring mot doanh trai giét chét 28 linh My. Nguyén nhan: mdy tinh dung dé
diéu khién tén hia Patriot dung thiet k& s6 hoc 24-bit tit nam 1970. Thoi gian hiéu
chinh duong di duigc thuc hién nho dong ho hé thong véi don vi mot phan mudi gidy
nhung chuyén thanh s6 ddu cham dong 24-bit. Sai s6' lam tron trong phép chuyén doi
gdy ra mot sai s6 khi hiéu chinh. Sau 100 gio lién tuc van hanh thoi gian tinh todn
biang gidy la 359999.6567 thay vi gid tri chinh xdc la 360000, mot sai s6 0.3433 gidy
ddan deén sai lech 687 mét! Mot phan mém sau dé da duoc cai dat dé hiéu chinh sai
lech nay.

m S6 dau cham dong 64-bit IEEE (ding trong Matlab) [14]

S6 dau cham dong 64-bit 13 mot cau tric ti (word) gdm bit ddu S (sign
bit), viing mt Exp (exponent field) va ving dinh tri M (mantissa field)

6362 5051 0
(S| Exp M |

M&di viing nay bi€u dién S, E, M clia mot s6 f theo cach sau.
e Bit dau

0 Vv6i céac sd duong
1 v6i cac s6 am

S=be =

° meg mu (b62b61b60 e b52)2 theo ma ”qué 1023”

E = Exp—1023=1{0,1,...,2" —1 =2047} — 1023
{—1023,—-1022, ..., +1023, +1024}

~1023 + 1 khi | f] < 271922 (Exp = (00000000000))
= { —1022 ~ 1023 khi 271922 < | f| < 21924 (ving chuin)
1024 khi + oo

o Vﬁng dmh tl’i (b51b50 e blbo)i
Trong viung khong chufn & d6 cic s6 nhd dén ndi ching c6 thé duge
biéu dién chi bing gi4 tri ctia bit 4n (hide bit) 0, s6 bi€u dién bdi dinh tri la

M= 0.b51b50 ce blbo = [b51b50 ce blbo] X 2_52 (121)

Ta c6 thé nghi ring gié tri cia bit 4n dugc thém vao s6 ma thay vi vao dinh
tri.
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Trong ving chudn, s6 bi€u dién bdi dinh tri cuing véi gia tri ctia bit 4n

br=11a
M =

1.bsibsg...bibg = 1+ [bs;bsg...bybg] x 27°2

14+ bsy x27 4+ bsgx2724 ...+ by x27°F £ by x272
(L1422 142%x272, ., 1+ (22 -1)x27%}

(1,1 +272 142272, ...,2-272)

(L1+ A 14+2A,...,2—A} (A =272 (1.22)

V6i S, E, M, s6 f dugc biéu dién la

f=4M-.2F (1.23)

Ta phan loai pham vi ctia cac s6 phu thudc vao gia tri (E) ctia s6 mia va ky
hiéu né nhu la

[2E, 2B+l v6i —1022 < E < 41023 (1.24)

Trong mdi viing, don vi nhd nhat -- nghia 1a gia tri cia LSB (least significant
bit, bit ¢6 nghia nhd nh4t) hay hiéu gitia hai s6 lién ti€p biéu dién bdi dinh

tri 52 bit -- la

Ap = A x 2F = 2F%2 (1.25)
Cu thé:
0. 0 (s6 khong)
63 62 52 51 0
| S ]000...0000 | 0000 0000 ... 0000 0000 |

L. Ving khong chuén (véi gia tri ctia bit 4n by, = 0)

R_1023 = [27197%,271923) y6i Exp =0, E = Exp— 1023 + 1 = —1022

| S ]000...0000 | 0000 0000 ... 0000 0001 |

(0 + 2—52) X 2E — (0 + 2—52) X 2—1022

['ST000...0000 [ TI1L 11 .. 1111 1111 |

{(0 + (252 _ 1)2—52) — (1 _ 252)} X 2—1022
Gia tri cua LSB: A_1023 = A_1022 = 2102252 — »—1074

2. Vung chudn nhd nhAt (vSi gia tri cia bit 4n by, = 1)

R—1022

= [271022 271921y y6i Exp = 1, E = Exp — 1023 = —1022
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| S [000...0001 | 0000 0000 ... 0000 0000 |

(14+0)x2F = (140)x271022
\ S \ 000...0001 \ 0000 0000 ... 0000 0001 \
(1 + 2—52) X 2—1022

S 000...0001 | 1L 11 ... I 11T |
I+ Q2127 =222 x2 102
Gia tri cua LSB: A_1022 = 2—1022=52 — »—1074

3. Vung chuin co s3 (v6i gia tri cta bit 4n by, = 1)

Ro=2°2") v6i Exp=2""—1, E=Exp—1023 =0

['STOIL.. 1T | 0000 0000 ... 0000 0000 |

(14+0)x2F =14+0)x20=1
['S]OIL... 1111 [ 0000 0000 ... 0000 0001 |
(14+2752)x 20

| S | OIL..1111 | 1111 111 ... 1111 1111 |

(1 + (22— 1)2752) = (2= 2752)1 x 20

Gia tri cia LSB: Ay = 27°2

4. Vung chuéin 16n nhat (v6i gia tri cia bit 4n by = 1)

Rigas = [21923,2192%) y6i Exp =21 —2, E = Exp — 1023 = 1023

['S T TIL... 1110 | 0000 0000 ... 0000 0000 |

(140)x2F = (14+0)x21023
[STIL..1110 [ 0000 0000 ... 0000 0001 |
(1 + 2—52) X 21023

| S| 11...1110 | 1111 1T ... 1111 1111 |

(14 (252-1)27%2) = (2 — 2752} x 21023

Gia tri clia LSB: Ajgp3 = 21023752 = 2971

5. £00 (inf) Exp = 2!' — 1 = 2047, E = Exp — 1023 = 1024 (vd nghia)
| 0 | 11L... 1111 | 0000 0000 ... 0000 0000 |
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+00 # (1 4+ 0) x 2F = (1 4 0) x 21024
(1 1IL... 1111 | 0000 0000 ... 0000 0000 |

—00 # —(1 4+ 0) x 2 = —(1 + 0) x 21024
| S | 11L...1111 | 0000 0000 ... 0000 0001 |
khong hiéu luc (khong dung)

['S T TIL.. 101 [ 1001 1001 ... 111 1111 |

khong hiéu luc (khong dung)

S6 duong nhé nhat va 16n nhat ¢6 thé biéu dién 1a
foin = (04 2752) x 271022 = 571074 — 4 9407 x 10732
froax = (2—275%) x 21923 = 17977 x 107308

Co ché thyc hién phép tinh s& hoc trong may tinh. Thi dy, phép cong
3 cho 14 dugc thuyc hién nhu sau.

DGi thap phan thanh nhi phan — Chuin héa — Biéu dién 64-bit

310 =11, =1.1,x2! = .12 « 21024-1023
14,0 = 1110, =1.110, x23 = .1102 « 210261023

Biéu dién 64-bit

3i0= 0 102450 [1]10000... ...0
l41p= 0 10265 [1]11000... ...0
30= 0 102650 |0}01100... ...0
l40= 0 102659 [1]J11000... ...0
0 10265 10.00100... ...0
Chufn héa 0 10275 [1100010... ...0 = 1.0001, x 21027-1023 — 10001,
Chuyén déi =1x24+1x2°=174

Trong qué trinh cong hai s, mot sy "giéng cot” duge thuyc hien dé cho
hai s6 mi trong biéu dién 64-bit bing nhau; va né loai di phan I6n hon 52
bit, diéu nay lam xudt hién sai so.

Nhan xét 1.2. Mbi ving c6 don vi t6i thi€u (gia tri LSB) khac nhau. Diéu
nay ham ¥ ring cac s6 duge phan bd déu trong mdi viing. Cac viing gin 0 tru
mat hon. Phép bi€u dién s6 nhu vay lam cho lugng sai s& tuyét ddi 16n/nhd
d6i v6i s6 16n/nhd, gidm kha ning sai s6 tuong d6i 16n. e
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Cau hoi va bai t

om)

p

1.1. Phan tich didu kién cda thuat toan ding cong thic truy hdi (14). Ap
dung tinh Es véi sai s§ tuyét d6i khong qua 1076,

1.2. Cho hé théng s6 ddu cham dong v6i B =2,5s =3, m = —1, M = 2. He
nay c6 bao nhiéu s67 Bi€u dién cac s6 nay trén tryc so.

1.3. Viét thuat toan chuyén ddi hé co s6 10 sang co s6 B va ngugc lai.

1.4. Cho A 1a ma tran vudng va n 13 s6 nguyén duong. Ta cAn tinh A4”. D&
tinh AK*1 = AA% k =1,...,n—1, doi hdi n — 1 phép nhan ma tran. Ching
td s6 cic phép nhan cé thé gidm bdt con 2[log, n] bing cach chuyén ddi n
thanh dang nhi phan va lay thia lién ti€p A% = (4%)%, k = 1,...,[log, n].

1.5. Cho a va b 1a hai s6 ddu chim dong v6i a < b. Chiing té ring bat ding
thic
a<(a®b)o2=b

c6 thé sai trong biéu dién theo co s6 10.

1.6. Cho u = (u1,u3) va v = (v1,v2) la hai vects. Géc ¢ gitia hai vecto nay
duge cho bdi cong thic

u-v

COS =
Y= Julv

a) Chiing té tinh ¢ tit cAc thanh phin cta u va v luon 13 bai todn diéu
kién tot.

b) Chiing té cong thic trén 1a khong 6n dinh khi ¢ nhd.

c) Chiing t3 thuit toan sau 13 6n dinh. Truéc hét chudn hoéa hai vecto
thanh @, V, rdi tinh & = [ — V||, va B = ||t + V|,. Bay gic 1ay

| 2arctg(e/B), néu o < B;
" | ™ —2arctg(a/B), néua > B.
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1.7. Thiét 1ap cong thic truy hoi ti€n va lui d€ tinh tich phan

1 n
In:/ xdx.
04X+1

Phan tich tinh &n dinh cia tiing thuat toan.




Chuong 2

Hé phuong trinh dai s6 tuyén tinh

Mot trong céc bai todn thudng gip trong tinh todn khoa hoc 1a gidi hé phuong
trinh dai s6 tuyén tinh

a;nxy + apx2 + ... + amxy, = bl
az1X1 + daxpXz2 + ... + dyXx, = bz
. . (2.1)
amX1 + ap2X2 + ... + AuuXp = bn,
trong d6 v€ phdi b;, i = 1,...,n, va cdc hé s6 a5, i,j = 1,...,n la cac da
lieu cho trudc; xi, ..., x, 1 4n.
Hé phuong trinh (2.1) ¢6 thé viét dudi dang ma tran,
Ax = b, 22)
trong dé
ailn di2 ... dip X1 by
az1 djzp ... djzp X2 bz
A= X = b= (2.3)
anl Ap2 ... Qdpn Xn bn

Xét truong hop n = 1 trong (2.1),

ainxy = bl.

35
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Néu a;; # 0, phuong trinh c6 nghiém duy nhat x; = by/a;;. Néu a;; = 0
thi c6 lic phuong trinh v6 nghiem (b; # 0), c6 lic phuong trinh ¢6 vo s6
nghiém (b; = 0). Diéu nay cing ding véi n tdng quat. C6 hai loai ma tran,
khong suy bi€n (nonsingular) va suy bi€n (singular). Néu ma tran A khong
suy bi€n, thi hé ton tai duy nh4t vecto nghiém x véi v& phai cho trudc bat
ky b. Néu A suy bi&n, thi hé vo nghiém v6i mot vai b nhung vo s6 nghiém
vGi cac b khac. Trong chuong nay ta xét hé phuong trinh dai s& tuy&n tinh
vGi cac ma tran hé s6 khong suy bién.

2.1 Phuong phap khu Gauss

Y tudng diing sau phuong phap khit Gauss 1a diing cac phép bign d8i so cip
dé kht cac 4n ctia hé (2.1). Hé phuong trinh tuong duong, sau khi bién ddi, c6
dang tam giac trén (upper trianglular system), dugc gidi bang phép thé& ngugc
(back-substitution).

Né&u a;; # 0, thi 3 buSc dau tién ta khit x; khéi (n — 1) phuong trinh
cudi bing cach trit phuong trinh th i v6i nhan ti (multiplier)

miy = a1 /ayp, I =2,...,n

lAn phuong trinh dau. Diéu nay sinh ra mot hé rit gon gdbm (n — 1) phuong

trinh véi cc 4n xa, ..., X,, trong d6 cic hé s6 méi duge cho bdi
2 _ 2 _ s
a;;’ =aij —maaiy;, b” =bi—mpbi, j=12,....n

Néu afz) # 0, ti€p theo bing cich tuong tu ta khit x, tii (n —2) phuong trinh
cudi ctia hé phuong trinh nay. Sau k — 1 budc, k < n, cta phép khi Gauss ma
trAn A trd thanh ma tran cé dang

- @ (D) a(l) (1 7 B bgl) N

“ir A % Y 8
0 ay; ... ay,, ... a,, b,
AR — : : Cb® = . , (2.4)
0 0 .. a® . a® e
L0 0 a® L a® e
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trong d6 ta da dat AW = A b = b. Cac phan ti chéo (diagonal elements)

aﬂ), agzz),. .., xuat hién trong qua trinh kht dugc goi 1a cac phan ti tru (pivotal
elements).

Ky hiéu Ax 12 ma trin con chinh cia A,

ayily diz2 ... dik

azy dz ... dzk
A = .

akr Adk2 ... QAkk

Vi dinh thtc ctia ma trin khong thay d8i dusi phép bién ddi so cap thi ba
nén
det(Ag) = aﬂ)ag)...a,ﬁ’;), k=1,...,n.

Cac phan ti try ag), i = 1,...,n, trong phép khit Gauss la khic khong né&u

va chi n&u det(Ag) # 0, k = 1,...,n. Trong trudng hop nay ta cé thé khu
cho dé&n sau budc thi (n — 1), con lai mot phuong trinh duy nhat
a,(l’fl)xn = b,g”) (a,(l’}l) # 0).

Céc 4n ctia phuong trinh c6 thé tinh bing cong thic truy hdi

n
Xp=bM/a™, x; = (b,-(i) — Z af?xk) /ag), i=n—1,...,1. (25

k=i+1

Qua trinh nay goi [a thé& ngugc.
Gia st & budc thi k cda phép khit Gauss ta c6

(k) _
akk - Ol
Né&u A khong suy bién, thi k cot ddu ctia ma tran A la doc lap tuyén tinh.

Diéu nay cing ding v6i ma trin da bién ddi. Nghia la ton tai ag;) # 0

(k < p < n). Bing cach hoan vi dong k va dong p thi phan td nay cé thé
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18y lam phan td try va phép khit dugc ti€p tuc. Tém lai, ma trdn khong suy
bien bdt ky cé thé dan vé dang tam gidc trén bang phép khit Gauss néu phép hodn
vi dong dugc dung néu can.

Khi hoan vi dong dinh thic ctia ma tran bi d8i day, do dé

det(A) = (-1)°a{Ya$y) ---al")

nn’

(2.6)

trong d6 s 1 t8ng s6 lAn thuc hién phép hoén vi. O day, ta da thay d6i ky
hi¢u khi thyc hién phép hoan vi dong cho phu hgp.
Néu rank(A) < n thi c6 thé xay ra & buéc thi k — 1 nao d6

k) _ s
a,’ =0, i=k,... ,n.

Né&u toan bo cic phan td ag-c) =0,i,j =k,...,n thirank(A) =k —1 vata

dting lai. Ngugc lai, n€u c¢6 phan ti khic khong, ching han

(k)
Apg -
ta c6 thé mang né d&n vi trf tru bing cach hoan vi dong k véi p, cot k véi ¢
(khi cot ctia ma tran A bi ho4n vi thi ta cling phai ho4dn vi cac phan ti tuong
ing trong vectd Xx. Ti€n hanh theo cich nay moi ma tran A déu c6 thé dua
vé dang hinh thang (trapezoidal form) trén

- () @ |, O - () 7
Ayp oo Gy | Gipgr -0 Gy by
0 : : : :
: " | @) () (r)
A — | ay |al) . al) | po = b(rr) Q)
0 .. 0 0 ... 0 b},
L 0 ... 0 0o ... 0 | D

3 bude r = rank(A).

Tu (2.7) ta doc dugc hang clda ma tran A.

Bing cach dung phép bi€n ddi so cap thi nhat (hoin vi), qua trinh kha
Gauss c6 phan ti try bing khong chi néu bai toan goc 1a suy bi€n. Phat biéu
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nay la ding vé phuong dién 1y thuyé&t, nhung su phan biét giita suy bi€n va
khong suy bi€n clia cac bai toan 13 "mo hd” trong thuc hanh do 4nh hudng
cla viéc lam tron. Trit phi phan ti tru chinh xic bing khong, con thi sy
hoan vi cic phuong trinh 13 khong can thi€t vé phuong dién ly thuyét. Tuy
nhién, bi€n ddi v6i mot phan t try hiu nhu bing khong s&¢ din dén van
dé vé sy chinh xac trong s6 hoc ddu chdm dong. Xem thi du dusi day do
Forsythe va Moler dua ra.

Thi du 2.1. Cho hé phuong trinh

0.000100x; + 1.00x, = 1.00,
1.00x; + 1.00x, = 2.00.

Bing cach dung s6 hoc ddu chdm dong thap phan [am tron ba-chi s, mot
buGc trong qué trinh khi x; trong phuong trinh thi hai khong dung hoan vi

[1.00 — 10000 x 1.00]x, = [2.00 — 10000 x 1.00]
—10,000x, = —10,000.

R6 rang, x, = 1.00 va bing phép thé& ngugc, x; = 0.00. Chu § thong tin chda
trong phuong trinh thd hai bi mat & budc nay. Diéu nay x3y ra vi phan ti
tru nho gay ra mot nhan ti 16n va sau d6 phép trii cac s6 ¢6 do 16n rat khac
nhau. Néu ding hoan vi ta c6

1.00x; + 1.00x, = 2.00,
1.00x, = 1.00

va x; = 1.00, x, = 1.00. Nghiém chinh xéc la xap xi x; = 1.00010, x, =
0.99990 o

Céc phan ti tru nhé c¢6 thé din dén két qua khong chinh xac. Nhu da
thay trong thi du trén, khi khit bi€n x; trong dong i, mot phan ti tru nhd

dAn t6i nhan tG mj = a® /a® 16n. Khi tinh
ik Ak

(k+1) _

(k) (k)
ij =4a;

a i~ Mmikd

. A, , A . N o PN k) 1. ,« N k A
c6 su mat mat thong tin bat ct khi nao mika,(cj) 16n hon rat nhiéu al(j ) thong

tin ma c6 thé rat cAn dé&n sau d6. Mot nhan ti 16n gay ra hau qua ciing giéng
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nhu phan t trong ma tran tam giac trén 16n do phép khit. Trong phép gidi
hé phuong trinh tuyé&n tinh bing phép thé& ngugc ta tinh

k) n k)
b’ =2 k41 ApjXj

(k)
ik

Xk =

Né&u phan té tru (miu s8) 1a nhd va gia tri ding xx c¢6 d6 16n viia phai, thi ti

s6 ciing phai nhd. Nhung néu c¢é cac thanh phan a( ) clia ma trin tam gidc

trén ma 16n, diéu nay chi ¢6 thé né&u sy khi xay ra & ti s6. Cac thanh phin
16n c6 thé da duge tinh véi sai s6 tuong d6i viia phai, nhung vi cac thanh
phan 13 16n din dén sai s6 tuyét doi 16n trong t s6 sau khi c6 sy khii. Mau
s6 nhé khuéch dai sai s6 nay din dén sai s6 tuong ddi dang ké trong x.

Cé mot cach d€ tranh phan ti tru nhé duge goi 1a phép xoay cuc bo (tam
dich chii partial pivoting). Theo cach nay, khi khti x, ta chon hé s¢ 16n nhat
(vé gia tri tuyét ddi) clia x trong n — k 4+ 1 phuong trinh cudi nhu la phan td

tru. Nghia 13, néu a®1 13 16n nhét cda cac [a®| véi j = k.,k+1,...,n ta
g Ik ik J

hoan vi dong k va [. Bing cach danh s6 lai ta c6 thé gid st rang phan ti tru

a,(ck) c6 do 16n 16n nhat. Phép xoay cuc bd cho ta cdc nhan ti c¢6 do 16n

*)
ik

L0 = 1
kk

Imix| =
Su diéu khién do 16n cia cac nhan ti lam bét di su ting 1én clia cac thanh
phan trong ma trdn tam giac trén gay ra do phép khit (Gauss). Cho a =

max;, j |a52)| Bay gid

(2) ¢} (1)
a;;’ =la;” —mia;;’| < 2a

va ci th& ta cé
| (k)| <2k 1
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Diéu nay ham y

: ij

ax |a®| < 2"~ max |ay; | (2.8)
i,j,k i,j

khi phép xoay cuc bd dugc thyc hién. Wilkinson da chi ra ring dau bing
trong bat ddng thic trén c6 thé xay ra véi cac ma tran c6 dang

1 0 0 01
-1 1 0 01
-1 -1 1 01
-1 -1 -1 11
-1 -1 -1 -1 1

Tuy nhién, thudng thi sy gia ting la viia phai.

Con s6

k
gn = max|a’’|/ max |a;| (29)
i,j,k i,j

thudong duge dung lam s6 do cho sy gia ting cta cic phan t trong ma tran
rit gon, va duge goi 1a tf s6” gia tang (growth ratio).

2.2 Thuat toan khir Gauss

Trudng hop “vudng”. Cho ma tran A = A € R va vecto b = b e R”,

% Khi Gauss
for k=1:n-1
hoan vi ciac dong sao cho abs(a(k,k))=max(abs(a(k:n,k))
if abs(a(k,k) == 0, ’ suy bi€n’, return
for i=k+1:n
t=a(i,k)/ak,k)
for j=k+1:n
a(i,j)=a(i,j)-t*a(k,j)
end
b(i)=b(i)-t*b(k)
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end
end
if abs(a(n,n)) ==0, ’ suy bi€n’, return
% Thé& ngugc
for i=n:-1:1

x(1)=b(i)

for j=i+l:n

x(1)=x(i)-a(i,j)*x(3)
end
x(1)=x(i)/a(i,i)

end

Nhan xét 2.1. D€ do khéi lugng cong viéc ta d€m s6 phép toan sd hoc dugc
thuc hién. Giai doan khi:

+ Mdi bude ctia vong lip j gdm 1 phép nhan va 1 phép trii. Nhu vay c6
(n-k) phép nhan va (n-k) phép tru.

+ Mbi budc ctia vong lip i gdm 1 phép chia (khong k& phép tinh hiéu
chinh b) va cac phép tinh trong vong lap j. Vong lip i gbm (n-k) budc. Nhu
vay ¢ (n-k)? phép nhan, (n-k)?> phép trii va (n-k) phép chia.

+ Mbi budc cia vong lip k chita cac phép todn cta vong lip i tuong
ting. Vong lip k c6 (n-1) bude. Nhu vay s6 phép tinh nhan (=sd phép tinh
trii) va s6 phép tinh chia lan lugt la

nn—1)2n—-1)

m=1)>*4+m=-2>+...+1* = <

=) 4+m-2)+...+1 = ”(”2—1)
Phin hiéu chinh b doi hdi s6 phép tinh nhan (=s6 phép tinh trii) bing
nn—1)/2.

Giai doan thé& ngugc, s6 phép tinh nhan (=s6 phép tinh trit) va phép
tinh chia 1An lugt 1A n(n — 1)/2 va n. Tém lai, khoi lugng tinh toan bing
thuat toan khit Gauss: n(4n? + 9n —7)/6. .

Nhan xét 2.2. Khi ph3i gidi nhiéu hé phuong trinh c6 cling ma tran A véi
cac vectd b khac nhau, cic nhan t& m;; cAn dugc luu tri d€ hiéu chinh vecto
b. D& § riing, khi my; duge tinh thi phan t& ¢ %’ duge dit bing khong, vi vay
nhan t& m;r c6 thé duge dit vao vi tri nay (khong ciAn thém ving nhé dé
luu tri no). .
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2.3 Phép nhan ti héa ma tran (matrix factoriza-
tion)

Trong muc nay ta s& thdy néu khong diing phép xoay cuc bo, thuat toan khii
chinh [a phép nhan tt héa, phan tich ma tran A thanh tich LU cia mot ma
tran tam gidc dudi L = [/;;], trong d6

lij =0 néui< j,
va mOt ma trin tam giac trén U = [u;;], trong d6

MijZO néui>j.

Nhin lai phép khi dugc mo ta trong muc trudc, ta thay néu aﬂ) # 0, ta
c6 thé thay dong i bing dong i trit véi my;; = af})/aﬂ) lan dong 1. Diéu nay
dugce thuc hién cho cac dong 2,3,...,n. D& dang kiém chiing, n€u nhan bén
trai ma trdn A v46i ma trin

1
—ms 1
M =| M3 01
| —ma 00 1

ta nhan dugc cing mot két qua nhu khi thyc hién phép khi; nghia la

o @ (D (1)

0 a a ... a
MIA: %2 %3 2n
2 2 2
| 0 a@ 4@ . 4@ |

Hon niia, nghich ddo cia ma tran M la

1
ma1
Ml_l— nmsp 01

[a—

muy 0 0 1
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Tiép tuc khit cac 4n, sau n — 1 bude ta duge

(1) (1) (1
all a12 DEEEEY aln
(2 (2

... a
M, 1My MjA == R T}

L al) J

Suy ra,

A=M'"M;1---M 1 U=LU,
trong d6 L = MM ---M; 1. Kiém tryc ti€p ta thdy L 12 ma tran tam giac
dudi,

1
moni 1
L= | Mm31 M3 1
_mnl My2 My3z ... 1_

Vi céc phén t trén dudng chéo chinh cia ma tran L déu bing 1 nén ta khong
cAn luu trit ching. Céc cot clia ma tran L xuét lién l1an lugt theo thi tu cla
phép khit nén c6 thé vi€t chdng lén vi trf tuong Ging cia ma trdn A ma trong
phép khit dugc dit bing khong. Ma tran tam gidc trén U chinh 13 két qua
ctia phép khi Gauss.

Véi phép nhan ti héa ma tran A, hé phuong trinh Ax = b din vé viéc
gidi 1an lugt hai hé phuong trinh véi ma trin hé s6 ¢6 dang tam giac,

Ly = b, (2.10)

Ux =y. (2.11)

That vay, b = Ly = L(Ux) = (LU)x = Ax.
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Hé tam gidc dui (2.10) dugc gidi bing thé& ti€n (forward substitution),

Y1 = by
Y2 = bz—m21y1

n—1
Yn = bn_zmnjyj-
j=1

Hé tam gidc trén (2.11) dugc gidi bing phép thé lui (backward substitution)

Xn = yn/unn
Xp—1 = (yn—l - un—l,nxn)/un—l,n—l
n
X1 = yl—Zuljxj /ull-
j=2

Nhan xét 2.3. Khi c¢6 st dung phép xoay cuc bo, 4p dung phép nhan ti hoa
cho ma tran PA véi P 1a ma tran dugc xay dung ti ma tran don vi bing cach
hoan vi cdc dong tuong Gng. Ta c6 PA = LU. °

2.4 Sy chinh xac

Cé hai ngudn sai s6 trong nghiém tinh todn z ctia hé phuong trinh Ax = b.
Tha nhat, di lieu A va b ¢6 thé khong duge do chinh xac, va ngay ca néu c6
chinh x4c, thi vin c6 céc sai s6 duge phat sinh khi bi€u dién chiing bing s&
dau cham dong. Tha hai, sai s6 [am tron xudt hién trong qua trinh kht va
thuat todn thay thé& ti€n/lui. Mot cach tu nhién ta cAn nghién ciu sai s&

e=X—12.

Nhung c6 mot cach ti€p can khac vé van dé chinh xac. Phan tich sai s6 lui
xem z nhu 1a nghiém chinh x4c clia bai toan nhiu

(A+ AA)z = b + Ab.
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N&u cac nhiéu, AA va Ab 1a so sanh dugc véi cac sai s6 do dac hay lam tron
trong cAc phan t ctia A va b, thi c6 Iy d€ néi ring z gn nhu 4 nghiém tot
nhu ta ¢6 thé hy vong.

2.4.1 Phan tich sai so lui

Xét hé phuong trinh

U11X1 + U12X2 = by,

UrypXy = bz.

Ta ban vé cich mot phan td bé, & day 1a w1 va ua, cé thé gay nguy hi€ém
vi cac anh hudng tryc ti€p clia né 14n ban than né c6 thé din d€n cic phan
tli 16n trong ma tran tam gidc trén, 3 day 1a u1,. Phép thé& lui bing phép tinh
s6 hoc chinh x4c cho nghiém ding la

by
-x2 = )
Uz2
by — X2u12
X = —.
Uil

Trong s6 hoc ddu cham dong,

b
X5 =byQupp = —2(1 + 81) = x2(1 + 87).
Uz

Tinh todn thanh phan con lai bao gdm nhiéu budc. Trudc hét ta tinh

X5 @ uiz = x5u12(1 4 82) = xu12(1 + 61)(1 + 62),

b1 © (x5 ®uiz) = (b1 — (x5 ® u12))(1 + 83),
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va cudi cling
x; = (1 &5 Quiz)) Qun

_ bi1e(x;® UIZ))(l + 8)
Uil

_ (b — X;le(l + 52))(1 4 83)(1 + 84).
11

47

Trong phan tich sai s¢ lui, ta bi€u dién nghiém x}, x5 (k& qud tinh
bing s6 hoc ddu cham ddng) nhu la nghiém (tinh bing s6 hoc chinh x4c) ciia

mot bai toan nhiéu (bai todn gin):

* * * *
up Xy Hupx; = by,

us, Xy = bo.
J day khong c6 nhidu & v& phai. Phuong trinh

by

*
Urs

b
= —=(1+8)

U22
s& ding néu ta dinh nghia

* Uz2
Uy = 1+ 6 A U (1 —81).

Tuong ty, phuong trinh

*, 0k

« _ bi—xjul,
xl - *
Uy

by — x5up(l+34
_ b Xz’le( + 2)(1—|—83)(1+84)
11
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s& ding néu ta dinh nghia
ui, = un(l+5s),

% Ui
= ~ 1 — 03 —04).
i (14 83)(1 + 84) (1= 03 = d4)

Véi céac dinh nghia nay ta da bi€u dién nghiém tinh todn cta bai toan
cho truéc nhu la nghiém chinh x4c cda bai todn v6i ma trdn ciac hé sd bi
nhiu. N6 cho thay khong c¢é hé s6 nao ctia ma tran bi nhiéu nhiéu hon hai
don vi [am tron.

Phan tich nay néi cho chiing ta ring thuat todn thé ngugc bdo ddm sinh
ra mot k&t qua tot theo nghia nghiém tinh todn 1a nghiém chinh x4c clia bai
toan gAn véi bai todn cho. Tuy nhién, diéu d6 khong ddng nghia véi phat
biéu: nghiém tinh todn gdn vdi nghiém thuc.

Phan tich sai s6 ti€n cho phép udc lugng sy khac nhau gitia nghiém tinh
toan va nghiém thuc. Gia thi€t co ban cia ching ta vé s& hoc ddu chdm
dong I3 mot phép toan duge thuc hién véi mot sai s6 tuong d6i bi chian bdi
don vi lam tron u, vi vay ta cé

X
X2 — %2 — |51| <u.
X2

Thay thé cac biéu thiic da phat trién trugc day va mot tinh todn nhd ching
td ring

* —
il - 02 — quual(l + 02),
X1 X1U11
trong dé
o = 81+82+8182,
Oy, = 83+54+8384.
Suy ra
xF—x XoU
gt B 5(2u+u2)[1+ 2712 (1+2u+u2)].
X1 X1U11

Theo udc lugng nay, sai sd tuong d6i néi chung 1a nhd. Mot sai sd tuong
déi 16n chi c6 thé xay ra khi [xau12| > |x1u11]. Néu nghiém la sao cho ca
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hai thanh phin c6 d6 16n so sanh dugc, mot sai s6 tuong d6i 16n chi xdy ra
khi phan t tru u;; 12 nhé va/hay phan td u, trong ma trin tam gidc trén
16n. CAc sai s6 tuong ddi 16n c6 kha ning x4y ra nhiéu hon khi |xa| > |xq].
MAu s6 ¢6 thé viét lai dusi dang

X1u11 = by — xou12,
chiing té ring sai s6 tuong ddi c6 thé 1a 16n khi td s6 13 I6n va miu s6 1a nhd

béi su khii (xem thi du 115, Ch. 1).

2.4.2 Phan tich sy lam tron

Mot cach tu nhién d€ do chat lugng ctia modt nghiém xap xi z 1a thay né vao
phuong trinh gdc rdi xem né thdéa phuong trinh ”t6t” nhu thé nao. Véi cach
lam nay gia tri thing du (residual),

r=b—-Az
cho biét mic do chinh x4c clia 16i gidi. Mot nghiém t6t z thi c6 gia tri thing
du nhd. Vi su khit, n€u ta cin gia tri thing du chinh xic cho mot nghiém
t6t thi phai tinh né bing s6 hoc c6 do chinh xac cao hon, ma diéu nay thi
khong thé. Gia tri thing du cung c&p mot nhidu Ab cho phan tich sai s6 lui,
cu thé,

Ab := —r.

Gi4 tri thing du r lién hé véi sai s6 e bdi
r=b—-—Az=Ax— Az =A(x—2z) = Ae

hay e = A 'r.
Mot gia tri thing du nhé r, thi Ab nhd va theo quan diém phan tich
sai s& 1ui thi z 12 nghiém t6t ngay ca khi sai sd tuong (ing € khong nhd.

Thi du 2.2. D€ minh hoa sy khac biét gitia hai quan diém, xét hé phuong

trinh
0.747 0.547 x1 | _ | 0.200 (212)
0.623 0.457 x2 | | 0.166 |- ’

Thuc hién phép khii ding s6 hoc thap phan chit cut ba-chii s6. Sau budc

dau ta cé
0.747 0.547 x1 | [ 0.200
0 0.001 xy || 0.000 |-
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Suy ra

z; = 0.000,
z; = (0.200 —0.547z,)/0.747 = 0.267.

Nhu vay nghié¢m tinh todn la
__[o0267
~ | 0.000
D& thay nghiém chinh x4c 13 x; = 1 va x, = —1. Vi vay

[0.733]
e=x—z=| "7 |

Trai lai, gia tri thing du (trong s& hoc chinh xac) la
r = b-—Az

_ [ 0.200 — [(0.747 x 0.267) + (0.547 x 0.000)]
| 0.166 — [(0.623 x 0.267) + (0.457 x 0.000)]

0.000551
| —0.000341 |-

Diéu nay chiing td z l1a nghiém chinh xac cia Az = b + Ab, trong d6 b, =
0.200 bi nhi&u thanh 0.199449 va b, = 0.166 bi nhiéu thanh 0.166341. Nhu
vay, z 13 nghiém clia bai todn rit gdn véi bai todn cho, mic du né sai so véi
nghiém x rat dang k& o

Khé khin co ban trong thi du 2.2 13 ma trin cta hé (2.12) gn suy bién.
That vay phuong trinh dau, trong pham vi sai s& lam tron, bing 1.2 1an phuong
trinh thd hai. Trong qué trinh gidi ta thiy z, dugc tinh ti hai dai lugng ma
ban than ching c¢6 d6 16n cling caAp vdi sai s& 1am tron. Thuc hién tinh toan
v6i nhiéu chit s6 hon ta sé thiy z, c¢6 gia tri hoan toan khéac. Sai s trong
z, dugc truyén dén sai s6 trong z; va nghiém tinh toan 1a khong t6t. Nhung
tai sao gia tri thing du lai nhd? Bat k& z,, s6 z; duge tinh d€ lam cho gié tri
thing du ctia phuong trinh ddu gAn bing khong. Thing du cta phuong trinh
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tht hai cing nhd vi hé thong gin nhu ky di: phuong trinh dau xap xi bing
modt boi ctia phuong trinh thi hai.

D€ phan tich sai s6 lam tron trong qué trinh kht Gauss ta dung cach
dién gidi nhan td héa. Pon gidn ta xét trudng hgp khong dung phép xoay
cuc bd. Goi AL va AU la sai s6 khi tinh toan L va U. Nhu vy ma tran A
khong bing (L + AL)(U + AU). Dit AA Ia sai biét, ta c¢6

AA = (AL)U + L(AU) + (AL)(AU).

Ta c6 thé hy vong la qua trinh tinh L cling nhu U c¢6 sai s& tuong d6i nhd.
Tuy nhién, biéu thic ctia AA ching té ring do 16n cta L va U déng vai tro
quan trong trong k&t qud nhan ti héa ma tran A. Phép xoay cuc bo giti cho
cac phan t& ctia L nhd hon hay bing 1 vé& mit do 16n. Ta ciing thay trong

(2.8) rang do 16n cta cac phan ti cia U, ag-c), duge lam ”diu” di bing phép
xoay cuc bo. Dic biét, ching khong thé vugt qua 2"~ x max;; |a;;| v6i n x n-
ma tran. C6 thé€ chi ra, bing cach tinh sai s6 ctia phép nhan ti héa va phép

thé& ti€n/lui, nghiém tinh todn z cia phuong trinh Ax = b thda
(A+ AA)z = Db, (213)

trong d6 cac phan t cia AA thudng 13 nhd. D€ chinh xic ta cAn dua vao
cach do do I6n cia vecto va ma tran. Mot cach do do dai quen thudc cia
vectd la chu?n Euclide (p = 2), (37, x>)V/2. Tuy nhién trong tai liéu nay
ta ding chuin maximum (p = 00)
]| = max |x;]. (2.14)
n

1<i<

Né&u A 1a ma tran vudng cdp n va x la mot n-vectd. Chuéin ctia ma tran A
dugc dinh bai

IAX]
|A|| = max .
x#0 x|

(2.15)
Mot cich hinh hoc, diéu nay néi ring ||A| 1a su léech tuong doi cuc dai
(maximum relative distorsion) ma ma trdn A tao ra khi né nhan véi vecto
x # 0. Do chudn nay khong d& tinh toan, thudng ta ding mot chuin tuong
duong véi né:

1<i<n

Al = max {3 ay] ¢ - (2.16)
j=1



52 CHUONG 2. HE PHUONG TRINH PAI SO TUYEN TINH

Chd ¥, ta c6 bat ddng thic quan trong sau

[AX] < [|A[[{Ix]]. (2.17)
Thi du 2.3. Cho
—1
X = 2
3
Thi
x|l = max{| — 1], 2], [3]} = 3.
Cho
1 -1 0
A= 2 -2 3
—4 1 —1
Thi

Al = max{|1] + | =1, 2| + [ =2[ + |3, | = 4|+ |1|+| =1} =T o

Trd lai vAn dé phan tich sai s& 1am tron cho phép khit Gauss. Ngudi ta
ching minh dugc ring nghiém tinh toan z thda phuong trinh (2.13) trong d6

IAA]l < yaullAll. (2.18)

Nhu thudng 1¢, u 13 don vi lam tron, nhan ti y, phu thudc n va cé thé ting
nhu 2771,

Tu day c6 thé két luan ring phép khii Gauss ludn cho nghiém z la
nghiém chinh x4c ctia bai todn gin véi bai toan gdc. Vi Az—b = —AAz nén
thing du thda

Irll = lAz — bl < [[AA]l]|z]| < yaulAllllz].

Diéu nay néi ring kich thuéc thing du hdu nhu tuong d6i nhd so véi kich
thudc clia A va z. Tuy nhién, nhic lai ring, diéu nay khong 4m chi ring sai
s0 thuc e 1 nhd.

Nhin xét 2.4. D€ hiéu thém ly do tai sao phép khit Gauss din dén cac nghiém
tinh todn véi thing du nhd, xét phan tich LU cda A. Qua4 trinh thé tién ding
dé gidi hé tam giac dusi Ly = b tinh lién ti€p y1, y2, ..., y» d€ lam cho thing
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du bing khong. Ching han, bat chap sai s6 trong y; va my; gia tri y, dugc
tinh d€ ma
my1y1 + y2 = ba,

nghia 13, thing du ctia phuong trinh nay la khong (trong s6 hoc chinh xac)
v6i gid tri ndy clia y,. Diéu gidng nhu vy xay ra trong qua trinh th& lui dé
tinh X, Xp—1,...,x; thda Ux =y. Vay, rat ty nhién vé qué trinh phin Gng
vGi cac sai s6 trong dii lidu theo cach nhu vay nhan dugc mot thing du bé.
Diéu nay khong ding chiit ndo khi x duge tinh bing A~'b. Thém mot chit
"thao tac” c6 thé lam phép kht Gauss 6n dinh theo nghia manh. o

2.4.3 Uéc lugng chuan cho sai so
Bay gid ta xét 4nh hudng clia sai s6 trong di liéu nhap lén sai s6 e. Cho
X + Ax 1a nghiém cda

(A + AA)(X + Ax) = b + Ab.

Trt cho Ax = b ta dugc (A + AA)Ax = —AAx + Ab. Gid stt ma tran A + AA
khong suy bién, ta c6 thé nhan hai v& véi A™! 1di gidi ra Ax

Ax = (1+ A7'AA)TTATH(—AAX + Ab). (2.19)
Duing bat ddng thiic cho chuéin ta suy ra
IAX]| < [+ ATTAA)THATH (TAA ] 4 | Ab]). (2.20)

B3 qua cic s6 hang cip hai (nhiéu AA dG nhd) va dung bat ding thic
Ibll = [|AXI] < [IA[HIx[,

[AX]| < _iy (1Ab]AA]
——— ~ ||A[[|A]] + : (2.21)
[Ix]] Ib]] A
Trong trudng hgp don gidan AA = 0, ta ¢6
lAx|| < [ATH[[|Ab], (2.22)
[ AX]| 1, [Ab||
IATIIA™ === (2.23)
[Ix]] Ib]]

Bat ddng thic (2.20) tuong tng (2.22) cho sai s6 con bat ding thic (2.21) tuong
ting (2.23) cho sai s& theo nghia tuong ddi. Dai lugng ||A|||[A™Y]], ky hieu bai
cond(A) hay «(A), dugc goi 1a s6 diéu kién (condition number) ctia A .

Dinh Iy sau cho ta § nghia ctia s6 diéu kién.
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KZ(Hn) n KZ(Hn)
1 7 4.753 x 108
19.281 8 | 1.526 x 1010

5.241 x 10> | 9 | 4.932 x 10!
1.551 x 10* | 10 | 1.602 x 103
4.766 x 10° | 11 | 5.220 x 104
1.495 x 107 | 12 | 1.678 x 10'¢

AN N W =S

Bang 2.1: S& diéu kién ctia ma tran Hilbert cAp < 12.

Dinh ly 2.1. t6n tai ma trdn suy bién S sai khdc A theo nghia tuong doi bing
nghich ddo s6" diéu kién ciia A

s—Al_
det(s)=0 ||A|| cond(A)

Nhu vay, n€u A c6 s6 diéu kién ”16n” thi né gin v4i ma tran suy bién.
1Y ; : y

Thi du 2.4. Ma tran Hilbert H, cip n 1a ma trin n x n v&i cac phan ti

1
n( J) 12 i + J _ 1
Ma tran nay 13 mot thi du cho ma tran diéu kién xau.

Bang 2.1 cho két qua tinh s6 diéu kién cta cac ma tran Hilbert cap < 12
dung s6 chinh xac kép IEEE (chudn p = 2). Ta thay s6 diéu kién ting dang
mi clia n. Khi n > 12 ma tran H,, cuc ky x4u ngay ca véi s6 chinh xac kép!
Theo mdt k&t qua cia G. Szegd ta cb ude lugng sau

7 4 1)4@+D

215/4 /tn

1 2

Thi du 2.5. Cho A = [ 3 4

]. Tim [|A[], |A7]|, cond(A).

Al = max{[1] + |2, [3] + 4]} = 7.
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Theo cong thic tinh ma trin nghich dao,

IATH| = max{] =2 + [1],[3/2] + | = 1/2[} = 3.
Vay, cond(A) = [|A[[[|A7!]] = 21 o

I -1

Thi du 2.6. Ma trin A = |: | —1410°5

] "gan” ky di vi

1-10° 10°
-1 __
A _[ ~105 10° ]
Al =2, [A7Y]| = 2 x 10° va cond(A) = 4 x 10°.

Dinh 1y 21 khing dinh sy ton tai mdt ma tran suy bi€n sai khac (tuong
dai) véi A khodng 1/cond(A) = 2.5 x 107%. Mic du khong hoan toan gin A,

1
1

. IS—Al

—1 } . _
la ky di va =5x10%0
—1 [Al

ma tran don gidn S = |:

Thi du 2.7. Gia st ta gidi phuong trinh Ax = b trén mot may véiu = 5x 10711
va nhan dugc

[ 6.23415
~ | 18.6243

] , cond(A) = 1.0 x 10*.

Gia st dii ligu la chinh xac d€ cho ||AA|l/||A| ~ 5x 10710, tii (2.23), chan trén
clia sai s6 tuong doi [a

Ax| <
[AX] < 0% % 5% 10710 = 5% 1076,

Ix]
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Néu di lieu nhap c6 sai s6, ching han, ||AA|/||A]| =~ 107¢, ||Ab||/|b|| ~
107%, thi chin trén cida sai s& tuong d6i la

Ax| <
w < 10* x 2 x 1076 = 0.02.
X

LAy |x|| =~ ||z|| ~ 18.6 chin trén sai s& tuyét doi 1a 0.37. Vi vay phan tich
nay cho
x1 =6234+0.37, x,=18.62+0.37 0

2.5 Chuong trinh

Muc nay gi6i thiéu hai function viét bing ngén ngii lap trinh Matlab. Sinh
vién ty nghién ctu va chay thi cho céc bai tap.

2.5.1 Factor

Muc dich: Phan tich ma tran A bing cach dung phép khii Gauss va danh gia
s6 diéu kién clia n6é. Factor dugc dung chung véi Solve d€ gidi A*x=b.
Dai s6 nhap:

A - ma trin neq dong va cols cot can dugc phan tich.

Doi s6 xuat:

A - chiia ma trin tam giac trén U trong phan trén cia né va mot phién
bdn hodn vi cia ma trin tam gidc dugi (I-L). Nhan ti héa thda (ma tran
hoan vi)*A=Lx*U.

flag - thong bdo su thanh cong hay that bai. flag = 0 chi sy thanh
cong. Néu flag > 0, mot phan ti try bing khong va ding tinh toan.

pivots - ban ghi cic hoan vi dong. Pua vao pivots(neq)=(-1)"\(s6 clia
dong thay déi).

Khi flag > 0, dinh thtc cta A bing 0 va

khi flag = 0, det (A)=pivots(neq) * A(1,1) * --- * A(neq,neq).
Doi s6 xuat tiy chon:

Cond - khi flag >= 0, mot danh gid s6 diéu kién ctia A trong chuin
vO cung.

Factor.m
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function [A,flag,pivots,Cond] = Factor(A)
[neq,cols] = size(A);
flag = 0;
pivots = zeros(neq,1);
pivots(neq) = 1;
if nargout ==
% Initialize Cond for A that is numerically singular.
Cond = realmax;
% Compute the infinity norm of A before the matrix is
% overwritten by its factorization.
Anorm = norm(A,inf);
end
if neq ==
if A(1,1) == 0
flag = 1;
elseif nargout ==
Cond = 1;
end
return
end
% Gaussian elimination with partial pivoting.
for k = 1l:neq-1
% Determine the row m containing the largest element in
% magnitude to be used as a pivot and its magnitude biggest.
[biggest,occurred] = max(abs(A(k:neq,k)));
m = occurred + k - 1;

% If all possible pivots are zero, A is numerically singular.

if biggest ==
flag = k;
return
end

pivots(k) = m;
ifm "=k
% Interchange the current row k with the pivot row m.
A([m k] ,k:neq) = A([k m],k:neq);
pivots(neq) = - pivots(neq);
end

% Eliminate subdiagonal entries of column k.

for i = k+l:neq
t = AL,k) / Alk,k);
A(i,k) = - t;
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if t "= 0
A(i,k+1:neq) = A(i,k+1l:neq) - t * A(k,k+1:neq);
end
end
end
if A(neq,neq) == 0
flag = neq;
return
end
if nargout ==
% Estimate the condition number of A by computing the infinity
% norm of A directly and a lower bound for the norm of A~(-1).
% A lower bound for the norm of A~ (-1) is provided by the ratio
% norm(y) /norm(d) for any vectors such that A*y = d and d ~= 0.
% A "large" ratio is obtained by computing y as one iteration of
% inverse iteration for the smallest singular value of A, i.e.,
% by solving for y such that (A’*A)*y = e. This exploits the
% fact that an LU decomposition of A can be used to solve the
% linear system A’*d = e as well as Axy = d. The entries of e
% are +1 or -1 with the sign chosen during the computation of d
% to increase the size of the entry of d and so make a "large"
% lower bound for the norm of A~(-1) more likely.
% Solve A’*d = e using the decomposition of A.
d = zeros(neq,1);
d1) = -1/ A(L,1);
for k = 2:neq

t = A(1:k-1,k)’> * d(1:k-1);
if t <0
ek = -1;
else
ek = 1;
end
dk) = -(ek + t) / Ak,k);
end

for k = neq-1:-1:1
d(k) = d(k) + A(k+l:neq,k)’*d(k+1l:neq);
m = pivots(k);
d([m k1) = d([k m]);
end
% Solve Axy = d.
y = Solve(A,pivots,d);
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% Compute the infinity norms of the vectors.
dnorm = norm(d,inf);
ynorm = norm(y,inf);
Cond = max(Anorm * ynorm / dnorm, 1);

end

2.5.2 Solve

Muc dich: Gidi hé neq phuong trinh tuyén tinh theo neq 4n bing cach dung
phan tich LU nhan dugc bing cich goi Factor.
Doi s6 nhap:
A - output cta Factor.
pivots - output ctia Factor.
b - v& phai, vecto c6 dod dai neq.
Doi s6 xuat:

x - vecto nghiém c6 cung kich thudc nhu b.

Solve.m
function x = Solve(A,pivots,b)
neq = length(b);
X = b;
if neq ==
x(1) = x(1)/A(1,1);

else

% Forward elimination.

for k = 1l:neq-1

m = pivots(k);
x([m k1) = x([k m]);
x(k+1:neq) = x(k+l:neq) + A(k+1l:neq,k)*x(k);
end
% Back substitution.
x(neq) = x(neq) / A(neq,neq);
for i = neq-1:-1:1
x(1) = (x(i) - A(i,i+1l:neq)*x(i+l:neq)) / A(i,i);
end

end
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2.6 Ma tran cé cau tric dac biét

HAu hét cac bo gidi (solver) hé phuong trinh dai s6 tuyén tinh déu dua trén
phép khti Gauss v6i phép xoay cuc bo. Khi ma tran A c6 tinh chat dic biét,
ta c6 th€ gidm bét viéc luu trit va chi phi cho viéc giai hé.

Khi qua trinh khi khong cAn d&€n phép xoay cuc bo thi viéc luu trit
giam di ciing nhu qua trinh tinh s¢ nhanh hon rit nhiéu. C6 hai loai ma
tran, néi chung, khong cAn d&én phép xoay cuc bo. Mot ma tran n xn A duge
goi 1a troi trén dudng chéo (diagonally dominant), néu v6i mdi cdt

EIED ]

i#j

C6 thé thay, v6i ma trin nay ta khong cAn dén phép xoay cuc bo trong qua
trinh kh& Gauss. Loai ma trin con lai 13 ma tran d6i xtng, A = AT.

2.6.1 Ma tran bang

Nhic lai ring trong thuat todn kht Gauss, vong lip trong cting ¢6 thé dugc
bé di khi nhan ti r = 0. Diéu nay phan anh sy kién bi€n (tuong ting) khong
hién dién trong phuong trinh va vi vay khong cAn d&n phép khit. Khi ma
tran A "gin” v6i ma trin tam gidc trén, viéc ki€m tra nhan ti bing khong
c6 thé tiet kiem dugc lugng tinh toan. Mot loai ma tran cuc ky quan trong
trong nhiéu lanh vyc tinh todn la ma tran bing. Ma tran A = [a;;] dugc goi
13 ma tran biang khi moi phin t& khac khong nim trong mot dai "doc theo”
duong chéo chinh. Cuy thé, khi a;; = 0néui—j > mg vd j —i > m,, ma trin
duge goi 1a c6 chiéu rong biang dudi my, chiéu rong bang trén my,, va chiéu
rOng bang my + m, + 1. Mot thi du cia ma tran véi my = 2, m, = 1 Ia

S O ¥ % ¥
S % Kk X ¥
* ¥ X ¥ O
* ¥ ¥ O O
* ¥ O O O

O day * chi phan ti c6 thé khac khong. Khi ti€n hanh phép khi trén ma
tran nhu vay, t6i da my phin ti phai dugc khii 3 mdi budc. Xem xét cac
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phan ti trén dudng chéo chiing té ring nhiéu phan ti khong vAn gii bing

k) 4
i Vi

khong. That vay, phép xoay cuc bo s& dé€ lai cac s6 khong trong a
j—i>myg+my. Vivésicac nhan ti khong, ta c6 thé ting toc qua trinh tinh
toan bing cidch nhan dién cic phin ti khong vAn con bing khong. Quan
sat quan trong khac 13, bing cach diung so dd luu trit dic biét, khong cin luu

trii cAc phan tl ag{) véii — j > myg hay j —i > mg + my,. Ma cai dat phép
kht Gauss dic biét cho ciac ma trin biang c6 thé tim thay trong LINPACK
cting nhu LAPACK. Mic du ¢6 kho khin trong viéc cai dit A theo cach luu
trit diac biét, nhung su ti€t kiém c6 thé rat 16n. Cac két qua s6 1a gidng nhau,
nhung viéc luu trit & dang bang xap xi n(2my + my) thay vi n?. Khdi lugng
tinh toan vao khodng nm,(m¢ + m,) thay vi n3/3, va ¢ su thuan lgi tuong
tu trong phép thé tié€n va lui.

Bay gio ta xét mot dang khic ctia phép khit Gauss thuan tién cho ciach
cai dit ma tran bang. Gia st phép phan tich A = LU ton tai. Truc hét chd
y ring

n
ayl = E LimUmi = L11un

m=1

vi cdc ma tran [a tam gidc. Chon £1; # 0 thi

Uil =6111/€11-

Vé6ii > 1,
n
ail = E LimUm = Litu1,
m=1
vi vay
Z,-l:ail/uu Véii=2,...,l’l.

Cing vay, véi j > 1,

n
ayy = E €1mumj =€11M1j,

m=1
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vay,
Uyj :alj/€11 véij=2,...,n.

N6i chung, mdi lan ta lap mot cot cia L va mdt dong cia U. Gid st ta da
tinh dugc cAc cot 1,...,k —1 cllaL va cAcdong 1,...,k — 1 cttia U. Thi

n k—1
akk = E LimUmi = Likukr + E LiemUmk -

m=1 m=1

Cac s6 hang trong t6ng cudi cuing 1a da bi€t. Chon £, thi

k=1
Uk = (akk -> gkmumk) /Ckk.

m=1

Vé6ii >k,
n k—1
aik = E LimUmi = LixUik + E LimUmk
m=1 m=1
vi vay
k—1
it = | air — LimUmi | Jukx vGii =k +1,...,n.
m=1
Véi j >k,
n k—1
arj = E LimUmj = Lrxuk; + E LimUmj,
m=1 m=1
vay,

k—1

m=1
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Né&u tat ca cac phan ti trén dudng chéo chinh ctia L 1y bing 1, thuat toan
nay la phép khi Gauss khong dung phép xoay cuc bd. Trong ban luan cia
chiing ta vé phép khi 4p dung cho ma trin bing A, ta thay nhiéu cong viéc
va viung luu trit ¢6 thé dugc ti€t kiem. Néu A la ma tran bing véi chiéu rong
bang dudi m; va chiéu rong bing trén my, thi L cling 13 ma trin bing véi
chiéu rong bang dudi m, va U 1a ma tran bang v6i chiéu rong bing trén m,,.
Néu ta chon cic phan ti chéo cta L bing 1, thi khong can luu trit ching va
giéng nhu trudng hgp ma tran day dd, nhan ti L va U c6 thé duge viét chong
len A khi ching duge tinh toan.

2.6.2 Ma tran ba duong chéo

Khi m¢ = m, = 1 ma tran cic hé s6 dugc goi 12 ma tran ba dudng chéo
(tridiagonal matrix). Viéc gidi s& phuong trinh dao ham riéng thuong dan vé
viéc gidi cAc hé phuong trinh gdm mot s6 rat I6n cac 4n, c6 thé lén dén hang
ngan. Khi 4y viéc dung Factor/Solve 1a khong thich hgp, nhung véi thuat
toan c¢6 muc dich dic biét thi gip kho khin nay. Gid st hé ba dudng chéo
duge viét dusi dang

Khi khong dung phép xoay cuc bo, khii cac b; ta duge

Nhu ta thay cic ¢; khong thay ddi. Bay gi thi€t lap cong thic cho £, e,
trudc hét ta thidy f1 = ay, e; = d,. D& khit b,, khong dung phép xoay cuc

ay €1 X1 dl

bz a, Cp 0 X2 d2

0 bn—l an—1 Cn—1 Xn—1 dn—l
an Cn -Xn dn

f1 C1 X1 e1
fr e 0 X2 er

0 fn—l Cn—1 Xn—1 €n—1
i Sno o cCn Xn én
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bo, nhan ti my, = b,/ f1, suy ra:

f2 = az—macy,
Cr = c2—m2-0:c2,
e = dz —mzdl.

D€ hoan t4t viéc thi€t lap ta dung quy nap. Gia st ring ta da thi€t lap dugc
fi va e; dén dong k. Thi ta c6

0 fr ca 0 | ek
0 bk+1 ak+1 Ck+1 | dik+r

trén dong k va k + 1. R6 rang nhan @ 1a mgy1 = bry1/ fk. Phép khit dong
k + 1 cho:

fk+1 = dk+1 — Mk41Ck,

Ck+1 Ck41 — Mi41 0 = Crq1,

ek+1 = di+1 — Mgt1dk.

Viéc luu trit ¢6 thé duge t8 chic cuc ky hiéu qui. Mot ma tran t6ng
quét cAp n can luu tri n2 phan t, nhung mdt ma tran tam giac trén chi cin
luu trt 3n — 2 phan ti khac khong. Mot so d6 tu nhién 1a luu trii ba dai ag,
by va c¢x nhu 1a ba vecto chiéu da n. Ta c6 thé viét my 1én by va fi 1én ax
khi ching dugc tinh; theo cac bugc thé ti€n va lui ex va xx 6 thé viét chdng
len dy d€ cho chi cAn thém mot vecto chiéu dai #n. Thuat toan trén khong
dung phép xoay cuc bd nén két qua sd c6 thé rat xdu. Véi hé ba dudng chéo
c6 mot diéu kién don gidn, thudng thda man trong thic hanh, bdo dam két
qua thu duge 1a t6t. Trudc hét chd ¢ ring néu bat ky cx hay by triét tiéu, he
c6 thé€ "bé” thanh cac hé nhé hon ma cing la ba dudng chéo. Suy ra, ta c6
thé gid st cx va bx khac khong véi moi k. Gid thiét then chot 1a

lar| > [ba],
|Clk| > |bk+1|+|Ck+1|, k:2,...,n—1,

lan| > |cn—1]-

Diéu kién nay manh hon diéu kién troi trén dudng chéo, cho phép ching t4
ma tran khong suy bién.

2.6.3 Ma tran doi xing

N&u ma tran A c¢6 thé€ phan tich thanh UTU v6i U 1a ma trin tam gidc trén,
thi A 1a ma tran d6i xting, xac dinh duong. Ngugc lai, mot ma tran d6i xtng,
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x4c dinh duong A c6 thé phan tich thanh tich UTU v6i U 1a ma tran tam gidc
trén khong suy bién. Bing thi tuc trinh bay § trén ta ¢6 thé x4c dinh U. Ta
phéi c6 LT = U nén

ain =4nun = M%I,

suy ra U1, = /d11, va nhu truc

ulj :aij/ull ]:2,,71
Bay gic
n n
akk = Z LimUmk = Z Ul s (2.24)
m=1 m=1

tu day suy ra

1/2

k—1
_ § : 2
Ukk = | Akk — Uk
m=1

Réi, cting nhu trudc,

k—1
Ukj = (akf - Zumkumj) [uri,  J=k+1,....n.

m=1

T (2.24) ta thay
akk = Mf,,k;

suy ra

|umk| = «/M
v6i moi m > k, v6i moi k. Didu nay néi ring cdc nhan ti khong thé 16n doi
vGi A. Phép phan tich nay goi 1a phuong phap Cholesky hay phép phan tich
cin bac hai. N6 bdo vé t6t hon ciu tric bing clia ma tran.

2.7 Cac phuong phap lap

Trong muc nay ta xét hai phuong phap lip Jacobi va Gauss-Seidel cho phuong
trinh Ax = b. Vi€t lai phuong trinh du6i dang

Mx =b + (M —A)x,
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trong d6 M 1a ma trin "gin” A; tinh day nghiém x&p xi x® bai
MxEFD = p + (M — A)x®.

Phép lip Jacobi c6 dang nay v6i M [a ma tran chéo vSi dudng chéo chinh 1a
dudng chéo chinh ctia ma tran A. Tuong ty, phép lip Gauss-Seidel Gng véi
truong hgp M 1a ma tran tam giac dudi gdm dudng chéo chinh ctia M va céac
phan ti bén dusi dudng chéo chinh ctia né. Ro rang rat d& gidi cdc phuong
trinh 3 dang nay.

Qua gidi han c3 hai v€& clia phuong trinh x4c dinh phép lip, ta thiy néu
x4p xi hoi tu thi ching phai hoi ty vé x. Sai s6 e®) = x —x%® thda

et =M (M- A)e®,
suy ra
e“FV ) < IMTIM = A)[|[[e®].

Néu p = [MY (M — A)|| < 1, bat ding thic nay ching t3 qua trinh lap hoi
ty v6i x©@ bat ky. Sai s¢ gidm do nhan t& p & mbi bude lap, vi vay néu M
cang gan A theo nghia p cang nhé thi qué trinh hoi ty cang nhanh. Chu ¥,
lugng p 1a mot loai sai s& tuong ddi clia xap xi A bing M.

Thudong ta tinh nghiém xap xi lién ti€p nho ligng hiéu chinh §*+1,
xE+D = x4 §*+D trong d6 §*+! xic dinh bsi

MSETD — p — Ax®) = &)

Ngay ca khi A 13 ma tran diéu kién x4u, M dugc chon di gan A thi két qua
viia thi€t lap ddm bio hoi tu.

Cau hoi va bai tap

2.1. Viét chuong trinh, theo thuat toan khtt Gauss, gidi phuong trinh Ax = b.

2.2. Giai he

0.461x; +0311x, = 0.150
0.209x; + 0.141x, = 0.068

ding s6 thap phan chit cut ba chii s6. So sinh k&t qud tim dugc v6i nghiém
chinh xdc x; = 1,x, = —1.
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2.3. V6i hé phuong trinh trong bai tap 2.2. Cho
[ 0999 [ 0463
Y= 1001 | 27| —0.204 |

Trong s6 hoc chinh xéc, tinh céc thing du r = b — Ay, s = b — Az. X4p xi 8t
hon ¢6 thing du nhd hon?

2.4. Cho hé phuong trinh tuyén tinh

1 1
X1+5X2+§X3 = 1
oty =0
R R
] 0
__x _.X —_)C =
3 1 4 2 5 3

a) Gidi hé bing cach dung s6 hoc chinh xAc.
b) Viét hé dusi dang ma tran diung bi€u dién thap phan chit cut 2 chi

c) Gidi hé & cau b) khong dung phép xoay cuc bo (dung s6 hoc nhu &
cau b).

d) Gii hé & cau
e) Gidi hé & cau

2.5. Cho hé

) dung phép xoay cuc bo (diing s6 hoc nhu & cau b)).

o o

) dung s& hoc chinh xAc.

X1+ x3 2
10)C1 + 1018)C2 = 10 + 1018

Khong dung s6 hoc thap phan hon 15-chii s6 d€ tinh toan cau a) va b).

a) Gidi hé bing phuong phap khit Gauss v6i phép xoay cuc bo.

b) Chia mdi dong véi |a;;| 16n nhat ctda né r6i dung phuong phap khi
Gauss vGi phép xoay cuc bo.

c) Gidi hé bing tay bang bat ky phuong phap nao va diung s6 hoc chinh
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d) Dung s6 hoc chinh xac tinh cac thing du cho mdi nghiém tim dugc
3 cac cAu trén. Phuong phap nao c¢6 vé tot hon. Thing du cé chi ra diéu nay
khong?

e) Tinh cond(A).

2.6. Gii st nghiém tinh todn clia hé phuong trinh khong suy bién 1a
(—10.4631, 0.00318429, 3.79144, —0.000422790)
va sd diéu kién 1a 1200.
a) Gia st di liéu chinh xac va don vi [am tron u = 1075 Thi sai s&

tuyét doi (&) trong mdi thanh phin nghiém bing bao nhiéu?
b) Cau héi tiong i véi [|AA[/[|A] ~ 1075, | Ab||/[b]| ~ 1075

2.7. Vi€t thuat toan va chuong trinh phan tich LU cho ma tran vuong.

2.8. C6 bao nhiéu phép toan cin thi&t dé:
a) Thuc hién phan tich LU mdt ma tran vudng.
b) Giai phuong trinh Ax = b khi cidc ma trdn tam gidc ctia phan tich [a
da biét.
2.9. Gidi he
X1+ X2+ x3 = 110.00
X1+ Xx, = 78.33
Xy + X3 = 58.33

bing cich dung Factor/Solve. So sinh véi nghiém chinh xac.

2.10. Cho ma tran

~N B~ =
(e BNV, I \S]
— O\ W

Dung Factor/Solve tim ma tran nghich dao.

2.11. Xét hé tuyén tinh

0.217 0.732 0.414 0.741
0.508 0.809 0376 [x=| 0.613
0.795 0.886 0.338 0.485
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a) Gidi tim x bing Factor/Solve.
b) Né&u cic phan ti dua vao clia A va b ¢6 sai s6 tuyet d6i +0.0005, do
tin cdy ctia x nhu thé& nao.

c) Tao nhiéu 40.0005 trong cac phin ti dua vao ctia A va b d€ ¢6
A+ AA va b+ Ab. Gidi (A + AA)(x + Ax) = b + Ab d€ ¢6 x + Ax. Tinh
|AX]|/||x]|- Diéu nao cé tuong thich véi cau b)? Sy thay ddi tuong ddi trong
m61 Xi.?

2.8 Van dé nghién ciiu

Van dé 2 - Hé phuong trinh cé nghiém khéng 6n dinh

Nhu da thdy trong nhiéu thi dy s6, gid tri thang du ciia nghiém rdt nhé nhung
nghiém lai khong gdn véi nghiém chinh xdc. Sai s6 trong nhiing truong hop nhu vdy
khong phdi do sy tich lity ciia sai s6 lam tron trong qud trinh tinh todn.

Theo [2], ¢c6 nhiéu cich d€ nhan ra mdt hé phuong trinh ¢ nghiém
khong 8n dinh':

- Sy thay d6i nhd trong cac hiing s6 clia hé cing din d&€n sy thay déi
16n cta 161 gidi;

- N&u hé c6 ma tran cac hé s6 1a A, dinh nghia dinh thic chuidn cta A

norm|A| := L
) alaz...an’

trong d6 o = Z'J’-ZI a,%j, k=1,2,...,n.

Né&u hé c6 nghiem khong 6n dinh thi norm|A| nhd hon so véi |A].

Ciing trong tai liéu da din, tac gid gi6i thieu phuong phap hoan thién
151 giai cho hé phuong trinh ¢6 nghié¢m khong 6n dinh.

Mot cach ti€p can khac, chinh héa bai toan theo phuong phap chinh
quy héa Tikhonov, xem [2].

Hay tim hi€u cic phuong phéap viia néu (co sé 1y thuyét, phan tich sai
s6). Viét thuat todn, chuong trinh cho cac phuong phap. Tinh todn trén cac

INgoai cich dung s6 didu kién.
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thi du s6 dién hinh d€ néu nhan xét.
Tu liéu
[1] V.A. Ilyin and E.G. Poznyak, Linear Algebra, Mir Publisher, Moscow, 1986.
[2] Dang Van Liét, Gidi tich s6, NXB DPHQG TP. HCM, 2004.



Chuong 3

NOi suy

Trong thuc hanh ta thuong gip cdc ham ma gia tri cda né chi biét tai mot
s6 di€ém (nho thi nghiém) nhung lai cAn thi€t phai tinh tich phan, dao ham,
hodc tham chi gia tri cia ham tai diém ma di lieu thi nghiéem khong cung
cap. Khi d6 ta cAn xap xi ham bing mot ham da bi€t ma gia tri tai cic difém
da cho trung véi di liéu thi nghiém. Ciing c6 thé bi€u thic xac dinh ham
qué phtc tap d€ c6 thé thuc hién viéc tinh todn. Mot nguyén 1y co ban cla
gidi tich s8: néu ta khong thé thuyc hién mdt phép tinh co ban véi ham dang
xét, ta xAp xi né bing mdt ham don gidn hon ma ta c6 thé thuc hien duge
phép tinh.

Trong chuong nay ta xét van dé x4p xi ham f(x) bing mot ham F(x),
trung v6i f(x) tai cic di€m nao d6. Ta néi F(x) ndi suy (interpolate) f(x)
tai cac di€m nay. Qua trinh xay dung ham F(x) dugc goi l1a phép ndi suy
(interpolation). Cé nhiéu loai ham xap xi, viéc chon lua phu thudc viao ban
chat clia di lieu. C6 lé ham xap xi don gidn nhat 1a da thic. Nhu da biét,
moi ham lién tyc trén mdt khodng hitu han déu cé thé duge xap xi t6t biang
mot da thidc. Hon nfia, da thiic va cic ti sd clia ching (phan thic) 1a cAc ham
duy nhat c6 thé dugce tinh truc ti€p nhd may tinh. Vi 1y do nay da thic duge
duing khong chi d€ noi suy ma con la co sé cho hau hét cac phuong phap
cla gidi tich s6. Cac spline da thic, nghia 1a cdc ham da thdc tiing manh, 1a
mot cong cu rat hitu ich d€ xap xi ham va 1a d6i tugng nghién ctu chinh cia
chuong nay.

71
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3.1 NOoi suy da thic

Trong muc nay ham xap xi F(x) la da thic va ta sé¢ dung ky hiéu ggi nhé
Py thay cho F.

NQi suy Lagrange. Bai toan noi suy dugc phét biéu nhu sau.

Cho trudce cac cip (x;, f;) véi j = 1,2,..., N, trong d6 cic f; 1a gia tri
clia ham f(x) (c6 thé khong bi€t) tai cic di€ém x;, fj = f(x;). Tim da thic
Py (x) sao cho

Pn(x;) = fj, 1=<j=N. (3.1)

Cac diém x;, goi 1a cdc diém ndi suy (interpolation points) hay cdc nit (nodes).

Mot da thic duge xac dinh bdi cac hé s6 cta nd, & day cac didu kién
(3.1) cho c4c phuong trinh xac dinh cic hé s6 cia da thic noi suy. Ta cé ngay
Px(x) phai c6 bac nhd hon N. Duéi day ta sé dung ky hiéu Py dé€ chi tap
hop tat ca cac da thiic ¢6 bac nhéd hon N (khong gian vecto).

DPinh ly 3.1. Cho N diém phan biet {x1,x2,...,xn} cé mdt va chi mot da thic
Py (x) bdac nhé hon N noi suy ham cho trudc f(x) tai cdc diém nay.

Chitng minh. Dang Lagrange cia da thic noi suy:

N
Py(x) = fili(x), (32)
k=1

trong d6 cac ham L (x) duge chon doc lap d6i v6i f(x). Vi Py (x) la da thic
bac nhd hon N véi bat ky cach chon f1, f3...., fv nén mdi L (x) cling phai
la da thic c6 bac nhd hon N. Hon nita, d€ ¢6 Py(x;) = f; v6i1 < j < N,
mot l1an nita v6i cach chon di lieu bat ky thi Li(x) phai thda

néu j #k
Lk(xj):{l néu jik

Nghia 13, cdc khong diém cda Lg(x) 1a cac diém x; v6i j # k, nhu vay Li(x)
c6 dang

N
L) =C [] x-xp

j=1.j#k
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v6i hiing s6 C nao d6. Diéu kién Li(xx) = 1 cho

N
c=1/ 1—[ (xx — x;);

j=1.j#k

suy ra

N .
L= [] =2 (33)

Xk —X;
j=lj#k KT

D€ chiing minh Py (x) duy nhat, goi Qn(x) 1a da thic khic c¢6 bac nhé hon
N théa Qn(x;) = f; v6i1 < j < N. Hiéu D = Py(x) — QOn(x) cling la da
thic ¢6 bac nhé hon N triéu tiéu tai N diém x; nén D = Osuyra Py = Qy.
n

Thidu 3.1. Cho f(x) = sin x. Tim P3(x) ndisuy f(x) tai badiém {0, /2, 7}.
Cac gia tri ham tuong tng l1a {0, 1,0}, nhu vay

P3(x) = 0-Li(x)+1-La(x)+0-Ls(x)

(x=0)(x —m)
Z—0)(F—m)

= —;x(x — 7).

Thi du 3.2. Cho bang di liéu

x| 182 250 365 403
y[000 130 310 252

Xay dung ndi suy P4(x) theo bang di liéu.
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Dang Lagrange cia P4(x) [a

P4()C) = OLl(X) + 130L2(X) + 310L3(X) + 252L4(X)

_ 130 182 (x —3.65)(x —4.03) N 3 10— 1:82)(x = 2.50)(x — 4.03)
(0.68)(=1.15)(-1.53) (1.83)(1.15)(—0.38)

(x —1.82)(x —2.50)(x — 3.65)
(2.21)(1.53)(0.38)

+2.52

= 1.09(x — 1.82)(x —3.65)(x —4.03) — 3.88(x — 1.82)(x — 2.50)(x — 4.03)
4+1.96(x — 1.82)(x — 2.50)(x — 3.65).

1.8 2 2.4 3 34 4 4.5
X

Hinh 3.1: D4 thi hAm P4(x) trong thi du 3.2.

Nhan xét 3.1. Mot cach ti€p can khac dé tinh Py (x) la viét

py(x) = c1g1(x) + c2g2(x) + ... + cngn (%), (3.4)

trong d6 ¢q1(x),q2(x),...,qgn(x) la cac da thic lap thanh mot co s6 cia Py.
Bai toan noi suy dAn vé gidi mot hé phuong trinh tuyén tinh

c1q1(x;) + c2q2(x;) + ... +engn(xi) = f(xi), i =1,2,...,N. (3.5)
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Dua vao ma trin cac he s6 My = [g; (x:)]7";_}, céc vectacot € = (c1,¢2, ... ,en)T,

f=(f(x1), f(x2),..., f(xny))T. He phuong trinh (3.5) c6 thé viet lai

Myc = f.

suy ra € = M;l?. °

Thi du 3.3 (Mot Gng dung vao tich phan s6). Tim mot cong thic dé tinh cac
tich phan c6 dang

1
_ —1/2
1 /0 x ' f(x)dx

sao cho cong thic nay la chinh xac khi f € Py va dung cac gia tri f(x;),
i=1,2,...,N.

batp; = fol x712q;(x)dx va dua vao vectodong uT = (i1, 2, ..., Un)-
Thi

1 N
I~ /0 x V2 Py (x)dx = ch,uj =u"c=pu"M'.

J=1

Sai so trong noi suy da thiic. Bay gio ta xét chat lugng clia sy x4p xi. Py (x)
xap xi f(x) t6t nhu th& ndo? Viéc ting s6 nit ndi suy cé cai thien duge sy
chinh x4c hay khong? Dinh ly dugi day gitp trd 16i nhiing cAu héi nay.

Pinh ly 3.2. Gid sit f(x) ¢6 dao ham dén cdp N trén khodng I chia cdc diém
noi suy {x; }ﬁ-v:r Neéu Py (x) la da thic bac nhé hon N noi suy f(x) trén cdc dit
liew navy, thi véi méi x € I c6 diém &, € I sao cho sai s6 trong noi suy da thiic la

£ = Pu (o) = 20 f Y Edwn ) (36)

trong dé

N
wy(x) = [ [ —x)) (37)
j=1
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va
min(xy,...,xy,x) < & < max(xy,..., XN, X).

Chitng minh. R6 rang ding thic (3.6) ding v6i x = xj, 1 < j < N. Véi x
khong tring véi cdc di€m noi suy, dinh nghia ham méi

f(x) — Pn(x)

wy (x)

G@t)= f(t)—Pn() -

wy(1).

Ta thdy ham G c6 dao ham dén cdp N trén I va

f(x) = Py(x) _

wy (x)

G(xj):fj—fj—O 0, 1§]§N

Ciing vay, G(x) = f(x) = Pn(x) —wy (X)[f(x) = Py (x)]/wn(x) = 0, nhu vay
G c¢6 N + 1 khong diém phan biét. Bsi dinh 1y Rolle, G’ ¢6 it nhat N khong
diém phan biét trong I. Lap lai chiing minh nay, G” ¢6 it nhat N — 1 khong
diém phan biét trong 7, ..., va G™ ¢6 it nhat mot khong diém trong 1. Ky
hi¢u khong diém nay bing &, ta thay

- P
0= GV (e = F M) - PYV(ED) - 0l 60 T,

Da thiic Py c6 bac nhd hon N, vi vy dao ham cdp N dong nhat khong. Da
thic wx(x) c6 bac N v6i s8 hang bac cao nhat 1a Y nén dao ham cdp N 1a
N!. Tém lai,

¥ S owy(x)

diéu nay ching minh dinh ly. n
NEu I = [a,b] va dat

My = max|f ™ (x)],
xel
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thi ta ¢6 hai chin trén ctia sai s6 noi suy:

M
|f(x) — Py(x)| < Tﬁwzv(xn (38)
_ N
__Kﬂ%ﬁL v6i x € (a.b). (39)

Ubc lugng sic hon ctia chiin tha hai [a
My
e e .
max | f(x) — Py ()| = 1 hax lwa (x)|

Thi du 3.4. Xét noi suy cia ham f(x) = sin x tai cdc di€m ndi suy {0.0, 0.2, 0.4, 0.6, 0.8}.
Bat ddng thic (3.8) c6 thé duge dung dé€ chiin sai s6 trong x4p xi sin(0.28) bai
P5(0.28). Vi

Ms = max |sin®¢| = max |cost| =1,
1€[0,0.8] 1€[0,0.8]

ta c6 chin
|5in.(0.28)— P5(0.28)] < [0.28(0.28—0.2)(0.28—0.4)(0.28—0.6)(0.28—0.8)| /5! = 3.7x107C.

Dianh gia thuc P5(0.28) = 0.2763591, sin(0.28) = 0.2763556, vay sai s6 chinh
xac 1a —3.5x 1076,

Dinh 1y 3.2 va cac chian cho ta sy hi€u bi€t va nhiing huéng din khi
thuc hién phép nodi suy. Nhan ti wy(x) trong biéu thiic sai s6 ting & gan
cac diém cudi ctia khodng dit lidu va ting rat nhanh khi x ra xa khdi doan
[a,b]; & bac cao hon diéu nay cang ding. Vi diéu nay chin (3.8) ting rat
nhanh. Nhung ding thic sic hon (3.6) ching t3 ring anh hudng nay cé dugc
giam thi€u v6i f va x cho truéc bing cach 14y nhan t dao ham nhd hon.
Xap xi f(x) bing Py(x) bén ngoai khodng I dugc goi 1a phép ngoai suy
(extrapolation). Néi chung, rat nguy hi€ém khi ngoai suy 3 nhiing diém qué xa
khodng dii liéu, diac biét khi dung da thdc bac cao. Mic khic, wy (x) tuong
dsi nhé khi x & gitia cac di€ém nit. V3, tAt nhién, vi tinh lién tuc, sai s6 phai
nhd khi x gdin mot nit. Hai nhan dinh nay dé nghi, khi ¢ thé, t6t nhat noi
suy tai cAc nit xoay quanh x va cang gn x cang tot.

D6 thi ctia we(x) trén [—4, 4] (hinh 3.2) thé hién dang diéu dinh tinh
clia nhan t nay trong biéu thic sai s6. Ham nay phat trién cuc ky nhanh
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Hinh 3.2: D6 thi ham we(x) trén khodng [—4, 4].

bén ngoai khoing chita cac nit va 16n & cac ddu mit, nhung né c6 do6 16n
viia phai & gitta. Hinh 3.5 th€ hién mot ndi suy da thic bac cao. Ré rang noi
suy P1, khong xap xi t6t f(x) trén toan khodng. Tuy nhién, & gitia khodng
nay sy pht hgp xuit hién la chdp nhan duge. Ding diéu dinh tinh thay & day
v6i ndi suy da thic bac cao c6 thé doan duge tii sy khdo sat nhan ti w y (x)
trong sai so.

Thinh thodng ta cé thé danh gia mot ham tai bat ky dau ta muén trong
mot khodng, nhung mudn xap xi né bdi mdt ham don gidn hon d€ tinh x&p
xi dao ham hay tich phan ctia né hay ... Thi ty nhién phai hdi xem c6 cach
chon céc nit nodi suy t6t hay khong theo nghia [am cho

_max lwa (x)| (3.10)

nhd. Cau trd 1oi 1a c6. Cac diém

b — 2j —1
_b+a+ aCOS(] )

_ —1.....N. 311
X 2 2 oN (311)

goi 1a cac diém Chebyshev, lam cho (3.10) nhé nhu c¢6 thé. Ta sé xét chi tiét
vé xap xi nay trong muc ti€p theo.

NOi suy Hermite. Né&u tai cdc nit x; ta bi€t thém gid tri ctia dao ham cap
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mot f; thi c6 thé noi suy ham f(x) theo gia tri ham va gia tri dao ham tai
cac nit. C6 nhiéu cach thyc hién phép noi suy nhu vay, & day ta chi xét noi
suy Hermite (Hermite interpolation). Gid si ta c6 céc gid tri f; va dao ham

f] tai cdc nit x; v6i j = 1,...,N. V6i 2N gid tri doc lap c6 thé thay da

thiic ndi suy c6 bac 2N — 1. Hon niia, c6 thé chiing minh cic da thic co sé
¢r (x), Yr(x) c6 bac bé hon 2N thda

0 néuj#k / e
Pk(x) = { 1 EZE; ik, ¢r(x;) =0 v6imoi j
/ 0 néuj#k e
AR { | néu T W) =0 Gimoi
dugc cho bdi
Pe() = [ - 2L (50 (x — x)JL2(). )
5 )
Yr(x) = (x—xp)Li(x).
( day Li(x) 1a cac da thic noi suy co sé. Hién nhién, da thic noi suy:
N N
P(x) =) fitk(x) + Y fiva(x)
k=1 k=1
thda
P(xj) = fj. P'(xj)=f}, j=1...N
Ta cing c6 mdt két qua tuong ty nhu (3.6) cho noi suy Hermite:
1
f0) = P(x) = 537 f#V EQwy (x). (3.13)

Trong phép gidi s& cic phuong trinh vi phan thuong ta dung da thic
bac nim (quintics) d&€ ndi suy £ va f’ tai ba di€m. Trong chuong nay ta diing
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cac da thic bac ba dé noi suy f va f’ tai hai diém. D€ dung d€n sau nay ta
biéu dién ndi suy Hermite bac ba & dang khac. Né&u ta viét

H(x)=a+b(x —x,) +c(x —xn)*> +d(x —x,)3 (3.14)
va doi héi [a

H(xp) = fu, H'(xn) = f,,
H(xp11) = for1, H'(Xn41) = f 14

thi d& dang chiing t6 ring v6i h = x,41 — Xp

a = fa, (3.15)
b = f, (3.16)
¢ = Blfatr—fa)/h=2f— fil/h, (3.17)
d = [fy+ fasr = 2Unsr = fa)/ B/ 12 (318)

3.2 Cac chin sai s6

Trong muc nay mot s6 k&t qua hitu ich duge ban luan va mot vai két qua vé
sai sO lién quan d&n xap xi dao ham bing dao ham clia da thiic noi suy.
Mot s6 do cach Py (x) x4p xi f(x) trén khodng [a, b] 1a sai s6 té nhat

| f = Pnl = max | f(x) — Pn(x)].

Mot dinh 1y co ban ctia Weierstrass phat biéu ring ham bat ky f(x) lién tuc
trén khodng hitu han [a, b] c6 thé xap xi t6t tiy ¥ bing mot da thic, nghia
13, cho trudc € > 0, ton tai da thic P(x) sao cho || f — P| < e. That hgp ly
khi cho ring cang nhiéu di€m ndi suy hon sé cho xap xi t6t hon. Chin (3.9)
chiing t6 ring né€u My khong ting nhanh khi N — oo, ndi suy Py xap xi f
tot tuy y. Dang ti€c, diéu nay khong ding cho moi ham lién tuc. Mot két
qua do Faber chi ra ring véi tp cac nit cho truGc bat ky {xil)}, {x?),xf)},
...trong [a,b], tdn tai mot ham f(x) lién tuc trong [a, b] sao cho cac noi suy
Py (x) c6 bac nhd hon N xic dinh béi

Py(x™)y = fe™), i =1,....N,
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khong ¢6 ngay cd || f — Pn|| bi chan khi N — co. Ham Runge

1
1+ x?

fx) = (3.19)

trén [—5,5] 1a mot thi dy 8 dién. C6 vé hién nhién ndi suy moét ham tron
nhu vay tai cang nhiéu diém ndi suy cach déu sé din d&€n hoi ty, nhung thuc
t& cho thiy ngay cd v6i N viia phai, noi suy hoan toan khong chip nhan
duoc.

Hinh 3.3: D6 thi ham Runge va céac da thic ndi suy Ps(x) va Po(x).

Né&u c6 thé noi suy tai cac nat t6t (3.11), thi héa ra phép noi suy la cach
tot d€ xap xi f(x) bing da thiic bac thap nhat c¢6 thé. Thuc t& 12 hAm Runge
c6 thé duge x4p xi mot cach hoan toan chinh x4c bdi da thiic nodi suy tai cac
di€m Chebyshev. Trong trudng hgp tdng quét, ton tai mot da thic Py (x)
bac nhé hon N x&p xi f(x) t6t nhat trén [a, b] theo nghia || f — Py || cho gid
tri nhé nhit cta || f — P| v6i moi da thic P bac nhé hon N. Cho Py (x)
ndi suy f(x) tai cac nit xq,...,xy trong [a,b]. VGi bat ky x,

f(x) = Py(x) = f(x) = Py(x) + Py(x) — Py(x).
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Bay gio Py (x) — Py(x) la mot da thic bac nhé hon N, vy
N
Py (x) = Py(x) = Y (P (xk) — Py (xx)) Li(x)
k=1

vi noi suy Lagrange tai N diém la chinh x4c véi cac da thic nhu vay. Dung
su kien 1a Py(xx) = f, ta thdy ring

N
() = Py < | f(x) = Py)] + ) 1PR k) = fillLi(x)]
k=1
N
< |If =Pyl (1 +a93§bZ|Lk(X)I),
- T k=1

va roi
N

If = Pyl = max [f(x) = Pn()| =< [If = Pyl (1 +a513§bZILk(X)|) ,
- T k=1

Bat déng thic nay lien hé sai s6 clia Py véi sai s6 ctia da thic xap xi t6t nhat
Py bdi mot thita s6

N
1 Le(x)l.
+a§3§b;| k()]

ma dugc cho trude chi nhd cidc diém noi suy. Diac biét, n€u cac niit ndi suy

13 diém Chebyshev (3.11) thi (xem [11])

N N
1 2k — D)
1+ L) <14 —S gt =T
a@fgbgl k()] < N};g v

Diéu ngac nhién 1 v6i bac N ¢& trung binh thi chin nay 13 qua nhd. Véi
N <20, n6 it hon 4. Nhu vay

If =Pyl = 1f = Pnll = 4llf — Pyl
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v6i moi N < 20. Cac da thic noi suy nhu vay dugc xay dung dé dang va 1a
t6t nhu c6 thé.

Phép ndi suy khong dat hiéu qua nhu vay khi cic nit noi suy khong
thé dugc chon, va nhu dinh 1y ctia Faber chi ra, noi suy cip cao ¢6 thé khong
hoan toan théa man. Thudng trong thuc hanh noi suy da thic cip cao thé
hién cic dao dong c6 bién do6 16n ngay ca khi di lieu 1ay tif mot ham tron.

Xap xi dao ham bang dao ham cta da thic ndi suy. Noi suy da thic la cong
cu o ban trong gidi tich s6. Nhu mot thi dy, cic dao ham ctia noi suy Py (x)
cta f(x) c6 thé duge dung dé€ xap xi cac dao ham cia f(x). Mot chiing minh
tuong ty nhu dinh 1y 3.2 (xem [8]) c6 thé dugc diung dé€ ching td véi bat ky
r<N

O - PP = L6 H(

trong dé cac diém {&;} dugce bi€t 1a phan biét va thdéa
Xk <Cp < Xp4r, 1<k<N-r
Diém ¢ phu thudc x va niim trong cuing khoidng I nhu &, trong dinh ly 3.2.

Nhu mot hé qua,

r r My (xy —x )N—r
0@ =PV @ = =5 (320)

mién 13 x; < x < xy. Dang Lagrange cia da thiic noi suy la tién lgi d€ thiét
lap cong thiic vi phan s6. D€ xap xi dao ham cta f(x) tai diém z, cho trude
cac gid tri fy tai cac di€m {x;,...,xy}, ta don gidn thi€t lap noi suy, dao ham
nd, va danh gid no tai z:

N
fO@) ~ PP =) il ().

k=1

B3i vi cac hé s6 trong bi€u thic nay chi phy thudc vao cac nit, ta c6 & day
mdt cong thic ma c¢é thé dung cho bat ky ham f(x) nao.
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Nhan xét 3.2. Cac chin sai s6 nhu (3.20) ¢6 thé duge thiét lap cho cac da
thiic Hermite (xem [2]). Dung ky hiéu nhu trén, né€u f c6 dao ham cip bon
v6i x bat ky trong khodng [x,, X, + h], thi v6i My = maxy,<x<x,+1 | f @ (x)],

| f(x) = H(x)| =< ﬁM‘;h“, (3.21)
|f'(x) = H'(x)] < £M4h3, (3.22)
|f"(x) = H"(x)| = 11—2M4h2, (3.23)
70— HY @) < 5 M (5:24)

3.3 Dang Newton cua da thiic ndi suy

Cach biéu dién da thic noi suy dusi dang Lagrange (3.2) tuy c6 tién lgi vi su
phu thudc vao cic f; don gidn, nhung céch thic cic nit x; xuft hién lai
khong don gidn chit ndo. Dic biét, né khong tién Igi khi ching ta khong
biét trudc bac cia da thiic xap xi. Vi vay mot dang khac do Newton dé nghi
thudng duge ding hon trong thyc hanh. DAn chiing: hai loai phuong phap s&
dugce dung rong rai khi gidi bai toan Cauchy cho phuong trinh vi phan thudng
14 (1) cac phuong phiap Adams, va (2) cOng thic sai phan lui (cAc phuong phap
Gear). Trong cac phuong phap nay, 3 mdi budc gidi (lip), cac thuit todn tim
bac thich hgp nhat cho da thiic ndi suy. Vi th& nhiing thuat todn nhu vay
ding dang Newton cia da thic. Mic du phuong phap thiét 1ap dang Newton
md&i nhin xem ra that "kinh khing”.

Ti sai phan. Mot thi thuat co bdn cda gidi tich s6 12 danh gia sai s6 vé lugng
(danh gia hau nghiém) bing cich so sanh né v4i mot dai lugng duge cho 1a
chinh x4c hon. Né&u Py(x) ndi suy tai cdc nit {xq,...,xy} vd Pyy1(x) la
ndi suy tai cic nidt {x1,...,Xy,Xy+1}, thi trong cic trudng hop phu hgp da
thiic sau xap xi f(x) t6t hon va f(x) — Py(x) ~ Py+1(x) — Py(x). Néu ta
khong biét bac thich hgp, diéu nay dé nghi mot cach ti€n hanh. Bit dau
bing da thic hing Py(x) = f1 noi suy tai x;. Tu Py(x) da tinh, tinh Py 44
va dung né d€ danh gia sai s6 clia Py (x). N&u sai s danh gia qua 16n, ting
bac bing ciach ndi suy thém tai ndt khac va Lip lai qua trinh. Thi tuc nay
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13 co s3 ciia dang Newton cia da thiic noi suy.

V6i mdi n, da thic nodi suy P, (x) duge xay dung nhu 13 mot ”hiéu chinh”
P,_1(x). Vi P,_1(x) c6 bac nhd hon n —1 va P,(x) c6 bac tdi da la n —1,
hiéu cta ching phai la da thic c¢6 bac tdi da bang n — 1:

Pu(x) = Pp—1(x) + Qn(x). (3.25)

Da thiic P,(x) noi suy tai x1,...,x,—; gidng nhu P,_;(x), nhu vay v6i j =
1,...,n—1,

Ji = Pu(xj) = Paoi(x;) + On(x)) = fj + Onl(x)).

Diéu nay am chi x;,...,x,-1 1d cAc nghiém clia 0,(x). Vi bac clia n6 tdi da
bing n — 1, 0,(x) phii c6 dang

On(x) = calx = x1)(x = Xx2) -+ (X — Xp—1)
vGi ¢, 12 hing s6 nao d6. Da thic P,(x) ciing noi suy tai x,:

n—1

fn = Pn(xn) = Pn—l(xn) + Qn(xn) = Pn—l(xn) + Cn l—[(xﬂ _xj)‘

j=1
Vi c4c ntt 1a phan biét nén khong ¢6 nhan td (x, — x;) ndo bing khong, va

fn - Pn—l(xn)

— (3.26)
l_[jzll (Xn —x;)

Cp =

Cac heé thic (3.25) va (3.26) cung vSi P1(x) = f1 cho dang Newton cda
da thic noi suy. Cic hé s8 ¢, duge goi 1a ti sai phan cap (n — 1) ((n — 1)st

order divided difference) trén cic di€m xi,..., x,, ky hiéu
cn = fx1,...,Xn].

Theo ky hiéu nay dang ti sai phan Newton la
Pn(x) = flx]+ flxr, x2)(x —x1) + flxr, x2, x3](x —x1)(x — x2) + ...

N-1

+f e xn] [ =xp). (3.27)

J=1
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R& rang tii (3.27) ta thay hé s6 dAn diu (hé s6 ctia s6 hang bac cao nhAt)
clia Py(x) 1a f[x1,...,xy]. Mot s6 tac gid dung diéu nay nhu [a dinh nghia
cta ti sai phan cap (N — 1).

Dinh ly dusi day cho mdi lién hé gifia ti sai phan cip n v6i mot cip cac
ti sai phan cdp (n —1). Lién hé nay din d&€n mot thuat toan tinh ¢, thuan
tien hon (3.26).

Pinh ly 3.3. Vi cdc nit phan biét {x;} va k > i badt ky,

f[.xl', o ,_Xk_l,.xk] — f['xi+17 L ,.Xk] - f[-xiv oo 7-Xk—1] (3.28)
Xk — X
va
flxil = fi.
Chitng minh. Cho R;(x) la da thic bac nhd hon k —i ndi suy f(x) trén
Xi4+1,...,Xk va cho Ry(x) 1a da thic bac nhd hon k —i ndi suy f(x) trén
Xi,...,Xk—1. Da thtc

S = DRI TR (329)

c6 bac t6i da hon Ri(x), R>(x) mot bac. Theo d6, bac cia né nhd hon
k—i+1.V6i j=i+1,... k-1,

(k= %) Ra () + (7 —x) Ri(x)) ok = x5) fj + (x5 = xi) f

S(x;) =
Xk — Xi Xk — Xj

= fis

vi vay S(x) ndi suy f(x) trén Xj41q,...,Xk—1. Hon nda, S(x;) = f; va S(xx) =
fx. BGi dinh Iy 3.1, S(x) la da thic bac nhd hon k —i + 1 ndi suy f(x) trén
tat ca di lieu. K&t qua (3.28) biéu dién mot cach don gidn sy kién hé s6 dan
dau cta v& trai (3.29) bing hé s6 din dau clia v& phai. n

D€ minh hoa cach dung dinh 1y nay, ta xay dung bang ti sai phan. Gia
sti ba dong va cot cia ti sai phan da dugce tinh va duge viét dusi dang ma tran
tam gidc dudi nhu sau:

x1 flx]
x2  flxa]  flx1,x2]

x3  flxs] flxa,x3]  flx1, x2, x3].
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Pé them vao dong méi tuong Ging véi niit x4, bit dau bing dit lieu f[x4] = fa-
Réi

Jxa] = flxs]

Sflxs, x4] = Xa— 13
_ Jflxz xa] = flx2, x3]
Slx2,x3,x1] = Xe— 1o

Sflx2, x3, x4] — fx1, x2x3]

f[Xl,Xz,Xs,M] =

X4 — X1
Chu ¥ céch thic tinh toan & day
x1 o flxi]
X2 flx2] Sx1,x2]
x3  f[xs] S x2, x3] Sflx1, x2, x3]
N N N

x4 flxa] — flxs.x4] — flx2,x3,x4] —  fx1,x2,x3,x4].

Téng quat, cot dau clia bang ti sai phan 1a x;, thd hai [a f;, k& ti€p 1a
ti sai phan thd nhat, va van van. Bang ti sai phan cung cAp mot phuong sach
tién lgi d€ xay dung cac ti sai phan cin thi€t: cic hé s6 ctia da thic noi suy
13 cac dai lugng doc theo dudng chéo.

Thi du 3.5. V6i cac dit ligu ti thi du 3.2, tru6c hét lap bang

x1 o f; Sl ] VAR VA
1.82 0.00
1.30—1.00 __
gzg ;,?8 310=1:3% : igé 156191 _ _ |9
: : 3.65-2.50 3.65-1.82 ¢
403 252 28308

_ 153156 _ —2.0240.19 __
Tosaes = 193 Femse = 202 355 = 83

Réi theo (3.27),
Py(x) = 0.0+1.91(x—1.82)—0.19(x—1.82)(x—2.50)—0.83(x—1.82)(x—2.50) (x—3.65).
D€ tinh todn hiéu qua ta nén danh gia & dang x&p 186ng vao nhau

Py(x) = (x — 1.82){1.91 4+ (x — 2.50)[—0.19 — 0.83(x — 3.65)]}. o
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Thuat toan tim dang Newton. Thuat todn gdm hai phan. Trudc hét tinh cac
ti sai phan cAn cho cic hé s6 ctia Py(x). Khong cin thi€t phai luu tri toan
bo bang vi ta c6 thé dung vecto ¢ d€ luu trit myc nhap (entry) trong dong
hién hanh j mién 13 mdi lan ta tinh mot dudng chéo (va thuc hién cac phép
tinh theo thi ty chinh xic):

c(N)=f(N);
for j=N-1:-1:1
c(P=£(j);
for k=j+1:N
c(k)=(c(k)-ck-1))/(xX)-x(3));
end
end

Dé d& hiéu ta xem "nodi dung” vectd ¢ 3 mdi budec tinh j, trudng hop
N=4, va so sanh v&i bang ti sai phan & trén

J vectd ¢
1 2 3 4
4 S x4l
3 S [x3] S 1x3, x4
2 S [x2] S [x2, x3] S [x2, X3, X4]
1 S [x1] S Ix1,x2] S Ix1, x2, x3] S Ix1, x2, X3, x4]

Ta thay, & budc cudi ciing (j=1), vecto ¢ chiia cac hé s6 ctia da thic noi suy.
Ngay khi cdc hé s6 nay dugc tinh xong, phan thd hai ctia thut toan la
danh gid Py (x) tai x cho trudc:

P(N)=c(N);

for k=N-1:-1:1
P(N)=P(N)*(x-x(k))+c(k);

end

Lién hé gitia ti sai phan va cac dao ham cta f(x). Ap dung dinh 1y 32 cho

P,_1(x) v6i x = x,, tacd

(n—1)
f(xn) P, 1( n) f iflz l—[(xn_ i)
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trong dé
min(xy,...,X,) < & < max(xy,...,Xn).

Tuy nhién, ta cling ¢
n—1
S (xn) — Po—1(xn) = Pn(xn) — Pu—1(xp) = cn H(xn - Xj).

J=1

Can bing hai biéu thic ching t3 ring

(n—1)
Fln e x] = ﬁ (3.30)
v6i diém &, nim trong mién di lidu xq, ..., x,.

Nhan xét 3.3. 1) Vé6i cach tinh hiéu qua ti sai phan trinh bay trén va (3.30)
ta c6 mdt cach xap xi dao ham clia ham f(x) ma chi biét gia tri clia né tai
cac diém nao dé.

2) Déng thic (3.30) cho ta hi€u biét t6t hon vé viéc danh gia sai s6 ma
ta thuong dung. Theo dinh Iy 3.2,

1 N
S0 = Py ) = @) [ [ (x = xp).
j=1
Ta viia thay ring
N 1 N
Pra(x) = Py () = flvr vl [ [ =) = o5 F @) [T6e=xp).
Jj=1 j=1

So sanh hai bi€u thic nay cho thdy néu f™) khong thay déi nhiéu trén
mién di lidu, sai s6 cta Py(x) c6 thé dugc danh gia bing cach so sanh né
vOi PN+1()C).

3) Dang (3.27) lién hé mat thi€t v6i chudi Taylor ctia f(x) d6i véi diém
X1:

f(l)(xl)
1!

(2 (N-1)
fz(xl)(x—xl)z—l—...—l-—f D(er)

S + 2! (N —1)!

()C—)Cl) +

(x—x)VN 14+ ...
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Nhu mot hé qua ctia (3.30), dang Newton ctia da thic ndi suy Py (x) trd thanh
da thic Taylor bac N — 1 khi cac nit x,, ..., x, tién téi x;.

3.4 Dinh gia su chinh xac

Lam thé& nao bi&t dugc ta cé xap xi tot? Ta da thay hai kha ning. Mot la
dung (3.6), nghia 13, f(x) — Py(x) = f™M(E)wn(x)/N!. Vi wy(x) 12 mot
da thtc nén dé& dang danh gia tai x bat ky. Tuy nhién, nhan t& dao ham Ia
vin d& vi ta khong biét £, va tham chi khong bi€t cd £, Kha ning khéc
13 so sinh k&t qua ndi suy trén mot tap cic nit véi k&t két qua ndi suy cb
bac cao hon nhd noéi suy trén ciing mot tap véi mot nit b8 sung. Mot bién
thé khac 14 so sanh v6i két qua c6 ciing bac nhan dugc trén mot tip nidt nodi
suy khac. Thuong cich ti€p can t6t nhat 1a gifi lai mot s& nit va danh gia
sai s6 chinh xac f(x) — Py(x) tai cac nit nay. Mot danh gid thuc t& c6 thé
doi hdi nhiéu di lieu duge gitt lai, va khé ma ré duge dung nit nao d€ noi
suy va nit nao gii lai d€ so sainh. Thong thudng ta c6 mot vai § tudng vé
dang diéu ctia ham dang xét. Mot dd thi cia dii lidu va ndi suy la sy trg gidp
quan trong trong quyét dinh xem phép noi suy c6 mo phdng dang diéu nay
mot cich thich ddng khong.

Thi dy minh hoa du6i day cho thay diung cic da thiic noi suy bac cao
(nhiéu di€ém nit), néi chung, khong phai 1a ¥ tudng tot.

Thi du 3.6. Bang du6i day cho d6 nhét tuong d6i V' clia ethanol nhu I3 ham
phin trim cda trong lugng chit tan w

w 5 10 15 20 30 40
V(w) | 1.226 1.498 1.882 2.138 2.622 2.840

50 60 70 80 90 100
2.807 2.542 2.210 1.877 1.539 1.201

D€ xem P(w) tot hay xau nhu th& ndo, mot vai dit lieu dugc gitt lai. Dic biét,
ta x4ac dinh Pg(w) nhu la da thic ndi suy tai cac nit {10, 20, 40, 60, 80, 100}.
Sai s6 clia phép ndi suy nay dugc dinh gia bing cach tinh né tai cac nit con
lai & d6 ta biét gia tri ctia ham:

w | 5 15 30 50 70 90
Ps(w) 1201 1.824 2.624 2.787 2210 1.569
V(w) — Ps(w) | 0.025 —0.002 0.038 0.020 0.000 —0.030
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DPay c6 [é 1a két qua tot (hinh 3.4).

045 1 1 1 1 1 1 1 1 1
0

Hinh 3.4: D6 thi hAm Pg(x).

Né&u dung tat ca 12 diém noi suy thi k&t qua khong t6t (hinh 3.5).

3.5 NOi suy spline

Cong thic biéu dién sai sd ctia dinh 1y 3.2 3¢ nghi nang bac da thic noi suy
s& [am cho x4p xi chinh xac hon. Dang ti€c, cdc nhan t& khac thudng lam
cho diéu nay khong thuc hién duge. Sai s6 phu thuéc manh vao d6 dai clia
khodng chtia cic nit. Néu ta ¢6 thé bing cach nao d6 lam gidm do dai nay,
thi dinh 1y chi ra riing ta s& c6 mot xap xi t6t hon. Y tudng co ban clia muc
nay la xap xi £(x) bdi ham da thic tiing manh, noi suy ki€u nay goi la spline.
Cu thé hon, ham f(x) dugc xap xi trén [x;, xx]. Khodng [x;, xy] dugc phan
hoach thanh cic khodng con [x,, xn+1], trong d6 x1 < x5 < ... < xny. Mot
spline 12 mot da thic trén tiing khodng [x,, X,+1], cdc difém {x;} dugc goi 1a
di€m cit (breakpoint) hay di€m git (knot). Mot van dé then chét 1a tai cac
git ham x4p xi tron nhu thé& ndo, va diéu nay chi phdi bac cia spline.
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045 1 1 1 1 1 1 1 1 1
0

Hinh 3.5: D6 thl ham P6()C) va P12(X).

3.5.1 Spline gian doan va spline lién tuc

Cac spline don gian nhAt 1a nhiing ham xuat phat ti phép nodi suy mot cach
doc lap trén mdi khodng con [x,, X,+1]. Chan (3.9) c6 thé dugc dung cho cac
khoidng con. Chéng han, gid st ring bon ndt bat ky duge chon trong mbi
khodng con [x, X,+1]. Cho noi suy spline S(x) gdm céac da thiic noi suy bac
ba trén cac khodng con. Néu & = max(x,4+1 — X,,) va

M,= max |f®x)],

X1SX=SXN

M
| f(x) = S(x)| < 4—,“h4 khi x; <x <xy.

Khi & — 0, mdt xap xi t6t nhan dugc trén toan khoidng. Hién nhién thd
thuat ¢ dinh bac va xap xi ham trén tiing manh c6 trién vong hon cach xap
xi ham trén toan khodng nho gia ting bac da thic.

No6i chung da thdc trén [x,, x,+1] khong trung tai x, véSi da thic trén
[Xn—1, Xn], Vi vAy spline nay néi chung bat lién tuc tai cdc diém git. Khi x4p
xi mot ham lién tuc f(x) diéu nay khong chap nhan duge. D& dang stia d6i
cau tric nay d€ nhan dugec mot spline lién tuc. Tat cad diéu cAn lam 1a bao
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gdm cac di€m mit ctia mbi khodng con vao cac di€m & d6 f(x) dugc noi suy.
Da thtc trén [x,, x,+1] s& ¢ gid tri f(x,) tai x, va cling vay véi da thic trén
[Xn—1, Xn]-

Chi d@ liéu 0 [x,—1, x,] dugec dung khi xay dung spline trén khodng con
nay, vi vay sai s6 chi phu thudc vao dang diéu ciia f(x) trén khodng con nay.
Diéu nay sé¢ khong ding véi cac spline duge dé cap dén sau nay. Trong mot
s6 hoan cidnh spline phai dugc xay dung trudc khi tat ca di lieu cé hiéu luc
va diac diém nay ctia phép xay dung spline 1a c6t yéu.

Spline lién tuc don gidn nhat 1a tuyén tinh tling manh, nghia 13, dd thi
ctia ham S(x) 1 dudng gap khic. Né&u S(x) duge yéu cAu noi suy f(x) tai
cic gt, thi trén [x,, x,+1] v6i 1 <n < N — 1 dang Lagrange la

.Xn xn
S(X) fn L fn+1
— Xn+1 Xn+1 — Xn
hay c6 thé viét lai 1a
S0 = fut T, (331)
Xn4+1 — Xn

Thi du 3.7. Véi di licu (5, 1.226) (30,2.662) (60, 2.542) (100, 1.201) ta c6 ham
spline tuyén tinh [a

1.266 4 0.05744(x —5), 5=<x <30
S(x) =1 2.662 —0.00400(x —30), 30 <x <60
2.542 — 0.03352(x — 60), 60 <x <100 o

Spline ndi suy tuyén tinh (3.31) rat d& danh gia mot khi khodng con cu
thé dugc xac dinh. T4t cd cac chuong trinh con danh gia phai chta mot thuat
toan tim ding khodng con. Thudng viéc nay chi€m nhiéu thdi gian hon viéc
danh gia da thdc. Vé6i ndi suy tuyén tinh, mot chin sai s6 1a

1
| f(x) = S(x)| < §M2h2 khi x; <x < xw, (3.32)
trong d6 M, = maxy,<x<xy |f”(x)|. Su hoi tu dugc bdo ddm khi 7 — 0 né&u

| /”| bi chin. Mot chiing minh tuong ty dung (3.20) cho
1/ (x) = S'(x)| < Mah, Xy <X <Xp41, 1 <n <N —1. (3.33)
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10 0 3 40 & 60 70 @ 9 1m
Hinh 3.6: D6 thi ham spline tuyé&n tinh, thi du 3.7.

Vay, §’(x) c6 thé dung dé danh gia f’(x) ma k&t qua tot hon khi 4 — 0.

Céc spline lién tuc duge dung trong gidi s6 bing phan ti hitu han bai
todn bién cho cic phuong trinh vi phan cip hai. Bac cao hon cho xap xi
chinh xac hon, nhung bac cao hon lai ¢6 thé c6 nhiing dao ddng khéng mong
doi. Diéu nay khong thanh van dé khi dung spline cho cic phan ti hitu han,
nhung né phai dugc tranh khi diung spline d€ biéu dién di lieu. Véi muc
dich biéu dién di lieu mot chon lya tot [ dung da thiic bac ba.

Sai s& cua spline bac ba lién tuc xay dung bdi nodi suy cich doc lap trén
mbi khodng con c6 thé duge phan tich bing cich dung cic bi€u thic sai s6
thi€t lap cho da thic noi suy. Trén mdi khodng con

| f©x) — PF(x)] < Ceh**

v6i k = 0,...,3 va cac hing s6 Ci thich hgp. K&t qua tuong tu c6 thé dugc
thi€t lap cho tat ca cac spline bac ba ta dé cap d&€n. Khi k = 1 bat ding thiic
trén 4m chi ring, v6i A dG nhd, trén mdi khodng con Pj(x) ~ f’(x), nghia
la P;(x) c6 cling dau v6i f/(x) mién 1a f’(x) # 0. N6i cach khéc, ngoai trii
gAn cuc tri cia f(x), v6i h nhd spline 1a don diéu ting (gidm) gidng nhu f(x).
Cluing mot chiing minh 4p dung cho dao ham c&p hai, dan t6i két luan ngoai
trii gan diém udn cda f(x), v6i h nhd spline 1a 16i (I16m) gidng nhu f(x). Ta
két luan véi h &G nhd, spline s& tai hién hinh dang clia hAm ma né noi suy.
Diéu nay ding cho tit ca céc spline bac ba ta dé cap dén. Day 1a Iy do gidi
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thich tai sao noi suy spline thda man nhiéu hon ndi suy bing da thic bac cao.
Nhung diéu gi xay ra néu 7 khong nhd? Khi di lieu 13 thua? Cin phai dit
cac diéu kién trén spline d€ bio vé hinh dang ctia ham.

3.5.2 Pao ham cap mjt lién tuc

Né&u ta c6 dit lieu vé dao ham, d& dang m3 rdng cach ti€p can cida ti€u muc
trudc d€ nhan duge mot ndi suy véi dao ham lien tuc. Ching han, ta c6 thé
ndi suy f(xn), f'(xn), f(xns1), f'(xn+1) bing da thic ndi suy Hermite bac
ba trén [x,,X,+1]. Lam diéu nay trén mdi khodng con ta dugc mot spline
H(x) v6i dao ham cap mot lien tuc. Mbi khodng con duge ddi xi cich doc
lap, vi vay cac chin (3.21)-(3.24) ding va ching té ring xAp xi nhan dugc la
tot. Lién quan d&én phuong trinh vi phan ta thudng phai xap xi ham y(x) va
dao ham cta né tai cac di€ém x,, x, + h/2, x, + h. Bing cach lap noi suy
Hermite bac nim cho cic d@ liéu nay, mot spline v6i dao ham lién tuc duge
thiét lap xap xi y(x) va y’(x) v6i moi x.

Bay gid ching ta hay biéu dién di lieu khi chi c6 cac gia tri f(x;) la
dugc bi€t va khong ¢6 nhiéu nhiing gia tri nhu vay. Nhu da biét spline H(x)
c6 dd thi dep mit n€u né c6 dao ham lién tuc va néu né gii tinh don diéu
ctia ham cho. Van dé 1a phai tranh khong cho nhiing dao dong xuit hién
trong di liéu. Thoat nghi thi cic spline tuyén tinh bdo vé tinh don diéu.
Van dé 1a dd thi cia ching c6 thé c6 nhiing ”diém géc”. Bing cach nang
len bac ba va giit dao ham c&p mot lién tuc, ta tranh dugc cac diém géc. Mot
ndi suy "bao vé hinh dang” nhu vay c6 thé xay dung theo cac dudng ctia ndi
suy Hermite bac ba. Cac da thdc bac ba trén [x,—1,x,] va [xn, Xn+1] cd hai
ndi suy f, tai x,. Néu dao ham cdp mot phai lién tuc thi cac dao ham cap
mot cta hai da thiic bAc ba dang xét phai c6 cung gia tri tai x,, nhung bay
gid gia tri ctia dao ham caAp mot 13 tham s& chua bi€t ma ta phai chon dé ¢6
dugc tinh don diéu.

Nhu trong (3.14) da thic bac ba duge viet dusi dang

H(x) =a, + bp(x —xp) + cp(x — xp)* + du(x — x,)°

khi x, <x < x,41,1 <n <N —1. Chu ¥y ring tham s& b, chinh 1a do doc
ctia H(x) tai di€m x,. Ti€n hanh nhu trong thi€t lap (3.15)-(3.18) véi ky hieu
hn = Xp4+1 — Xn va A, = (fn+1 — fn)/hn ta dlIQC

a, = fn,
cn = (3D —2by —bui1)/ b, (3.34)
dy = (bn+ bup1 —200)/ 2.
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Céc phuong trinh nay 1a k&t qua phép giai ba diéu kién noi suy H(x,) =
fn» H()Cn+1) = fn—i—l) va H/()C,H_l) = bn+1 ChO ba EA{H An, Ch, va dn

Dai lugng A, 1a d6 doc clia dudng thing di qua (x,, f) va (Xpt1s fra1)-
Néu A, = 0. C6 vé hop ly d€ ép H(x) 1a hing trén [x,,X,+1], nghia I3,
cho cac d6 doc b, = b,+1 = 0. Néu A, # 0, ta dinh nghia a, = b,/A, va
Bn = buy1/A,. DE giii tinh don diéu cAn thiét 13 dau cia do d6c cia H(x)
tai X, va x,41 gidng nhu diu clia A, tai cac di€m d6. Mot cach toan hoc
diéu nay la o, > 0, B, > 0.

Mot diéu kién da trén o va B d€ gii tinh don digéu duge phat hién bsi
Ferguson va Miller [4]. Diéu nay ciing dugc phat hién doc lap bai Fritsch va
Carson [6]. Chiing minh diéu kién trén bao gdm viéc nghién ctu H’'(x) nhu
13 mot ham cla a, va B,. Mot diéu kién don gidn ddm bio tinh don digu
dugc giti 12 a,, Br € [0,3]. C6 nhiéu cong thic cho o, va B, thda han ché&
nay. K&t qua hay dung la [5]

An—lAn
= 3.35
b rnAn+(1_rn)An—l ( )

hn—l + 2hn

= [t 3.36
" 30 + ) (336)

khin =2,3,...,N —1. Néu A,_1A, < 0, thi cac do déc d8i dau tai x,.
Trong trudng hgp nhu vay c6 1é ta khong nén dit bat ky doi hdi nao len do
déc clia H(x) tai x,. Mot s6 ngudi dé nghi dit b, = 0 khi diéu nay xay ra.
Mot s6 khac dung (3.35) mién 13 khong c¢6 phép chia cho khong. Viéc chon
lya mO mim cé thé€ lam mat sy bdo toan hinh dang cta spline bac ba gin
nhiing mién & d6 A,_1A, < 0. Tai cdc diém cudi quy tic don gidn nhat 1a
ding by = Ay va by = Ay_1. Mot chon lya t6t hon 1a dung d6 doc cudi
ctia nodi suy bac hai ctia ba diém dit lieu gAn nhat (gid st né thda rang budc
trén o va B); cac kha nang khac duge cho trong [5]. Véi (3.35) va lya chon
don gidn cho b; va by d& dang chiing t3 ring cac diéu kién du trén o, va B,
dugc thda. That vay, tai cac diém cudi a; = 1 vd By_; = 1, ma chic chin
thuoc [0,3]. Khin =2,3,...,N — 1, 10 rang % <r, < % vi vay

Ap—1 1
= < <3
[y + (1 —r)Ap—q] = 1 =1y —

Un



35. NOI SUY SPLINE 97

N

va

A, 1
_<3

— = <
B [rnAp + (1 —rp)Ap—q] =~ rn —

nhu doi hdi.

Thuat toan cho H(x) rat don gidn. Tinh b; bing bat ky cong thic nao;
v6in =2,3,...,N—11ay b, = 0 néu A,_1A, < 0, néu khac tinh b, ti
(3.35), (3.36). Tinh by. Cac gia tri ¢, va d, c6 thé dugc tinh ti (3.34) khi
n=1,...,N —1.

3.5.3 Pao ham cap hai lién tuc
Dé xay dung spline bac ba tron, ta viét
S(X) = an + bu(x — x) + cu(x — x2)* + du(x — x»)* (3.37)

trén moi [x,, Xp41], 1 <n < N —1. C6 4(N — 1) tham s6 ty do phai dugc xac
dinh. Diéu kién noi suy doi hdi ringkhi 1 <n <N —1

SO = fu VA SG) = fant (3.38)

cho 2(N — 1) diéu kién. Con lai 2(N — 1) bac ty do ma cé thé€ dugc dung dé
lam S(x) tron trén toan bod [x;, xy]. Chd ¢ ring (3.38) bdo dam Ia S lién tuc
trén [x1, xy]. Khi 8’ lién tuc tai cic gut trong,

S'(x)=S8(x), 2<n<N-1. (3.39)

Diéu nay cho N — 2 diéu kién, vi vay con lai N bac tu do. Khi S” lién tuc
tai cac guat trong,

S"(x;)=S8"(xF), 2<n<N-1. (3.40)

cho N —2 diéu kién khac. Chinh xéac con lai 2 bac tu do. Diéu nay khong
da dé€ c6 S lien tyc. C6 nhiéu kha niang cho hai rang budc b8 sung, con
dugc goi 1a diéu kién cudi,

Loai (1). 8'(x1) = f'(x1), S"(xn) = f'(xn).
Loai (2). S”(x1) = S”(xy) = 0.

Loai (3). S"(x1) = f""(x1), " (xn) = f""(xn).
Loai (4). $”(x1) = 8" (xn), $"(x1) = " (xn).

Diéu kién (2) din t6i spline vdt ly. Cac spline vat Iy lam thdng nhiéu nhat cé
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thé qua cac diém cudi, vi vay né tré thanh dudng thing véi dao ham cap hai
bing khong. Cac diéu kién (1) va (3) hitu dung chi n&u c¢6 thém thong tin vé
f(x). Tuy nhién, do déc chinh x4c hay d6 cong cAn dén & day thudng duge
thay thé& bing xa4p xi noi suy trong thuc hanh. Diéu kién (4) thich hgp khi
f(x) 1a tuAn hoan véi chu ky xy — x;.

Thi du 3.8. Cho

2 4+ x —3x2% 4+ x3, 0<x<l1

S(x) = 12— +5x—17> 1<x<2.

D& dang ki€m tra ring S thuoc 16p ham C2[0,2], va thdéa cac diéu kién noi
suy S(0) =2, S(1) = 1, S(2) = 4 va cac diéu kién cusi S’(0) = 1, §'(2) = 13.
D6 thi cta S va S” duge cho trén hinh 3.7 va 3.8. Cha ¢ ring d6 thi cia S
rat tron, trong khi d6 S” c6 diém géc tai git x = 1. o

Hinh 3.7: D3 thi ham S(x) thi du 3.8.

Trd lai su dic trung héa S(x) & trén, ta c6 4(N — 1) diéu kién lén
4(N — 1) 4n cho béi (3.37). Phuong phap ma tran c6 thé dung & day, nhung
trudc hét ta lam mot s6 bi€n dSi. Tréen mdi khodng [x,, Xp+1]

S/()C) = bn + 2Cn()C - xn) + 3dn(x - xn)z (341)
S"(x) = 2cp+ 6dy(x — xp) (3.42)
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Hinh 3.8: D6 thi ham S”(x) thi dy 3.8.

Diéu kién noi suy cho, ti (3.37),
an = fn, 1<n<N-—1, (3.43)
va cling vay fut+1 = an + buhy + cyh? + dyh? ma c6 thé viét nhu sau
bn = (fut1— fu)/ hn — cnhn —dyhi, 1 <n <N —1. (3.44)
Diéu nay khtt di mot ntia s6 4n. Diéu kién lién tuc (3.40) trén S”(x) ndi ring

2¢n = 2¢p—1 + 6dp_1hp—1. Ap dat théem cy = §”(xn)/2 (duge goi ¥ ti (3.42),
ta dugc:

_ Cn+1 — Cpn

dy=——, 1<n<N-1. 3.45
3h, - - (3:49)
Chi con lai cac cong thic cho cac ¢y, ...,cy. Ching duge cho bdi hai diéu

kién cu6i va tinh lién tyc cta S’(x). Tu (3.39) va (3.41) ta c6 ngay b, =
bn—1 + 2¢n—1hy—1 + 3dy—1h%:_; khi 2 < n < N — 1. Thay vao (3.44) va (3.45)
cho:

n - Jn 1 n— Jn— 2
M - Cnhn - ghn(cn—i—l - Cn) = & + Cn—lhn—l + ghn—l(cn - Cn—l),

hn hn—l
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va sip x€p lai ta dugc

fn+1 - fn _ fn - fn—l
hn hn—l

hn—1Cn—1 + 2(hn—l + hn)cn + hncn-H =3 ( ) (346)

véi2<n<N-—-1.
Chi loai tht nhat ctia cac diéu kién cudi (d6 d6c cho trude) duge dé cap
dén & day. Tu (3.37), (3.44), va (3.45),

f'(x1) =8"(x1)=b = f2h_1f1 —cihy—dihi = f2_1f1 _clhl_%hl(CZ_cl),
vay
2hicr + hics =3 (fzh_lfl - f’(xl)). (3.47)
Tuong tu, f'(xy) = S’(xy) din dén
hvarnar+ 2haen = 3( e - 2L G

Cac phuong trinh (3.45)-(3.48) cho N phuong trinh theo N 4n ¢i,...,cn. Ma
trAn cac hé s6 ¢4 cau tric rat diac biét

[ 25, hy
hi 2(hi + hy) hy

hn—2 2(hn—2+ hn—1) hn—
hn—-1 2hn-1 |

Ma tran nhu vay dugc goi [a ma tran ba dudng chéo. Hé phuong trinh v6i ma
tran cac hé s6 c6 dang ba dudng chéo cé nghiém duy nhat véi moi v& phai
va nghiém c6 thé dugc tim chinh xic bing phép khii Gauss ma khong cin
hoan vi dong.
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V¢ hai:
3 (f2h_1f1 _ f/(xl))
3 (fs—fz _ f2_f1)
h> hi
3 IN—IN—1 _ SN-1—fN-—2
hn-—1 hn—2
’ _ IN—SN—1
| 3(f ) - L)
Vé6i cac ¢1, ¢, ..., cn tim duge, tinh cac hé s6 by, di (k =1,..., N —1) theo

céc cong thic tuong Gng.
To6m lai, ta da chiing minh duge dinh 1y sau.
Pinh ly 3.4. Cho trudc cdc giit x; < x2 < ... <xyvd fn = f(xn), 1 <n <N,
ton tai mot va chi mot ham S(x) thda cdc diéu kien sau
I S(x) la da thiic bdac ba trong méi [xn, xXp41], 1 <n < N — 1.
2. S(x) thuoc l6p C?[x1, xn].
3 8(xp) = fu, 1 <n <N.

4. 8"(x1) = f'(x1), $'(xn) = f'(xn).

Véi su chon lya nay cia didu kién cudi, S(x) duge goi 1a spline bdc ba day di
(complete cubic spline). Ma tran hé s& c6 ciing cdu tric cho cac diéu kién
loai (2) va (3) va cac két qua tuong tu [a ding véi ching. Véi su chon lya
(2), S(x) dugc goi la spline bdc ba tw nhién (natural cubic spline). Véi diéu kién
cudi loai (4) ma tran hé s6 c¢6 dang khac nhung k&t qua tuong ty 1a ding va
spline c6 thé dugc tinh mot cach tién loi.

Nhan xét 3.4. Trong thiét lap spline bac ba diy du & trén ta da dung
CN = SH()CN)/2.

That ra, c6 thé xay dung spline bac ba nhu & day ma khong can 4p dit nay.
Khi d6, cong thic (3.45) chi c¢6 hiéu luc v6i 1 <n < N — 2. Nhu vay, sau d6
ta phai tim cic cong thic cho dy_; va cic ¢y, ...,cy—1. Viéc thi€t [ap theo
cich nay xem nhu bai tap.

Function spline_3 dudi day dugc viét dya trén cic phan tich & trén
(spline bac ba diy du)l. Ma cta function nay goi trisolve, day la function
gidi hé phuong trinh dai s6 tuyén tinh 3 duong chéo.

ITrong Matlab, function spline ciing dugc vi€t v6i cling thuat todn néu ra & day.
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spline_3.m
function s=spline_3(t,y,d1,dn)
% SPLINE_3 tra ve mang cac he so cua da thuc bac 3 tren cac khoang con

% cu phap: s = spline_3(t,y)

% input:

% t: vector chua cac nut noi suy

% y: vector chua cac gia tri ham noi suy

% dl: gia tri dao ham tai diem dau

% dn: gia tri dao ham tai diem cuoi

% output:

% s: mang chua cac he so cua da thuc bac 3 tren cac khoang con
% theo thu tu luy thua lui

N=length(t);

s=zeros(N-1,4);

f=zeros(N,1);

k=1:N-1;

h=t (k+1)-t (k) ;

dy=(y (k+1)-y(k)) ./h(k);

% an=fn (cot 4)

s(:,4)=y(1:N-1);

% ma tran cac he so va vecto xac dinh cac cn (cot 2)

% lline, dline, uline la ba duong cheo

dline(1)=2%h(1);

uline(1)=h(1);

£(1)=3*(dy(1)-4d1);

for i=2:N-1
1line(i-1)=h(i-1);
dline(i)=2x(h(i-1)+h(i));
uline(i)=h(i);
f(1)=3*(dy(i)-dy(i-1));

end

1line(N)=h(N-1);

dline(N)=2xh(N-1);

f(N)=3*(dn-dy (N-1));

c=trisolve(lline,dline,uline,f);

s(:,2)=transpose(c(1:N-1));

% xac dinh dn (cot 1)

for i=1:N-1
s(i,1)=(c(i+1)-c(i))/h(i)/3;

end

% xac dinh bn (cot 3)
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for i=1:N-1
s(1,3)=dy(i)-s(i,2)*h(i)-s(i,1)*h(i)"2;

end

trisolve.m

function [b]= trisolve(lline,dline,uline,b)

% TRISOLVE giai he ba duong cheo

% cu phap = trisolve(lline,dline,uline,b)

% input:

% 1lline - duong cheo duoi
% dline - duong cheo chinh
% uline - duong cheo tren
% b - ve phai

% output: b - nghiem
N=length(dline) ;

% khu

for i=1:N-1

1line(i)=11line(i)/dline(i);
dline(i+1)=dline(i+1)-11line(i)*uline(i);
end
% giai Ly = b bang phep the tien
for i=2:N
b(i)=b(i)-1line(i-1)*b(i-1);
end
% giai Ux = y bang phep the lui
b(N)=b(N)/dline(N);
for i=N-1:-1:1
b(i)=(b(i)-uline(i)*b(i+1))/dline(i);

end

Chuong trinh viét bing Matlab dusi day goi function
spline bac ba diy du véi so lidu cho tai cac nit: x, y.

clear all
x = -4:4;

y = [0 .15 1.12 2.36 2.36 1.46 .49 .06 0];

cs=spline_3(x,y,0,0);

hold on

for i=1:length(x)-1
xx=linspace(x (i) ,x(i+1));
yy=polyval(cs(i,:),xx-x(1));
plot (xx,yy,’r-’);

end
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Hinh 3.9: X4p xi bing spline bac ba day da.

plot(x,y,’0’);

Chui gidi

* linspace - phat sinh vecto cdc diém cach déu. linspace(x1, x2) sinh
ra vectd dong chita 100 diém cach déu gitia x1 va x2. linspace(x1, x2, N)
sinh ra N di€m. Néu N < 2, linspace trd vé& x2.

* polyval - danh gia da thic.

y = polyval(p,x) trd vé gia tri cia da thic p dugc danh gi4 tai x. p
13 vecto dong ma céc phan ti 13 cdc hé s8 cia da thic theo thi ty liy thia
lai. Néu x 13 13 ma tran hay vecto, da thic duge danh gié tai tit ca cac diém
trong Xx.

* plot - vé& dudng ndi. Né&u x,y 1a vecto ¢6 do dai N+1, plot (x,y) s& vé
dudng ”gap khic” gdm cac doan thing néi (x(i),y(i) véi (x(i+1),y(i+1),
i=1,...,N. plot c6 céc tuy chon lién quan d&n loai dudng ndi, mau sic, ky
hieu. Thi dy, plot(x,y,’r+:’ vé dudng chAm chdm mau d6 véi ddu + tai
mdi diém dit lieu (xem thém trg gitp ctia Matlab, dung lénh help plot.).

* hold - giii d6 thi hién hanh. hold on giii d6 thi hién hanh va tat ca
cac tinh chat cla truc toa do. hold off trd vé mot mic dinh mdi khi léenh
plot xda cac do thi trude d6 va dat lai tat ci cic tinh chat cda truc trude khi
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vé d6 thi méi.

Cau hoi va bai tap
3.1. Bac cta da thic noi suy Lagrange luon ludn bing N — 17 Néu khong,

hay minh hoa bing mot thi du.

3.2. Gid st f(x) la da thdc bac nhé hon hay bing N — 1. Ching minh ring
néu Py(x) ndi suy f(x) tai N diém phan biét, thi Py(x) = f(x). Cho mot
thi du (N > 3) va tinh toan truc ti€p d€ kiém tra.

3.3. Cho béng di lieu

x|

12
fx) |2 4

Xay dung da thic ndi suy Lagrange P>(x). Tim mot da thic Q(x) bac hai
ciing ndi suy cac di lieu nay. Diéu ndy c6 mau thuin véi tinh duy nhat cla
da thic noi suy khong? Gidi thich.

3.4. Mot phuong phap khac d€ tinh Pw(x) 13 viét

Py(x) =ci 4+ cax + ... +enxVL

Cac diéu kién noi suy, Py(x;) = f; v6i 1 < j < N, cho h¢ gdm N phuong
trinh dai s8 tuyén tinh theo N 4n ci,...,cy. Chd ¥, ma tran cac hé s6 c6
thé rat "xau”. Vi€t thut toin va chuong trinh tinh.

3.5. C6 hai cach tinh gia tri cia Py (x) =c¢1 + cox + ... +cxxV 7L

(a) Thuat toan 1
PZ:C1
for i=2:N
begin
P:=P+c¢; % x'7!
end i
C6 bao nhiéu phép nhan dugc thuc hién trong thuat toidn nay?
(b) Thuat toan 2 (dung dang x&p 16ng vao nhau clia Py (x))
P:ZCN
for i=N-1:-1:1
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begin
P:=Pxx + ¢;
end i
So sanh s6 phép nhan clia hai thuat toan.

3.6. Dao ham clia f(x) c6 thé duge danh gia nhd dao ham tuong tng ctia
Py (x) v6i cach chon cia N va {x,}_,. Cach ti€p can thong thudng 1a

f(N_l)(X) ~ PZ&’N_I)(X)‘

Vi Py(x) c6 bac N — 1 nén Pﬁ,N_l)(x) phai 13 ham hing.
(a) Chiing minh

N
PN V() = (N = 1) Ji .
N (x) =( ) kX:; T2 —x)

(b) Khi N = 2 xap xi cia f’(x) la gi?
3.7. Thiét lap cac phuong trinh (3.15)-(3.18).

3.8. Kiém tra bing cach dung ndi suy da thiic tai N = 2m + 1 di€m cach
déu x; = =5+ 5(j — 1)/m cho x4p xi x4u ham Runge trén [-5, 5].

a) Tinh gi4 tri cuc dai cta | f(x) — Pams1(x)| trén mot tap hop nhidu
gia tri x (khong 1a di€ém noi suy) trong [—5,5] véim = 7, m = 10, va m = 13.
Sai s6 tang hay gidm khi m 16n hon.

b) Lap lai cau a) nhung ladn nay chi tinh trén [~1,1]. Dang cung {x,}
va ciing ba gi4 tri m nhu cau a). LAn nay thi diéu gi xay ra khi N ting?

3.9. Kié€m tra bing cac ding ndi suy da thic tai cac di€m Chebyshev (3.11)
cho x4p xi t6t ham Runge. Nhu trong bai tap trén, tinh gia tri cyc dai cla
| £(x)— Pn(x)| trén mot tap hop nhiéu gia tri x (khong 13 diém noi suy) trong
[-5.5] v6i N = 15, N = 21, vd N = 27. Dang diéu cia sai s6 khi N 16n hon?

3.10. Cho béng di lieu

\“:R
N | —
N O
N | —
(O3NS
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tinh P4(x)
a) 3 dang Lagrange (3.2),
b) duing phuong phidp ma tran trong bai tap 3.4,
c) & dang ti sai phan (3.27).

3.11. Cho béng di lieu

I 2
2 10

x| -2 -1 0
f|—4 1
tinh Ps(x) v6i cac trudng hop nhu bai tap 3.10.

3.12. Tinh bang ti sai phan va Ps(x) cho di liéu cda thi dy 31. Kiém lai
rang da thdc nay giong da thiic & dang Lagrange.

3.13. Viét chuong trinh tinh da thic ndi suy & dang ti sai phan Newton.

3.14. S8 phép tinh dé danh gia cac hé so trong dang ti sai phan clia da thic
nodi suy 1a bao nhiéu? S6 phép tinh dé€ danh gia gia tri Py(x) 1a bao nhiéw?
So sanh v6i dang Lagrange.



108 CHUGNG 3. NOI SUY



Chuong 4

Nghiém phuong trinh phi tuyén

Tim nghiém ctia hé phuong trinh phi tuyén
f(x)=0 (41)

13 cong viéc thudng gip trong tinh todn. HAu hét chuong nay duge danh cho
triong hop f(x) 1a ham thuc lién tuc theo mot bién thuc x vi né quan trong
va ¢6 thé duge ban luan mot cach so cAp. Trudng hop tdng quat n phuong
trinh 7 4n s6 thi khé hon cd vé 1y thuyét 1an thyc hanh. Tuy vay Iy thuyét
cling dugc trinh bay & day, mot vai phuong phép don gidn duge ban luan
cach vin tit & cudi chuong.

4.1 Nhap mén

Nghiém cia (4.1), hay khong diém cta f(x), 12 s6 @ sao cho f(a) = 0. Mot
nghiém dugc mo tad diy di hon bdi boi m ctia né. Diéu nay c¢6 nghia 1a véi
x dt gin «, f(x) c6 thé duge biéu dién dusi dang

J(x) = (x—a)"g(x) (4.2)

trong d6 g(x) 1a ham thyc lién tyc gn « v g(a) # 0. Néu m = 1, nghiém
dugc goi 1a don (simple), né€u khac duge goi 1a boi (multiple). Dinh nghia co
ban thita nhan m 13 hiu ti. Ching han, véi ham

f(x) =xvx—1,

phuong trinh (4.1) c6 @ = 1 la nghiém boi 1/2 (va « = 0 1a nghiém don). Tuy
nhién, néu f(x) dd tron, thi m phai 1a nguyén duong. That vay, néu f(x) ¢

109
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dao ham dén cap m lién tyc trén mdt khodng chda o va

fla) =0,
fll@)=f"le)y=...= f" D) =0, (4.3)
f (@) # 0,

thi o 13 mot nghiem boi m. Diéu nay duge thay bing cach khai trién f(x)
thanh chudi Taylor trong lan cin «

0 = f@+G-af@+ S )+
+(§_ﬂf D (g) 4 & “)mf“")(sx
m — 1)!

trong d6 &; nim gitia x va a. Dung (4.3), phuong trinh trén thanh

f(x) = f('")(s ). (4.4)

Néu ta 1y g(x) = f™(&)/m!, thi g(a) = f™(a)/m! # 0. Ta sé luon gia
st ring f(x) dd tron trong lan can a d&€ c6 thé dung (4.4) thay vi dung dinh
nghia co ban (4.2) va diac biét, nghiém 1a boi nguyén.

Theo dinh nghia ctia nghiém a, dd thi clia f(x) ti€p xdc véi truc x tai
o (hinh 4.1). Véi nghiém boi m, ham £ (x) khong dSi ddu trong 1an cin
clia o vi né lién tuc va () # 0. Nhan xét nay va hé thic (4.4) chiing t&
ring n€u m chin, f(x) ti€p xdc véi truc x tai @ nhung khong di qua diém
d6 va né€u m 1, f(x) cit truc x tai a.

Khao sat ham s& va vé phac dd thi cia né 1a cach thudng dung dé
dinh vi ciac nghiém va xdc dinh bdi cia ching. Xét mot trudng hgp dic
biét clia ho cic bai toan dang 0 = f(x) = F(x) — y v6i tham s6 y > 0, cho
F(x) = xexp(—x) va mot gia tri dai dién cta y [a 0.07. Véi ho nay, khi
X = —00, f(x) - —oo va khi x — 400, f(x) - —y. T dao ham cap mot,
f'(x) = (1 —x)exp(—x), c6 thé thiy ring f ting ngit khi x < 1 va gidm
ngit khi x > 1. Tai cuc tri (1) = e~ ! —y Ia duong v6i y = 0.07. Cing vay,
f(0) = —y la am. Cac sy kién nay va tinh lién tyuc cia ham f béo cho ta
biét khi y = 0,07, c6 ding hai nghiém don, mot nam trong (0, 1) va mot thi
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\

Hinh 4.1:

16n hon 1. N6i chung, v6i nghiém cta f(x) 1a boi, f/(x) phai triét tiéu tai
nghiém. Vi vay, bat ctt ddu ma ham sd ting ngit hay gidm ngit, thi nghiém
néu c6 phai 1a nghiém don. V6i ho cdc ham s6, sy kien f/(x) = 0 chi tai
x = 1 c6 nghia 1a day 1a vi tri duy nh&t & d6 ham s6 c6 thé c6 nghieém boi.
D& thay ring phuong trinh c6 mdt nghiém boi chi khi y = e7! va nghiém Ia
boi 2 (nghieém kép).

Mot nghiém xap xi z [am cho gi4 tri tinh todn f(z) = 0 thi khong hiém,
dac biét khi né xap xi mot nghiém boi @. Sau hét, muc dich [a phai tim z
lam cho f(z) triét tieu. Khi nghiém [a boi m, f(z) ~ (z —a)"g(«). Vai con
s6 gitp ching ta hi€u diéu nay. Véi mot nghiém sd boi cao nhu m = 10, mot
xap xi chinh x4c nhit gidng nhu z = a + 107* din d&én f(z) = 107*%g(a).
Thi néu |g(a)| < 1, hAm f(z) underflow trong s& hoc chinh x4c don IEEE.

Nhu ta s& théy, cac phuong phap chuin khéng c¢6 hiéu qua doi véi
nghiém boi nhu ching 13 d6i v6i nghiém don. D& hiéu sy thyc hién cia
chuong trinh (ma) dit co s trén cac phuong phap nay, cAn thiét hiéu 6 ring
cac nghiém gAn nhau c6 vé gidng nhu nghiém boi. Gid st f(x) c6 hai nghiém
don a; # a,. Dinh nghia co bdn vd mot chit ching minh ching té ring
f(x) = (x —a1)(x — 22)G(x) v6i G(x) khong triét tiéu tai cd hai nghiém.
Biéu thic nay cé thé duge viét

f(x) = (x —a)[(x —a1) + (1 — 22)]G(x).

Khi x xa cidc nghiém theo nghia |x — a;1| > |as — a1], cip nghiém don
”c6 vé” gidng nhu cip nghiém kép vi

() ~ (x —a1)?G(x).

Mot khai niem ti Iy thuyé&t bién phdc lién hé véi nghiem boi m 1a cuc
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diém (pole) boi m. Néu ta c6 thé viét
F(x) = (x —a)™G(x),

trong d6 G(a) # 0, thi ta néi ring a 1a mot cuc dié€m cta F(x) boi m. D& thay
néu « 1a nghiém cda f(x) boi m, thi né 1a mot cyc diém cta F(x) = 1/f(x)
ciing s6 boi, va ngugc lai. Mot thi du quen thuoc la tan(x) = sin(x)/ cos(x),
vé trén hinh 4.1. Ham nay c6 nghiém noi sin(x) triét tieu va cyc diém noi
cos(x) triet tieu. Cac ham ddi ddu tai cuc diém c6 boi 1é.

Mot khoé khin trong tinh toan nghiém cta f(x) = 0 [a quyét dinh khi
ndo mdt xap xi z 13 dd t6t. Thiang du f(z) c6 vé 1a cich hién nhién dé
khing dinh chat lugng ctia mot nghiém x4p xi. MATHCAD lam diéu nay
mot cich chinh xac. N6 chap nhan z nhu mot nghiém khi | f(z)] < TOL,
v6i TOL = 1073 1a gia tri mic nhién. Diéu phién nhiu véi kiém tra thiang
du 1a khong c6 thang do hi€n nhién. Céac nghiém boi thé hién khé khin vi
ham gin nhu phing trong mot khodng l1an can cta nghiém. Van dé khong
chi lien hé t6i diéu kién cia nghiém, nhung con lien hé t6i cach chiing ta
dat phuong trinh.

Khi thiét lap bai toan, ta chon mot ti 1&. Diéu nay c6 thé don thuin
chi 1a chon hé don vi, nhung thudng ta dung sy kién ring khong diém bat
ky cia f(x) 13 khong diém ctda f(x)g(x). Viéc dua vio mot ti lé g(x) c6
thé tao mot khac biét hoan toan. Ching han, hai bai toan sin(x) = 0 va
F(x) = 1073 sin(x) = 0 |4 tuong duong vé mit todn hoc, nhung phuong trinh
thi hai dugc 14y ti [é x&u vi sy hinh thanh F(z) ma v6i ngay cd mot nghiém
xap xi tot viia phai z sé gay ra underflow trong s6 hoc chinh xac don IEEE.
Thuong ta 14y ti 1é cac bai todn ma khong suy nghi chit nao vé van dé nay,
nhung mot ti 1& t6t ¢6 thé hoan toan hiiu ich. D6 1a 161 khuyeén rat hiu ich
khi d&i xt v6i cac ky di thyc hay biéu ki€n. Ham f(x) = sin(x)/x c6 dang
diéu hoan toan t6t tai x = 0 (nd la gidi tich), nhung né ¢6 ky di biéu kién &
d6 va cAn mot chit cAn than khi danh gia né. Diéu nay c¢6 thé dugc pha vo
bing cach tinh nghiém cta ham dugc 14y ti [é F(x) = xf(x). CAn giii trong
tri ring nhu véi thi du nay, F(x) c6 tit ci cic nghiém cia f(x), nhung né
c6 thé 1ay thém nghiém ngoai lai tit g(x). Mot thi du dang k& hon dugc cung
cAp bdi phuong trinh

Fx) = 1 1 — cos(7r/10) sin(x)
Y= 180 (cos(n/lO) —cos(x)) X

Ham nay c6 mot cuc di€m don tai tdt cd nhiing difm ma 3 dé cos(x) =
cos(m/10) va mot ky di bi€u kién tai x = 0. Lay ti 1¢ ham nay véi g(x) =
x(cos(7r/10) — cos(x)) lam cho viéc tinh nghiém truc ti€p hon.
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Thinh thodng mot dd do ti 1é ty nhién dugc cung cip bdi hé sd trong
phuong trinh. Mot thi du cho diéu nay 1a ho cac bai todn f(x) = F(x) —y,
v6i y > 0. Gidng nhu khi gidi phuong trinh tuyén tinh, thing du r = f(z) =
F(z) —y c6 thé dugce dung trong phan tich sai s lui. Hién nhién z [ nghiém
chinh x4c cda bai todn 0 = F(x) — y/, trong 36 y' = y + r. Néu |r| 1a nhd
so v6i |y, thi z 12 nghiém chinh x4c ctia mot bai todn gin véi bai todn cho.
V6i nhiing bai toan nhu vay ching ta ¢c6 mdt cach hgp 1y d€ chi dinh thing
du phai nhé nhu thé nao.

4.2 Phuong phap chia doi

Né&u ham lién tyc f(x) c¢6 ddu d6i nhau tai cic difm x = B va x = C,
thi né c6 it nhat mot khong diém trong khodng gitia B va C. Phuong phap
chia d6i (hay tim ki€m nhi phan) dya trén sy kién nay. Néu f(B) f(C) < 0,
ham f(x) duge danh gia tai diém gita M = (B + C)/2 clia khodng. Néu
f(M) = 0, mot khong diém duge tim thay. Né&u khac, f(B) f(M) < 0 hoic

Y

nghiém béi chdn

X

g S

nghiémboi 1&

Hinh 4.2:

f(M) f(C) < 0. Trong trudng hgp dau cé it nhat mot khong diém & gitta M
va B, nhu trong hinh 4.2, va trong trudng hgp tha hai c6 it nhat mot nghiém
& gitta C va M. Truong hgp nay mot khodng chita nghiém duge tim thay c6
chiéu dai bing ntta chiéu dai khoidng ban dau. Thi tuc duge lap lai cho dén
khi dinh vi dugc nghiém vé6i @0 chinh x4c mong mudn.

Thuat toan chia doi
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until abs(B - C) dG nhd hay f(M) =0
M= (B+C)/2
if f(B)*f(M) < 0 then
C=M
else
B:=M
end until

Thi du 4.1. Khi f(x) = x2 — 2, phuong trinh (4.1) ¢6 nghiém don a = V2.
V6i B =0, C = 6, thii tuc chia doi

B C |l — M|
0.0 6.0 0.16 x 10!
0.0 3.0 0.86 x 107!
0.0 L5 0.66

0.75 L5 0.29

1125 L5 0.10
1.3125 L5 0.80 x 1072
140625 L5 0.39 x 107!
140625 1453125 0.15x 107!

Chd ¢ dang diéu that thudng cla sai s6, mic du chiéu dai |B — C| gidm mot
ntia 3 mdi budc o

Mot nghién ctu sau hon vé phuong phéap chia doi cho thay mot s6 diém
quan trong d€ hi€u cac phuong phap tim khong di€m, nhiing diém ma ta
cAn bi€t khi phat trién mot thuat toAn nhim cé duge cai tot nhat ti nhiéu
phuong phép.

Mot khodng [B, C] v6i f(B) f(C) < 0 dugc goi 1a khodng gitia hai diém
trén dudi (bracket). DJ thi ctia ham s6 f(x) cho ta nhiéu thong tin hon la
nhan xét ” f(x) c6 mot nghieém trong khodng”. Cac khong diém boi chin
gitta B va C khong gay ra sy d8i dau con cac khong diém boi 18 thi cho. Néu
c6 mot s6 chin cac khong diém boi 1é gitta B va C, su dSi dau sé bi loai va
f s& c6 cung dau tai cac di€ém cudi. Vay néu, f(B) f(C) < 0, phii c6 mot s&
18 cac khong di€ém boi 18 va c6 thé c6 vai khong diém boi chin gita B va C.
Né&u ta ddng ¥ dé€m s6 khong diém theo boi clia ching (i.e, mot khong diém
boi m duge d€m nhu 1a m khong diém), thi ta thay c6 mot s6 1é cac khong
diém gitta B va C.
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Mot cai dit cAn than thuit todn chia doi dua vao mot s6 van dé da
duge dé cap dén trong chuong 1. Trong thuit toan trén, cé: (1) ki€m tra cho
cac gia tri chinh xac bing khong; (2) kiém tra cho sy d8i dau khong duge
lap trinh nhu kiém tra f(B) f(C) < 0 vi kh3 ning underflow ctia tich; va (3)
diém gitia nén dugc tinh nhu la M = B 4+ (B — C)/2 vi n6 dé d€ tinh va
chinh xdc hon M = (B + C)/2.

Chiing ta thudng c6 ging tim mot nghiém xap xi z d€ cho f(z) 12 nhd
dén mic c6 thé. Trong nd luc nay, dd dai ti (word) hitu han phai duge tinh
dén va vi vay phai chi ti€t thi tuc danh gia f. Cudi cing ngay ca diu cia
gia tri tinh toan cé thé khong chinh x4c. Diéu nay 1a do do chinh xac hiu
han ctia phép tinh dau cham dong. Hinh 4.3 chi d6 16n that thudong va dau

Yy
-6 -
1. 10 -
-1 0 n
5. 10 s
0.564 -:;.?l...-o-'-.o.-luu-o “u 0“57
-7 -:?-.-".
-5, 10 o
-6 &
110 [ &

Hinh 4.3: K&t qua danh gia ddu chdm dong biéu thic f(x) = x2e3*—3x2e2* +
3xe* — 1 bing nhiéu cach.

clia cac gia tri ham khi gia tri 1A qud nhé d&€n ndi bdn chat 13i rac ctia hé
thong s6 dau chdm dong trd nén quan trong.

Néu gia tri tinh todn ctia ham cé dau sai vi d6i s6 rat gdn nghiém, ¢
thé xay ra ring khoang gitta hai diém trén du6i da chon trong phép chia doi
khong chtta nghiém. Ngay cd nhu vay, cac xap xi tinh toidn sau d6 sé & trong
lan can clia nghiém. Ngudi ta thudng ndi ring ma thudt todn chia doi sé sinh ra
mot khodng c6 d¢ dai chi dinh chita nghiem vt f(B) f(C) < 0. Diéu nay la hoi
hot. Nén duge lugng héa biang cach néi ring diéu nay 1a thuyc, hay nghiém
da dugc tim thay chinh xac nhu d6 chinh x4c cho phép. Dién ngii "chinh
xac nhu do chinh xac cho phép” & day c6 nghia 1a f(z) tinh toan triét tiéu,
hay mot trong cic gia tri tinh toan f(B), f(C) c6 diu sai.

Mot gia thi€t co ban ctia phuong phap chia do6i [d f(x) lien tuc. Khong
c6 gi ngac nhién phuong phap c6 thé that bai khi f(x) khong lién tyuc. Vi ma
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phép chia doi khong chi ¥ t6i cac gid tri cia ham, né khong thé néi su khac
nhau gitta cuc diém boi 18 va nghiém boi 1& (trii phi né "nd luc” danh gia
f(x) mot cach chinh xac tai diém cuc va noi c6 overflow). Nhu vay, ching
han, n€u ma phép chia dé6i dugc cho trudc ham tan(x) va duge yéu ciu tim
nghiém trong [5, 7], n6 s& khong gip khé khin. Nhung néu dugc yéu ciu tim
nghiém trong [4, 7], n6 s& khong nhan ra c¢6 nghiém trong khodng nay vi su
ddi d&u do cuc diém don loai bd su ddi dau do nghiém don. V3, té nhat 13,
néu dugc yéu ciu tim nghiém trong [4, 5], n6 sé dinh vi cuc diém hodc gay
ra overflow. Chiing ta thay & day 1y do khac d€ dinh ty lé (scaling): loai bd
cac cuc di€m 18 bing cach dinh ty 1& loai sy d8i ddu ma c6 thé lam cho phép

chia doi x4c dinh cuc diém 12 thay vi khong diém. G day diéu nay dugc thuc
hién bing cach F(x) = cos(x)tan(x) = sin(x). Vi lé kha ning xay ra viéc
xac dinh cuc di€ém boi 18, nén cin trong khi ding ma chia doi d€ kiém tra
thing du £(z) clia mot nghiém z duge dua ra - sé rat ling ting d€ khing
dinh z din dé&n gi4 tri rat nhd cta f(z) khi thuc sy né din d&€n mot gia tri
rat 16n!

Ma chia d6i ¢6 thé hoi tu t6i cuc diém vi né khong dung gia tri (M),
ma chi ddu cta né. Vi diéu nay t6c dd hoi tu cta né 1a nhu nhau du nghiém
la don hay khong va did ham s6 1a tron hay khong. Cac phuong phap khac su
hoi tu 1a nhanh hon nhiéu khi nghiém I3 don va ham I3 tron, nhung chiing
lam viéc khong t6t né€u nhiing diéu kién nay khong dugc thda.

Phép chia d6i c6 mot s6 uu di€m. Mi&n 1a mot khodng gitia hai diém
trén dudi ban dau cé thé dugc tim thay, né sé hoi ty bat chap khodng ban
dau chita nghiém 16n dén dau di nita. D& lya chon khi nao x4p xi 1a da tot.
N6 hoi tu khia nhanh va t6c d6 hoi tu doc lap v6i boi ctiia nghiém va tinh
tron ctia ham. Phuong phap d6i xt t6t véi do chinh xac hiu han.

Phép chia ddi ciing c6 mdt s6 han ch&. N&u c6 mot s6 1é khong diém
gitta B va C, n6 sé khong nhan ra c6 bat ky khong diém nao vi khong cé sy
ddi dau. Dic biét, né khong thé tim khong diém boi chin ngoai trii do sy ¢d.
N6 c6 thé bi danh ltia bsi cic cuc diém. Mot bat 1gi chinh 1a v6i cac khong
diém don, ma thudng xdy ra nhu vay, cé cic phuong phap hoi tu nhanh hon
nhiéu. Khong cé cach dang tin d€ tim mot nghiém riéng ciing nhu khong c6
cach tim tit cd cac nghiem. Day la sy khé chiu véi tit cd cac phuong phép,
nhung mot s6 phuong phap tinh nghiém t6t hon khi nghiém gin gia tri dé
nghi.
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L(x)

Hinh 4.4: Phuong phap Newton.

4.3 Phuong phap Newton - phuong phap cat tuyén

Phuong phép chia doi khong tdng quat héa cho ham bi€n phiic ciing nhu
khong dung cho cdc ham nhiéu bi€n. Bay gid ching ta ti€p tuc véi hai
phuong phap t6t hon phép chia doi vé&, du khong phai 1a tat ci, vai khia
canh. C2 hai phuong phap x4p xi f(x) bing dudng thing L(x) va rdi xap xi
nghiém cda phuong trinh f(x) = 0 bdi nghiém cia L(x) = 0.

Phuong phap Newton 14y ti€p tuyén L(x) clia f(x) tai xap xi x; trudc
va xap xi ti€p theo (Iip) x; 11 1a nghiém clia L(x) = 0. Mot cich tuong duong,
x4p xi f(x) bdi s6 hang tuyén tinh cta khai trién Taylor tai x;,

J) &~ fOx) + f/(x)(x = xi),

phuong trinh x4p xi cho nghiém (gia st f’'(x;) # 0).

S (xi)
Xit1 = Xj — . 4.5
T ) (+
Khi viéc tinh f/(x;) gip bat tién hoic qua qua phic tap ta c6 thé dung
ti sai phan dé€ xap xi né,

Sf(xi) — f(Xi—l).

Xi — Xi—1

f(xi) ~



118 CHUONG 4. NGHIEM PHUGONG TRINH PHI TUYEN

Hinh 4.5: Phuong phap cat tuyén.

NEu f(x;) # f(xi_1) thi (4.5) thanh

Xi — Xi—1

fxi)— fxic)

(4.6)

Xiv1 = Xi — f(x;)

V& mit hinh hoc cdch [am nay tuong duong véi viec xap xi f(x) bing
cat tuyén di qua hai diém lip trude d6, (x;i—1, f(xi—1)) va (x;, f(x;)). Vi le
nay phuong phap dugc goi 1a cat tuyén. Chu ¥, phuong phéap cat tuyén cin
dén hai gia tri lip trudec d6 trong khi phuong phap Newton chi cAn mot.

Thi du 4.2. Cho f(x) = x*>—2. Gidi phuong trinh f(x) = 0 bing hai phuong
phap Newton va cat tuyén. Lay x; = 2,x, = 3.
Két qua tinh bing phuong phap Newton, [y x; = 2:

i X; loe — x|
1 2.0 0.5858
2 1.5 0.0858
3 1.41666666666667 0.0025
4
5

1.41421568627451 2.1239 x 107°
1.41421356237469 1.5947 x 10712

K&t qui tinh bing phuong phap cat tuyén, 1ay x; = 2, x, = 3:
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i X; loe — x|
1 2.0 0.5858
2 3.0 1.5858
3 1.6000 0.1858
4 1.4783 0.0640
5 1.4181 0.0039
6 1.4143 1.1666 x 1077
7 1.4142 3.5254x 10712

Qua thi du nay ta thay phuong phap Newton va cat tuyén nhanh hon phuong
phap chia doi rat nhiéu (so sanh véi két qua & thi dy 4.1) o

Trong trudng hgp phuong trinh f(x) = 0 ¢6 nghiém don « thi phuong
phap Newton va phuong phap cat tuyén hoi tu nhanh hon phuong phap chia
doi truéc day. Trudc hét, ta xét phuong phap Newton. T (4.5) ta ¢

f(xi)
f1(xi)

O—Xjt1 =0 —X; +

Khi x; kha gin o ta c6 nhd cong thic Taylor:

(xi —a)?

fo) ~ @+ @) —a) + = f (@),

f'xi) ~ fle) + (i —a) ().

Vi « [a nghiém don nén f(a) =0, f'(@) # 0, va nhu vay,

f(@)(x; —a) + SS9 £ (q)
(@) + (i —a) f(@)

2 J' (@)
2f"(a)

&

& — Xit1 —Xi +

a—Xiy1 & —(x—a)

Né&u x; gin nghiém don thi sai s6 trong x;4; ¢ mot hiing s nhan véi binh
phuong sai sd trong x;. Vi Iy do nay sy hoi tu cia day lap duge goi la hoi tu
bdc hai (quadratic convergence).
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Tuong ty v6i phuong phéap cat tuyén (4.6), ta c6

(v — ) (it — ) -
a—xit1 ~ —(x; —a)(xji—] —@)=——.
i+1 i i—1 2f’(0[)

Phuong phap nay hoi tu khong nhanh bing phuong phiap Newton. Nhung
n6é nhanh hon phuong phap chia d6i nhiéu.

Dinh nghia 4.1. Cho day {x,} hoi tu v& . B&i dinh nghia, cdp ciia sy hoi tu
12 s6 thuc p 16n nhat sao cho gigi han

m ————

n—00 |Xn — a|P

=y #0. (4.7)

Khi d6, ta néi phuong phap hoi tu véi téc d6 p theo hiing s6 y.

Nhu vay, v6i phuong phiap Newton,

1i |Xiy1 —
im ———

X;i—>a |xi — a|2

=C#0;

nghia la p = 2. D&i v8i phuong phap cét tuyén, véi p = (1 + /5)/2 ~ 1.618,
c6 thé chiing minh

X —
lim 1=
Xi—a |Xi —a|P

Dinh ly 4.1. Phuong phdp cdt tuyén (4.6) véi cdc gid tri lip ban dau xo, x1, hoi
tu téi khong diém don o ciia f(x) néu xg, x; ndm trong doan déng dii bé chita a
tren dé f'(x) va f"(x) ton tai lien tuc va f'(x) khong triét tiéu.

Chitng minh. Truéc hét ta thi€t lap biu thic lién hé cic gia tri ham tai ba
buéc lap lién ti€p xj—1,xi, x;+1. Goi L(x) la da thic bac nhat noi suy f(x)
trén tap {x;_1,x;}. Gia tri lip x;4; 12 khong diém cta L(x). Theo cong thic
sai sO clia phép ndi suy, ta cb

1)
2

S(xit1) = L(xi41) = (Xit1 — Xi—1) (Xi1 — X;i)
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hay, vi L(xi+1) =0

S(xig1) = (Xigpr —xi21) (X1 — X3) / 2(5) (4.8)
vGi & thich hop. Mit khéc, i (4.6) ta ¢6 hai hé thic:
(xi = xi—1) f(xi)
Xi — X; — , 49
! fo) = fxin) ()
(x; — Xi—l)f(xi—l)
Xitq — X _ . (4.10)
e fGx) = fxion)
Hé thiic thd ba nhan dugc nho dinh 1y gia tri trung gian cho dao ham:
f(xi) - f(xi—l) — f/(n), (4.11)
Xi — Xi—1

trong d6 n ndm gifia x;_; va x;, chua bi€t. T8 hgp cic phuong trinh (4.8) -
(4.11) ta thu dugc

J76)

f(xig1) = f(xi)f(xi—l)W’

Duéi cac gid thi€t ctia dinh Iy, trén khodng thich hgp, ta ¢6
"l < Mz, 0=my <|f'(x)] = ma (412)

va vi nghiém cin tim 13 nghiém don, nén céc chin & day va biéu thic cia
f(xi—i—l) 3 trén cho

M
|ﬂmﬂn§vumvumn5§

1
Néu dat

M,
€ = |f(xl)|m
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thi bat déng thic trén din dén
€it1 < €16
D€ ¥ ring, theo dinh 1y gia tri trung gian cho dao ham, ta cé:
|f(xo)] = [f(@)+ (xo— ) f ()| = |xo — a|m,
fGeDl = [fl@) + (x1—a) f'(n2)] < |x1 —afma.

Diéu nay 4m chi
€ = max{€g, €1} < 1,

néu xo,x; dd gan o. T day, d& dang suy ra

€2 =< €7,
€35 < €% =¢€,
€, < e?=¢,
¢ < €,
trong dé
i+1 i+1
1 14+ /5 1-4/5
8 = — — ) (4.13)
NG 2 2
Vi
1—+/5 14+ /5
<1<

nén khi i l6n

SNL ]—|—\/§ i+1
z’\/ﬁ B .

Nhu vay, §; — oo, vavi0 <e <1 nén ¢ — 0.

Tu cach dit cia €; va vi

|f )l = 1f(xi) = fl)] = |xi —all /()] = |xi —alm,
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ta thay x; — a. n

Cac phuong phap lip hoi tu véi t6c do r > 1 dugc goi 1a hoi tu siéu tyén
tinh (superlinearly convergent). Nhu da thay, phuong phap Newton va phuong
phap cat tuyén 1a hoi tu siéu tuyén tinh khi duge dung d€ tinh nghiém don.
Ding ti€c, n6 khong con nhu vay khi tinh nghiém boi. That vay, xét trudng
hgp phuong phiap Newton, néu x; gdn nghiém boi m (m > 1), a, thi

fo) ~ S pngg),
m!
) (x — o)™ ! (m)
f(x) Wf (@).
Diéu nay 4m chi
Xig1l — 0 =X; — O — ]]:’(())Cci,-)) ~ mn; (xi — o).

Biéu thic nay chiing té ring, véi mot nghiém boi m, phuong phap Newton
chi hoi tu tuyén tinh vé6i hing s6 (m — 1)/m.

Thi du 4.3. Phuong trinh x2° — 1 = 0 ¢6 nghiém don @ = 1. Dung phuong
phap Newton véi x; = 1/2. Nhan xét gi vé qua trinh tinh.
Néu ta [ay x; = 1/2 thi ti (4.5)

L_ /2% -1 26214.875
Xp == —————— = .875.
272 20(1/2)1

Vi ti€p tuyén hau nhu nim ngang, mot gia tri lip ban dau tot (gAn véi nghiém
chinh xac) nhung lai cho gia tri Iip ti€p theo rat xiu (rdt xa nghiém chinh
xac)!

Ciing vay, néu x; > 1 thi

x?—1 x?0 19
Xi+1 = X; — ~ X = —X;.

20x 9 S 20x° T 20
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So sanh sy xap xi nghiém

Yigr =1 xip 19
Xi — 1 Xi 20

ta thay xap xi 1a bac 1, qua trinh Lip c6 tdc d6 rat cham, chAm hon ca phuong
phap chia doi. Tai sao 1 1 nghiém don cia phuong trinh x2° — 1 = 0 ma lai
x4y ra nhu vay? That ra, trong mit phing phtc, nghiém cda phuong trinh
dang xét 1a can bac 20 ctia don vi, gdm 20 di€m phan bs déu trén vong tron
don vi. Nhung 3 khodng cach xa ~ 26000 tii vi tri x, thi cidc nghiém nay hau
nhu trung nhau, nghia 1a 1 1a nghiém boi 20.

Phuong phap Newton chi hoi tu bac hai khi nghiém 13 don. Ngay ca
vGi nghiém don, thi du nay chi ra sy hoi tu bac hai chi xay ra khi cic gia tri
lip dG ”gan” nghiém. Nhung "qua” gin nghiém thi s6 hoc c6 do chinh xac
htiu han lai 4nh hudng d&n tdc do hoi ty o

Bay gio ta xét Ging xt cua phuong phiap Newton va phuong phap cat
tuyén khi tinh todn véi dd chinh xac hitu han. Trong lan cAn ctGa nghiém,
gia tri tinh toan cta f(x) thay ddi that thudng vé do 16n va dau. Rat thudng
xay ra la gia tri tinh todn cta f(x) khong c6 chii s nao gidng gia tri thuc.
Véi mot nghiém don | f/(«)| 12 khac khong, va néu nghiém khong 1a diéu
kien x4u thi | f/(«)| khong nhé. Nhu mot hé qud, gia tri tinh todn cia dao
ham cAp mot thong thudng cb vai chii s6 ding. Tu d6, sy hiéu chinh t6i x;
dugc tinh bdi phuong phap Newton 1a rat nhé véi do chinh xac hitu han gia
tri lip k& ti€p vAn & gAn nghiém ngay ca néu né di chuyén ra ngoai (khodng
chtta nghiém) do f(x;) c6 ddu sai. Diéu nay gi6ng nhu phuong phap chia doi
va dugc goi 14 "6n dinh vé6i d6 chinh xac hitu han”. Phuong phap cat tuyén
thi Gng xt hoan toan khac. Sy hiéu chinh t6i gia tri [ip hién hanh,

Xi — Xi—1

f(xi) = f(xi-1)

c6 nhiing gié tri khong ludng trude duge do d6 chinh xdc htu han. Ré rang
gia tri lip k& ti€p c6 thé nim xa ngoai khodng ctia do chinh xac hiiu han.
Cé mot cach nhin khac vé phuong phap cat tuyén lam sang td ban chat
ctia né. Mot cach ti€p can tim nghiém « ctia f(x) la dung nodi suy da thic
P(x) theo nhiéu gia tri y; = f(x;) cta f(x) va rdi xap xi o bdi nghiém cida
da thic nay. Phuong phap cat tuyén [a trudng hgp ndi suy tuyén tinh. Cac
ndi suy cip cao hon cho xap xi f(x) chinh xac hon, néi chung, din dén so d6
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v6i toc do hoi tu cao hon. So dd dua trén noi suy bac hai duge goi [a phuong
phdp Muller. N6 c6 phic tap hon phuong phap cat tuyén (vi phai tim nghiém
ctia phuong trinh bac hai), va hoi tu nhanh hon mot chat. Véi tit ca cac
phuong phap dua trén noi suy da thic c6 bac 16n hon 1, ta cAn tim nghiém
cta da thic khi tinh gia tri lip k& ti€p x;41. D€ c6 su hoi ty, nghiem gan x;
nhit nén dugc chon. Mot khac biét quan trong gitia phuong phap Muller va
phuong phéap cét tuyén 1a da thic bac hai c¢6 thé c6 nghiém phiic. Ngay ca
gia tri lip x; 1a thuc va f(x) 13 ham thuc, phuong phap Muller vAn c6 thé
sinh ra gia tri lip phtc. Pay 12 mot khuyét diém cia phuong phap Muller.

.A‘> A’ A \ yd -
4.4 Diem bat dong va phuong phap lap
Phuong phap Newton 13 mot thi du cta cac thi tuc trong d6 mot day diém
dugc tinh ti cong thic dang
Xn+1 = F(xp) (n>1). (4.14)

Thuat todn dinh bdi mot phuong trinh nhu vay duge goi 1a phép lap ham
(functional iteration). Trong phuong phap Newton, ham F dugc cho bdi

J(x)

PO =256

Trong phuong phap dugc biét vé6i tén goi phuong phdp Stef fensen (Steffensen’s
method), ta c6

Lf (0)]?

HO == G o) 7o

Cé nhiéu cach chon F du6i dang
F(x) =x—g(x),

nhung day cic diém {x,} c6 thé khong hoi ty. Néu F lién tuc va x, — «
khi n — oo thi F(a) = «, va ta goi s la diém bat dong (fixed point) cia ham
F. Mot anh xa (hay ham) F dugc goi 1a co n€u tdn tai mot sd thuc A < 1 sao
cho

[F(x) = F(y)| = Alx —y| (4.15)

v6i moi x, y nim trong mién xac dinh cta F.
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Pinh ly 4.2 (Dinh ly 4nh xa co). Cho F la dnh xa co cia tdp dé6 C C R wao
C. Thi F ¢6 duy nhdt mot diém bat dong. Hon nita, diém bat dong nay la gidi han
ctia moi day nhan dugc tr phuong trinh (414) v6i bat ky diém khéi dau xo € C.
Chitng minh. Dung tinh ch&t co va phuong trinh (4.14) ta c6 thé viét
[Xn — Xn—1] = |F(xn—1) — F(xn—2)| < A|Xn—1 — Xn—2|.

Lip lai chiing minh nay ta dugc:

1Xn — Xn—1] < AXne1 — Xn—2| < A*|Xp—2 — Xn—z| < -+ < A" Hxp — xol.
Vi x, c6 thé viét dusi dang

n—1

Xn = (Xn = Xn—1) + (Xno1 = Xn—2) -+ + (X1 = X0) + Xo = X0 + ) _(Xi —X;—1).

i=1

D€ chiing minh day {x,} hoi tu ta chi cAn chiing minh chudi

Z(Xn - Xn—l)
n=1

hoi tu.
Do [xy — xp—1] < A" x1 — x| v6i moi n, va chudi }_ A"~! hoi ty nén
chudi

o]
Z |Xn - Xn—1|
n=1

hoi ty tuyét doi (theo tiéu chudn so sanh).

Goi «a 1a giéi han cda day, ta c6 ngay F(a) = « (cht ¥ 4nh xa co [2 ham
lien tuc).

Tinh duy nh4t cia diém bat dong dugc suy ra truc ti€p ti (4.15). Gia st
F c6 hai diém bat dong x va y, thi

lx —y| = |F(x) = F(y)| < Alx — y|

Vil <1nénx=y. ]
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Bay gio ta phan tich sai s6 trong phuong phap lip. Gid st F c6 di€ém
bat dong, o, va day {x,} xac dinh bdi cong thic x,4+; = F(x,). Dat

Gn - .Xn — .
Né&u F’ ton tai va lién tuc, thi theo dinh 1y gia tri trung gian
Xpp1 — o = F(xy) = F(@) = F'(§,)(xn — @)

hay

€nt+1 = F/(Sn)Gn
trong dé &, 1a diém nim gitta x, va o. Didu kién F'(x) < 1 v8i moi x bdo dim
sai s6 gidm khi 7 ting. Néu €, 13 nhd, thi &, nim gin «, va F'(§,) ~ F'(«).
Ta hy vong tdc d6 hoi tu 16n néu F/(«) 1a nhd. Mot trudng hop 1y tudng la
F’(a) = 0. Trong truong hgp do, ta cAn dén s6 hang cong thém trong chudi
taylor.

Gia st ton tai sd nguyén ¢ sao cho
F®@)=0 khil<k<g nhung F9(a) # 0.
T cong thic khai trién Taylor cia F(x,) tai o, ta c6

€nt1 = F(xn) — F()
F(O["‘Gn)_F(O[)

q—1 q

= [F(a) FeP/@) + D F @) o PO ) GlF(q)(sn)} - F@

(g —1)! q!

€n
€nt+1 = EF(q)(Sn)- (4.16)
Do x,, = « nén
€n 1
Jim, ||€+|§' = SIFO@L; (417)

nghia [a x, hoi tu cip g vé a.
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4.5 Tiéu chuan diing phép lap

Céc thuat toan trinh bay & trén c6 thé cai dat dusi dang chuong trinh con,
tim nghiém x4p xi phuong trinh f(x) = 0. V&i muc dich giGi thiéu cich cai
dat thuat toan lap, & day, ta trinh bay mot chuong trinh dang function cho
phuong phap cat tuyén. Nhung trudc hét, d€ bio dam thuat toan ding, ta
phai chon tiéu chuén diing cho phép giai lip. Thudng day lip dugc diing theo
mot trong ba tiéu chuén sau:

D) [f(xn)| < €13

(2) |xn+1 - xn| < €3;

Xnt1 — X
3) M < e
|xn+1|

3 day, cic ¢ 1a do chinh x4c cho trudc. Trong thuc hanh, ngudi ta thudng
dung tieu chudn (1) hoic (2); trudng hgp nghiém qua 16n hoic qua nhd so véi
1, ngudi ta dung tiéu chuén (3). Ciing cAn nhic lai ring, khi dung tiéu chuin
(1) - thing du bé hon €; - cAn luu § d&n cach chon ti 1& khi thi&t 1ap phuong
trinh.

Trong function secantm, gidi phuong trinh f(x) = 0, dudi day cho phép
ngudi diing chon tiéu chuén diing cho phép lip thong qua bién opt trong danh
sach do6i s6. Ngoai ra, function secantm con cho phép in gi4 tri lip trung gian
né€u dugc yéu ciu thong qua bién trace.

function [x,flag]l=secantm(f,x1,x2,N,EPS,opt,trace,varargin)

% tim nghiem phuong trinh f(x)=0 bang pp cat tuyen

% update: 11/11/09

% input:

% f - dieu khien ham cua ham f(x)

% x1, x2 - hai gia tri ban dau

% N - so lan lap toi da

% EPS - sai so toi da

% opt - tieu chuan dung; opt=1 - tc 1, opt=2 - tc 2, opt=3 - tc 3; mac dinh=1
% trace - in day lap; trace=0 - khong in, ttrac”=0 in; mac dinh=0

% output:

% x - nghiem xap xi

% flag - co; flag=0 - khong giai duoc, flag™=0 so buoc lap thuc hien
flag=0;
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xo0ldl=x1;

x01d2=x2;

if nargin<7, trace=0; end

if nargin<6, opt=1; trace=0; end

if nargin<b, EPS=10"-12; opt=1; trace=0; end

if nargin<4, N=100; EPS=10"-12; opt=1; trace=0; end
if opt“=1&opt~=2&opt~=3, opt=1; end

if N<1, N=100; end

for k=1:N
x=x01d2-f (x01d2) * (x01ld2-xo01d1l) / (f (x01d2) -f (x01dl) ) ;
switch opt
case 1,
if abs(f(x))<EPS
flag=k
break;
end
case 2,
if abs(x-x01d2)<EPS
flag=k;
break;
end
case 3,
if abs(x-x01d2)/abs(x)<EPS
flag=k;
break;
end
end

if trace”=0, disp(x); end
x0ld1=x01d2;
x0ld2=x;

end

Chui gidi

= cell array - mang (ma tran) t& bao. Day 1a kiéu di li¢u cho phép goi tén va
thao tac v6i mot nhom di lidu ¢é nhiéu kich ¢& va nhiéu kiéu.

* varargin - bien chiéu dai danh sich ddi s6 nhap. Cho phép sd lugng d6i s&
bat ky cho mot function. Bi€n varargin 1a mot mang t&€ bao chia cic d6i s6 tiy chon
cho mot function. varargin phai dugc phat bi€u nhu [ d6i s6 nhap cudi ciing va
tu tap tat ca cAc doi s6 nhap ti diém d6 trd di. Bing cich dung bi€n nay function
secantm c6 thé dugc goi véi s6 d6i s6 it hon 6.
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* nargin - s§ d6i s6 nhp cla function. Bén trong than cda function, do ngudi
dung dinh nghia, nargin trd vé s6 ddi s6 nhap dugc dung d€ goi function.

x function secantm goi ham f(x) khi tinh todn. D& truyén ham f(x) bing
ddi s ta dung bi€n diéu khién ham.

Cu phap:

dieukhien = Q@ten_ham

dieukhien = @(ds_doiso)hamnac_danh
Mo ta:

dieukhien = @ten_hamtrid vé mot diéu khién t6i ham Matlab dugc chi dinh.

Mot diéu khién ham (function handle) 13 mot gia tri Matlab cung cap mot
phuong tién goi ham cach gian ti€p. Ta c6 thé truyén cac diéu khién ham khi goi
cac ham khéc. Ta ciing cé thé luu trit cac diéu khién ham trong cic ciu tric di lidu
d€ dung sau nay. Diéu khién ham 13 mot trong cac ki€u di lieéu chuén cia Matlab
(function_handle).

dieukhien = @(ds_doiso)hamnac_danh xay dyng mdt ham nic danh va
trd vé mot diéu khién t6i ham d6. Than ctia ham, bén phai ddu ngoic don, 1a mot
lenh hay phat biéu Matlab. ds_doiso la danh sich cac d6i s& nhap, cach nhau bing
dau ph4y. Thi hanh ham bing cach goi né nhd diéu khién ham, dieukhien. Thi
dy, lenh dugi day tao mot ham nic danh tim cin bac hai cia mot s6. Khi ta goi
ham nay, Matlab gan gia tri ta truyén vao bi€n x, va r6i dung x trong phuong trinh

x.72:

sqr = @(x) x.72;

Tac ti @ xay dung mot didu khién ham cho ham nay, va gan diéu khién t6i bién
xudt sqr. D€ thi hanh ham sqr dinh nghia & trén, go

a = sqr(b)
a =
25

x D& viéc goi function secantm dugc mém déo ta dung bi€n varargin nhu chi
ra & trén. Khi d6, cdc doi s6 khong duge nhap sé gan cac gid tri mic dinh. Diéu nay
duge thuyc hién nhs ciu tric chuyén (ré nhanh): switch - chuyén (ré nhanh) gita
nhiéu trudng hgp dya trén biéu thic.

Dang t6ng quat cta lénh switch:

switch bieuthuc
case thil,
(cac) lenh
case thl, th2, th3,...
(cac) lenh
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otherwise,
(cac) lenh

end

* Matlab cung cip function fzero tim nghiém phuong trinh f(x) = 0.

Cu phap thuong dung: x = fzero(fun,x0,options), trong dé:

fun 1a diéu khién ham;

x0 la gia tri lip ban day;

options la céc tuy chon duge tao bing function optimset ctia Matlab.

* optimset - tao hay bién tip cic tuy chon. Véi function fzero thudng ta chi
cAn hién thi gi4 tri lip trung gian nén ct phap duge dung:

options = optimset(’display’,giatri)
trong d6 giatri 13 mot trong cic gia tri sau 'off’ - khong xuit, 'iter’ - xuat cic két qui
trung gian, 'final’ - chi xudt két qua cudi ciing, 'notify’ - chi xuat né€u qua trinh khong
hoi tu >

Bay gid ta goi function secantm gidi phuong trinh x> —2 = 0 (thi du 4.1).

>> clear all
>> f=0(x) x°2-2;
>> [x,flag]=secantm(f,2,3,100,107-12,1,1)

2 2

K&t qua tra vé

.6000
.4783
.4181
.4143
L4142
L4142

[ = = =

1.4142
flag =
7

Duing function fzero, tru6c hét ta dit tiy chon rdi goi function

>> clear all
>> options = optimset(’Display’,’iter’);
>> x=fzero(f,2,options)

2 2

K&t qua tra vé
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Search for an interval around 2 containing a sign change:

Func-count

a

2
1.94343
1.92
1.88686
1.84
1.77373
1.68
1.54745
1.36

f(a)
2
1.77693
1.6864
1.56025
1.3856
1.1461
0.8224
0.394607
-0.1504

b f(
2
2.05657
2.08
2.11314
2.16
2.22627
2.32
2.45255
2.45255

Search for a zero in the interval [1.36, 2.45255]:

Func-count
16
17
18
19
20
21
22

Zero found in the interval [1.36, 2.45255]

X =

1.4142

X

1.36
.39945
.41435

[ = T = Sy

f(x)
-0.1504

-0.0415434
0.000384399
.41421 -2.01697e-006
.41421 -9.69058e-011
.41421 4.44089e-016
.41421 4.44089e-016

Procedure
initial
interpolation
interpolation
interpolation
interpolation
interpolation

interpolation

4.6 Heé phuong trinh phi tuyén

b)
2
2.22947
2.3264
2.46535
2.6656
2.9563
3.3824
4.01499
4.01499

Procedure
initial interval
search

search

search

search

search

search

search

search

Mot bai todn thudng xuit hién trong todn hoc tinh todn I3 tim mot vai hoic
tAt ci cac nghiém clia mot hé gdm n phuong trinh phi tuyén véi n 4n. Nhiing
bai todn nhu vay t6ng quat va khé hon nhiéu so véi bai toan mot phuong
trinh mot 4n s6. Cé thé thay ngay phuong phap chia d6i khong 4p dung duge
(md rong dugce) cho trudng hgp nay. Phuong phap cat tuyén cé thé téng quat
héa cho trudng hgp nay nhung cach lam khong hién nhién vi sy phic tap
hinh hoc khi s6 chiéu 16n. Vi phuong phap Newton thi khac, su t6ng quat
héa ra trudng hgp n phuong trinh 7 4n s6 rat ty nhién va rat ...dep. D€ don
gian viéc trinh bay, xét hé gdm hai phuong trinh theo hai 4n:

f(x, )
g(x,y)

0
0

(4.18)
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Viét dusi dang vecto
h(w) =0,

(3] w1

Tuong tu nhu trong trudng hgp 1-chiéu (phuong phap Newton), khai trién
ham f, g nhd cong thiic Taylor chi gii lai cac s6 hang bac nhat

trong dé

F3030) + 9 (x0, 30)  — 30) + (0, ) (3~ y) = 0
X ay
g g

g(xo. yo) + B_(XO’ Y0)(x — x0) + — (X0, y0)(y —y0) = O
X ady

Xap xi k& ti€p (x1, y1) = (x1 + Axy, y1 + Ay;) ¢6 thé tim bing cich gidi he
phuong trinh

0 0

—f(Xo,yo)A)Cl + —f(Xo,yo)Ayl = —f(x0,0)

0x ady

0 0

a—g(xo,yo)Axl + —g(xo,yo)Ayl = —g(xo,Y0)
X ady

xac dinh (Axi, Ayy).
Néu ky hieu

Ly e o)
2 (xk. yk) ?,—ﬁ(xk, Vi)

J(wi) = [

13 ma trdn jacobi ctia hé phuong trinh (4.18). Thi phuong phap Newton cho hé
hai phuong trinh hai 4n 1

J(wi) Awg = —h(wy). (4.19)
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(X0, yo) Nghi¢m (x,y)  S6 lan lip

(1.2,2.5) (1.3364, 1.7542) 4
(—2.0,2.5)  (—0.9013, —2.0866) 9
(—1.2,-2.5) (—0.9013, —2.0866) 4

(2.0,—2.5)  (=3.0016,0.1481) 19

Bang 4.1: K&t qua s6 thi du 4.4

Thi du 4.4. Giai hé phuong trinh

x2+xy?-9 = 0
3x2y—y3*—4 = 0 (4.20)
Vi
% =2x + y3, % = 3xy?,
ax ady
g g 2 2

—:6 , —:3 —3 )
ax Y ady * Y

hé dugc gidi tai mdi bude lip 1a

2xk +y7 3xeyg Axg — Xg +xkyp =9
6xkyk  3x7 — 3y Ay 3y —yi—4 |

Bang 4.4 cho k&t qua s6 véi cac diém khdi dau (xg, yo) khic nhau. Trong
tAt ca cic trudong hgp phép lip diing khi

<1078,

max{||h||,M}

Iwli

K&t qua tinh toan chiing té ring hé ¢ it nhat ba nghiém, mdi nghiém duge
tim thay phu thudc vao diém khdéi dau (xg, yo). ©
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Ciing nhu phuong phiap Newton cho ham mot bi€n, ¢é thé chiing té
ring n€u h hai 1dn kha vi gin nghiém a cta h(w) = 0, n€u ma tran Jacobi
tai a, J(a), khong suy bi€n, va né€u wy di gan a, thi phuong phip Newton sé
hoi ty vé a va sy hoi tu 1a cap hai.

Mot khé khin trong thuc hanh 13 tim diém khdi dau da gin d€ qua
trinh lap din t6i nghiém cAn tim. Su hiéu bi&t vé bai toan va su md rong
nghiém c6 thé rat hitu ich & day. Mot cach ti€p can téng quat la lien hé viec
tim nghiém w cta h(w) = 0 véi sy cyc tiéu héa thing du R(w) = |h(w)||? =
[f(W)]? + [g(W)]?>. R6 rang ham nay ¢ cuc ti€u 13 0 tai moi nghiém cta
h(w) = 0. Y tudng 1a chd ¥ d&€n su bi€n thien Awg tinh tit phuong phap
Newton nhu viéc cho huéng theo d6 ta tim mot gia tri A sao cho phép qua
lap

Wil = Wi + AAwWg

cho gia tri nhd cda thing du:
R(Wk+1) < R(wg).

Diéu nay ludon ludn thuyc hién duge vi cho d€n khi nhan duge nghiém,

iR(Wk + /\Awk)] = —2R(wg) < 0.
A o

Cé nhiéu chi ti€t thuc hanh phai dugc vach ra. Ching han, khong nhat thiét,
hay ngay cd mong mudn, tim gi4 tri cia A cuc ti€u héa thing du. Cac phuong
phap thudc loai nay dugc goi 1a cic phuong phiap Newton chung (damped
Newton methods). Mot cai diat ciAn than phuong phap nay sé phét sinh day
lip hoi tu khi ma phuong phap Newton that bai. Trong trudng hop ci hai
phuong phap déu hoi tu thi hiéu qua ctia ching 13 nhu nhau.

Cau hoi va bai tap

4.1. Thing du cia mot nghiém dua ra r cia F(x) [d F(r). Ta thuong thay
phat biéu: thing du 13 "nhdé” nén nghiém phai "t6t”. Diéu nay cé xac thuc
khong? Vai tro cia viéc. Viéc dinh ti [& dong vai tro gi?

4.2. Phan biét nghiém don va nghiém boi bing dé thi nhu thé& ndo!? Giai
thich bing d6 thi cach xac dinh t6t cac nghiém. So sanh véi bai tap 4.1.
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0o 05 \)

Hinh 4.6: Bai tap 4.3.

4.3. Danh giad bing hinh hoc nghiém ctia ham F(x) ma dé thi dugc cho bén
dudi.

(a) Vé6i khodng chita nghiém ban dau [0.0, 1.0] ba khodng chita nghié¢m
k€& ti€p la nhiing khodng nao?

(b) Néu x; = 0.0 va x, = 1.0, danh dau trén dd thi vi tri xap xi clia x3
bing cich ding mot bude clia phuong phap cat tuyén.

(c) N&u x; = 0.5, danh dau trén doé thi vi tri xap xi clia x, va x3 bing
cdch dung hai budc cia phuong phap Newton.
4.4. Da thic f(x) = x> —2x — 5 c6 mot nghiém trong [2, 3].

(a) Chiing té ring [2, 3] la khodng chia nghiém cda f(x).

(b) Ap dung bon budc ctia phuong phap chia doi dé gidam khodng chia
nghiém xudéng con 1/16.

(c) Tinh x3 va x4 bing phuong phap cat tuyén bit diu véi x; = 3 va
Xy = 2.

(d) Tinh x,, x3, va x4 dung phuong phip Newton v6i x; = 2.

4.5. D& tim noi sin x = x/2 véi x > 0,

(a) Tim mot khodng thich hop chita nghiém ctia mdt ham phu hgp f(x).

(b) Ap dung bon budc ctia phuong phap chia doi dé gidam khodng chia
nghiém xudéng con 1/16.

(c) Tinh x3 va x4 bing phuong phap cat tuyén bit dau véi x; va x, 1ay
bing cac gii tri clia khodng.

(d) Tinh x2, x3, va x4 dung phuong phap Newton véi x; la diém gitia
ctia khodng.
4.6. C6 bao nhiéu phép ddnh gid ham trong phuong phép chia doi?

4.7. Trong chiing minh hoi tu ctia phuong phap cat tuyén, phat biéu ring,
néu € = max{eg, €;} < 1 thi bat ding thic

€i+1 = € " €i—1
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am chi

Hay thiét 1ap diéu nay.
4.8. Vi€t ma Matlab cho phuong phap Newton.
4.9. Ham dic biét

erf(x) = %/ e dt,
0

goi 12 ham sai (error function), duge dung trong 1y thuyét xac suit va nhiéu
lanh vic cida khoa hoc va k§ thuat. Vi ham dudi dau tich phan 1a duong véi
moi 7, hAm ting ngit vd vi vAy c6 ham nguge x = erf ' (y). Ham sai ngugc
13 mot ham quan trong do kha ning 4p dung ctia né va c¢6 thé danh gia véi
y cho truc bing cach gidi phuong trinh erf(x) = y. Function erfinv ctia
Matlab cho ham sai ngugc. Hay dung phuong phap Newton d€ tim ham sai
ngugc, so sanh véi két qua tinh nhd erfinv.

4.10. Tim cap hoi ty cta cac day sau:
a) X, = +/1/n;b) xp, = ¥n;¢) xy = 1+ 1/n; xp41 = arctgxy,.

4.11. Ching t6 ham F(x) = 4x(1 — x) anh xa doan [0, 1] vao chinh né va
khong co. Chiing té ring né c6 diém bat dong. Tai sao diéu nay khong mau
thudn vé6i dinh 1y 4nh xa co?

4.12. Chiing t ham F(x) = 2 + x — arctgx c6 tinh chat |F’(x)| < 1 nhung
n6 khong c6 diém bat dong. Giai thich 1y do diéu nay khong mau thudn véi
dinh 1y 4nh xa co.

4.13. Ching té phuong phép tinh v/ R du6i day hoi tu cap ba:

Xn(x2 4+ 3R)
3x24+ R

Xn+1 =
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4.14. Ding phuong phap Lip Newton tim mot nghiém (véi sai s6 tuyét doi
t6i da 1a 107#) gdn di€m (0.5,1.0,0.0) ctia hé phi tuyén

2> —x+y?—z = 0,
32x2 —y2—20z = 0,
yZ —14xz = 0.

4.15. Tim ba tham s6 «, 8 va y trong md hinh
f(x) = aef* 4,

bing phép noi suy ba diém (1, 10), (2,12) va (3, 18). Dung phép lip Newton
tim ba tham s6 véi ba chii s6 c6 nghia.



Chuong 5

Tich phan so

Xap xi fab f(x)dx bing s6 dugc goi 1a tich phan s6 hay cAu phuong. Hau hét
chuong nay lién quan d&én khodng hitu han [a, b], nhung c6 mot vai ban luan
vé tich phan véi a va/hay b 1a vo han. Thinh thodng dua vao ham trong

lugng w(x) > 0 la hiiu ich va nhu vay xap xi tich phan dang fab f(xX)w(x)dx.
C6 nhiéu Iy do nghién ctu tich phan s6. Nguyén ham (antiderivative) ctia f
c6 thé khong biét hay khong 1a ham so cap. Tich phan cé thé khong cé hiéu
lic vi ham f duge xac dinh bdi cic gia tri trong bdng hay bdi mot chuong
trinh con. Hay, c4c tich phan xac dinh phai dugc x4p xi nhu thanh phin cia
s dd tinh todn phtc tap hon, ching han nhu gidi cic phuong trinh vi phan
bing phan t& hitu han nhd cac phuong phap bién phan hay Galerkin.

Mot nguyén 1y co ban trong gidi tich s6 1a n€u ta khong thé lam diéu ta
mudn véi mdt ham f(x) cho trude, ta xap xi né bing mot ham ma véi né ta
c6 thé thuyc hién duge. Thudng ham xap xi [3 mot da thic noi suy. Bing cach
diing nguyén 1y nay ta sé thi€t lap mot vai quy tic cAu phuong va nghién ctu
sai s6 cta ching. Khi x4p xi ham ta thiy ring da thic noi suy tiing manh
tién loi hon da thic noi suy, 3 day diéu nay cing ding. Cach noi suy da thic
ting manh 13 ty nhién cho cAu phuong vi dung ham nhu vay chung qui la
bé khodng lay tich phan thanh cic manh va x4p xi bing da thic trén mdi
manh 4y. Y tudng then chét trong cAu phuong 1a phdi tinh dén déng dieu
clia f(x) khi chia tach khodng. Phép ciu phuong "thich ting” nay dugc mo
ta trong muc 5.2 v ma dugc ban luan trong muc ti€p theo. Phép cAu phuong
thich tGng 13 van dé chinh ctia chuong, nhung vai chd ¥ duge cho cho tich
phan ctia bang d liéu va cho tich phan ctia cic ham hai bi€n. Chi y dic
biét dugc danh cho cac bai todn chudn bi cho 15i gidi c6 hiéu qua cia ching
bing cic ma cia loai phat trién & day.

139



140 CHUONG 5. TICH PHAN SO
5.1 Cac quy tac cau phuong co ban

Dé xap xi

b
| remwas G51)
gia st da bi€t gia tri cia f tai N diém phan biét x1,x2,...,xy. Goi Py(x)

13 da thic nodi suy f tai cdc diém nay. Dang Lagrange ctia Py(x) d& dang
dan dé&n xap xi

b b » N
| femwear ~ [ Paeweody = [ fen Lo =
a a a i=1

N b N
> fe) [ Li@weds = Y Aif@). ()
i=1 a i=1

O day gid thi€t cic trong lugng A; tdn tai. Didu nay tuong duong véi sy tdn
tai cic tich phan

b
/ xjw(x)dx véi j =0,1,...,N — 1.

Trong trudng hop w(x) = 1, @ va b hitu han, thi gid thi€t nay [a ddng. Tuy
nhién, n€u khodng 1a v6 han (eg, [;° f(x)dx), ti€p can trén that bai vi
khong c6 x/ ndo cé tich phan trén khodng nay.

Khoé khin co ban cda viée ti€p can, trong trudng hop [;° f(x)dx, 1a n6
duge dit co sd trén sy xap xi f(x) bdi da thic, ma cac da thic khong c6 tich
phan hitu han trén khodng vo han. Vi tich phan f(x) tdn tai, né phai dan
t6i khong that nhanh khi x — oco. Mot 16i khuyén hiu ich 1a phai ¢o lap
dang diéu "khac da thiic” vao ham trong lugng. Ching han, néu ta dua vao
ham trong lugng w(x) = e™* va dinh nghia F(x) = f(x)e*, tich phan c6 thé
viét lai nhu la [;° F(x)e *dx. Khong phiic tap [im d€ nhan dugc cong thic
cho céc tich phan dang [;° F(x)e ™ dx vi c4c tich phan [~ x/e™dx ton tai
v6i moi j. Lai khuyén nay c6 cho mot xdp xi t6t [ f(x)dx hay khong 1a
van dé F(x) c6 Gng xtt gidng mot da thic hon f(x) hay khong.



51 CAC QUY TAC CAU PHUONG CO BAN 141

Tich phan trén khodng v6 han Ia loai bai todn chita nhiéu khé khan.
Tich phan v6i ham duéi d4u tich phan cé ky di cing cha dung khé khin
vi ching Gng xtt khong giong da thic. Thong thuong viec ding ham trong
lugng la cach tot d€ d6i xi v6i nhiing bai toan nhu vay. Chéng han, trong
16i gidi cac bai toan th& vi phdng biang phuong phap phin t bién, cAn xap
xi c4c tich phan thudc dang

1
/ F(x)Inxdx
0

(va sau d6 gidi hé cac phuong trinh tuyén tinh d€ c¢6 dugc nghiém s6 cho
phuong trinh tich phan cia Iy thuyét the vi). Ham In x ¢6 thé dugc xem nhu
ham trong lugng vi né khong duong trén khoang (0, 1) va cic tich phan

1
/ x/ In(x)dx
0

ton tai v6i moi j (ham trong lugng w(x) trong (5.1) c¢6 thé 1Ay 13 —In x).
Tuong tu cach lam trong thi du 14y tich phan trén khodng v6 han, néu ta

mudn tinh fol f(x)dx va f(x) Gng xt gi6ng Inx khi x — 0, ta ¢6 thé dua

vao Inx nhu ham trong lugng va vi€t F(x) = f(x)/In(x). "Ung x{ giong”
khi x — 0 c6 nghia la

o SO
G

20 In(x)

T day vé sau diéu nay sé duge viet [d f(x) ~ cIn(x). Vi F(x) c6 mdt gisi
han hfiu han tai x = 0, n6 dugc xap xi bdi da thic t6t hon f(x), ma la vo
han & d6.

Mot cong thic dang

N
S 4 f(x) (53)

dé xap xi (5.1) dugc goi la cong thic hay quy tic cAu phuong. So dé dé€ phat
sinh cic quy tic viia md ta dAn dén cac quy tic cAu phuong ndi suy. Mot quy
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tic nhu vay sé tich phan chinh xac da thdc bat ky ¢6 bac nhé hon N. D6 1a
vi n€u f(x) Ia da thic bac nhdé hon N, thi béi tinh duy nhat ctia da thic noi
suy, Py(x) = f(x), va quy tic dugc xay dung d€ tich phan Py (x) 1a chinh
XAac.

Dinh nghia 5.1. Sai s6 tuyét d6i clia cong thic cAu phuong dang (5.3) 1a lugng
b N

E() = [ flouwds - Y A fx). (54)
a i=1

Ta néi cong thiic cAu phuong dang (5.3) ¢6 bdc chinh xdc (degree of
precision) d > 0 néu:

(i) E(x’)=0,j =0,1,....,d, va

(ii) E(x4*1) #£0.

Sau nay ta sé thay, mot su chon lua ding ddn cic diém nodi suy x; khi
xay dung (5.2) din d&n cong thiic v6i bac chinh xac 16n hon N — 1. Thudng
thi cac x; thudc [a, b], nhung thuc ra khong nhat thi€t phai nhu vay. Ching
han, cong thic Adams cho 151 gidi phuong trinh vi phan dua trén quy tic cAu
phuong ding cic diém nit, ngoai trit hai diém cudi @ va b, nim bén ngoai
khodng nay. Diéu nay ciing ding véi phuong phap tich phan theo bang di
liu sé dugc dé cap dén sau nay.

Dinh 1y dusi day phét trién mot vai chin trén sai s6 ctia cong thic
v6i bac chinh x4dc d. N6 duge phat biéu bing cich dung ky hiéu || f|| cho
maximum trén [a, b] cda | f(x)|. Cing vay, nhu trong chuong 3, M, dugc dung
d& chi || f@).

Dinh ly 5.1. Néu cong thiic cdu phuong (5.2) c¢6 bdc chinh xdc d, thi véi bdt ky da
thitc p(x) bac g <d,

b N
[EOI=If =Pl (/ w(x)dx +Z|Ai|)- (5.5)

Néu moi A; > 0, thi

b
ECH <21/ - pl / w(x)dx. (56)
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Chitng minh. V6i p(x) 1a da thic bat ky bac ¢ < d,

b b
E(f)| < / P dx + / (f@) = p)w(x)dx

N N
— ZAip(Xi) - ZAi(f(Xi) — p(xi))

i=1 i=1

b N
< B+ [ 1700 = plweods + Y416 = p(x)
a i=1

IA

b N
I/ = pl (/ wE)dx + Y |Ai|) ,
a i=1

trong d6 ta da dung E(p) = 0. Day la (5.5). Khi moi A; > 0 thi dau tri tuyét
dai trong (5.5) c6 thé bd. Vi cong thiic cAu phuong chinh xac khi f(x) =1
nén

N b
ZA,--I:/ w(x) - ldx,
i=1 a

va ta co (5.6). [

Hé qua 1. Néu f(x) ¢6 d + 1 dgo ham lién tuc trén [a, b], thi

b—a a+l My b i
e e e (/ w(x)dx+§|A,-|). 67

Néu moi A; > 0, thi

d+1 b
IE(f)Is(b “’) Mayi_, / w(x)dx. (59)
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Chitng minh. Vi chan cta dinh ly 5.1 ddng v6i moi da thic p(x) cé bacg < d,
ta c6 thé dung p(x) la da thic Taylor khai trién f(x) tai xo = (a + b)/2,
n=gq:

PO = f0) + T o)+ S O
va
— q+1
Ry (x) = —(x(q )

v6i z ndm gitia xo va x. Diéu nay 4m chi

(x — x)9t!

(g +1)!

f(q+1)(z)

qg+1
— M,
I1f = pll = max (7)) o o9

2 (g + 1!

Thay diéu nay v6i ¢ = d vao (5.5) hay (5.6) ta nhan duge (5.7) hay (5.8). m

Nhin xét 5.1. Khi nghién ctu noi suy da thdc, ta da bi€t cAc noi suy bac cao
c6 kha ning dao dong va gay ra nhiing thay d&i khong phu hgp. Tinh hinh
bay gio thi khac vi né 1a xap xi dién tich bén dusi dudng cong va dudng nhu
cac dao dong sé bi trung binh héa. Diéu nay quan trong d6i véi trudng hgp
dic biét clia cong thidc khi ma chin sai s6 ctia dinh 1y 5.1 1a ddng, va tit ca
A; > 0. Dang ti€c, cac cong thiic cAu phuong noi suy dua trén {x;} cach déu
trong [a, b], goi 14 cAc cOng thiic cAu phuong Newton - Cotes, c6 mot vai A; 14y
gi4 tri Am ngay cd vdi cac bac chinh x4c viia phai. K&t qua ctia cic cong thic
nay c6 thé khong hoi ty téi gia tri cda tich phan khi bac gia ting.

Nhan xét 5.2. Trong cac chin (5.5), (5.6) ta c6 thé 14y da thic p(x) bat ky
v6i bac ¢ < d. V6i a,b hitu han, ton tai da thic p*(x) véi bac < d gan f
nhit theo nghia
If = p*ll dein I/ =pl.
eg p<q

Khi do,

b N
ECOI=ILf = P7Il (/ w(x)dx + Z|Ai|)- (5.10)
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Néu moi 4; > 0, thi

b
ECF) <21f - b7l / w(x)dx. (5.11)

Cac bat déng thic (5.10), (5.11) cho chin sai s& dua trén xap xi t6t nhat cia
f(x); ching htiu ich khi ham 14y tich phan khong dd tron.

Mot phan tich sai s6 chi ti€t hon chiing t4 ring sai s6 E(f) c6 thé duge
biéu dién nhu la

b—a

d+2
E(f)=c ( ) £ ) (5.12)

véi c € R va £ € (a,b). Néu mot cong thiic cAu phuong cé bac chinh x4c d,
thi

Ex'y = 0, j=0,1,....d (5.13)
E(x%TYH £ 0. (5.14)

N&u ta gid st ring sai s6 ¢6 dang (5.12), d& dang tim ¢ tu

d+2
E(x?*1) = ¢ (b%") d + 1), (5.15)

Cac phuong trinh (5.13), (5.14) cung cap cach khac d€ sinh ra cac quy tic ciu
phuong. Cach ti€p can dugc bi€t nhu 1a phuong phdp hé s6 bat dinh. Trong
cach ti€p can nay cic hé s6 4; dugc xem nhu céc 4n duge tim bing su thda
man hé phuong trinh tuyén tinh (513 véi d 16n c6 thé. Trude khi cho cac
thi dy, ta chd ¥ ring, nén 4p dung phuong phap hé s6 bat dinh cho khodng
chuidn [—1, 1] va rdi bi€n d6i thanh khodng téng quat [a, b] bing mdt phép
ddi bi€n don gidn. Néu ta c6

1 N
f)dx =Y Aif(xi) + cf V@),
-1 i=1
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, b—a +a+b
= X )
2 2

Thi dt = (b —a)dx/2 va

b _ 1 _
/af(t)dt = bza/_If(bza(x—i—l)—I—a)dx

h—a & b—a a+b b—a
= A; i E )
2§f(2x+2)+2(f)

d did b—ad _d' _(b—a)d+1 d4+!
2

dx dredi 2 di dxdil FIZERS

nén phép ddi bieén cho

b N _ _ _ d+2
/a f(t)dt:l;(bzaAi)f(bzaxmta;b)+(b2a) FEDE).

Thi du 5.1. Tim cong thiic cAu phuong dang

1
f(x)dx = A1 f(=1) + A2 f(1) + E(f).
-1

Theo phuong phap hé s6 bat dinh

f()C):l = 2:A1+A2,
f()C):)C = 0=-4; + A,.

Suy ra: A1 = A, = 1. Ta ciing thdy ring, bing cach xay dung, d > 1. Thi
f(x) = x? nhan dugc

2 4
3= A+ A+ EX?) = EX?) = 3
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Hinh 5.: Quy tic hinh thang.

Vi E(x?) # 0 diéu nay néi ring d = 1 vd ¢ = E(x?)/2! = —2/3, nghia la

1
[ f@dx = 10+ FD =317

VoI E € (—1,1).
Véi khodng [a, b] t6ng quét, 4p dung cong thic dSi bi€n ta cé (cOng
thic trong dau [ ])

Quy tdc hinh thang (trapezoid rule)

(b—a)’
12

b b—a
| rendx = 224 r@+ s - 1), (516)

trong d6 & € (a,b). o
Thi du 5.2. Tim cong thiic chinh x4c nhit dang

1
f(x)dx = Ay f(=1) + A2 f(0) + A3 f (1) + E(f).
-1

Theo phuong phap hé s6 bat dinh
f()C):l = 2:A1+A2+A3,
f()C):)C = O:—A1+A3,
f()=x> = 2/3=A4,+ 4,
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Suy ra: Al = A3 = 1/3, A2 = 4/3
D€ tim bac chinh xac ta kiém E(f) # 0 v6i f(x) 1a da thic bac cao
hon 2. N&u f(x) = x> ta dugc

0=—A1+ 43+ E(x*) = E(x*) = 0;
nghia 13, quy tic c6 bac chinh x4c 16n hon 2. Né&u ldy f(x) = x* ta duge
2 _ 4 4 4

15 90

Nhu vay, bac chinh xic d = 3, va

1 d—1140112(4)(5)
_lf(x)X—gf(—)+§f()+§f()—§f

v6i £ € (—1,1) . Ciang dung cong thiic ddi bién ta suy ra cong thiic tdng quat.

Quy tdc Simpson

b
| Fdx =2 [f( )t 4f ("“’ )+f<b>] G=a s, 517

2880

trong d6 & € (a,b). o

Ca hai cong thic thuoc 16p cong thiic Newton-Cotes vi cac nit cach déu
trong [a, b]. Thi tuc thi€t lap cong thic bao gdm viéc chon trude cic nit x;
va rdi giai hé phuong trinh tuyén tinh xac dinh cic trong lugng A4;. Nhung
néu cac x; chua bi€t (dugc phép chon)? S6 4n cAn tim sé gap doi, 2N, 3 cach
sip x€p cula ta, c6 thé hy vong tim cac cong thiic véi bac chinh xac cao hon
nhiéu, nhu sé thay dusi day, c6 cong thic véi bac chinh xac 2N — 1 ma dung
chi N gia tri cia f. Dang ti€c, hé phuong trinh cho 4; va x; la phi tuyén.
Khong hién nhién hé dé c6 nghiém thuc, ma néu cé, lam th& nao dé nhan
duge chiing. Gauss da gidi quyét vaAn dé mot cach "thanh lich” v6i N téng
quét, ngay ca véi cdc ham trong lugng tdng quat hon va cic khoing 1a vo
han. K&t qua dugc biét nhu la cong thiic cdu phuong Gauss. Mot s6 trudng hgp
dic biét ¢6 thé chi ra theo cach so cp.
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Thi du 5.3. Cho N =1 cong thtc Gauss c6 dang

1
Sx)dx = A1 f(x1) + E(f).
~1
Bing phuong phap hé sd bat dinh
f()C) =1 = 2=4A4,,
f()C) =0 = 0:A1)C1,
suy 1a A; = 2 va x; = 0. D€ xac dinh sai s6, ta thi

fx)y=x* = §:2X0+E()C2),

vathdyd =1,¢c =1/3, va

1
[ fwdx =210+ 376

Trén [a, b] cOng thic nay trd thanh

b 3
[ swar=lo-ar(52)|+ S50 6w

Cong thic nay dugc bi€t nhu la quy tic di€m gita o
Thi du 5.4. Cho N = 3 cong thic Gauss c6 dang

1

f()dx = Ay f(x1) + Az f(x2) + A3 f(x3) + E(f).
-1

Do tinh d6i xting clia khodng [—1, 1], c6 thé cho ring A, = A3, x, = 0, va
X1 = —x3, nghia la

1
f)dx = Ay f(x1) + A2 f(0) + Ay f(=x1) + E(f).
-1
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Bing phuong phap hé sd bat dinh,

fx)=1 = 2=24,+ A,

f(x)=x = 0= A1x; + Ai1(—x1) (tu dong thda),
f(x)=x* = 2/3=24,x],
f(x)=x> = 0=Ax} 4+ A41(—x}) (ty dong thda),
f(x)=x* = 2/5=24:x3.

Giai hé nay, ta dlIQCI Ay = 5/9, Ay = 8/9, X1 = —,/3/5 = —X3.
Dé tim sai s0, thi

f(x)=x>=0=A1x; + A1(—x]) + E(x*) = E(x°) = 0!

Nhu vay, bac chinh xac 16n hon 4. Ti&p tuc v6i f(x) = x5, ta cé:
6 6 6 6
2/7=241x] + E(x°) = % + E(x°),

suy ra: d = 5, ¢ = 1/15750, va

RECEE [Sf (—\@) +81(0)+ 5/ (@)} e O

Trén [a, b], ky hieu xo = (a + b)/2, h = (b —a)/2, k&t qua la cong thiic
cau phuong Gauss 3-diém

/bf(x)arx=ﬁ 57 x —h\ﬁ +8f(x0) +5f | x +h\/§ +h—7f(6)($)(519)
. 9 0 5 0 0 5 15750 '

V6i N 16n phuong phap hé s6 bat dinh d€ thiét lap quy tic cAu phuong
Gauss la khong thuc t&€ Bén canh d6, vAn dé tdn tai cong thic va bac chinh
xac tot nhat c¢6 thé 1a cau hdi con d€ ma trong cach ti€p can nay. Gauss da
dung 1y thuyét cac da thic truc giao d€ tra 15i. Loi giai cia Gauss khong duge
trinh bay & day, nhung ta ¢6 thé xem bac chinh xéc ctia cong thic cao nhu
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th& ndo. Véi cac diéu kién phu hgp trén w(x) va [a, b], ta biét ring ton tai
mot day cic da thic Oy 1(x), N =0,1,... sao cho Oy41(x) 12 bac N va

b
/ X Oy (x)w(x)dx =0 khi j < N. (5.20)

Khi w(x) =1, a = —1, b = 1, cic da thic nay [a da thitc Legendre. Ta ciling
biét ring N nghiém phan biét clia Oy4;(x) 1a thyc va nim trong khodng
(a,b). Gia st ring cong thic cAu phuong noi suy (5.2) dua trén cd s3 nodi suy
tai cac nghiém cta Oy 41(x). Néu f(x) 1a da thic bac 2N — 1, né ¢6 thé duge
viét

S(x) =q(x)0n+1(x) +r(x),
trong d6 da thic thuong ¢(x) va da thic du r(x) c6 bac t6i da N — 1. Thi

b

b b b
/ f(x)w(x)dx:/ q(x)9N+1(x)w(x)dx+/ r(x)w(x)dx:/ r(x)w(x)dx,

trong d6 s6 hang dau triét tiéu do (5.20). V&i cach chon bat ky cac nit x;,
cong thic (5.2) tich phan da thic bac N cich chinh xic, vay

b N
/ rw(x)dx =) Air(x;). (5.21)
a i=1

Cong thic 4p dung cho f(x) ¢6 dang

N N N
DAf() =) Aiq(x)Ona(x) + Y Air(xi).
i=1

i=1 i=1

Bay gio ta dung sy kién x; 1a cAc nghiém ctia Oy41(x) dé& thay

b N N b
[ reweoay =3 A = Y- A = [ reowods.
a i=1 i=1

a
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Dau bing cudi cung la do (5.21). Vi da thic bat ky f(x) c6 bac 2N — 1 duge
tich phan chinh x4c, nén cong thic nay cé bac chinh xic it nhat 1a 2N — 1.

Cé nhiéu cach thuin tién vé phuong dién tinh toan dé€ thiét lap cac
cong thic cAu phuong Gauss, va cac cong thiic ¢6 thé tim thay trong cac sach
chuyén khio. Cac cong thic Gauss c6 gia tri vi ching cung cip bac chinh
xac cao nhat véi sd cac gid tri f(x). Mot sy kién quan trong vé& cong thiic
Gauss 1a tit cd cdc A; déu duong. Nhu da ban trong phan chin sai s6, diéu
nay c6 nghia la ta ¢6 thé€ dung cong thiic véi bac chinh xac cao, ngay ca khi
ham du6i dau tich phan khong tron. Cong thiic Gauss k&t hgp chit ché véi
cdc ham trong lugng 13 cong cu dic biét quan trong khi ddi x véi cac tich
phan ma ham dudi dau tich phan c6 ky di hoiic cac khodng 14y tich phan vo
han. Du c6 ham trong ligng hay khong, tit ci cic nit cia cong thic Gauss
déu nim trong khodng md (a,b) (khong dung dén f(a) va f(b)). Diéu nay
rat hitu ich khi d6i xi vé6i tich phan ma ham dugi ddu tich phan ky di.

5.2 Quy tic cau phuong da hgp

Cho d&n nay ta chi xét cic thd tuc dya trén xap xi ham f(x) trén toan bo
khodng [a,b]. Cing nhu noi suy da thic, sai s6 phu thuéc manh vao chiéu
dai cta khodng. Diéu nay dé nghi ta phan hoach khodng va xdp xi ham
bing ham da thic tiing mdnh. Cach ti€p can don gidn nhat la chia khodng
thanh nhiing khodng con chi dinh tru6c. Néu ta phan hoach [a,b] thanh
a=Xx1 <Xx3<...<Xp+1 =D, thi

|  fodx = g / Fdx,

ta ¢6 thé ap dung cac quy tic cAu phuong chudn cho n tich phan & v& phai.
Két qua dugc biét nhu 1a quy tdc da hgp (composite rule) hay quy tdc ghép
(compound rule). Ngudi ta thudng dung phan hoach déu khodng [a,b] va
dung cting cong thiic cAu phuong trén mdi khodng con, nhung diéu nay la
khong nhat thiét.

Thi du 5.5 (Quy tic hinh thang da hgp). Quy tic hinh thang da hop xap

xi [ = fab f(x)dx bing cich phan hoach [a,b] thanh n khodng con d6 dai
h = (b—a)/n va ap dung cong thiic cAu phuong hinh thang cho mdi khoang.
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Véi dinh nghia x; = a +ih.

h h h
I ~T,= E[f(xo) + f(x)] + E[f(xl) + f()] + ...+ E[f(xn) + f(xXn+1)]s

thu gon, ta dugc:
Ty = | 3 G0) 4 S0+ £G4 )+ 5 e o

Theo cong thiic téng Euler-Maclaurin, n&€u f®V)(x) lién tuc trén [a, b], thi
ton tai £ € (a,b) sao cho

v—1 h2k 2v+1

_ _ (2k—1) _ r(2k-1) . (2v)
I =T, +k§ (2k)!sz[f b)—f (a)] 0! By, f7(6)

sai s&

Cac hé s& By xuit hién & day duge bi€t nhu 1a cic s6 Bernoulli. Vai s6 hang
d4u cta khai trién sai s6 la

I =T, — h—z[f’(b) — f(a)] + h—4[f(3)(b) — f®@)] -
12 720

Quy tic hinh thang 4p dung cho mot khodng do dai & ¢6 sai s6 dan vé khong
nhu 43 Khin = (b —a)/h ti dugc t8 hop, sai s6 ctia xap xi tich phan dan
vé khong nhu 2. Tuy nhién, n€u xay ra f’(b) = f'(a), cong thic s& chinh
xac hon binh thudng. N&u thém viao cac dao ham khac tai cac diém cudi cia
khodng tich phan bing nhau, thi cong thic con chinh x4c hon niia. Khi tich
phan ham tudn hoan trén mot boi cia chu ky, tit cd dao ham tai cac di€m
cudi ctia khodng 14y tich phan la bing nhau va cong thic nay cuc ky chinh
xac. Thuc ra, n€u ham tun hoan la gidi tich, né c6 dao ham moi cap, thi
T, — I nhanh hon bat ky ldy thita nao ctia 2! Mic du kha dic biét, nhung
diéu nay 1a cyc ky quan trong trong gidi tich Fourier.

Sai 56 ctia T, c6 thé duge danh gid bing cach so sainh né véi k&t qua
chinh x4c hon, T»,, nhan dugc bing cach chia doi mbi khodng con. Mot cach
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thuan tién d€ danh giad cong thic la
h 1 1
Thy = 2 [ f(xo) + f(x1y2 + f(x1) + ...+ f(xn—1) + f(Xp—1/2) + Ef(x")] = E(Tn-l-Mn),

trong dé

My =h) fla+(k—1/2)h).

k=1

Chd ¥ ring tat cd cac danh gia clia f thuc hién trong T, déu duge dung lai
trong T5,.

C6 mot cach khai thac khai trién sai s6 ctia quy tic hinh thang da hgp
do Romberg tfim ra rat phS bi€n cho ham du6i ddu tich phan t8ng quat. Y
tudng 1a t8 hop T, va T», d€ nhan duge k&t qua cé bac chinh xac cao hon.
T cac khai trién sai s6

h2
I = T— ()~ f(a)]+—[f(3)(b) fP@)] -

720
o~ P22 100y - i+ B2 00 - O ) -
(a suy ra
p= 2l (2;‘_214) CR o) - 1 (a) -
Cong thic
I~ 22;”_—1%

chinh xac cao hon mbi cong thiic thanh phan. Thi tuc t8 hgp trinh bay trén
dugc goi [a phép ngoai suy Romberg.

Tich phan Romberg thudng rat hiéu qua. N6 thich Ging bac cta phuong
phap véi bai toan. Tuy nhién, k&t qua phu thudc vao tinh tron ctia ham du6i
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d4u tich phan. Cing vay, né danh gid f(x) tai cac di€m cudi clia khodng,
ma diéu nay doi ldc gay bat tién. N&u c6 ky di tai diém cudi cia khodng
hoic qué trinh khong hoi tu thi nén dung quy tic di€ém gitta cho khodng
chtta diém cudi nay va nén chia nhd khodng nay thanh 2 hay 3 khodng con.

5.3 Cau phuong thich ting

Muc nay trinh bay ¥ tudng cd ban - cAu phuong thich ting - cho cic chuong
trinh tinh x4p xi tich phan dat d6 chinh xac theo yéu ciu ngusi dung. Diéu
nay dugc thuc hién bing cach chia nhé khodng [a, b] thanh cic khodng con
va 4ap dung cong thic cAu phuong co bin cho mbi khodng. Khodng dugc phan
hoach theo céch thich Ging v6i dang diéu ctia ham f(x), dya trén két qué viéc
d4anh gia sai s6. Néu sai s6 khong chap nhan dugc, viéc chia nhé khodng con
sé dugc ti€p tuc. Nhu ta da thay, ngay ca véi cong thiic cAu phuong c¢6 bac
chinh xac viia phai, sy gidm thiéu do dai ctia khodng, vé co ban, lam ting su
chinh xéc ctia xap xi. Ti€n hanh theo cach nay, cong thiic dugc 4p dung trén
toan bo cac khodng con trong dé f(x) dugc x&p xi tot hon. Y tudng dugc
trinh bay & day la co s3 cac chuong trinh con cla mot s6 thu viéen chuong
trinh nhu QUADPACK, NAG va IMSL; tham chi trong cdc moi trudng tinh
toan nhu Matlab.

Trong cac chuong trinh ”cAu phuong thich Gng”, khi ma nhan dugc cac
dung sai' (tolerance) ctia sai s6 tuyét d6i abs_err va sai s tuong d6i rel err,
né sé cd ging tinh gia tri ans sao cho

|I — ans| < max {abs_err,rel err x |/|}. (5.22)
Khi cai dit (5.22) ta dung danh gia sai s6
err ~ [ — ans
va thay I bing ans trong (5.22)
lerr| < max {abs_err,rel _err x |ans|}. (5.23)

Luu ¥, ta khong biét gia tri ding cda 1.
Khong thé cé duge xap xi tich phan chinh xac hon gi tri ding clia né
duge lam tron, vi vay 1y rel err < u (u Ia don vi [am tron) 1a vo nghia.

IThuét ngit dung sai diing 8 day dugc hiéu theo nghia k§ thuat, né 1a d6 16n chap nhan
dugce cia sai so.
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Thong thudng ngudi ta 18y rel_err > 10u. Cing vy, abs_err > 0 d€ doi xt
vGi trudng hgp I = 0.

Phuong phéap thich tdng dung trong ma chia khodng [a,b] thanh céc
khodng con [a, B], trén d6 quy tic cAu phuong co ban dugc dung, dat do
chinh xac yéu cAu. D€ quyét dinh xem két qua tinh todn da di chinh xac
chua ta phai danh gi sai s6 ctia cong thic. Diéu nay duge thuc hién dya trén
nguyén 1y co ban clia gidi tich sd, 4y 1a danh gi4 sai s6 ctia két qué bing cach
so sainh n6 véi k&t quéa chinh x4c hon. Goi O la k&t qua tinh toan va O I
k&t qui chinh x4c hon, ta dung danh gia sai so:

err:Q—Q,

nghia 13, thay I bing Q. Thi du, O duge tinh bing quy tic hinh thang
(theo f(e) va f(B)), O dugc tinh bing quy tic Simpson (theo f(a), f(B) va
f((a + B)/2)), dugc bi€t 1a chinh xdc hon. Ciing c6 thé 1dy O nhu la két
qua tinh bing cting phuong phap (hinh thang) nhung khodng [«, B] dugc chia
doi. Mot luu ¢ khi thi€t k& chuong trinh 13 yéu ciu vé tinh kinh t&€ Nén
chon phuong phép tinh O sao cho né thita hudng cc danh gia f(x) da c6
khi tinh Q. Nhu trong thi dy viia néu, d€ tinh O ta chi cAn danh gia thém
f((a+ B)/2), cac danh gia f(a), f(B) dugc thiia hudng ti qua trinh tinh Q.

5.4 Cac chuong trinh con

Trong muc nay ta lam quen véi mot s6 chuong trinh con dang function tinh
tich phan s6. function smpsns la chuong trinh con tinh tich phan bing phuong
phap Simpson (simpson’s method) v6i N doan. Ham f(x) c6 thé c6 ky di
tai a va/hay b nhung tich phan hoi ty. Thi du | f(x)] - oo khi x — a,
can du6i sé dugc ”doi len” a(1 + EPS) hoic a + EPS (d€ tranh trudng hgp
a x EPS underflow). Ciing dé tranh trudong hgp f(x;) overflow, ta dit f(x;)
bing +realmax néu f(x;) bing +inf.

function INTf=smpsns(f,a,b,N,varargin)

% tich phan cua f(x) tren [a,b] bang quy tac Simpson voi N doan
EPS=1e-12;

if nargin<4, N=100; end

if abs(b-a)<le-12|N<=0, INTf=0; return; end

if mod(N,2)~=0, N=N+1; end % lam cho N chan
fa=feval(f,a,varargin{});

if isnan(fa) |abs(fa)==inf, a=a+max(abs(a)*EPS,EPS); end
fb=feval(f,b,varargin{});



54. CAC CHUONG TRINH CON 157

if isnan(fb) |abs(fb)==inf, b=b-max(abs(b)*EPS,EPS); end
h=(b-a)/N; x=a+[0:N]*h; % cac nut

kodd=2:2:N; keven=3:2:N-1; % tap cac chi so le/chan
fx=feval(f,x,varargin{});

fx(find(fx==inf) )=realmax; fx(find(fx==-inf))=-realmax;
INTf= h/3*(fx(1)+fx(N+1)+4*sum(fx (kodd) ) +2*sum(fx (keven))) ;

Chai gidi

x isnan ding khi "Not-a-Number”. isnan(x) trd vé 1 khi x 12 NaN, 0 khi
ngugc lai.

* feval - danh gia ham chi dinh. feval(f,x1,...,xn) danh gid ham, chi
dinh bdi tén ham £, tai x1,...,xn.

* realmax - s6 ddu chAm dong duong 16n nhat.

x find - tim ctia cac phan ti khac khong. find (x) trd vé& cac chi sd tuong ting
v6i cac phan ti khic khong ciia mang x. Luu ¥ x ¢6 thé 1a biéu thic logic.

Hai function asmpsn chuong trinh tinh tich phan bing phuong phap
Simpson thich tGng (adapted simpson method). Véi function nay ta c¢6 thé
tinh tich phan véi sai s6 tdi da do d6i s6 tol chi dinh. DAu tién, ham £(x)
dugc tinh bing phuong phap Simpson 1 doan (biang cach goi function smpsns).
K&t qua trd vé dugc hiéu chinh dan. Sau khi tinh toan, két qua trd vé bao
gdm INTf - tich phan ctia hAm f(x), points - vecto chia cic diém nit va
err - sai so.

function [INTf,points,err]=asmpsn(f,a,b,tol,varargin)
% ap dung quy tac Simpson thich ung
INTf=smpsns(f,a,b,1,varargin:);
points=[a (a+b)/2 b];
err=10;
notdone=true;
while notdone
for k=1:length(points)-1
SUBINTE (k) =smpsns (f ,points (k) ,points(k+1),1,varargin:);
end
INTfnew=sum (SUBINTL) ;
err=abs (INTfnew-INTE);
INTf= INTfnew;
if isnan(err) |err<tol|tol<eps
notdone=false;
else
for k=1:length(points)-1
points=[points,points(1), (points(1)+points(2))/2];
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points(1)=[];
end
points=[points,points(1)];
points(1)=[];
end

end
Bay gio ta dung cac function trén d€ tinh tich phan fol x sin(10x)dx.
Dung phuong phap Simpson 5 doan:

>> f = 0(x) x.*sin(10.%x);
>> smpsns(f,a,b,5)

Dung phuong phap Simpson 20 doan:

>> f = 0(x) x.*sin(10.%x);
>> smpsns(f,a,b,20)

"

K&t qua tra v

o>,

ans =
0.0785

Néu dung phuong phip Simpson thich Gng véi tol= 1075:

>> [INTf,points,err]=asmpsn(f,0,1,107-6);
>> INTf
INTEf =
0.0785
>> length(points)
ans =
65

5.5 Mot s6 van dé thuc hanh

Cac cong thiic cAu phuong x4p xi tich phan dung mot sé hitu han cac diém.
Né&u gia tri ham tai cAc diém nay khong biéu dién t6t ham thi két qua tinh
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toan c6 thé khong chinh xic mic du sai s6 danh gid 1a chdp nhan duge.
Nguyén nhan Ia tich phan xap xi va sai s6 danh gia dya trén gid thi€t ham
du6i ddu tich phan 1a tron gitta cac diém.

Chuong trinh cAu phuong thich tng cho két qua t6t né€u nhan dang duge
dang diéu ctia ham du6i dau tich phan. Nhung néu f(x) c6 di€ém nhon hoic
dao dong nhiéu trong khodng 14y tich phan thi k&t qua khong ludng trude
duge. Doi khi ta phai cit khodng 14y tinh phan thanh nhiing khodng phu
hop dé cac diém danh gia (phat sinh trong ma cAu phuong thich Gng) nim
trong nhiing ving c¢6 "van dé”. Xem thi dy sau.

Ho céc tich phan

b4
I, =/ sin®" xdx.
0
c6 thé tinh bing cong thic truy hoi

_2n—1

Iy
2n

Iny, Iy =m.

Khi n 16n ham duéi d&u tich phan c6 mdt dinh nhon tao diém gitia ctia
khoang.

Duing function asmpsn véi n = 200, tol= 1075, k&t qua trd vé
INTEf = 0.12525310615320509044501307016617
err = 7.8051e-011
v6i 129 di€m danh gia.

N&u so véi gia tri dling: 0.1252531061532049786372206411372, ta thiy
két qua cho rat chinh xac. Ma asmpsn khong gip khé khin vi dinh nhon la
diém danh gid. Nhung néu khodng 1ay tich phan dugc tach thanh [0,2.6] va
[2.6,7]. Khi d6 dinh nhon sé khong roi vao cac di€m danh gia. Tich phan
trén hai doan nay, ding asmpsn, rdi cong lai, ta dugc k&t qua 1a 1.5417e-007,
téng cdng chi c6 6 diém danh gid. K&t qua sai biét rat nhiéu so véi gia tri
ding!

Nhu vay, v6i mot chit khio st todn hoc ham dugi ddu tich phan, ta cé
thé tranh dugc sai sét khi 4p dung cdc ma ciu phuong. Diéu nay chi c6 thé
lam dugc né&u ta bi€t thuat toan cda chuong trinh.

Ham du6i dau tich phan dao dong

Né&u ham dusi ddu tich phan f(x) a tudn hoan chu ky p,ie, f(x+p) =
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f(x) v6i moi x, va b —a la mdt boi cia chu ky, a — b = np, thi

/ab f(x)dx = n/op f(x)dx.

Khi d6, chi cAn 4p dung quy tic cAu phuong cho tich phan trong mot chu ky.

D6i v6i ham dao dong khong tudn hoan van dé c6 khé khian hon. Noi
chung, khodng 14y tich phan nén dugc phan thanh nhiéu khodng con sao cho
mdi khodng con chi chtia vai dao dong. Thi duy, tich phan

/” sin(20x)
——dx,
0 1+ x2

c6 thé viét lai:

2 JEI20 i (20x
Sof S
= JG-vm20 14X
J_
khi d6 viéc 4p dung ma cAu phuong thich ting cho két qua t6t.
Tich phan véi can vo han
Ma cAu phuong thich tng khong thé 4p dung tryc ti€p dé tinh tich phan
voi van vo han. Mot cach dé€ 4p dung né la dung dinh nghia

/aoo f(x)dx = blLrglo /ab f(x)dx.

Y tudng 1a xac dinh mot chin gidi tich cho phin du | /57 f(x)dx|. Nhd né

can b dugc chon da 16n @€ cho fab f(x)dx xap xt [° f(x)dx v6i do chinh
xac yéu ciu. Khong thanh van dé néu b 16n hon gia tri cAn thi€t, vi vy mot
chin ”"thd” cho phan du la dd.

Mot cach khéc 1a d6i bién thich hgp dé€ cé tich phan véi can hitu han.
Ching han, d€ dénh gia tich phan [ e~ sin xdx, ding bi€n méi s = 1/x,
tich phan thanh

1
/ e'/Ssin(1/s)/sds
0
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trén khodng hitu han [0, 1]. Néi chung, diéu nay sinh ra khé khin khéc, tich

phan ¢6 ky di & di€m cudi. Trong trudng hgp dic biet & day, lim,_ o+ e/ sin(1/s)/s =
0, vi vy ham dudi dau tich phan lién tyc tai s = 0, vd ma ciu phuong thich

tng c6 thé ap dung dugc.

5.6 Tich phan cua bang dii liéu

Bai toan dugc ban d&n & day la xap xi fab f(x)dx ma chi dugc cho (x,, y»)
v6i 1l <n < N, trong d6 y, = f(x,). Cac chuong trinh con cAu phuong thich
tng khong thé dung dugc vi ching ty dong chon cac diém & d6 f(x) duge
danh gid ma cic diém nay c6 thé khong nim trong dit liéu {x;} dugc cho cia
ham. Céach ti€p can co ban: xap xi f(x) bing da thic tiing manh F(x), 6i
tich phan ham nay cich chinh xac.

Vi spline bac ba cho x&p xi t6t nén cich chon ty nhién ham F(x) la
spline bac ba. D& don gidn, gid st a = x; vd b = xy. Dung ky hiéu ctia
chuong 3 cho spline,

b4

-1

/ab S(x)dx = /xxn+1 S(x)dx

1 n

3
Il

b4

ha  ha . ha

n

Thay cac biéu thic cta a,, b, va d, theo dit lieu (f,) va ¢, ta duge

N-1

b
fn+1 - fn 2 1
S(X)dx = {fnhn + |:— - _Cnhn — _Cn+1hn
/a 1 hn 3 3

3
Il

+f12_i + cng TR A ] c”@}

3h, 4

N-1

B h h} 57
= |:§(fn + fn-H) - E(cn + Cn+1)] : ( : 4)

1

3
Il
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Mot so d6 duge dung rong rai dit cd sd trén ndi suy bac hai dia phuong.
Dé xap xi f(x) bing da thic bac hai trén [x,, X,+1] cAn phai ndi suy ham tai
ba di€m. Ta cé thé nodi suy tai X,_1, Xp, Xp1 hoidc Xp, Xna1, Xnio. Khong co
ly do gi d€ khidng dinh cach nao cho két qua t&t hon, vi vy mdt cach phu
hgp 1a tinh bing ca hai cich r6i 14y trung binh. K&t qua 13 mot cong thic
d6i xting [Am tron hoda sai s& c¢6 trong bang di lieu. TAt nhién, & cac khodng
chtta diém dau, cudi (n = 1, n = N — 1), chi dung mot trong hai phép noi suy.

5.7 Tich phan bi
Tich phan x4c dinh theo hai hay nhiéu bi€n hon, néi chung, khé x4p xi hon
nhiéu, cht y&€u do hinh hoc ctia mién 14y tich phan. Muc nay chi dua ra mot
s6 ban luan cho trudng hop hai bi€n, dic biét, nhiing van dé c6 lien quan
dén phuong phap phan ti hitu han.

Tich phan trén hinh chi nhat,

b1 by
1(f) = / (e y)dxdy.

1 az

c6 thé thuc hién d& dang nhd cong thic cho trudng hgp mot bi€n, bing tinh
tich phan lip. DAu tién xap xi

Ny bo
I(f)~) A | fxi,y)dy
i=1 a2

v6i quy tic cAu phuong dung N; diém {x;}, va rdi
N1 N>
()~ )Y A | ) Bif(xi,y) |,
i=1 j=1

ding quy tic N, di€m {y;}. Cach lam nay c6 thé t6ng quat héa cho trudng
hop

I0f) = / b / B e pydyda,

1(»)
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Bac chinh x4c bay gid tham chi€u d&n cac da thic theo hai bi€n, vi vay
mot cong thic, ching han, c6 bac chinh xac la 2 thi phai tich phan chinh
xac tat ci cic da thic ¢6 dang

2 2
ao,0 + arox +aosy +azoex 2+ apxy +aozy

trén mién dang xét. Gidng nhu trong trudng hgp mot bién, ta ¢ thé thiét lap
cong thic cAu phuong bing cich noi suy f(x,y) va tich phan ham noi suy.
Diéu nay hoan toan thuyc hién duge trén hinh vuong hay tam gidc nhu chi ra
& trén. So dd tinh cho hinh chii nhat dya trén tich phan lip c6 hiéu qua khi
cong thic cho trudng hgp mot bien 1a quy tic Gauss. Nhung chiing khong
nhét thi€t 1 cai t6t nhat. Cing nhu trudng hgp mot bién, c6 thé thiét lap
cong thiic cac danh gid f(x,y) 1a t6i thi€u véi bac chinh xac cho trude. Tuy
nhién, cong thic hi¢u qua nhat c6 thé khong "hap din” trong thuyc hanh.
Cach ti€p can duya trén noi suy rat tién loi khi phép noi suy duge thuc hién
tai cac di€m dugc quan tAm vi Iy do khéc, nhu trong phuong phap phan ti
hitu han. Cach ti€p can bing tich phan lip c6 thé rat thuan tién vi tinh don
gidn va téng quat ctia né.

Trong mot chiéu bién ddi khodng hitu han bat ky [a, b] thainh khodng
chudn [—1,1] 1a tAm thudng. Trong trudng hgp hai chiéu thi van dé trd nén
quan trong va khé hon nhiéu. Gi st ta cAn tinh tich phan trén mién R tSng
quét. Khi d6, R phai dugc phan nhé thanh cdc manh c¢6 thé bién d6i thanh
hinh vudng hay tam gidc chudn. Viéc r3i rac h6éa mién R theo cach nay la
phan quan trong trong ma phan td hitu han. Néu mién R dugc phan hoach
thanh cac tam gidc (v8i canh thing) thi phép bién ddi la affine rat don gian.
Mot tich phan trén tam gidc t6ng quat T trd thanh tich phan trén tam giic
chudn T* (trong phan t& hitu han goi [ tam gidc tham chiéu),

//Tf(x,y)dxdy :/T* Py D dx* dy®

JJ day D* 1a dinh thic Jacobi cta phép bign d6i.

Trén day chi 1a nhiing ban luan vé ¥ tudng co ban, ap dung cong thiic
mdt bi€n cho trudng hop nhiéu bieén. C6 nhiéu van dé nay sinh lién quan
dén phép phan hoach mién, cac phép bi€n ddi mbi manh téng quat vé mién
chudn. Lanh vyc tich phan ham nhiéu bi€n cho d&n nay vin con dang
nghién ctu.
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5.1. Dung phuong phap hé s6 bat dinh d€ thiét lap quy tic Newton 3/8

1
F)dx = Ay f(—1) + As f (—%) A (g) FAf (D) + ef @),
-1

Tinh Al,Az,A3,A4,d va c.

5.2. Dung phuong phap hé s6 bat dinh d€ tim cong thic cAu phuong Gauss
2-diém véi sai s6 lien két. Bit dau bing

1
f)dx = Ay f(=x1) + A2 f(x1) + E(f)
-1

va tinh A; va x;. Gia st E(f) = cf@+V(§), tim d va ¢. Cong thic trong
trudng hgp téng quat, khoang [a, b].

5.3. Cai dit quy tic cAu phuong hinh thang da hgp va ap dung né dé€ tinh

/” dx
o 4+sin(20x)

Tat nhién ban phai chon /4 dd nhd va dugc 14y trong mbi chu ky. Xap xi
tich phan v4i mot s6 cach chon 4 din vé 0. Theo 1y thuyét thi 7, hoi tu rat

nhanh. G day ban théy gi?



Chuong 6

Phuong trinh vi phan thuong

6.1 Co s6 ly thuyét

Cho ham f(x, y) lién tuc (theo bié€n x) trong doan [a, b] v6i moi y. Phuong
trinh vi phan cap mot tdng quat c¢é dang

Y'(x) = f(x,y(x) (6.1)

vG6i moi x € (a,b). Trong chuong nay ta xét bai toan tim nghiém y(x), la
ham cda x ¢6 dao ham lién tuc khi x € (a, b), thda phuong trinh (6.1) va gia
tri ctia né tai di€m dau cta khodng:

y@)=A (6.2)

Phuong trinh (6.2) dugc goi 1a diéu kien dau, va t8 hgp (6.1) va (6.2) dugc goi
1a bai todn gid tri ddu hay bai todn Cauchy cho phuong trinh vi phan.

Mot diéu kién don gidn bdo ddm su ton tai va duy nhat nghiém cé thé
dugc thiét l[ap nho cach f(x,y) phu thudc y.

Ham £(x, y) thda diéu kién Lipschitz theo y né€u v6i moi x trong khodng
[a,b] va v6i moi u, v,

|f(x.u) = f(x,v)[ < Llu —v (6.3)

v6i L 1a hing s6, sau nay duge goi 1a hiing s6 Lipschitz. Truong hop f c6 dao
ham riéng lién tuc theo bi€n thi hai,

u =]

0
F () = fx.v)] = '%(x,uo

165
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véi w & gitia u va v, vd n€u df/dy bi chin v4i moi ddi 6, thi f thdéa diéu
kién Lipschitz va hiing s6 L bat ky sao cho

af <17
y =

'a_(xv w)

v6i moi x trong [a,b] va v6i moi w la mot hing Lipschitz. Néu dao ham
riéng khong bi chin, ¢6 thé chi ra ring bat déng thic (6.3) khong thé ding
v6i moi u, v va véi moi x trong [a, b, vay f khong thda diéu kién Lipschitz.

Thi du 6.1. Ham f(x,y) = x2cos? y + ysin? x, xac dinh véi |x| < 1 va moi
y, 1a Lipschitz v6i hiing s6 L = 3. D& thay diéu nay, dao ham dai véi y cho

0
B_f = —2x%cos ysin y + sin? x,
y

va nhu vay v6i moi x, |x| < 1, tacd

<2x1x1+1=30

af
' dy

Thi du 6.2. Him f(x,y) = /|y| khong théa diéu kién Lipschitz vi né c6
dao ham riéng lién tuc v6i y > 0, khong bi chian khi y — 0:

of 1

= o
Iy 2y

Mot tridng hgp quan trong ctia (6.1) I3 phuong trinh vi phan tuyén tinh,
f(x,y) = g(x)y + h(x). Him f(x,y) lién tuc theo (x, y) tuong duong véi
g(x) va h(x) lién tyc theo x. Vi

af _
5 = g(x)

va vi ham lién tuc g(x) bi chin trén khodng hitu han [a,b] bat ky, nén
phuong trinh tuyén tinh thdéa diéu kién Lipschitz trong hau hét cac trudng
hop thuyc hanh.
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Thi du 6.3. Tich phan Dawson 1a ham

y(x) = e_x2/ e’ dt.
0

C6 thé kiém tra ring tich phan trén 1 nghiém cta bai todn gia tri diu cho
phuong trinh vi phan tuyén tinh

/

y = 1-2xy,
y(©0) = 0.

Trén khoang [0,b] v6i bat ky b # 0, ham f(x,y) = 1 — 2xy lién tuc va
Lipschitz v6i hiing s6 Lipschitz L = 2|b| o

Cac diéu kién du d€ phuong trinh vi phan ton tai va duy nhat nghiém
c6 thé dugc phat biéu mot cach hinh thic:

Pinh ly 6.1. Cho f(x, y) lién tuc vdi moi x trong khodng [a, b] va moi y, va théa
(6.3). Thi véi bat ky s6” A, bai todn gid tri dau y' = f(x,y), y(a) = A cé nghiém
duy nhdt y(x) xdc dinh véi moi x thudc khodng [a, b].

Cho dén nay ta da néi vé mot phuong trinh vi phan véi mot 4n y(x).

Mot hé phuong trinh vi phan cAp mot véi m 4n 1a

Yll = FI(X,YI,Yz,...,Ym)
YZI = F2()C,Y1,Y2,...,Ym)

_ (6.4)
Y, = Fn(x.Y1.Ys....Ym)
Cung véi cac phuong trinh (6.4) ¢ cac diéu kien dau
Yi(a) = A
Yo(a) = A
2(a) . 2 65)

Yim(a) : A
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Néu dat
Yl Al FI(X,Y)
Y 4 F(x,Y
vo=| 2| a=| P | ken=| POV (66)
Yo An F(x, Y)
thi (64) va (65) trd thanh
Y = Fxv), 67)
Y@ = A (638)

Mot 1an niia ta xem t8 hgp cda (6.4) va (6.5) nhu 1a bai toan gia tri ddu. Bing
cach dung ky hiéu vecto [am cho trudng hgp m 4n trong giéng nhu trudng
hgp mot 4n. Mot trong cac khia canh may mén ctia 1y thuyét bai toan gia
tri dau la 1y thuyét cho hé phuong trinh vi phan cip mot cot y&u gidng nhu
trudng hgp mot 4n. Cac ching minh cho hé chinh 13 dua vao cac vecto va
chuin clia ching & dau cé cac vo hudng va cac gia tri tuyét d6i trong ching
minh cho mot 4n. Véi ham vecto F(x,Y) théa diéu kién Lipschitz, diéu kién
did [a mbi Fi(x, Y1, Ya, ..., Yn) thda diéu kién Lipschitz d6i v6i mdi Y;; nghia
1, ton tai cic hiing s& L;; sao cho

|F,-(x,Y1,...,Yj_l,u,Yj+1,...,Ym)—F,-(x,Yl,...,Yj_l,v,Yj+1,...,Ym)| < L,-j|u—v|

v6i moi i, j. V6i diéu nay, dinh 1y tuong ty dinh 1y 6.1 cho trudng hgp m 4n
ding. Vi ly thuyét cac phuong phap s6 cho hé cac phuong trinh vé c6t y&u
cling gidng nhu v6i mot phuong trinh, nén ta ty han ché& chi d6i xt chi tiét
v6i trudng hgp mot phuong trinh va phat bi€u két qua tuong tu cho hé.

HAu hét chuong trinh may tinh doi hdéi bai toan phai duge cho dudi
dang chuéin (6.4) va (6.5), nhung cic phuong trinh xuét hién trong nhiéu dang
khac nhau. Ching han, phuong trinh c4p hai, nghia la cac phuong trinh dang

y//:g('x7y7y/)7

thudng gip trong céac tai lieu vé hé dong lyc. Dinh nghia vé nghiém la
mdé rong hi€n nhién clda trudng hop cdp mot va diéu kien dau thich hgp 1a
y(a) = Ay, y'(a) = A,. Day la phuong trinh vi phan cip hai cho mot dai
luong chua bi&t, y(x). Mot bai toan tuong duong & dang chuin (6.4) c6 thé
dugc tim bing cich dua vao hai dai lugng chua bi€t va tim hai phuong trinh
vi phan cap mot duge thda bdi chiing. Mot trong hai 4n méi phai cho chiing
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ta 4n gbc, vay ta lay Y (x) = y(x). Ta ldy 4n con lai 13 dao ham cia 4n goc,
Y>(x) = y'(x). Dao ham cic 4n méi, ta thu duge

Yi = y'(x)=Ya(x),

Y, = y'(x) =g y(x),y'(x) = gx, Y1(x), Y2(x)).

Bing cach nay ta di d&€n hé hai phuong trinh vi phan cAp mot theo hai 4n:
Y| = Y,
Y, = gx.Y1,Y2).

Day la dang chuéin va Iy thuyét cé thé ap dung cho né dé két luan sy tdn tai
nghiém duy nhat Y;(x) va Y,(x) thda diéu kien dau

Yi(a) = A,
Yo(a) = As.

Nghiém ctia bai todn g&c nhan dugce tii y(x) = Y;(x). D€ kiém diéu nay, trudc

hét cht ¥ ring mot phuong trinh phét biéu ring y'(x) = Y{(x) = Ya(x), va
phuong trinh con lai phat biéu ring

y'(x) = Y;(x) = g(x, Y1(x), Y2(x)) = g(x, y(x), ) (x)).

Tuong ty, c6 thé thay ring cac diéu kién dau duge thda.
Phuong trinh vi phan cAp m tdng quat mot 4n,

Y™ = gy, Y,
y(a) = A1,yl(a) = A2, e ’y(m—l)(a) = Am

c6 thé duge dit thanh dang chudn theom 4n Y, (x) = y(x), Ya(x) = y'(x),..., Yu(x) =
ym=D(x) va

FI(X7Y17Y27"'7Ym) = Y2
FZ(-xlevYZv"'va) = Y3

Fm—l(x7Y17Y27---7Ym) = Ym

Fm()C,Yl,Yz,...,Ym) = g()C,Yl,Yz,...,Ym).

Thi du 6.4. D& chuyén bai toan gia tri dau

V' + 0Py +y=0,y0)=1, y(0)=4
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thanh hé phuong trinh vi phan cdp mot, dit

Yi(x) = y(x), Ya(x) = y'(x).
Thi

Yll = y/:YZ
Y, = y'=-(}-Dr,-1

Bai toan nay c6 thé dit thanh dang (6.4) bing cach dinh nghia

Y 1 Y.
Yz[Yi], A=[4], F(x,Y):[_(le_lz)Yz_Yl] o

6.2 Mot so do so don gian

Xét bai toan gia tri dau (6.1) va (6.2),

yo= f(x,y)
y@@a) = A,

trén khoang [a,b]. Cac phuong phap so ta xét sinh ra mot bdng cac gia tri
x4p xi cho y(x). Tam thoi ta gid st ring cac di€m nhap vao cach déu theo
bié€n khong gian x. Nghia I3, ta chon mot s6 nguyén N va v6ih = (b—a)/N,
ta xay dung x4p xi tai cac difm x, = a +nh vé6in = 0,1,...,N. Ky hiéu
y(xn) dugc dung cho nghiém cta (6.1) va (6.2) dugc danh gia tai x = x,, con
yn duge duing cho mot xap xi ctia y(x,).

Phuong trinh vi phan khong c¢6 "ky Gc”. Néu ta bi€t gia tri y(x,), Pinh
ly 6.1 4p dung cho bai todn

u' = f(x,u)
u(xy) = y(xa)

néi ring nghiém cda bai toan gia tri ddu nay trén khodng [x,,b] chinh 1a
y(x). [Sau hét, y(x) la nghiém va dinh 1§ néi ring chi c6 mot nghiém.]
Nghia 13, cac gi4 tri ctia y(x) v6i x & trudc x,, khong danh hudng truc ti€p dén
nghiém clia phuong trinh vi phan véi x & sau x,. Mot vai phuong phap s6
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cho phuong trinh vi phan ¢6 ky Gc va modt vai phuong phap thi khong. Lép
cac phuong phap dugc bi€t nhu la phuong phdp mét budc (one-step method)
khong ¢ ky tc - cho trude y,, ¢6 mdt cong thic cho gia tri y,4+1 phu thudc
VA0 Xy, Vn, f va h. Bit ddu véi gia tri ban dau hién nhién y, = A, phuong
phap mot budc sinh ra mot bang gia tri y(x) bing cach thuc hién 1ap lai mot
bu6c theo x véi do dai h d€ sinh ra day lién ti€p yi, ys. ...

Thi du don gidn nhAt cta phuong phip mot bude 1a phuong phdp Euler.
Ta nghién ctiu né vi cac chi ti€t khong [am md di ¥ tudng va trudng hop
t6ng quat la rat giong. Khai trién Taylor y(x) quanh x = x,, cho

h2
Y(Xnt1) = y(xXn) + hy'(xn) + Ey//(%—n)

vOi X, < &1 < Xpy1, mién 12 y(x) € C?[a,b]. Dung sy kién y(x) thda (6.1),
phuong trinh trén thanh

2

h
Y (1) = y () + f Cn, y () + =37 (En)- (6.9)

Véi h nhd,
Y (Xnt1) = y(xn) + hf (Xn, y(Xn)).

He thic nay dé nghi
Phuong phap Euler

yo = A

Yn41 = Yn+hf(xXn,yn), n=0,1,...,N —1. (6.10)
Thi du 6.5. Lap bang tich phan Dawson trén [0,0.5] dung so d6 Euler véi
h = 0.1. Nhic lai, ti thi du 6.3 ring tich phan Dawson 1a nghiém cda bai
toan gia tri dau
y' = 1—2xy
y(©0) = 0.
L4y yo = 0, ta thay ring
y1=04+0,1x(1-2x0x0)=0.1;

tuong tu,

y2=014+0,1x(1-2x0.1x0.1)=0.198.

Ti&p tuc theo 16i nay, ta nhan dugc bang k&t qua sau. Gia tri chinh x4c cta
tich phan dugc 18y tu [1].
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Xn In Y (xn)

0.0 0.00000 0.00000
0.1 0.10000 0.09934
0.2 0.19800 0.19475
0.3 0.29008 0.28263
0.4 0.37268 0.35994
0.5 0.44287 0.42444

D€ nghién ctu sy hoi tu cta phuong phap Euler, ta lién hé sai s6 tai
Xp+1 VOi sai sO tai x,. Tri (6.10) véi (6.9) cho

h2
Y(Xn41) = Ynt1 = Y(xXn) = yn + AL f (xn, y(xn)) — f(Xn, yn)] + Ty//(%—n)-

Ky hiéu sai s6 tai x, bdi E, = y(x,) — v, diéu kién Lipschitz trén f va
phuong trinh nay dua dén

h2 1
|Ent1l < |En|+ hLIy(xn) = yul + = 1y"En)l.

Véi diéu kién
M, = max |y”(x)]
a<x<b

ta dugc

2

h
|Ensil <|Eal(0 4+ hL) + 5-Ma n=0.1....N 1. (6.11)

J day s6 hang h?M,/2 chin sai s6 trong budc hién hanh va s6 hang con lai
chiin sai sd truyén tii cdc budc trude.

D€ chiing minh sy hoi ty, ta chin sai s6 ¢6 thé xuit hién khi ta budc
t Xo = a t6i xy = b va 16i chiing t ring né dan t6i khong khi & dan t6i
khong. Cong viéc dau tién la xét xem bat ddng thic (6.11) cho phép sai s&
phat trién nhanh nhu th& ndo. D€ lam diéu nay ta thiét lap mot két qua
téng quat ma sau nay sé dung dén.
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Bo dé 6.1. Gid sit ton tai cdc s6 thue § > 0va M > 0 sao cho day do, dy., . .. théa
dps1 <(1+8)dy+M, n=0,1,...,

thi

dy <A +8)"do+M[I+0+)+A+8*+...+0+8"1. (612

Chitng minh. D€ chiing minh diéu nay ta dung quy nap. D& thay, bat ddng
thic (6.12) ding v6i n = 1. Gia st bat ding thic (6.12) ding véi trudng hgp
n =k. Thi

dk+1 = (1+8)de + M
< 1+ dg+ M1+ +8)+... 4+ (1 +8),
nghia 13, bat ding thic ding v6i n = k + 1 va chiing minh hoan tat. n

Bo dé 6.2. Gid sit ¢6 cdc s6 8 > 0 va M > 0 sao cho day do. d;, ... théa
dry1 < (A +68)dy + M, k=0,1,...

Thi véi n > 0 bt ky,

e — 1

d, <eMdy+ M ;

(613)

Chitng minh. Ap dung cong thic tinh t8ng c&p s6 nhan véi cong boi x = 1+,
ta thay v€& phai ctia (6.12) c6 thé viét dusi dang

(1+8)"—1

(1+8)"do+ M 5

(6.14)

Khai trién ham mia 3 lan can khong, véi § > 0, cho

82
e5:1+8+?e’7, 0<n<3é.

Suy ra
1+6<el
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(148" < e,
Diéu nay cho thay (6.14) bi chian bai

e — 1

8 9

€n8d0 + M

va (6.13) dugc chiing minh. [
Bay gid trd lai v6i phuong phap Euler, ta 4p dung B8 dé 6.2 cho (6.11) va
di dén
hM.

|En| < €nhL|E0| +2_;(enhL_ 1)

Tuy nhién, nh = x, —a va Eg = yo — A = 0, vi vay

hM
1 (Xn) = Yul < 2—L2<e“x"—“> —1). (6.15)

Ding x, —a < b —a, diéu nay din dén

hM, L(b—a)
omax, |y (xn) = yul < E(e —1). (6.16)

Ta thdy ring sai s6 ctia phuong phap Euler bi chin bdi mot hing s6 1an h.
Khi gia tri ctia hing s6 khong quan trong, cdc biéu thic nhu vay duge viét la
0(h).

No6i chung, ta da cd tinh 16 di anh hudng ctia s6 hoc chinh x4c hiu han.
Tuy nhién, n€u nghié¢m khé xap xi chinh xAc tai x,, kich thudc bude c6 thé
phai nhé d&€n ndi do chinh x4c cAn duge xét. D€ ¥ ring, tii chuong trinh con,
ta khong nhan duge f(xy, yn) ma duge f(xn, yu) + €4. Tuong ty, trong tinh
tOANn Y41 = Yn + A[f(Xn, yn) + €] thém sai s6 p, dugc tao ra. Thi két qua
day tinh todn sinh ra la

Yn+1 = Yn + hf(Xn, yn) + heén + pa.

Ta hay gid st rang |pa| < p va |€,] < € v6i moi h < ho. Thi phan tich trén
c6 thé€ duge hiéu chinh d€ nhan dugc

— <
max, |y (xn) — ynl <

o 7 +e+ -

el-a) _1 (WM, o
2 h)
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Theo chin nay, cAc anh hudng lam tron 1a xau khi ta gidm kich thudc budc
nhim thu dugc nghiém chinh x4c hon. R6 rang c6 mot dd chinh xac cuc dai
phu thudc vao bai todn, phuong phap sd, va s6 hoc ma may tinh st dung. Cac
anh hudng thi phiic tap hon diéu ma chian nay cho thdy, nhung mot cach
dinh tinh chin 1a chinh x4dc. D& dang ching té bing thuc nghiém s6 ring
khi & gidm, nghiém s thoat dau chinh xac hon, ti€n t6i mot gia tri tot, rdi
thi sau d6 sy gidm thi€u chinh xac gia tang.

Phép phan tich sy hoi tu via trinh bay la cach truyén théng. Cai kho
la day khong phai 1a cich ma cic chuong trinh hién nay lam viéc. Thuc ra tu
kich thuGc bude chi dinh 4, chuong trinh ty dong chon mot kich thudc bude
ma sé sinh ra mot nghiém véi dd chinh x4c chi dinh. Mot m6 hinh hop 1y cho
kich thudc budc duge chon (trong cic chuong trinh nhu vay) 1a tai x, chuong
trinh chon mot bude h, = O(x,)H, trong d6 O(x) la mot ham lién tuc tiing
khic théa 0 <0 < ©(x) <1 v6ia < x <b. V6i m6 hinh nay ta dé dang stia
ddi chitng minh hoi tu vita cho d€ tinh dén sy thay ddi kich thuée buge. Két
qua la khi kich thu6c buse cyc dai H dan t6i khong, maxo<p<n |y (Xn) — yal
12 O(H). Ngudi ta chi dinh trudc mdt dung sai r. Trong bude do dai i i x,,
phuong phap Euler tao ra mot sai s6 xap xi bing h?|y”(x,)|/2. Kich thudc
budc 16n nhat h, c6 thé duge ding ma vAn giit sai s6 nhd hon 7 la

[ 2t
hn ~ YN
|y (xn)|

Khi y”(x,) gin bing khong, ta cAn dén cac quy tic dic biét trong chuong
trinh. Gia st y”(x) khong triét tiéu trong [a, b]. N&u

= min|y"(x)| > 0
4 [a’b]Iy()l
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xéc dinh ©(x). Chu ¥ ring H = 0(¢'/?) € max|y(x,) — ya| & 0(z'/?) cho
phuong phép Euler véi sy chon lya ty ddng kich thude budc.

6.3 Cac phuong phap mgt buéc

Bay gid ta xét cic phuong phap mot budc va dit cac gid thi€t cia ching dya
theo phuong phap Euler. Cong thic tdng quéat c6 dang
Yo = A,
Ynt1 = Vun +hO(xu, yn, fLh), n=0,1,... (6.17)
Phuong phap khong c6 ky tc, nén ® chi phu thudc vao cac do6i s6 x,, yn, 1. h.
Thong thudong f va h duge bé di trong ky hieu. Gid st ® lién tuc theo x
va y. Phuong phap Euler 14y ®(x, y) = f(x,y) va diéu kién Lipschitz dugc
dung 13 c6t y&u. Vay, véi cong thic tdng quat ta gid st ring
|®(x,u) — P(x,v)| < Lolu — | (6.18)
khia < x < b, v6i moi 0 < h < hg v6i hg ndo d6, ham lién tuc bat ky f
thda diéu kién Lipschitz, va v6i moi u, v.
Khi ban luan vé phuong phap Euler ta da dung, nhu 13 diém bit dau, sy
kién nghiém y(x) hdu nhu théa cong thiic (6.10) d€ xac dinh xap xi s6. Cai
tuong tu & day la

Y(Xn41) = y(xn) + h®(xn, y(xn)) + hptn, (6.19)
v6i iy, "nhd”. Chinh xédc hon, n€u v6i moi x, trong [a,b] va moi h < hg, c6
céc hing s6 C va p sao cho

|n| < Ch?, (6.20)
thi ta néi ring phuong phap thudc cAp p cho phuong trinh (6.1). Dai ligng
wn duge goi 1a sai s6 chdt cut dia phuong (local truncation error).

Dinh ly 6.2. Gid sit bai todn gid tri dau
yoo= flxy),
y@a = A

trén khodng hitu han [a, b] dugc gidi bang phuong phdp mot budc (617) va gid sit
rang cdc gid thiét ciia dinh ly 6. dugc théa. Néu ®(x, y) théa (6.18) va néu phuong
phdp la cdp p > 1 cho y(x), thi vdi bdt ky x, = a +nh € [a, b]

Ch? y
|y (Xn) = ¥l < L—q)(e%(xn )—1). (6.21)
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Chitng minh. Nhu trude, dit E, = y(x,) — yn va trt (6.17) cho (6.19) ta dugc
Eny1=E, + h[CID(xn, V(xn)) — ©(xp, yn)] + h:“vn

Dung diéu kién Lipschitz (6.18) va gia thi€t phuong phap 1a cap p, ta thay
rang
Bay gio dinh 1y 1a k&t qua ctia B8 dé 6.2 va su kién Egy = 0. [

Ciing nhu ban luan cia phuong phap Euler, k&t qua ctia dinh 1y cho sy
hoi tu 0(h?). Diéu nay giai thich viéc ta goi phuong phap la cip p cho y(x).
Thuat ngit "phuong phap thudc cap p” duge dung d€ mo td mot phuong phap
ma thudc cip p néu f 1a dd tron. CAp cda sy hoi tu 1a thap hon khi f khong
tron nhu vay.

Nhu da gidi thich trong mdi lien hé véi phuong phap Euler, doan ma
chon ty dong kich thuéc busc d€ giti cho sai s6 lu6n nhd hon mot dung sai
7. Dong thai ching cd gdng dung mot bude di 16n. Mot mé hinh hop 1y cta
thuat toan tim kich thuéc budc nhu vay din dén mot kich thude bude h, tai
Xn cho béi

h, = O(x,)H

vG6i mot ham lién tuc ting khic ©(x) v6i 0 < 0 < O(x) < 1 trén [a,b]. VGi
kich thudc budc duge chi dinh theo cach nay, chiing minh sy hoi tu c6 thé
thay ddi d& dang d€ k&t luan rling sai s6 1a 0(HP) = 0(z'/?).

Cong viéc quan trong nhat con lai bay gio 1a phai tim cdc ham ® khong
"4t tién” khi danh gid va thuodc cdp p v6i f tron. Tu cong thiic (6.19) ta
cAn p, = 0(h?). Khai trién Taylor ctia y(x) chiing t4 ring

+1

(p)(x) + h? y(p+1)(é§)
y n (p +1)! n

p—1

h
Y(xn41) = y(xn) + 1 [yl(xn) Tt (p)!

néu y(x) € CP*la,b]. Vay, ta tim xem ®, néu phuong phép la cip p, thi né
phai cé

p—1

h h
O, (1) = ') + 550" + o+ ey P (@) + L),

(p)!

v6i ¢(x) = 0(h?). Vi y(x) la nghiém ctGa phuong trinh vi phan y'(x) =
f(x,y(x) cdc dao ham clia y c6 thé duge biéu dién nhd dao ham toan phin
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cia f. Dung ky hieu £ (x, y(x)) d€ chi dao ham toan phin c&p m cta f
va chi s6 dusi dé chi dao ham riéng, hé thic la

y™ = 0 (x, y(x)),

trong dé
fY = = fulx,y(0)) + fr(x y () f(x, y(x)),
[ = =7V y) + L7V y(0)) f(xy(x), m=2.3,...

Biéu thiic cho ®(x, y) trd thanh
h h?~!
®(x,y) = f(x0) + P+ 4 7f@—l)(x, )+ 0(h?). (622)

Mot chon lya hién nhién cho ® 1 ham T'(x, y)

h hP~1
T(X»y) = f(xvy) + Ef(l)(xvy) +.o.0+ Tf(p_l)(xvy)v

cung cAp mdt ho cic phuong phap mot budce, goi 1a cac phuong phdp chudi taylor
(Taylor series methods). Phuong phap Euler 1a trudong hgp p = 1. Mot khi cé
thé tinh dugc cac dao ham thi cac phuong phap nay rit cé hiéu qua.

Céac phuong phdp Runge-Kutta dung t8 hop tuyén tinh nhiéu danh gia
cia f(x,y) dé€ xap xi y(x). Trudsng hop don gidn nhat 1a phuong phap Euler
chi ding mot danh gid. Bay gid ta thiét lap mot thd tuc dung hai danh gia
f(Xn, Vn) va f(xn + p1h, yu + pahf(xn, yn)), trong 36 p; va py 1a cc tham
6. Thi v6i ® ta dung t8 hgp tuyén tinh R(x, y):

R(xn,yn) = a1 f(xn, yn) + as f(xn + p1h, yn + p2hf(Xn. yn)).

Trong biéu thiic nay ta ty do chon cac gia tri hitu dung cho p1, p2,ai, va a..
Muc dich 13 chon cac tham s6 d€ cho biéu dién (6.20) diing véi gid tri cia p
cang lén cang tot. D& thuc hién diéu nay ta khai trién tat ca cac lugng trong
chudi Taylor theo & va ddng nhat cac hé s6 cia liy thita. D& don gidn cach
ky hiéu, cic d6i s6 dugc viét ra néu ching khic (x,, y,). Ta ti€én hanh nhu
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sau.

R = a1f+a1f(xn+p1h,yn+l72hf)

= Cllf + as [f(xn,yn + pzhf) + plhfx(xnv Yn + thf)

p2h2
+lexx(Xn, yn + chf) + O(hS)]

p3h

—/ % fyy + 0(h%)

= a1f+a2|:f+]72hffy+

pih’

+pilfc + prp2h® [ fry +0(R7) + 2

Ax+mWﬂ

= (a1 +a2) f +ah(p2ffy + p1fx)

a2h2

+T(P§f2fyy +2p1p2ffxy + P%fxx) + 0(h3)-

Bay gid ta mudn chon cac tham s¢ d€ cho
h (D h? 2 3
hay viét tudng minh 1a

R=f 4304 F+ = oy 4+ 20 fea + fea+ fufo 4 £+ 00,

Can bing cac hé s6 liay thiia cia & cling bac, ta dugc

a+a, = 1,
apr, = 1/2,
appr = 1/2

L4y a; = « thi v6i gia tri bat ky clia tham s6 «,

a>=o, ar=1—«a
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cho cong thiic phu hop véi ding thiic ddu. Hon nita, n&€u doi hdi a # 0, chon

P1=P2=E,

cho cong thiic phtt hgp véi hai ddng thic cudi. Tém lai,

h h
R(x,y) =(1—-a)f(x,y) +af (X +—y+ —f(x,y))
o 2a

2

cho mot ho cic phuong phap mot bude cap 2 khi o # 0 va f du tron.

Mot vai thanh vién ctia ho cong thic nay c6 tén. Phuong phép Euler
c6 a = 0 va cAp p = 1. Phuong phap Heun (con goi la phuong phap Euler
cai ti€n) 13 trudng hgp o = 1/2, va phuong phap Euler diém gitia (midpoint
Euler method) hay phuong phap Euler hiéu chinh (modified Euler method) la
truong hop o = 1. D€ thay kha niang ap dung cic cong thiic nay ta cAn biét
diéu kién can d€ dinh 1y hoi tu c¢é hiéu lyc. Tinh lién tuc cia R hién nhién
dugc suy ra tii tinh lién tuc cta f. Diéu kién Lipschitz trén R ciing rit ra tu

f.

|R(x,u) — R(x,v)| = '(l—a)[f(x,u)—f(x,v)]—l—a-f (x—l—ﬁ,u—l—if(x,u))
i 200 200

(st )]
< (I—-o)Llu—v|+|x|L u—v+%[f(x,u)—f(x,v)]
< (1—a)L|u—v|+|a|L|u—v|+§L2|u—v|
<

h
[(1 —a) + |of + 5] Liu —v|
v6i moi 0 < h < hg, va ta c6 thé 1ay hing s& Lipschitz cho R Ia

[(1 —a) + o] + g]L
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Vi vay, n€u phuong trinh vi phan thda cac diéu kién cda dinh Iy 6.1, va
néu ham f c6 dao ham dén cap 2 lién tuc [nhu vay nghiém y(x) € C3[a, b]],
thanh vién bat ky cta ho v6i a # 0 hoi tu cap 2.

Cac thi tuc cap cao bao gébm nhiéu thay th& hon c¢6 thé duge thi&t lap
theo cting mot cach, mic dit mot cach ty nhién cac khai trién trd nén rat
dai dong va té nhat. Nhu xay ra, tht tuc thudc cap p cAn p danh gia 3 mdi
bu6c khi p = 1,2,3,4 nhung khong nhu vay khi p = 5. Vi ly do nay, céc
cong thiic cAp bon véi kich thude bude hing thudng duge dung d€ tich phan
s6 phuong trinh vi phan. Giéng nhu trong trudng hgp cap hai, c6 mot ho cac
thi tuc cdp bon phu thudc nhiéu tham s6. Cach chon c¢8 di€n cac tham s6
dan dén thuat toan

Yo = A,

va khin =0,1,...

kO = f(xnvyn)v

h h
kl == f(xn+§,yn+§k0),

h h
k2 == f(xn+§,yn+§kl),
k3 = f(xn+h,yn +hk2)7

h
Yn+1 = Yn+ g(ko + 2k + 2k, + k3).

Doi véi he phuong trinh vi phan cap 1,

Y = Fx.Y),
Ya) = A,
mot cach ty nhién
Y() - A,

va khin =0,1,...
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thuat todn Runge-Kutta c§ dién la

KO == F(-xann)v

h h
Kl = F(xn+_,Yn+_K0)»

2 2
h h
K = F n _,Yn _K )
2 (X + 3 + 3 1)

Ki = F(x,+h, Y, + hKy),

h
Yor1 = Yo+ g(Ko + 2K + 2K; + K3).

Mot thi tuc cAp bon khac, hoan toan tuong ty

Ko = F(xn,Yn), (6.23)
h h

Ki = F(xn+§,Yn+§K0)»
h h h

K2 — F(xn+§,Yn+ZKO+ZK1)v

K; = F(xn + h, Y, — hKl + 2hK2), (624)

h
Yit1 = Yo+ g(Ko + 4K> + K3).

6.4 Sai s6 dia phuong va toan cuc

Cac ma hién nay cho bai todn gia tri dau khong dung kich thudc bude c&

dinh. Sai s 3 mdi buéc duge danh gia va h duge diéu chinh lai d€ nhan

duge xap xi di chinh xdc. C6 mot nhim 14n dang ti€c ti nhidu ngudi dung

ma vGi danh gia sai s6 vé cai duge do va lién hé ctia né véi sai sd thuc.
Ham y(x) ky hiéu nghiém duy nhAt cia bai todn

yoo= flxy),
y(a) = A.
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Sai s6 thuc hay toan tuc tai xx4q 12

Y (Xn+1) = Yn+1-
Nhung ti€c 1a c6 khé khin va t6n kém dé danh gid dai lugng nay, vi trong

bu6e tinh x,4; thi tuc s6 chi cung cip x,,y, d€ ddnh gia f. Nghiém dia
phuong tai x, 12 nghiém u(x)

u' = f(x,u),
u(x,) = yn.
Sai s6 dia phuong 1a
U(Xnt+1) = Ynt1-

Pay 1a sai s6 do x4p xi nghiém phuong trinh vi phan gdc tai (x,, y,) bing
moOt bude. Sai s6 nay dugc minh hoa trén hinh 6.1. Viéc doi héi thd tuc s6
giti cho sai s6 nay nho 1a hgp 1y. Sai s& nay danh hudng 1én sai s6 toan cuc
phu thudc vao bin than phuong trinh vi phan. Sau hét,

Y(Xn+1) = Ynt1 = [y (Xnt1) = u(Xn+1)] + [(Xn+1) — Ynt1]. (6.25)

Dai lugng

y(xn-f—l) - u(xn-i—l)
13 s6 do su 6n dinh cta phuong trinh vi phan vi né 13 hau qua (tai x,4;) cia
su sai biét ban dau y(x,) — y, tai x,. Néu dai ligng nay gia ting ngdy cang
160, thi bai toan duge dit xAu hay diéu kién xau hay khong én dinh.

Thi du 6.6. Xét

y =ay
v6i a 1a hiing s6. Ta cé sau mot s6 tinh toan:
y(x) = y(r)et T,
M(X) — yne‘x(x_xn);
hon niia,
Y (Xnt1) —u(xns1) = [y(xn) — yn]eah- (6.26)

Né&u a > 0, cac dudng cong nghiém trai rong ra (Hinh 6.2a), cang nhiéu khi o
16n. Tu biéu thic (6.26) 16 rang sai s& dia phuong nhé tai mdi buée khong cho
sai s& toan cuc nhd.Mit khic, né€u a < 0, cic dudng cong tu vao nhau (Hinh
6.2b) va (6.26) chiing té ring su diéu khién sai s6 dia phuong sé diéu khién sai
s6 toan cuc. Véi cac ham f(x, y) tdng quéat diéu kién Lipschitz khong thé
tien doan dang diéu nay, vi véi thi du nay hing s6 Lipschitz [a |a| trong ca
hai trudng hgp o
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sai s6

toan cuc

_____________ u (x)

Hinh 6.1: Sai s& dia phuong va sai s toan cuyc.

Hinh 6.2: Cac dudng cong nghiém véi: (a) y' = 2y; (b) y' = —2y.
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Sai s6 dia phuong lién hé véi sai s6 chiat cut dia phuong. That vay, né
ding bing h 1an sai s6 chat cut dia phuong, u, v6i nghiém dia phuong u(x):

sai s6 dia phuong = u(xXp+1) — Yn+1
= (yn) + hq)(xnv yn) + h,“«n) — Vn+1
hity.

Chéng han, khi y, [a nghiém ctia y’ = f(x, y), ta da thay phuong phap Euler
co

h2
Y (Xn+1) = y(xn)+hf (xn, y(xn))—l—?[f(xn, Y (xn)) fy (X, y (xn)) + fx (X, y(x0))] = O(hS)-

Ap dung cho u(x), ta cé

2
sai s& dia phuong = h?(ffy + fx) + 0(Rh).

Tuong ty véi cong thiic Rung-Kutta cap 2 (@ # 0), ta c6
hoo 7 o 4
U(Xnt1) = yn +h f+§f +Zf + 0(h%)
thi xap xi s& thda
. h h? ., 4
Yntr =yn+h|f+ E(ffy + fx) + @(f Syy +2f fxy + fax) | + 0(R7).

Diéu nay din dén

1 1

. X h?
sai sO dla phu’dng = h/Ln = h3 (g — @) (fzfyy+2ffxy+fxx)+?(fxfy+ffy2)+0(h4)

Cac bi€u thiic nay dé nghi mot cach danh gia sai s6 dia phuong. Gia st ta
tinh y,4+1 bing phuong phip Euler va ta ciing tinh mot xap xi nghiem y,4;
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bing mot trong cic cong thic Runge-Kutta cAp 2. Bi€u thic trén ching té
rang

h2
Vnt1 = Ynt1 = E(ffy + fx) + 0(h%) = hpn + O(h7).

Nghia 14, sy khac nhau gifia hai gi4 tri cho danh gia sai s6 bing cong thiic
cap thap hon. Diéu nay gi6ng nguyén 1y dung trong chuong 5 d€ danh gia
cac sai s6 cAu phuong. N6i chung, gia st ring thém vao gia tri

Ynt1 = Yn + h®(xn, yn)
vGi sai s6 chit cut w, = 0(h?), ta tinh x4p xi khéc
Put1 = Yn + h®(xn. yn)
v6i sai s& chit cut i, = 0(h?) c6 cip cao hon, g > p. Thi bdi dinh nghia
U(Xnt1) = Yn + h®(Xn, yn) + hitn = yni1+ hiin

va, tuong tu,
U(Xp41) = Ynt1 + hfln,

m3, bing cich trii nhau, chiing t3 ring
)/)\n-f—l —Vn+1 = hﬂn - h:&n = hﬂn + O(hq+1)-

Vi hji, din vé khong nhanh hén hpu,, ta c6 thé danh gia sai s6 dia phuong
boi
sai s6 dia phuong = hy = Pnt1 — Yn+1.

Ta mudn x4p xi nghiém dia phuong u(x,+1). Vi su kién ta c6 mot danh
gia sai s trong yn41 tot, tai sao khong cd ging cii thién né bing cach loai
bd sai s67 Qua trinh nay, goi la ngoai suy dia phuong (local extrapolation), &
day tuong duong cach hinh thic véi viec dé xuat phép tich phan bing xap
xi cip cao hon y, bdi vi

UXpy1 = Y1 Fhpn = Ynr1 + Unst — Ynt1) = Int1

Diéu nay bio cho ching ta ring ngoai suy dia phuong s& nang cip hiéu qua
cla cip ti p lén ¢g. Nhu vay ta c¢6 thé nghi vé diéu dang xay ra trong hai
cach. Cong thic cidp p dang dugc dung v6i két qud cia né duge cii thién
nhd ngoai suy dia phuong. Cong thic con lai, cAp ¢ dang dugc ding véi kich
thu6c bude duge chon cach dé dit nho doi hdi ring bude duge 14y v6i cong
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thiic cap thap hon p. Béi vi ngoai suy dia phuong gia ting su chinh xac ma
khong gia ting sy ton kém, tit cd cAc mA sdn xuit hién nay dya trén cic
phuong phap Runge-Kutta hién déu dung né.

Cong thic Runge-Kutta cAp 4 doi héi (it nhat) bon danh gid cla F
3 mdi budc va mot cong thic cling loai cAp 5 doi héi it nhat sdu. Ding
nhu cAu phuong Gauss-Kronrod, thi thuat ¢ hiéu qua 1a phai thiét lap cong
thic nhu mot cip trong d6 cdc danh gid ham dugec dung trong ca hai cong
thic. R. England da cdng b6 mot cip cdng thic nhu vay trong [3]. D€ tién
ti x, dén x, + h, ong 14y budc do dai h/2 vé6i (6.24) d€ c6 k&t qua cap 4
Yoi1/2 ~ Y(xXn + h/2) va 16i budc khac do dai h/2 d€ c6 két qud cap 4
Yu+1 ~ Y(x, + h). Bing cach thuc hién hai bu6c mot niia, dng ta c6 di cac
danh gia ham c6 hiéu luc ma véi chi thém mot danh gia, ong ta c6 thé lap
mot xAp xi cAp 5 Yuq1 cho Y,41. Bing cach nay, them mot déanh gid ham
duge thuc hien & mdi hai buéc mot nita d€ c6 danh gia sai s6. Mot danh gia
sai s6 dugc dung dé diéu khién sai s& dia phuong va nhu vay cho sy tin cay
nao d6 vao nghiém tinh todn. N6 ciing cho phép ma chon lya kich thudc
buéc 16n nhat ma két qud van qua duge sy ki€m tra sai s6. Ngoai trii cac
trudng hop khong thong thuong, sy thich Gng kih thudc budc cho nghiém
theo cach nay gia ting tinh hiéu qua cta phép tich phan rat nhiéu. Né tuong
Ging véi cac so dd cau phuong thich tGng ctia chuong 5.



188

CHUONG 6. PHUONG TRINH VI PHAN THUONG

Cong thic cia England [a nhu sau.

Ko

Ky

K>

K3

Yn+1/2

Ks4

Ks

A

Yn+1

F(xann),
h h
F n _7Yn _K )
(X +4 +4 0)
h h
Flx,+-.Y,+—=(K K ,
(x + 1 + 8( o+ 1))
h h
Flx,+=,Y,— =K hK, ),
(X +2 3 1+ 2)
h
Y, + E(KO + 4K; + K3);
h
F n _7Yn )
(X + 3 +1/2)
3h h
F n _,Yn —K ,
(X + 1 +1/2+4 4)
3h h
F (Xn + T»Yn+1/2 + g(K4 + Ks)) ,
h
F xn + h,Yn-H/Z - EKS + hK6 ’
h
Yut1/2 + E(K4 + 4Ke + K7);

h
F (xn +hY, + E(_KO — 96K, + 92K, — 121K;5 + 144K4 4+ K5 — 12K6) ,

h
Y, + @(14K0 + 64K, + K3 — 8Ky + 64Ke + 15K7 — Ks).

Mait khong thuan lgi cia cac thuit todn gidi bai toan gia tri dau la
ching sinh ra mot bdng céc gia tri xap xi trong khi nghiém todn hoc y(x) la
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mot ham lien tuc. C6 thé x4p xi nghiém cho moi x bing noi suy.

Cau hoi va bai tap
6.1. Nhu mot thi du khong duy nhat nghiém, ki€m tra ring v6i hing s6 ¢

bat ky, 0 < ¢ < b, ham y(x) x4c dinh béi

0, nful<x<c

y(x) = 1(x—0)% nfuc<x<b

13 mot nghiém ciia bai toan gia tri dau

y |y
y(0) 0
6.2. Xét bai toin
)y’ 11— y2|
y©0) = 1L

Kiém tra ring
(a) y(x) = 1 la nghiém trén khoang bat ky chiia x = 0,
(b) y(x) = cosh x la nghiém trén [0, b] v6i bat ky b > 0, va
(c) y(x) = cosx la nghiém trén khodng thich hgp.

Cai gi la khodng 16n nhat chia x = 0 trén d6 cosx la nghiém?

6.3. Ding phuong phap Euler cho cac bai todn sau bing cach dung kich thudc
buéc ¢ dinh h = 1.0, va 16i h = 0.5. Trong mdi trudng hgp tinh sai sd tai
x =1.0.

(@) y' = —y/(x +1) v6i y(0) = 1, vay y(x) = 1/(x + 1).

(b) y' = —y?/2v6i y(0) = 1, vay y(x) =1/V/1 + x.

6.4. Ap dung phuong phap Euler d€ ddnh gi4 nghiém clia bai toan gié tri
dAu trong bai tap 6.3b. Dung A = 1/40 va h = 1/80. Tinh sai s6 tai x = 0.5
va x = 1.0 d€ thay né€u ching dugc chia d6i mot cach thé nhu 4 13. Danh
gid xem A cAn nhd bao nhiéu d€ sai s6 tuyét ddi nhdé hon 1076 vé do 16n.
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'd

Huéng dan & Dap so bai tap

Cdc bai tap trong tai liéu nay nham giip sinh vién ty kiém tra kién thiic, hodc bo
sung cdc diém khong dugc trinh bay trong bai gidng. Sinh vién nén cé gdng tu gidi
cdc bai tap. Chi nén tham khdo loi gidi c6 & day sau khi da gidi dugc (so sdnh tm
cdch gidi tét hon); hodc sau khi da c6” gdng nhiéu lan nhung khong thanh cong.

Cudi cung la mot s chitng minh cdc két qud (khong duigc chitng minh ddy dit)
trong tai lidu.

Bai tap chuong 1

Goi N 1a chi s6 bit diu cia thuat toan diung cong thic truy hdi lui (1.4),

€ 12 sai s6 tuyét d6i ctia En, Ey — Ey = €. Ta cé:

€
NN—1)-(N—i+1)

AEy_; = Ey_i —En_; =

Mit khac, tit bat ding thic

1
N +1’

O<EN<

né&u lﬁ/y Ei1 =0 thie < 107! va

€ 1071 6
= < <
11-10-9-8-7-6 332640

AEs

191
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Chi v, trong phan tich nay ta gid thi€t cac phép tinh thuc hién trong thuat
toan la chinh x4c!

Hé thong s6 ddu cham dong vé6i B =2, s =3, m = -1, M = 2:

+0.100 x 27!, +0.101 x 27!, £0.110 x 27!, £0.111 x 27!
+0.100 x 2°, £0.101 x 2°, 40.110 x 2°, +0.111 x 2°
+0.100 x 2!, £0.101 x 2', +£0.110 x 2!, +0.111 x 2!
+0.100 x 22, £0.101 x 22, 4+0.110 x 22, £0.111 x 22

va 0.000 x 27!, Nhu vay, hé gém 33 s6.

D€ biéu dién trén tryc s6 ta chuyén ddi ching sang hé thap phan:

x271 %20 x2l  x2?
0.100 | 0.25 0.5 1.0 2.0
0.101 | 0.3125 0.625 1.25 2.5
0.110 | 0.375 0.75 1.5 3.0
0.111 ] 0.4375 0.875 1.75 3.5

+ M+ o+ 4 + + +

Hinh 6.3: Biéu dién cac s6 duong trén truc so.

Chd ¥, tit bi€u dién trong hé thap phan ta c6 thé kiém tra lai don vi lam tron
lau =213 =0.25.

Thuat todn chuyén ddi hé co s6 10 sang co s6

L. read a (hé thap phan), B, MAX sd chii s6 t6i da (phan phan s6 hé co
s6 B)

2. Phan tich a = b + ¢, trong d6 b 1a phan nguyén, ¢ 13 phan phan s&
3. Chuyén d6i phan nguyén b
31 qold = b, k =0
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3.2 while goly ~=0
Thuyc hien phép chia cho B: ¢olq = Gnew - B + r (r 12 du s0)
qold = Y4new k=k + 1, B(k) =r

end
4. Chuyén ddi phin phan s ¢

4.1 Pold = C, k=0

4.2 while pog ~= 0 & k < MAX
Thuc hién phép nhan cho B: go*B = Prew + 5 (s 12 phan nguyén)
Pold = Prnew k =k + 1) C(k) =39

end
5. Xuat k&t qua
Chuong trinh viét bing Matlab

chdoi.m
% function chuyen doi he co so 10 sang he co so beta
function s=chdoi(a,beta,MAX)
b=floor(a) 7% phan nguyen
c=a-b % phan phan so
% chuyen doi phan nguyen
k=0;
while b™=0
k=k+1;
B(k)=rem(b,beta) ;
b=floor(b/beta);
end
% chuyen doi phan phan so
k=0;
while (c™=0)&(k<MAX)
k=k+1;
C(k)=floor (c*beta);
c=cxbeta-C(k) ;
end
% xuat ket qua
s=’7;
for k=1:1length(B)
s=strcat(s,int2str (B(length(B)-k+1)));
end
s=strcat(s,’.’);
for k=1:length(C)
s=strcat(s,int2str(C(k)));
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end

Thuat toan chuyén d8i ngugce lai la tuong ty, nhung cac phép tinh dugc thuc

hién trong hé théng s6 co s6 B, chuong trinh vi thé sé khac (danh cho sv).

S6 nguyén duong n c6 biéu dién trong hé nhi phan la
n=am...a1ap)2, ao,di,...,adm—1 €1{0,1},a, = 1.

Vin=2"+4apn_12" '+ ... +a:2' + ap > 2™ nén m < [log, n].
Mit khac,

A" = A2m’+am_12m_l+...+a121+a0 — (AZ'")(AZ'"_I)am_l . (AZ)al (Al)a() )

m phép nhan ma tran

Cac ma tran trong diu ngoic dugc tinh ti cac tich:

2m—1 2m—1

A2 = AA > A7 = A2A42 5 AP = AP AP & . 5 A" = 42"y

TAt cd c¢6 m phép nhan ma tran. Tém lai, d€ tinh dugc A", ta cAn nhiéu lim
1a 2m < 2[log, n] phép nhan ma tran.

Trong hé théng s6 ddu chdm dong B = 10, s =2, m = —1, M = 2, xét
hai s&

a = 077x107!,
b = 0.79x 1071,

Via4+b=156x10"1'=0.156 x10° nén a & b = 0.16 x 10° (lam tron).
Vi(a®b)/2=0.08x10°=0.80x10"!' nén (a®b) ®2 =0.80 x 107! > b.

a) Cong thic tinh ¢ (ham 4n), theo cic thanh phin ctia u va v, c6 thé
viét cich hinh thic 1a ¢ = @(u1,us,v1,v2). Bing cach 1dy dao ham cos¢
theo uy, ta suy ra:

% . Uz (ViU — U1V2)

1 sing@? + u2) JoF + v2
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Ta lai co6:
|sing| = /1 —cos?¢ = U1z — Ui
ViZ +u2 o2 £ 02
nén
b | sl
ou, Vu? + u?

Ta cling ¢6 két qua tuong ty vGi u,, vy, v, (do tinh déi xdng).
Tu cong thic (1.17) ta c6 danh gia

|Ap| < |Auy| 4+ |Auz| + |Avy| 4+ |Avy|.

Nhu vay, tinh ¢ tii cac thanh phan clia u va v ludn 13 bai todn diéu kién t6t.

b) S6 diéu kieén (d6i v6i u,) ctia thut todn tinh theo cong thiic cho:

Ui
%

dg

khi ¢ nhé la rat 16n, do d6 thuat toan tinh theo cong thiic nay 13 khong 6n
dinh!
c) Danh cho sv.

HD. Cong thiic truy hoi tien:

_ 1 In—l
"~ 4n 4

Cong thic truy hoi lui:
1 . ..
I,y = — —41I, (khong on dinh).
n

Bai tap chuong 2



196 Hudng dan & Ddp s6 bai tap

gauss_eli.m
function [x,flag]l=gauss_eli(a,b)
% ham tra ve nghiem cua phuong trinh dstt a*x=b
% cu phap: [x,flag]l=gausseli(a,b)
% flag=0 thanh cong; flag>0 he phuong trinh suy bien, dung
flag=0;
n=length(b);
% khu Gauss
for k=1:n-1
[v,pl=max(abs(a(k:n,k)));
tam=a(p+k-1,:);
a(ptk-1,:)=a(k,:);
a(k,:)=tam;
if a(k,k)==
flag=1;
return;
end
for i=k+l:n
t=a(i,k)/a(k,k);
for j=1:n %j=k+1:n
a(i,j)=a(i,j)-t*a(k,j);
end
b(1)=b(i)-t*b(k);
end
end
if a(n,n)==
flag=1;
return
end
% The nguoc
for i=n:-1:1
x(i)=b(i);
for j=i+l:n
x(1D)=x(i)-a(i, jI*x(j);

end
x(1)=x(i)/a(i,i);
end
if flag==

disp(’suy bien’);
end
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Khit phuong trinh hai, nhan t 13 a(2,1) @ a(1, 1) = 0.453, ta dudc

0.461x; +0311x, = 0.150
0.001x, = 0.001

Thé& ngugc: x, = 1, x; = —0.349. Sai s6 16n!

Két qua tinh céac thing du:

L_[0772x107 s_[ 0lx107
1 035x1072 |© T | —03x107° |

Xap xi t6t hon nhung thing du khong nhé hon. Nhu vay, viéc xét thing du
d€ kiém tra d6 chinh xac cia nghiém la chua da d€ két luan.

m a) Khtt Gauss ma tran cic hé s6 ndi rong, cudi ciing ta thu dugc:

1 1/2  1/3 | 1
0 1/12 1/12 | —1/2
0 0 1/180 | 1/6

Thé& ngugc x3 = 30, xo = —36, x; = 9 (nghiém chinh x4c).
b) N&u dung biéu dién thap phan chit cut 2-chit s thi ma trin ndi rdng
ctia he Ia

) 1 05 033 | 1
Al 05 033 025 | 0
033 025 02 | 0

c) Khit Gauss (khong dung phép xoay cuc bo)

. 1 05 033 | 1 1 05 033 | 1
A~ | 0 008 009 | —-05|~] 0 0.08 009 | —-0.5
0 009 0.1 | —-0.33 0 0 0.001 | 0.22
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Thé ngugc: x3 = 0.22 x 103, x, = —0.25 x 103, x; = 0.45 x 102,

d) Khtt Gauss (dung phép xoay cuc bo). Sau phép khii cot 1 (& cau c)),
hoan vi dong 2 va 3:

N 1 05 033 | 1 I 05 0.33 | 1
A~ 0 009 01 | —-033 [~]| 0 0.09 0.10 | —0.33
0 0.08 0.09 | —-05 0 0 02x1072 | —0.21

Thé nguge: x3 = —0.10 x 103, x, = 0,10 x 103, x; = —0.16 x 10%.
e) Nghiém chinh xac ctia b): x; = 500/9, x, = —2500/9, x3 = 2300/9.
Sai s6 tinh todn trong céc trudng c), d) va e)

‘ A_Xl A.Xz AX?,
c) - a) 36 —-214 190
d) - a) 25 136 —130

e) - a) | 46.5556 —241.7778 225.5556

Véi s8 hoc thap phan it hon hay bing 15-chi s3 thi 10 1018 = 1081 O
day ta diung s6 hoc thap phan lam tron 15-chii so.

a) Dung phép xoay cuc bo:

10X1 + 1018)C2 = 1018
X1 +x, = 2
Khi Gauss:
10X1 + 1018)C2 = 1018
—0.1x108x, = —0.1x10'8

Nghiém x; =0, x, = 1.

b) Chia mdi dong véi |a;;| 16n nhit ctia né, ta duge hé:

X1+ x, = 2
0.1 x107%)x; +x, = 1
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Khtt Gauss:

X1+ x, = 2
0.1 x107%)x; +x, = 1
Xy = 1

Nghiém: x; =1, x, = L.

) bS. x1=x, =1

d) Thing du cho nghiém tim dugc & cic cau a), b), c):

Fg = ! rp =F:. = 0
a — 10 ’ b — Ve — O .

Nhu vay, n€u tinh toan s& dau chadm dong thi phuong phap & cau b) t6t hon
phuong phap 3 cau a). Trong trudng hop dang xét, thing du chi ra diéu nay.

e) danh cho sv.

Dung Factor/Solve (Matlab)

>> clear all

>> A=[111; 110; 011]

A =
1 1 1
1 1 0
0 1 1

>> b=[110;78.33;58.33]
b =

110.0000

78.3300

58.3300
>> [A,flag,pivots,Cond]

1 1 1

-1 1 1

0 0 -1
flag =
0

pivots =
1

= Factor(4A)
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N4

\

o]
]

Solve(A,pivots,b)

51.6700
26.6600
31.6700

Nghiém chinh xac

x =
5167/100
1333/50
3167/100

K&t qua gidi bing Factor/Solve cho ké&t qua chinh xAc!

Do AA™! =1 nén ta c¢6 thé tim cic cot cda ma train A~! bing cach gidi
Ax = l;, trong d6 I; 1a cOt thi i cda ma tran don vi.

>> clear all

>> A=[1 2 3; 45 6; 78 9.01];
>> I1=[1;0;0];

>> I2=[0;1;0];

>> I3=[0;0;1]1;

>> [A,flag,pivots,Cond] = Factor(A)
A=
7.0000 8.0000 9.0100
-0.5714 0.8571 1.7129
-0.1429 -0.5000 -0.0050
flag =
0
pivots =
3
3
1

Cond =
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1.4370e+004
>> B(:,1)=Solve(A,pivots,I1);
>> B(:,2)=Solve(A,pivots,I2);
>> B(:,3)=Solve(A,pivots,I3)
B =
98.3333 -199.3333 100.0000
-198.6667 399.6667 -200.0000
100.0000 -200.0000 100.0000

S6 diéu kién Cond=1.4370e+004 qua 16n. Ma tran la diéu kién xau. Kiém

>> AxB
ans =
0 0 1.0000
-55.1905 113.9048 -57.2857
84.7857 -170.3571 85.2143

ans khong gin v6i ma tran don vi!
a)

>> clear all

>> A=[0.217 0.732 0.414; 0.508 0.809 0.376; 0.795 0.886 0.338];
>> b=[0.741; 0.613; 0.485];

>> [A,flag,pivots,Cond] = Factor(A)

A =
0.7950 0.8860 0.3380
-0.6390 0.4902 0.3217
-0.2730 -0.4955 0.0006
flag =
0
pivots =
3
3
1
Cond =

4.9409e+003
>> x = Solve(A,pivots,b)
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0.0000
-0.4160
2.5254

b) Chuén cta A va b:

>> normA=norm(A,inf)
norm =

2.0190
>> normb=norm(b,inf)
normb =

0.7410

Nhu vay,

|AA] _ 3x0.0005 _ o0 oo [Ab] _ 00005

= = = 6.7476 x 107*,
A 2.0190 Ib| 0.7410

Theo bat ddng thic (2.21), ta c6

Ax|| <
Iax] < Cond(7.4294 x 10™* + 6.7476 x 10™%) = 7.0047 ~ 700 %.

Ix]

Két qua khong dang tin cay.

c) danh cho sv.
Bai tap chuong 3

Duang Matlab

>> clear all
>> xn=[1 2];
>> fn=[2 4];
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>> syms X

>> L1=(x-xn(2))/(xn(1)-xn(2))
L1 =

2 - x

>> L2=(x-xn(1))/(xn(2)-xn(1))
L2 =

x -1

>> P2=fn(1)*L1+fn(2)*L2

P2 =

2%x

203

C6 thé chon Q(x) = Py(x) + (x — 1)(x —2). Diéu nay khong mau thuin véi
tinh duy nhat ctda da thdc noi suy. Vi theo chiing minh dinh 1y 3.1 sy duy

nhét hi€u theo nghia cac da thic bac < N — 1.

>> Q=simplify (P2+(x-xn(1))*(x-xn(2)))
qQ =

X2 - x + 2

>> ezplot (P2, [1 2])

>> hold on

>> ezplot(Q, [1 2])

>> hold off

Phuong trinh

Py(x)=ci+cx+ ... +cnxN7!
c6 thé viet dusi dang ma tran:

C1

c
PN()c):[l)cx2 xN_l] 2

|



204 Hudng dan & Ddp so bai tap

Hinh 6.4: D5 thi hAm P,(x), Q(x), bai tap 3.3.

Nhu vay,
C1
2 N-1 €2 :
Py(xj) =[1x; x5 ... x;' 7] : = f(x;), j=1,...,N.
CN-1

phuong trinh thi j

Hé phuong trinh x4c dinh cic hé s6 ¢q,...,cy—1:

1 x; x2 ... xV1 c1 S(x1)

1 xp x2 ... xV! | | f(x)

1 xv x% ... xN7! CN-1 fxn)
M C f

Thuat toian

L. Nhapdi lieu: xn = [x(1),x(2),...,x(N)]; fn = [x(1),x(2),...,x(N)]T.
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2. Lap ma trin M

for i=1:N
M(i,1)=1;
for j=2:N
M(i,j)=M(i,j-1)*xn(i);
end

end

3. Gidi phuong trinh Mc = f.
4. Xuat két qua.

K&t qua cia thuat todn la cac hé s6 ¢q,...,cy—1. Cic hé s6 nay hoan toan
x4c dinh mot da thic.

Chiing minh mot sé cong thic
Chiing minh cong thiic (3.12), chuong 3

¢e(x) = [1—2L; (x)(x — x) L3 (%),
Ye(x) = (x —xk) L3 (x).

T cac diéu kién clia ¢x(x) va Y (x),

_ |0 néuj#Fk ey I

dr(x) = { I néuj =k, ¢ (x;) =0 v6imoi j
I _ 0 néuj #k N . L.
Ve(x) = { 1 néuj =k, Vi(x;) =0 véi moi j,

ta nhén thay, v6i moi j (j # k), x; 1a nghiém cla ¢r(x), ¢ (x), Y (x), ¥ (x).
Do d6, ¢x va ¥ (x) déu chia cdc nhan ti (x — x;)? ngoai ra, Yx(xx) = O.
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Nhu vay, ¢x(x), Y (x) c6 dang:

N
¢e(x) = A [ r—x)

i=1,j#k

N
() = B@Gx—x) [] (—xp)2

i=1,j#k

Vi deg ¢, deg yx <2N — 1 nén degA < 1, deg B = 0. Ta viét lai biéu thic
cta ¢r(x), Yr(x):

N
$r(x) = [c(x—x)+d]l [ «-x))7

j=1.j#k

N
(x) = e(x—xx) [] (x—x))%

j=1.j#k

trong d6 ¢, d, e 1a hiing s6, dugc xac dinh nhd cac dic trung con lai clda ¢ (x),
Vi (X).
1) ¢x(xx) = 1 suy ra

N
d=1/ l—[ (xk — x;)>.

j=1.j#k



Hudng dan & Ddp s6 bai tap 207

2) ¢, (xk) = 0 suy ra (dung k&t qua trén):

N N [ p N |
c l—[ (xx —x;)*+2d 1—[ (xk —x;) x I 1—[ (x —xj) =0
j=1.j#k j=1.j#k i j=1.j#k |
_ N -
2 d X=X
¢+ — =0
N dx __11—[# Xk — X
[T Ge—xprt V7Y e
j=1,j#k
. 2L (xx)
N
1—[ (xXk — x;)
j=Lj#k
Thay ¢ va d vao biéu thiic clia ¢x(x) ta duge két qua.
3) Y (xx) = 1 suy ra
al 1
e l—[ (k—x;)>=1=e= N .
= [T Ga—x,

j=1.j#k

Thay e vao biéu thic cia ¥ (x) ta duge két qua cAn tim (CMX).

pé thi gitia ky
Nam 2008

Bai toan

Cho dudng cong C véi cac diém nat da biet (x;,y:),i = 1,2,...,N.
Bai toan: Xap xi dudng cong C.
Giai phap

Duing biéu dién tham s6 ctia dudng cong (x(s), y(s)) va xap xi cdc ham
toa do x(s), y(s) mot cach doc lap. Tham s6 s c¢6 thé chon bat ky, nhung
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nén lay s 1a d6 dai cung. Sau khi da chon cic nidt s;, i = 1,2,..., N, ta cd
thé noi suy x(s) bing spline Sy (s); tuong tu véi y(s), ta c6 nodi suy Sy (s). Bay
gio ta c6 dudng cong (Sx(s), Sy(s)) xap xi dudng cong (x(s), y(5)).

Cau hoi

1) D€ bao vé tinh lién tuc cia d6 cong ta nén dung spline bac ba tron.
Vi sao !

2) Trong trudng hgp di lieu "thua thét” ta phdi dung spline nhu thé&
nao d€ c6é dugc dudng cong theo yéu ciu !

3) Trinh bay thuat todn va viét chuong trinh bing Matlab.

4) Ap dung cho dudng cong c6 tap cac di lieu sau:
(2.5.-2.5), (3.5,—0.5), (5.2), (1.5.4), (9.5,4.5), (11.8,3.5), (13,0.5), (11.5,—2), (9, =3),
(6,—3.3), (2.5.—2.5). (0,0). (—1.5.2), (=3.5). (=3.5,9). (2. 11), (0, 11.5). (2. 1), (3.5.9). (3. 5),
(1.5,2),(0,0), (=2.5,—2.5), (=6, —3.3), (=9, —3), (=11.5,—2), (=13,0.5), (—11.8, 3.5),
(=9.5,4.5),(=7.5,4), (—5,2), (=3.5,—0.5), (—2.5, —2.5).

Vé dudng cong xap xi.
HD. Cong thic tinh d6 dai cung xap xi: s; =0,

Sit1 = i + vV (Xig1 — )2 + Yig1 — yi)2
Pan an
Cau 1)-3) xem bai gidng. D& gidi bai toan ta cAn: (1) thuat toan xay dung
spline bac ba; (2) thuat todn gidi hé ba dudng chéo; (3) chuong trinh 4p dung
spline bac ba cho bai toan xap xi dudng cong theo tap cac di liéu rdi rac.

4) Cac ham va chuong trinh 4p dung

trisolve.m
function [b]= trisolve(lline,dline,uline,b)
% TRISOLVE giai he ba duong cheo

% cu phap = trisolve(lline,dline,uline,b)

% input:

% 1lline - duong cheo duoi

% dline - duong cheo chinh
% uline - duong cheo tren

% b - ve phai

% output: b - nghiem
N=length(dline) ;

% khu

for i=1:N-1
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1line(i)=11line(i)/dline(i);
dline(i+1)=dline(i+1)-11line(i)*uline(i);
end
% giai Ly = b bang phep the tien
for i=2:N
b(i)=b(i)-1line(i-1)*b(i-1);
end
% giai Ux = y bang phep the lui
b(N)=b(N)/dline(N);
for i=N-1:-1:1
b(i)=(b(i)-uline(i)*b(i+1))/dline(i);
end
spline_3.m
function s=spline_3(t,y)
% SPLINE_3 tra ve mang cac he so cua da thuc bac 3 tren cac khoang con

% cu phap: s = spline_3(t,y)

% input:

% t: vector chua cac nut noi suy

% y: vector chua cac gia tri ham noi suy

% output:

% s: mang chua cac he so cua da thuc bac 3 tren cac khoang con

N=length(t);

s=zeros(N-1,4);

f=zeros(N-1,1);

k=1:N-1;

h=t (k+1)-t (k) ;

dy=(y (k+1)-y(k)) ./h(k);

% an=fn (cot 1)

s(:,1)=y(1:N-1);

% ma tran cac he so va vecto xac dinh cac cn (cot 3)

% lline, dline, uline la ba duong cheo

dline(1)=2%h(1);

uline(1)=h(1);

f(1)=0;

for i=2:N-2
1line(i-1)=h(i-1);
dline(i)=2x(h(i-1)+h(i));
uline(i)=h(i);
f(1)=3*(dy(i)-dy(i-1));

end

1line(N-2)=2xh(N-2);
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dline (N-1)=3*h(N-1)+4*h(N-2);
f(N-1)=6*(dy (N-1)-dy (N-2));
s(:,3)=transpose(trisolve(lline,dline,uline,f));
% xac dinh dn (cot 4)
for i=1:N-2
s(i,4)=(s(i+1,3)-s(i,3))/h(i)/3;
end
s(N-1,4)=(dy (N-1)-dy (N-2) -s (N-1,3) * (h(N-1) +2*h (N-2) /3)
-s(N-2,3)*h(N-2)/3) /h(N-1) "2;
% xac dinh bn (cot 2)
for i=1:N-1
s(1,2)=dy(i)-s(i,3)*h(i)-s(i,4)*h(i)"2;
end
dapan08.m
% chuong trinh dapan08.m
clear all
M=20; % so diem ve tren moi khoang con
% nhap du lieu (toa do cac diem)
A=[2.53.557.59.511.8 13 11.59 6 2.50 -1.5 -3 -3.5-202 3.5 ...
31.50-2.5-6-9-11.5 -13 -11.8 -9.5 -7.5 -5 -3.5 -2.5];
B=[-2.5 -0.52 4 4.53.50.5-2-3-3.3-2.502591111.511 95 ...
20-2.5-3.3-3-20.53.5 4.542 -0.5-2.5];
N=length(A);
% tham so duong cong (do dai cung)
t(1) = 0;
for i=1:N-1
t(i+1)=t (i) +sqrt ((A(i+1)-A(i))"2+(B(i+1)-B(i))"2);
end
% xap xi spline bac ba hoanh do va tung do duong cong
SX=spline_3(t,A);
SY=spline_3(t,B);
% xuat ket qua (ve duong cong xap xi)
figure(1)
hold on
for i=1:N-1
u=linspace(t(i),t(i+1),M);
si=u-t(1i);
x=SX(i,1)+SX(i,2)*s1+3X(i,3)*s1."2+5X(i,4)*s1."3;
y=SY(i,1)+SY(i,2)*s1+SY(i,3)*s1.72+3Y(i,4)*s1."3;
plot(A(i),B(i),’ro’);
plot(x,y);
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end

title([’Duong cong xap xi’],’FontSize’,12)
plot (A(N),B(N),’ro’);

hold off

Duong cong xap X

Hinh 6.5: Budng cong xap xi bing spline bac ba.

Chui thich. linspace(x1,x2,N) phat sinh N di€ém & gitia x1 va x2. Khi N<2,
linspace trd vé& x2. Luu ¥, x1, x2 phai thuoc 16p float (double, single).

Nam 2009

Bai toan
Van t6c w(x, y) clia dong chdy ding cia chat 1dng nhét trong dudng
ong tiét dien vuong Q = (—1,1) x (=1, 1) I nghiém cda phuong trinh

Pw  w
1+W+W:O trong €2, (a)

thda diéu kién bien khong trugt
w=0 trén x| =1va|y|=1. (b)

Mot trong cic phuong phap s6 gidi bai todn nay la phuong phép sai phan
hitu han. Theo cach ti€p can nay, w(x,y) dugc xap xi chi trén lugi, gdm
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cac diém n3m trong va trén bién Q) 1a giao di€m cda cac dudng toa do
trong hé toa do Descartes chon truéc. Chidng han, néu cho N 1a s6 nguyén
duong vd h = 1/N 1a budc i ta c6 lu6i gdbm cac diém (ih, jh) véii,j =
“N.,—N +1,....N — 1, N. Ky hieu w;; = w(ih, jh).

Cong thic sai phan
Cho ham u(x) va h 1a budc luGi trén truc x. Sai phan ti€n (tuong Gng,
lti) cAp mot ctia ham u tai x v6i bude A, bdi dinh nghia, 1a

Au(x) = u(x +h) —u(x) (tuong ting, Vu(x) = u(x) —u(x — h)).

T cong thic khai trién Taylor ta ¢6 thé xap xi dao ham cip mot cta u tai
x bing cong thic sai phan lui

d_u( ) ~ Vu(x)  u(x)—u(x —h)
ax 0 T T h ‘

D€ tinh x4p xi dao ham c&p hai, ding sai phan tién

d2u _ lA (Vu(x)) _ u(x +h) —2u(x) +u(x —h). ©

dx2 " h h h2

Cau hoi

1) Dung c6ng thiic (c) xap xi phuong trinh (a) va diéu kién (b) ctia bai
toan bién. Thié&t lap hé phuong trinh dai s& tuyén tinh xac dinh céc gia tri
nit w;;.

2) Viét thuat toin gidi bai toan bién.

3) Vi€t chuong trinh gidi s6 bai toan (ndp sau Ol ngay).
Pap an

1) Diéu kién bién cho (8 N phuong trinh):

wi; =0 khii==£N,j=%N. (1)
Dung cong thic Taylor, ta c6:

Wit1,j — 2Wij + Wi—1,;
h2

2
= D0 jny + o).
ox2
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Nhu vay, phuong trinh duge xap xi:
Wij—1 + Wik — 4Wi; + Wimy + Wi =—h% =N <i,j <N. (2)

S6 phuong trinh 1a (2N — 1)2. Téng cong c6 (2N + 1)? phuong trinh.

D€ thiét lap hé phuong trinh dai s6 tuyén tinh ta cAn danh s6 céc nit
(i, j). Quy tic ddnh s6 tii trai sang phai, ti dudi [én trén, hinh 6.6. Theo quy
tic nay, thd ty cda nidt (i, j) Ak = QN +1)(j + N) +i + N + 1; nghia la

(i,j)<k=CQN+1)(+N)+i+N+1. (3)

chiu d4nh s6 nit

1 23 2N 2N+1

-
chiu d4nh s6 ndt

Hinh 6.6: Quy tic danh sd niit.

Ky hiéu gx = wij, k =1,2,...,2N 4+ 1. Tu (3), ta c6:

@G.j=1) —- @GN+ —-1+N)+i+N+1,
(i+1,j) - CN+1)({+N)+i+N+2,
(i,j) - CN+DH(+N)+i+N+1,
(i—-1,j) - @N+1)(j+N)+i+N,
@.j+1) - CGN+DH(G+1+N)+i+N+1.
Néu datk = 2N + 1)(j + N) +i + N + 1 (tuong Gng véi nit (7, j)) thi

(@, j—1) — k—Q2N+1),
(+1j) — k+1,
(i—1,j) - k-1,
(i,j+1) — k+ 2N +1).
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cac phuong trinh (2) dugc viét lai (c6 sip x€p):

Qk—@N+1) T qk—1—44k +qk+1+t gk +N+1) = —h%, 2N+4+3 <k <4N?—4N +1,

va k khong 1a cic nit nim trén bién. O cac nit nay, phuong trinh (1) cho:
qr = 0.
Toém lai, ta c6 hé phuong trinh dai s& tuyén tinh

Aq = B,
trong dé A € Mat(2N+1)2(R), B, q € Mat(2N+1)2X1(R),

q= [Qquz, e ,6](2N+1)2]T.
2) Thuat toan

% nhap di lieu

read N

h=1/N

% khdi tao ma tran A, vecto B
A=zeros ((2xN+1)"2)

B=zeros ((2xN+1)~2,1)

% tinh ma trin A, vectd B

for i=-N:N
for j=-N:N
k=(2*%N+1) * (j+N) +i+N+1;
if abs(i)==N or abs(j)==
A(k,k)=1;
B(k)=0;
else
A(k,k-(2%N+1))=1;
A(k,k-1)=1;
A(k,k)=-4;
A(k,k+1)=1;
A(k,k+(2%N+1))=1;
B(k)=-h"2;
end
end
end
% gidi phuong trinh dai s6 tuyén tinh
g=inv (A) *B;

% xudt k&t qua
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3) Chuong trinh

dapan09.m

% chuong trinh dapan09.m giai de thi giua ky 2009
% Trinh Anh Ngoc

% 24/10/2009

clear all

% nhap du lieu

N=10;

h=1/N;

% khoi tao ma tran A, vecto B
A=zeros ((2#N+1)"2);

B=zeros ((2*N+1)"2,1);

% tnh ma tran A, vecto B

for i=-N:N
for j=-N:N
k=(2*N+1) *x (j+N) +i+N+1;
if abs(i)==N|abs(j)==
A(k,k)=1;
B(k)=0;
else
A(k,k-(2*N+1))=1;
Ak,k-1)=1;
A(k,k)=-4;
A(k,k+1)=1;
A(k,k+(2*N+1))=1;
B(k)=-h"2;
end
end
end

% giai phuong trinh dai so tuyen tinh
g=inv (A) *B;
% xuat ket qua (ve do thi)
x=-1:h:1;
y=-1:h:1;
for j=-N:N
for i=-N:N
k=(2*N+1) * (1+N) +j+N+1;
W(j+N+1,1i+N+1)=q(k) ;
end

end
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surf (x,y,W);

04

A R | ““}
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Hudng ddn & Ddp so bai tdp

Hinh 6.7: D4 thi ham w(x, y).

Chu thich:

l. surf(x,y,z) vé mit tham s6. Néu x va y la vecto, length(x)

length(Y) = m, trong d6 [m,n]
bo ba (x(j), y(i), z(i,j)).

Phuong phdp gidi liap
Viét lai phuong trinh

n va
size(z). Thi cac dinh cda mit [a

2
wi,j = (A" 4+ wij—1 + Wiy1j + Wi-1,; + Wij+1)/4.

tinh
(k+1) _

Wij =

k
(h* + wi(,j)

Phuong phép lap Jacobi, xap xi lién ti€p nghiém bai todn biang cach

(k) (k)

(k)
Lt wiyy wl w4

v6i moi 7, j. Pay [a phuong phap lip rat don gidn va khong ”t6n kém”,
chi can luu trit w;,; hién hanh va w; ; ti€p sau.

Con ti€p
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