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PHUGNG PHAP DON BIEN

Phan Thanh Viét

NOi dung:

1. Gi6i thiéu.

2. BDT 3 bi€n véi cyc tri dat dugc doi xtng.
3. Dén bi€n bing ki thuat ham s6.

4. BDT 3 bién véi cuc tri dat duge tai bién.
5. BDT 4 bién.

6. Don bién bing ham 15i.

7. Don bién vé gia tri trung binh.

8. Dinh Iy don bién t6ng quat.

9. Nhin lai.

10. Bai tap.

1. Giéi thiéu.

Céac ban than mén, rit nhiéu trong s6 cac BDT ma ta da gip c6 dau
déng thic khi cic bién s6 bing nhau. Mot vi du kinh dién la

Vidu 1: (BDT Cauchy) Cho z,y,z > 0 thi x +y + 2z > 3¥xy=z.

C6 thé néi s6 lugng BDT nhu vdy nhiéu d&€n ndi nhiéu ban sé thay
didu d6 1a ... hién nhién. T4t nhién, khong hin nhu vay. Tuy nhién, trong
trudng hgp ddng thic khong xay ra khi tat cd cac bi€n bing nhau thi ta
lai rat thudng roi vao mot trudng hgp khac, téng quat hon: d6 1a c6 mot s6
(thay vi tt c3) cic bi€n bing nhau. O day ching t6i dn ra mot vi du sé
dugc chiing minh & phan sau.

Vi du 2: (VMO) Cho z,y,2 € R, 22 + 4>+ 22 =9. Thi
20x+y+2)—zyz <10

)

Trong BDT nay thi ddu ”=" xdy ra khi z =y = 2,2 = —1 (va c4c hoidn
vi).



C6 thé nhiéu ban s& ngac nhién khi bi€t ring con cé nhiing bat ding
thic ma ddu ”=" xdy ra khi cidc bi€n déu khac nhau. Vi dy sau day ciing
sé¢ dugc chiing minh & phan sau.

Vi du 3: (Jackgarfukel) Cho a,b,c 1a 3 s& thuc khong am va c6 t6i da
mot s& biang 0. Thi ta ludn cé:

a b c 5
+ + < Va+b+
Va+b Vb+c Vet+a T 4 ¢ ¢

J day, ddu ding thic xay ra khi a = 3b > 0, ¢ = 0 (va cac dang hoan vi).
Céc ban c6 thé ty hdi la cic gia tri ching han nhu (3,1,0) c6 gi dic biét
ma lam cho ddng thiic x3y ra. Mot cach tryc gidc, ta thay dudng nhu diém
dac biet d6 13 do c6 mot bién bing 0. Vi gid thiét 13 cdc bién khong am,
nén bi€n bing 0 con dugc goi 1a bi€n cb gia tri trén bién.

Tém lai, trong cic BDT ma ta gip, ¢6 cac trudng hop dau =" xdy
ra rat thuong gip: d6 1a trudng hgp tat cd cic bi€n bing nhau (ta goi 1a "cuc
tri dat dugc tai tAm”), tdng quét hon 13 trudng hop c6 mot sd cac bién bing
nhau (ta goi 1a "cyc tri dat dugc c6 tinh d6i xting”), mot trudng hop khac
13 dau =" x4y ra khi c6 mot bi€n c6 gia tri trén bién (va ta goi 1a "cuc tri
dat dugc tai bién”).

Phuong phéap don bién duge dit ra d€ gidi quyé€t cac BDT c¢6 dang nhu
trén. Y tudng chung la: néu ta dua dugc vé trudng hop c6 hai bi€n bing
nhau, hodic 1a mdt bi€n c6 gia tri tai bién, thi sd bién sé gidm di. Do d6
BDT méi don gidn hon BDT ban diu, dic biet né€u BDT méi chi con mot
bi€n thi bing cich khio sit ham mot bién s6 ta sé ching minh BDT kha
don gidn. Chinh vi tu tudng 1a gidm din s& bi€n nén phuong phap nay dugc
goi 1a phuong phap don bién.

Bay gio ching toi sé trinh bay cdc ki thuat chinh cia phuong phap
thong qua cic bai todn cu thé. D6i tugng rat quan trong ma ching toi
mudn ban doc nim bit 1a cac BDT véi 3 bign s6. Sau d6, cic md rong cho
4 bién sé dugc trinh bay. Cudi cing, ching ta d€n véi cadc phuong phap
dén bi€n téng quét cho n bién s6, trong d6 ban doc sé cling ching toi di ti
nhiing k&t qud ”"cd dién” t6i nhiing cai ti€n nhd va sau d6 13 mot k&t qua
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hét stc tdng quat. Tinh thin xuyén sudt ctia ching t6i 1A muén ban doc
cam nhan dugc tinh ty nhién cta van dé. Qua dé6, cac ban sé Iy gidi dugc
"tai sa0”, d€ rdi ¢ thé ty minh budc di trén con dudng sing tao.

*Ghi chu: Ching t6i s&¢ danh dau cac bai todn theo tiing muc. Vi s6 lugng
cac dinh Iy 1a rdt it nén ching t6i khong ddnh dau. Ching t6i ¢6 ging ghi
tén tic gid va ngudn trich din d6i véi tat cd cac két qua quan trong, ngoai
trit nhiing két qua clia ching toi.

2. BDT 3 bién véi cyc tri dat dugc doi xing.

Xin phac hoa lai tu tudng cia ching ta nhu sau. Bai todn ctia ching ta sé
c6 dang f(z,y,2) > 0 v6i x,y, 2 1a ciac bi€n s6 thyc thda man céc tinh chat
nao day. Diéu ching ta mong mudn la s& c6 danh gid f(z,y,2) > f(t,t,2)
vSi t 13 mot dai luong thich hop tuy theo mdi lien hé gita z, v,z (ta sé
goi day 1a ki thuat don vé 2 bi€n bing nhau). Sau dé ching ta kiém tra
f(t,t,2z) > 0 d€ hoan tat ching minh. Luu ¥ ring n€u cic bi€n da duge
chuén héa thi budc cudi chi 1 bai todn véi mot bien.

Trong muc nay, ching ta sé¢ chi xem xét cdc vi du co bdn nhat.

Bai toan 1. (BDT Cauchy) Cho z,y, z > 0, chiing minh ring

T+y+z>3Y1yz

Loi giai:

ViBDT la d6ng bac nén bing cach chudn héa ta cé thé gid st z+y+z = 1
(*). Vi€t lai bai todn dudi dang f(z,y,2) > 0 v6i f(z,y,2) =1 — 2Txyz. Ta
th&y riing khi thay z va y bdi ¢ = 23 thi diéu kién (*) vAn bdo toan (tic la
vin c¢6 t +t+ z = 1), nén ta chi phai xem xét sy thay déi cta zyz.

Theo BDT Cauchy véi 2 bién (ching minh rat don gidn) thi zy < t%
nén xyz < t?z. Vay f(z,y,2) > f(t,t,2).

Cu6i cting d€ y 1a z = 1 — 2t nén ta cé:

fltt,2)=1—-27t"2 =1 —27t*(1 — 2t) = (1 +6t)(1 — 3t)* > 0

va bai todn ching minh xong. Ding thiic xdy ra khi # = y va 3t = 1, nghia
1a x =y =1/3, tuong duong véi z =y = 2.



*Nhan xét:

1) C6 thé nhiéu ban sé bé ngd véi cdch chudn héa & trén. Chiing téi xin

néi ro: khéng cé gi la bi dn & ddy cd. Néu thich, cdc ban hoan toan cé

thé chudn héa theo cdch khdc, chdng han gid sit xyz = 1 va chitng minh

flx,y,2) >0vdi f(x,y,2) =x+y+2z—3. Khi dé budc don bién sé la chitng

minh f(x,y,z) > f(t,t,2) vdi t = \/Ty. Dé nghi ban doc tw 1y gidi vi sao
T4y

trong loi gidi trén thi ta xét t = =¥ con & ddy lai xét t = \/xy, va sau do

hoan thanh chitng minh theo cdch nay.

2) Ban doc c6 thé thdc mdc: khéng can chudn héa duoc khéng? Cdu trd loi
la: dugc! That vdy, ching ta vin hoan toan cé thé xét bai todn f(x,y,z) > 0
vii f(x,y,2) =x+y+ 2z — 3/Tyz. Khi dé budc don bién sé la chiing minh
flzyy,2z) > f(t, t,z) vdi t = % hay t = \/zy déu dugc. Thic chdt, diéu nay
hoan toan dé hiéu, né chi la sw tuong ing gita BPT cé diéu kién va BPT
khong diéu kién (qua ki thudt chudn héa).

3) Chiing t6i nghi la cdc ban sé dong y rdng: néu mot bai todn da chudn héa
(titc la BPT c6 diéu kién) thi né sé ”goi ¥” cho chiing ta cdch don bién (phdi
ddam bdo diéu kién), tuy nhién, ngugc lai mét bai todn chua chudn héa (BPT
khong diéu kién) thi ching ta sé cé nhiéu cdch dé don bién hon (néi chung, ta
sé chon cdch don bién sao cho bdo toan dugc “nhiéu” biéu thitc nhdt trong
BPT - diéu nay ciing tuong duong véi chudn héa sao cho biéu thitc cé dang
don gidn nhdt). Do dé, mot sy phdi hop t0t giita ki thudt chudn héa va don
bién la mot diéu can thiét. Tuy nhién, khi dd quen véi nhitng diéu nay thi cdc
ban sé thdy khong cé su khdc biét dang ké nao giita chiing.

Bai toan 2. (BDT Schur) Cho a, b, ¢ > 0, chiing minh ring:
a® + b + ¢ + 3abe > a*(b+ ¢) + b*(c + a) + *(a + b).
Loi giai:

Xét f(a,b,c) = a®+ b3+ + 3abc — a®(b+c) —b*(c+a) — 2(a+b). Dit
t= %, ta hi vong: f(a,b,¢) > f(a,t,t). Xét

d= fla,b,c)— fla,t1) = [bm—%}(b—cf

Ta thay v6i a, b, ¢ 1a cic s6 khong am tuy y thi khong chic c6 d > 0. Tuy
nhién, n€u gid st @ = min{a, b, ¢} thita vin c6 d > 0. Khi d6 ta chi con phai
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chiing minh f(a,t,t) > 0. Nhung BDT nay tuong duong véi a(a — t)? > 0
nén hién nhién ding. Bai toan chiing minh xong.

*Nhan xét: Viéc gid sit a = min{a,b,c} la mot thii thudt rdt thuong dugc dp
dung dé don bién. Nhdc lai la néu BPT 3 bién doi xitng thi ta cé thé gid si
a <b<c(hodca>b>c) con trong truong hgp BPT 3 bién hodn vi vong
quanh thi ta cé thé gid sit a = min{a,b, c} (hodc a = max{a,b,c}).

Bai toan 3. Cho a,b,c 1a 3 s6 thyc duong c6 tich bing 1. Ching minh
rang:

1 1 1 6

S+ ————>5

a b ¢ a+b+c

Huéng dan:

Né&u nhu 2 bai toan ban diu la nhiing bai todn quen thudc, thi day la
mot bai toan khé. Véi kinh nghiém thu dugc ti bai toan 1, chiing ta c¢6 thé
nghi ngay t6i viéc don bi€n theo trung binh nhan dé€ khai thac gid thiét
tich ba s& biang 1. Mot 1i gidi theo hudéng d6 da duge ban Yptsoi (Pai Loan)
dua lén trén dién dan Mathlinks, ma sau day chiing t6i xin din lai mot cach
vin tit.

Ta ching minh duge f(a,b,¢) > f(a,Vbe, vVbe) néu gid st a > b > c
Tiép theo, ta chiing minh ring f(a, vbe, vVbc) > 5, hay la

1

f (—2,x,x) >5, véix = Vbe
x

BDT nay tuong duong véi (x — 1)%(22* + 42® — 422 — 2 +2) > 0. Vi biéu

thic trong ngodc thd hai duong v6i x > 0 nén chiing minh hoan tat. Ding

thiic xdy ra khi va chi khia=b=c=1.

Qua céc vi du trén, chiing ta da thay cich dén bi€n vé trung binh cong
va trung binh nhan that 13 hitu dung. Tuy nhién, cdc cach don bién 1a vo

cting phong phi va uyén chuyén. Vi du sau day minh hoa cho diéu dé.

Bai toan 4.(Iran 1996) Ching minh ring véi a, b, c > 0 thi:

1 1 1 9
(ab—l—bc—l—ca)<(a+b)2 + b+ o) + (c+a)2)2 1

Huéng dan:
Day 13 mot bai toan rat khé. Céc ban cé thé thay diéu dé qua su kién
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l1a dau ”=" dat dugc ngodi a=b=cconcé a="b, c — 0.

Céac ban nén thit d€ thay 2 cich don bién thong thudng 1a trung binh
cong va trung binh nhan déu din dén nhiing BDT v6 cing phic tap. Loi
gidi sau day lay tit ¥ cta thay TrAn Nam Diing, ma n€u nhin ki ban sé thay
duge méi tuong quan, khong chi trong tinh todn ma trong ci tu duy, cia cac
ki thuat chufn héa va ddn bi€n, ma chiing t6i da dé cap trong nhan xét 3)
ctia bai toan L

Vi BDT la dong bac nén ta c¢é thé gid st ab + bc + ca = 1 (¥). Bay gio
ta hi vong c6 dénh gid f(a,b,c) > 2 v6i f(a,b,c) la biéu thic thd hai cda
v& trai BDT cAn ching minh. O day ¢ phai thda méi lien hé & (%), nghia la
2+ 2tc = 1.

Bing cich gid st ¢ = min{a,b,c} ta s&¢ ching minh dugc f(a,b,c) >
f(t,t,c). Cudi cang, ta ki€m tra f(t,t,¢) > 3. (3 day ban doc c6 thé thay
¢ == vao BDT d€ thdy:

2t

(L= =30
w1+

f(t7 t? C) =
Bai todn chiing minh xong!

*Nhan xét: 0 budc cudi, cdc ban ciing cé thé khong chudn héa nita ma
quay lai BPT déng bdc:
2 1 9
o) (s ) >
Cr2)Grm w2
& (24 2te) (82 + (t+¢)?) =9t +)*? > 0 & 2tc(t—c)* > 0

Cudi cuing ching ta d&€n v6i mot vi du ma cyc tri khong dat tai tAm, mic
du BDT la doi xtiing. Céc ban sé thay ring, trong con dudng ctia ching ta
phan quan trong nhat 13 dén vé hai bi€n bing nhau, con sau dé thi cyc tri
dat tai tAm hay khong khong phai 13 diéu mau chot.

Bai toan 5. (VMO) Cho z,y, z 1a cac s6 thuc théa man: 2?2 + y% + 22 = 9.
Ching minh ring: 2(z +y + 2) — xyz < 10.
Loi giai.

bit f(z,y,2) = 2(x + y + 2) — zyz. Ching ta hi vong s& ¢ f(z,y,2) >
f(x,t,t), trong d6 t? = (y? + 2?)/2 (*) (ching t6i nghi ring bay gid ban doc
da ty ly gidi duge diéu nay). Luu ¢ 1a trong (*) t ¢6 thé nhan 2 gia tri, dé
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dinh ¢y ta hay xét khi ¢t > 0.
Tacé: d = f(z,y,2) — flz,t,t) = 2(y + 2 — 2t) — x(yz — t?). Ta thay
ngay y +2z — 2t <0 vayz —t2 <0. Do d6 d€ c¢6 d <0 ta chi cAn z < 0.
Tu d6, ta gid st © = min{x,y,z}. Xét trudng hgp x < 0. Khi d6
ta don bi€n nhu trén va chi con phdi ching minh f(z,¢,¢) < 10. Thay
t=+/(9—122)/2 ta c6:

g(z) = f(z,t,t) = 22+ 24/2(9 — 22) — (9 — 2%) /2

Ta cé:
32 5 Az

/
g() 2 2 /18 — 222

Gidi ra ta thdy phuong trinh ¢'(z) = 0 chi ¢6 1 nghiém 4m 1a x = —1. Hon
niia ¢’ lién tuc va ¢’(—2) > 0 > ¢(0) nén suy ra ¢’ dGi dau tii duong sang am
khi di qua di€ém z = —1. Vay Vz < 0 thi g(z) < g(—1) = 10 va ta ¢6 didu
phai chiing minh. Trudng hop nay ding thic dat dugctaiz = -1,y = 2 = 2.

Phan con lai ta phai gidi quyét trudng hop = > 0, tic 1a 3 s6 z,y, z déu
duong. Lic nay dau BDT 1a thuc sy va ta chi cAn danh gid don gidn chd
khong phai thong qua don bién. Né&u z > 3/4 thi
3

27
f(w,y,2) =2 +y+2)—ayz < 2/3(2 + 2 + 22) = ()° = 2V2T— = < 10

Néu x < 3/4 thi

flx,y,2) = 2@ +y+2)—zyz < 2(v/2(y2 + 22)+3/4) <=2(V/18+3/4) < 10

Bai todn chiing minh xong!

3. Don bién bing ki thuat ham so.

Day 1a mot ki thuat rdt quan trong cia phuong phap don bién. Tuy
nhién ching t6i gi6i thiéu né ngay sau phan co badn nhat 13 nhim trang
bi cho cidc ban mot ki thuit cAn thiét trudc khi di qua cdc muc sau. Hon
nfia, chiing tdi nghi ring khi da quen véi né thi ciac ban s& khong con phai
phan biét cuc tri dat tai tAm hay tai bién, va do d6 muc ti€p theo sé nhe
nhang hon.



Trong $2 ching ta thay ring dé€ ching té f(z,y,2) > f(t,t,2) ta chi
viec xét hidu d = f(z,y,2) — f(t,t, ) rdi tim cach d4nh gi4 sao cho d > 0.
Tuy nhién, d6 1a vi dang BDT qua don gidn, pht hgp véi cac bién déi
dai s6. Gid st ta phai lam viéc véi bi€u thic f c6 dang, ching han, nhu:
flx,y,2) = 2% + y* + 2% v6i k > 0 thi cac cach bi€n ddi dai s s& trd nén
rat cong kénh va phic tap.

Ki thuat ham s ding d€ gidi quy&t cdc trudng hop nhu vay. Y tudng
chinh th& nay, ching han d€ ching minh f(z,y,2) > f(x,t,t) v6i t =
(y+2)/2, ta xét ham: g(s) = f(x,t+s,t —s) v6i s > 0. Sau d6 chiing minh
g ting v6i s > 0 (thong thudng diung cong cu dao ham rat tién lgi), suy ra
g(s) > g(0), Vs > 0, va ta sé& thu dugc diéu mong mudn. Mot trong nhiing
vi du quen thudc véi cac ban la don bi€n bing ham 161, tuy nhién dudi day
chiing ta s& quan sat ki thuat don bién trong bsi cdnh téng quat hon, con
van dé vé ham 16i sé dugc trd lai & mot muc sau trong bai toan véi n bi€n.

Chiing t6i nhan manh ring, day 1a mot ki thuat khoé, bdi né chita dung
nhiing nét rat tinh t& clia phuong phap don bién. Nhiing vi du sau day thé
hién rat r6 vé dep va stic manh ctia phuong phap don bién.

Bai toan 1. Cho k > 0 va a,b,c 1a cac s6 khong am va chi c6 t6i da 1
s6 biang 0. Chiing minh ring:

a b [N , 3
> 2, —
(o)t (o)t () 2 min{2, 2 (+)
Loi giai:
T4t nhién ta chi cAn chiing minh BDT khi 2 = 5 < k= 22 — 1 (cdc

ban hiy suy nghi tai sao BDT ding cho trudng hop nay lai ddn dén BDT
ding cho trudng hgp t6ng quat). Chi ¥ vSi k nhu trén thi ding thic xay
ra tai hai chd 1d @ = b = ¢ hodic a = b,c = 0 (va cac hodn vi).

Khong mat tdng quéat ¢6 thé gid st a+b+c=1vab>c > a Dat
t="Y<vam= %, suyrab=t+m,c=t—m,a=1-—2t.Khi d6 v& trai
BDT cAn chiing minh la:

_ (12t * t+m \" t—m \"
f(m)_( 21 ) +(1—t—m) +(1+m—t)

Viczanén?)t—l2m20,vé126+c:2tnén%ztzé

Ta s& khdo sat f(m) trén mién m € (0,3t — 1] véi t € [3, 3] 1a hiing 0.
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Ta cé:

/ . k‘(t + m)k—l - k‘(t B m)k—l
fi(m) = 1—t—m)F  (1+m— )k
Fm) >0 EMT (- m)

(1—t —m)kL = (1 +m — t)k+

< g(m) = [In(t —m) —In(t+m)] —

In(l—t—m)—In(l+m—1t)] >0

Ti&p tuc khdo sat g, ta co:

1 1 k41 1 1
g’(m)z—{ + }+ + [ + >0

t—m t+m 1—k|[1—t—-—m 1+m-—t
—2t k+1 2(1—1t)
& . >0 1
(t—m)t+m) 11—k (1—-t—m)(14+m—t)— (1)
, s kil n 2 , . N , .
Danh gid T > 2, do vay d€ chiing minh (1) ta can ching minh

—t 2(1 — )
2—m? (1—t)?—m?

s u(m) = —t + 4t* — 3t + 3tm* — 2m* > 0

>0 (1)

That vay, vi v/(m) < 0 nén u(m) > u(3t —1) =2(3t — 1)(2t —1)2 >0

Vay g(m) dong bi€n suy ra g(m) > ¢g(0) = 0 suy ra f'(m) > 0 suy ra

F(m) > f(0). Nhé lakhim=0thib=c=t
Cudi cung, ta cén ching minh A(t) == f(0) > 2. Viét lai:

o= (5 ()

Ta khéo sat h(t) trén mién ¢ € [0, 3]. Ta c6:

2kth1 ko(1—2t)!
Wiy == kA2
(1 _ t)k—i—l 9k tk+1
& R < [(1 —1)(1 = 2t)]F 1 (2)
Trong BDT cud6i, v& trai 1a ham ddng bi€n theo t va v& phai 1a ham nghich
bi€n theo ¢, va luu § 1a ¢ < 3 nén d&€ ching minh (2) ta cin:

2 (3) <io-pa- 2
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Bat dédng thic nay ding, nén h(t) nghich bié&n, suy ra

(t) 2 h(3) =2

Bai todn dugc gidi quyét tron ven!

Nhan xét: D¢ thdy duoc nét dep ciia bai todn nay, chiing téi xin ddn ra
mot s6 truong hop riéng ciia né, bdn thdn ching da la cdc bai todn hay va
duoc biét dén mot cdch rong radi.

1) Truong hop k =1, ta thu dugc BPT Netbit:

a n b n c 3
b+c c¢c+a a+b7 2

Pay la mot BPT rdt noi tiéng. Mot cdach chitng minh “kinh dién” la:
a b c a+b+c a+b+c a+b+c
+ + 3= + +
b+c c¢c+a a-+b b+ c a-+c a-+b
1 1
= b
(a+ +C)(b+c+c+a+a+b)
9 9
> (a+b+c) = -

(b+c)+(c+a)+(a+b) 2

2) Truong hop k = % ta thu dugc BPT sau:

a b c
A/ +4/ + 4/ > 2
b+ c c+a a—+

Pay ciing la mét bai todn rdt dep, trudc dday dugc biét dén nhu mot BDT
ngugc chiéu véi BDT Netbit. C6 mot loi gidi rdt don gdn, chi ding BPT

Cauchy:
a_ _ 2a S 2a
Vb+c 2 alb+c) at+tb+tc

3) Truong hop k > % ta c6 BDT sau:

(=) + (

a
b+c

a

b+c)k+(
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Pady ciing la mét bai todn rdt dep da dugc biét dén tir trudc nhu la mot
md rong cho BDT Netbit (né ciing ting duoc ddng trén tap chi THTT vdi tén
ciia tdac gid la Tran Tudn Anh). Tir két qud bai todn tong qudt, ta biét rdng
2/3 khong phdi la s6 t6t nhdt dé c6 gid tri nhé nhdt la 3/2F. Tuy nhién, no
la s6" t6t nhdt theo nghia cé thé dp dung BPT Cauchy theo cdch sau ddy. Dé
don gidn chiing téi trinh bay vdi truong hop k = 2/3.

b b 5/ b
a+b+c=a+ +C+ +0233 a( +C)2
2 2 2
Ny 2a )%> 3a
b+¢” T at+b+ec

Clng véi bai todn 1, bai toan sau day ciing 1A mdt trong nhiing vi du rat
dep cho ki thuat ham so.

Bai toan 2. Cho k > 0, a,b,c >0 va a + b+ c= 3. Ching minh ring:
3
(ab)* + (be)* + (ca)* < maz{3, (§)k} (*)
Loi giai:

Khong mat tdng quat c6 thé gid st b > ¢ (con viéc cho a = min hay
max thi tuy theo tinh hudng, ta sé¢ diéu chinh mdt cach "hgp li” khi can
thié&t).

Patt =2 vam =% suyrab=1t+m,c=t—m. Khi d6 v& trai BDT
cAn chiing minh tr§ thanh:

flm) = a*[(t +m)" + (t = m)*] + (£ —m*)"

Ta khéo sat f(m) trén mién m € [0,¢]. Ta cé:

fl(m) = ka®[(t +m)*' — (t — m)"1] — 2km(t? — m?)*!
f'(m) >0 g(m):=ad*[(t—m)" ™ —(t+m)'" % —-2m >0

TAt nhién ta chi cAn xét khi & > 1 (khi k¥ < 1 thi bai todn don gidn).
Ta c6:
g"(m) = d"k(k = D[t —m)™*" = +m)™] >0
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= ¢(m) ddng bi€n, do d6 c6 t6i da mot nghiem trén (0,¢). Vi g(0) =
0,9(t) = +00 nén chi c6 hai kha ning:

g(m) > 0 hodc g(m) =— 0+

Tuong Gng ta c6 f(m) dilén hodc f(m) di xuéng rdi lai di 1én. Trong trudng
hop nao thi cuc dai cing dat & bién do d6

f(m) < maz{f(0), f(£)}

Nhiclaiaim=0&b=c=tvam=t < c=0.
D& thay khi ¢ = 0 thi:

3 2k
) =20 < (3)
nén ta chi con phai xét trudng hgp con lai. Dit:
h(t) := f(0) = 2t*a® 4 2% = 2tF (3 — 2t)* + ?F

Ta cé:
W (t) = —4k(3 — 2t)" 18 4+ 2k(3 — 20)FpF ! 4 2kp*F !

3—2t\*'  /3-—2\"*
h’(t)20<:>—2(7) +(T) +1>0

Su(r) =2 =221 4+ 1>0v6iz = ¥
Ta c6: v/ (z) = [kx — 2(k — 1)]2"72. Vi v/(z) c6 t6i da mot nghiém trén RF
nén u(z) ¢ t6i da 2 nghigm trong R, trong d6 mot nghiém 1a z = 1.

Tu d6, ta sé gid st a = min{a, b, c}. Khi d6 ta chi viéc xét khi ¢t > 1 va
tuong tGng sé 1a z < 1. Vi u(z) chi ¢6 t6i da 1 nghiém trong (0,1) nén 1/ (¢)
chi ¢6 t6i da 1 nghiém trong (1, 3).

Luu ¢ 1a luu y 2/(1) = 0,#'(2) > 0. Do d6, chi ¢6 hai kha ning hodc h(t)
déng bién hodc h(t) c6 dang —0+. Trong trudng hgp nao thi A(t) cing dat
max tai hai bién, suy ra:

M(e) < maa{ 7(1), £)} = mae{3, (574}

N b\ . , 9. g '
va bai toan giai quyét xong!
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*Nhan xét: O day ching t6i khong gia thiét a = min{a, b, c} ngay tii dau la
mu6n nhadn manh ring: viéc ddn vé 2 bi€n bing nhau luén thyc hién duge
ma khong can thi tu sip duge gitta cac bi€n. Tan dung diéu dé, ching ta
c6 thé€ lam cach khac d€ né viéc khao sat bai toan 1 bién.

That vay, nhu trong chiing minh da chi ra, ta luon ¢6 BDT sau day ma
khong cAn gid thi€t gi vé thi ty cda a, b, c:

fla.be) < maz{(D)* fa, 2 2E0) )

Tu d6, v6i mdi a,b,c cd dinh, xét day sd sau: (ag,bo,co) = (a,b,c), va
Vn € Z* thi ta dinh nghia bing quy nap:

ban—2 + ban—2 bop—2 + bap_o
2 ’ 2

)

(azn—l, bzn—l, C2n—1) = (azn—z,

Aop— ‘l‘bn— Q2p— _l'bn—
(azn,bzn,czn)Z( 2 12 2 1, 2 12 2 1>C2n—1)

thi ta c6 ngay

f(a7 b7 C) S max{(g)zka f(an7 bn7 Cn)}7vn € Z+

o

Dé thay cac day {a,}, {b,}, {b.} déu hoi ty vé 1, nén chuyén qua gi6i han
ta c6 diéu phai chiing minh.

Ki thuat chuyén qua giéi han nhu vay cing kha ty nhién. N6 c6 thé
t6ng quat lén thanh 2 dinh 1y dén bi€n tdng quat 3 SMV va UMV ma
chiing toi sé gi6i thiéu & phan sau. Cing st dung tinh lién tyc cia ham s
nhung véi ki thuat khéc, ching t6i con dat duge 1 két qua téng quat hon.

Sau khi c¢é (¥), con mot cach khac d€ dat duge diéu phai ching minh
ma chi cAn st dung mot s6 hitu han 1An thay th&. Tuy nhién, d€ khéi tring
15p ching toi s& gidi thieu né trong muc BDT 4 bién (va cdc muc sau), khi
ma nd thuc sy cAn thiét.

h Con trong truong hgp 3 bién, ching t6i sé chi stt dung cich ti€p can don
gidn nhat (dén vé 1 bi€n rdi khio sat), nhim gitt duge tinh trong sing cla
tu tudng.

Chiing t6i hi vong ring, sau khi doc ki hai bai todn trén, thi cic ban c6
thé st dung ki thuat ham s6 d€ dén bién theo ciach bat ki, chit khong nhat
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thi€t 13 dén vé trung binh cong. Sau day 13 mot vi du cho ki€u dén bién
vé trung binh nhan.

Bai toan 3: (Pham Kim Hung)
a) Cho céc s6 thuc duong a,b, ¢ ¢6 tich bing 1. Ching minh ring:
(1) 81(1 + a?)(1 +b*)(1 + ) < 8(a+b+c)!
(ii) 64(1 +a®) (1 + b3 (1 + ) < (a+b+c)S
Loi giai:
(i). bt f(a,b,c) =8(a+b+c)* —81(1 + a?)(1 + b*)(1 + ?). Ta c6 thé gid
st a > b. Xét ham s8 g(t) = f(ta,b/t,c) véit € [\/b/a,1]. Ta co:
o b b b b )
g (t) =32(a t2)(ta+t—l-c) 81(a t2)(ta+t)(1—|—c)
Vit € [\/b/a,1] nén ¢'(t) > 0 néu:

32(d+¢)* >81d(1 +¢*) véid=ta+ %

Ta c6: 32(d+c)? > 32d(d? +2dc+3c?) > 32d(3v/d*c2 43¢?) > 81d(1+¢?)
(luu ¥ 13 d%c > 4)

Vay ¢'(t) > 0 véit € [\/b/a,1]. Do d6: g(1) > g(y/b/a). Vay f(a,b,c) >
f(s,s,¢) v6i s = v/ab. Thay s = 1/4/c ta dugc:
11 2 1

= f(—=,—&=,0) =8(—=+¢)' = 81(1 + =)’ (1 + ¢

f(s,s,¢) f(ﬁ,ﬁ,c) (ﬁ+6) ( +C)( + )
Je—1

C

= )(8¢” + 16c% + 24c" + 96¢? + 87c* + T8cF+

+99¢2 4 120¢2 — 21c + 94v/c + 47)
>0 (dpcm)

Ding thic xdy ra khi vi chi khia=b=c=1.
(i1) Bing cach lam tuong ty nhu trén, ban doc c6 thé ty chiing minh BDT
nay. O day ching toi xin luu ¥ ring BDT 1a thuc sy va 64 13 hiing s6 t5t nhAt.
Diéu cudi cling ma ching t6i muén néi véi ban doc, d6 1a ti viec nim
duge phuong phap dén viec van dung dugc né mot cach thanh thao 1a ca

mot qué trinh. Diéu cAn nhat 13 cac ban phai ¢6 § chi d€ thyc hién van dé
t6i nadi t6i chon chi diing bé d3 nida chiing, du phai d6i mit v6i nhiing tinh
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toan phtc tap. Ri thanh cong trudc mdi bai toin sé khi€n cic ban tu tin
hon. Chiing t6i din ra day mot bai todn ma cé thé 15i gidi ctia né sé khién
nhiéu ban "khié€p s¢”, tuy nhién chiing toi hi vong cac ban s& binh tam dé
thay dugc vé dep trong sing clia né 4n ding sau nhiing ki thuat tinh toan
lao luyén.

Bai toan 4. Cho a,b,c > 0, a +b+c = 3. Tim gia tri I6n nhat cta
biéu thiec:
ab n be n ca
34+c2 3+a®? 3+0b2

Loi giai:
Loi gidi sau day ctia anh Phan Thanh Nam.
Gid sia>b>c Dita=s+tb=s—tthi v€& trdi BDT cin ching
minh [a:
) = c(s —t) c(s+1) 52 — t?
J():= 3+ (s+1)? 34+(s—t)2 3+
Ta khdo sat f(t) trén mién ¢ € [0, 5 — c]. Ta cé:

() = —c 2c(s? — t%) N c N 2c(s? — t?) 2t
3+ (s+t)? B+ 3+(s—t)2 B+ (s—1)2)? 3+
_ dest N 8cst(s* — t2)(u + v) 2t
w u?v? 3+ c?
véiu=3+ (s+1t)%v=3+(s—1t)? (BDT (¥) sé chiing minh sau).
Vay Vvt € [0, s — ¢] thi:
2cs s 25(3 — 25) s
e e = 1
512 312 312 Tarpooep 9@ W)

<0,Vte (0,s—c) (%)

f(t) < f(0)

Xét g(s) vé6i s € [1,3]. Ta co:

J(s) = 24s — 12s* 18 — 245 — 65> 108(s” —3s+4)(s — 1)*(—s* — 3s + 6)I

_I_ =
(B+(B3—-25)2)2 (345 [3+ (3 —25)2)3 + s'T
DE thiy s> —3s+4 >0 va —s? — 35+ 6 = (YB3 _ §)(s + @) nén ¢'(s)

2
duong trén (1,s0) va am trén (sg, 2) v6i 5o == ¥3=3 = 1,372281323...
Vay Vs € [1, 3] thi:

1133 — 45

o (2)

9(s) < g(s0) =
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Trong (1) va (2), ddu "=" x4y ra ddng thdi tai t = 0 va s = sy, tic la
a=b=s9vac=3-—2s.

Vay gid trj 16n nhét cdn tim 1a 13345 — (0, 757924546..., dat dugc khi
a=b=Y3"3 —1 372281323....., c = 6 — /33 = 0,255437353...

D€ két thic, ta chiing minh BDT (*). Day 1a 1 BDT kha chit. Ta sé chi
ra véit € (0,s — ¢) thi:

4cs 1 . 8cs(s* —t?)(u +v) o !

— < 3) va
w 3+ (3) u2v? — 342

(4)

13 xong!

Chitng minh (3): Vic+2s =1va s > 1 nén cs < 1. Hon niia u =
3+ (s+t)>>4v=3+(s—1t)?>3+c* T db suy ra (3).

Chitng minh (4): Dung BDT Cauchy ta cé:

w0? = [[3+ (s + OF[3 + (s - 021 > 16(s> — £2), va

4cs—|—3—|—52—|—t2—|—3—|—02)3

2cs(u+v)(3+c?) =4es(3+ s +tH)(3+ %) < ( 3

Thay c=3—2s vao,luuy lat<s—c=3s—3 taco:

des +3+ 82 +12+3+ 2 <4(3—25)s+6+ 5"+ (35 —3)* + (3 — 25)°
=124 6(s— 1)(s —2) < 12

suy ra 2cs(u + v)(3 + ¢?) < 4%, Vay:

u2v? uv? 3+ c? =43 2 312

8cs(s® —t*)(u+v) A s —t? 2cs(u+v)(3+ ¢?) <. 1 43 1
va bai toidn gidi quyé&t xong!

4. BPT 3 bién véi cuc tri dat dugc tai bién.

Né&u nhu trong phin trudéc ching ta c¢6 thé hi€u ”don bién” 1a "ddy
hai bién lai gAn nhau”, thi trong trudng hgp nay ta phai hi€u ”dén bién”
nghia 13 ”ddy 1 bi€n ra bien”. Ching han nhu xét BDT f(z,y,2) > 0
v6i z,y,2 > 0, ta ¢6 thé hi vong vao danh gid f(z,y,2) > f(0,s,t), trong
d6 s,t 1a cic dai lugng thich hgp sinh ra tit cac bi€n a, b, c (ta sé goi day
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13 ki thuat don 1 bi€n ra bién). T4t nhién ta sé chon s,t sao cho hiéu
d= f(x,y,2) > f(0,s,t) [a don gidn va c6 thé danh gid thuan lgi. Cudi
cuing ta chi viéc kiém chiing (0, s,t) > 0.

Trudc hét, dé cac ban lam quen véi cich don bi€n "méi mé” nay, ching
toi xin trd lai mot vi du & phan trude.

Bai toan 1: (BDT Schur) Cho a,b,c > 0. Chiing minh ring:
a® + b + ¢ + 3abe > a*(b+ ¢) + b*(c + a) + *(a + b).

Loi giai:

Trong $2, bai nay da dugc gidi bing cach don 2 bi€n vé bing nhau. Tuy
nhién nhan xét la ngoai di€m a = b = ¢, ddng thic con dat tai a = b,c =0
(va cac hoan vi). Do d6, ki thuat dén bi€n ra bién vin c¢6 kha ning thanh
cong!

bit f(a,b,¢) = a® + b + ¢ + 3abc — a*(b + ¢) — b*(c + a) — *(a + b).

Ta hi vong s& ¢ f(a,b,¢) > f(0,a+b,c). Xét hieu:

d= f(a,b,c) — f(0,a + b, c) = ab(5c — 4a — 4b)

Nhu vay 1a ta khong thé c6 d > 0, cho du tan dung sy kién 14 a,b, c c6
thé dugc sip.

That didng ti€c! Tuy nhién, néu cic ban ding lai & day thi con dang
ti€c hon. Thay vi bd dg, ta hay xem lai vi sao khong thé c6 d > 0. Né&u
tinh ¥, cic ban c6 thé thay 1a f(a,b,c) s&¢ nhd di khi hai bi€n ti€n lai gin
nhau (d6 chinh 13 1§ do ma ta c6 thé don vé hai bi€n bing nhau nhu trong
$2), con & day khi thay bo (a, b, ¢) bsi (0,a+ b, ¢) thi "dudng nhu” céc bien
cang cach xa nhau. D6 chinh 13 1§ do cdch dén bi€n & trén that bai.

Tu d6, ta ndy ra y la thay (a,b,c) b3i (0,04 a/2,¢ + a/2). Xét hiéu:

d, = f(a,b,¢) — f(0,b4+a/2,c+a/2) =ala+ b—2c)(a+ c— 2b)
Diéu thi vi la ta c6 thé gid st d, > 0. That vay, diéu nay cing nhd viéc sip
thi ty nhung khong phai la gitia cic bi€n a, b, c ma 1a gifia cdc hiéu d,, dy, d.
(trong d6 dy, d.. 12 hai hiéu tuong ty nhu d,). Vi tinh d6i xiing nén ta c6 thé
gid st d, = max{d,,dy,d.}. Khi d6 n&u d, < 0 thi

0 > dudpd. = abe(b+ ¢ — 2a)*(c + a — 2b)*(a + b — 2¢)?
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va mau thuin!
Vay d, > 0 nén f(a,b,c) > f(0,s,t) v6i s =b+a/2,t = c+ a/2. Cudi
cling, ta thay

f0,8,t) =t + 8% —t2s—ts> = (t+8)(t—5)* >0
va chiing minh dugc hoan tat.

*Nhan xét: Mdc diu BDT Schur qud quen thudc, nhung cdch chitng minh
bdang don bién mdi chi dwoc chii ¥ gan ddy. Tuy nhién, néu nhu cdch don
vé hai bién bdng nhau cé vé khd "hop ly”, thi cdich don mot bién ra bién la
mot két qud thuc su bdt ngo. Tat nhién, chitng minh trén khong phdi la cdch
ngdn gon nhdt, nhung & day chiing t6i mudn nhdn manh dén su tw nhién ciia né.

Né&u nhu trong bai todn 1 viéc ap dung ki thuat don bi€n ra bién gay
bat ngd, thi trong bai todn sau né 1a mdt con dudng tat yéu.

Bai toan 2: (Hojoo Lee) Cho a,b,c > 0, ab + bc + ca = 1 (¥). Chiing
minh ring:
1 1 1

+ +
a+b b+c cHa

> 9
-2

Loi giai:
Bai nay ddng thic khong xdy ra tai tAm, ma taia = b= 1,¢ = 0 va cac
hodn vi. Xét modt trudng hgp rieng khi ¢ = 0, thi bai todn tré thanh:
N 1 1 1 5!
”Chitng minh rang: —+ -+ —— > —,vdiab= 1.
& & 4 + b + a+b =2
bit s = a+b thi diu trén tuong duong véi s+1 > 5 hay (2s—1)(s—2) >
0. BDT cud6i 1a hién nhién vi s =a + b > 2vVab = 2.
Vay bay gid ta chi cAn don mot bi€n vé 0 nita 1a xong. Cach lam sau
day 1ay ti ¥ ctia anh Pham Kim Hung trén Dién Dan Toan Hoc.
bat f(a,b,c) 1a v& trai BDT cin ching minh. Ta hi vong f(a,b,c) >

a,b,c)
fla+0, CL%rb,O) (chd ¥ 1a cach 14y nay nhim ddm bdo diéu kien (x)). Xét
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hiéu:

1
d= b, c)— b,——.0
fla,b,c) — fla+ s )
by oy a2
= - —+4a EE——
a+b a+1ajf§)b b+1aj:§)b a-+b a+b+a%rb
1 1 1

B R

It 110 1+ (a+0)

T d6 quy ddng lén ta thay d > 0 n&u 2(1 — ab) > ab(a + b)%. Né&u gia st
¢ = max{a,b,c} thi 2(1 — ab) = 2¢(a + b) > ab(a + b)?. Vay lic nay d > 0
va bai todn ching minh xong!

*Nhan xét:
1) Loi gidi day tién duoc dua ra trén Dién Pan Todn Hoc la ciia anh Phan
Thanh Nam, mt cdch chitng minh rdt ngdn gon. Bdt x = a + b+ c.

Néu x > 2 thi:

1 n ab S ot ab = flabo)> +1>5
=c c —— a,b,c)>x+—>—
a-+b a+b— a+b+c = x 2
Néu x < 2 thi gid sit a = max{a,b,c} ta cd:
ab ac 1
b,c) = — b
Flab,) = (4 0y 4 (b =) 4 o
1 a(l+ be) 1 5
= (b >94 = ==
( +C+b—|—c)+ axr +bc — 2 2

(luu ¥ la 2a(1 4 be) = 2a + 2abc > ax +be, vix <2va2a>1.)

Tuy nhién, nhitng 1oi gidi nhu vay khdng phdi dé dang nght ra. Vé loi gidi
bdng don bién & trén, mot lan nita chiing téi nhdn manh dén tinh ty nhién ciia
no.

2) Bai todn 2 la mét bai todn hay va thu dugc su quan tém ciia nhiéu ban.
Tuy nhién, cdc ban sé bdt ngo khi né chi la mét hé qud ...don gidn ciia mot
BDT quen thudc khdc. P6 chinh la BPT Iran 1996. Thdt vdy, vdi gid thiét
ab+ bc+ ca = 1 thi tir két quad ciia BDT Iran 1996 ta cé ngay:

S S
a+b b+c cH+a
1 1 1 4a+b+c) 9 25
(OH—b)2+(ZH—C)2+(c%—a)2+(oH—b)(lH—c)(c%—a)_4+ 4
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(lwuyla a+b+c=(a+b+c)lab+bc+ca) > (a+b)(b+c)(c+a))

Tir nhdn xét trén, ta nhd lai la trong $2, BDT Iran 1996 da dvoc gidi bang
ki thudt don veé hai bién bdng nhau. Tit d6 c6 hai cdu héi rdt ty nhién la, thit
nhdt: bai todn 2 & trén cé thé gidi bang cdch dén hai bién bing nhau khong,
thit hai: BPT Iran 1996 c6 thé gidi bing cdch dén 1 bién ra bién khong?
Chiing t6i dé nghi cdc ban tw gidi ddp hai cdu héi do.

3) Bai todn 2 lai dan dén két qud thii vi sau ddy, ma tdc gid la ban Zhao bin
(Trung Qudc)

"Cho x,y,z la cdc s6 thuc khéng dm va chi cé t6i da 1 sé bdng 0. Chitng
minh rdng:

1 1 1 10
2 2+ 2 2+ 2 22 2°
2+y? Y+ 24 (x+y+2)

2

Y~ 2

Bing hai bai todn "ci” & trén, ching t6i mudn ban doc c6 mdt cdm
giac d& dang d6i véi ki thuat don bi€n vé bién. Tuy nhién, trong hai bai
nay thi ki thuat ddn bai bi€n bing nhau vAn phat huy tic dung, do dé
khong khdi khé khin trong viéc thuyét phuc ban doc vé stic manh ctia ki
thuat dén bi€n ra bién. Do d6, ching t6i dAn ra bai toan sau day, cic ban
sé thay ki thuat don vé hai bi€n biing nhau hoan toan b€ tic, don gian vi
déng thic dat duge khi ... cic bi€n d6i mot khac nhau. Day cing 13 mot
trong nhiing vi du quan trong nhat ctia ki thuat don bi€n ra bién ma ching
t6i mudn trinh bay véi cac ban.

Bai toan 3: (Jackgarfukel) Cho a,b,c 1a 3 s6 thuc khong am va c6 toi
da mot s6 biang 0. Chiing minh ring:

a b c

5!
+ + °
Va+b Vb+c et+a 4

Loi giai:

Trudce khi tAn cong bai nay, ta cAn xem khi nio trudng hgp dau bing
xdy ra: d& thady a = b = ¢ khong thda, do d6 mot cach tu nhién ta nghi dén
trudng hgp bién: ¢ = 0. V6i ¢ = 0 thi BDT(¥) trd thanh

\/a“_ﬂ)m/z?g%/am (1)
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Chudn héaa+b=1. Tacd
Q)@l—b+v@§§¢>@@—1mfzo (dding)

Vay ding thic x4y ra khi a = 3b, ¢ = 0 (va cac hoan vi).

Nhu vay truong hgp ddu bing x3y ra khi cd ba bi€n rdi nhau, do d6 cac
phuong phap don vé hai bi€n bing nhau xem nhu khong con tic dung. Do
d6, ddn mot bién vé bien c¢6 thé xem 13 con dudng tat yé&u.

Khong mat tdng quét c6 thé gid st a = max{a,b,c} vaa+b+c=1.
Ditt =% vas=%suyraa=t+s,c=t—sb=1-2t Taco

t+s 1-2¢t t—s 5

Werrm i v =1 W

it f(s) = VT(1) véi s € [0,¢], ta s& ching minh f(s) < max(f(0), f(¢)).
Tacé:

fo) 1 ths 1o 1
s) = - -
Vs+1—t 2(s+1-=1)>%2 2(1—-t—s)32 /2
Vi chua xéc dinh dugc dau cida f/(s) nén ta dao ham ti€p
§ 1 3(t + s) 3(1 - 21)
fi(s)=—
(s+1—1)32  A(s+1—1)>2 41 —t—s)5/?
() — 9 15(t + s) 15(1 — 21)

As+1—1)52 8(s+1—1)72 " 8(1—t—s)7/2

C18+3s—33t  15(1—2t)
T U—t—s2 B —i—s) P
Vay f"(s) > 0 v6i moi s € [0,t] nén theo dinh Ii Rolle ruy ra f'(s) ¢6
t6i da da hai nghi¢m trén [0,¢]. Mit khic d& dang ching minh f/(0) < 0
va f'(t) > 0 do d6 f'(s) chi c6 thé d6i ddu t6i da mot 1an trén (0,t), hon
nia f(s) chi c6 thé c6 mot trong cac dang sau: f'(s) > 0,Vs € (0,¢) hodc
f'(s) < 0,Vs € (0,t) hodc f'(s) c6 dang — 0 + trén (0,¢). Tuy nhién trong
trudng hop nao thi f(s) cing chi ¢6 thé dat cuc dai tai bién.
Vay f(s) < max(f(0), f(t)) v6i moi s € [0,¢] nén ta chi cAn ching minh
BDT sau niia 1a xong:

>0, vib=1-2t>0

max(£(0), (t)) < 5/4
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Mu6n vay ta chiing minh 1an lugt cac BDT f(0) < 5/4 va f(t) < 5/4.
Viéc chiing minh hai BDT nay déu rat d& dang, nén chiing t6i d& nghi ban
doc ty kiém chiing.

H4n nhién cac ban déu ddng ¥ vé sy cAn thiét ctia phuong phap don
bi€n ra bién d6i véi bai todn 3. Tuy nhién, ¢6 thé nhiéu ban sé cho ring:
vi bai todn 3 khong d6i xting nén méi khong xay ra trudng hgp dau ”=" khi
c6 hai bi€n bing nhau. D€ phi dinh nhan xét d6, ching t6i két thic muc
nay bing cach din ra mot bai todn ctia anh Pham Kim Hung trén THTT:
Bai toan 4. Cho a,b,¢ >0, a + b+ ¢ = 3. Chiing minh ring:

(a® +0* + ) (a®b® + b°c® + *a®) < 36(ab + be + ca)
Loi giai:
Khong mat téng quét c6 thé gid st a > b > c. Dit
f(a,b,c) = 36(ab+ bc+ ca) — (a® + b° + ) (a®b* + b* + ¢ + *a®)

Khi d6 f(a,b+¢,0) = 36a(b+c) — (a® + (b+¢)*)a®(b + ¢)>.
Ta s& ching minh ring f(a,b,c) > f(a,b+ ¢,0). That vay, chi § ring:

36(ab + bc + ca) > 36a(b + c)

(a® 4+ 0> 4+ (@ + 0’ + Ea®) < [a® + (b + )% (b + ¢)®
(vitacd a® + 03+ <a®+ (b+¢)® va a®b® + b3 + a® < a3(b + ¢)?)
Do d6 ta chi cAn chiing minh bai toan trong trudng hop ¢ = 0, hay
36ab > a’b*(a® +b*) < 36 > a*b*(a® + b*)
Dat t = ab, bat ding thic ¢6 thé viét lai dusi dang #2(27 — 9¢) < 36 <
t3 + 4 > 3t%. Nhung day lai la BPT Cauchy cda ba s6 t3/2,3/2,4. Ding

thic x4y rakhic=0vaa+b=3,ab=2haya =2,b=1,¢c= 0 (va cac
hoan vi).
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*Nhan xét: Mot vi du nita, don gidn hon, cia cing tdc gid trén Dién Dan
Todn Hoc:
” Cho a,b,c> 0, a+b+c=2. Tim gid tri I[6n nhdt cia:

(a® —ab +b*)(b* — be+ ) (2 — ca+ a?).”

Bai todn nay khong khé va dé nghi ban doc tu gidi quyét.

5. BPT 4 bién.

Sau khi nim viing ki thuat ddn bi€n véi 3 s6 thi cac ban ¢ thé doc muc
nay mot cach nhanh chéng. Ching t6i chi xin luu ¥ dic tha cia truong
hop 4 bien: Khi c6 4 bién thi ta c6 thé dén bi€n theo ting cip, va c6 thé
chiing minh dugc ngay bai toan (ching han nhu BDT Cauchy). Tuy nhién,
thuan Igi nay thudng chi xudt hién trong cac bai toan khi don gidn. Da&i
v6i cac bai phic tap thi thudng ta chi dén duge 1 cap nhs thi tu sip duge
gitta cac bi€n. Sau khi dén dugc hai bi€n bing nhau (hoic ddn dugc mot
bién ra bién) thi ta chua c6 ngay BDT véi 1 bi€n, ma phai qua mot BDT
trung gian (2 hay 3 bi€n). Tuy nhién thuong thi cic BDT trung gian nay
kha d& dé€ c6 thé ching minh tryc ti€p hodc danh gia d€ quy vé 1 bi€n. Néi
chung, chiing t6i nhdn manh diéu cAn thi€t & day [a cac ban cAn quan sat
that ki mdi lien hé giita 4 bi€n dé€ c6 cach xi 1y thich hgp.

Ching ta bt dau véi mot vi du "kinh di€n” cho ki thuat don bién
v6i BDT 4 bién.

Bai toan 1. (IMO SL, Viét Nam dé nghi) Cho a,b,c,d >0, a+b+c+d = 1.
Chiing minh ring:
1 176
dab < — + —
abc + bed + cda + dab < 5 + 5 abcd
Loi giai:
Bai nay ddng thic xdy rakhia =b=c=d =1/4 hoica=b=c =
1/3,¢ = 0. Do d6, nhiing ddnh gid thong thudng rat dé roi vao bé tic.

bit f(a,b, c,d) = abc + bed + cda + dab — kabed véi k = 12—776. Ta c6:

fla,b,c,d) = ab(c+ d — ked) + cd(a + b)
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Tit d6, ta hi vong ¢6 f(a,b,c,d) < f(t,t,c,d) véit ==L Vi0 < ab < ¢

nén d€ ¢6 diéu nay ta cAn ¢+ d — ked > 0. O day rat may mdn 13 néu c6
diéu nay c6 diéu ngugc lai, nghia 1 ¢+ d — ked < 0, thi BDT ban d4u hién
nhién ding vi:

1

3—_
)_27

c+d+ (a+D)
3

fla,b,c,d) = ab(c+d—ked)+cd(a+b) < cd(a+b) < (

Vay ta c6 thé gid st 1a luon c6 f(a,b,c,d) < f(%E2, %L ¢, d). Luu § la ta
da thuc hién dugc viéc don bi€n nhu trén ma khong can bat ci gid thiét
phu ndo ap dit lén 2 bi€n a,b. Do d6 nhs tinh d6i xiing ta c6 thé dén 2
bi€n bat ki trong 4 bi€n vé bing nhau.

Tu d6, dat thém s = % ta co:

fla,b,e,d) < f(t, t,e,d) < f(t,t,s,s)= f(t,s,t,9)

t+s t+s t+st+s t+s t+s
S.f( ) 7t7$)§f( ) ) )
2 2 2 2 2 2

) = f(
va bai todn ching minh xong!

*Nhan xét:

1) Trong loi gidi trén, thuc chdt la cit mbi budc ta lai phdn ra 2 truong hop:
c6 mot truong hop thi dén bién duoc va mot truong hop ma BPT hién nhién
diing. Do do, loi gidi khong khéi cé phan réi rdm. Ban doc nén trinh bay lai
bdng cdch phdn chitng (gid sit cé (ag, by, co, do) sao cho f(ag, by, co, dy) > 2%)
sé gon gang va chdt ché hon. M{t cdch khdc la gép cd hai truong hop lai:

a+b a+b

f(aabacad) Smax{%?af(Ta 2 7C7d)} (1)

2) dJ ddy con cé mot cdch nhin nita, thoat nhin thi khong khdc mdy y & trén
(thdm chi ¢é vé dai dong hon), tuy nhién ddy la mot ki thudt rdt cé ich. Y
tuéng nay Idy tiv anh Phan Thanh Nam va anh Pham Kim Hing trén Dién Pan
Mathlinks.

Nhdc lgi la f(a,b,c,d) = ab(c+ d — ked) + cd(a + b). Ddt g(x) = ab(c +
d — ked) + cd(a + b) thi g la ham tuyén tinh, va ab € [0,t%] (vdi t = “£) nén
g(ab) < max{g(0),9(t*)}. Chi y g(0) = f(0,a +b,c,d). Vay ta cé:
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V&i cdch viét trong BPT (2) & trén thi viéc cuc tri dat tai tdm hodc tai bién

N A NE . N . 1

la rat ro rang. 7That ra, trong bai todn nay ta cé ngay f(0,a +0b,c,d) < 5=

va cé thé chuyén (2) vé (1). Tuy nhién, vdi cdc bai phiic tap thi dang (2) sé

16 ra rdt cé ich, ddc biét la trong ki thudt don bién téng qudt cho n sé ma
chiing t6i sé trinh bay & phan sau.

3) Cdc ban hdy tu gidi quyét bai todn tuong tu sau ddy ciia Nguyén Anh
Cuong.

"Gid sit x,y,z,t la cdc s6 thuc khéng dm théa man v + vy + 2z +t = 4,
chitng minh rdng:

3(x? +y* + 22 +tH) +dayat > 16 7.

Ching ta ti€p tuc véi 1 bai toan ma trong dé cac ki thuat don 2 bién
bing nhau 13 thyc sy r6 rang.

Bai toan 2. (Phan Thanh Nam) Cho a,b,c,d 1a cic s6 thuyc khong am
c6 t6ng bing 4. Ching minh bing:
abc + bed + cda + dab + (abe)® + (bed)? + (eda)? + (dab)? < 8
Loi giai:
Loi gidi sau day cia tac gid bai todn. Dat f(a,b,c,d) 1a VT BDT cin
ching minh. Ta cé:

f(a;_baaT_l_baad) _.f(aabacad)
— _ 2
= (a b)z(c—l— d) + (a b)z[(a i b)2 + ab)(¢® + d*) — (a—bf Ad?
2 2 2 2
> (a g b)z(c + d + 4abed — 2¢%d?)
Vay néu ¢+ d + dabed > 2¢%d? thi f(%2, 222 ¢,d) > f(a,b, ¢, d).
Tagid st a > b > ¢ > dthitheo trén ta c¢é: f(x,x,¢,d) > f(a,b,c,d) v6i
x = “T“’ Tuong ty, ta xét: f(x,z, %, %) — flz,z,c,d).
Néu 2z + 4z%cd > 22* thi f(z, 2, 22, 24) > f(z,2,c,d). Va ta chi cin

ching minh f(z,z,y,y) <8 v6i x + y = 2. Diéu nay don gidn.
N&u 2x + 4x%cd < 22* thi ta danh gia ti€p: 2zed + 22%c2d? <= 22* nén:

f(z,z,¢,d) = 2*(c+d) + 2zed + 20°d® + 24 (P + d°) > 2*(c+d) + 2*(c+d)?
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va do 2%(c +d) < (4/3)3 nén f(z,z,c,d) <= (4/3)3 + (4/3)% < 8. Bai
todn ching minh xong!

*Nhan xét:

1) Vé diéu kién c + d + 4abed > 2c2d? dé don hai bién a,b bdng nhau, ta
thdy chi cdn ab > cd la di.. Piéu dé cé nghia la néu gid sita > b > c > d
thi ta c6 thé don hai bién bdt ki trong 3 bién a,b,c vé bdng nhau (hon nita
néu 2 bién chua bing nhau thi BDT & ddy la thuc su, nghia la sau khi don
bién thi ham f sé tang lén mét dai luong > 0). Liéu diéu dé cé din dén:
fla,b,c,d) < f(t,t,t,c) voi t = %b“ hay khong?

R6 rang, néu gid sit f dat cuc dai tai (a,b,c,d) thi theo dé ta phdi cé
a=0b=c. Trén Dién Pan Mathlinks ban Zhao Bin dda cé mét 1oi gidi vdi ¥
tuéng dé. Tuy nhién, viéc ton tai cuc dai ciia ham f (vdi 4 bién) khong phdi
la chuyén hién nhién (mdc dit né rdt ré rang vé mdc tryc gidc).

Mot ¥ nita, la bing cdch don bién lién tiép gita 3 bién a,b,c ta cé thé
diing day sé’ dé chuyén qua giéi han va diua vé 3 bién bang nhau. Nhung mot
lan nita, mdc dit ré6 rang vé mdc truc gidc nhung cdch lam trén khéng phi
hop vdi cdch tiép cdn so cdp.

Tuy nhién, trong bai todn 3 ngay bén dudi day chiing toi sé cung cdp cho
cdc ban mét cdach lam hét sic thii vi dé chuyén vé 3 bién bang nhau trong
nhitng truong hop nhu vay.

2) Néi thém vé bai todn 2. Bai nay khéng khé va theo 10i tdc gid bai todn
thi né duoc ddt ra dé gidi quyét bai todn sau ddy ciia anh Pham Kim Hing:
”Chitng minh rdng vdi 4 sé khéng dm a,b,c,d cé tong bing 4 thi:

SRR S S R
5—abc 5—bed 5 —cda 5—dab

bdng cdch sit dung bo dé sau day:
"Cho 4 56 x; > 0 théa man: Z?Zl(xi + 2?) < 8va x; +x; < 3 Vi # j. Thi:

1 1 1 1
+ Sl-”
5—1’1 5—1’2 5—1’3 5—1’4

B6 dé nay rdt thii vi nhung né khdng ndm trong pham vi dén bién ciia
chiing ta. Tuy nhién, c6 mot cdu héi la ligu cé thé gidi quyét bai todn ciia
anh Pham Kim Hiing bing cdch don bién hay khong? D6 la mét vén dé hay
ma chiing t6i mudén cdch ban tw minh suy nghi.
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Trong bai todn sau, cAu a) 1d cda anh Pham Kim Hung, con cau b)
12 mot k&t qud manh ma ching t6i tim duge.

Bai toan 3. Cho a,b,c,d > 0,a+b+c+d = 4. Dit Fj, = (1+a")(1+b)(1+
*)(1 + d*). Chiing minh ring:

a) Fy > F

b) £y > F.

Loi giai:

a) Ta sé ching minh BDT nay bing phidn ching. Gid st ngugc lai tdc
ton tai bo bon s8 (a,b,c,d) théa man: a,b,c,d >0, a+b+c+d =4 va
F4 < F3 (1)

Theo BDT Bunhacopski ta c6: Fy.Fo > Fi, F3.Fy > F} , Fy.ly >
F12 (2) Tu (1) va (2) suyra Fy < F5 < Fr < F1 < Fy =16 (3) Tu (3) ta
c6 Fy < 16 suy ra maz(a,b,c,d) < 2.

D& din t6i mau thuin véi (3), ta sé chiing minh F3 > F;  (4). That
vay:

e l-—atd)(1-b+)(1—c+A)(1—d+d*) >1
@(ZJF(%;D )(Z (2521) )(i (2011) )(Z+(2d4—1) )51
@(1_'_(2@;1) )(1+(2b;1) )(1+(2C;1) )(1+(2d;1) > (g)

N2
1+(x+y+z+ )

& (1+2")(1+y") 1+ 271+t > ()

2a—1

4
£ _ _ 2b—1 _ 2c—1 __ 2d-1
(Trong d6 @ = ==, y = ==, 2 = ==, t = =7=)

2 2
L (AB
2
<:>%(A-B)2(8—A2—6AB—B2) >0

Ta thdy néu A + B < 2 thi BDT nay dung.
Khong mat t6ng quét cé thé gid st a < b < c < d. K& hop véia+b+
¢+ d =4 ta d& dang chiing minh: = +¢ < 2 vd y + 2 < 2. Do vay theo

Tu d6 xét BDT

(1+A%)(1+B%) > (6)
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BDT(6) ta co:

(1423 (1 +1%) >

1+2)1+22)> |1+ (y”)z

nhan (7) va (8) v& theo v& suy ra:

etz (e EE) (e )] o

Tiz+t<2vay+z<2suyra 3+ 22 <2 Do d6 lai 4p dung
BDT(6) ta dugc:

[1+ (x;rt)z] {1+ (y;—z)g} >

2

2
|+ (Hy—w) (10)

4

Tw (9) va (10) suy ra:

(a1 421+ 214 2) > 1+(fiﬁiﬁii)

4

Vay (5) ding suy ra (4) ding (mau thuln véi (3)). Diéu d6 c6 nghia viéc

gid st & (1) 1 sai tdc ta ¢6 BDT ngugce lai [a Fy > F3 (dpcm).

b) Cau nay manh hon ciu a) do d6 dung "manh 16i” nhu cau a thi khong
8n, tuy nhién néu ” dudng 16n ti€n cong” thi khong gip van dé gi:

bat f(a,b,c,d) = VT — VP ta cAn ching minh f(a,b,c,d) > 0. Mudn
vay, truGc hét ta chiing minh ménh dé sau:
Ménh dé: Néu a +b<2va a >z >bthi
fla,b,c,d) — f(x,a+b—z,c,d) >0
That vay:
fla,b,c,d) — f(x,a+b—x,c,d)
=(a—2z)(x=b)[(d+1)(c+1)— (&®+1)(* + 1)(ab— 2* + ax + bz — 2)]
tit d6 stt dung gid thi€t d& dang suy ra diéu ching minh.
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Tré lai bai toan ta cd thé gid st a < b <c<d Ditz = %b“ thi: Chua
Ya+c<2vac>ax>anén ap dung ménh dé ta cé:

f(a,b,c,d)zf(a—l—c—a?,b,a?,d) (1)

Cha v 1a = = W nén néu

max{x,b,a+c—z}thia+c—x =b=
va bai todn chi con 1 bién.
Gia st ngugc lai, khi d6 ¢6 hai trudng hop:
b<r<a+c—ux(2) hoicat+c—x <z <b(3)
Lai st dung ménh dé cho ta:
(2) :f(a+c—x,b,z,d) > f(r,a+b+c—2x,2,d) = f(x,z,2,d) hodc
3):fla+c—z,b,x,d) > fla+b+c—2x,z,2,d) = f(x,z,x,d)
No6i chung trong trudng hgp nao ta ciing ¢

f(x,b,a—l—c—x,d)zf(x,x,x,d) (2)

Tui (1) va (2) suy ra f(a,b,c,d) > f(x,x,x,d). D& gidi quyét bai toan 1 bién,

ta thay z = 22 = 124 vj chiing minh:

4—d 4—d 4—-d
3 7 37 37

min{x,b,a + ¢ — x} hodc © =

Tr =
rxnén fla+c—z,b,x,d) = f(z,z,x,d)

(

d)=0 (4)

That vay:

1
(4) (d® — 22d° + 223d* — 1268d> + 4210d* — 7564d + 6364)(d — 1)* > 0

@ JR—
729

Bat ding thic cudi ding nén ta c¢6 diéu phai chiing minh.

*Nhan xét: Viéc déi bién trudc khi doén bién ciia cdu a) la khd ki la va
dem lai hiéu qud khong ngo. Ki thudt dén vé 3 bién bing nhau ciia cdu b)
la rdt manh, va hoan toan so cdp (bdi s6” budc don bién chi la hitu han). Kt
thudt nay cé thé iing dung cyc t6t cho cdc bai 4 bién. Hon thé, & phdn sau
né sé dugc mé rong dé gidi quyét bai todn véi n bién.

Cué6i cung, chiing ta d&€n véi mot vi du cho trudng hop don bién ra
bien. DAy cling 1a mot bai todn cia anh Pham Kim Hung.

Bai toan 4. Cho a,b,c,d > 0 . Chting minh ring:
a b c d 4
+ + + >
B24+c2+d?2 a?+c2+d?2 a?+b2+d?2 a?+b2+c¢2  a+b+cec+d
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2

Loi gidi: Xét

a 4
f(a’b’c’d)_;bucud?_a+b+c+d

Gidsta>b>c>d Tacé:

fla,b,c,d) — f(a,b,Va?+b2,0)
c d 4
PIPIE @1 P1E atbierd
Vet 4 d? 4
(a2+62 a+b++a+b?

(do a? + b* > ¢ + d? nén d& thay BDT trén ding)

)

Vay van dé con lai 1a ching minh f(a, b,v/c2 + d?,0) > 0. BDT cudi chiing
minh khong khé nén xin nhuong lai cho ban doc.

*Nhan xét: Cdch don bién & trén nhidm bdo toan tong a® + b* + ¢ + d>.
Tdt nhién, viéc nay ciing khéng phdi la diéu qud quan trong, béi néu thich cdc
ban ciing c6 thé bdo toan a + b+ c + d bdng cdch chitng minh f(a,b,c,d) >
f($t + 2 ¢ d), sau dé danh gid

2t c+d 4
t,t,c,d) > -
f(>>c> )—t2+(c+d)2+(%)2+2t2 2t +c+d

x y 4 )
= — t d =2ty = d
x2/4+y2+y2/4+a72/2 o (trong dé x y=c+d)

Buéc cudi cung la f(x,y) > 0 (chitng minh cdi nay khéng khé cdc ban c6 thé
gid sit x +y =1 cho gon)

Dén day ching ta tam két thic phan don bi€n cho BDT "cy thé” (c6
3 hoic 4 bi€n) d€ budc sang phin ddn bi€n cho BDT n bi€n. Nhu ching
ta sé thay, day 13 mot linh vuc khé hon hdn. Tuy nhién céc ki thuat chinh
déu dit nén ting thong qua viéc khao sit BDT "cuy thé”, ma dic biét la
nhiing tu tudng manh nha khi khao sat BDT 4 bién.
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6. Don bién bang ham oi.

Cac ban than mé&n, phuong phap dén bi€n ma ching ta da tim hiéu
trong cidc muc trudc khong phai Ia tii trén troi roi xudng. That ra § tudng
ddn bi€n da thé hién rat 16 ngay trong cic BDT c8 dién. Do d6 néu x&p
theo dong chay thsi gian thi 18 ra muc nay phai dugc néu ra ngay ti dau.
Tuy nhién, ching to6i nghi 1a s& thd vi hon néu chiing ta tré lai g6c r& sau
khi cdc ban d4 cAm nhan doén bi€n nhu 13 mot phuong phap “hién dai”.

Mot trong nhiing cong cu chinh d€ don bién trong cic BDT “dang ¢8
dién” 1a ham 16i. Pay I3 mot khéi niém quen thudc, tuy nhién dé€ tién loi
cho ban doc chiing tdi xin nhic lai.

Dinh nghia: Mot ham s8 f : [a,b] — R dugc goi 1a 161 néu:

fltz+ (1 —ty)) <tf(x)+ (1 —-1)f(y), Yo,y € [a,b],Vt € [0, 1]

*Nhan xét:
1) Néu f khd vi 2 ldn thi mot tiéu chudn rdt quan trong dé kiém tra tinh 10i
la f'(x) > 0,Vz € (a,b).
2) Néu f 16i thi f lién tuc. Nguoc lai, néu f lién tuc thi tinh 10i ciia f la
twong duong véi dieu ¢ vé "yéu hon” la: f(*32) < w

Cac ban c6 thé thay, dinh nghia ham 16i da ddnh ngay vao muc tiéu
ddn bi€n. Ching ta c6 ngay két qui quen thudc sau:

Dinh ly: (BDT Jensen) Cho f 1a ham s& 16i [a, b] — R.
(i) V6i x; 1a n s6 thudce [a, b] ta co:

m+xywn+wv<f@0+f@ﬁ+m+f@w
n - n

S
(i) V&i z; 1 n s6 thudoc A va \; 13 n s6 khong Am ¢ t6ng bing 1 ta cé:
fAxy + Xowg + oo+ M) < A f(z1) + Mo f(z2) + .o+ M f(zn)
Nhiing k&t qua trén 13 quen thudc va ching t6i bé qua chiing minh.

Thay vao d6 ching t6i dAn ra day mot chiing minh cho BDT Cauchy bing
cach dung ham 16i. Nhic lai:
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Bai toan 1. (BDT Cauchy) Cho n s6 thuc duong z;. Chiing minh ring:

T1+To+ ...+ 2y
n

> Yr12o...0,

Loi giai:
L4y logarit 2 v&, ta chuyén vé dang:

T1+ To+ . F xn) S In(xy) + In(x2) + ... + In(z,)

n n

In(

Ham s8 f(z) = In(z) ditt RT — Rkh3d vi2 lan va f"(z) = —27%2 < 0,Vz >
0. Do vay ham g(x) = —f(x) s& thda ¢’(z) > 0,Vx > 0. Vay g 16i. Tu d¢,
ap dung BDT Jensen ta c¢6 ngay diéu phai chiing minh.

*Nhan xét: Mot cdch khdc rdt thong dung ding dé chitng minh BPT Cauchy,
dé la chitng minh quy nap theo n. Cdch lam dé rdt hay, dén néi ta cé cdm
gidc la “cdi gi ding cho n = 2 thi ciing diing cho n tuy y”. Cdc ban hay
quan sdt ki cdch chitng minh do, réi chitng minh lai BDT Jensen, cdc ban sé
thdy ham 16i la mot tong qudt néi lén bdn chdt cia vén dé.

Ham 18i ¢6 thé Gng dung trong rat nhiéu BDT ¢d dién, va nhing BDT
c6 dién nay lai gidi quyét dugc rat nhiéu bai todn khac. T4t nhién, né
khong phai 1a mot cong cu "van ning”, tuy nhién néu biét st dung khéo
léo thi stic manh cia né khong nhd. Ching t6i dAn ra day mot vi du cho
thay ching ta khong thé 4p dung ham 16i dé€ cho ngay ké&t qua, song né
gitp gidi quyét duge mot trudng hgp quan trong ma cic trudng hgp con lai
c6 thé ching minh don gidn bing cdch nay hay cach khac.

Bai toan 2. Cho cac s6 thuc z,y, z ¢6 téng bing 1. Ching minh ring:

T Y z 9
+ + < —
1+22 1492 1422710

Loi giai:
Xét f(t) = 115 thi BDT cAn chiing minh tuong duong:
r+y+=z
F@) + fly) + f(2) < 3F(—5—)
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Do d6, n€u —f 1a ham 15i thi coi nhu bai toan dugc gidi quyét.

Ta cé: 24(3 — )
—f't) = Q1P

nén —f"(t) > 0,Vt € [0,+/3]. Vay néu z,y, z € [0,/3] thi bai toan dugc gidi
quyét.
Trong trudng hgp con lai thi chic chin ta s& ¢6 dau BDT thuc sy. Do
vay ct viéc chia thanh nhiéu trudng hop con d€ xét.
Cothégidsir>y>zluuyar+y+z=1vaz,y z¢][0,1] nén 2 phai
Am suy ra f(z) <0
*Né&u y Am suy ra x duong va f(y) <0, tacd f(z) + f(y) + f(2) < f(z) <
1/2 < 9/10
*Né&u g duong suy ra = duong va luu § f(y), f(x) nghich bi€n trén [v/3, +-o0]
do d6 f(z) + fy) + f(2) < f(z) + fly) < F(V3) + f(v/3) < 9/10

Bai todn chiing minh xong.

*Nhan xét: Tdt nhién loi gidi trén chua phdi la ngdn gon so vdi nhiéu
loi gidi khdc cho bai todn nay ma chiing téi duoc biét. Tuy nhién tu tudng
ciia né hoan toan trong sdng. O ddy, néu thay vi mong mudén don bién toan
cuc (don 1 lan 3 bién) bdang viéc hi vong hop Iy hon la dén dugc 2 bién vé
bcang nhau thi loi gidi sé ngdn hon. Thdt vdy, néu cé 2 trong 3 bién x,y, z
thuéc doan [0,~/3] thi ding ham 16i ta dén dugc 2 bién nay vé bdng nhau, va
bai todn chi con 1 bién, xem nhu gidi quyét xong. Trong phdn con lai thi viéc
chia truong hop sé don gidn hon. Nhu vdy, chiing ta cé thém mdt ki thudt dé
don 2 bién vé bdang nhau la sit dung ham [6i.

Mdc di day la mét cong cu t6t, nhung mot diém yéu rdt dé nhdn ra la
trong BPT, cdc bién phdi ndm trong cdc biéu thitc doc ldp nhau (dé cé thé
viét thanh dang f(x1) + ...+ f(x,)). Trong khi dé, nhitng BDT ma ta da gdp
phdn 16n khéng c6 diéu do, va ta sé phdi lam viéc vdi dang tong qudt hon
la f(z1,...,x,). Chiing ta sé phdi thiét lap cdc két qud vé dén bién cho dang
tong qudt nay ¢ muc sau.

Nhu da néi & trén, v6i ham 18i thi § tudng don cic bi€n vé bing nhau
thé hién ngay tii dinh nghia. Tuy nhién, diéu bat ngd 1a ki thuat don bién
ra bién cting c6 thé thuyc hién thong qua ham 16i. Cac ban c¢6 thé thay ngay
diéu d6 qua két qua sau day:
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Dinh ly: Cho f: [a,b] — R la mot ham 16i. Khi dé:
fx) < maz{f(a), f(b)}, Yz € [a,0]

Chiing minh:

Vi f lien tuc nén f dat gid tri I6n nhit tai x¢ € [a,b]. Xét khi |z0—a] <
|zo — b| (nghia 1a ¢ gn a hon b). Thi z; = 229 — a € [a,b]. Khi d6 theo
dinh nghia ham 13i ta cé:

a—+ 2z

fla) + flo) = 272

) = 2f(x0)
suy ra f(a) = f(xq). V6i 29 gdin b hon a thi ching minh tuong ty.

*Nhan xét: D¢ cdc ban co thé cdm nhdn ”cdi diing” ciia dinh Iy trén chiing
16i s& néu ra mot hinh dnh khi f"(x) > 0,Vz € (a,b). Khi dd, f' dong bién
nén chi c¢é t6i da 1 nghiém trén (a,b), néi cdch khdc la chi déi ddu t6i da 1
lan. Do dé f sé roi vao cdc truong hop sau day: dong bién, nghich bién, di
lén roi di xuéng”, hodc di xuéng roi di lén”. Va trong truong hop nao ta
ciing thu duoc két qud can thiét. (Mot chitng minh khdc trong truong hop nay
la gid st f dat cuc dai tai xg € (a,b) thi f"(x¢) <0, mdu thudn.)

Ching toi sé¢ dAn ra day 2 bai todn ma ching thuc sy 1 cdc bai toan
khé cho du gidi bing bién ddi dai s6 hay quy nap.

Bai toan 3. Cho 0 < p < ¢, va n s8 thuc z; € [p,¢q]. Ching minh ring:

11 1 n*] (p — q)*
T+ o+ Fa)(—+—+..+—)<n’+ [—} p—ar
T T T 4 pq

trong d6 ki hi¢u [z] 1a chi phan nghuyén cta
(*Ghi chii: DPdy la mot bai tong qudt, trong dé truong hop n = 5 la bai
USAMO 77, con n = 3 la dé thi Olympic 30 — 4 ndm 2001 )
Loi giai:
Tu gid thi€t z; € [p,q|, ta d& dang dodn ring: GTLN sé dat dugc khi
x; € [p.q] v6i moi i. Khi d6, g/s trong n s6 x; ¢6 k s6 p va n — k s6 ¢ thi:
k- n—k

VI = (kp+ (n = k)a) (- + — )=k2+(n—k)2+k(n—k)(§+g)
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2 2
:n2+k(n—l{:)(p_q) :nz—l—l [nz—(n—Qk‘)z} (p—q)
pq 4 pq

Vi k nguyén nén n?—(n—2k)? < n? (khin chdn) va n?—(n—2k)? < n?-1
(khi n 18). Tu d6, ta thu dugc BDT ban dau déng thdi chi ra ludn trudng
hgp dau bing x3y ra.

Dén day, ta chgt nhan ra: m&u chot cia van dé chi 1a nhan xét: "GTLN
s& dat dugc khi z; = p hoic z; = ¢ v6i moi ¢”. Va that bat ngd, nhan xét
nay chiing minh ra't dé.

V6i moi i, ta xem v€ trdi 1a mot ham theo z;, ta sé chiing té: f(z;) <
max{f(p), f(¢)}, va d&u bing x4y ra khi va chi khi z; € {p, ¢}.

Tacé: f(z) = Az +2+C. C6 thé khio sat ham d€ ra ngay k&t qua (suy
ra luon d&u bing xay ra khi z; € {p, ¢}). Song & day trinh bay mot cach so
cap hon. D€ ¥:

Fa) = Fp) = (@i =p)(A = )
Fa) = @) = (o~ (A= )

Tu d6 néu f(z;) > mazx{f(p), f(q)} thi 16 rang z; & {p,q} va:

B B B B
>0,A— = <A<
Zip riq  Xp Ziq

mau thudn p < ¢. Vay f(z;) < maz{f(p), f(¢)}-

Cain néi thém vé trudng hgp ddu bing: g/s f(z;) = maz{f(p), f(¢)} m
v ¢ {p,q}. Neéu f(z;) = f(p) thit A= 2 > khi d6 f(z:) — f(p) <
(mau thuin). Tuong ty, néu f(z;) = f(q) cing mau thudn. Vay f(z;)
max{f(p), f(q)} tuong duong véi z; € {p, q}

A —

*Nhdn xét: Ta cé bai todn md rong sau:
"Cho a; € |a,A],b; € [b,B]véi 0 <a < Ava0<b< B. Tim gid tri l6n
nhdt ciia
(a3 + ...+ a2) (b3 + ...+ b2)
a161 + ...+ anbn

2
Nha todn hoc Polya dda cho mét chan trén la: i (1 / % + 4/ %)

T —

2

Bai todn trén mang ¥ nghia 13 tim chin trén cia BDT Bunhacopski,
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mot didu ra't ty nhién dugc dit ra 1a chin trén cda BDT Cosi 1a gi ? Néu
ban td mo thi hay xem ti€p bai todn sau day:

Bai toan 4. (Phan Thanh Nam) Cho 0 < a < b, va n s8 thyc z; € [p,q].
Chiting minh ring:

T T H (» —q)?
rq
Loi giai:
Véi moi i, thay x; bdi p hay q thi it nhat mot trudng hgp T phéi ting
len, va né€u T khong ting thi buodt z; € {p, q¢}.

Cho i chay tii 1 t6i n, v6i mbi i ta thay z; bdi p hay ¢ sao cho T ting
len (hoic giti nguyén néu hai trudng hop déu khong tiang)

Sau budc bi€n déi trén ta da c6 z; € [p, q] v6i moi i. Néu x; = q v6i moi
i thi T = n, khong phdi GTLN, do d6 chi can xét khi Jx; = p.Do hoan vi
vong quanh nén cé thé gid st 1 = p. Khi d6 bat ké z3 = p hay ¢ ta thay
xo bdi ¢ thi T vAn khong gidm. Sau khi thay z, bdi ¢ ta lai thay z3 bdi p
thi T vin khong gidm ... CG nhu vay ta xen ké& p, ¢ cho t6i s6 x,, thi T vin
khong gidm. Sau khi thyc hién qué trinh nhu trén ldc nay ta cé

n—17p
(_

T==
( >,

5 + + =)+ 1 (n€u n 18)

o ) (n&€u n chin) va T =
q

T I
S

Ta vi€t lai 2 trudng hop dudi dang:
2
n —
T=n+ [—} u ,Vn

21 pq
va day chinh 1a v& phdi BDT cin chiing minh. Ding thiic xdy ra khi
z; € {p,q} va xen ké k& ti z; t6i z,, (khong k& vong z,,, z;). Bai toan dén
day dugc gidi quyét tron ven !

Nhu vay, ching ta ¢ thé thiy ¥ tudng don bién da xudt hién rit sém
ngay trong cach ti€p can c§ di€n. Chiing ta da gip lai 2 ki thuat dén bién

quan trong & cac muc trude [a: ddn bi€n vé tAm va don bi€n ra bién. Dic
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biét trong trudng hgp cuc tri dat dugc tai tAm, ham 16i con cho ta mot kiéu
dén bi€n nita rat thd vi ma ching ta s tim hi€u 3 muyc sau. Mic du véi
mot loat cac bai BDT xuft hién gan day thi ¢6 vé nhu cong cu 8 dién la
khong @i (hoic rat khé khian), nhung mot 1an niia, chiing t6i nhan manh
tAm quan trong ctia nhiing ¥ tudng "cd dién”, ma dua vao dé ching ta méi

A

c6 thé "ding trén vai nhiing ngudi khdng 15”.

7. Don bié&n vé gia tri trung binh.

Cho dén bay gid, trong phuong phap don bi€n cia ching ta, s6 lan
thuc hién thao tac ddn bi€n ludn 13 hitu han, nhd d6 151 gidi 13 16 rang va
hoan toan so cap. Pay la mot diéu rat t6t ma ching t6i mudn duy tri ti€p
tuc trong muc nay.

Trudc hét, chiing t6i gidi thiéu thém mot cach ddn big€n nita danh cho
ham 16i. Ta sé goi day 1a ki thuat don bi€n vé gia tri trung binh, ma céc
ban sé thiy ro diéu d6 qua k&t qua sau:

Dinh ly: Cho f 1a ham 16i [a,b] — R. Ta c6:
fla)+ f(b) = f(x) + fla+b—x),Vz € [a,0]

Chiing minh:
Viz € [a,b] nén: z =ta+ (1 —t)b véit € [0,1]. Khi d6: a +b—z =
(1 —t)a +tb. Ap dung dinh nghia ham 16i, ta cé:

f@)+ flat+b—=)= f(ta+ (1 =1)b) + f((1 = t)a+1b)
< [tf(a) + A=) fO)] +[(1 =) f(a) +tf ()] = fla) + f(b)

Ung dung k&t qua nay, ta c6 ngay chiing minh cho BDT Jensen. Nhic lai:

Dinh ly: (BDT Jensen) Cho f 1a ham s6 16i [a,b] — R. Thi véi x; € [a, b
la n s6 c6 trung binh cong bing T, ta cé:

flr) + f(@2) + .. + flzn) 2 nf(T)
Chiing minh:

Ta cho thuc hién thuat todn sau:
*Budc 1: Néu z; = T, Vi thi ding lai. Néu khong thi qua bude 2.
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*Budgc 2: Vi khong c6 z; = T,Vi nén phdi c6 1 bién 16n hon hon T va
1 bi€n nhd hon T, ma ta c6 thé gid st 1a z; > T > z,. Khi d6 thay bo
(21,22, ..., x,) b3 bd (T, 21 + x5 — T, ..., 2,). Sau d6 trd lai bude 1.

Nhu vay mdi 1an thuc hién budc 2 thi bo méi cing cé trung binh cong
12 T, tuy nhién né lam cho biéu thic f ting lén. Mit khac mdi 1An thyc
hien budc 2 thi s6 bi€n bing T ting lén it nhat 1 1, do d6 sau hiiu han (c6
thé 14y la n — 1) 1an thuyc hién buéc 2, ta sé phai ding lai 3 buéc 1. Chd ¥
1a trong qué trinh thay th€ thi biu thic f ting lén, do vay ta ¢6 diéu phai
ching minh.

Vay la ching ta ¢6 thém mot cich ddn bi€n méi. S6 di chiing toi
khong dua cach dén bi€n nay ra & cadc muc trudc, 1a vi né chi c¢6 gia tri khi
dén bi€n vé tAm, ma khi d6 v6i n = 3 thi ki thuat ddn 2 bi€n vé bing
nhau da da st dung. Tuy nhién, ki thuat nay sé phat huy tic dung khi s6
bi€n ting lén, cy thé la véi trudng hgp n bién tdng quat. Ly do kha don
gidn: trong BDT véi n bi€n, cho du ta ddn dugc 2 bi€n vé bing nhau thi
ciing chua thu dugc gi dang ké, va trong trudng hgp d6 thi sau hitu han lan
dén bi€n vAn khong thé dua duge vé trudsng hop 1 bién (chi chua néi 1a
dua duge vé trudng hgp cac bi€n bing nhau). Tuy nhién, néu st dung ki
thuat don bi€n ra bién hodc ddn bi€n vé gia tri trung binh thi tinh hinh
lai khac: sau mbi l1An don bién thi s6 lugng bi€n cé gia tri cd dinh ting lén
(1 gia tri tai bién hoic gia tri trung binh), do d6 chi cAn hitu han 14n dén
bi€n ta sé dua dugc tat ci cic bi€n vé céc gia tri cd dinh va bai toin xem
nhu gidi quyé&t xong.

T4t nhién, khi ning dé€ ¢6 thé don 1 bi€n bat ki vé& bién hoic gia tri
trung binh 13 khong cao. Tuy nhién, cii quan trong 13 tinh thin cta né:
dén 1 bien vé gia tri cd dinh. Ban doc c¢6 thé thay ¥ tudng nay cuc ki hiéu
qud trong trudng hop 4 bi€n (xem ciu ¢), Bai toan 3, $5). Trong muc nay,
chiing toi ti€p tuc gidi thidu 2 bai todn khac, ma trong d6 ¥ tudng ddn bién
vé gi4 tri trung binh da cho 15i gidi bat ngd. Pay 1a 2 bai todn dic sic cia
anh Pham Kim Hung, ma viéc gidi quyét ching da dem lai cho ching toi
nhiéu ¥ tudng méi cho phuong phap don bién.

Bai toan 1. Cho n s6 thuyc duong ay, as, ..., a, cé tich bing 1. Chiing minh
ring v6i k = 4(n — 1) ta ludn c6:
1 1 1 k k

—+ =+t —+ >n+— (1)
a1 Qa2 Qn, ar+ay+ ...+ ay n

Loi giai:
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Véin = 1,n = 2 thi bai todn don gidn, nén dugi day ta xét khi n > 3.
Trudc hét, ta khao sat cac trudng hop c6 thé don bién va rdt ra:

Ménh dé 1: Ki hieu f(a1,as, ...,a,) 12 biéu thic v& trdi BDT cin ching
minh.
(i) Néu a3 < x < ag va ajas <1 thi

aia
flay,ag,...;a,) > f(z, %,ag,...,an)
(’l’l) Néu (1 — al)(l — ag)[k‘alag — (Z?:l ai)(zz;g a; + a1a9 + 1)] 2 0 thi
flay,as,...;a,) > f(1,a1a9, a3, ..., a,)

(’l’l’l) Né&u ai, az >1>as thi:

flay,ag,...;a,) > min{f(1, aras, as, ..., a,), f(1, as, aras, aya;, ..., a,)}

Chitng minh ménh dé 1:
D¢ vi€t cho gon ta dit A=>"" ., a,
(7) Ta cé:

a10a9
flay,ag,...;a,) — f(z, T,ag, ceey Q)

1 1 1 T k L

@ G2 7 a102+A+a1+a2_A+x+a1mﬁ
(r—a)(a2 —2)[(A+ a1+ a2)(A+x + “42) — kajao]
- araz(A+ay + az)(A +z + “2)

Theo BDT Cauchy:

(A+a+a)(Ata+22) 20 2 4(n—1) =k > kaiay

va ta ¢6 dpcm.
(i1) Cing tit ding thic & trén cho # =1 ta c6:

flay,ag,...;a,) — f(1,a1a9,as, ..., a,)
(1 —a1)(1 —a9)[karas — (A+ a1 + a2) (A + ajas + 1)]
ajaz(A+ay + az)(A+ ajas + 1

va ta ¢6 dpcm.
(731) Xét hai trudng hgp:
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Truong hop 1: Neu kaias > (3072, a;) (315 @i +araz + 1)]) thi dung (i4) ta
co f(a1>a2> . an) > f(l aiaz, asg, .. aan)'
Truong hop 2: N&u karas < (31, ai)((Di 5 aitaias+1)]) thiviag < 1 < ay

nén: .
kaiaz < Z a;) Z a; + araz + 1)
i=1 i#£1,3
(that vay
Zi¢173ai+a1a3+1 - Z?Zlai—al—ag‘l‘l 1
a1as a1as
> Zyzlai_al_a2+1 1= Z?:gaﬁ—alag%—l)
a10a9 a1Qa9

Do d6, dung (i7) ta ¢6: f(ay,az, ..., a;, ..., an) > f(1, a9, ..., a1a;, ..., ay).
Meénh dé 1 ching minh xong! N6 sé cho phép ta dua bai toan vé 1 bién.

Ménh dé 2: Ta sé luon dua duge bai todn vé trudng hgp ¢6 n — 1 bién
bing nhau va < 1.

Chitng minh ménh dé 2:

*Bugc 1: Dua vé trudng hop c6 n — 1 bién < 1.

Gia st con c¢é nhiéu hon 1 bién 16n hon 1, ma ta cé thé gia st 1a ay, ao.
Thi st dung ménh dé 1 (ii4) ta luon c6 thé thay bo (ay, ..., a,) bdi 1 bod khac,
van c¢6 tich bing 1, 1am cho f khong ting, va hon niia cé s& bién bing 1
ting lén it nhat 13 1. Do d6 sau hiiu han lan thay (khong qua n — 1) ta sé
c6 duge n — 1 bien < 1.

*Bugc 2: Dua n — 1 bién < 1 vé bing nhau.

Gid st a; < ay < ... < ap,_y <1Ilan—1Dbi€n cb trung binh nhan 1
x. N&u n — 1 bi€n nay chua bing nhau thi ¢y < z < a,_; va duing ménh
dé 1 (i) ta c6 thé thay bo (a1, as, ..., an_1,a,) bdi (z,ag, ..., 2= a,). Khi
d6 f khon gidm va s6 bién bing x ting lén it nhat 1a 1. Ta ciing luu ¥ 1a
Aint <4 <1 (viay la s6 nhd nhat trong n— 156 ay, ..., ap—1 nén a; < ),
do d6 viéc thay th&€ nay vAn ddm bio n — 1 bieén déu < 1 didu d6 cho phép
viéc thay th& c¢6 thé thuc hién lién ti€p. Vay sau hitu han (khong qua n—1)
lan thay thé& ta sé ¢c6 n — 1 bi€n < 1 déu bing nhau.

Cudi ciing, ta gidi quyé&t bai todn 1 bi€n, tic 1a ching minh:

flz,x, ..., x, ) > f(1,1,..,1) véix <1
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g(l’) —f(l’,l', ’:E’[L’n_l) T +x (n_1)1’+m,}—71
voi x € (0, 1].
Ta co:

/ _ _1 n—2_ x™

) = D G ey

" —1 ((n—1)2" —1\"
=(n—1 luuylak=4(n-1
(n—1)=—3 ((n—l)x“—l—l) uylak=4(n—1)

Ta thdy ngay g(z) <0 v6i z € (0,1], nén g(x) > g(1) va ta c6 dpcm.
Bai todn chiing minh xong!

*Ghi cha: Bai todn ban dau ciia anh Pham Kim Hing la véi k = 3n,n > 4.
Két qud & day manh hon, va nhu cdc ban thdy trong chitng minh cho truong
hop 1 bién thi s6 k = 4(n — 1) "hop ly” hon.

Bai toan 2. Cho n s6 thuc duong ay, as, ..., a, c6 tich bing 1. Ching minh
rang:
n

(14+ad)(1+a3)...(1+a2) <

< W(Oh +ag+ ...+ an)zn—z

Loi giai:
Vé6i n = 1,n = 2 thi don gidn nén ta ching minh cho n > 3. Ta

thay bai todn tuong duong véi f(aq,as, ..., a,) > 0 va cing tuong duong véi
g(ay,as, ...,a,) > 0, trong d6:

flay,ag, ..., an) = k(ar + az + ...+ a,)*"2 = (1 + af)(1 4 a3)...(1 + a2)
g(ay,ag,...,a,) =1In(k) + (2n — 2)In(a; + az + ... + a,)+
—In(1+a?) —In(1+a3) — ... — In(1 + a?)
(vé viéc tai sao phai xét cd f va ¢ s& binh luan & sau)
Khao sat so bd cac trudng hgp c6 thé don bién, ta cé:

eMénh dé 1:
(i) Néu a; > 1 > as, a3 thi:

flay,ag,...,a,) > min{f(1,a1a9,as, ..., a,), f(ai, 1,asas, ..., a,) }
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(i7) Néu a; = max{a;}'_; va a1 > x > ay > 1 thi:

a10a9
glay,az,...,an) > g(x, — as, ..., ay)

Chitng minh ménh dé 1:
(1) Xét cac hiéu
flay,ag,...;a,) — f(1,a1a9,a3, ..., a,)
= ks® 2 — ku® 2 + [2(1 + afa3) — (1 +a?)(1 +a3)](1+a3)...(1 + a?)
(véis=ar+as+ ...+ apn,u=1+ajas+ ... + a)
= k(ay +as — 1 — ajap)(s* 2 + ¥y + ..+ v )+
+(1—a)(1 —a3)(1+a3)...(1+a2)
= —(1—ay)(1 —ag)[k(s* > 4+ ... +u®" )+
—(1+a)(1+a2)(1+a3)...(1 + a?)]

St dung lai déng thic & trén véi as d6i chd cho ay, ta cé:

flay,as,...;a,) — f(a1, 1, azas, ..., a,)
= —(1—a)(1 —az)[k(s® 3 + ... + 0" )+
—(14a2)(1+4a3)(l+ a%)(l + ai)...(l + afl)]
(v6iv=14+agas+a,+as+ ...+ ay)

Tu 2 ding thic & trén, ta thay:

* néu k(s P 4+ L+ u? ) — (14+a)(1+a)(14dd)...(1+a2) >0 (2
Thi f(ai,az,...,a,) > f(1,a1a9,as, ..., ay)

*néu k(s 3 4.+ 0?3 — (1+az)(14a3)(1+a?)(1+a3)...(1+a2) <0 (3)
Thi f(ai,az,...,a,) > f(1,a1a9,as, ..., ay)

Do d6, ta chi cAn ching minh trong 2 BDT (2) va (3) c6 it nhat mot céi
ding 1a xong! Chéng han, ta gid st (2) sai, va s& chiing minh (3) ddng.
Mu6n vay, ta chi cAn chiing minh: v > v va (1+a1)(1+a3) < (1+a3)(1+a?)
13 xong! Diéu nay c6 dugc ti viéc tinh toan don gidn:

u—v=asg+aay—a; —azaz = (1 —az)(a; —asz) >0
(1+a)(1+a3) — (1+a3)(1 +a?) = (a3 — ar)(araz +a; + a3 — 1) <0

Vay ménh dé (i) chiing minh xong!
(i1) V6i viec xudt hien ham In ta khong thé xét hiéu rdi bi€n ddi, ma thay
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vao dé ta dung dao ham.
Xét:

g(t) =In(k) +2(n — 1) In(ta, + % +az+ ...+ an)+
2

—1In(1 4 t%a3) — In(1 + %) —In(1+a3) —...—In(1 +a?)
VéitE[ ag/al,l].
Ta co:
2a3
() = 2n—D(a —%) 22— 2
tar +F+as+ ... +a, (1+t2a%)(1+j—§)
9 ag)[ (n—1) ta; + % ]
1= m -
t2 tay + 2 a3 + ... + an (1+t2a%)(1+j—§)

Vit e [y/az/ai,1] nén a; — % > 0. Do d6, goi T la thita s6 con lai, ta chi
cin ching minh 7" > 0 1a ¢6 thé suy ra g ddng bi€n (trén [\/az2/as, 1)).
D€ viét cho gon, ta dit

2
= \/(1 +t2a2)(1 + %),d =ta; + %
Ta cé6:

n—1 d
T>0% > — & n—1)c>d*+dlas+ ...+ an
dtaz+..+a, ¢ &=l (as )

Vi ¢ > d (BDT Bunhiacopski) nén dé c6 BDT trén ta chi can:

(n—2)c>az+...+ay

Diéu nay ding vi ¢ > ajas > ay > max{as, ..., a,}
Lay to = max{z, “**2} /a,, thi

[a aa aa
to €] a—z,l],toal maz{z, %} = min{x, %}
1 0

Vi g dong bién trén [\/az/a1, 1] nén g(1) > g(to) va ta c6 dpem.
Vay ménh dé (ii) chiing minh xong! Ménh dé 1 chiing minh xong!
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TrS lai bai toan, ta s&¢ néi la bo (ay,as,...,a,) duge thay thé bdi bd
(bl,bg,...,bn)) neu f(al,ag,..., ) 2 (bl,bg,...,bn) hOéC g(al,ag,...,an)
g(bl,bg,...,bn).

v

Ménh dé 2: Luon dua duge vé trudng hop ¢6 n — 1 bi€n biing nhau > 1.
Chitng minh ménh dé 2:
*Budc 1: Dua vé trudng hgp c6 n — 1 bién > 1.

Gia st con ¢6 2 bi€n as, az < 1. Khi d6 phai c6 1 bi€n > 1, ma ta ¢6 thé
gid st 13 a;. St dung ménh dé 1 (i), ta c6 thé thay bo (ay, as, ..., a,) bdi bd
(1, a1aq, as, ..., a,) hodc bo (ai, 1, asas, ..., a,). Chi § [a cho du thay bdi bo
nao, thi sd cac bi€n bing 1 cling ting lén it nhat 1a 1. Do d6, dong tac thay
th& nay sé phai diing lai sau khong qua n — 1 1an. Khi dé, ta sé c6 n — 1
bi€n > 1.

*Bugc 2: Ta ching minh luon c6 thé thay n — 1 bi€n > 1 bai trung binh
nhan cta ching. That vay, gid st a; > as > ... > a,_1 > 1 > a, va
dit ¢ = /a1, az, ..., ap—1 > 1. N&u trong n — 1 bi€n diu tién van con
bien khac z thi a; > 2 > a,_1. St dung ménh dé (ii) ta c6 thé thay bo
(a1, az, ..., an-1,a,) bdi b0 (z,as,...,%2 a,). Chi § la #=L >q, ; > 1
(vi a1 1a s8 16n nhit trong cac s6 {a;}?-] nén a; > x) cho nén viéc thay
the nay vin ddm bio n — 1 bi€n dau tién > 1 (d€ c6 thé thay thé lien
ti€p). Chd ¥ ring sau khi thay th& thi s6 bi€n bing z ting lén it nhat [a L
Do d6, sau khong qua n—1 l1an thay thé thi cd n—1 bi€n dau tien déu bing z.

Cudi ciing ta gidi quyé&t bai toan 1 bién.
Xét ham s6 h(z) := g(z,, ..., z, )

1 1

=In(k) +2(n —1)In((n — 1) . —) — (n—1)In(1 4+ 2%) —In(1 +

)

x2n—2

véi x> 1.
Ta co:
n—1- —,} 2(n —1)e  —2p=)
h'(z) =2(n—1) L B o =
(n—l)x—l— ,1 1—|-(L’2 1+332”—*2

:2(71—1)((71—1)95“—1) 22 1 )

" 142 1 g2

(
2(n—1)((n—1)§xn ) 2 — 1 )

(1 +22)(1 + a2 2)




Cha v 1a 2 > 1 nén dé c6 W (x) > 0 ta chi can:

n—1 "+ 1
(n—1ar+1 = (1+a2)(1 +a2)

Ta dat dugc diéu nay bing ddnh gia don gidn:

n—1 S 1 S "+ 1
m—1z"+1~ an+1~ (14 22)(1 + 2272)

(C6 dau > th hai 1a do BDT Bunhiacopski )

Vay v6i ¢ > 1 thi #/(z) > 0 nén h(z) dong bi€n, suy ra h(x) > h(1) =0 va
ta c6 dpem.

Vay bai todn ching minh xong! Ping thiic xay ra khi va chi khi a; = a; =
.=a, =1v6in>3(cOn véin =1,n =2 thi c6 ding thic).

*Nhan xét:

1) Bai todn nay do anh Pham Kim Hung ddt ra dudi dang bai todn mé va
chitng minh trén ddy ciia chiing t6i la chitng minh ddu tién cho né.

2) 0 day viéc xét dong thoi 2 ham f,q cho phép ta mé rong khd ndng don
bién: khi thi xét f don gidn hon, khi thi xét g don gidn hon. Trong bai todn
1 thi vi vdn dé don gidn hon nén chi can mét ham f la di.

8. Dinh ly don bién tong quat.

Cac ban than mén, néi vé cac dinh 1y dén bi€n phai nhic t6i 2 két
qua dau tien hét sic 4n tugng, 13 dinh 1§ ddn bi€n manh (SMV) ctia anh
Pham Kim Hung va dinh Iy don bi¢n khong xac dinh (UMV) ctia ban Dinh
Ngoc An. Trong d6, "xuong s6ng” ciia cac dinh 1y nay la b dé day s6, mot
ké&t qua cho ta cAm giac 6 rang th& nao 13 ddn bién.

Trong muc nay, ching tdi s&¢ cung cidp cho cac ban mot dinh 1y don
bien rat téng quat — dinh Iy GMV cta anh Phan Thanh Nam — véi mot
cach ti€p can méi. C6 thé trinh bay ngin gon bing cich din ra dinh Iy va
chiing minh né, tuy nhién ching t6i khong lam nhu vay vi mudn chia sé
v6i cac ban cd con dudng (trong tu duy) d€ xay dung né. Hi vong la sau khi
xem xong, cAc ban s& c6 cdm giac 1a c6 vo s6 dinh 1y don bién.

Chiing ta bit ddu bing mdt s6 dinh nghia trong khong gian R™.
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DPinh nghia 1:

e Khong gian R™ 1a tap hgp cac bo thi ty x = (x4, 29, ..., 2,) V61 z; € R, Vi.
o Mot day {z,, = (Z1my -, Tnym) } trong R™ goi 12 hoi tu vé& 2 = (21, ..., 2,) €
R™ néu tiing day z;,, hoi tu vé z; khi m — oo, Vi =1,2,....n.

e Cho D C R*. Mot ham s6 f: D — R goi la lién tuc trén D néu: véi moi
day {x,,} C D va v6i moi z € D sao cho {z,,} hoi ty vé 2, thi ta déu c6:

f(zm) hoi tyve f(2).

Pinh nghia 2: Cho D C R". Ta néi:
e D déng néu v6i moi day {z,,} C D va v6i moi z € R" sao cho {z,,} hoi
tu vé z, thi ta déu c¢6 2z € D.
e D bi chin néu ton tai sd thuc M sao cho: Vo = (zy,...,z,) € D}, thi
2] < M,¥i=1,2,....n.

Vi du nhu mot tap hop hitu han thi déng va bi chin.

Xuat phat di€ém cta ching ta 13 k&t qua tuyét dep sau day:

Pinh ly 1: Cho D déng va bi chin trong R", va f : D — R lién tyc.
Thi f dat gia tri nhd nhdt trén D, nghia 1a ton tai 29 € D sao cho:
f(zo) < f(z),Vz € R.

Day la mot k&t qua co ban va ¢ trong chuong trinh phd thong & céac
nudc, tuy nhién & nudc ta thi né duge xem la thuoc "Toan cao cdp”. Tuy
nhién, d€ tién lgi cho ban doc chiing téi dAn ra day mot chiing minh ma
cac ban hoan toan c¢é thé hiéu duge véi kién thic phd thong.

Chiing t6i nhic lai mot k&t qua cé trong SGK: ” moi day s6 thuc don
diéu va bi chin thi hoi tu”. ”Tién dé&” nay sé dugc st dung d€ ching minh
mdt k&t qui vé day con.

DPinh nghia 2: Cho 1 diy s6 {a,,}°°_, (trong R ho#c trong R™). Mot day
{am, }32, duge goi [a mot day con cta day {a,,}5o_; n€u {my}2, 1a moc day
ting ngit cic s6 nguyén duong.

*Vidu: {agm}_; 1a mot day con cia day {a,,}>°_;. Dudi day céc can
cta chi s6 s& dugc bd qua né€u khong gay hi€u [Am.

Bo dé 1: (Weierstrass) Mbi day a,, bi chiin trong R thi ¢6 1 day con hoi tu.
Chiing minh:

Ta ching minh c¢6 mot diay con don diéu 1a xong.

Xét tap T := {m € Z*|3Im’ > m sao cho a s > a,,}. Néu T hitu han thi
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day {a,,} s& gidm ké& tii 1 chi s6 ndo d6. Néu T vo han thi ta sé trich dugc
1 day con ting. Trong cd hai trudng hgp thi ta luén cé 1 day con don diéu.

Bo dé 2: (Weierstrass) Mbi day a,, bi chiin trong R™ thi ¢6 1 day con hoi tu.
Chiing minh:

Xét {am = (T1my -, Tnm)} 1& moOt day bi chin trong R". Khi d6 day
{z1m} bi chin trong R nén ¢6 1 day con {mekl} hoi ty. Day {xzmkl}
ciing bi chin trong R nén c¢6 1 day con {wa,,, } hoi tu. Bing cich ldy
"day con ctia diay con” lién ti€p nhu vay, cudi cing ta thu dugc day con
{am, = (T1mys s T, ) MA Vi = 1,2, ..., n, ta cd day {z;m, } hoi tu trong R.
biéu d6 ciing c6 nghia la day {a,,, } hoi tu trong R™.

B6 dé 3: (Tinh ddy dd cda R) Cho A 1a 1 tap bi chin trong R. Thi ton tai
M € R sao cho: M < A (nghia la M < a,Va € A) va ¢6 1 day {ax} trong A
hoi ty vé M. Ta sé ki hieu M = infA.

Chiing minh:

Ta chiing minh ring Ve > 0, 3a € A, a — ¢ < A. Gid st ngugc lai. Khi
d6 1ay o1 € A tiy ¥, bing quy nap ta xay dung dugc day {z,,} trong A sao
cho i1 <y —e,Vm e Z*. Khi d6 ta ¢6: z, < 21— (m—1)g, Vm € Z+
va diéu nay mau thuin véi A bi chan dudi.

Nhu vy, Vm € Z*, tdn tai a,, € A sao cho a,, — = < A. Viday {a,} bi
chin nén c6 day con {a,, } hoi tu vé M trong R. Ta chiing minh M < A
nia la xong. That vay, 18y a € A bat ki thi a,,, — mik <a,Vk € Z*, nén
cho k — oo suy ra M < a.

Ching minh dinh ly 1: Xét A = f(D). Ta ching minh A c¢6 phan ti
nhd nhat.

Ta s& chi ra A c6 tinh chAt sau: n&u day {a,,} chta trong A va a,, — «
thi € A. That vay, theo dinh nghia ta cé z,, € D sao cho f(z,,) = an, — a.
Vi day {z,,} bi chin (chida trong D) nén c6 day con {z,,, } hoi tu vé ¢ trong
R". ViD d6ng nén c € D. Vi f(z,,) — a nén Vi f(z,, ) — a Mit khéc,
vi {xpm, } — ¢ va f lién tuc nén f(z,,,) — f(c¢). Vi gi6i han 1a duy nhat
nén f(c) = .

Bay gid, ta thdy A bi chin du6i (vi ti [ap luan trén véi a = —oco ta sé
gip mau thuin). Do d6 ton tai M = infA. Do dinh nghia inf va tinh chat
ctia A viia chi ra & trén, suy ra M € A. Vay A ¢6 phan ti nhé nhat [3 M.
Dinh Iy ching minh xong!
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Dinh Iy 1 12 mdt md rong cia mot két qui quen thuodc c6 trong SGK:
"Cho [a,b] 12 1 khodng déng trong R va f : [a,b] — R lién tyc, thi f ¢6 gid
tri nhd nhat trén [a,b]”. Do d6, vé mit truc giac thi dinh Iy 1 kh4 16 rang.
Tuy nhién, c6 thé cdc ban sé¢ khé hinh dung la dinh 1y nay thi lién quan
gi d€n van dé don bi€n? Heé qua sau day cta dinh 1y 1 sé 13 ”chia khéa”
cho céc dinh Iy dén bi€n ctia chiing ta. Luu § ring tat cd cic k&t qua trong
muc nay khong cin diéu kién f d6i xing.

Dinh ly 2: Cho:

e D [a I tap déng, bi chan trong R™, va A 1a 1 tap con déng cda D.

e T :D — D la mot phép bi€n ddi bat ki.

e f: D — RIa mdt ham s6 lien tuc thda man f(z) > f(T(x)),Vx € D\A.
Thi ta ¢c6 GTNN cia f dat duge trén A, nghia la:

f(x) > r;g{l{f(y)}ﬁx € D\A.

Chiing minh:

Do dinh Iy 1, tdn tai 29 € D sao cho f(zg) < f(z),Vo € D. Né&u xq

khong thuoc A thi f(zg) > f(T(z0)), mau thuin. Vay xo € A va ta ¢ diéu
phéi ching minh.
*Ghi chii: Ta thdy phép bién ddi T : D — D nhung thyc ra trong dinh ly
trén chi doi héi tinh chat ctia T trén D\A. Do d6 v6i @ € A thi T'(x) c6
thé 14y gia tri tuy ¥ va ta c¢6 thé xem nhu T'(z) = . Quy udc nay sé dugc
stt dung trong phin con lai, nghia [a T'(z) = x,Vz € A va ta chi quan tAm
gid tri cia T trén D\A.

Day 1a mdt hé qud qua don gidn phdi khong cic ban, tuy nhién § tudng
ddn bign cta n6 da 16 r6. D€ minh hoa, chiing t6i din ra day mot ching
minh cho BDT Cauchy.

Bai toan 1: (BDT Cauchy) Cho n s6 thuc khong am x4, ..., z,. Chiing minh

rang:
T+ AT > Ny,

Chiing minh:

Bing cich chuin héa, ta c¢6 thé gid st z;...z, = 1 va ching minh
21+ ... + x, > n. T4t nhién ta chi cAn xét khi z; < n, Vi.

Xét: D ={zx = (z1,...,x,)|7; € [0,n], 71...7, = 1} thi d& thdy D d6ng va
bi chin. Xét A = {xo=(1,1,1,...,1)}.

Xét f : D — R lién tyc nhu sau: véi mbi z = (z1,....,2,) € D
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thi f(x) = 21+ ... + x,. Xét T : D\A — D nhu saw: Véi mdi v =
(z1,...,x,) € D\A, thi ton tai z; # z; va ta dit T(z) 1a bo thu dugc tu
x sau khi thay x; va z; bdi trung binh nhan cta ching, khi d6 d& thdy
f@) = f(T(2)) = (Vi — z3)* > 0.

Vay ta c6 thé 4p dung dinh 1i 2 d€ suy ra f(z) > f(x0),Vz € D, hon nita
dau” =7 chi xdy ra khi z = x.

Trong nhiéu trudng hop, c6 thé ham f sé khong dd tot va ta sé chi
c6 c6 diéu kien f(z) > f(T'(z)). T4t nhien khi d6 ta khong thé 4p dung
dinh ly 1. Mot doi héi hgp 1y 1a phép bién ddi T phai du t6t d€ bu lai (nhé
13 phép bien ddi T la do ta chon). Diéu nay dua dén:

Pinh ly 3: Cho:
e D 1a 1 tAp déng, bi chan trong R™, va A la 1 tap con d6ng cda D.
e T :D — Dlal phép bi€n d6i sao cho ton tai mot ham sd A lién tuc
D — R thdéa man: h(T(z)) < h(x),Yz € D\A.
e /: D — Rla mdt ham s6 lién tuc thda man f(z) > f(T(z))Vx € D.
Thi ta ¢c6 GTNN ctia f trén D ciing la GTNN ctia f trén A, nghia la:

(@) = min{f()}, Vo € D.

Mic du 1a trudng hop rieng cia mot dinh Iy t6ng quat hon & cudi bai,
nhung vi tAm quan trong cta dinh 1§ nay nén ching t6i vin din ra day
mot ching minh cho né.

Chiing minh:
Lay 3o € A sao cho f(yo) = Iyﬂg{r&{f(y)} Gid st phan chiing ring ton tai

z € D sao cho f(z) < f(yo). TAt nhién ta c6 thé gid st h(x) > 0,Vz € D
(n€u khong chi viéc thay h béi 2/ = h — M, v6i M 1a GTNN cda h trén D).
Chon £ > 0 dd nhd ta cé: f(2) +eh(z) < f(yo). Dit g(z) := f(z) + eh(z),
Ve € D. Thig: D — R lién tyc, g(z) > g(T(x))Vx € D\A va g(z) <
flyo) < r;él[{l{g(y)} Diéu nay mau thuin véi dinh 1y 2.

Sau day 1A mot hé qua 4n tugng cta dinh 1y 3.
Hé qua 1: (SMV-Strongly Mixing Variables) Cho:
e D e R'D ={x = (v1,....,%0)|x; > ,) x; = ns = const} va sy =
(s,8,....,8) € D.
e Phép bi€n ddi T': D — D nhu sau: v6i mdi phan ti a = (ay,..,a,) € D,
a # 5o, ta chon ra 2 chi s6 ¢ # j nao d6 (tuy theo ham f bén dudi) sao cho
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a; # aj, 161 thay a;,a; b6i trung binh cdng cda ching.
e /: D — Rla ham s6 lién tuc théa man: f(a) > f(T(a)),Va € D.

Khi d6: f(a) > f(so0),Va € D.
Ching minh: Véi phép bién déi T nhu vay, ta chon h(z) =" 27, Vo =
(21, ...,xn) € D. Ap dung dinh Iy 3 (& day A = {so}).
*Nhdn xét: Thong thudng, trong dp dung ta s& 14y a;, a; 1a min va maz cia
{ai,...,a,}. Khi d6, c6 thé ching minh tii 1 phin ti bat ki cta D, sau vo
han 1an lap T sé thu dugc (s, s, ..., s), va st dung tinh lién tyc ctia f ta ciing
thu dugc k&t luan.

Riéng trong truong hgp nay (min va maz) thi khong nhat thiét thay
ai,a; bdi trung binh cong ma c6 thé tdng quit hon:
Hé qua 2: Cho:
e D € R™ déng va bi chin. Goi A 1a tap hop cac phan ti trong D c¢6 dang
(s,8,...,5), va gid st A khac réng.
e Phép bien d6i T : D — D nhu sau: v6i mdi phan ti a = (a1, .., a,) € D\A,
ta chon ra 2 chi s6 i # j sao cho a;,a; 1a min v max cta {ay, ..., a,}, sau
dé thay a;,a; bdi o, 8 € (a4, a;).
e /: D — Rla ham s6 lién tuc théa man: f(a) > f(T(a)), Va € D.

Khi dé:

f(x) > min{f(4)}, Ve € D.

yeEA
Chiing minh: Mot céch ty nhién, ta hi vong vao ham
h(a) = maz{ay,...,a,} — min{ay, ..., a,},Va = (ay, ...,a,) € D

Tuy nhién, ta khong ¢6 ngay h(a) > h(T(a)), Va € D\A. D6 la vi trong
n s ai,...,a, c6 thé c6 nhiéu s6 bing nhau va bing maz hay min cta
{ay,...,a,}. Nhung ta chi viéc thay T" bdi T* = T™ (T* nghia la lip lai T
v6i k 1an) thi h(a) > h(T*(a)),Va € D\A va ta ¢6 thé ap dung dinh Iy 3.

Tuy nhién, d6i khi chi 1 phép bi€n d8i T sé¢ khong dd, vi du nhu khi ta
chua biét chinh xéc 1a don bi€n vé bién hay vé tam. Do d¢6, dinh 1y 3 dugc
md rong thanh dinh 1y don bi€n tdng quat sau day.

Pinh ly 4: (GMV — General Mixing Variables) Cho:

e D 1a 1 tAp déng, bi chan trong R™, va A la 1 tp con d6ng cda D.

e T; : D — D la cic phép bi€n ddi sao cho tdn tai cic ham s§ h; lién tuc
D — R théa man: h(Tj(z)) < hj(x)Yx € D\A, Vj € {1, ..., k}.
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Thi f(2) > min{f(y)}, ¥z € D,
=

Ta st dung lai ching minh ctia dinh 1y 3 cing véi 1 cai tién nhd.
Chiing minh:
L4y yo € A sao cho f(y) = ml{{l{f(y)} Gi4 st phadn chiing ring ton tai
ye

z € D sao cho f(z) < f(yo). TAt nhién ta c6 thé gid st h;(z) > 0,Vz €
D,Vj=1,...,k Chone > 0da nhd tacd: f(z)+ech;(z) < f(yo),Vi=1,.... k.
bit gj(x) := f(z) + ehj(x), Ve € D,Vj =1, ..., k.

bit g(z) = min{g:1(z),...,gx(x)},Yx € D. Thi g : D — R lién tuc,
g(x) > g(T'(z))ve € D\A va g(z) < flyo) < min{g(y)}- Di€u nay mau

thudn véi dinh Iy 2.

*Chi chi: Ta da st dyng k&t qud 1a néu ¢; 1a cdc ham lién tyc thi g =
min{gi, ..., gx} cling 12 ham lién tyc. Tat nhién ta chi cAn ching minh
v6i k = 2, va trong trudng hgp nay thi chi cdn dé ¥ 1a min{g, ¢} =
(g1 + 92— |91 — g2]). Con sy kién g(z) > g(T'(z)),Va € D\A thi rat 1o rang,
vi néu u; > v;, V5 = 1,..., k thl min{uy, ..., ux} > min{us, ..., ux}.

Cac ban than mén, tuy hinh thic phat bi€u ngin gon nhung GMV
c6 tAm Gng dung cyc ki rong rai. Ct mdi mot (hay mot vai) phép bi€n ddi
T thich hop 1a ta lai ¢c6 mot dinh 1y ddn bién méi. Ching t6i két thic muc
nay bing mot hé qua cia GMV, ma c6 thé xem la sy mé rdong ciia SMV
& He qua 2. Cing xin luu § ring cic két qua c6 ten SMV va UMV & day
téng quat hon so véi cac dinh 1y cling tén ma ching t6i da din ra ban dau.

Hé qua 3: (UMV — Undefined Mixing Variables) Cho:
e D C{r=(x1,....,0,) € R"|x; > 0,Vi =1,....,n}, D d6ng va bi chin. Goi
A 13 tap hop cac phan ti trong D ¢6 ¢ thanh phan bing 0 va n — ¢ thanh
phan bing nhau (¢ > 0).
e 2 phép bi€n d8i T}, T» : D — D nhu sau: v6i mdi phan ti a = (ay, .., a,) €
D\A, chon ra 2 chi s6 ¢ # j sao cho a; = min{a; > 0,t = 1,...,n} va
a; = max{ay,...,a,}, sau d6 thay a;,a; b6i o, 8 € (a;,a;) (Gng v6i T1) va
o <a; <aj < (Gng voi Ty).
e /: D — Rlién tuc théa man: f(a) > min{f(Ti(a)), f(Ti(a))}, Va € D.

Thi

f(z) = min{f(y)}, Vo € D.

yeEA
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Chiing minh:

Chon hi(a) = max{as,...,a,} — min{ay,...,a,} va hs(a) = —hy(a),
Va = (a1, ...,a,) € D. Tuong ty nhu hé qué 2, ta thay 7} bdi Ty = T va
Ty =Ty d& c6: hi(a) > hi(T}(a)), ho(a) > ho(T5(a)), Va = (ai, ...,a,) € D.
Ap dung GMV ta c6 didu phai ching minh.

9. Nhin lai.

Cac ban than mén, cé 1é bay gid la lic tam ding d€ nhin lai hanh
trinh vita qua. Nhu chiing t6i da néi trong $6, don bigén da dugc bi€t dén tu
rat sém thong qua ham 16i va din dén cic két qua tuyét dep. BDT Jensen
c6 thé xem nhu mot tieu chudn d€ don bién vé tAm mot cach toan cuc. V@
cac k&t qua nay, cic ban c¢6 thé tim doc mot cach rat day dd trong cudn
"Bat ding thic” ndi ti€ng ctia 3 nha toan hoc Hardy — Polya — Littewood.

Trong trudng hgp 3 bi€n, c6 1&é quen thudc nhat véi ban doc 1a nhiing
BDT lugng gidc, ching han nhu:

3V/3

sinA + sinB + sinC < —5 (1)
3
cosA + cosB + cosC < 5 (2)

v6i A, B,C la 3 canh 1 tam giac.

BDT (1) c¢6 thé thu dugc ngay bing cich 4p dung BDT Jensen cho ham
16i. BDT (2) thi tinh t& hon, ham f(z) = —cosx ¢6 f’(x) = cosx nén chi
16i trén [0, 7]. Do d6 ta khong thé 4p dung ngay BDT Jensen cho 3 bién
AB,C. Tuy nhién, ta c6 thé gid st A < B < C va khi d6 thi A, B € [0, 7]
nén ta c6 thé don 2 bi€n A, B vé bing nhau. Sau d6 bai todn chi con mot
bi&n va trd nén don gian.

Nhu vay, tu tudng don bién da din 16 6. Thay vi mong mudn cé ngay
mdt cich don bién toan cuc, chiing ta hi vong ¢6 thé tiing buc don gidn bai
toan bing cich gidm dan s6 bi€n. Day chinh 13 tu tudng chinh clia phuong
phap don bi€n. Trong trudng hgp 3 bi€n, sau khi thuc hién duge dong tac
ddn bién (bat ké 1a vé& 2 bi€n bing nhau, hay dén 1 bién ra bién, hay don 1
bi€n vé gia tri trung binh) thi gAin nhu bai todn chi con 1 bi€n va xem nhu
gidi quyét don gidn. Do d6, phép ddn bi€n khong cin tac dung véi 2 bién
bat ki ma c6 thé tan dung thi ty sip dugc gitia cac bién néu BDT la doi
xung.
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Cac ban than mén, ching téi danh ra 3 muc dé€ khao sat van dé don
bi€n cho BDT 3 bién cing chi 13 d€ cac ban nim dugc tu tudng ctia phuong
phap, chi khong phai liet ké tat ca cac ki thuat can thi€t. Ching han nhu
dén big€n trong BDT lugng gidc véi cac BDT tuyét dep cda Jackgarfulkel
(xem phan bai tap) cing khi thi vi. Tuy nhién ching to6i nghi ring trinh
bay tit cd s¢ nham chin va vo vi, vi mot khi nim dugc tu tudng chinh thi
cac ban c6 thé€ ap dung trong v6 van trudng hgp khic nhau.

Doc xong phin BDT 3 bién, c6 1& ban doc sé ¢ cadm giac 1a hinh nhu
moi BDT déu c6 thé chuyén vé trudng hop 2 bi€n bing nhau hoic 1 bién
dat gia tri tai bién. Phai néi ring diéu nay ding cho hiau hét cdc BDT ma
ching ta da gip. Tuy nhién, ngay sau day ching t6i s& cung cip cho cac
ban mot vi du nim ngoai "thong 1&6” d6. Trong vi du nay, tham chi BDT
dang xét 1a da thic d6i xing thudn nhat 3 bi€n. Vi du nay ldy ti ¥ tudng
ctia anh Bui Viét Anh.

Bai toan 1. Cho a,b,c¢ > 0. Khi d6 BDT:
(a® +0* + ¢* — 6abc)* + ((a + b + ¢)® — 36abc)* > 0

b)

chi x4y ra ddu "=" trong trudng hgp (a,b,c) = (t,2t,3t),t > 0 (va cidc hoan
vi).

Ban doc ty ki€m tra diéu dé.

Nhu vay, cac ban ¢6 thé yén tadm la phuong phap dén bi€n cé § nghia.

Véi bai toan 4 bién thi thong thudong ching ta phai thiyc hién hon 1
lAn dong tac ddn bi€n nén sé phic tap hon. Trong trudng hgp n bién tdng
quéat thi viéc don bi€n trd nén cyc ki khé khian. Ngoai BDT Jensen cho
phép don 1 lic cd n bi€n (nhung dang ti€c, né chi gidi quyét duge 1 lugng
kha nhd cac BDT) thi gAn nhu ta khong c6 cong cy nio khac. Trong trudng
hgp nay, thong thudng quy nap ciing 13 mot ¥ hay. Ching toi dan ra day
mot vi du cho thay sy tinh t&€ ctia chiing minh quy nap trong BDT.

Bai toan 2. (Pham Kim Hung) Cho n s6 thuc duong aq,as, ..., a, c6 tich
bing 1. Chiing minh ring v6i moi k& > 0 thi:
1 L 1 1

(1+a))k  (I+ax)k 7 (1+ay)k

Bai toan nay da dugc dua lén Dién Pan Toan Hoc véi tén goi 1a Thach

Thic 1, va [a mot bai rat khé. Tuy nhién, né s& vd cling don gidn néu ta

, n
> min{1, 2—k}
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lam viéc véi bai toan tdng quat hon:
”Cho n s6 thiuc duong ai,as, ..., a, cé tich bang s > 1. Chitng minh rdng vdi
moi k > 0 thi:
1 L 1 1
(14+a)  (1+a)* " (1+ay)k

. n ”
> min{1, T {1/5}

Véi bai todn tdng quat hon nay thi lai c6 thé chiing minh bing quy nap.
That vay, xét bai todn véi n s6, ta c6 thé giad st a,, = min{ay, ..., a,}. Khi
d6 4p dung gid thi€t quy nap cho (n — 1) s8 ay,as, ..., a,_1 c6 tich > 1, ta
dua dugc ngay bai toan vé 1 bi€n. Cong viéc con lai chi 1a khdo sat ham
mot bién.

Mot ki thuat khac d€ dua cdc BDT n bi€n vé 1 bién 1a don bién vé
gia tri trung binh trong $7. Nhu chiing t6i da chi ra, ¥ tudng cach dén nay
dua trén cach don bi€n vé gid tri trung binh cho ham 16i. Pay 1a cach don
bi€n rat to6t vi nd c6 tinh hiiu han. Tuy nhién, né chi 4p dung dugc cho
cac bai cyc tri dat dugc tai tAm.

Bay gid ta phai doi mit v6i khad ning cuc tri dat tai cd tAm va bién.
R6 rang kha ning ddn vé mot bién 1a khong cao. Do d6 chiing ta hi vong
vao didu t6t nhat 13 c6 mot cich don bi€n toan cuc, dai loai nhu BDT
Jensen. Véi muc tieu d6, 2 dinh 1y tuyét dep phai ké dén 1a dinh ly SMV
(don bi€n manh) va UMV (ddn bi€n khong xac dinh). Hai dinh Iy nay c¢6
thé n6i la "anh em song sinh”. SMV dung d& ”chuyén tri” cdc BDT cuyc tri
dat dugc tai tAm, trong d6 cai ti€n dang k€ nhat 1a khong cAn ddn duge 2
bi€n bat ki vé bing nhau ma chi cAn dén bi€n 16n nhat va bi€n nhd nhat.
UMV thi doi héi gid thiét dit lén 2 bi€n bat ki, tuy nhién né cho phép ta
dung hoa ca 2 truong hop cuc tri dat dugce tai tAm va tai bién dudi mot dang
tdng quat. D& cho hinh thiic don gidn, 2 dinh 1y nay déu chi xét cho ham
déi xidng.

Ching t6i da quan sat 2 két qua trén va nhan thay sy khong cin thiét
ctia viéc tach rdi 2 trudng hgp, va da tim ra mot k&t qua hoi ty day dd uu
di€m cta 2 dinh Iy trén. Tuy nhién né chi 1a mot trudng hop rieng cia He
qué 3 trong $8. Dinh Iy GMV khong chi don thuin 1a t8ng quat 2 dinh 1y
k€ trén, ma né md ra mot chan trdi méi véi vo van cac ki€u don bién . Mot
didu ki la [a & day chi doi hdi: néu bo x = (21, 29, ..., 2,,) chua roi vao cac
truong hop "téi han” (tdc 1a thudc A), thi ludn c¢6 thé thay th& bing 1 bo
(Ia T(x)). N&u nhu trong SMV (”c6 dién”), su kién ddn 2 bi€n, 16n nhat va
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nhd nhit, vé bing nhau c¢é thé din dé€n mot cdm nhan ré rang 1a n bién
sé ti€n vé gia tri trung binh, thi trong trudng hgp nay bd dé day s6 khong
con tic dung. Tuy nhién, k&t qui vin dugc chi ra.

Cac ban thaAn mén, cic ban da cung ching t6i di trén mdt hanh trinh,
ma ching t6i chon vi nd t6t nhat chit khong phai la ddy dd nhat. Co
nhiéu van dé ching t6i khong dua ra, hoic khong trinh bay ki, vi ching
to6i khong coi trong sy ddy di. Cai ma ching tdi coi trong 1a cd gdng d€ céac
ban thay dugc van dé mot cach nhanh chéng, 16 rang va hop 1y. Hi vong
vGi nhiing tu tudng ma ching t6i da khoi ggi cdc ban s& di cdm hiing va
kha ning dé ti€p budc trén con dudng sing tao.

Cudi cling, chiing t6i mudn gl 10i cdm on dic biét t6i anh Phan Thanh
Nam va anh Pham Kim Hung, nhiing ngudi da c6 rat nhiéu két qud va v
tudng dugc st dung. Ching t6i cling xin chan thanh cdm on tit cd tic gid
cac bai toan, cic ngudn trich din, trong d6 c6 thdy Pham Vian Thuin —
ngudi da cung cAp cho ching tdi mot tai lieu vé don bi€n cé gia tri.

10. Bai tap.

Sau day 1a mot s6 bai tap danh cho ban doc. Hi vong cic ban sé tim
dugc nhiéu niém vui khi thi stc v6i ching. (ghi chii: © bai dé, ® bai trung
binh, = bai kho, ¥V bai cyc kho)

© Bai tap 1: (Asian Pacific Math.2004) Gi st a, b, ¢ 1a céc s6 duong tuy §.
Chiing minh BDT

(a2 +2)(0% + 2)(c2 +2) > 9(ab + be + ca)

© Bai tap 2: (MOSP 2001) Chiing minh ring né&u a,b,c 1a cic s6 duong ¢
tich bing 1 thi ta ¢6 BDT

(a+b)(b+c)(c+a)>4(a+b+c—1)
© Bai tap 3: Cho a,b, c khong 4m thda man a? + b* + ¢* = 3. Chiing minh

rang
a+b+c>a?? + b2 + Fa?
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© Bai tap 4: (Huynh T4n Chau) Cho z,y,2 > 0 va z +y + z = 1.Chiing
minh ring:
3.3, .3 1
0+ Yy + 27+ bryz > 1

© Bai tap 5: Ching minh ring néu z,y, 2 1a cic s6 thuc khong am thda
man didu kién 2% + y? + 22 = 3 thi ta c6 BDT:

T(zy +yz+ zx) < 12+ 9xyz
® Bai tap 6: (Chon doi tuyén Viét Nam 1996) Cho a, b, ¢ 1a céc s8 thuc bt

ki, ching minh ring:

4
F(a,b,c) = (a+b)4+(b+c)4+(c+a)4—?(a4+b4+c4) >0

® Bai tap 7: (Pham Vin Thuan—Zhao Bin). Gid st z,y,z 1a ba s6 thuc
khong am nhung chi ¢6 nhiéu nhat mot s6 bing 0. Chiing minh ring

1 1 1 20
oIy S e e e w 3
v4yr P+ P4 (a+b+c)

® Bai tap 8 (Pham Kim Huang). Ching minh ring v6i moi s6 thuc a,b, ¢
khong Am ta ludn c6 BDT:
1 1 1 4
+ + >
Vaa? +be VA2 +ca VAR +ab T a+b+c

® Bai tap 9: (Murray Klamkin) Ching minh ring véi cac s6 thuc khong
am a,b, c c6 téng bing 2, thi

(a® + ab+ b*)(b* + be + ) (S +ca+a®) <3

= Bai tap 10: (Téng quat RMO2000) Cho a,b,¢ >0 va a+b+c= 3. Tim
hiing s& & > 0 nhd nhat sao cho BDT sau luon ding:

a" + 0"+ > ab+be+ ca

= Bai tap 11: (Trung Quéc 2005) Cho a,b,¢ > 0 va ab + bc + ca = 1/3.

56



Chiting minh ring:

1 1 1
<3
a2—bc+1+b2—ca+1+c2—ab+1_

= Bai tap 12: (mathlinks) Cho a,b,¢ > 0 va ab+ be + ca = 1. Ching minh
rang:
1+ a?v? N 1+ b?c? N 1+ ca?
(@a+b)?  (b+c¢)?  (c+a)

)
> 2
-2

= Bai toan 13 Cho a,b,c € [p,q] v6i 0 < p < ¢. Tim gid tri l6n nhét cta:

a b c
- -
b+c c¢c+a a-+b

Bai toan 14.(Jackgarfulkel) Cho tam gidc nhon ABC. Chiing minh ring:

® a)
. 4 s +,C>4(1+,A,B,C’)
sing + sino- + sino- 2 3 sinsin sin—

¢ b)
N N > Loy A B C)
Cos -+ COs -+ cos o > 7 €08 C08—C0s

® Bai toan 15.(Jackgarfulkel) Cho tam gidc ABC. Chiing minh ring:

A-B B-C Cc—-A

2
) + cos( ) + cos( 5 ) > —(sinA + sinB + sinC)

V3

= Bai toan 16 (Phan Thanh Nam) Cho ba sd thuc z, v, z khong Am c6 tdng
bing 1. Chiing minh ring

cos(

Vet +Vy+22+Veta?>2

= Bai tap 17 (Vasile Cirtoaje) Xét ba s6 thuc khong am a,b, ¢ thda diéu
kién a? + b* + ¢ = 1. Chiing minh ring:
1 1 1

9
<_
1—ab+1—bc+1—ca_2
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= Bai tap 18: (Phan Thanh Nam) Cho a,b,¢ > 0 va théa man a+b+c= 1.
Chiting minh ring:
a) (VMEQI)

W‘l‘\/b‘l‘ (CI;)Q +\/c+ (a1_2b)2 <V3

Va+kb—c2+Va+k(b—c2+a+kb—c?<vV3

b)

Trongd’él{:zl—‘/?g

= Bai toan 19 (Phan Thanh Viét) Cho tam gidc ABC c6 d6 dai 3 canh Ia
BC =a,CA=0,AB = c¢. Goi p la ntia chu vi cla tam gidc va my, my, m.
13 d6 dai ba dudng trung tuyén tuong tng ha ti A, B, C xudng cic canh d6i
dién. Chiing minh ring:

Mg + mp +me < \/3p2+%[(a—b)2+(b—c)2+(c—a)2]

Bai tap 20: (Phan Thanh Nam) Cho z,y,z € [-1,1]] va z +y + 2z = 0.
Chiting minh ring
Za)

Vitr+y2+/1+y+22+VI+z2+a2>3
U b)

7 7 7
\/1+:17—|—§y2+\/1+y+§z2+\/1+z+§x223

® Bai tap 21 (Pham Kim Hung) Cho z,y,2,t > 0va oz +y+ 2+t = 4.
Chiting minh ring:

(14 32)(1+3y)(1+32)(1+3t) <125+ 131ayzt
® Bai tap 22 (Bat ding thic Tukervici) V6i moi sd thuc duong a, b, ¢, d thi
a' + b + ¢t 4 dt 4 2abed > @b + B3P + AdP + dPa® + o’ + VAP
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® Bai tap 23 (Pham Vin Thuan— Nguyén Anh Tuén) Xét 4 s6 thuc a, b, ¢, d
théa man a? + b + ¢? + d?> = 1.Chting minh ring

1 L 1 L 1 L 1 L 1 L 1 <3
l—ab 1—bc 1—cd 1—da 1—db 1—ca —

= Bai tap 24 (Pham Kim Hung) Cho cac & thyc khong am a,b, ¢, d, k c6
téng bing 4. Ching minh ring

(abe)* + (bed)* + (cda)* + (dab)* < maz{4, (g)%}

E Bai tap 25 (Phan Thanh Nam)
Cho céc s6 thuc z,y, z,t thda: maz{zry,yz, 2t,tx} > 1. Ching minh ring

\/1—xy—|—y2+\/1—yz+z2—|—\/1—zt—|—t2—|—\/1—tx+x2

> 164 (x —y + 2 — )2

U Bai tap 26 (Phan Thanh Nam) Cho céc s8 thyc z,y, z,t € [—1,1] thda
min z +y + 2 +t = 0. Chiing minh ring

Vidz+224+V/1+y+24+4Vi+ 242+ V1+t+a2>4

(*Ghi chd: Bai nay xudt phat ti trudng hgp ba sd trong bai 20a, di nhién
sé¢ khé hon rat nhiéu. BDT tuong tu véi 5 s6 khong con ding niia)

¢ Bai tap 27 (Vasile Cirtoaje) Chiing minh ring néu ay,as, ..., a, khong
am va c6 téng bing n thi

n—1)(a?+ a2+ ..+ a®) + najas...ay, > n?
1 2 n

= Bai tap 28: (Pham Kim Hung) Gid st a1, as, ..., a, 12 céc s§ thyc khong
6 t6ng bing n. Tim gtnn cda bi€u thic

Q>

1 1 1
S=al+as+..+a:+aag..an(—+—+ ...+ —)
aq a9 (07%
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= bai tap 29 Tim hing s6 duong k,, t6t nhat dé BDT sau luon ding véi
moi day s6 thuc khong Am 1, 29, ..., 7, ¢ tong bing n

(1 4+ mz1)(1 +mza)...(1 + mzxy,) < (m+1)" + kp(v122..200 — 1)
trong d6 m 13 hiing s6 duong bat ki.

Bai toan 30 (Phan Thanh Viét) Cho ay,as, ..., an, s, k 12 cac s6 thuc duong

théa man: aay...a, =s" van—1= ﬁ Xét BDT:

1 1 1

+ +. ..+ — <n-1
Ota) T 0rar " Tara)yr="

© a) Ching minh ring BDT trén néi chung khong ding.
® b) (VMO 1999) Ching minh BDT trén dang trong truong hgp k& = 1.
U ¢) Tim t4t c3 cac gid tri k (tay thuoc n) d€ BDT trén ding.
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ABRBC NMMMETHFHOIDO

---NGUYEN ANH CUONG ---
A. Loi gigi thiéu
Mot lan niratdi lai c6 dip gap lai c&c ban voi mot phuong phép chirng minh bét ding thire méi. Néu nhu
phuong phap chinh phuong hoa dé khoi day trong ta bao nhiéu sy thich tha vathoa thué khi hang tram bai
bit dang thirc kho da nga rap trudc sic manh caa nd thi téi tin chic c&c ban s& con hanh phuc hon véi
phuong phép ndy. Cac ban co thé tin dugc khong, khi trude ddy ching ta phai cuc khd 1y gidy nhép rava
bién ddi thi bay gio chiing ta s c6 thé giai bai todn chi voi céi luét nhin dau tién. Nao chiing ta hdy ciing
nhau thuang thirc vién kim cuong nay s& cat banh chung rasao nhé J.
B. Phwong phap ABC
Toi xin ma dau phuong phép ndy bang viéc xét mot sb bai toan sau:

Bai 1

Cho ab+bc+ca=1va

i) atb+c=mmi [ ¥ - \/§JE l\/§,+¥]. Tim diéu kién cua abc sao cho a,b,c lacac sb thuc.

i) a+tb+cl \/§,+¥J, a,b,c3 0. Timdiéukién abc sao cho a,b,c lacéc sb thuc khéng am.
Giai:

Chuing tada co hai dai luong trung binh caa a,b, . Su xuit hién caa abc khién ching talién tuong téi dinh

ly Viete, vi vay tanghi téi viéc xét phuong trinh;

X3 - mX?+ X - abc=0(*)

Y éu cau cuadé bai twong dwong véi viéc, tim diéu kién caa abc dé

i) Phuong trinh (*) ¢ ba nghiém thuc.

ii) Phuong trinh (*) c6 ba nghiém khéng am.

Pat f(X)=X*- mX?+ X - abc

Taco: f'(X)=3X?2- 2mX +1.Phuong trinh c6 hai nghiém

_m+ym?- 3.y M- Vm? - 3
3 T 3

xl 2
X - ¥ X, X, +¥
f'(x) + 0 - 0 +

Phuong trinh 6 ba nghiém khi vachi khi f(X,)3 0, f(X,)£0
(6+2m*)X, - m (6+2m*)x, - m oy
9

Tur day suy ra £ abcE

Day ciing chinh |adép sb cuacau i).



Cauiii) , nhan xét ring dé a,b,clacéc sb thuc duong thi ngodi viéc phai thoa man (1), abc con chiu thém
rang budt O £ abc, vanguoc lai voi (1),abc3 O,a+b+c3 0,ab+bc+ca? 0 thi a,b,c3 0.Vay néndap
sos8la

i +2m? - mi
maxiO,(6 2m°) X, - ml

2
|

Nhu vay latadé hoan thanh hai cau hoi dugc néu racaabai toan.

¢ oo (672 )X, - m

Bai téan trén gilp tardt raha nhan xét sau:
Nhan xét i)
@ bieukién canvadu dé ton tai cac so thuc a,b,c khi dabiét truéc cac giatri ab+bc+ca=1va

(6+2m?)X, - Mo bes (6+2m2)X1- m
9

a+b+c=mmi [ ¥,-\/§JE l\/§,+¥] El
@ Diéu kién can vadua dé ton tai céc sd thuc khdng am a,b, ¢ khi dabiét trude cac giatri
R i +2m? -mu +2m? )X. -
ab+bc+ca=1vaa+b+cl [\/§,+¥J la maxi 0, (6 2m9)X2 ng abc £ (6 2m9)X1 m
1
0 Nhanxét 1 duoc suy tatruc tiép tir bai todn d&néu, chl v rang tai sao a+ b+ clai bi rang
budc chay trong cac doan nhu trén. C6 hai céch giai thich sau:
(a+b+c)?2 3(ab+bc+ca) =3
f'(X)=3X?- 2mX +1 budc phii khong hoan toan dwong, hay néi cach khac la
phuong trinh f'(X) = 0phai cd nghiém, ttic D =m?* - 33 0
o Nhan xét 1 con cho tathém diéu gi, thay vi phai sir dung mot bo (a,b,c) véi a,b,cl R dé
bidu dién tat ca c&c phan tir caatap R® thda ab +bc +ca =1, tacd thé sir dung bd
(a+b+c,ab+hbc+ca,abc) véi sy rang busc ciia a+b+ ¢ va abc nhu d&néu. Ciing hodn

toan twong tu khi tamuén bidu dién tit ca cac phan ti caatap R thod ab+bc +ca =1.
Nhan xét ii)
@ aVai mdi bo sb thuc (ay,by,c,) déu tim duoc hai bo (X,, X,, Yy ); (25, 25,1, ) S0 cho
*a, +hy+C, =X H X, Y, =2, + 7+
*aghy, +10,C, +Coay, = X Xg + X Yo F YoXo = ZoZy + 2ot 1,2,
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
@ b.Véi mdi bo sb thyc khdng am (a,,b,, ¢, ) tadéu tim dugc mot trong hai b (X, Xy, Vs ); (291 Z: 1o )
hoic (0, Xy, Y, ); (25, 25,1, ) thdamén diéu kién sau
*ag by +C, =X, H X, Y, =2, + 7+
*aghy +10,Cy +Coay = XoXg + X Yo + YoXo = ZoZ, + 2ot 1,2,
* XOXOyO £ aObOCO £ ZOZOtO
béng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Hay
*ay+hy o =0+ X, +y, =7, 27, +t,
* @y, +byCy +Coay = XY = 297y * Zoty +1,2,
*0 £ aghyC, £ 7,70t



Déng thirc xay rakhi mot trong babién (a,,b,,c,) bing .

o Nhan xét hai 1akhdng hién nhién vano ciing chinh languon gc caa phuong phép ndy. Nhan
xét 2 ndy c6 didu gi tha vi, cha'y ring moi biéu thire déi xang f (a,b,c) theo babién a,b,c
d&u c6 thé bidu dién thanh g(A, B,C) thong qua 3 dai luong trung binh

§ A=a+b+c
§ B=ab+bc+ca
§ C=abc

Do d6 theo mét 1& thdng thudng véi suy nghi giam sb bién, tass ¢6 dinh A, B vacho C chay.
Tamong doi ham g dat cuc tri khi C dat céc giatri bién. Tuy nhién takhéng can biét mot
céch cy thé C s dat giatri bién khi ndo, tachi can biét mot céach triru tuong khi C dat giatri
bién thi a,b,c st ¢6 hinh thu ra sao, vanhan xét 2 s¢ cho ta 161 giai cho cau hoi nay.

0 Bay gio chiing tass di vao viéc chirng minh chi tiét nhan xét 2:
a) Trudc hét tass chirng minh bai toan véi cac bo sb thuc (a,,b,,c,) theaman: a, +b, +c, =m va
a,b, +b,c, +c,a, =1. Thong quabai toan 1, vai cac ky higu X, X, dugc gitr nguyén, ta co:

. (6+2m*)X, - m (6+2m2)X1- m _

Min Max

£ ajb,c, £

Béy gio chung ta s¢ xét thir xem khi a,b,c, dat giatri bién thi hinh tha caa a,,b,,c, ¢ rasao.
Xét phuong trinh f(X)=X®- mX?2 + X - Min=0(*). Taco:

m+\/m2-3lx m- vm?- 3
3 )

=g nhu d&néu lén &

f'(X)=3X?- 2mX +1 c6 hai nghiémla X, =

bai todn 1. Hon thé nira f(X,)=0, hay néi cach khac f(x)=0 va f'(x)=0 c6 cling mot nghiém & X, .
Vay nén phuong trinh f(X)=0 phai c6 nghiém kép, gia sir nghiém kép d6 1 x,, x, vanghiém con lai 1a
Y,- Nhu vay theo dinh ly Viet tasg co:

*Xot X T Yo =M=a, +hy +¢

* XoXo %Yo + YoXo =1=a5h, +15C, +Coay

* X% Yo = Min £ a,b,c,

Chirng minh hoan todn twong ty vé6i s ton tai cua (z,, zg,t, )

Nhu vay latada chitng minh duoc bai toan dé néu trong truong hop a, +b, + ¢, = m va
a,b, +b,c, +c,a, =1. Vi mot tu tusng hoan toan twong tu, ban doc hdy chirng minh sir ton tai cho truong
hop: a, +b, +c, =m va a,b, +b,c, +c,a, =-1

Bay gio gia sir a, +b, +c, =M va agh, +byc, +c,a, = =N thilisucachd (x,, Xy, Y,) va

C . . & b, ¢, 9
(2, 2,,t,) 06 tn tai khdng. CALI tra 10 1206, thuc vay, xét cac s (a,,b;,c,) = 52,2 %~ hsq
VNI INTYINT 5

man diéu kién:

a +bh +c = % ,ab, +bc +ca =+1. Nhu vay theo chirng minh trén thi cac bo

(x,, %, ¥, )(z,,2,t,) 1aton tai. Nhan xét ring ta cé thé xay dung cac bo (x,, X,, Y, ) va (z,,2,,t,) nhu sau:

(%o X, Yo) = (YN[, AN A INZ,) v (29, 201t0) = (N[22, [N]22, [N, ). Thuc vay:



X+ %+ Yo = IN|(x + % +2) = N[z + 2, +1) = 2, + 2, +1, -fr M =a, +b, +,
* XoXo T X Yo + YoXo = |N|(X1X1 +X Y, +YX) =22 + Z5t + 1,7, = |N|(2121 +z1, +t121) = i|N| =N

3 3 3
“Xoxo¥o = NI oy, £ ([N abe, = abuc, = (N b, £ (NI} 2z, = 2z,
Nhu véy |ata d& ching minh dugc hoan chinh cau (a). Y tuéng chirng minh cau (b) |& hoan toan
tuong tu vaxin dugc nhuong cho ban doc

Bai 2:
Moi dathic f dbi xing theo cac bién a,b,c déu cd thé bidu dién dudi dang dathtc theo cac bién
deg(f)

3

abc,ab+bc+ca,a+b+c. Va deg(abc) £
Nhan xét rang ta chi can ching minh sy biéu dien cho cac dang dathue sau, vi mot dathuc doi xing bat ky
déu c6 the duoc biéu dién thong qua sy két hop ciia céc dang nay bang céc phép nhan thém hé s va +,-
(elementary operation):
I(n)=a"+b" +c"
I1(m,n)=a™" +a"b™ +b™c" +c"b™ +c™a" +a™c" m3 n3 p3 0
11 (m,n, p) =a™b"c? +a™bPc" +b™a"c” +bMaP’c" +c™a"b” +cMa’b"
Tuy nhién, nhan xét ring

@ 1l cothé bidudidnqua Il cingvéi abcnhu sau:  C = (abc)® 1l (m- p,n- p)

@ 1l cothé bidudidnqua | nhusau: 1 =1(m)i(n)- 1(m+n)
Nhu vay tachi can ching minh | ¢6 thé biéu dién qua abc, ab + bc + ca,a+ b+ c. Tass chirng minh diéu

nay bang phuong phép quy nap:
Véi n=0,1, ménh dé dacho hién nhién ding.

Gi4 sir tadé ching minh dugc 1 (k) c6 thé bidu dién thanh da thirc thong qua cac bién
abc,ab+bc+ca,a+b+c," k £ K. Nhan xét ring diéu ndy ciing dang déi vesi 11 (m,n) va 111 (m,n, p)
"m3n3 p30:m+tnEK.

Bay gio tasé ching minh tinh bidu dién cua | (K +1). Tacoé:

(K +1)=(a+b+c)I(K)- (K1)

bdng thoi: 11(K.1) = (ab+bc+ca)l (K - 1)- HI(K - 111).

Dodé: (K +1)=(a+b+c)I(K)- (ab+bc+ca)l (K - 1)+ 111 (K - 111).

Mt khéc, theo gia thiét quy nap, cac biéu thire 1 (K), 1 (K - 1), 111 (K - 1,11) déu cd thé bidu dién dudi dang
dathuc theo céc bién abc, ab +bc + ca,a+ b+ c. Biéu ndy cho takét luan tinh ding din caaménh dé da
néu

Nhu vay, ménh dé d& néu da duoc chirng minh théng qua nguyén |y quy nap.

Tinh chit deg(abc) £ %(f) duoc suy rakhahién nhién, boi 18 bidu thirc abcco bac 1a 3 ddi véi céc bién

a,b,c. Do d6 khi coi abclamét bién bac 1 thi bac caa abc phai khdng [on hon % S0 véi bac cuadathic

tinh theo cac bién a,b,c



Ban doc c6 thé hiéu da thirc tinh theo bac caa abe nhu sau. Gia sir;
f(a,b,c) = (a+b+c)abc+ab +bc+ca vénlamot dathirc bac 4 theo a,b,c. Nhung khi tinh bac ciada
thirc theo bién abc, taxem a+b+ ¢ va ab+bc+ca nhu cac hang sd m,n. Khi d6 dathuc duoc viét lai la:
f (a,b,c) = g(abc) = mabc + n ladathirc bac nhit theo bién abc.

Théng quahai bai toan trén, chiing ta da co day du céc két qua can thiét (background) dé budc vao thé gisi
ABC, Abstract Concreteness. J

ABC Theorem,

pinh ly 1: Néu f (abc,ab+bc+ca,a+b+c) laham don diéu trén R theo abc thi cuc dai va cyc tiéu
xay rakhi trong bas a,b,c cd hai s bang nhau, con trong tip R* thi xay rakhi c6 mot sé bang 0 hay
c6 hai sb bang nhau.

Pinh Iy 2: Néu f(abc,ab+bc+ca,a+b+c) |ahamI5i trén R theo abc cuc dai xay rakhi trong ba sd
a,b,c c6 hai sb bang nhau, con trong tap R* thi xay rakhi c6 mot s6 bang 0 hay 6 hai sd bang nhau.

Pinh ly 3: Néu f (abc, ab+bc+ca,a+b+ c) laham 1dm trén R theo abc cuc tiéu xay rakhi trong ba
sb a,b,c co hai sb bang nhau, con trong tap R* thi xay rakhi c6 mot sd bang 0 hay c6 hai s bang
nhau.

Chirng minh: .
Ca badinh |y trén déu dugc chirng minh théng qua nhan xét ii).

Dinhly 1:
- Vi mdi bo sb (ay,by,¢,)1 R® déu tim duoc hai b (X, %o, Y, ); (2o, Zg.t,) S0 cho
¥aythy tC =Xt Xty =7+ 7t
* aghy +0,Cy +Coay = XoXo + X Yo + YoXo = ZoZp + 2oty +1,2Z,
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Vi mdi bo sb thure khong am (ay, by, ¢, ) tadéu tim dugc mét trong hai bo
(X0 %o Yo )i (2o, 2o t,) hodc (0, %y, Y, ) (25, 25,1, ) thBamén diéu kién sau
¥aythy tC =Xt Xty =7t 7t
*agby +byCy +Cody = XXo + XY + YoXo = ZoZy t Zoty +15Z,(1)
* XOXOyO £ aObOCO £ ZOZOtO
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing nhau.
Hay



*a, thy +¢, =0+ X, +y, =7, +7, +1,
*aghy +b,Cy +Coay = XYy = 252y + Zpt, +142,(2)

*0 £ a b,c, £ 7,7,
Déng thirc xay rakhi hai trong babién (a,,b,,c,) bing 0.

@ Cach1: (Direct Proof)
Do f laham don diéu theo bién a b,c, nén ham sb dat cuc dai hay cuc tiéu tai cac diém bién caa ayb,c,,
hay gia s f tang vatacan tim cuc dai (c&c truong hop con lai chang minh twong ty), tacd
f (89DoCo, B0y + DyCo + CoBy, BD5C,) £
f (Zozoto’aobo +0,Cy + o8y, 8y + g + Co) =f (Zozoto’ 2,2y + Zoly + Z5ty, 2, + 74 +to)
Vay nén cuc dai xay rakhi c6 hai bién biang nhau.

Trong trudng hop a,b,cT R*, dbi vai truong hop tang tim cuc dai, ta chang minh hoadn toan tuong tu nhu
trén. Trong truong hop ting vatim cuc tiéu (truong hop giam ciing chirng minh tuong tu), khi ¢6 dinh
a+b+c,ab+bc+ca thi khéng phai 1Gc ndo abc ciing dat duoc cuc tiéu khi ¢6 hai bién bang nhau ma doi
khi 1akhi c6 mét bién bang 0. Do d6:

f (byCo, @by +byC, + Cody, BghgCo ) ®

(XX Yo 80Dy +BCo + €y, 85 +By +Co) = F(X, X Yo, XoXo + X5 Yo + YoXos Xo X5 + V)

hoac

f (80D6Co, 80D + DyCo + Cog, BhCy) ®

(0,00, +byCy +Cog, 85 +10, +Co) = 1(0, %Yo, X + %)
Vay nén cuc tiéu sz xay rakhi c6 hal bién bing nhau hoac mot bién bing 0.

Két hop moi truong hop tardt rakét luan nhu dinh 1y 1.

@ Cach 2: (Contradiction Proof)
Taciing chirng minh cho trudng hop tang tim cuc dai. Gia sir ham s dat cuc dai tai diém (ao by, co) trong

d6 a,,b,,c, khac nhau tirng déi mot vacyc dai 1a M . Tuy nhién lai ton tai mot bo (z,, z,,t,) thod méan:
M= f (aoboco’aobo +B,C, + Coao’aoboco) <

f (Zozoto’aobo +0,Cy + o8y, 8y + g + Co) =f (Zozoto’ 2,2y + Zoly + Z5Ly, 2, + 74 +to)
Diéu vé ly nay cho phép takét luan cuc dai xay rakhi cé hai bién bang nhau

Trong trudng hop a,b,cT R*, talai xét truong hop ting vatim cuc tiéu, néu nhu ham sb dat cuc tiéu tai
diém (a,,b,,c,) trong dé a,,b,,c, khac nhau tirng d6i mot vakhong cé bién nao bing 0, dit cuc dai 1a M .
Mot trong hai truong hop sau xay ra:

M = £ (b Co, 85D +ByC, + o4, BobyCo) >

(XX Yo 80Dy +BCo + €y, 85 +By +Co) = F(X, %Yo, XoXo + X5 Yo + VoXos Xo + X5 + V)

M = £ (b, Co, 85b +B,C, + 4, B5byCo) >

f(p’aobo+boco+coao’ao+t’)o+Co):f(O’Xoyo’Xo+Xo) o o
biéu vo ly nay cho phép takeét luan cuc dai xay rakhi co hai bién bang nhau hoac mét bién bang 0.

Dinh 1y 2 va 3 dugc ching minh tuong tu véi c&c tinh chat cia ham 16i valdm, ham sb 16i dat cuc dai , ham
S0 16m dat cuc tieu khi bién dat cac giatri ¢ bién. Chi tiét caa chirng minh xin nhuong lai cho ban doc.



Tur céc két qua trén tart raduoc mot sd hé qua |i tha sau:

Hé qud 1: Ham sb f(a+b+c,ab+bc+ ca,abc) lamot dathirc bac nhit theo abc dat cuc dai va cuc
tiéu trong tap R khi ¢ hai bién bang nhau, trong tap R* khi ¢6 hai bién bang nhau hay mét s6 bang 0.

Hé qud 2: Ham sb f(a+b+c,ab+bc+ ca,abc) lamot tam thirc bac hai theo abc vahé sb bac cao nhat

duong dat cuc dai trong tap R khi ¢ hai bién bang nhau, trong tap R* khi ¢6 hai bién biang nhau hay
mot sb bang 0.

Hé qud 3: Moi dathtc d6i xirng babién a,b,cbac bé hon hay bang 5 dat cuc dai va cuc tiéu trong tap
R khi c6 hai bién bang nhau, trong tap R* khi ¢6 hai bién bang nhau hay mét s bang 0.

Hé qud 4: Moi dathtc d6i xirng babién a,b, c bac bé hon hay biang 8 c6 hé sb cia a’b?c? trong biéu
didn quadang f(abc,ab+bc+ca,a+b+c) khéng &m dat cuc dai trong tap R khi c6 hai bién bing
nhau, trong tap R* khi co hai bién bang nhau hay mot sb bang 0.

Chirng minh:
Hé qua 1.
Pathic bac nhit mx +y 1aham don diéu. Do d6, theo dinh Iy 1 ham f(a+b+c,ab+hc+ca,abc), 1a
dathuc bac nhat theo abc, don diéu ndat cuc dai vacuc tiéu trong tap R khi c6 hai bién bing nhau,
trong tap R* khi co hai bién bang nhau hay mat s bang 0.
Hé qua 2:
Tam thirc bac hai vai hé sb duong m?x? + nx+ p 1aham 15i trén doan lién tuc. Do d6 theo dinh Iy 2 thi
dbi véi ham sb f(a+b+c,ab+hbc+ ca,abc), lamot tam thirc bac hai theo abc vahé sb bac cao nhat
dwong, tirc Iamot ham 16i nén dat cuc dai trong tap R khi c6 hai bién bang nhau, trong tap R* khi c6
hai bién bang nhau hay mét s6 bang 0.
Theo bai toan s6 2, dathic doi xirng babién a, b, c bac bé hon hay bang 5 ¢6 thé bicu dién thanh da
thac f(a+b+c,ab+bc+ca,abc) valadathuc bac nhit theo abc (do deg(abc) £ OP%(]C) = g suy ra

deg(abc) =1). Do d6 theo hé¢ qua 1 dathirc dat cuc dai va cuc tiéu trong tap R khi c6 hai bién bing
nhau, trong tdp R* khi c6 hai bién bang nhau hay mot s bang 0

Hé qua 4: , , , ‘ ,

Theo bai toan s6 2, dathirc doi xiing babién a,b, ¢ bac bé hon hay bang 5 c¢d thé biéu dién thanh da
thic f(a+b+c,ab+hbc+ ca,abc) valatam thirc bac hai theo abc (do deg(abc) £ %ﬁ) = g suy ra
deg(abc) = 2), hon nirahé sb cua a’b?c? lai khdng am nén theo hé qua 3 tadi dén két luan &m dath tc

dat cuc dai trong tap R khi c6 hai bién bang nhau, trong tap R* khi cé hai bién bang nhau hay mot sd
bang 0.



Céc h¢ qua trén that sy lanhiing vii khi rat loi hai. Vi chiing, taco thé tom gon m@t phén rat I6n cac bat
dang thirc doi xirng ba bien , von lamot thé loai van thuong xuyén dugc ratrong cac ki thi hoc sinh gioi
hién nay.

C. ABC va Unqg dung

Bay gid chiing ta hdly xét quamot sd vi du cu thé xem phuong phédp nay duoc van dung rasao nhé J

Bai 1 [Suu Tam]
Cho x,y,zl R thoa x> +y?+2z*=9.
Tim giatri I6n nhat caa P = 2(x+ y + 2) - xyz

Giai:

P dao sintrongdang f(x+y+z xy+ yz+ zx, xyz), vadiéu kién déi xing khdng rang buoc xyz ma chi
phu thuoc vao x+ y + z,xy + yz + zx (*). Vay nén taco thé dua bai téan vé viéc giai quyét:

Cho 2a®* +b* =9

Tim giatri 16n nhat caa P = 4a+2b- a’b

2
Dé tim giatri 16n nhat ta thay a:1{9 2b vao P, vacan tim giatri lon nhat coa

_ 2
P = f(b)=2/2(9- b?)+2b- @
_ 2
£(b) = 4b _§+3b
J2o-0?2) 2 2
Thay céc nghiém caa phuong trinh dao ham bang 0 vao f vatanhanduoc f_, =10 khi a=2,b=-1.
(*) Ly luan ndy c6 thé gitip tadp dung ABC c6 thé duoc giai thich theo hai cach nhu sau: o
- Trong ABC, tachi quan tdm dén abc, con ab+bc+ca,a+b + ¢ tacoi nhu cac hang s6. Do
do chling bi rang bugc nhu thé ndo ciing khéng quan trong ’
- Chung taco thé chuan hoabai toan thanh: Tim giatri I6n nhat caa
oSy +y?+ 27

\/(x2+y2+22)3
abc, do x? + y? + 2% ciing lahang khi xy + yz + zx, x + y + z lahang.

=0P 90°- 87b> +87b- 9=00 (b2 - 1)9b* - 780> +9)=0

= 27 A X pY A ’ A A A e P
Xyz , d@y van [amat dathac bac nhat néu tinh theo bién

Ba 2 [ngyén Anh Cudng] ‘
Cho céc s6 thyc duong a, b, c . Ching minh rang:
3} abc +g3 ab+ac+bc

a*+b*+c® 3 a’+b?+c?

ii)a3+b3+03 W1, 6&512+b2+C292
4abc 4 ab+ac+bc§




Giai:
i) Bat dang thirc cia chiing tard rang co thé viét duoc dudi dang dathirc dbi xang bac 5

P = abc(a® +b? +c2)+§(a3 +b° +¢*)- (a® +b® +c*)ab+bc +ca)? 0

Vatachi can xét cyc tiéu khi c6 hai giatri trong babién bing nhau hay mot bién bang 0.
Truong hop hal bién bang nhau, gia st a = ¢ bat dang thac tuong duong véi:
a’h 2, a’+2ab . - 2a+bh U,
—t+ -3 —— - A - 300 (a- b)*(a+b)3 0.
2 b 3 2al b O\ )§2a2+b2 e’ +07)f (a- bJ'(a-+b):

Truong hop c6 mot sd bang 0, gia sir 1a ¢, bat dang thuc twong duong Véi:

25 ab2U a® +b?+3(a- b)* 3 0.
3 a’+b

i) Métda thu:c7do| xtng bac bay, nhung céc ban dirng lo, 6 van |a da thic bac mot ddi véi abe J, do d6
theo talai co the 8p dung ABC trong truong hop nay. Taxét hai truong hop:
Truong hop hai bién bang nhau, giz‘i st a=c bat dang thic twong duong voi:

2a +b? 1 a2a’+b?0

4a°b 4 a+2abg

a2a’ +b° 30, aa’ +b2 6

§ 4a’h 4 ga +2abg

(a- b)*(2a+b) . (a- b)*(3a® +b? + 2ah)
4a’p (a2 + 2ab)’

(a- b)[(20- a)2+a2))s 0

Truong hop c6 mot bién bang 0, bat dang thirc d& cho hién nhién dung.

(e}

>

(am)

Ba 3[lran Olympiad 1996]
Chtrng minh bat dang thirc sau ddng véi cac s thuc duong a,b,c
& 0
(ab+bc + ca) 1 ~+ 1 ~+ L >3 2
Sarof b+l (crafs 4

Bai téan Iran 96 ndi tiéng, mot dathuc ddi xung bac 6 valabac hai dbi voi abe (**):
9(a+b)b+c)c+a)? - 4(ab+bc+ca)(a+b)?(o+c)’ +(b+c)fF(c+a) +(c+a)(a+h)’|£0
Vay nén ham sb dat cuc dai khi c6 hai giatri bang nhau hay mot s6 bang 0.
Truong hop c0 hai bien bang nhau, bat dang thirc tuong duong Vc’ri
0 . e
(a2 +2abf —2 33 %9 (a- b)’e 2a+b2 1
4a’ (a+b)’y 4 g2a(a+b)® (a+b)’g
Truong hop c6 mot bién bang nhau, gia sir1a ¢, bat déng thirc twong duong Véi:
o] - é
ab —2+i2+i2i3 9 (a- b)’&— Lot 4
Savoy @ b5 4 b afa+b)
(**) Tai sao ta co thé két luan duoc diéu ndy tir da thirc vira chuyén thanh. Thar nhat:

2u 300 b(a- b)’30

-6° 00 (a- b)*(4a® +4p? +7ab)e 0



4(ab+ b+ ca)|(a+b)E(b+c)? +(o+c)*(c+a) +(c+a)?(a+b)?]chi chira abc bac 1, vi tuy dathic nay 12
bac 6, nhung thuc s tachi cin xét bac cia abctrong |(a+b)?(b+c)? +(b+c)(c +a)? +(c+a)? (a+b)?|,
von lamét dathirc bac 4.

Con bidu thie 9f(a +b)(b+c)(c +a)]* ciing vén lamot dathiic bac 6, tuy nhién (a+b)(b+c)(c+a) chi
chiranhiéu nhét 1a abc bac 1, binh phuong 1én thi hé s cua a’b”c? lakhong am. ,
Nhu vay, d6i khi ta khéng can khai trién toan b dang biéu thirc nhu thé nao, ta chi can ly luan duoc hé s6
cua a’b’c? ladu dé 4p dung dinh ly ABC.

Ban chét cua phuong phép ladanh gia abc, vay nén vi ¢c gap nhiing bai téan CC,)ObE_AlC dep d& nhu vay la mot
diéu tot dep nhung kh(?ng phéi |Gc nao ciing nhu vay, thé nén thua san cac bien doi sau dé danh gidham so
theo abclamot diéu can thiét.

MOT SO DANG THUC

Pé thuan tién trong nhirng phan tiép theo, taquy uéc a = x+y+z,b = xy + yz+ Xz,c = Xyz

Tass xét qua céc dai luong hodn vi vong quang caa cac bién x,y,z s8 dugc bidu dién qua cac dai luong
trén ra sao.

x*+y*+z°=a’-2b

xy(x+y)+yz(y +2)+ 2{z+x)=ab- 3¢

xy(x2 + y2)+ yz(y2 + 22)+ zx(z2 + xz): a’b- 2b’*- ac

x*+y*+z°=a’- 3ab+3c

x*+y*+z*' =a’ - 2a’b+2b” +4ac

X+y, y+z+x+z:ab- 3c

z X y c

(xy)* +(y2)’ + (29 =b” - 2ac

(xy)* +(y2)* +(2¢)° = b° - 3abc +3c?

(x2y+ y’z+ zzx)(xy2 +yz° + zx2)= 9c® + (a3 - 6ab)c+ b®

Dudi day xin cung cip cho c&c ban mot sb danh giavé a,b,c trong cac mién khéc nhau:

Pinh ly 1:

Phuong trinh bac ba co cac nghiém thuc X, y, z khi vachi khi - 27¢? +(18ab- 4a®)c+ab? - 4b* 3 0(1)
binh ly 2:

Phuong trinh bic ba cé cac nghiém thuc duong x, y, z khi vachi khi ¢6 (1) vaa>0,b>0,c>0

Pinh ly 3:

Phuong trinh bac ba c cac nghiém 1 ba canh tam giac khi vachi khi c6 (1),(2) va a® - 4ab+8c > 0.

Céc hé qué d& néu tuy hixu higu nhung van con gip nhieu han ché. S
Sau day mét so vi du takhdng thé [am truc tiep tir cac hé qua da néu ma phai nho vao mot so6 bien doi hay
céc dinh ly danéu.

Ba 1 [Russia Olympiad 2005]:
Cho a,b,clacéc so6 thuc duong thoa man:
a® +b? + ¢? =1.Chirng minh rang:
a b c
+ +
a’+bc b*+ac c®+ab
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Mot bit dang thic d6i xtrng, diéu kién khéng rang buot abc, viéc duavé dathirc dbi xing 1a dé dang, tuy
nhién lai 1én téi bac 9, vralaqbéc batheo abc L. bicu nay nam ngoai kiém sbat cua cac hé qua, vay nén ta
phai c6 chut tha thua bien d@oi nho nho.
Pit x = E; y= %; 2= Bat dang thirc trong duong voi:
a c
Xy + yz + xz = 1. Chirng minh rang:
(N S SR
XY+zZ yz+X X+y
Bay gid thi moi chuyén tro nén dé dang roi, mot dathirc bac hai theo xyz véi hé sb bac cao nhat khéng am,
vatacan tim cyc dai. Tachi can xét cac truong hop khi ¢6 hai bién bang nhau, hay mot bién bang 0.
Truong hop 1: x = z. Bét dang thic twong duong véi:
2 4 21 3 3véi 2xy+x* =1.
Xy+x X +y
1- X2 2 1 -
, vata can chirng minh 1 + = 3 3, xl [0,1] . Biéu nay khéng qua kho khan
- X (2 p 10X
2X

Thay y=

va céc ban s8 ¢ thé giai quyét dé dang.
Truong hop 2: z = 0. Bat dang thuc tuong dwong véi:

EETE IO,

Xy XYy

Tacé1+13 2 b i+1+13 2 +i:3.
Xy Sy ox oy Jxyoxy

Bai 2 [Nguyén Anh Cuong] : ‘
Cho céc s6 thyc duong X, Y, z. Chirng minh rang :

x‘+yt+2z! 20xy + yz+ xz)
\/XZ 2+ 2,2 22+\/ 2 2 2 31+\/§
y? +y*z* + 2°x X*+y*+z

Giac mong dua vé dang dathirc doi xing coi nhu tan v. Tadanh dénh gia truc tiép theo ham déi véi bién
xyz . VAN véi quy udc a = x+ y+z,b = xy+ yz+ zx,c = xyz, Sir dung céc hang dang thirc da néu & trén ta
bién bat dang thuc vé dang:

4 2 2

\/a -2a’b+2b +4ac+ 2b 31442
b® - 2ac a’- 2o
Ham theo ¢ laham bac nhit nén don diéu. Theo dinh Iy mot, cuc tiéu xay rakhi ¢ hai bién bang nhau hay
mot bién bang 0. o
Truong hop 1. x = z. Bat dang thac tuong duong Vi
2
2x* +y* .\ 2(x +2xy)3 142
X4 +2X2y2 2X2 + yZ

Do tinh thuan nhat caa bit dang thirc ndy nén tacd thé gia sir x =1, khi d6 ta.can chang minh:




J2- 22y+1
2y +1 y? +2
V2(y- 1)

C oy J(y + 2)(2y )y ezl 2oy 1)
Taco thé danh gia cac mau sb mot cach nhe nhang nhung van dam bao tinh ding dan caa dau 16n hon hoac
bang sau khi ¢anh gia nhu sau:

Jy* +2)2y? +1) £2y* +42 b 2y? +1+/(y* +2)2y? +1) £ 2y? +1+2y* +4/2
Jy?+2f2y+1) s y+v2p y2+2+[(y? +2)2y+1)3 y? +y+2+42 |
Do d6 cdng viéc con lai cia chung tala ching minh:

(y+2)° ; V2
2y  +2y2 +2 41 yR4y+2+4/2
U y*+y3 +(5- \/E)y2+(5+ 2J2y3 O)

Truong hop 2: z = 0. Bét ding thic tuong duong Véi:

x+y 2xy 31442
x+y

Taco: x +y43 3 2x*y?, do do:
O 0
x+y / 31+\/§3§1 {x2+32/ L 22Xy 2
x> +y? 2 g Xy X“+y°
3 2- 1+24/ Y 5142
2xy

Cudi cling dudi day lamot sb bai tap dé cac ban lam quen véi phuong phép nay:
Bai tdp ap dung
Bai 1[Seu tan:
Cho céc sb thuc duong a,b, c. Chitng minh rang:
S SR S 6
2a’+bc 2b*+ca 2c*+ab a’+b’+c®+ab+bc+ca
Bai 2:[Darij Grinberg- Old and New Inequality]
Cho a,b,c lacéc sb thyc duong. Ching minh rang:
a b c 9
+ + 3
(b+c)® (c+a)® (a+b)? 4(a+b+c)
Bai 3: [Mircea Lascu — Old and New Inequality ]
Cho a,b,c lacéc sb thyc duong. Ching minh rang:
b+c c+a a+b4{;a+b+c<‘j
a b c eb+c c+a a+bg
Bai 4.[Vietnam TST, 1996]
Chung minh bit dang thirc sau ddng véi moi sb thuc a,b,c




(a+b)* +(b+c)* +(c+a)'3 ;(a4 +b* +c?)

Bai 5:[Nguyen Anh Cirong] ‘
Cho céc 6 thyc duong a,b,c. Ching minh rang :

\/a+b+b+c+c+a+2\/ab+bc+ca 2 Jg42
Cc a b a’+b?+c?

D.ABC Upgrade

Nhu vay |a chling ta da phan ndo luét qua sic manh caa phuong phdp nay, hy vong céac ban thay thich thu
v6i nhitng gi toi datrinh bay. Trong cac phan sau, téi s3 1an luot luét qua cac dlem yéu cia phuong phap
nay va lan luot giai quyét chiing mét cach dang ké nhat.Viéc ngdy cang nang cap phuong phap van conla
mot van dé dang duoc phét trién, ching tdi rat hoan nghénh cac y tuang caa cac ban vé viéc nang cap

phuong phap.

Nhu céc ban da thiy, ddi véi cac bai todn bat dang thic co s rang budt gitra cée bién a,b, ¢, néu sy rang
budt ndy chi lién quan d¢én a+b+c va ab+bc+ ca thi dinh Iy ABC s3 ¢6 co hoi phét huy sic manh. Thé
nhung dbi vai nhitng bai todn ma ban than abc bi rang budt thi sao. Véi y tuang nhu vay, ching ta sé nang
cap dinh ly ABC dé dinh ly ndy c6 kha nang ddi phé vai nhitng béi toan thugc nhitng dang trén.

ABC Upgrad

i) Cho a,b,c dong thoi 1a céc sd thuc hodc 1a cac s thue duong. Khi d6 néu dai luong abc,a+b+c da
dugc cho trude (nghiala dd dugc cd dinh sin) thi ab +be + ca s3 dat gidtri 1én nhat vanho nhat khi co
hai trong babién a,b,c bang nhau.

ii) Cho a,b,c ddng thoi 1a céc sb thuc duong. Khi d6 néu dai luong abc, ab + be + ca dd duogc cho trude
(nghialadadugc b dinh sin) thi a+b+c S8 dat giatri nho nhat khi 6 hai trong babién a,b,c bang
nhau.

Chirng minh » ‘
i) Gia st a+b+c=1 va abc =m(truong hop a+b+c=n cothé duaveé truong hop ndy mot cach dé dang

bang cach dat a = nx,b = ny,c¢ = nz, ban doc ciing ¢4 dugc xem qua k¥ thuat nay trong phan chirng minh
dinhly ABC & cé&c phan trén.). Tass chung minh ab + bc + ca dat gidtri nho nhat valén nhat khi c6 hai
trong babién a,b,c bing nhau trong ca hai truong hop a,b,ci R va a,b,cl R*.Pat ab+bc+ca=S
Mot lan nita, talai dwaveé bai todn ton tai nghiém cua phuong trinh:

Pit f(X)=X%- X?+SX-m
Tacé: f'(X)=3X?- 2X +S.Phuong trinh 6 hai nghiém
1+41-35 _ _1-1-35

X, ==X, =

Phuong trinh c6 ba nghiém khi vachi khi f(X,)3 0, f(X,)£0

Taco: f(X,)2 00 (6S- 2)X,+S- 9m= 0, gia sir cd tap nghiém 1a R,
f(X,)£00 (6S- 2)X,+S- 9m£ 0, gia sir c6 tap nghiem la R,

Trudc tién tass chirng minh cho truong hop a,b,cl R.




Goi S, Sy lan luot lagidtri nho nhat valon nhat trong tap R, G R, (giao cua hai tap ndy khéc rdng,
néu khéng phuong trinh khéng c6 nghiém véi moi giatri caa S). Nhan xét rang hai giatri ndy 1anghiém
ciiamot trong hai phuong trinh (6S- 2)X +S- 9m=0 hay (6S- 2)X, +s- 9m=0 (céc giatri ndy chic
chan ton tai, néu khéng thi phuong trinh bac 3 s3 ¢6 nghiém khi S chay t6i cong vé cuing hoac am vé ciing),
khi d6tastco S, £SES,_ .Baygiotass kiemtrakhi S dat mot trong hai giatri ndy thi liéu cé ton tai
basb thuc a,b,c khdng va hinh thi cua a,b, ¢ s rasao.
Dicudautiénlardrang vi S, S, I R, GR, .Dicuthrha,do S,,S,, langhiém ciamot trong hai
phuong trinh (6S- 2)X +S- 9m=0 hay (6S- 2)X, +s- 9m=0, nénhoicla f(X,)=0, hoicla

f (Xz) = 0. Khi nay phuong trinh bac ba da cho s& c6 nghiém kép, hay ndi cach khéc, [Gc nay hinh thu caa

(a,b,c) 1a (x,x,y)

Bay gio ta s chizng minh cho truong hop a,b,cT R*. Truéc hét tacan phai c6 m3 0. Nhan xét rang

01 R, C Ry, ,Vikhongton tai cac s thyc a,b,c thoaman a+b+c=1ab+bc+ca=0,abc?® 0. Picu
nay co nghiala R, C R, tachbiét thanh cac khoan ma cac cén lacung am hogc cung duong. Goi R, 1a
tap Ry, C Ry, bo di cac doanam. Goi S

2 S 1 cc giatri nho nhat vanho nhat trong tap R, ndy. Vata
laicd: S, ESES,, . LY luantuong ty nhu truong hop R, taciing s€ suy raduoc khi S cham cac bién

ndy thi hai trong babién (a,b,c) labing nhau.

ii) Ban doc c6 thé dé dang suy ra ching minh cho dinhly ABC Upgrade 2 sau khi da xem qua chirng minh 1.
Tuy nhién doi vai a+b+ ¢ thi khéng c6 rang buoc vé can trén khi a,b,c3 0. Tuy nhién s8 ¢6 can duéi do
a+b+c dabi chan dudi boi 0. Do d6 nén trong truong hop ndy chi tontai S, , ciing vay, khi ndy ta di téi
két luan a+ b + cdat giatri nho nhat khi hai trong babién a,b,c bang nhau.

Céc ban c6 thé thiy tu tuéng triru tuong s cu the (abstract concreteness) 6 rang hon trong chiing minh trén,
Chuing ta khéng can biét giatri nhé nhat cia ab+bc+ca hay a+b+c cu thé 1a bao nhiéu nhung van cd
thé chirng minh duoc khi dat dugc giatri nay thi hai trong babién a,b,c bang nhau.

Chuing ta s3 luét quamot s vi du dé xem céch &p dung caadinh Iy ABC Upgrade ndy nhu thé no:
Bai 1: [Hojoo Lee] Cho céac sb thuc duong a,b, ¢ thoa man abc 3 1. Chirng minh rang:

1 1 1

+ +

l+a+b 1+b+c 1+c+a
Giai:
Nhan xét rang ham s bén phai giam khi bién a ting. Do d6 chiing tachi can chirng minh khi abc = 1(di
véi truong hop, abc =k 3 1, taco:

1 1 N 1 c 1 1 1

+ + + £1)
l1+a+b 1+b+c 1+c+a 1+b+c a

1+c+—
k

3

1+24+ b
, ? k
Bat dang thac da cho teong duong voi:
f(a,b,c)=(1+a+b)l+b+c)l+c+a)- (1+a+b)l+b+c)- (1+b+c)l+c+a)- (1+c+a)l+a+hb)3 0
Nhan xét ring bac cuadai luong ab+bc +ca trong f(a,b,c) chi labac 1 ( f(a,b,c) chi labac 3 theo
a,b,c). Vay nénkhi ¢ dinh a+b+c thi f(a,b,c) dat giatri nho nhit khi ab+bc +ca dat giatri nho nhit,
khi nay hai trong babién a,b,c bang nhau. Taduavé ba toan:
Cho céc s6 thuc duong X,y thoAman: x?y =1. Chiing minh rang:



1 2

+ £1.
1+2x 1+x+y

Thay y = iz vao bét ding thirc vata can ching minh:
X

1+2x 4, x+i2 31+ 2x)(x° + x* +1)

X
Nhu vay bat dang thirc ¢& duoc chirng minh hoan toan.

_ 2
1 N 2 £10 2(x- D) x(x+1

Bai 2: [Seu Tam : Cho céc sb thuc duong a,b,c thoAman: a+b + ¢ = 3abc .Ching minh rang:

2892+E+@93 ab(a+b)+bc(b+c)+ca(c+a)
eb a ¢c¢cg

Bai 3 [BUi Viét Anh]: Cho céc sb thuc duong a,b,c. Chirng minh rang:

a b o abc
+ + + 2 32
b+c c+a b+a (a+b)(b+c)(c+a)
Giai:

Déi vai bai todn nay thi du co cb dinh hai dai lwong ndo di nirathi chiing tadéu s3 khong thu dugc mot
ham sb tt vai bién con lai (tt & day ngu y 1i, 18m hay don diéu). Tuy nhién ¢ day, tass thiy dugc su lién

hé giita hai dai lwong —2— + 2 +_C vz abc

va , chling latong vatich cia c&c dai luong
b+c c+a b+a (a+b)(b+c)(cta)

a b

, , . Nhu vy ching ta hdy thtr chuyén bién theo huéng nay xem.
b+c c+a a+b

bat x= a Y = b 2= ¢
b+c c+a b+a

hé, vavai mdi quan hé ndy ching ta co thé tim nguoc trd lai a,b,c. Vatir do taciing 3 ¢ bai todn trong
duong sau:

, van dé lamdi lién hé cua x, y, z thé ndo. O day tdi xin duaramdi quan

Cho x,y,z3 0 thoAman: CHNRIE S S 2Xyz + Xy + yz + zx = 1. Chang minh rang:
1+x 1+y 1+z

X+y+ z+2\/ﬁ3 2.

Nhu vay tasé ¢6 dinh Xyz va xy + yz + zx duavé bai toan sau:

Cho a,b3 0 thoaman: 2a’b+a?+2ab=1. Tim giatri nhé nhit cia: 2a+b+2ay/b .
1-a* _1-a

2a’°+2a 2a

2a+ lé—aa +./2a(1- a) 3 2. Thuc vay, bat dang thirc twong duong véi:

Thay b= (a£1) , tacin chung minh:

1-a 28 1\, ]
it m(l a)3 2(1- a)

U i+‘/ 2a 32
2a 1- a




Mt khéc ,_2a 3 2J2a.
l-a (1 a)a 1-a+a

2

Dod6: L+ |22 s L 4520 2,/—2\/_a 2423 2.
2a l1-a 2a

Tom lai bat dang thire d& dugc chirng mi nh hoan toan.

Cubi cuing, mat phan rat quen thudc va khéng nén thiéu, d6 1a phan bai tap cho cac ban &p dung:

Bai 1:[Seu tam ‘
Cho céc s6 thyc duong a,b, ¢ . Ching minh rang:

X+y+z 2
KIE2 ez s 2 (o +fyz +42x)

Bai 2: [Suu tam ‘
Cho céc s6 thyc duong a,b,c thod mén: abc =1. Chirng minh rang:
a b c
+ +
b+c+l c+a+l a+b+l
Bai 3: [Nquvén Anh Cuong] ) ’
Cho céc so thuc duong a,b,c thodman: (a+b)(b+c)(c+a)=8. Tim giatri I6n nhat vanho nhat cua:

P=+abc++a+b+c
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E.Mg 6 cira dong

Trong phan nay, t6i s3 xét qua mot 16p cac bai toan ma céc bién bi chin trong céc tap dong, vén la mot van
dé con chua duoc phét trién trong c&c phan vé dinh ly ABC dandi o trén. Déi véi 16p bai todn ndy, ching
ta ciing c6 mot phuong phép khéc dé giai quyét. T6i s& gigi thiéu vé phuong phép ndy trudc, sau do s
chiing ta s& nghién ciru vé cach ttng dung ABC trong céc bai todn nay sau:

Bai toan:
Cho X, X,,..., X, T [a,b] . Chitng minh ring f(x,,X,,...,,)3 C trong d6 a,b,C |acéc hing sb cho
trudc.

Gap nhiing tinh huéng nhu thé nay, dau bang caa bat dang thuc thuong xay ratai c&c giatri bién, nghiala
bang a hay b. Trong nhirng truang hop nhu vay, tass ¢d gang chirng minh
f (X)) % 000r X )3 mln{f(a Xy oo X )y £ (B, X, ..., X, )} . Cudi cling ta sz thu dugc giatri nho nhét cia ham sb

1 n

dat dugc khi mot s giatri bang a vacac giatri con lai bang b . Phuong phép nay goi 1a phuong phép tiép
can du bang. Ta sé luét quamot sd vi du sau:

Bai 1 [Thi doi tuyén todn truong THPT Ning Khiéu]
Cho a,b,cl [04]. Tim giatri I6n nhit cia
f(a,b,c)=a+b+c- ab- bc- ca




Tasz chitng minh f(a,b,c) £ max{f (0,b,c), f (1b,c}}(*) . Tacd chitng minh truc tiép bing phuong phép dai
sb nhur sau: (f(a,b,c)- £(0,b,c))(f(ab,c)- f(Lb,c))=clc- 1)(1- a- b)> £0 , tr d6 suy ra (*)

Hay bang mot céi nhin giai tich, ta co thé suy ranhanh chéng hon véi nhan xét ham sb don diéu theo bién a.
Vatir d6 tryctiép suy ra (*).

Hoan toan thire hién nhirng bit dang thirc trong tu d6i voi cac bién b, ¢, tasé suy ratinh chét sau:

f (a,b,c) £ max{(0,0,0);f(0,0,1);f(0,1,1);f(1,1,1)} . Tir day cd thé dé dang két luan giatri 16n nhat cua

f (a,b,c) 1a 1. DAu bing xay raching han nhu: a=b=0,c =1.

Bai 2 [Nguyén Anh Cuong]
Cho x,y,zl [12]. Tim giatri I6n nhét cuabiéu thirc sau:

c=—0% , *% , ¥

XZ+YZ XYtyz Xy+Xz

Déi véi bai todn ndy, néu tadp dung ngay viéc chitng minh C(x, y, z) £ max{C(L, y, z),C(2,y, z}} thi s3 gap
kha nhiéu kho khan. O day chiing ta sé 4p dung mot meo nho dé lam cho cong viéc nay tuong déi don gian
hon:

1 1 1
C=f(xyz)= 1 21 + 1X1+ 1y1 Dén day céc ban ciing ¢ thé dodn dugc chiing ta st 1am gi tiép
X'y y oz z x

theo. Dat azi,bzl,c:l;a,b, ] €l 0 vatacan tim giatri 16n nhat coa

PEyeT e gy

a b C
g(a’b’c):b+c+c+a a+b
Taxé& coi nhu b,c lacéc hang s, va a labién:g''(a,b,c) = b, X >0. Nhu vay g laham16i

(c+a)® (b+a)’
theo bién a, tic 14 g dat giatri I6n nhat khi a cham céc bién.
Tur day tasuy raduoc diéu mong mudn: g(a,b,c) £ max{g(Lb,c), g(2,b,c)}.
Hoan toan thirc hién nhirng bt déng thire twong tu doi véi c&c bién b, c, tass suy ratinh chat sau:
111

g(a,b,c)£ maxi g(2 5 2) g(], ); g(],],%); g(lll)g. Tir day co thé dé dang suy ragiatri 16n nhat cia

g la g, dat duoc khi (a,b,c) = ¢ & 110 hay giatri I6n nhit caa f 1a %, dat duoc khi (x,y,z)=(211).
e 1]

Nhu vay qua hai vi du cac ban ciing ¢ co thé phan nao 1am quen dugc voi phuong phép ndy. O day toi s3
néu ramot phuong phédp khéc, chirng minh dyavao dinh ly ABC.

Trong céc phan trén, tathay rang ABC chi &p dung dugc khi c&c bién chay hoan toan trong R hoic R,
vay nén mubn p dung ABC , taphai kéo dan doan da cho thanh R hoic R*.

Bai 1 [Thi doi tuyén todn truong PTNK]
Cho a,b,cl [04]. Tim giatri 6n nhit cia
f(a,b,c)=a+b+c- ab- bc- ca




Taquay lai bai toan nay, ta s¢ tim cach kéo gian doan [0,1] thanh R*. Nhan xét néu nghich dao a ® 1 ,ta
a

thu dugc bo sb ndm trong doan [1,+¥]. VAn chuabién thanh R* duoc, talai tiép tuc trir b sb cho 1

1ol 1vatasthu duoc bo sd ndm trong doan [0,+¥ |. Nhur vay tadé chuyén a ® L 1=x dékéo
a a a
[01]® [o,+¥].
Tur nhirng y tuong nhu trén, ta se di tai o1 giai sau:
Pit a= 1 b= ! ,C= 1 trong d6 x,y,z1 R*. Biéu thirc d& cho tro thanh:
1+x 1+y 1+z

1 N 1 N 1 1 1 1
1+x 1+y 1+z (1+x)(1+y) (1+y)(1+z) @+2(1+x)

f(ab.c)=g(xy.2)=

_ @+ y)a+2)+(+Z)a1+x)+ 1+ x)1+y)- 3- x- y- 2
) L+ X)L+ Y)(L+2)
Xy+yz+ X+ X+y+2z
XyZ+XxXy+yz+zx+Xx+y+z+1

Dén day ban doc ciing c6 thé d& dang thiy g(x, y, z) £ 1, khong cin &p dung thém dinh Iy ABC nira, tuy
nhién biéu thirc ndy ching tada cé thé &p dung ABC mot cach dé dang dé dwavé truong hop hai bién.

Co6 hai lgi thé khi chiing ta kéo da mot tap dong thanh tap R* nhu thé ndy, thir nhat l1ata co thé &p dung
dugc dinh ly ABC nhu trong truong hop & trén, thir hai latacd thé danh gladu:oc dé dang hon, vi ¢ day ta
s3 danh giacéc bién vai s 0, vadiéu nay lic ndo ciing dé dang hon. Chang han trong biéu thirc trén, d¢anh
gia xyz3 0 va 1 3 0.

Xy+yz+zXx+Xx+y+z

Bai 2 [Olympic 30-4 — Thanh phd Ho Chi Minh]
Chox,y, 21 [1,2]. Ching minh ring:

a(x,y,2) = (x+ y+z)(1+1+l)£1o
X Yy z

Mot 1an nirata sz sir dung k thuat kéo dan cac bién. Tass s dung ABC, trudc tién kéo dan [1L2] ® R nhu

sl X® il 2 =a. Nhu vay, dat
X_



—a+2'y—b+2'z c+2.
a+l’” b+l c+1
f(ab,c) = a@+2 b+2 c+298a+1 b+1 c+19£10
+1 b+l c+lga+2 b+2 c+2g
- MN

U £10
(@a+D(b+D(c+D(a+2)(b+2)(c+2)

:a,b,cT R". Tacan chirng min bai ton sau:

Gd6: M =(a+2)b+1)(c+1)+(a+1)(b+2)(c+1) +(a+1)(b+1)(c+2)

N =(a+1)(b+2)(c+2)+(a+2)(b+1)(c+2)+(a+2)(b+2)(c+1)
That déng tiéc la bt dang thac: MN - 10(a+1)(b+1)(c +1)(a+ 2)(b + 2)(c + 2) £ 0 khdng thé danh gid bang
dinhly ABC duoc, do hé s cua a’b?c? cudi cling thu dugc laam (ban doc ¢d thé nham ra dé dang). Thé
nhung g:hl]ng takhong bo cugc mot cach df% dang, chting ta s¢ nho ABC Upgrade de giai quyet truong hop
nay. Co djr)h apc va a + b +C, vatasg thay biéu thirc thu duoc Iédathﬁc bac nhat theo ab + bc +ca Vay
nénta dj den két luan bat dang thirc da cho dat cuc tri khi ¢ hai bién bang nhau. Nhu vay ta chi can chirng
minh bat dang thirc:

f(a,a,b) %8.'*‘2 b+2aa%a+1 b+19£10

e a+l b+1£ at+2 b+2g

- aea+2<_) @+2008@@+29 @+200
U g - C —=£0
gat+tlg éb+1 a+1 b+1gg
U -(ab+3b)(ab+3a)£0
Nhu vay labai toan da duoc chirng minh.

Sau day lamot sb bai tap cho cac ban &p dung:
Bai 1[ Tap chi toan hoc va tudi tré] :
Cho a,b,cT [1,2]. Tim giatri 6n nhit cia

_a*+b’+c?
3abc i
Tap chi Toan Hoc vaTuoi Tré.

Bai 2: [Seu tan]

Cho x,y,z1 [1,2]. Chirng minh ring:

(X+y+z)ai+1+£93 A S
X Yy Zy &Yy+z Z+X XxX+yg




E.Dinh Iy ABC mé régng
Nhu vay |a ching tada giai quyét duoc hai yéu diém cua ABC . Yéu diém thir badé nhanrala ABC chi &p
dung duoc cho céc bai toan ba bién, thé con nhiéu bién hon thi thé ndo???. Chiing ta sé cling nhau giai quyét
van dé nay véi dinh Iy ABC mé rong.
Truéc hét, ching talam quen véi mot kha niém mai nam trong dinh Iy ABC cia chiing ta
. Kha ABC
1) binh nghia
X ét mot biéu thirc babién f(a,b,c).
Tagoi f(a,b,c) lamot biéu thirc kha ABC néu nhu bt ding thirc f(a,b,c)3 0 c6 thé dugc ching minh
dravao dinh Iy ABC dé duavé hai truong hop sau:
i) Hai bién bang nhau.
ii) Mot bién bang 0.
2) Phuong phép chirng minh kha ABC
Bé ching minh mét biéu thie f (a,b,c) lakha ABC, tas chuyén biéu thuc f (a,b,c) thanh biéu thic g ddi
véi cichién A=a+b+c,B=ab+bc+ca,C =abc .Biéuthic f(a,b,c) lamet biéu thirc kha ABC néu
nhu g(A B,C) lamét ham 16i theo bién C.

Vidu: v
Chirng minh biéu thirc sau lakha ABC
f(a,b,c) =a’®+b* +c® +3abc- ab(a+b)- be(b+c) - ca(c+a)
Giai:
bit A=a+b+c,B=ab+bc+ca,C =abc, tacd:
f(a,b,c) =g(AB,C)=A®- 3AB+3C+3C- AB+3C=A%- 4AB+9C
Xét g(A B,C) theobién C.Tacd: g =9,g =0 dodb glaham i theo bién C. Vay biéu thic f(a,b,c)
lakha ABC.
[I. Pinh ly ABC mé rong
X ét mot bidu thirc dbi ximg nbién f(a,,a,,...,a,), trongdé f c6 cuctiéuvan? 3. Tass coi
f(a,,a,,...,a,) nhu lamot biéu thec babién g(a,,a,,a,) voi c&csd a,,a;,...,a, duoc coi nhu lacéc hing
s0.
Khi d6 néu g kha ABC thi bét ding thic (a,,a,,...,a,)3 0 cd thé dwavé xét hai trueong hop sau:
i) m bién bang nhau, n-m bién bang nhau.
ii) 1 bién bang 0.
Bat dang thirc dugc chirng minh [addng din néu né dugc chirng minh tinh ding dan trong hai truong hop
trén.

Chirng minh:
Tagia sir f c6 cyuctiéu nhu gia thiét da néu va cuc tiéu xay ratai diém (x, x, ..., x, ) (*)

Néu x,X,..x. =0 hay x chi cd kha nang nhan mot trong hai giatri cb dinh thi cyc tiéu ndy khéng &m theo
gia thiét danéu trong dinh 1y.

Néu x, co kha nang nhan bagiatri khac nhau vakhéc 0, tagia sir (x,, x,,%,) 1amot bo maba giatri trong
bo khéc 0 vakhéc nhau ting déi mot. Taco dinh c&c bién x,, X, ..., X, nhu lanhiing hiang s va xét ham
f(X,, X0 Xg) Xy 1eens X, ) Nhr lahdm g(x,,%,,%,).



Theo gia thiét thi g lakha ABC, vay nén nd dat cuc tiéu khi c6 hai s6 bang nhau, hay mét sb bang 0. Biéu
ndy ciing c6 nghialatdn tai bo (a,b,c) dé g(x,, x,,%,) > g(a,b,c) hay
f (X, %0, X, X400 X, )3 F(@,0,€, %1000 X ).
Diéu ndy mau thuin véi giai thiét (*)
Tom lai thi dinh ly ABC da duoc chirng minh.
111. Ung dung ABC mé rong

Bai toan 1:
Chung minh bat dang thirc sau ddng véi cac giatri thuc duong caa a,b, ¢, d
3la* +b* +c* +d“)3 1+ 3(a® +b? +¢* +d?) *)

4abcd ab+ac+ad +bc+hbd +cd

Bat dang thac tuong duong véi:
3(a* +b* +c* +d*)(ab+ac+ad +bc+bd +cd)- 4abed(ab +ac+ad +hbc +bd +cd)
- 12abed(a® +b? +¢2 +d?)3 0
bat:
f(a,b,c,d) =3(a* +b* +c* +d*)ab+ac+ad +bc+bd +cd)- 4abed(ab+ac +ad +bc+bd +cd)-
12abcd(a® +b* +¢c* +d?)
Nhan xét ring néu ¢b dinh bién d thi f |aham déi xiing theo babién, vahon nira f kha ABC. Nhu vay
theo dinh Iy’tagé chi phai xét»céc truong hop sau (tase xu ly véi (*)):
i)a =0, bat dang thirc la hién nhién
iila=b=xc=d =y, bat dang thirc trong duong voi:
A +y") g, 60 +y?)
2X2y2 X2 + y2 +4Xy
g Ax+y) -7, 2x- )
2X2y2 X2 + y2 +4Xy
Ap dung BDT (x+y)? 3 4xy va x* +y? 3 2xy tass chang minh duoc truong hop nay.
iiila=b=c=x.d =y, bat ding thirc tuong dwong vai:

I3 +y'), |, A +y?)
453y 3x* +3xy
g Ax- VB 2y +y?), Ax- y)
4x%y 3x° + 2xy

Ap dung bt dang thic 3x* + 2xy 3 3x? va 3x? + 2xy + y? 3 4xy tasé chitng minh duoc truong hop nya
Tom lai theo dinh |y ta cd diéu phai chirng minh.

Bai toan 2:
Cho céc sd thuc a,,a,,...,a, 3 0 thbaman a, +a, +...+a_ =n. Chang minh rang:

R L N N NG
a a, a, a’+a +..+a’

Giai:

pit f(a,,a,,..a,)=VP.




Cb dinh a,,a;,...,a, tadugc ham babién vakha ABC. Nhu vay tachi can xét 2 trusng hop:
i)a, = 0. Bat dang thirc hién nhién dung
i) mx+(n- m)y =n. Ching minh:

m.n-m, 22n\/n-1 23n+2’_n-1

X y mx~ +(n- m)y

Taduavé ba toan:

mx+(n- m)yaEm n- mo 2Jn- 1(mx + (n- m)y)® 3 n+2Jn-1

n X oy g n(mx2 + (n- m)y?)
g mh- mix- y)* 5 2/n- 1m(n- m)(x- y)°
nxy nmx? +n(n- m)y?

U (mx2 +(n- my?- 2Jn- 1xy)(x- y)’3 0
Bét ddng thirc trén [ading dén do: mx? +(n- m)y? 3 2/m(n- m)xy 3 2/n- Ixy.
Tém lai bat diang thire duoc chirng minh hoan toan.

V. Bai tap o ,
Bai 1: Chirng minh bat ¢ang thirc sau cho céc so thuc duong a,b,c,d

4 4 4 4
a’ +b +c +d +143 (a+b+c+d)8§'_+l+1+19
2abcd b
Bai 2:
Cho céc s thuc duong a,,a,,...,a, tho& g aa, =1. Ching minh ring

1£i<jEn

N
2 0?2

[}
a’+..+a’+kaa,..a, 3 i+min%2,kae :
1 g P

U
- ! y
f b

Bai 3:
Chirng minh rang ddi véi  X,,X,,.., X lacéc sb thuc tho& x7 + x2 +...+ x* =1 tacd bat dang thirc sau:

6
S+ X+ a x%,X; £1
Xl 2 n (n _ 2) \/ﬁ +1 Xl 273
G. Kétludn _ L ,
Trong phan bai tap, ching toi deu co gang ghi rd nguon goc ciabai toan tai lay tir dau. Tuy nhién do sy han
ché nén mét so bal toan chung téi khéng rd xuat xir, tdi xin chan thanh xin 16i tac gia ciabai todn vaxin
duoc dé tya cac ba toan la Suu Tam.



GEOMETRIZE ALGEBRA (GLA)

LOI MO PAU

Trong trao luu bat ding thirc phat trién nhu vii bdo hién nay va mot loat nhirng
phuong phap ffiy gia tri cia nhitng tén tudi ndi tiéng ciing nhu ciia cac ban say
mé bat ding thirc ra doi thif viéc mot phuong phap khong that sy ndi bat cho du
kha manh tré nén nhat nhoa va bj lang quén ciing ching c6 gi 1a kho hiéu. Véi cac
phuong phap hién nay thi viéc giai cac bai bat dang thic trong ki thi qudc gia,
qudc té khong con 1a kho khin véi mot luong 16n cac ban hoc sinh nira. Tuy
nhién, 101 giai dep va trong sang cho mot bai toan van 1a diéu mdi ching ta ludn
vuon t6i. Chang thé c6 mot phuong phap nao ma 16i giai moi bai toan biang
phuong phap d6 déu 1a dep nhat ca. Chinh diéu nay tao nén sy quyén rii khong
bao gid nham chan cua bat ding thirc. La mot nguoi cling kha yéu thich mén hoc
day ki bi nay, toi ciing duc két cho riéng minh mét phuong phap cé tén 1a GLA,
tam dich 1a “hinh hoc héa dai s6”. Thuc chit day chi la ing dung ctia phuong
phap p, R, r trong dai sé6 ma théi. Trong bat ding thirc hinh hoc, viéc qui cac dai
lugng nhu d6 dai, sin, cos cia tam giac vé p, R, r da dugc khép noi trén thé gidi
nghién ctru tir 14u nhung mdi ngudi ¢ nhirng hiéu biét riéng va chua c6 mot cudn
sach nao noi that chi tiét vé nd ca. Co 18, do nhitng bai bat ding thirc luong giac
chua bao gitro xuat hién trong cac ki thi qudc té ca ma ngudi ra cho rang voi
nhitng gi nghién ctru vé p, R, r hién nay 1a quéa du rdi va khong nghién ctru tiép.
Va dung 1a trong bat ding thuc lugng giac thi p, R, r c6 mot sitc manh huy diét du
dé giai quyét gan nhu toan bo. VIéc dem p, R, r tmg dung vao trong dai sb ciing
khong phai 1a mot didu méi mé tuy nhién murc d6 ciia nd van con rit “manh mun”.
Phan nhiéu 1a do trong dai sé dd c6 qua nhiéu phuong phap manh nén phuong
phap p, R, r di bi ling quén va khong dugc danh gia dung muc. Pa sb trong
ching ta ton tai mot quan niém cb hiru rang: “néu dem so sanh bét ding thirc dai
s6 voi hinh hoc thi ching khac nao dem ga khdng 16 ra so v&i chua bé ti hon hay
tay dia chu v6i ké ban néng”. Ciing ching trach dugc ho vi xét vé hinh thuc thi
bat ding thuc hinh hoc chi 1a truong hop dic biét cua bat ding thirc dai sb c6

thém diéu kién dé thoa min cac tinh chét hinh hoc ma théi. Theo quan diém cua



riéng toi thi bat dang thirc dai s6 c6 thé vi nhu pham tru cai riéng con bat ding
thtrc hinh hoc ¢6 thé vi nhu pham tri cai chung trong triét hoc: “Cai riéng 1a cai
toan bo, phong phu ho céi chung, cai chung 1a cai bé phan, nhung sau sic hon céi
riéng”. T6i manh dan di sdu vao tim hiéu ung dung cua p, R, r trong dai s va tach
riéng no6 ra thanh mot phuong phap cé tén GLA trude hét 1a vi nhan thiy trong
nhitng dang toan nhét dinh n6 cho 15i giai rat dep; sau thi 1a vi mudn gép phéan
ndo cong sirc tim lai tiéng noi cho bat dang thirc hinh hoc. Téi mudn ching minh
phan nao quan diém néu trén ctia minh. C6 thé 1a t6i qua ngéng cudng nhung néu
qua bai viét toi khong chirg to dwgc gi thi d6 1a do kha ning han ché cua t6i chir

chua thé phu dinh quan diém cua toi dugc.

Trong qua trinh viét phan 1y thuyét s& duoc sip dat khong tuan theo qui tic thong
thuong. Phan dau bai viét toi ¢d xay dung nhitng kién thirc that co ban va duoc ap
dung dé co thé giai bai tap ma khong can dung dén phan “ly thuyét tong quan”
cudi bai viét. Tai cac ki thi hoc sinh gioi thi ngoai nhitng bat ding thtrc kinh dién
duogc ap dung truc tiép con lai tt ca nhitng gi 4p dung déu phai ching minh. Do
d6 1am sao dé cac ban hiéu duoc 1y thuyét dé giai bai tap chir khong phai 1a dung
1y thuyét mot cach may moc.

Nhitng bai tap trong phan viét nay khong qué kho, néu ban doc nao mudn tim
hiéu nhitng cai cao hon xin lién hé véi t6i qua dia chi & cudi bai viét. Pong thoi
xin chan thanh cam on nhitng y kién dong gop tir ban doc.

Bui Viét Anh



A.CO SO CUA PHUONG PHAP

Xin néi trude 12 toi s& trinh bay bai viét ciia minh khong giéng nhu su trinh bay
nhitng phuong phap khac cua ho d6 1a dau tién xay dung 1y thuyét rdi di vao giai
quyét cac bai tap va xem thir strc manh cua phuong phap. O day t6i chi di so luoc
nhitng gi can thiét dé giai cac bai toan d6i xtng 3 bién di. Sau khi trinh bay tuong
d6i hoan chinh véi 3 bién ta mé&i bat ddu di tim hiéu xem GLA cdn c6 nhiing tng
dung nao va bd mat that cia nd ra sao. Viéc trinh bay theo cach nay cling khong
hoan toan 1a vo 1y boi 18 sau khi d3 giai duoc mot loat nhitng bai toan 3 bién thi
cac ban ciing nim dugc kha chic nhirng kién thirc co s¢ ciia GLA dé dé dang tiép
thu nhitng 1y thuyét cao xa hon. Nhitng gi ma t6i s& trinh bay trong nhitng phan tir
A dén E thi v6i kién thirc cua hoc sinh THCS ciing ¢6 thé hiéu gan nhu toan bo.
Xo6a nhoa ranh giGi vé tudi tac cling chinh 1a didu t6i ¢b ging thuc hién trong céc

phén tir A dén E.

Xét nhitng bai bat dang thirc 3 bién ddi xing vi diéu kién cac bién khong am: a,
b, c

Bing cach dit x=b+c,y=c+a,z=a+b hoic x=+b+c,y=vc+a,z=va+b va
nhiéu cach khéc nira ta suy ra duoc X,Y,z la d6 dai 3 canh cta 1 tam giac. Nhu
vy ta da chuyén mot bai bat ding thirc dai s thanh hinh hoc. Truong hgp trong 3
bién a, b, ¢ c6 mot bién béng O thi tam giac suy bién thanh duong thé‘ing. Ta coi
do la tam giac c6 r = 0.

Ta d3 biét moi tam gidc déu duoc xac dinh boi 3 yéu té p, R, r nén sau khi qui bai
toan vé X, y, Z ta qui vé p, R, r. Do c6 kha nhiéu dinh 1y hay, b dé dep vé quan hé
gitta p, R, r nén trong mot s6 bai tan nhit dinh thi viéc chuyén bai toan gébm 3 dai

luong a, b, ¢ vé p, R, r 1a thuan loi hon rat nhiéu.



B. CAC HANG PANG THUC VA BO PE AP DUNG TRONG BAI VIET:

Qui udc: Khi nhin théy ki hiéu a, b, ¢ ta hiéu d6 1a dd dai 3 canh cua 1 tam giac.
Conp,R, r 1an luot 1a nira chu vi, ban kinh dudng tron ngoai tiép va nodi tiép cua
AABC.

VT 14 ki hiéu ctia vé trai, VP 1a ki hiéu cua vé phai.
a) ab+bc+ca=p” +4Rr+r?

b) 2(ab+bc+ca)=a? +b? +c? +16Rr +4r?

c) a’+b*+c?=2p* —8Rr—2r?

2

d) 2Rr —r? P __ 1 (hyc-2a)(c+a-2b)(a+b-2c)
9 18p

2
2P 1 _ _ _
e) 4Rr —r 7 32|O(b+c 3a)(c+a-3b)(a+b-3c)

Chirng minh: Ta d& dang nhan thdy 3 ding thirc can chirng minh 1a tvong duong
v&i nhau nén chi can ching minh cho dang thirc a) 1a du.

Ta co: p—azrcotgé va a=2RsinA = sinAzﬁ;tgéz pia'
A T
s s . S ) a ’ p-a 2r(p-a)
Mat khac ap dung cong thirc: sin A:—A :ﬁ: = s
1+tg2§ (R A (p-a) +r
(p-a)

—ap>—2pa’+a’ +ar’=4Rr(p—a)=a’ —2pa> +a(r®+p>+4Rr)—4Rrp=0 (1)

Xét phuong trinh: x> —2px? +(r? + p? +4Rr)x—4Rrp=0 (*). Tir (1) ta thiy a, b,
c la 3 nghiém cua (*). Do d6 theo dinh ly Viet ta co:
ab+bc+ca=p? +4Rr +r?

d) Hé thirc nay duoc ching minh 1an dau tién boi nha toan hoc P. Nuesch vao
nam 1971 trong tap chi “Elementary Math”, No 26, 1971 trang 19. Pay la mdt h¢
thie kha phte tap. RAt tiéc t6i chua duoc doc mot cach chung minh nao ca nén
danh chirng minh tam bang sach sau day:

2

2Rr —r? —p—=—L(b+c—2a)(c+a—2b)(a+b—2c)
9 18p



<36Rrp—18pr? —2p* =—(b+c-2a)(c+a-2b)(a+b-2c) (1)

VT(1) = 9abc—18%—2p3=9abc—18(p—a)(p—b)(p—c)—2p3

bit p—a=x,p-b=y,p-c=z =>x+y+z=p-a+p-b+p-c=p;
a=y+z,b=z+x,c=x+y = VP(1)= —-(2x-y-2z)(2y-z-x)(2z—x-Y)
VT(1) = 9(x+y)(y+2)(z+x)—18xyz—2(x+y+12)’. Ttrc 1a ta cAn chirng minh:
9(x+y)(y+z)(z+x)—18xyz—2(x+y+z)3=—(2x—y—z)(2y—z—x)(2z—x—y) (2)

Ta c6: VT(2) =9[x2 (y+z)+y* (z+x)+27 (x+ y)+2xy]—18xyz

—2[ x4y 27 43x (y + 2) +32% (x + y) + 6xyz |
=3[x2(y+z)+x2(y+z)+ 22 (x+y)|-2(x* +y* +2%) - 12xz (3)

Pén day viéc ching minh A = B d3 don gian hon rt nhidu. Néu khong tim dugc
cach ching minh hay thi ban doc c6 thé chiu khé ngdi phan tich nhén ti. Viéc
lam nay chi tén chuat cong strc chir khong can suy nghi nhiéu vi di cé trude két
qua ma khong can nhap, xin trinh bay dé cac ban tham khao:

Ta nhan thay (3) 1a biéu thirc ddi xing va d& dang thay rang néu dit (3) bang
f(X,y,z) thi 2x=y+z 1a mot nghiém cua f(X,y,z). Do tinh ddi xting va

f (X, y,2) c6 bac bang 3 nén 2y=7+X,22 =X+ Yy ciing la nghiém caa f(X,Y,2)
va chi ¢6 3 nghiém do. Dé4u cia X3, y3, z° trong f (X, Y, Z) 1a dAu trir nén c6 thé
viét: f(xy,z)=—(2x-y-z)(2y-z-x)(2z-x-Y)

Pay 1a mot meo nho trong qua trinh phén tich cac biéu thirc ¢6 tinh chit déi xting.

Con viéc di thi ¢6 dugc st dung tinh chét do khong thi cac ban hay tham khao
thdy gido c6 uy tin nhé!

e) H¢ thirc nay dugc chirtng minh 1an dau tién béi nha toan hoc P. Nuesch vao
nam 1972 trong tap chi “Elementary Math”, No 27, 1972 (trang 16-17). Cac ban
6 thé ching minh twong ty nhu cach chting minh d).

Pay 1a mot dang thirc dep va nhiéu tng dung nén céc ban trudce hét hiy tim cho
riéng minh mot 1dii giai dé hiéu dugc ban chit cua né. Sau day minh xin gidi
thiéu 101 giai cia minh dé cac ban tham khao.



Pang thire di cho twong dwong véi:
128Rrp —32pr? —8p° =(3a-b-c)(3b—c—-a)(3c—a-b)
& 32abc-32(p-a)(p-b)(p-c)-(a+b+c)’ =(3a-b-c)(3b—c-a)(3c—a—h)

a=2X+y+1z
Dit tb=2y+z+x (X+y>0,y+2>0,z+x>0) = a+b+c=4(x+y+2z) (1)

C=2Z+X+Y

Ta dé dang nhan théy vé6i cach dat d6 thi diéu kién a, b, ¢ 1a do dai 3 canh cua 1
p-a=y+z,p-b=z+x,p-Cc=X+Yy

3a—b—-c=4x
tam giac khong bi vi pham va: 2)
3b-c—-a=4y

3c—a-b=4z
Tir (1) va (2) ta can ching minh:
32(2x+y+2)(2y+2+x)(22+x+y)=32(x+y)(y+2)(z+X) —64(x+ y +2)’ = 64xyz
o (2x+y+2)(2y+z+x)(22+x+y) = (x+y)(y+2)(z+x)=2(x+ y+2)’ = 2xyz
Dén day ta ching minh (m+n)(n+p)(p+m)+mnp=(m+n+p)(mn+np+ pm) (*)
ap dung véi m=y+2z,n=2+X, pP=X+Y taco:
(M < 2x+y+2)2y+z+x)(2z+x+y)+(x+y)(y+2z)(z+x)
=2(x+y+z) +2[(x+y)(y+2)(z+x)+xyz]
< 2(x+ y+z)[(x+y)(y+z)+(y+z)(z+x)+(z+x)(x+ y)]
=2(x+ y+z)3+2(x+y+z)(xy+ yz +2x) (ding)

Vay ta di ching minh xong dang thic e).



2. Cac dinh ly:

Pinh 1y 1: Cho tam giac ABC, D 1a mot diém bat ki thudc BC. Khi d6:
nc’ +mb? =(d? +mn)a trong d6 AD =d, BD =m, DC = n

Chiing minh:

Tacéd m? +d> —c?=2md cos ADB (1), n> +d* —b? =2nd cos ADC 2)
Nhan ca 2 vé cua (1) v6i n va ca 2 vé cua (2) voi m ta dugc:
n(m?+d?-c2)=2mnd cos ADB (3),m(n? +d2 —b?)=2mnd cos ADC (4)
Cong vé theo vé cua (3) voi (4) ta duoc:

mn(m+n)+(m+n)d? —nc? —mb? = 2mnd (cos ADB + cos ADC) <> (mn+d2)a=nc2 + mb>

Pinh 1y 3: p><2R?+10Rr—r? +2(R-2r)yR(R-2r)

Cach 1: Gia stra, b, c théa man a > b >c > 0 1a 3 nghiém ctuia phuong trinh:

M(X)=X>—=2pX2 +(p2+4Rr+r?)X —4pRr=0

Piéu kién dé a, b, ¢ 1a 3o dai 3 canh cta mot tam giac la:

b+c>a p>a
=S s p>azb>c>0 (1)
c>0 c>0

<> Phuong trinh M(X) = 0 c6 nghiém théa man (1)
Tacd: M'(X)=3X?*—4pX + p* +4Rr +r?
A'=(2p)* =3(p? +4Rr +r?)=p> —12Rr —=3r?; M(X) c6 3 nghiém = A’ > 0.

W _2P—NA o 2p+VA
=2PTNA Ly _2PFNA

Hai nghiém cua M’(X) = 0 1a: 3 3 X, 3



M(0)<0
M(X,)>0 ,
=)< Ta nhan thay ngay M(0) < 0 va M(p) > 0.
M(X,)<0
M(p)>0
M(X,)>0 |AVA >p(p?-18Rr+9r?
Con (X4) =3 ( ) @A’\/?z‘p(pz—18Rr+9r2)‘
M(X,)<0 |A'YA 2-p(p? —18Rr+9r?)

o (A > p?(p? —18Rr+9r2)2 o pt=2p>(2R* +10Rr —r2)+r(4R+1)* <0 (2)
A =(2R? +10Rr =r2)" —r(4R+ 1)’ =4R(R-2r)* >0

= (2) < 2R* +10Rr —r? —2(R-2r)JR(R-2r) <
p? <2R%>+10Rr+r* +2(R-2r)yR(R=-2r)

(Céch chirng minh nay



Cach 2: Cach nay chua c6 trong bat ki mot tai liéu nao ca va mang dam ban sic
hinh hoc

Tacé: p?<2R? +10Rr—r? +2(R-2r)yR(R-2r)

< p?-16Rr +5r> <(R? —4Rr+4r2) + 2(R-2r)yR(R-2r) + R(R—2r)

2
=9.162<[(R-2r)+JR(R-2r)| < 3.1G<R-2r+0l

Trong d6 O, I, G lan lugt 1a tim dudng tron ngoai tiép, ndi tiép va trong tdm cua
AABC. Trén dudng thiang IG ta lay diém H sao cho IK =31G . Ta s& dung dinh ly
1 & tinh doan OH

Theo dinh 1y 1:

OI2.HG +OH2.IG =(0G2 + IGGK) IK

2 2 2 2 _ 2
2 _al+b’4c? ., P’ —16Rr+5r )(do

2R(R-2r)+0K? =3(
< 2R( r)+ 5 5

GK =2IG, K =3IG)

< 6R(R-2r)+3.0K2=9R> —(2p? —8Rr —2r?)+2p? —32Rr +10r>

< 30K?=3(R?-4Rr+4r*) < OK>=(R-2r)’ < OK =R-2r
Trong tam giac OIK ta luén c6: Ol + OK > IK hay (R - 2r) + Ol = 3.1G
Tac 1a: p? <2R? +10Rr —r2 + 2(R-2r)y/R(R-2r)

Dang thirc xay ra < O nam giira [ va K

Comment: Tur dinh 1y 1 ta co thé tao ra rat nhiéu doan théng c6 do dai dac biét va
rat dep nhu OK trong bai nay. Ban nao cé niém say mé thi tim toi thir, con trong
bai viét nay t6i chi dung & day.



Hoan toan twong ty ta chirng minh duogc:
p?> >2R* +10Rr —r> —2(R—-2r)yR(R-2r)

Diéu nay twong duong véi IK + OK > OI. Pang thirc xay ra khi K nam giira O va
I

Bay gio ta s& di tim diéu kién can dé:
+ O nam giita I va K

+ K nam giita O va I

* O ndm gitra T va K khi: y/p? —16Rr +5r> =R —-2r +JR(R-2r)

= p?—16Rr+5r>>R(R-2r)+2(R-2r)yR(R-2r)
>R(R-2r)+2(R-2r)>=(R-2r)(3R—-4r)= p>>3(R+r)> = p=3JR+r

Theo dinh 1y 2 di trinh bay thi diéu nay xay ra khi tam giac c6 2 goc > 60°, tirc 1a
tam giac cdn d6 c6 canh bén 16n hon hodc bing canh day.

* K ndm giira O va I khiz 4/p®> —16Rr +5r> =y/R(R-2r) —(R—2r)
= p? —16Rr+5r2 <R(R-2r)+(R-2r)*> <(R-2r)(3R - 4r)

= p2<3(R+r)’ = p<3JR+r

Theo dinh 1y 2 di trinh bay thi diéu nay xay ra khi tam giac c6 2 goc < 60°, tic 1a
tam giac cAn d6 c6 canh bén nho hon hoidc bang canh day.

Pinh 1y 5: a> +b* +¢c? <8R* +4r*

Chirng minh: Ta ¢6 nhiéu cach dé chirng minh dinh 1y nay nhung trong bai viét
t6i s& sir dung dinh 1y 3 1am b6 dé vi day 1a mot bd dé rat manh va tinh tng dung
cao.

Nhan thdy R(R-2r)<R(R-2r)+r*>=(R-r)’. Do dé:
p> <2R>+10Rr—r2 +2(R-2r)(R-r) < p> <2R* +10Rr —r> + 2(R? = 3Rr + 2r?)

& p?<4R? +4Rr +3r* < 2p* <8R* +8Rr +6r°

< at+b?+c? +8Rr+2r?<8R?* +8Rr+6r’ < a’+b%+c?<8R? +4r?



Laicé a? +b? +¢c? +16Rr +4r? =2(ab+bc + bc)

= 8R2 +16Rr +8r>>2(ab+bc+bc)=4(R+r)’ >ab+bc+ca
Pinh Iy 4: p? >2R? +8Rr +3r” trong moi tam giac nhon

Cac bat dang thuc twong duong: a® +b* +c¢? >4(R+ r)’

ab+bc+ca>2R? +12Rr + 4r?

Nhirng bt ding thirc nay di giap nhiéu trong cac sach nén xin duoc khong dua ra
chirng minh.

Dinh 1y 2: Néu tam gidc ABC c6: Hai géc > 60° thi p=+3(R+r)
Hai goc < 60° thi p<v/3(R+T)
Mot gbc bang 60° thi p=+3(R+r)

Chiing minh: Ta c6: 2— */iéR +r)_a +4bR+ c —%(1 +%)

_sinA+sinB +sinC —ﬁ(cos A+ cosB +cosC)
2 2

=sin(A—%)+sin(B—%)+sin(C—%) (1)
bat x=A—§,y=B—§,z=C=§ taco X+y+2=0

Khong mat tinh tong quat ta gia sir: X>y>z

(1)=sinX+siny+sinz=sinx+siny—sin(x+y)=2sinX;ycosX;y—2sinxj;ycosxzy

o Xty X-y X+Y | _ g XY ox Y
=2sin 7 (cos 7 cos 7 ) 4sm—2 s1n251n2

Do X+y+z=0va Xx2y2znén Xx+y20 vax=20,x<m,Xx+y<mn

sinX >0

suy ra 4sin
Y 2

X+Yy
2

yZO do d6 m:%in“-y

~Néuy>0< Bzgthi sin = o X

sinzsin%zo




Tt la p>+3(R+r) khi AABC ¢6 2 goc > &

3
— Néuy <0 thi s1ny<0 do do: %:%m%sm%sm%so
Ticla p<y3(R+1) khi AABC c6 2 gée < %

—Néuy=0thi p=+3(R+r) do sin%zo

Dinh 1y 6: p2216Rr—5r2+@ *)

CM: Ta ludn c¢é: 1G> 10 -0G < 1G >+/R(R-2r) 1\/9R2 (a +b%+c?)

2 2 2
©3.1623/R(R—2r) —9R? —(a? +b? +¢?) 316> a_+b” +¢” —18Rr (1)

3JyR(R-2r) +\/9R2 —(a? +b? +¢?)

Do 9.G? =p? —16Rr +5r? nén p* >16Rr —5r?

= a’+b*+c?=2p” —8Rr—2r> >24Rr —12r* (2)

6Rr —12r? _ 6Rr—12r? _r [R=2r

Tir (1), (2) = 3.1G > - _
3JR(R—2r) +9R? —24R +12r> 6JR(R-2r) R

_og2s P (R=2r)
16?2

. Vay (*) dugc chirng minh. Pang thirc xay ra < AABC déu
Comment: Pinh 1y 6 chi chit hon BDT quen thudc p? >16Rr —5r* chat xiu
nhung noé dic biét quan trong khi “duong dau” véi nhitng BDT chit. Nhu cac ban
da biét BDT p” <4R* +4Rr +3r? 1a mot BDT tuong dbi chit nhitng van chua du

d6 manh dé khuét phuc nhiing bai “cting dau”. Tuy nhién chi can lam chat hon
mot chat xiu:

(**) p? <2R? +10Rr —r? + 2(R—2r)/R(R—2r) thi lai giai quyét nhitng bai toan

d6 1 cach kha “ngon lanh”. Pinh 1y 6 c6 tdm quan trong khong kém so véi (¥¥).
Thuc ra van c6 thé lam chat hon nita BPT (*) thanh:

p? >2R? +10Rr —r?> —2(R-2r)vRR—2r (***) ¢6 didu hinh thic cua (***) qua

cong kénh nén rat kho ap dung.



Tom lai ta c6 BDPT kep:

2
16Rr—s5r2 + T (R=20 2 op2 yope 12 4 2(R—2r)R(R-2r)

R

Pinh ly 7: Cho tam giac ABC thoa man a>b>c va a+b>3c. CMR:

r_(a+b-c)(b+c-a)(c+a-b)

Chtng minh: Ta c6:

2abc
Dit f(c):(a+b_c)(b+0—a)(C+a—b)
) 2abc
:>fioz(a+bk2—2€4%a+bﬂa—mz2(a+b_2dczzo
2abc? 2abc?
Do dé f(c) ddng bién theo c. Thay cz_a;b vio f(c) ta duoc:
f(c)<f(a+b):4<2b—a><2a—b>:ﬁ_Md
- 3 9ab 9 9ab 9
3

vay £ <
ay R

N=IFN

. Piang thirc xay ra < a=b=§C

I <
o <

NI N



C. Xay dung cac ding thirc

Pay chinh 1a phan “xwong sdéng” ctia phuong phap nay. Chi can nim viing cac
dang thirc trong phan nay thi nhiéu bai tdp mic du rat kho trong cac phan sau
cling tr¢ nén don gian.

e Xéta,b,c>0
Nhu di néi & phan A, sau khi dat:

X=b+c,y=c+a,z=a+Db thix,y, z tra thanh d6 dai 3 canh ctia 1 tam giac. Ta sé&
chuyén mot sb dai lugng trong dai s vé hinh hoc thong qua p, R, r lan luot 1a ntra
chu vi, ban kinh dudng tron ngoai tiép va noi tiép tam giac XYZ

1. Tinh a® +b* +c* va ab+bc+ca

Tacod: x> +y>+22=(a+b)’ +(b+c)’ +(c+a)’=2(a®> +b*>+c> +ab+bc+ca) (1)
xy+yz+zx=(a+b)(b+c)+(b+c)(c+a)+(c+a)a+b)

=a’+b*+c? +3(ab+bc+ca) (2)

Tu (1) va (2) suy ra:

e 4(a2+b2+c?)=3(x> +y2 +22)-2(xy + yz+ )

o 4(a2+b*+c?)=(x+y+2) —2[2(xy+ yz+zx)—(x2+y2+22)]

o 4(a?+b? +¢?)=4p? —2(16Rr +4r?) = a’ +b? +¢> = p> —8Rr —2r?

« 4(ab+bc+ca)=2(xy +yz+2x)— (x> + y? +22)

4(ab+bc+ca)=16Rr +4r?> < ab+bc+ca=4Rr +r?

L +b’+c® _ p’ —8Rr—2r’ _ p’ -2
ab +bc +ca 4Rr +r? 4Rr +r?
2. Tinh abe
n (a+b)(b+c)(c+a)
Ta c6: abc z(x+y—z)(y+z—x)(z+x—y)
(a+b)(b+c)(c+a) 8xyz

(P-x)(P-y)(P-2) _pr*
Xyz 4Rrp 4R




3 Tinh a+b+b+c+c+a

a b
_a+b+c_ a+b+c_ a+b+c 4 _(a+b+c)(@b+be+ca) ,
c a b abc
_ p(4Rr +r?) _3=p(4Rr+r2)_3=4R+r_322(2R_r)
(P=x)(P=y)(P-2) pr? r r

4. 2% +b* +c*=(a+b+c)(a? +b? +c)—(ab+bc+ca) |+ 3abc
— p(p?-8Rr—2r> —4Rr—r2)+3pr2 = p(p? —12Rr)
5.a%+b*+ct =(a2+b2 +c2)’ —2(ab+bc+ca)’ +4abc(a+b+c)
:(p2—8Rr—2r2)2—2(4Rr+r2)2+4p2r2
=p*—4(4Rr +r?) p> +4(4Rr +r 2)’ —2(4Rr+r2)2+4p2r2=p4—16Rrp2+2(4Rr+r2)2
6. at+b+c_ /
3/abc /

7. Goi S 1a dién tich cua tam gidc XYZ c6 d6 dai 3 canh la x,y,z

Tacé: 165° =(x+y+2)(x+y-2z)(y+z-Xx)(z+x-Y)

2
:[(x+ y)’ —22][22 —(x—y)z]z(x+ y)Y 22—zt = (x> —y?) + 2% (x-y)’
(x> +y2a2xy)z? -zt —xt oyt 2xPy? 4 223 - 2xyz? + 22y

2(x2y2 +y222 + 22x%) = (x* + y* + 2%)
Trong mdt sb bai toan trudng hop x*>y? + 2% (x 1a max cua {X, Y, Z}) ta nhan
ngay thdy bai toan dang. Do d6 chi can xét thém trueong hop x> <y? +27 1a bai
toan dugc giai quyét hoan toan.
Pat m= X2,n = yz, p= z’ thita lai c6 m,n, p 1a d6 dai 3 canh cua 1 tam giac. Néu
goi R, 1 1an luot 14 ban kinh dudng tron ngoai tiép va noi tiép tam giac MNP co

do dai 3 canh 1a m,n, p thi:

165 =2(mn +np + pm)—(mz +n® + p2)=16erl +4r? = 4S° =4Rr, + 1]



Vay nhiéu bai toan 3 bién qua 2 1an dit an thi ta qui duogc vé bai toan 2 bién. Do
céc bai toan ta dang nghien ciru 1a bat dang thirc ddi xng nén sau khi chuén héa
cac bai toan chi con 1 bién. Ma bai toan 1 bién thuong giai duoc mot cach d&
dang.

a b c_ _ 1 1 I V2 _pn(l 1 13_
'b+c+c+a+a+b_(a+b+c)(a+b+b+c+c+a) . p(x+y+z) 3

p(xy + yz+zx)_3_ p(p> +4Rr+r2)_3: P’ +4Rr +r? s p? —8Rr+r?

Xyz - 4Rrp 4Rr 4Rr
g L,1,1_ab+bctca_4Rr+r® 4R+r
a b ¢ abc pr? pr

1o L, 1 1 _a+b+c_ P _ 1

ab bc ca  abc pr2 2

11 L+L+L=a2b2+b2c2+c2a2:(ab+bc+ca)2—2abc(a+b+c)
a’ b? c? a’b’c? a’b’c?

Cr2(4R+r)’ —2p’r>  (4R+r)’ -2p°

p2r2 p2r2
2 2
o 1 1 1 1.1 1 _X+yz+zx p-+4Rr+r
a+b b+c c+a x y z Xyz 4Rrp

53 L, 11 x2y2 4+ y2z2 +22x2 (xy+yz+2x) —2xyz(X+y + 2)
ot oty = 2,22 - 2,22
x> yr oz x*y?z x*y?z

(p +4Rr+r2)2 ~16Rrp? _(p? +4Rr+r2)2 1

16R*r*p? 16R*r*p? Rr

14. (a+b)(b+c)(c+a)=xyz=4Rrp

2

abc=(p-x)(p-y)(p-2)=

82
2 __—pr
0 Y

5. @b ac  bc _a’b?+b’c’+c’a’
’ b a abc

:(ab+bc+ca)2 —2abc(a+b+c) _ r2(4R+r1)* —2p2r? :(4R+r)2 —-2p?
abc pr2 p




16. a’b® +b’c® +c*a’ =(ab+bc+ca)’ —3abc(a+b)(b+c)(c+a)
=r’(4R+r)’ —12p’r’R

17. 1 + 1 + 1

a?+b? b?+c? c?+a’

(a2 +b?)(a>+c?)+(b2 +c?)(b? +a?) +(c? +a?)(c? +b?)
(a2 +b?)(b* +c?)(c +a?)

(a2 +b? +cz)2 +a%b? +b%c? +c’a?
(a2 +b? +c?)(a%b? +b%c? +c2a?) —a’b’c?

2 2
(p?-8Rr—2r?) +(4Rr+r?) —2p’r* p* —8(2R+1)1p? +5r% (4R+1)’
(0 —8Rr—2r2) [ (4Rr+12)" —2pr? |- port 47 (4R +6Rr+12) p? —2p*r” —2r* (4R-+1)°

18. (a?b+b2c+c?a)(a’c+b’a+c?h)=a’h® +b’c® +ca® +3a2b2c? +abc(a® + b’ +¢*)
—r’(4R+1)’ —12R*r*p+3p?r* + p>r?(p> - 12Rr)

=r2[r(4R+1)* +3p2r? + p* — 24Rrp? |

Phéan xay dung nhitng cong thirc co ban xin duoc dung lai & ddy. Trong qua trinh
lam bai tap néu can nhirng coéng thirc khac thi ban doc ciing c6 thé dé dang tu xay
dung. Do moi da thie d6i xtrng déu qui duoc vé tong va tich cua 3 dai luong

a+b+c,ab+bc+ca,abc nén déu qui duoc vé p,R,r.



D. MOT SO BAI TOAN SUU TAM

Phéan nay gdm nhitng bai toan rat ndi tiéng va di c6 nhiéu cach giai. Tuy nhién
trong bai viét nay ta s& dung phuong phap GLA dé giai.

Bai 1. (Iran 1996)

Cho a, b, ¢ > 0. Chting minh ring: ——+—1 41 > 9
(a+b)> (b+c)’ (c+a)®> 4(ab+bc+ca)

Gidi

Ap dung cong thirc 1 va 13 trong phan C ta can phai chirng minh:

9

2 2
(p2+4Rr+r2) 1. 9 c>(p2+4Rr+r2)
4(4R+71)

16R*r*p? Rr— 4(4Rr +r?) 16R*rp?

_1s
R

(p? +4Rr + r2)2
16R*rp?

Xét A= . Ta s& chirng minh A ddng bién theo p.

C1: Tinh dao ham

22
p+ VR o(arrar) 8 2 2(aRr4r?) ey

8
C2: A= P >29 3
16R*r 16R?r

Pén day ta nhan ngay thiy A dong bién theo p.

Ma p? —16Rr +5r* =9.1G* > 0= p” 216Rr —5r*. Do d6

2 2
J(6Rr-5r2 +4Rr+r?)” _ (20Rr—4r?)" _ (5R-r)’ _25R’—10Rr+r’

A> = = =
16R?r(16Rr —5r2)  16R’r>(16R-5r) R>*(16R-5r)  16R® —5R’r
Cong viéc con lai cua ta chi con 1a di chirng minh:

25R? —10Rr +r?
16R* —5R?r

9 L I9R*-S5Rr+r*, 9
4(4R+r1) ~ 16R*-5R’r 4(4R+r)

N
=2
= 4(4R+1r)(9R? —=5Rr +r?)>9(16R* — 5R2r)

< 4(36R? +9R2r —20R?r —5Rr? + 4Rr2 + r3)>9(16R* - 5R?r)

< 4(36R* —11R*r=Rr?> +r*)=9(16R* =5R*r)> 0= r(R-2r)> >0



] r=0 a=b,c=0 (vacdchodn vi)
bang thtc xay ra < =

R=2r a=b=c

Comment: Loi giai bai toan trén ciing nhu 101 giai ctia cac bai toan tiép theo sau
day s€ duogc trinh bay moét cach rat ti mi dé cac ban tién theo dai. Tuy nhién, nhu
da thay, 10i giai trén rit sang sta va gon gang. Ban nao yéu thich bat dang thic
hinh chéc s& cam nhan duoc ngay vé dep cua 1i giai con ban nao chua quan tdm
thuc sy dén bat dang thtre hinh vi cho ring n6 khong con ¢ dang sau va biét dau

sau khi doc bai viét nay cac ban s& thay ddi cai nhin vé bt ding thirc hinh.

Bai2.Choa,b,c>0va ab+bc+ca=1. CMR: L, 1

1
a+b b+c c+a

P

N |

Gidi
Ap dung dang thtrc 1 va 12 phan C ta c6 bai toan sau:

p? +4Rr +r?
4Rrp

\

Cho X,y,2>0 va 4Rr +r>=1. CMR: %@ p> —10Rrp+1>0 (1)

Xét phuong trinh: f (x)=x*> —10Rrx+1=0; A'=25R?*r* -1
= X, =5Rr —y/25R’r* =1 ; x, =5Rr ++25R°r* -1

Pé chung minh (1) ta chi phai ching minh p>x, =5Rr ++/25R*r* —1

Ta co:
V25R%*r?* -1 =\/25R2r2 —(4Rr+r?)* =r\JorR? —8Rr —r? < rVGR-r)> =r(3R-r)
= 5Rr++25R*r? =1 <5Rr+r(3R-r)=2-3r?

Laico p2 —16Rr +5r2 =9.1G? > 0= p>+/16Rr —5r2 =4 —9r?

2
Ma V4-9r2>2-3r2=>4-9r2>(2-3r?) = 4-9r*>4-12r2 +or*

2
r-=0
& r2(1-3r2)>0. Déng thirc xay ra < ox=2y=z=1
p* =16Rr —5r?
Vay T 1 Zi.f)éngthfxcxéyra@ a=b=1,c=0 va cac hoan vi.
Y a+b b+c c+a 2 ’



M¢ rong: Cho a, b, ¢ > 0 théa man ab+bc+ca=1va b+c>a>b>c

1,1 1. 5

CMR: >
a+b b+c c+a a+b+c+abc

Giai: Trudc tién ta nhan thiy bai toan nay chit hon bai toan ban dau boi 18:
l=ab+bc+ca>alb+c)>a’=a<l=00-a)(1-b)(1-¢c)>0
<l-a-b-c+ab+bc+ca-abc>0=2>a+b+c+abc

Vi bai toan ban du ta c6 thé ching minh bang nhiéu cach dai sé ma 16i giai kha
gon gang nhung v&i bai toan mé rong nay thi 101 giai bang dai sb 1a kha phuc tap.
Ta s& dung G.L.A. dé ching minh bai toan nay.Ta nhan thay v&i diéu kién cua bai
toan thi a, b, ¢ 1a d6 dai 3 canh 1 tam giac (Truong hop b + ¢ = a tam giac suy
bién thanh dudng thing). Ap dung coéng thirc 1 phin C ta cdn phai CM:

2(a+c)(b+c) 5

>
(a+b)(b+c)(c+a) a+b+c+abc

a2+b2+cz+3(ab+bc+ca)> 5
(a+b+c)(ab+bc+ca)—abc a-+b+c+abc

5—16Rr—4r® 5 2
> | 5-(16Rr +4r?) |(1+2Rr)>5(1-2Rr)
(a+b+c)(1-2Rr) (a+b+c)(1+2Rr) [ ( )]

& 5+10Rr —(1+2Rr)(16Rr +4r?) >5—10Rr < 20Rr > (1+ 2Rr)(16Rr + 4r*) (1)

Ta nhan thay: (1+2Rr)(16Rr +4r?) <18(1+ 2Rr)Rr =18Rr + 2Rr.18Rr <
<18Rr +2Rr(ab + bc + ca) =20Rr . Do d6 (1) dugc chirng minh.

NUNES B R B 5

\Ys > . bang thirc x4 <a=b=1,c=0.
ay a+b b+c c+a a+b+c+abc ang thue xay ra ’

Bai 3. Cho Xx,y,z>0. Tim diéu kién dé bat dé‘ing thirc sau luén dung.

s x 4 [ L
(x+y)(x+2z) B(x+y+1) (x+y)(y+2z)(z+x)
Gidi
Ding trude bai toan nay, cac phuong phap dai sé khong biét nén bat dau tir dau
boi dé bai xuat hién nhitng can thirc rat khé hiu va diéu kién dé bai toan dang
theo nhu du doan thi khong don gian. Nhung dang bai nay chic chin dung G.L.A
dé giai. Co diéu ta thir xem d6 phirc tap cua bai toan dén dau nhé.



bat y+z=a,z+ x=b,x+ y=c. Bai toan trd thanh:

31 o2 e=)

oY ME—c_a)2%(1+(p‘a)(igcb)(p‘c)jw’? A1+ TTsn )

(Trong d6 p la nira chu vi cia AABC c6 @6 dai 3 canh 1a a,b,c)

Ban doc c6 thé nhin ngay ra (1) chinh 1a 1 trong cac bat dang thirc cua Jack
Garfulkel. Piéu kién dé bai toan trén dung 1a khi tam gidc ABC nhon. Tic 1a

b2 +c? >a® (gid sita=max{a, b, c}) < (x+y)’ +(x+2)°>(y+2)°
X(X+Yy+2)>yz e X+ y+2>% (trong d6 x=min{X,y,z} )

Viéc ctia ta bay gio 1a di chirng minh (1) véi diéu kién AABC nhon. Pay 1a mot
bai rat chit nén chirng minh bang G.L.A ciing khong hé don gian.

Giai
Ta co: cos——sm(% %),cos%=sm(%—%),cos%=sm(%—%)
pait A= _Apg_n_B C':E_Q
¢ 2 2P T T T2

trong d6 A’,B’,C’ 1a s6 do 3 gbc cua 1 tam giac nhon co min{A’,B',C'} > %

Podf;, PP-QRADT) s rrorie
@ e R3[1+ R < p?=BRp-4Rr-r2<0

R/3 +V3R2 +16Rr +4r? > _3R2 +8Rr+2r2 + RVOR? + 48Rr +12r2
5 o pP< 5 (3)

o p<

Khong mét tinh tong quat ta gia sir %S A'<B'<C’ S%



TH1: B’S%. Ap dung dinh 1y 2 ta c6 p* <3(R+ r)’. Do d6 ta chi cin chung

minh: 6(R+r)> <3R? +8Rr +2r% + RYIR? + 48Rr +12r>

& 6R2 +12Rr +6r2 <3R2 +8Rr + 2r% + RVIR? + 48Rr +12r2

< 3R? +4Rr + 4r2 <RV9R? + 48Rr + 12r>

Ma RyIR? +48Rr +12r2 > RVIR? +36Rr +36r2 =3R(R +2r)>3R2 +4Rr + 4r2

Suy ra (3) dugc ching minh

TH2: B’Z% = s1n%,s1n%,s1n %l >sm§sm6sm§>0 116
- R_ - 1 - ~<2,16. Ap dung dinh 1y 3 ta chi can chirng minh:
r 4gin A sin B sin &
sin > sin > sin >

2(2R? +10Rr —r2) + 4(R=2r)\/R(R—2r) <3R? + 8Rr + 2r% + RVOR? + 48Rr + 12r2

< R2+12Rr —4r2 +4(R-2r)\R(R—2r) <RVOR? + 48Rr +12r2

ST +120-4+4(1-2)Vt(t-2) <tVor’ +48t+12 trong d6 t=R te[2;2.16)

VT <t? +12t =4+ 4(t-2)2,16(2,16 -2) <t? +12t —4+2,4(t —2)=t* + 14,4t - 8,8

VP Zt\/(3,2t +5,6)" +(t—2)(9,28 —1,24t) > (3,2t +5,6)

Ma t(3,2t+5,6)—(t> +14,4t—8,8)=2,2(t—2)* >0, do d6 VP > VT.
Piang thirc xay ra < t = 2.

Vay Zcos% 2%(1 + Hsin%) . Péng thuc xay ra < AABC déu.
Bai 4. Cho X,y,Z2>0. CMR:

8(x+y+2)" xyz(x+ y)z(y+z)2(z+x)22[z (x+Y) ] H[ X+Yy)(x+2)— 2yz] (1)

Gidi



b+c-a y=c+a—b ,_a+tb-c
2 2 2
tam giac va: a=y+2z,b=z+X,c=X+Yy =

Xx+y+z=p,xyz=(p-a)(p-b)(p-c)

Dit x =

thitacoéa, b, cla dd dai 3 canh cua 1

(p 1a ntra chu vi tam giac ABC c¢6 d¢ dai 3 canh 1a a, b, ¢)

2[(x+y)(x+2)-2yz]=(x+2)" +(x+y)’ ~(y+2)’ =b* +c* -a’

Tuong tw 2[(y+2)(y+x)-22x|=c’ +a> —b* , 2[(z+x)(z+y)-2xy|=a’ +b* —¢’

2 2 2
Vay (1) < 8p” (p-a)(p-b)(p-c)a’b’c >(a® +b* +c?) [[ 2+ =C

< 8(a+b+c)’(p-a)(p-b)(p-c)a’b’c? >(a’ +b? Jrcz)sl_[(a2 +b? —c?)
Khong mat tinh tong quat ta gia st a>b>c

Néu b? +c¢? <a’ thi VT > 0 > VP = (dpcm)

Néy b +c?>a” thidat a>=m,b*=n,c’*=p

Ta co: m,n,p la do dai 3 canh cua 1 tam giac.

Mit khéac theo bt ding thirc Holder ta c6:

(a2 +b? +¢2)’ =(Z€/5€/53/a_4)3 <(a+b+c)’(a*+b*+c*) (3)

Tir (2) va 93) suy ra dé chirng minh bai toan ta chi can chirng minh:
(a+b+c)(a+b-c)(b+c-a)(c+a—b)a’b’c’>(a* +b* +c“)1—[(a2 +h?—c?)
< (2a%0% +2b%c? +2¢%a’ —a* —b* —c*)a’bc> 2 (a* +b* +c“)1_[(a2 +b?—c?)
< (2mn+2np+2pm-m?—n? - p?)mnp=(m? +n? + pz)H(m+n— p)

& (16R,r, +4r2)4R 1, p, >(m? +n? + p?)8p,r? <8R +2R 1, >m* +n’ + p? (4)
(4) dang theo dinh 1y 5.

Ttc la ta ¢4 chirng minh xong (1). Pang thirc xay ra <> a=b =c.

Ghi chu: R,,r, p, 1an luot 1a ban kinh dudng tron ngoai tiép, ndi tiép va nira chu

vi AMNP c6 d6 dai 3 canh 1a m,n,p.



Comment: Tam thoi bo qua dd cong kénh cia bai toan thi do chat ciia né da du
lam diéu dimg cac phuong phéap dai sb roi. Toi da thir di tim mot 1oi giai dai sé va
két qua sau nhiéu cb ging méi c6 duoc 101 giai dai gip 5 1an 101 giai nay. C6 18
bai nay sinh ra 1a dé danh riéng cho G.L.A.

Bai 5. Cho a, b, ¢ > 0. CMR: aZb+b+‘3+c+"‘>4 a . b . ¢ )

a b~ \b+c c+a a+b
Gidi
2 2
. ; . — —-8Rr+r
Ap dung cong thirc 3 va 8 ta can ching minh: 2(2|T_ r) >4. P AR i

< 2R(2R-r)=p? —8Rr+r’> < 4R? + 6Rr —r’ > p* (dlng theo dinh ly 3)
Ping thirc xay ra < a=b =c.
Bai 6. Chirng minh rang Va, b, ¢ khong 4m ta c6 BDT:
a’+b* +c” +2abc+1>2(ab+bc+ca)
Gidi
Néu trong 3 s6 a, b, ¢ ¢6 2 sb bang 0 thi ta c6 ngay dpcm.
Néu trong 3 s6 ¢6 2 s6 # 0 thi 4p dung cac cong thirc 1 va 14 ta can chirng minh:

p> —8Rr—2r2 +2pr’ +1=2(4Rr +r?) < p> +2pr? + 1> 16Rr + 4r>

Ta c6: 2pr> +1=pr® + pr+123-3p’r* 23-327r2r* =9r> (1), p* 216Rr —5r* (2)

Tu (1) va (2) ta c6 dpem. Pang thirc xayra<>a=b=c= 1.

Xin gidi thiéu cung ban doc 2 cach ching minh khac duoc trinh bay trong cudn
“Sang tao bat dang thirc” ctia Pham Kim Hung.

Cach 1: Str dung tam thtrc bac 2

Chuyén vé tam thtrc bac 2 cua a la: f(a)=a’ +2(bc—b-c)a+(b—c)’ +1
A'=(bc-b-c)’ =(b-c)’ —1=hc(b-2)(c-2)-1

Néu bc-b—-c>0 ta c6 ngay dpem.

Néu bc—b-c<0 hay (b—1)(c—1)<1. Ta chia ra lam 2 truong hop.

Co dang 1 trong 2 s6 b,c > 2, sé con lai nhé hon hoidc bang 2. Ta cd ngay A'<0



+ Ca hai sb b,c déu nho hon 2. Theo bat dang thic AM — GM ta c6:
b(2-b)<Lc(2-c)<1 = A'<0. Vay bat dang thirc dugc ching minh.
Cach 2: Pat k=a+b+c. Sir dung bat ding thirc quen thudc
abc>(a+b-c)(b+c-a)(c+a—-b)=abc>(k-2a)(k-2b)(k-2c)

Rut gon lai ta duoc: 4(ab +bc +ca) —k*? S%abc (*)

Bt ding thirc cua bai toan twong duong véi:

(a+b+c)’ +2abc+1>4(ab+bc+ca) < 4(ab+bc+ca)-k> <1+ 2abc
Str dung (*) ta chi can chirng minh: (i 2) abc<1

k> (9-2k)k*
27 27

O

Theo bat dang thirc AM — GM ta cé: (— - )abc <(§ 2) <l

k
Viy ta ¢c6 dpcm. Ping thic xayra < a=b=c=1.
Bai 7. (Pham Kim Hung) Gia str a, b, ¢ 1a céc sd thuc khong am. Chirng minh bét
1 41 | 10

+ >
a’+b*> Db*+c*> c*+a’ (a+b+c)’

dang thirc:

Cach 1: (Cua PKH)

Khai trién hai v€ bang cach gui dong mau so:

at+3) a’?)(>la’+2> ab|>10( Y a*(b )+2a’b’c
( )( )

sym sym sym sym

e Y at+2) a*>ab+6,,, > a’b’ +2abcy ¢’ (a+b)>6) a*(b )+11a%bc?

sym sym
Khong mat tinh tdng quat gia sit a>b>c. Pé chiing minh bét ding thirc trén ta

tim cach loai bo cac bidu thirc chira ¢. Ta c6: 4c®(a® +b?)>4c* (a® +b?)
2c(a+b)(a* +b*)+2c3(a® +b*)+(a+b)c’ —c*(a? +b?)-6c?(a* +b*)
—(a* +b*—ca’—c’a)(a-c)+(a* +b* —cb® —c’b)(b—-c)>0

6c3(a® +b*) +2c(a+b)(a* +b*)+c3(a+b)>5c* (a2 +b?) + 6¢2 (a* +b*)



Ngoai ra d& thdy: 2abc) ¢*(a+b)=12a’b’c’ > 11a’b’c’

sym

Nhu vay véi phan con lai ta chi can ching minh bat dang thirc 2 bién (thuc chit 1a
chirng minh cho truong hgp ¢ = 0) nhu sau:

a® +b® +2ab(a* +b*) +6a’h’ +2c*ab>6a’b’ (a+b)+c*(a’ +b?)

Bt ding thirc trén twong duong voi:

(a?-b%)(a* -b*)+2ab(a-b)(a’ -b’)>2c*(a-b)* +a’b*(a-b)’
o(a-b)[(a+b)(a® +b*+ab? +a’b)+2ab(a® +b> +ab)—2c* —a*h?]>0
Hién nhién dung. Pang thirc xay ra khi va chi khi a=b, ¢ = 0 va cac hoan vi.

Cach 2: Ap dung cong thtrc 17 ta can CM:

p> —8(2R+r)rp> +5r2 (4R +1)° > 10 ()
4r2(4R? +6Rr+r2) p2 —2p*r2 —2r* (4R +r)’  p’

bit f(p) = VT — VP. Tinh f’(p) v6i chtt y p* >16Rr —5r? ta dugc f°(p) > 0

1 . 5
= f(p)>f [(16Rr —SrZ)Z] Dén day ta chi viéc thay p? =16Rr —5r? vao (1) rdi
rut gon 1a ta dugc dpem nhung viée rat gon d6 kha mat thoi gian va d& nham 14n.
Chinh vi vay ta s& thay p® =16Rr —5r* vao dang thirc thu 3 trong cong thuc 17.

Ta can chting minh:

(8R-7r)” + (4R +r)* —2(16Rr - 5r*) o 10
(8R-7r)[(4R+1)? —2(16Rr —5r2) | —(16R = 5r)r? 16R=5r

(8R—=7r)> +16R> — 24Rr +11r’ .10
(8R—=7r)(16R> —=24Rr +11r*) = (16R—5r)r> 16R—5r

& (16R—5r)(16R* —24Rr +11r> +10r2) > (SR—7r)[ 10(16R? —24Rr +11r2) —(16R—5r)(8R—7r) |
& (16R-5r)(16R? = 24Rr +21r2) > (8R - 7r)(32R? — 88Rr + 75r7)

< (16R=5r)(32R? —48Rr + 42r2) > (16R —14r)(32R2 — 88Rr + 75r?)

Ta thay 16R —5r >16R —14r =2(8R - 7r),
2(16R? —24Rr + 21r?) >32R? — 88Rr + 75r>



Tir 2 diéu trén ta c6 ngay dpem, tire (1) duoc giai quyét

r=0
Pang thirc xay ra khi va chi khi < a=b,c=0 va cac hoan vi
p*> =16Rr —5r?

Bai 8 (Vii Pinh Quy) Cho a, b, ¢ > 0. CMR: a, b c. 3abc >4
b c a aliblicrcia

Gidi
D'tézxg_ Loz xyz=1 X, ¥,2>0
S yz=1 (xy,2>0)
Bai toan tr¢ thanh: Cho xyz=1. CMR: X+ Yy +2 b3 >4
Xy + Yz + zX

Chuyén vé p,R,r ta dugc bai toan: Cho pl’2 =1.CMR: p +4R;22 4
r+r

Taco: p>216Rr—5r2 >3(4Rr+r2)>27r> = p* >27pr? =27= p>3

p+4Rr3+r2 - p+%:3 ?p %24.£24'Déng thire xdy ra > a=b =c.

Bai 9. Cho Xx,y,z 1a d6 dai 3 canh A va k 1a m{t sd thuc > 2,6. CMR:

X y z 3
+ + > @)
\/x2+kyz \/y2+kzx \/22+kxy JI+k

Gidi

Z o[ Z 7 )

(Z Xy X2 + kyz)2 S(Z X)Z(X3 +kxyz). Suy ra:

oo . (x
X% +kyz \/Zx\/x3+y3+z3+3kxyz

Mat khac:

D xyx? +kyz)

Theo bat ding thuc B.C.S ta co:

(1)

X yd a2 4 3kayz=(x+y+2) (X3 +y2+ 22 —xy—yz—2x) +3(k + 1) xyz

=2p(p?+6Rr(k—1)-3r?) (2)



Tir (1) va (2) ta thdy dé ching minh dugc (*) chi can chirg minh:

2P >3 o a(k+1)p>=9[ p® +6Rr(k—1)—3r2]
Jp? +6Rr(k—1D-3r> ~k+1

< (4k —5) p? —=54Rr(k —1) +27r?

Pat f(k)=(4k —=5)p*> —=54Rr(k —=1)+27r> = f'(k)=4p* —=54Rr >0 (do
p? >16Rr —5r*) = f (k) ddong bién theo k

= f(k) > (2,6) = 5,4p> —86,4Rr +27r> =5,4(p? —16Rr +5r>)>0
Vay (*) dugc ching minh. Pang thirc xdy ra << k=2,6 via=b=c.

Bai 10. Cho a,b,c>0;a+b+c+1=4abc. CMR: a+b+c2§+%+l

c
Giai

Chuyén vé p,R,r ta duoc bai toan tvong duong nhu sau:

Cho p+1=4pr®. CMR: p°r®>4Rr+r?

3
Ta c6: p2227r2:>42L72 p+1=p>3

Ta can chirng minh: p(p+1)24(4Rr+r2)

Mait khac: p* >16Rr —5r? (1)

Dop>3nén 4p>>9(p+1) = 4p>>9-4pr’ = p>9r’ (2)

Tu (1) va (2) suy ra p(p+1)24(4Rr+ r?) tic 1a bai toan da duoc giai quyét

Ping thic xayra < a=b=c=1.

Bai 11 (Nguyén Duy Khanh).

. 32abc(a+b+c)2(a—b)

1_[(a+b)2

2
Cho a,b,c>0. CMR: Z(a;bb) >12

Gidi



BIén d61 veé trai:

2
Z(a+b)2 :Z(a+b) C_(a+b)(b+c)(c+a)+4abc _4Rrp+4pr’ 4(R+r)
ab abc abc pr2 r

Rabe(a+b+e)y (a-b)° 32p2r>[2(p> —8Rr —2r>) - 4(4Rr + 2r?)]
+ =12+

12
[J(a+b)’ 16p*Rr?

4(p? —12Rr -3r?)

=12+ R2

Theo dinh 1y 3 ta ¢c6 p*> <2R* +10Rr —r? + 2/ R(R—-2r) (R—2r)
4[2R? —2Rr—4r? +2(R-2r)yR(R-2r) |
RZ

. S(R—zr)(R—F:; JR(R-2n)) s 16(R—2Rr2)(R— r)

Suy ra: VP <12 +

<12

Do d6 ta chi cin ching minh:

4(R+r) 16(R—2r)(R—r)@4(R—2r)>16(R—2r)(R—r)
; >

- . = =4(R-2r)°>0

>12+

Pang thirc xay ra < R=2r<a=b=c

Bai 12 (Nguyén Duy Khanh).

1_[(a+b)2
> - > a+b b+c)
Cho a,b,c>0.CMR: ETere _H(b+c+a+b

Gidi

Chuyén vé p,R,r ta can chirng minh:

2.,2,2 2 2 2 2 2 2
H(X+y—2)2 X2y222 r2

Bién d6i vé phai: VP



(x> +y2+ 22)[(xy+ yz+2x)° —2xyz(X + y + z)}
- x2y?z? -1

(2p? —8Rr—2r2)[(p2 +4Rr + r2)2 —16Rrp2}
16R*r*p?

Ta c6: (p? +4Rr + rz)2 —16Rrp? = p* +2(4Rr +r2) p> + (4Rr + r2)’ —16Rrp?

2 2

Mit khac: 2(4Rr +r2) p? <9Rrp?; (4Rr +r2)’ ng.9TRr:3R;p
2 22 2 2(.2 7TRr
:>(p +4Rr +r ) —16Rrp“ < p (p _T)

Laico p”> <4R? +4Rr +3r? <4R’ +7TRr_ Do d6 x’y* +y?z® +2°x* <4R’p?

(8R? +4r?)4R?p? _2R> 7
16R>r2p>
p r

Ma x> +y? +2> <8R” +4r’. Vay VP <

Pang thirc xay ra < a=b=c.



E. CAC BAI TOAN TU SANG TAO

Phai noi ngay rang “sang tao” ¢ day khong c6 nghia t6i 12 nguoi dau tién tim ra
chung ma chi 1a d6c 1ap tim ra cac bai toan d6. Trong hang triéu nguodi yéu toan
khip ca nudc khong thiéu gi nhirng ngudi tim ra phuong phap G.L.A. tham chi
tim ra tir rat lau roi va phat trién n6 & tdm cao hon t6i nhiéu. Tuy nhién, cho toi
nay chua c6 bat ki mot tai liéu nao trinh bay mét cach hé théng vé n6 ca. Ciing c6
nhirng nguoi bang phuong phap khéac tim ra nhitng bai toan dudi day dé minh hoa
cho phuong phéap cua ho. Do sy han ché trong viéc doc tai liéu nén toi khong biét
chung di xuat hién & dau chwa. Co diéu nhitng bai toan d6 duoc tim ra mot cach
d& dang tir nhirng cong thirc rat don gian da xay dung trong phan C. Chinh vi thé
thiroi gian dé tim ra céac bai toan dudi ddy con nhanh hon ca viéc di tim mot bai
toan trong tai liéu nao diy rdi nhan né 13 ctia minh dé bi mang tiéng.

[. CAC BAI TOAN KHONG PIEU KIEN

1. Cho a,b,c>0. CMR: 3a+b+b+c+c+a+2+§,wzg *
© % \/C a b 8 a’+b?+c? 8()
Gidi

Ap dung cac cong thirc 1 va 3 trong C ta can phai chirng minh:

4243, 4Rr+r® 519

42(2R-r) 3. 4Rr+r’ 19
r 8 p?—-8Rr—2r* 8

(1)
Theo dinh 1y 5 ta c6: p*> <4R* +4Rr +3r?. Do d6 dé ching minh (1) ta chi cn

CM:

4R |3 4Rr + 1 Zﬁ@sﬁ_zzé(l_ 4Rr 41 )
r 8 (4R?>+4Rr+3r*)-8Rr-2r> 38 r 8\ 4R>—4Rr+r?

2
= 4(R-2r) 23-4R(R_22r)<:>8(2R—r)223R{3(£) +2-§/E+4}
4R\’ [4R 8 (2R-1) WWr r
r 3(—) +2-3--+4
r r
2 2
Ta nhénthéy: ,#(%) +2-3I%+4g3.3/($) S%

2
Suy ra: VPS3Rr-$=18R2 :8(%) <8(2R-1)* =VP

Do d6 (2) dugc chirng minh, tirc 1a (*) ding. Pang thic xay ra < a=b=c.



2. Cho a,b,c>0.CMR: 8(a+b+c)’(a2b? +b%c? +c2a?)+ 64a’bc?

26(a+b+c)abc|:(a+b)2 +(b+c)’ +(c+a)2:|+(a+b)2(b+c)2 (c+a)’

Ap dung cac cong thic 1, 5, 14 trong C ta can phai ching minh:
8p> [(4Rr+ r2)’ —2p2r2]+64p2r4 >6p2r?(2p? —8Rr—2r2)+16p°R>r?
< 2(4R+1)° —4p> +16r? 23(p? —4Rr —r?) + 4R> < 4R> + 4Rr + 3r? > p?

(dung theo dinh ly 3)

Comment: Néu bai toan trén giai bang phuong phap dai sb thi 16i giai cuc ki dai
dong trong khi v&i G.L.A 16i giai lai ngén gon va dep mit nhu vay. Qua d6, ta rut
ra mot diu 1a khong thé danh gia mot bai toan qua vé bé ngoai cua né (trong dep
mit hay cdng kénh) ma phai dwa vao noi dung (trc 1a giai) cua no.

8(a’+b* +c?) 4(a® +b> +c?)

3.Choa, b,c>0. CMR: > -1
© (a+b)(b+c)(c+a) ab+bc +ca

Gidi

Ap dung cac cong thirc 1, 4 va 14 trong C ta can ching minh:

8p(p2—12Rr)>4(p2—8Rr—2r2)_1®2p2_24> ap*
4 pRr - 4Rr +r? Rr " 4Rr +r?
2 2
2pT __A4PT s ®p2215Rr(4R+r)
Rr 4Rr +r? 2(2R+7)

Ta di biét p? >16Rr —5r? va viéc chirg minh:

15Rr (4R +r)

16Rr —5r2 >
2(2R+r)

1a qua don gian (< 4R* >3Rr +10r?)

Pang thirc xay ra<>a=Db =c.

4.Choa,b,c>0.CMR: &4+ B _,_C abe >3
b+c c+a a+b (g3 +p3+c3) 3
Gidi
2 2 2
Ap dung cong thirc 4, 8, 14 ta can ching minh: p” —8Rr+r + i 2%

4Rr 2p(p? —12Rr)



2 2
—8Rr+r
<:>—p *

2 2 2 2
r2 p°—14Rr +r S P —12Rr —3r
4Rr

_351
276 2(p®-12Rr) 4Rr " 6(p? -12Rr)

< 3(p? —14Rr+r?)(p? —12Rr)>2Rr(p? —12Rr —3r?) (%)
Do p® >16Rr —5r® nén

2(p? —14Rr+r2)=(p? —=12Rr =3r?) +(p? —=16Rr +5r>)> p> —12Rr —3r> (1)
3(p? —12Rr)=3(4Rr —5r2) =4Rr + r (8R—15r) 2 4Rr (2)

Nhan vé theo vé cua (1) va (2) ta dugc (*) tic 1a bai toan duoc chirng minh.

Piang thirc xayra <> a=b =c.

5.Cho a, b, c> 0. CMR: {/a+b+b+c+c+a+2+§_wzﬁ
c a b 8 a’+b?+c? 8

a+b  b+c,c+a ab +bc + ca
9 >15 (1
c ~a b Va? +b? +c? M)

Gidi

Ap dung cong thirc 1 va 3 ta can chimg minh:

2
2(2R—r)+9 24Rr+r S >15 (%)
r p-—8Rr-2r

Theo dinh 1y 5 ta c6: p”> <4R* +4Rr +3r?. Do d6 dé chiing minh (¥*) ta chi can

\ 2 / 2
chitng minh: 4Rr—2r+9. 4Rr+rr S 4Rr—2r_6>9(1_ 4Rr +r j

2R—-r

o HR-20) g 4R(R-2r) < (R-1)(2R—r+4Rr+r? ) > 9Rr

r (2R—r)(2R—r+m)

Ta c6: VT >(2R—r)(2R = r ++/9r2 ) =4R? + 2Rr —2r> > 9Rr =VP

Vay (1) dugc ching minh. Ping thirc xdy ra < a=b=c.

3 3 3
6. Cho a, b, c>0. CMR: & +b_+C" ,_163ahc g
abc (a+b+c)

Gidi



Ap dung cong thirc 3 va 14 ta can chirng minh:

2 _12Rr) 1 2 - 2
p(p : )+ 62|2r 59 P i2Rr+1622r 59

pr p r P

_ P’ —12Rr  162r> , 2p  3p4r2 _2(p* -162r%)
- 2 T :>f(p)=—2— 3 3.2

r p r p pr

bat f(p) >0

Do do f(p) ddng bién theo p tc 1a f (p)= f (Vi6Rr —5r?)
Pé chtrng minh bai toan ta chi can chirng minh

16Rr —5r% —12Rr 162r2 4R —5r 162r
+ >0 = 3562920
r? 16Rr —5r? T 16R = 5r

4(R-2r) 16(R—2r)
> .
S 2% TR sr

& 16R - 5r > 24r < 16R>29r (dung)

Vay bai toan dugc chimg minh. Pang thirc xay ra < a=b=c.

Mé rong: Tim hing sd k tét nhat sao cho BDT sau ludn ding:

a’+b*+c® _ kabc 323+L_
abe (a+b+c) 27

Vi cach lam tuong tu ta dé dang tim duoc k = %
8. Ching minh rang véi moi a, b, ¢ duong ta cé:

abc(a+b+c)+ 12(a® +b* +¢?)
a*+b*+c*  (a+b+c)(a?+b?+c?)

>5 (%)

Gidi
Ap dung cac cong thtc 1, 4, 5 va 14 ta can ching minh:
p’r? .\ 12p(p? —12Rr)
p* —16Rrp> +2(4Rr +r2)>  p(p?—8Rr-2r?)




2 2.2
<:>12(p 12Rr)_421_ pr

p* —8Rr—2r’ p* —16Rrp? +2(4Rr +r2)’

4(2p> —28Rr+2r?) _ p* —(16Rr +17) p* + 2(4Rr + r2)’
p’ —8Rr-2r’ p* —16Rrp> +2(4Rr +r2)’

8(p> —14Rr+r?) p* - 2) p2 2)’
(p r+r)_p (16Rr +r2) p +2(4Rr+2r) >0 (1)

p’ —8Rr-2r? p* —16Rrp? +2(4Rr +r?)

Pt VT cia (1) 14 f(p). Ta c6 A\(p) 2 0, do d6 f(p)= f (V16Rr —5r%)
2 2 2
Ma £ (VigRr —5r7) - 8(2Rr =4r*) _2(4R+1)’ ~6(16Rr —5r°)

8Rr—7r>  2(4R+r)> —5(16Rr - 5r2)

_16(R-2r) 16(R-20)(2R-1) _  32(R-2r)°(8R-5r)
S8R—7r  32R?—64Rr +27r> (8R—7r)(32R? —64Rr +27r%)

Vay (*) dugc ching minh. Pang thirc xdy ra < a=b=c.

a

€

9. Cho a, b, ¢ > 0. CMR: a:b+b+c+c

+ay 7 a +b’+c’
a b 2

5.
ab +bc +ca +6

+b+
3/abc
Gidi

Ap dung cong thrc 1, 3 va 6 ta can ching minh:

4R-2r 7 P*-8Rr-2r* 5 |p*

r 2 4Rr+r? 6 \r?

2 2
< 6(4R-2r)>21- 4R ZF?TV r* L 5((aR> < 4Rr +3r7)r —3r)

4R(R-2r) 5 4(R-2r)(R+3r)

< 24(R-2r)>21-
4R +r A +3rA+9r?

(trong d6 A=3/(4R? +4Rr +3r2)r )

5r(R+3r)(4R+r)

+ 3rA+9r

<6(4R+r1)>21R+

Ta co: A2 +3rA>2JA3r = 243r2 (4R? + 4Rr +3r?)



Suy ra: 3(A% +3rA)>2ry27(4R? + 4Rr +3r2) > 2r (10R + 7r)
Do d6 trong (2) thi VT >r(R+2r)(20R +41r)>VP

Vay (*) dugc ching minh. Ping thirc xay ra < a=b=c.
Bai 11. Cho a, b, ¢ > 0. CMR:

a ,_ b ¢ __a+b+c
2 2 2 -
a’+2bc b?>+2ca c?+2ab ab+bc+ca

Gidi

Trudc tién ta thiy ngay VP = . Cong viéc ta can lam trudce tién 1a qui VT

4Rr +r?
vé p,R,r

Z[a(b2 +2ca)(c? +2ab)]

Ta co: VT =
(a2 +2bc)(b? +2ca)(c? + 2ab)

_ 2(a+b+c)(a’b? +b%c? +c2a?) +4abc(a? +b? +c?)—abc(ab+bc+ca)
9a2b2c? +4abc(a® +b* +¢?) +2(a%h® +bc® +ca®)

Ap dung céc déng thac 1,4, 14, 16 & phﬁn C ta duoc:

2p[(4Rr+r2)2 —2p2r2]+4pr2(p2 —8Rr—2r2)—pr’ (4R +r)

VT =
9p2r* +4p2r?(p? —12Rr)+2r’ [(4R+r)3 —12|02RJ

_2pr’ (4R+1)" —4p’r? +4p°r® ~8pr’ (4R+1) - pr’ (4R +1)
9p>r* +4p*r?> —48Rr’p® +2r° (4R + 1)’ - 24Rp>r’

B 2pr2 (4R +1)> =9pr’ (4R +r) ~ p[2(4R+r)2—9r(4R+r)]
9p’r* +4p*r> +2r (4R +r1)* —=72Rp*r®*  9p?r? +4p* +2r(4R+r)’ —72Rrp>

2
P 2(4R+r)" —9r(4R+r) 1

Ta can CM: VT < 5 3 < >
4Rr +r 9p’r* +4p* +2r(4R+r)" —72Rrp*> 4Rr+r

Pat p’ =t va f(t)= L
otr? +4t* +2r(4R+r)” —72Rrt

2
f/(t)=— 8t +9r” —72Rr —<0 (do t>16Rr —5r> >9Rr)
[otr? +4t> + 2r (4R +1)° —72Rrt |




Do d6 f(t) nghich bién theo t tic 1a f (t) < f (16Rr —5r?)

Suy ra ta chi cin chirng minh
2(4R+1)” —9r (4R +1) o1
- <
9(16Rr —5r2)r? +4(16Rr —5r>)° +2r (4R +1)° —72Rr (16Rr —5r2) 4Rr+r’

=2(4R+1)’ —9r(4R+1)° <2(4R+1)” +4r(16R=5r)> +9r2 (16R—5r) — 72Rr (16R - 5r)
= 4(16R=5r)> +9r(16R=5r)+9(4R+r)> —72R(16R = 5r) >0
< 4(256R? —160Rr +25r2) +144Rr —45r2 +9(16R? + 8Rr +r2) —1152R? + 360Rr >0

& 16R? —64Rr +64r> >0 16(R—-2r)" >0

Comment: Pé chirng minh bai toan trén ta con vai 1oi giai khac tuy nhién 15i giai
nao ciing phai dung dén nhitng phan tich rit phirc tap do d6 rat d& nham 1an. Giai
bang G.L.A. do ta d& xay dung sin nhiing cong thirc co ban nén tién cho viéc
kiém tra va ta lai c6 thé xét dao ham xem biéu thirc sau khi qui vé p,R,r 1a dong
bién hay nghich bién dé qui p vé R va r mét cach thich hop. Viéc giam duoc 1
bién trong nhirng bai toan cong kénh nhu thé nay c6 y nghia rat 1on lao.

R=2r
a=b=c

a=b,c=0 (hoac cdc hodn vi)

Déng thirc xay ra < p2 =16Rr-s5r2 < | EG<:>[
r=0

3 3 3 2
a’ +2abc , b’ +2abc , c’+3abc, (a+b+c) 1)

Bai 12. Cho a, b, ¢ > 0. CMR:

b+c c+a a+b 2
Giai
3. h3 L 3 1 1 1 \_ <513+b3>(a+b+c)2
(Do (a+b* +c +2mm“a+b+b+c+c+a) z:a+b 2 )

<:>(a3+b3+c3+2abc)( L1 1 )2§(a2+b2+02)
a+b b+c c+a/ 2

Ap dung cac ding thtc 1,3,12,14 phan C ta cin ching minh:

2
[p(p* —12Rr)+2pr> | 22T +44RRrL”2 >2(p? -8Rr-2r’)

- (p? —12Rr +2r%)(p2 + 4Rr +r?)
4Rr

z%(p2 —8Rr —2r?) (%)



2 2
Pat p’ =t va f(t)=VT —VP. Taco: f'(t)=LF4Rr+T IFEr‘UR”zr —%

2t—8Rr+3r® 5 _2t—18Rr+3r’ 2
=0T D A ORI EIL >0 (do t=16Rr —5r
4Rr 2 4Rr (do )

Do d6 f(t) dong bién theo p tic 1a dé (*) ta chi can ching minh trong trudng hop

2
p? =16Rr —5r* hodc p? =16Rr — 5r> +% (ty do chat)
Mat khac:
2 2 2 2
[(16Rr —5r )—12Rr+2r4F\:’|r[(l6Rr—5r )+4Rr +r ]Z%[(mm_ﬂz)_gm_zrz]

2 2
o (4Rr=3r*)(20Rr —4r?) S 5(gp 52y [ (4R=3DGR-1) 5 p_ 1)
4Rr 2 R 2

& 2(20R? —19Rr +3r2) > 40R> —35Rr <> 6r> > 3Rr <> 2r >R (**)

D2 thay (**) 1a mot BDT sai va khi thay p® =16Rr —5r? vao (*) thi ta thay do
chénh giita VT va VP la rat nho. Do d6 ta hoan toan ty tin rang khi thay

2 Y
p? =16Rr —5r* +% va (¥*) thi ta s€ co dugc di€u phai ching minh mac

r’(R-2r)
R

dén mot bat dang thirc nguoc dau nhu (**) 1a khong thé tranh khoi. RS rang dé

r’(R-2r)
R

du 1a mot dai lwgng rit bé. Trong qua trinh giai bai viéc bién d6i dan

“chic an” ta s& thay p? =16Rr —5r2 + va (*) nhung viéc lam nay lai

cong kénh hon so v&i thay p® =16Rr —5r? rit nhidu. Qua phan tich trén ta d

’ 2 — 1
thay bat budc phai thay p* =16Rr —5r* + M vao roi nhung li¢u co6 phai

hay khong?

2
can thiét cir & ddu c6 p? 1a déu thay bang 16Rr — 5r> +%‘2r)

V&i mot ban ¢ “strc khoe” va kha ning tinh toan tdt thi ctr viéc thay hét vao
nhung c4 nhan toi thi ¢c6 mot nguyén tic bién doi cang don gian cang tét. Quay
tro lai viée thay p> =16Rr —5r? vao (*), liéu day c6 phai 1a mot viéc lam vo tac
dung khong? Xin tra 1oi la “khong” vi qua qua trinh d6 ta da udc luong dugc do
chénh gitta VT — VP do d6 c6 “cam nhan” rang chi can thay

2 > r2(R=2r) . ..z , 2 2 L% ,
p° =16Rr —5r +T vao biéu thitc p° —4Rr +r° con trong biéu thic



p> +4Rr +r? chi cdn thay p® =16Rr —5r” thoi va tit nhién & VP thi budc phai

r’(R-2r)

R . Tiép tuc qua trinh phén tich, v& viéc tinh toan

thay p? =16Rr —5r% +

r’(R=2r)
R

P> +4Rr+r? va p? —12Rr +2r? va biéu thirc con lai 1a p> =16Rr —5r? thi d6

thi khi thay p® =16Rr —5r* + vao mot trong hai biéu thirc

phtic tap trong tinh toan la twong duong nhung khi thay

r’(R-2r)
R

luong p* —12Rr +2r? con vao trong biéu thitc p* —12Rr +2r* luong dbi ra (so

p? =16Rr —5r% + vao trong biéu thuc p* +4Rr +r? thi ta doi ra duoc

voi khi thay p> =16Rr —5r*) 1a p? +4Rr +r?. Chinh vi thé viéc thay

r2(R-2r)
R

p? =16Rr —5r% + vao biéu thire p? —12Rr +2r? 1a tét hon rat nhiéu so

voi thay vao biéu thire p* +4Rr +r”. Vi nhitng ban da “day dan” kinhnghiém
“chién dau” thi nhin luét qua la c6 thé biét thay nhu thé niao cho hop 1y rdi, con
voi nhitng ban mdi 1am quen véi BDT thi qua trinh phan tich trén s€ giup cho cac
ban phan nao khi giai nhitng bai tp sau nay. Bay gio ta bat dau qua trinh thay

nhé!
> r*(R-2r) 2 2 2
16Rr —5r2 + R =20 15Rr 4 2r2 |(16Rr —5r2 +4Rr +r2)
4Rr
2
2%[16Rr—5r2+%—8m—2r2)

2
(4Rr _3p2 F(R=20) _Zr)j(ZORr _4r?)

R 5 2 I’Z(R—2I‘)j
> =
= AR _Z(SRI’ Tr +—R
(4R—3r+r(RR 2r))(5R—r) 5 r(R—2r)
S _
o R _—2(8R—7r+—R )

2r(R-2r)(5SR—r)

= >40R? —35Rr + 5r(R-2r)

< 2(20R?* —19Rr +3r2) +

o 2r(R-=2r)(5R=r)

R >8r(R-2r)< 5R-r>4R < R>r (dung)

Vay bat ding thtc (1) di dugc ching minh.



R=2r
a=b=c

Ping thic xayra < | [1=G <
a=b,c=0 (hoic cic hodn vi)
r=0
Bai 13. Cho a, b, ¢ > 0. CMR:

1 1 1< 9 i a+b+c=1 (*
a+bc+b+ca+c+ab_4(ab+bc+ca) Vel )

Gidi
Bién dbi vé trai. Do a+b+c=1nénp=1.

! ! ) Z(a+bc)(b+ca)
atbc b+ca ctab (a+bc)(b+ca)(c+ab)

_ (ab+bc+ca)+[a*(b+c)+b*(c+a)+c2(a+b)]+abc(a+b+c)
abc +(ab? +b%c? +c?a’) +abc(a +b* +c2)+ab’c?

_ 4Rr+r? +(a+b)(b+c)(c+a)-2abc+ p’r’
pr2+r2(4R+r)* —2p%r? + pr2(p> —8Rr—2r?)+ p°r*

_ ARr +r” +4Rr—2r* +r? _ 8Rr
r2+r2(4R+r)° —2r2 +r2(1-8Rr-2r2)+r* r2(4R+r)’> —r*(8R+2r) +r*

_ 8R __8R _ 1
r(4R+r)> —r>(8R+2r)+r’ 16R*r 2Rr

Vay ta can phai ching minh: I . 9 < 2r <R (dung)
2Rr — 4(4Rr +r?)

Ttc la (*) duge ching minh. Pang thic xay ra < a=b=c.

3
Bai 14. Cho a,b,c>0;ab+bc+ca=1. CMR: (""Jfa%dzzs(a2 +b>+c?)+2 (%)

Gidi

Trudc tién dua vao diéu kién ta di tim bai toan goc cua (*)

3
(*)<:>%224(a2 +b2+c?)+(a+b+c)’



(a+b+c)(ab+bc+ca) . 24(a? +b? +¢?)
abc (a+b+c)’

= +1

o (a+b)(b+c)(c+a) S 24(a% +b? +¢?)
abc (a+b+c)’

(1)

(1) chinh 1a bai toan gdc sau khi da loai bo diéu kién. Vi nhitng ban méi lam bat
dang thirc thi ngay viéc dwa vé dang (1) ciing gip nhiéu khé khin. Nhung véi ca
nhirng ban luyén nhiéu bat dang thtrc roi thi qui vé dang (1) rdi ciing chua biét
nén lam theo cach nao. Dang (1) chinh 13 dang s¢ truong ciia S.0.S. nhung lan
nay lya chon S.0.S dé giai lai khong may sang sudt. Cac ban hiy giai thir s& thay
ngay nhitng kh6 khin gip phai. Khi di biét G.L.A. thi viéc giai bai trén khog may
4Rrp _ 24(p* ~8Rr-2r?)

2 2

pr p

kho khin. Ta can phai chirng minh:

6(p> —8Rr—2r?) *%)
p2

&S —2

-ﬁl;U

Ta thdy ngay VP ddng bién theo p, vin dé bay gio 1a chon cén trén nao dé giai
quyét bai toan. Dung dinh 1y p? <4R? +4Rr +3r? ¢6 di manh dé giai quyét bai
toan khéng? Ap dung dinh 1y (2) p*> <2R* +10Rr —r? +2(R—-2r)+/R(R-2r) thi
chic chin sé& giai quyét dugc bai toan néu nhu bai toan ding. Tuy nhién ta rat han
ché sir dung dinh nay baoi n6 qua cong kénh. Quan sat mot ti thi ta thiy bat dang
thirc (1) troé thanh dang thirc khi a=b=c¢ hodc a=2b=2c va cic hadn vi trong
khi dinh 1y p*> <4R? +4Rr +3r? chi xay ra ding thirc khi tam giac 13 tam giac
déu. Do vay ta khong thé ap dung dinh 1y nay va du khéng mudn nhung ta ciing
budc long phai ap dung (2).

(**) s& duoc chirng minh néu ta ching minh dugc:

R. 6[ (2R? +10Rr +2(R—2r)yR(R—2r) —r2) —8Rr —3r2 |
r 2R? +10Rr —r? + 2(R-2r)yR(R-2r)

&2R? +10R*r —Rr? +2R(R—2r)yR(R—2r) >12R*r +12Rr* —18r* +12r(R—2r)yR(R-2r)

< 2R? —2R?*r—13Rr? +18r* >2(6r —R)(R-2r)+/R(R=2r)

= (R=2r)(2R% +2Rr —9r2)>2(6r —R)(R—-2r)/R(R=2r)



& 2R% +2Rr —9r2 >2(6r —R)yJR(R-2r) (3)

Néu 6r <R thi ta co ngay VT >0 > VP

Néu 6r >R thi (3) twong duong véi:

(2R? +2Rr —9r2)” >(4R? —48Rr +144r2)(R - 2r)R

< 4R* +4R%r? +81r* + 8R’r —36Rr’ —36R°r?

> (4R — 48R?r +144Rr? —8R’r + 96Rr* — 288r° )R

< 4R* +8R’r —32R?r? —36Rr? +81r* > (4R — 56R’r + 240Rr* — 288r° )R

< 64R3*r —272R%*r? +252Rr? +81r* >0 < 64R> —272R*r + 252Rr? +81r* >0
9 \? 9 \?
<:>64R(R—Zr) +16r(R—Zr) >0 (dung)

. (a+b+c)’

Vay >25(a> +b? +¢?)+2
abc

Ding thirc xay ra < a=b=c hodc a=2b=2c va cac haén vi

Comment: Trudng hop dang thirc xay ra khi a=b=c thi d& nhan thiy r6i nhung
con trudng hop dang thirc xay ra khi a=2b=2c thi ta tim ra nhu sau. Theo 15i
giai bang G.L.A thi ding thirc x4y ra khi va chikhi:

p?>=2R* +10Rr —r*> +2(R-2r)y/R(R-2r) | [OnamgitalvaK
_9 R=2r
R_4r 4

Diéu kién O nam giita I va K cho ta biét tam giac d6 phai 1a tam giac can con diéu
kién R :%r s& gitip ta tim ra duoc mot dang thire nira 1a a=2b=2c (Xin nhic lai
1 chut 1a K 1a diém sao cho 1K =31G )

Loi giai trén néu tom ngén lai ciing chi hon 10 dong nhung & phan sau céc ban s&
thay bai trén c6 thé giai trong 5 dong sau khi dua thém mét sé 1y thuyét tir p,R,r
vao G.L.A.

Bai 15. Cho a, b, ¢ > 0 théamin a+b+c=1. CMR:



a’ b? c’? 1
+ + <

Gidi

Bién @i VT:

Y a*(sb+D(5c+1) 25abc(a+b+c)+52‘[a2 (b+c)]+(a>+b> +c?)

B (sa+1)(5b+1)(5¢c+1) B 125abc +25(ab+bc+ca)+5(a+b+c)+1

25p°r? +5(4Rrp—2pr?)+ p —8Rr —2r?
125pr> +25(4Rr +r%) +5p +1

_25r2 +5(4Rr—2r2) +1-8Rr—2r> _ 13r’> +12Rr+1 _ 13r’ +12Rr+p’

125r2 +25(4Rr +12)+5+1  150r> +100Rr +6 150r> +100Rr + 6p°

13r? +12Rr + p* - 1 B p

Ta can chirng minh: > - < =
150r> +100Rr + 6p> ~ 8y/3(ab + bc + ca) 8\/3(4Rr+r2)

Xét f(p)=VP-VT, suyra

~ 2p(150r* +100Rr + 6p )~ 12p(13r> +12Rr + p’)

) o 1
f'(p)= 2
3(4Rr +r12) (150r% +100Rr +6p>)
1 p(36r2 +14Rr) ) p(36r2 +14Rr)
— ~. Xét g(p)= .
8V3r(4R+r)  (75r% +50Rr +3p?) (75r2 + 50Rr +3p?)

(36r% +14Rr)(75r2 + 50Rr —9p?)

= g'(p)=
(75r% + 50Rr +3p2)3

Do p>>16Rr —5r* va R>2r nén g’(p) < 0 = g(p) nghich bién theo p, tuc la:

' (16R - 5r)r (36r® +14Rr)
8\/3|’(4T [75r% +50Rr +3(16Rr —5r2)]°

1 ~J6R-5r)r (36r2 +14Rr)

8y/3r (4R + 1) (60r* +98Rr)”

Nhan thay 4(14Rr +36r2) =56Rr + 144r> <98Rr + 60r>



23r (4R + 1) J(16R = 5r) r <2r (16R — 5r) <98Rr + 60r>
Tir 2 diéu trén ra thdy ngay £(p) = 0 = f(p) dong bién theo p.

Viy ta s& chirng minh dugc f(p) > 0 néu chirng minh duoc f (\/(16R -5r)r ) >0

VI6R-5r o 13r’ +12Rr + (16R-5r)r  _ [16R—5r o 56R+16r
3(4R+r)

8/3(4R+r) 150r? +100Rr +6(16R - 5r)r ~49R +30r

16R - 51 _1>(56R+16r)2 1o 4(R=2r) (7R -14r)(105R + 46r)
3(4R+r)  \49R+30r 3(4R+71) (49R +30r)>

< 4(49R +30r)” > 21(105R + 46r) (4R + r) <> 784R? + 5571Rr + 2604r> >0 (dtng)

Vay bai toan duoc chirng minh. Pang thic xay ra < a=b=c :%

2 2 2
Bai 16. Cho a,b,c>0. CMR: |3 +D"+C 16, abc >7
! © ab+bc+ca 5 (a+b)(b+c)(c+a) 5

Gidi

Ap dung cac cong thtrcc 1 va 14 phan C ta can chirng minh:

2 _ 2 2 _ 2
\/p 8Rr 22r <:>\/p 8Rr 2?_r _1>2_4r
ARr +r ARr +r 5 SR

4r
2>
5R

w3

r’(R=2r) nén:

Theo dinh 1§ 6 ta ¢6: p* 216Rr —5r% + T
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diéu ban sip doc duve trong muyc nay sé lam ban thyc sy ngac nhién...

Ching ta s&¢ md dau véi bat ding thic AM — GM, day c6 thé coi 14 bat ding
thitc co ban nhét trong nhitng bat ding thitc co ban. Nhung chiing ta chi can tim
hiéu bat d&ng thite nay troug trudng hop cac sé n rat nhd. Véin = 2 ching han, ta
¢6 bat déng thic

Viduy 3.2.1. Vdi moi a,b> 0 ta cé bt ding thic a2 + b2 > 2ab.

Sé khong ¢6 nhiéu diéu can phai ban t6i ¢ bat déng thic trén, ngay khi cac ban
hoc vé& s6 thye thi vice clutng minh bét déng thitc 46 da 1a qua dé. Bat ding thie
tuong duong véi (a — b)2 > 0, mot didu qué hién nhien. Bay gig, chung ta xét tiép
khi n = 3 va bat déng thitc sau day '

Vidu 3.2.2. Vdi moi a,b,c> 0 ta cd bt ding thic a® + b3 + ¢ > 3abe.

Khi héi vé mot chitng minh that cu thé cho bét dang thic nay, ching ta sé cam
thay mot chit béi réi. TAt nhien, bat déng thic tren khong kho, 191 giai chi trong
duy nhit mot dong ...

VT—VP:%(a-f—b-i—c)((a—b)2+(b-c)2+(c—a)2),

Va chdc chdn day 1a cdch lam théng minh nhat, vi chiing ta khong phai qua
mot budc trung gian nao ci. C& 2 vi du trén déu dugc ching minh bing phuong
phap phén tich binh phuong, nhung theo mot nghia tuong déi hep. Thuan lgi rat
16n trong 13i gidi bai toan bing cach nay la viéc sit dung rét it kién thic cao cap,
tham chf ban khong cin biét bat ki mot dinh 17 vé bat d&ng thitc ndo ci. Ngoai ra,
né con la mot phuong phép rit ty nhién theo suy nghi cta chiing ta.

Néu doc ki cac bai toan & chuong trudc, cac ban da gap khong it nhitng bai toan
st dung phuong phap nay trong ching minh. Con bay gig, ching ta sé khai quéat
cach sit dung va di tim ban chét ctia mot phudng phép ching minh cyc ki higu qua
- phudng phdp phan tich binh phuong S.0.S. :

Bai to4dn quan trong ma ching ta phai xem xét dén trong muc nay la mot bat
ding thite néi tiéng da duge gidi thieu o chuong trude, bat dang thic Iran 96.
Problem 3 (Iran 96). Vdi moi s6 thuc khong @m a,b, ¢ ta cé

1 + 1 + 1 > 9
(a+b)2  (b+c)? (c+a)? = 4(ab+bc+ca)’

Day ciing la bai toan ¢6 hinh thac phat bidu rat don gidn va dep mit. Ngoai ra,
no6 con la mot bat ddng thite rat khé khi ban chua dugce tiép can trudc d6. Nhung
trudc tien, ching ta hay xem lai bt ding thic trong ki thi IMO 2005 va tim mot
ching minh that ty nhién cho né.
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Vidu 3.2.3 (IMO 2005 Pro. A3). Gid st x,y, z la cdc 50 thuc duong va zyz > 1.
Hay chatng minh ring
25— 22 . W — 42 .\ 5 52
b4yt +22 P22+ D4y T

Lot GIAL Viéc diu tien, ta cAn dua bat déng thic vé dang chudn hod- dong bac.

x5 — 22 S 2o —x?zyz a2t —ziyz
S +y2+22 T 2S5+ (P + ey zt+yz(y? + 2?)
z* — 2yz 224 — 22(y% + 2%)

zh 4+ yz(y? + 22) T 2z + (y? + 22)?
Néu dit a = 22,b = 3%, ¢ = 22 thi ta chi cAn ching minh

2a? — a(b+ )
>
Z:2a2+(b+c)2 20

b
Y (a=b) (2a2+(b+c)2 - 2b2+(a+c)2) ="

ab,c
@Z b)? 2 +cla+b)+a?—ab+b? .
“ (202 + (b + ¢)2)(2b% + (a +¢)?)

BAt déng thic trén hién nhién ding. Déng thic xay ra khi va chi khia=b=c &
r=y=2=1 0

Chitng minh trén khong phéi 1a ching minh duy nhét, va ¢6 thé con c6 nhicu
chitng minh doc d4o hon. Nhung néu xem x¢ét khach quan thi ching minh trén hoan
toan rit tu nhién va co ban. Né6i khai quat, khi dung trude mot bat ddng thite bt
ki cia 3 bién a,b,c, ta sé tim cach dua chung vé dang tong cia cac binh phuong
(a—b)2, (b— c)z (c — a)? ki higu

Se(a — b)% + Sy(a— )% + Sa(b— )2 2 0.

Phan dua vé dang chinh téc trén 1a budc déu tién trong cach sit dung phuong
phap S.0.S. Néu ban da kha quen véi bat dang thite thi viéc 1ap cong thic trén la
tmmg déi don gian, chi cin biét qua mot sé phép bién dbi va hiing dang thie, con
néu ban chua quen, thi cac thic mic sé duge giai quyét trong muc "Biéu dién co sd
ctia phuong phap S.0.S va mét sb ki thuat phan tich".

TAt nhién, néu trong bidu dién co s6 d6 cac h¢ s6 Sa, Sp, Se déu khong am thi bai
toan dugde ching minh. Tit trude tdi nay, day vin la cdch ma cich ban thuong lam
nhung day chi la trugng hop don gian nhét trong ki thuat ching minh cia phuong
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phap S.0.S. Diéu quan trong hon. 5.0.5 gidp ching ta gidi quyét trong cac truong
hgp ma theo quan ni¢m ¢t 1a khong thé 4p dung duge : C6 mot sb hé s6 trong
Sa, Sp, Se 13 khong duong.

Thoéng thudng, trong cac bai toan déi xiing ta c6 thé gid sita > b > c. Vi cac bai

toan hoan vi thi phai xét thém trudng hop ¢ 2 b > a. Trong truong hgpa > b > ¢
ta ¢6 cidc nhan xét sau

e Néu S, > 0:Do(a—c)?> (a—b)%+(b—c)®nén
Se(a = b)% + Sp(a —¢)? + Sa(b - e)2 > (Sc+ Sp)(a— b)2 + (Sp+ Sa)(b— )2
Va phan con lai ciia bai toan 1a chimg minh S, + Sy >0, S.+ Sy > 0. Thong
thudng hai bat ding thic nay ludn cé thé chitng minh kha don gian, vi ching
khong con phai nhan thém véi cac binh phudng (a — b)2, (b—c)? (c— a)? nita.
e Néu S, <0:Do(a—c)><2(a—b?+2(b~ ¢)? nén
Sc(a—b)% + Sy(a — )2+ Su(b—c)? = (Sc+28)(a - b)2 + (28, + Sa)(b - )%

Ciing vay, viéc chitng minh con lai S+ 25, > 0 va 25, + S, > 0 sé don gian
hon rét nhiéu.

Ngoai ra néu S, + Sp + Se = 0, 5.5 + SpS. + ScS, > 0 thi theo dinh If vé ddu
clia tam thitc bac 2 ciing dé dang suy ra dugc

Sa(b = ¢)? + Sy(a — )* + Sela — b2 > 0.

Trong nhidu trudng hop, ta can theém mot s6 wéc lugng manh hon, chéng han
wéc luong hay dung dén 13

=]

a—=c
> —(a>b>c).
b 252029

o

Ch3ng han khi ta c6 Sp, Sc > 0 thi

Sy(a ~ ¢)2 + Sa(b— ¢)2 = (b - ¢)? (sb (Z — 2)2 + sa) > (b~ c)? (“zf" + sa) .

Va nhu vay bai toan sé duge ching minh néu a2S; + %28, > 0.
Ta ¢6 thé tom tit cdc két qua trén ﬁh?mh mot dinh If chung nhu sau
Dinh ly 3.3 (Dinh i 5.0.8). Xét biéu thic

S = f(a,b,c) = Sa(b— ©)? + Sp(a — ¢)* + Scla - b)?,
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Trong d6 Sy, Sy, S. la cdc ham s6 cia a, b, c.

1. Néu S,,8,,5.>0 thi §>0.

2.Néua>b>c wa Sp, Sp+ 86, Sp+ S, >0 thh §>0.

3 Néua>b>c wva SasSes Sa+ 28,8 +25, >0 thh S>0.
4. Néua>b>c va Sy, S.>0,a2S, +b2S, >0 thi S>0.

5 NéuS,+S,+S5S.>0 wva SaSp+ SpS. + 5.5, >0 thi S >0.

Ngoaira d¢ S > 0 véi moi a, b, ¢ > 0 thi ta phai ¢6 Sa+ Spla=p > 0, Sp+ Se|p=c >
0, 8¢ + Sule=¢ > 0. Trong d6 S, + Spla=b €6 nghia la ta xét bidu thic S. + Sy khi
a = b. V6i cac bai toan déi xing ta c6 ngay S, = S) néu a = b. Nhan xét nay rat
quan trong trong cic cic bai toan tim hing sé tét nhat. ’

Duéng nhu dinh 1 nay con c6 vé qua don gidn va néu néi réng né ¢ ung dung
véi hau hét cac bat ding thic 3 bién thi that khé ma tudng tugng duge. Nhung
thyc té thi S.0.S da lam duge didu nay va day 1a mot diéu rit ngac nhien.

Mot cau héi nita dit ta 14 véi nhitng bidu thic nao thi ta cé thé chuyén vé dang
chinh tdc 5.0.S nhu vay? Cau tra 1&i 13 moi ham sé déi xitng f(a,b,c) thod man
f(a,a,a) =0 va f c6 thé chia cin thitc, phan thic ciia a, b, ¢ ludn ludn cé bidu didn
ay. Chitng minh didu nay ban xem trong phan tiép theo. "

Bay gio 1a mot s6 vi du cu thé dé chitng minh tinh hiéu qua cta phuong phap
nay, va néu c6 thé thi trudce tién ban hay thir chimg minh chiing theo cach khac.

Vidu 3.2.4. Ching minh ring vdi moi sé thuc khong am a, b, ¢ ta luon c6

a? + b% + ¢? 8abc > 9
ab+bctca  (a+b)(b+c)c+a) ="

LO1 GIAL Ta chi y dén 2 déng thitc sau day

a2+b2+c2—ab—bc~ca:%((a—b)2+(b—c)2+(c—a)2),
(a+b)(b+c)(c+a) — 8abe = a(b - ¢)® + b(c — a)? + ¢(a — b)2.

Nhu thé sau khi thém b6t 1 ¢ mdi s6 hang vé trai, ta c6 Lit déng thitc tuung duong

(a—b)%+(b—c)®+ (c—a)? S 2¢c(a - b)? + 2b(a — ¢)? + 2a(b - )2
ab+ bc + ca - (a+b)(b+ c){c+ a)




238 Chuong 3. Céc phuong phép chdng minh bat ding thic

Ta tim dugce

Suz(a+b)(b+c)(c+a)—2a=b+c—a— abc ’

ab+ bc+ ca ab 4+ bc+ ca

(a+b)(b+c)(c+a) abe

= — 2% = e —

St ab + be + ca b=atec ab +bec+ ca’
SC:(a+b)(b+c)(c+a)_2C:a+b_c_ abc .

ab+ bc+ ca ab+ bc+ ca

Do tinh d6i xtmg nén co thé gid sit rang a > b > ¢, khi d6 dé thay S, > 0,5 > 0.
Dua vao ticu chudn thit nhét, ta chi can ching minh ring S, + Sp > 0 la xong.
Nhung didu nay rét hién nhién vi

2abe _ 2c%(a+b)

Sat Sp = 2¢- ab+bc+ca ab+bc+ea ~

Vay bét ddng thic da duge ching minh. Déng thitc xay ra khi va chi khia=b=c
hosic a = b, ¢ = 0 ho#c cac hoén vi tuong ing. O

Chiing ta hay trd lai véi bat déng thic Iran 1996.

Vi du 3.2.5 (Iran TST 1996). Ching minh réng vdi cdc s6 thuc khong dm z,y, z
ta cé bit ddng thic
1 N 1 - + 1 S 9
(z+y)? (+z)? (2+z)? " Alzy+yz+ 2z)’

LoI GIAL Dit a = z + y, b=y + 2,¢ = z + x. Ta phai ching minh

1 1 1 9
2 32 2
(2ab + 2bc+ 2ca — a - b _C)(ﬁ+ﬁ+§) ZZ.

Biing bién ddi don gian, ta c6 thé chuyén bat ding thic trén vé dang

(%_é)@—W+(é—%)m—&+(%—§)w—W20
1

1 2 1 2
- Si=— g Se=

= Sa= ca b2’

be ab %

Gia st ring a > b > ¢ thi S, > 0. Si dung ticu chuan 4 ta chi can chitng minh
b2S, + %S, > 0 & b% + ¢® > abe, nhung bat déng thic nay hién nhién ding vi

a<b+c=b>+c>be(b+c) > abe.

Déng thitc xay ra khi va chi khi @ = b = ¢ hoiic a = b, ¢ = 0 ho#ic cac hoan vi. a
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C6 mot vai cach ching minh khac cho bét ddng thuc Iran 96, cach thong thudng
chung ta biét 1a khai trién va sit dung bat déng thic Schur, hodc dung cach da thic
d6i xitng. Tuy nhién ban doc sé ddng y véi tac gia, ring cac phuong phap dé chi ¢6
¥ nghia la ching minh bat d4ng thic ding vé mat toan hoc, chid khong dé lai nhiéu
4n tugng hay md rong. Viec biét sit dung phuong phap S.0.S da lam bai toan trd
nén don gian hon rat nhicu, day thue sy la mot 161 giai dep va ngdn gon, thod méan
duge my quan toan hoc cta nhidu ngusi.

Phuong phap phan tich binh phuong da timg xuét hicn theo cach nay hay cach
khéc trong mot s6 bai toan bat déng thic, vi né la mot hudng suy nghi rat ty nhién
d6i véi bat ding thic. Nhumg chic chdn day sé la lan dAu tien ma phuong phap nay
ditge hée théng va duge coi 1a phuong phap chinh théng cho ching ta. N6 dem lai
cho chiing ta mo6t cach nhin chi dong va vo ciing hiéu qué déi véi cdc bai toan, ma
chi mot thoi gian ngin trude con la nhimg bai todn vo cung khé khan. Bat ding
thitc Iran 96 dugc coi 13 bai toan co ban tng dung phuong phap nady (méac du téc
gia nghi dén S.0.S tit mot bét ding thic cit hon). S.0.S 12 tén 14y tir chit cai dau
tién cha cum tit Sum of Square trong tiéng Anh.

3.2.2 Dinh i v& biéu dién cd s§ cia phudng phap S.0.5 va mot sb
ki thuat phéan tich

Dé khing dinh niém tin cia ching ta vé sy tdn tai mot bidu dién co sd cho
phuong phap S.O.S ta cin mot ching minh cu thé cho 16p céc ham da thitc, phan
thitc cho phép chita cac luy thita hitu ti (ndi céch khac, c6 thé chita can thitc). Ngoai
ra, néu khong c¢6 gi thay ddi, chang ra chi xét bai toan trong truong hop cac bién
sb khong am (vi mot bidu dién cla da thitc ding trong tap R™T thi ciing ding trong
R). Ta c6 céc dinh nghia va dinh lf sau day

Dinh nghia 3. Mgt ham phan thic ba bién F(a,b,c) duge goi la déi zing néu va
chi néu dong nhét thic seu F(a, b, ¢) = F(z,y, 2) ddng vdi mor hodn vi (z,y, z) cla
(a,b,c). Hon nita néu vdi moi s6 thyc duong T ma F(x,z,z) =0 thi F(a,b,c) duge
goi la ham dbi zing ba bién chudn.

Dinh nghia 4. Ham nia déi zing ba bién Mot ham phdn thitc ba bién G(a,b,c)
duge goi 16 nita déi wing néu va chi néu dong nhét thic sau G(a,b,c) = G(a,c,b)
diing vdi moi bo ba sé thuc duong (a,b,c). Hon nita néu vdi moi cdp hai sé thuc
dwong z,y ma G(z,y,y) = 0 thi G(a,b, ¢) dugc goi la ham nida déi zitng ba bién
chudn.

Dinh 1y 3.4 (Biéu dién cd sd déi véi 16p ham da thic). Gid si F(a,b,c) la
mot da thic déi ming ba bién chudn thi ton tai mot da thic nia déi Ting b bién
G(a,b,c) sao cho dong nhit thic sau la ding

F(a,b,c) = G(a,b,c)(b— ) + G(b,c,a)(c— a)? + G(c, a,b)(a - b)2.
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CHUNG MINH. Dau tién, ta sé chitng minh dinh li trén cin dua vao mot sb hidu biét
cd ban vé khong gian véctd. Cach chitng minh rit ngin gon va hay nhumg cin sit
dung mot sb cong cy cao cip.

Bdi vi dinh 1y chi han ché trong 16p cac da thitc ba bién nén cé c6 thé néi té6i
bac clia da thitc. Trong da thic ba bién a, b, ¢ s& chita (va chi chita !) cac hang tit
dang tm npa™b™cP trong d6 m,n, p la cac s6 nguyén khong am. Néu tmmyp 7 0 thi
m + n + p duge goi la bac cia hang tit nay. Trong trudng hop nguge lai ta quy udc
bac cta hang tit nay bing 0. S6 m + n + p 16n nhit duge goi 1a bac ciia da thic dé.
R6 rang, ta chi can ching minh dinh 1y cho 16p cac da thic bac n.

Ky hiéu S(F) 1a tap hgp tt ca cac da thic ba bién F(a,b,c) déi xing chuin
bac n, S(Q) la tap hgp tat ca cac da thic Q(a,b,c) dbi xiing ba bién chudn bac n
¢6 dang Q(a,b,c) = G(a,b,c)(b— c)? + G(b,c,a)(c — a)? + G(c,a,b)(a - b)?, & day
G(a,b,c) 1a da thitc nita dbi xing ba bién bac n — 2 (ta xét n > 2 vi véi n=1 thi
dinh 1y hién nhién ding). R6 rang S(Q) U {0} 1a khong gian vécto con clia khong
gian vécto F(a, b, c). Va do d6 s6 chiéu ctia khong gian S(Q) U {0} khong vugt qua
s6 chiéu clia khong gian S(F) U {0}. (%)

Véi cac o, 8,7 € N, ki higu A = (o, 3,v) va xét cac da thitc dic biet sau

(©). Fala,b,¢) = 32, a®'b”' ¢ trong d6 téng duge ldy trén tat ca cac bd hoan vi
(o, 3,7') cta (a, 8.7).

(i3). Ga(a, b, ¢) = a®bPcY + a®b7cP.

(

ii1). @Qa(a, b, c) = Ga(a, b, c) (b~ c)? + Gi(b, ¢, a)(c— a)? + Gx(c, a, b)(a — b)2.

Ky higu £, 12 tap hop tat ca cac bd sb A(a, 3, v) thod man cac didu kién a+8+y =
n,a > 3 > v. Ro rang tap hop tét ca cac da thic Fi(a,b,c) ¥6i Aa. 8,7) € fn 1a
hé sinh doc 1ap tuyén tinh ctia S(F)U {0} do dé s6 chidu ctia S(F) U {0} bing sé
phén tit cla f,,. (1) ‘

Ky higu g, 12 tap hgp tat ca cac bd sb A(a, 3, v) thod man cac didu kien a+8+y =
n—2,a+2 > B > v. Ro rang tap hop tét ca cac da thic Qa(a, b, ¢) v6i AMa, 3,7) € qn
12 ke vecto doc lap tuyén tinh ciia S(Q)U {0} do d6 sb chidu ciia S(Q) U {0} khong
nhé hon sé phan ti cla g,. (2) :

TU cac két qua (1),(2) véi chﬁ.y 1a f, vA g, c6 cung sb phan t ta suy ra sb
chidu ctia S(Q) U {0} khong nho hon sb chidu clia S(F) U {0} (xx).

Vay tit cac két qua (), (¥*) suy ra sé chidu ctia hai khong gian S(Q)U{0}, S(F)u
{0} 13 bing nhau, tit d6 suy ra moi phan tit ciia khong gian S(F) déu c6 thé biéu
dién qua c4c phan ti ca khéng gian S(Q). Day 14 két qua cin phai ching minh. O

Hé qua 3.1 (Biéu dién cd sd véi phan thitc). Gid st rdng M(a,b,c), N(a,b,c)
la hai da thite nida dbi miing ba bién, hon nita vdi moi s6 thuc duong = thi phan sé
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M(z,z,z)/N(z, @, ) la mot hing sé t. Khi d6 ton tai ham s6 nda doi zing ba bién
G(a,b,c) sao cho dong nhdt thic sau la ding

M(a,b,c) Mi(b,c,a) Mlc,a,b)
N(a,b,c) N(b,¢c,a) N(c,a,b)
"= G(a, b, c)(b—c)? + G(b,c,a)(c— a)? + G(c, a,b)(a— b)%

F(a,b,c) = — 3t.

CHUNG MINH. Xét da thic sau day

H(a,b,c) =M(a,b,c)N(b,c,a)N(c,a,b) + M(b,c,a)N(c,a,b)N(a,b,c)
' +M(c,a,b)N(a,b,c)N(b,c,c) — 3tN(a,b,c)N(b,c,a)N(c,a, b).
Cha § riing H(a,b, c) 1a mot da thic déi xting chuén, nén theo dinh 1f trén thi ton
tai biéu dién co 50 cho da thic nay va do hé qua dugc ching minh. O
B& dé 4 (Bidu dién chinh tic). Gid st a, 8,7 la hitu ti 6 tong bing 3k, khi dé

ton tai bidu dién co sé cho biéu thic

fk(aa b’ C) = Z aa’bﬁ’c’y’ _ Gakbkck,

sym

Trong dé téng ldy trén tat cd cdc hodn vi (&, 3,7) cia (o, 8,7).

CHUNG MINH. R6 rang day chi 1a he qua tryc tiép tit dinh li vé bidu dién co sd d6i
véi ham da thie. Tuy nhién, ta sé ching minh hé qua nay ma khong dung dén két
qua cta dinh . Ngoal ra, ta ciing ching minh hé qua véi 1p cac ham da thitc md
rong, theo nghia hé s cac bién khong nhét thiét nguyen ma c6 thé 1a s6 hitu ti. Luu
¥ dén céc tinh chat sau day

Tinh chéit. Vi moi k hitu t thi cdc da thuc
fi = (a* - b*)(a - b) fo = a +bF + & — 3Vakbkck

luon ¢ bidu dién co s¢ S.0.S, tic la ton tei cic du thic (md rong) nia doi ving
G(a,b,c) sao cho néu f la mot trong 2 da thic trén thi

£ =Gla,b,c)(b— c)® + G(b, ¢c,a)(c— a)? + G(c, a,b)(a— b)*.

Chitng minh 2 véi da thic trén trén hoan toan bing quy nap va tuong d6i don gian.

Ngoai ra vdi 16p haun da thie (hay k nguyén) thi bd dé nay 13 kha hién nhien. Sit

dung chiing, bai toan ciia ching ta dugc chitng minh nhu sau

fola by ¢) = — a®(b® — F) (b7 — &) - b%(@® - )@ - &) — (@’ ~ ) (0" - )+
+ a®(b® + c®) + b*(c® + a¥) + c*(a¥ +b¥) - 6akbrck,
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Trong d6 ¢ = B + 7. Biéu thitc 3 dong trén ludn c6 bidu dién co s8. Biéu thic dong
dudi c6 thé viét lai thanh ‘
—(a® = b¥)(a® — b?) — (b* — *)(B¥ — c¥) — (c* - a®)(c? — a?¥)

+ a®F + b3 + 3F — akbck.
Bai toan cuia ching ta da duge ching minh. Day la cach chuing minh so cap cho
dinh )i v& biu dién co sd cta phuong phap 5.0.5 hoan toan bang so cAp, V1 tu két

qua ndy ta cang suy ra luon két qua dinh 1i trén. Ngoai ra, day cing la cach téng
quat cho phan tich co s6. O

Con bay gid 1a mot sb déng thitc thuong duge sit dung trong phan tich

e a2 +b? —2ab= (a —b)?

_(a- b)?
T ab

o a®+ b3 —ab(a+b) = (a+b)(a-0b)?

+29
a

°
o &

e a?+b+c?—ab—bc—ca= (a—b)2+(b—c)2+(c—a)2)

DO =

. a2+b2+c2—%(a+b+c)2¥%((a—b)2+(b—c)2+(c—a)2)
o (a+b)(b+c)(c+a) — 8abc = a(b - ¢)? + b(c ~ a)? + c(a — b)?
. a3+b3+c3—3abc=%(a+b+c) ((a—b)2+(b—c)2+(c—a)2)

(a—b)?

o /2(a2+b%) —(a+b)=

( )=t ) a+b+ 200+ b?)

a b c 3 (a — b)?
'b+c+a+c+a+b_E‘Zsymz(a+c)(b+c)

Trong céc bidu thitc 3 bién ban hoc nén chi ¥ téi cac dai lugng a—b, b—c, c—a. Viéc
nhém céc dai lugng nay mot cach hop 1f sé rat ra duge hang ti (a—b)?, (b—c)?, (c—a)?.

Ban hiy xem vi du sau day

Vi du 3.2.6. Phan tich cd 56 S.0.5 cho bidu thitc

ab + be + ca 3
P24k B2+cE+ka?  E+a+kb? k+2
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Lo1 GIAL. Dat s =k — 1 va M = a? + b2 + ¢2, Cha ¥ ring

2(a® + b + kc?) — 2(k + 2)ab = (k + 2)(a — b)2 + k(c® — a? + ¢2 — b?).
Ta 6 duge 2 dai lugng 1a ¢ — a2, ¢ — b2 trong s6 hang thit nhat. Cac dai luogng nay
xuét hién lai trong céc sé hang khac nén

ab ' be ca 3
a2+b2+kc2+b2+62+ka2+c2+a2+kb2—k+2
_ 1 (k+2)(a—b)2 +k(c* - a® + % - b?)

72

2(s+3 M + sc?
sym .
1 k + 2)(a — b)? k(c? — v? 1 1
_ Z( )( 2) -3 ( )( - )
2(s+3) pryed M + sc oy 2(s+3) "M+sc®2 M+sb

_ 1 (k +2)(a~b)? ks(b? — c?)2
~"2(s+3)2 M + sc2 +ZQ(k+3)(M+sb2)(M+sc2)

sym sym

Vay biéu thitc duge viét gon lai thanh

k+2 ks(a + b)?
Z (—M + sc? + (M + sa?)(M + sb2)) (a~b)*

sym

Ta tim dugc cac hé s6 tuong ing clia (a — b)2, (b~ ¢)?, (¢ — a)? trong phan tich co
s4 S.0.S 1a -
Se=—(s+ 3)(M + sa®)(M + sb?) + s(s + 1)(a+ b)*(M + sc?)
Sp = —(s+3)(M + sa®)(M + sc?) + s(s + 1)(a + )2 (M + sb?)
Sa = —(s+ 3)(M + sb?)(M + sc?) + s(s + 1)(b+ ¢)2(M + sa?). O
Dé c¢6 ki thuat tét, ban hay xem lai nhltng bt déng thic da biét va thit phan
tich chiing. Luu § rang hau hét cac bat ding thic don gidn dédu c6 thé phan tich rat

dc dang va do 1a mot sy thye hanh tét véi cac ban. Hon uita, cong vi¢e nay cing
rat ¢6 y nghia dé a4p dung S.0.S vao cic bAt déng thitc sau nay thuan lgi hon.

Vi du 3.2.7. Phan tich co sd cho cic da thic sau day

(i) (a+ b+ c)® - 27abe.
(i) at + bt +ct —abe(a+b+c).
(ii3) a® + 6% + ¢® + 3abe — ab(a + b) — bc(b+ c) — ca(c+ a).

Mot can hoi thii vi dit ra la lwu plurdng phap phan tich nhu vay 6 duy nhét
hay khong? Va cau tra 18i, t4t nhién la khéng duy nhét. Lay vi dy, ta c6 d&ng thitc
don gian sau véi moi a, b, ¢ thuc

(a—b%*a—-c)(b—c)+ (b—c)2(b- a)(c—a)+ (c—a)?(c—b)(a—b) =0.
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Nhu vay néu ¢ moi hé 56 trong phan tich cu s ta them bdt tuong tng cac dai
lugng (a — ¢)(b— c), ... thi duge mot bicu dién mdi khac biéu dién ban dau.

3.2.3 Nhitng tng dung quan trong cia phuong phap S.0.S
Sau day la mot s6 bai toan dién hinh dya trén phuong phap nay
Vi du 3.2.8. T¥m hdng s6 duong k lon nhat dé ta cé bit ding thic

a + b + c + ab+bc+ca>k+3
b+c a+c a+b a2 +b2+c% ~ 2’

diing vdi moi a, b, c khéng am.

L1 GIAL Ta sit dung bién ddi

B4t ding thitc duge viét thanh.

(a - b)? (a —b)?
szy":l(a+c)(b+c) sty}—;aerb?ﬁ-cZ
@Z(a—b)2 ((aa:zj'(—b—;a“k) 20

+, Cho b = ¢, khi d6 k phai thod man didu ki¢n sau véi moi a, b khong am

N i a® + 2b°
S{a+c)b+c) 2b(a+b)

C6 thé dé& dang tim dugc véi a,b > 0 thi

a? + 2b° V3-1

min f(a,b) = S =

Ta s& chitng minh day 1 gia tri tot nhat ciia k.

V3-1
2

+, Véi k = . Khéng mét tinh tdng quat ta gid sta > b >c.

a? + b + c? a2+ +2 a? + b + c?

S ACA S —k,S
(a+c)(a+Db) St A

S = GraGia T eraerd
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Kbi d6 dé thay S. > S, > S,. Ngoai ra

(@®+ b2+ c)(a+b+2¢)
(a+b)a+c)(b+c)

Sp+ S, = — 2k.

Dat t = ‘i}’—’, khéng may khé khan ta chitng minh duoc

(2% + c?)(2t + 2c¢) 2t? + ¢?
Sy + S, > — 2%k = —-_——-2k>
bt e T o2 t(t +c) =0

(Theo sit xac dinh cta sé k , ma ta khong cin tinh cu thé tit trudc). Vay gia tri tbt
nhét cta k 1a ‘/_ L Péng thu’c xdy ra khi va chi khi @ = b = ¢ vA ¢6 thém trudng
hopa=b= 3/_—~ (hodc c4c hoan vi) khi k = 32L 0

Vidu 3.2.9. Tim hing sé thuc k tét nhdt cho bit ding thic sau

1+ be + l1+ca + 1+ab 12
ka2 +bc  kb2+ca  kc2+ab T k+1

vdi a,b, c la cdc sb thuc khong am thod man ab+ be +ca = 1.

Lo1 GiA1 Dap s6 cho bai toan nay'la k > 2+ /3. 0

Vidu 3.2.10. Cho a,b,c > 0. Chitng minh rdng

2(a - b)%(b - ¢)%(c — a)?

b b b
e B e

a2+ 2bc 2 +2ab 2+ 2ab

Lo1 GiAL Gidsta>b>c Tacd

alb+c) blc+a) cla+b)

" a?+2c c®+2ab 2+ 2ab

1 2a® + 4bc — 3a(b + c) (a —2c)(a—b)+ (a - 2b)(a—c)
a? + 2bc 32 a2 + 2be

sym sym

1 a-2 b-2c) 1 (a — b)*(4ac + 4bc — 4c* — ab)
- a?+2bc  bZ+2ac) 34 (a? + 2bc)(b? + 2ac)

_ ab(a — b)? (c— a)(c - b)(a - b)?

- wzm (a? + 2bc)(b? + 2ac) 3 Z (a? + 2bc) (b2 + 2ac)
ab(a — b)? 4(c —a)%(c - b)%(a—b)?

Z (a2 + 2bc) (b2 + 2ac) (a2 + 2bc) (62 + 2ac)(c? + 2ab)’

sym
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Vay bét déng thic cin ching minh trd thanh

Z ab(a — b)? 2(a - b)2(b— ¢)*(c — a)?
(a® + 2bc)(b2 + 2ac) = (a? + 2bc)(b? + 2ac)(c? + 2ab)

sym
& (ab(c2 + 2ab) — 2(a - c)?(b - c)?) +be(a®+2bc)(b- c)? +ca(c? +2ab)(c— a)? > 0.
B4t ding thic cudi cling hién nhién dang do ab > (a — ¢)(b—c¢). Ta co dpcm.
Déng thitc xdy ra chi khia=b=c hosc abc =0. O |

Phuong phap S.0.S khong chi tng dung rat t6t dbi voi cac bat déng thuc dbi
xtng ma né con duge s dung hi¢u qua trong cac dang bat ddng thic hodn vi. Sau
day 12 mot vi du md dau c6 nhiéu ¥ nghia.

Vi du 3.2.11. Ching minh ring vdi moi s6 thuc duong a,b,c ta ludon cé

a2 B2 2 _ 3+ +cP)

c
oV A S A Mt
b+c+a_ a2+ b2 +c?

Lo1 GiAL Tit bat dfng thitc co ban a/b+ b > 2a ta suy ra déng thic sau
2 AV
a (a —b)
SL I DCELE
cyce sym cyc
Ngoai ra d& thiy ring

3(ad + b3 + ¢°)
a? + b? + ¢?

(a+b)(a—b)?
a2+ b2+c?’

—(a+b+) =)

sym
Tit d6 ta tim duge cac hé sb trong phan tich co sd 1a

2 2 2 2 2 2 b2 b2 2
sc=“—i—bgic——(a+b)=“ :c _a, s,,=C: _b, S = o

Do tinh hoan vi ciia cac bién nén ta phai xét ca 2 trudng hop
+,a > b>c Khidé dé thdy S, >0,8.>0.

Phan con lai ta sé ching minh S, + 25 > 0 va Sc+25 2 0. Ca 2 bat déng thic
nay rat dé ching minh, xin danh cho ban doc tu hoan chinh.

+,a<b<ckhidé S, >0,5:2 0'va ciing khéng méy kho khén ta chitng minh
duge Sy + Se = 0.

Do d6 bat ding thitc dugc ching minh xong trong moi trudng hop. Day 1a mot bai
toan dién hinh cho viec ap dung éruc tiép truc tilp céc ticu chuéan cua phuong phap
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5.0.S da dugc trinh bay ¢ tren. O

Khéng chi dimg lai trong 18p céc bai toan 3 bién, phuong phap vin dude sit dung
trong cac bai toan bit ding thitc téng quat véi n bién

Vidu 3.2.12. Ching minh rdng néu a1, ay, ..., ar la cdc s6 thye duong c6 tdng béng
n thi ta ¢6 bdt ddng thic \

1 1 1 2v/2n
—+ — .=+ 2\/_ 22n+2\/§-
aq an an ai +a3+ ...+ a3
Lo1 G1AL Ta stt dung bién déi sau
1 4 1 . 1 N 1 1 n?
— 4 —+ .t -n=—F — 4 . — =
ay - az an ay as a, air+ay+..+4+ap
Ly le—o)
n< aa;
1<

n n 1
1- =n -
a?+add+.. +a2 ((m+a2—}-...—i—a”)2 a%+a§+...+aﬁ>
_ Dicy (@i — a;)?
n(a? + a2 + ... + a2)’

1 2+/2

aia; ‘a?+a2+..+a2’

Ta phai chitng minh > icj Sij(ai — a;)® > 0.
Nhém titng nhém 3 sb hang va ta sé chimg minh 1 bat ding thitc manh hon
Sa(b—c)* + Spla— )2+ S.(a—b)2 >0
1 2V2

Rl VA
1 22
Sp= = -

ac  a?+b? 4 2
S(::—l"_ 2\/§

ab  a? + b2+ c?
Khong mét tinh tdng quat, ta gid st a > b > c. D& thdy S, > S} > S.,

1 1 42

Sp+ S =—+— — ——

bt e ab+‘ac a2 + b2 +c2"
1 2 .

Datt:b—+~c,khid6—+12——néntasuyra
2 b ¢~ ¢
2 442 2 4/2
Si+S > 2o A2 2 42,
at a?+2t2 " at  2/2at
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Vay S,.> 0 va ta c6 dpem. Ding thitc xay ra chi khi tit ca cac hién bing nhau véi
n > 4. Khin = 3 con ¢6 thém 1 trudng hop nita laa =b = % hodc cac hoan vi. O

Sau day la ot s6 bai toan hay van dung phuong phap nay
Vi du 3.2.13. Chitng minh rdng vdi moi a, b, c duong ta cé bat ding thic

a N b + c + abc >5
b+c a+c a+b 2ad+3+3) T3

Vi du 3.2.14 (B4t déing thic dang Schur). Ching minh ring vdi moi sé thuc
khong am a, b, c ta lubn cé

a® + 0% + 3 + 3abe > abv/2a2 + 262 + bey/2b2 + 2¢2 + cav/ 2¢2 + 2a2.

Vi du 3.2.15. Chitng minh ring cho moi sé thuc khong am a, b, c ta cé

ad + b3+ c3 54abc S
abc (@+b+¢)d = 7

Vi du 3.2.16. Tim hdng sé thuc duong k nhé nhét cho bit ding thic sau

ab be - ca a2+bv2+c2 3 k

>
@t 02 " BrE TeraE larbror-1’

Véi a,b,c la cdc s6 thuc khong dm.tug) 7.
Vi du 3.2.17. Tim hdng sé thuc duong k nhé nhét cho bit ding thitc sau

8abc a?+ b2 +¢? k
+ Z 1+ )
(a+b)(b+c)(c+a) (a+b+c)? 3

Véia,b,c la cdc so thuc khong am tuy 4.
Vi du 3.2.18. Chitng minh rdng vdi moi a, b, c duong ta cé

abc(a + b+ c) 12(a® + b + ¢%) >
at+bt+ct (at+b+o)(a®+b2+2) T

Vi du 3.2.19. Ching minh rdng vdi moi sé thuc duong a, b, c ta cé

a* + b* + ¢t 3abe 2 5 5 9
' > — b .
ab+ bec+ ca a+b+c“3(a+ + <)

Vidu 3.2.20. Ching minh vdi moi a, b, c khéng am ta cé

7(a® + 63 + %) 4(a%b? + b2c? + c*a?)
a? + b2 4 ¢? ad + b3 +¢3

> —1(a+b+c).

1
3
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Vi du 3.2.21. Tim diéu kién cho cdc s6 duong k,l d€ bit ddng thic sau ding vdi
moi a, b, c khong am

o, b L ab + bc + ca a2+b2+c2>§+k+l

b+c a+c a+b a?2+b2+c2 (a+b+c)2 T2 3
Vidu 3.2.22. Ching minh vdi moi a,b, c khong am

a? b? c? (a® + b% + c?)? (a+b+c)?

> .
b2 + ¢2 Py +c? T2 + b2 T 2(a?b? + b2c2 + c2a?) T 2(ab + bc + ca)

Vi du 3.2.23. Ching minh bdt ddng thic sau vdi moi a, b, c khong am

a® b3 el a+b+ec

"2a2~ab+2b2+262—bc+2c2+2c2—ca+2a2* 3

Néu nhut cac ban da thyc sy hiéu ré vé S.0.S thi chic chin nhitng bit déng thic
nhu trén s¢ khong thé lam khé duge cie ban, va ngay 1ap tite ban ¢6 thé khing dinh
riing ching dugc giai bing S.0.S. Nhung néu khong quen thi nhimg bat ding thuc
rit dep nhu trén qua la mét thit thach khong dé gi vugt qua dudgc.

Hi¢n nay, phuong phap S.0.S khong cdn qua xa la (d méi chi xuét hién trong
khoang 1 ndm gin day) va né da thire syt clntng té higu qua vugt troi ciia minh véi
hiu hét cac bat ding thic 3 bién ma khong c¢é cach nao khéac so sanh duge. Dé két
thic cho phdn nay, xin gidi thi¢u thém véi cdc ban mot ggi md vé phuong phéap
S.0.S d6i v4i mot 10p cac bai toan dic bist.

3.2.4 Suy luan ti¥ mot bai toan
Hay md dau véi bat ding thitc sau day

Vi du 3.2.24. Ching minh rdng vdi moi sé thuc duong a,b, ¢ ta cé bit ddng thitc

a?+bc  b*4ac A+ab _ 3
+ + >
(b+¢)? (a+c)?  (a+b)?2 ™ 2

Lot GIAL. Tat nhien trong bai todn nay ta c6 thé dung S.0.S khong may khé khan,
nhung lai 12 qud manh va con nhiéu cach dé dang hon. C6 mot cach rat don gian,
d6 1a sit dung bat ding thitc Chebyshev. Bat ding thitc da cho tuong duong véi

202 — b2 —c? 22— a?-c?  2¢% - a? - b?
5+ 37— + 7 2 0.
(b+¢) (a+¢) (a+b) .
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Cht ¥ ring néu a > b > c thi

2a2—b2—0222b2—a2a6222c2—a2—b2,
1 S 1 S 1
(b+¢c)2 ™ (c+a)? ™ (a+b)?

Va do d6 ap dung tryc tiép bat ding thic Chebyshev ta s& ¢ dpcrn. O
Vi du 3.2.25. Ching minh rang vdi moi a, b, c dudng

a? +2bc b2+ 2ac N c® + 2ab
(b+c)2  (a+c)?  (a+b)?

9
> —.
— 4

Lo1 GIAL Déi véi bai todn nay ta ciing chua can ding dén S.0.S. Céc ban c6 thé
ty tim 10 gidi bing S.0.S, néu khong muén chy xem § bai téng quat tiép theo. Ta
diing mot bat ding thic sau, ciing rat dang cha y

a?+2bc b+ 2ac *+2ab
+
b+c a+c a+b

> g(a+b+c).

Khai trién vA 1t gon cac thita sé chung, ta dugec mot bat déng thitc rat don gian
2(a* +b* +-c*) +2abc(a+b+c) > aB(b+c)+b3(a+c)+c(a+b) +2(a?b? +b2c? +c%a?).

St dung bat ding thitc Schur va bt ding thic AM — GM ta co

ZaQ(a~b)(a—c) 20<:>Za4+ab02a2 Zas(b—i—c),

sym sym sym sym
ad(b+c)+b3a+c)+ Pla+b) > 2(a%% + b2 + c?a?).
Cong 2 bat ding thitc trén ta c6 diéu phai chiing minh.
Tit d6 d& dang suy ra két qua bai toan ban déu
a® + 2bc 9 2 +2ve\’ 9 2
—_— > —] > - b .
Z(b+c)2 > (a®+2bc) | 2 T > J(a+b+o)
sym sym sym

Ngoai ra, hiy cha 7 ring k = 2 14 hiing s6 thuc 16n nhét dé bat ding thitc sau ding
v6i moi sb thyc a, b, c khong am

a2+ kbe b2+ kac c*+kab S 1+k

b+c a+c + a+b T 2 (a+b+c).
Va hon nita, ‘
a® +kbc b2 +kac c*+kab 1+k 4+k
> mi —_ b . Q
b+ec T are a+b _mn( 2 7 4 >(a+ +e)
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Vidu 3.2.26. Tim hdng sé thuc k ldn nhét cho bét ddng thic sau vdi a,b,c > 0

02+kab+b2+kac+a2+kbc S 30 +k)
(a+b)?  (a+¢c)?2  (b+c)?2 ~ 4

LO1 GIAL Ta sé sit dung phuong phéap S.0.S dé giai bai toin nay.

Choc=0vaa=britrak < 2. Tasé ching minh day chinh la két qua tét nhit
clia k. Ro rang dé ching minh bat déng thic dung véi moi k < 5 ta chi cin chimg
minh bai toan trong trudng hop k = 5/2

2¢2 +5ab  2b% + 5ac 242 + 5be S5 21 21

@r? " are? TToror =1

Va vdi phuong phap S.0.S thi bat dang thitc nay tuong déi don gidn. Ta c6
20 +5bc 7 8a®+6bc—Th? —Tc®  4(2a% - b% — %) — 3(b—¢)?

(b+c)2 4 4(b + ¢)? N 4(b + ¢)?

Ta phai ching minh

6@ ) (rar i) 285 o

sym sym

N 42 (a — b)? a+b)(a+b+2c)23z(a—b)

pow (b+c)2(a+c)? povs (a+b)?
& Y (4a+bP(a+b+2) - 3(a+c)(b+c)?) (a-b)? >0
sym

Lay tuong ung S, S, Sp 12 céc he sb ciia (a — b)2, (b - ¢)?, (c — a)? trong khai trién
o sd trén. Khéng mat tinh tdng quéat ta c6 thé gidsta>b>c.

Dé thay S. > Sj, > S, va nhu vay phin con lai cia bai toan ta chi cdn ching minh
bat ding thite S, + S, > 0, hay

dla+c)b+c) ((at )+ (b+¢)?) +4(a+b) ((a+c)*+ (b+c))
3(a+b)*((b+¢)? + (a+c)?).

C6 thé d& dang nhan thiy ring hé s6 cta ¢ va ¢? & vé phai nhd hon & vé trai. Do dé
ta chi cn ching minh bat ding thice trén khi ¢ = 0, hay

4ab(a® + b%) + 4(a + b)(a® + b%) > 3(a + b)%(a® + b?).
Bit ding thitc nay tuwong duong vdéi

a* + b* + 2ab(a® + b%) > 6a%? & (a — b)?(4ab + a® +b2) > 0.
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Hién nhién ding, dang thitc xay ra trong trudng hop k = 5/2 khi @ = b = ¢ hoac
a = b,c = 0 hodc cic hoan vi. O

Bai toan tong quat thi nhit da duge chimg minh xong. Mot cach tu nhicn, ta
tim udc lugng cho bat ding thitc tuong tu

Vi du 3.2.27. Tim hdng sé thuc k lon nhét dé bdt ddng thic sau

a? + kbe  b% + kac c2+kab>3(l+k)
b2+c2 a2+ a4k T 2 7

Ding vdi moi a,b, c khéng am.

Lo1 GlAL Taldy ¢ = 0,a = b dé suy ra k < 1/2. Ta s& ching minh gi4 tri nay thoa
man, va do dé bat ding thitc sé vAn diing v6i moi k < 1/2.

2% +bc  262+ac 2% +ab _ 9
> —.
b2 + 2 a +c? a2 +b2 ~ 2

Dua vé& cac tdng binh phuong bing khai trién

2(2a% — b* — %) — (b - c)?
2(b2 + ¢?) '

2a2 + be
b2 + 2

3
2
Va do d6 ta cin ching minh bat dang thic

1 1 (a — b)?
2 _ 32 _ SNl 0)”
23 (a b)(b2+c2 a2+cz>—za2+b2

sym

&) (2(a+b)X(a® +b?) - (@®+ )+ H)) (a-)? 2 0.

sym

LAy S., Si, S 12 cac he sb tuong tng cta (b — c)?, (c ~ a)?, (a — b)? trong bat déng
thic trén. Khong mét tinh tdng quat gid st a > b > ¢, khi d6 S, > S > S,. Ta
phai chimg minh thém S, + S, > 0, hay tuong dudng vdi

2a+ )2 (a? +'2) + 2(b + ¢)2(B% + %) = (a® + b?)(a® + b® + 2¢%).

Ciing d& dang nhan thiy hé sb clia ¢? 3 vé phai nhd hon vé trai, va do d6 ta chi cin
ching minh khi ¢ = 0, hay

2a? + 2b* > (a2 + b?)? & (a® - b?)? > 0.

Bt dAng thite da duge chnitng minh xong. Ding thite xdy ra khi a = b = ¢ va néu
k = 1/2 thi c¢6 thém 1 trudng hop a = b, ¢ = 0 hoac cac hoan vi. O

Néu ban la ngudi to md vA thich kham ph4, hay ty minh nghién cttu thém mot
bai toan tuong tit
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Vidu 3.2.28. Tim hdng sé thuc k lon nhit dé bét ding thic

2 2 2
2(1 +lcbc2 2b +lcac2 c* + kab > 3(1+ k),
b2 —bc+c a?—-ac+c a® — ab + b?

Diing voi moi a, b, ¢ khong am.
Va ta ciing ¢6 thé lam manh hon bt déng thitc ban dau bing bat déng thic
Vi du 3.2.29. Ching minh ring vdi moi a,b,c khéng am ta ¢

4(a® + be)  4(b? + ac) 4(c? + ab) (@a+b+c)?
>3+ —
b2 + ¢2 a? + 2 a?+b2 = ab + bc + ca

Sau day 1a mot két qua tdng qudt nhat tit cac bai toan qua da néi ti. Tac gia
sé khong néu 1oi giai cy thé § day, vi 10i gidi cho bai toan téng quat ciing khong
khéc v4i 13i gidi cho 2 bai toan trén nhidu 14m, va quan trong hon Ia ciing st dung
phuong phap S.0.S theo céch tuong tu.

Vi du 3.2.30. Ching minh ring bét dang thic sau ding véi moi a,b, c khéng am
va p, q la cdc hdng 6 thod man p > —2, ¢ < 2p + 1

a? + gbe b2 + qac c? + qab S 3(g+1)
b2+pbc+c2 " a2 +pac+c? ' a? + pab+ b2 = p+2
Cudi ciing, cic ban hay sit dung phuong phéap S.0.S dé gisi cac bai toan sau day

Vi du 3.2.31. Tim hdng s6 k tét nhdt (Ion nhit) dé bét ddng thite sau ding vdi
moi a, b, c khéng am

a3+b3+_c3 ab+bc+ca>§+_k:'
(a+b)(b+ c)(c+ a) (a+b+c)2 =8 3

Vi du 3.2.32. Ching minh réng véi moi a,b, c khong am bit ddng thitc sau day
luon ding ‘
a’ b4 ¢t a+b+c
; =+ + — i .
a4+ B+ B4ad 2

Vi du 3.2.33. Ching minh rdng vdi moi a, b, ¢ khong dm ta co

a’ N b3 + s a+b+c
202 +b2 ' 2024+ ¢2 ' Q242 T 3 )

Day la cac bai toan hay va khé gitap ban tong két lai vé phuong phap nay.
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Poi diéu tan man vé bat dang thirc
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Phan Thanh Nam

L& tya. Khi t6i con la hoc sinh, cic BDT hinh hoc cua Jack Garfulkel ting gay an
tuong rat manh vai t6i nhu 1a nhitng bat dang thirc tuyét diéu nhét: dep, khé va day bi an.
Vay ma, chi sau vai nim, cdc bat dang thirc nay di khong con gy "khé d&" dugc voi
nhiéu nguoi nita. Bay gid nhin lai didu dang mimg nay ciing thay bat ngo.

Tuy nhién, véi tdi ddy van l1a cic bat dang thic thuc sy ddng nhd. Van con d6 vé dep gian
di va thuan khiét di ¢6 khé da giam di nhiéu; van con d6 nhiing ban khodn, tran trd khi
dung trude nhitng van dé héc bia; van con d6 niém vui nhe nhang ma sau ling ctia
nhirng tim toi kham ph4 tuy rang nho ....

Tbi xin chép ra ddy doi diéu tan man vé mot vai bat ding thire ctia Jack Garfulkel, gdm
mdt s6 suy nghi 1a khi toi con hoc phd théng, va mot s6 12 khi tdi tham gia dién dan nay.

Phan 1.Tir mot 10 giai ki la”...

Xin bat dau bang mot bai todn rat quen thudc cua J ack Garfulkel.
Bai toan 1. Cho tam gidc ngon ABC. Ching minh rang:

sin(%) + sin(g) + sin(%) > %(l + sin(g). sin(g). sin(g))

Ta s€ ki hiéu

=sin( )y =sin(F ) s =sin(§)
r=sin| 7 |y =sinl 7 ),z =sin{ 3

Khi A, B, C 1a 3 géc mot tam gidc thitaco x,y,z>0 va $2+y2+32+2$33 =1 ).

Khi d6, Bai toan 1 c6 thé viét lai thanh.
Bai todn 1a. Cho ©:¥,2 €(0,1/V2) hea z24+y2+2242zyz =1

CMR: 3(z+y+2) > 4(1+zyz)

Ta s& chimg minh két qua manh hon:

Bai todn 1b. Cho T:%:Z €[0,V3—1]hea 24y +22422yz =1
CMR: 3(z+y+2) > 4(1+xyz)
Chimg minh. Gia sit x=max(x,y,z), khi d6 T € [1/2,¥3-1] T4 c6:



(V2-22-2)(¥2-22-1)?> 0= 222 4243V2-22 >4 (g
Miit khéc, d3 thiy: 1—2%= £24+y2+2zy2 > 22y(142) pap 4+2yz <1

Cu thé hon, xét hiéu

0<1-2-2yz =(V2=-/1+x+2y2)(V2+/1+x+2yz)

Tacé: 22(V2+/T+z+2yz) > JE—I—l}B\r‘l—I’ v(l—2)(1+z+2yz)= {y-{—g)z’
suy ra: 2z(1-z-2yz) > WV1—-z(V2—-/T+z+2yz)

=25-202-3V222+3(y+2) > dryz (o
Cong (1) va (2) vé theo vé, ta c6 dpcm.

Cich thay céc yéu t6 luong gidc boi céc bién thuc x, y, z kém diéu kién

i+ 3’2 +22422 Yz =1 ¢6 thé tam goi 12 “dai s6 héa luong gidc” (nguoc voi mot cich
lam thong thudng 1a lugng gidc héa dai s6). Chiing ta cling c6 céc 10 gidi dai s6 kiéu nhu
vay cho hai bai todn sau, ciing ctia Jack Garfulkel (that ra thi Bai todn 2 yéu hon - tirc c6
thé xem nhu hé qua- clia Bai ton 1). Loi giai chi tiét xin danh cho cdc ban.

Bai toan 2. Cho tam gidc ngon ABC. Chimg minh rang:

cos(— ) + cos( ) + cos(—) (I+cos(— ) cos( ) cos —))

f

Bai toan 3. Cho tam giac ABC. Chumng minh rang:
cos(AEB)+cos(Bgc)+cos(¥) > %{sinA +sinB+sinC)

Nhu chiing ta s& thay, 10i giai co ve "ki la" cua bai toan 1.b noi trén that ra chang ki la
chit ndo. Loi giai nay chang qua 1a viét lai duéi dang dai s mot 10i giai dua trén bién d6i
lugng gidc da dang trén THTT 12/2001, c6 diéu 15i giai lugng gidc can diéu kién

A,B,C } 4, trong khi 101 giai dai so thi bat ngd thoét duoc diéu kién d6. Con viét mot
bién d6i lwong gidc dudi dang dai s6 thé nao thi ta s& dé cap sau day

Phan 2.Téi mét bai toan Olympic

Chiing ta ¢6 mt vi du khdc, dugc trinh bay cu the hon, cho méi lién hé gifra cach lam dai
sO va lugng gidc. Sau day 1a mdt bai todn trong dé du tuyén IMO 1995.

Bai toan 1. Tim tét ca cdc s6 thyc duong X, y, z théa man hé phuong trinh



z4y+z =a+b+c
4Iy3—(ﬁ2$+62y+623} —abc
trong d6 a, b, ¢ 1a céc s6 thyc duong cho trudc.

Nhan xét rang néu dat
c

a B= b y=
T T
thi hé da cho tré thanh

X+y+7z =2\/Ea+2\/;ﬁ+2\/;7(1)
&’ + B+ Y +20By=1(2)

o =

Hé trén thudc loai "khdng mau muyc" vi ¢6 t6i 3 an trong khi chi c6 2 phwong trinh, va
thuc chat né 1a mot bai todn cuc tri. Cu thé hon, ta théy néu dat

a=—cosd,f =cosBy =cosC

v6i A, B, C 1a 3 géc mot tam gidc, thi "cdt 161" bai todn trén chinh 13 BDT quen thudc:
2bccosA+2cacosB+2abcosC < al —|—u";|2—|—c:2 (*)

Té6i day, c6 18 cc ban di thay rd 101 giai bai todn 1.

Bay gio, ta khai quét lai bai todn ¢ trén thanh
Bai toan 2. Cho cdc s6 thuc khong am a, b, ¢, x, y, z théa man £ +y+z 2 at+b+c,
CMR: ax2+by2+cz2+zyz > dabe

Pay 1a mot bai todn hay. Tat nhién chiing ta c¢6 thé dung luong gidc héa nhu phan tich &
trén dé giai, nhung tir dang thirc (2) ta con hi vong s& ¢ mot 10i giai khac cho né chi
bang dai sb.

Trudc hét, chiing ta thir nhin BDT (*) dudi quan diém dai sd.

Bai toan 3. Cho 57y € [-1.]] thoa o? +JBE+‘T2 +2afy < 1, va cdc sé thuc a,b,c.

CMR: 2bca+2caB+2aby < a? +b24c2

Chitng minh.

Xuat phat tur 101 giai luong giac
a?+b%+c2-2bccosA-2cacosB-2abcosC

= (bsimff—csinBQ2 +(a—bcosC—ccosB)?>0

ta thay (0, B1¥cho (cosA,cosB,cosC) ¢d thy dugc bién doi

al -]—E:g—i—cg—ﬁbca—an,B—Eab’r =

[a® =2a(cB+bY)+(cf+by)’1+[(1-y)b* + (- B*)c*1-2bc(a + fy)
=(a=by—cB)’ + 1= P’b+1- B2c)* + 2bc(J(1- B)1-y*) —a— By) 20




Bai toan 3 ching minh xong.

Bay gio ta 4p dung céc bién doi trén vao bai todn 2.
Gia st azl+tby +cz2+zyz<dabe,

khi d6 a, b, ¢ déu duong va

a2+ B2 4220 By<!

Véi a=— pB= Y y= z
2Vbe " 2Vea" 2vab
Str dung cdc phép bién d6i trong ching minh Bai todn 3, ta c6
a+t+b+c—z—y—2>0
& atb+ec—Wbca—2vea f—2Waby>0

& Na—by—e ) + 1= P b+1- B¢ + 2be (1= F)1- 1) —a— By) >0
& (a—z-y)?+(Vaab—22—J2ac—y2)?+2(\/Gac—y2) Gab—22) —4az—yz)>C

Tir d6, ta c6 mot 101 giai rat ngan gon cho Bai toan 2 nhu sau.
Loi gidi bai toan 2.

T4t nhién ta chi cin xét khi 4ab>z2va 46a>y2 Khid6a>0 vatacé
z4+y+z>atbtc

= 4ar > 4a2+4ab+dac-day—4az

= dax+2yz>Qa—-y—1z)" +(4ab—-z")+(4ac—y*) > 2\/(4ab—z2)(4ac— y?)
= {Ear—i—yzjz > (4ab—22)(dac—y?)

= 4afar?+byl+4cz?4zyz) > 16abc

Suy ra dpcm.

Déi véi 1o, day 1a mot 101 giai that sy an tuong. N6 la két qua cua mot “chu trinh™:
chuyen tur dai s0 qua luong gidc, r0i chuyén nguoc tré lai dai sd. _Tuy nhién, day khong
han 1 con duong duy nhat dé c6 10i giai nay. Trudc day, da co 1an toi dwa bai todn 2 1én
dién dan to4n hoc va nhan dugc mot loi giai rat gibng vé mit y tudng (chi ding BDT
Cauchy) cuaban T ran Quoc Hoan (K09). B6 1a mot ki niém tha vi.

Cudi cting, xin néu 1 bai todn dé cdc ban suy nghi.
Bai toan 4. Cho tr dién vudng O.ABC. Gia sur o, B5Y1a cac g6c nhi dién canh BC, CA,

AB. CMR
tga+igB+igy 2tgatg Brgy+4dcotga.cotg f.cotgy 2 2(cotga + cotg B+ cotgy)

Phan 3.Vai van dé véi dwong trung tuyeén
Sau ddy 12 mot trong nhitng bat dang thirc rt dep khic cia Jack Garfulkel:

Bai todn 1. Mat+lh+he<V3p
v6i Madbfles P 1a cde ki hiéu quen thudc ciia d6 dai trung tuyén, phan gi4c trong,



dudng cao, va ntra chu vi ciia mot tam giéc.

Céch day gan 10 nam thi ddy van 1a mot bai todn khé. Mot trong nhitng 10i giai dau tién
cho né la chiing minh BDT manh hon

Mmg+my+1. <V3p

v6i ¢ 1a canh 16n nhét trong 3 canh tam gidc. Chirng minh nay dya trén bo dé 1a

Mg+my <\ (a+b:'2+2¢2 (%)

B0 dé trén duoc dé xuét va chirmg minh dua theo y y tuong hinh hoc (ép dung BDT
Ptoleme cho tir gidc 10i). Tuy nhién, ta cling c6 thé chirmg minh tryc tiép dya va biéu dién
tuong minh cta duong trung tuyén

(y—2)*
Mmq =\ pr+— 3
vOi a=y+z,b=z+x,c=Xx+y va p=x+y+z. Chiing ta s€ tr¢ lai B6 dé nay sau.

Trong mot bai viét trén THTT, anh Pham Gia Vinh Anh di dua ra va chirng minh mot
két qua manh hon la

Baitoan 2. Mo+l +lc<V3p ‘ o
Hon nira, day 1a mdt chirng minh ngan gon chi bang BDT Cauchy (dua trén biéu dién cua
Mg va cdc ddnh gid quen thuoe b < VPY, e SVP2),

Déi véi bai todn 2, ta ciing c6 thé chimg minh ngan gon hon nita nhd BDT Bunhiacopski.
Loi giai sau day dua theo y cua ban Phung Trong Thuec.

Loi giai bai toan 2.Dé don gian, ta cho p=1. Ta c6

2
</ (1+2}( St Lyl
_ 2
:\/3{1+ v 2)? _(rgr) )<V

Két qua ¢ bai toan 2 di 1a kha chat, vi nhu chiing ta biét, bit dang thtc sau diy khong
ding ma+:!rnb+mc <V3p . Ciing trong bai viét cia minh, anh Vinh Anh di dua ra
BDT sau nham “bu dap” cho su khong ding cua BDT trén.

Mg+ +m, < J_P+z_1[:|‘1_b|+|b_cl+|c_a|}

Tuy nhién, hang s6 k=1/4 khong phai 12 tot nhat. Thuc ra ta c6
Bai toan 3. Chirng minh rang trong mot tam gidc thi
maq+my+me < V3p-+k(ja-bl+Hb—cl+c—al)

k=1-23

F=41773

voi

Véi cdc cach tiép can trudc ddy thi tham chi tim ra hang s6 tot nhat di 12 mot bai toan rat



khé. Tuy nhién, gid day c6 1€ 161 gidi bai todn trén la ndm trong kha nang cua cac ban.

Mot hudng khéc dé “bu dap” cho BDT khong diing
Mg+my+m, < V3p
1a nhu sau. Ta viét lai BDT nay thanh

\/ +y—32+\/ +y—32+\/ +y—)2m,§

Tir d6 xuat hién cau hoi 1a ¢6 thé giam hé s6 k=1/4 trong cong thirc duong trung tuyén dé
BDT trén tr¢ thanh dang. Mot cau tra 101 1a k=1/12. i .
Bai toan 4. (VMEO [, bai 1) Cho a, b, ¢ 1a cac so thuc khong am c6 tong bang 1. CMR

YAy AN iy =Dy

Bai todn nay dit ra dya trén hudng tiép can ban dau cho bai todn cuia Jackgarfulkel. Tir
bo d& (*) ta c6 thé khai quét thanh

B6 dé A. Cho cdc s6 thuc a, b, u, v sao céc cin thirc dudi ddy c6 nghia. Khi d6 2 diéu sau
l1a tuong duong

0 Votul+vb+u2> /2@ +b) + (utv)?

i) 2u—v) (bu—av) > (a—b}g
(diéu két lugn van diing néu ta thay cdc ddu = thanh <). ,
Dé chirng minh b6 dé ta chi vi¢c lién tuc binh phuong va don gidn 2 vé.

Chirng minh bai toan 4.
Ap dung b6 d& A v6i U= (b= /12 v=[a-)/VI2 4y dugc

\/ (b— CJ2+\/b+(c—a)2_5 —3c

Cung voi 2 BDT tuong ty ta c6 dpcm

Mat du con s0 k=1/12 dan t&i bién do6i dai s6 rat dep ¢ 10 giai trén, nhung né khong phai
la hang s t6t nhat. Cung nhu d6i v6i Bai todn 3, trudc day tham chi tim ra hang 50 tot
nhat d4 1a mot bai todn rat kho, nhung bay gio thi giai quyet n6 khong phai 1a didu qué
khé. Cu thé, kimluan da tim dugc két qua sau bang don bién.

Bai toan 5. Cho cic s6 thyc khong am a, b, ¢ ¢6 tong bang 1. Chirng minh rang

\/a+k(b—?2+\/b+k(c—a}3 +etkla—b)2< V3
3
k= l—f

voi

V3

Chu y rang trong bai todn 5 thi k=1 2 1a hang so tot nhat vi dang thirc xdy ra tai
a=b=c=1/3 va a=1,b=c=0 va cdc hoan vi. Mot di€u thu vi la day ciing chinh Ia hang s tot
nhat trong bai toén 3.



Khi d6i dau BDT trong Bai todn 5 thi ta dugc bai todn sau day (ddng thire ciing dat duoc
tai 2 ch0), ma 101 giai — kha don gidn — xin dugc danh lai cho céc ban.
Bai toan 6. Cho a, b, c 1a cac so0 thuc khdong am c6 tong bang 1. CMR

\/a+[b—cj2+\/b—|—{c—a}2 +\/r:+ (@—b)%> 3

Phan 4 Mot dang BDT chira céin

B6 dé A ¢ bai trén cho ta mot tiéu chuan rat dé kiém tra d6i vi BDT c6 vé “khong tim
thuong” sau

Yatul+/b+v? > \/2(a-+b)+ (u+v)?

va tir &6 dén t&i kha nhiéu bai toan thd vi. Bay gio xuat hién cau héi 1a liéu c6 mot két
qua nao, tuong ty nhu B6 & A, dé 4p dung cho nhiéu hon 2 bién khong? Néi riéng, trong
truong hop 3 s6, thi liéu ¢6 mot tidu chuan nao (twong dbi dé kiém tra) dp dat 1én cac s6
a, b, c, x,y, zsao cho ta c6

Vatz2 +fory2 +Vetal 2 \/3(atb+)+(z+y+z)?

O day 26 thé thay bang <. Tuy nhién, mot tiéu chuan tong quat van chua tim ra, va
cic BDT dang nay van la nhiing bai todn khé, gan nhu mdi bai lai can mét cach giai
riéng. Chang han, ta thdy cdc BDT d3 néi & muc trudc nam trong dang tong quét nay: voi
a, b, c khong am, a+b+c=1 thi

\/ﬂ—i—k{b—c]2+\/b+k{c—a}2+ c—|—k{a—b}2
<\/3(a+b+)+(VE (b—)+VE(c—a) +VE(@—b))2 =3
véi k=1- JE? va

Vot +/bre—aP-r/et@b)?
>\/3@+b+0)+{(b—0)+c-a)+a-b))* =

Sau ddy 1a mot sb vi du khdc cho cac BDT dang nay.
Bai toan 1. Cho 3 s0 khong am X, y, z c6 tong bang 1. CMR:
Jr+y?+Jy+22+V/7+52>2

Nhan xét 1a BDT trén c6 dang

Jr+2+Jyt 224V 42223 (s +y+2) +{y+z+2) = Vi = 2,
Dong thoi dang thiic xdy ra tai x=y=z=1/3 va x=1,y=2=0.

Chirng minh bai toan 1.

Ta quan sit moi twong quan giira cdc biéu thirc

a; =z +ydb = y+2%by = z+y2

Ta co

b1—by =(y—2)(1-y—z) = z(y-2)



va
a;=z+y2 = 2(1-2)+(z+y)* 20y = o(y+2)+(E+y)* 27y = (z+y)*~=(y-2)
vay: i thi=c+by 0= (z+y)*,

Ta c6 bo dé don gian sau dy cho phép hoan vi cic biéu thirc dudi dau can
B6 dé. Cho cdc s khong am a, b, ¢, d thoa mén a+b=c+d va |a—b| < |C_d| . Thi
a+vb > ve+Vd

Trd lai bai todn, gia sir c=min(a,b,c). Ta sé& kiém tra r.':ing |al_bl| Se—by . Ta co:
c=by=(r+y)?-(z4y?) = 2(z+2y) -z = £(1+y-2)-2z = (z-2) +x(y-7)
va
a—by =ztyi-y-22=r-y+(y-2)(1-1)= (£ -2)-z(y-2)
Vi x-z va x(y-z) déu khong &m nén ta c6 dpem.
Tu do, 4p dung bo dé ta cé:
Voty?+fy+22 2 (m+y) +/z+y2
Vasuy ra
Jo+y?+yfy+z2+/z+z2
> z4y+vz+yd4Vz+ 52
J 2 2
> s+y+y (Z+Z) +z+y)
=z+y+y 4z—|—{1—z:l2 =z+y+(2-2)=2

Bai todn chirng minh xong!

Bai toan 2. (VMEO II1, bai 8) Cho x, y, z 1a cdc s6 thyc khong 4m c6 tong béng 1.
Chung minh rang:

3 3 3

Je—y+23+y-z+23+z-z+y3<1

Chirng minh.

Nhan xét rang dau "=" xdy ra x=y=z va x=1,y=2=0 (cung cic hodn vi). Ta ciing s¢ giai
bai nay bang cach hodn doi cic bicu thirc dudi dau can. Ta c6 bo dé sau.

Bé . Cho cic s6 thuc A, B, C, D thoa man: A+B = C+D > Oy, |[A-B[>|C-D|,
Khi d6:

YA+YBE<ITH+ID

Chiing minh don gidn va xin danh lai cho cdc ban.

Tré lai bai toan, ta dat )
A=vy—z4z3 B=z—124vy3,C = z—y+z:

Néu co, Chfmg han, B+C <0 th %”E-['%"E <Oyy ALy—z+r<ytz+z= 1, nén
ta c6 ngay dpcm.

Do d6, tir i tro di ta chi can xétkhi A+8 20 B+C >0 C+A >0 vi BDT ban
dAu c6 dang hodn vi vong quanh nén ta c6 thé gia sut Z = M {Z,YZ] Khi d6 ta can
xét2 truonghop T2 Y 2 Z2va ¥y 212 2,

*Truong hop 1. Xétkhi T2 ¥ 2 7. Tac6



B+C =23+4(y3+z-y)

va
C—B=2z—y—z4+2z3—y3>y—z423—¢3
23— (y3+z-y) = (y-2)(1-y2-yz—22) >0

nén dp dung Bo dé ta c6:

YB+YT <24¥D), véi D=3 +2-v.
Lai cé:

A4D=z3443>0
A-D=x3-y342(y-2)> 23-y3>C
nén dp dung Bo dé ta c6:

%‘rﬁ —I—%'rﬁ < T+Y(@3).

Tu (2) va (3) ta c6 dpcm.

*Truong hop 2. Xétkhi ¥ = £ 2 Z  Ta c6

A+B=vy3+(z3+y—x)
va

A-B=z4ty-2z4+z3y3>y—xz4x3 3

=(z34y—2)-y3=(y—2)(1-z2-zy-y2) >0
nén 4p dung Bo dé ta c6:

¥a —|—%"E < y-{—%"ﬁm)’ voi B =z34y—z
Lai cé

E4+C=x3+23>0
E-C=x3-2342(y-1)>y3-23>0
nén dp dung BO dé ta co:

%—I—%E < T4Y(5).

Tu (4) va (5) ta c6 dpcm.

Bai todn chtirng minh xong!

Ciing xuat phit tir dang BDT & trén, ta c6 bai todn sau.
Bai toan 3.

Cho T,¥,2 2 -1 z+y+z 20 Chting minh rang
Vitz+yi+/1+y+224V1+ 245223

Nhan xét rang BDT trén c6 thé viét & dang
Vit +y2 /Ty 22 12422 2 \3(1+ o+ +y+H+2) +(y+z+2)? >3

Trong 10i giai dau tién cho bai toan trén, toi sir dung B6 dé A dé suy ra phai ¢6 1 BDT
kiéu sau day (hoan vi (x,y,z) néu can)

2 3 + e
Vito+ 5 +/14y+5 > V20t + 222

roi sau d6 dung BDT

10



Ja2+b34\/a24b2 >\ /(a, +a5)?+ (b1 +bo)?
dé thyc hién viéc don can.

Tuy nhién, khi bai todn nay duoc dua Ién dién dan todn hoc thi thiy namdung da dé xuat

mot Bo dé khéc cho phép chimg minh gon hon nhiéu.

Chirng minh bai toan 3.

Trudce hét ta c6 B6 dé sau, ching minh don gian bang cdch binh phuong 2 vé.
Bo dé. Cho céc sb thuc a, b, u, v sao cho cic can thic dudi day c6 nghia. Khi d6

Vita+/14+b6>1+/1+a+b&ab>0

Tro lai bai todn 3. Trong 3 s6 1Y%, ¥+22 z422phai c6 2 s6 cing ddu (tic 12 tich

ctia chiing > 0), ta c6 thé gia sir 1a T+¥2%va ¥+22 Khi d6, 4p dung B 8, ta ¢6
4z 442414y +224V1+ 24 22
>1+/(14+z+y+22)+y2+/(1+2)+ 52

> 1+ (VI z+y+ 224152 2+ (y+3)?

> 1+ (V1-z+22+y1F2)?+ 22

Ta cé

(V1—2422+4VTF2)2+22>4
&2422242/(1-2z+22)(14+2)> 4
& z24 /142321

Néu z 2 Othi V142221 connbu z<0thi:
23414232 224 (1423) = 1422(142) > 1

Bai todn chlirng minh xong.

Bai todn 3 di dugc kimluan 1am manh thanh két qua sau day.

Bai todn 4. Cho ©:%,% € [~1,1la x4y+z=0. CMR
Vidz+iy2 0/ 14y+522 0 /142455223

Piang thirc xay rataix =y =z=0vax =0,y =1,z =-1. Pdy la 1 BDT dep va an tuong
nhung chua ¢6 mdét 101 giai don gidn nao cho né.

Dang BDT xuét phit tir Bé dé A ciing c6 thé mo rong cho nhiéu hon 3 sd. Sau ddy 1a mot
vi du cho truong hgp 4 s6.

Bai toan 5. Cho céc s6 thuc x, y, z, t théa man mam{zy,yzjzt,tz’] <1 cMmRr
JI—zy+vyldHfl—yz+ 224/ 1—zt+2 /1 -t o+ 22

11



> \/16+{r—y—|—z—t}2

Day 12 mot bai todn khé. Luu ¥ rang BDT trén c6 thé viét & dang
J—zy+y2 41 —yz+ 22 41—zt 424/ 1tz 4 22

> a(1-oy+l—yz+1l—zt+1—t2)+(y+z+t4+1)
=16 +(z—y+z—1)2

Chirng minh bai toan 5.
*Trudc hét, dé c6 cam gidc veé bai todn, ta hdy xét mot truong hop riéng: cho x=z, y=t.
Khi d6, véi diéu kién £¥ =1 ta cin ching minh

Jl—ry+y3+ﬁ—ry+ﬂzx/é—if(r—yﬁ :

béyla 2{1_$y+l —:Ey:l+(3:+y:l =4 -1—1:.1:—3;:1 , p dung B6 d¢ A thi BDT trén
2 5

tuong duong vai 4(1-zy)(y—)* 20 pidy nay ding vi Z% 1,

*Trd lai bai todn tong quat, ta s& tim cach quy vé trudng hop 2 sd. Ta hi vong s& ¢c6 BDT
dang nhu

\/1—yz+z2 +\/1—tx+x2 2\/1—xy+x2 +\/l—zt+zz(*)
o Wl-yz+2 V=2t + )+ Wl—tx+ 8 +{1-xy+x°) 20
zZ(t—y) x(y—t)

+
\/l yZ+z2 +\/1 a+7 \/1—tx+xz+\/1—xy+x2

=0

Z X
(t=y) -
\/l—yz+z2+\/l—zt+z2 \/l—tx+x2+\/l—xy+x2

>0

Bang tinh todn cu the, ta chitng minh duogc thira so thir 2 ctia biéu thirc vé trdi cung dau
vOi Z-X.

Do d6 BDT (¥) tvong duong véi (t-y)(z—x)> D(**) biéu thi vila bang céch hodn vi
ta c6 thé gia sir c6 diéu nay. That vay, BDT ¢ dé bai 1a khong d6i néu ta 1am viéc voi bo

4 56 (y,z, t, X), va v6i bd 4 s6 nay thi BDT (**) tré thanh (z-2)(t-y)> D(***). Vi (%)
va (***) phai c6 mot céi ding, nén ta cé the gi sir la (**) ding. Khi d6 (*) ding.

St dung (*) va truong hop 2 $6, ta c6
JI—zy+vyldHfl—yz+ 224/ 1—zt+2 /1 -t o+ 22
> (\/1—xy+y2 +\/1—xy+x2 )+(\/l—zt+t2 +\/1—zt+z2)

>Vt eyl +/a+(-1)
>V (@422 +z—y+2-t)? = /164 (z—y+2-1)?

12



Bai toan chimg minh xong. Pang thirc xay rakhi x =y =z =t hodc x = z,y = t,xy =1.
Dudi day 1a hai bai todn khéc, cling & dang nay, ma 161 gidi xin dugc danh lai cho céc

ban.

Bai toan 6. Cho cdc s6 thuc T:¥,% € [—1.1}thoa man x+y+z=0. CMR
y? 22 T2
Vit 1/ 14y+E /14245 <3

Bai toan 7. Cho céc sé thue %2, € [~1,1]théa man z+y+2+1> 0 cMR

Vitz+y2+/1+y+224+V14 2+ 24/ 1+ +222> 4

13



PHUONG PHAP CHUYE’:N VI TRONG CHUNG MINH
BAT DANG THUC HOAN VI

VO QuOC BA CAN

Hién nay c6 rat nhiéu phuong phap manh va méi dé chiing minh bat dang thirc nhur 1a
EV ctia Vasile Cirtoaje, SOS ctia Pham Kim Hiing va Tran Tudn Anh, ... Nhung cac phuong
phép nay phan 16n chi ding dé giai quyét cac bai toan déi xing, khi gap cac bat dang
thitc hoan vi thi ching thuong t6 ra kém hiéu qua. Vay chiing ta c6 cach nao dé giai quyét
cac bat déng thic hoan vi khong? Bai viét nay, chung toi xin dugc chia sé cung cac ban
mot kinh nghiém nhé dé chiing minh bat dang thitc hoan vi 3 bién (va doi khi ta ciing c6
thé 4p dung n6 cho bat dang thirc hoan vi 4 bién). Rat mong nhan dugc y kién déng gop
clia cac ban!

Nhu da néi & trén, cac phuong phép chiing minh bat dang thitc déi xting thi rat nhiéu
nén néu ta c6 thé chuyén mot bat dang thitc hoan vi vé dang ddi xing thi viéc ching
minh khong con gi kho khan cd. D6 chinh la kinh nghiém nh6 ma ching t6i mudn gidi
thiéu cting ban doc, mot ky thuat gitp ta chuyén mot bat dang thitc hoan vi thanh mot
bat dang thirc dbi xting dé giai, ta tam goi d6 la "phuong phdp chuyén vi".

Dé hiéu r6 hon y tudng ctia nd, ching ta hay cting xét vi du sau
Example 0.1 Cho cdc so thuc khong dm a, b, c théa mian a + b + ¢ = 4. Chitng minh ring
a?b + b%c + c*a + abc < 4.

(Vasile Cirtoaje, Pham Kim Hung)

Loi gidi. Bat dang thitc cAn chiing minh c6 dang
a-ab+b-bc+c-ca+ abc <4.

Ta thay rang day la mot bat dang thitc hoan vi véi dang thicc xdy rataia = b = ¢ = 1
vaa =2,b =1, =0 (v6i gia thiét c = min{a, b, c}). Diéu nay ching t6 rang viéc danh
gia n6 1a khong dé dang chtit nao, chi can mot chut "quéa da" thi ciing c6 thé dua dén két
quéa khong mong muén. Mot cach tu nhién, ta nghi ngay dén viéc chuyén né vé dang dbi
xtiing dé giai. Thong thuong, moi ngudi thuong nghi dén viéc chuyén vé ddi xing cho ba

bién, nhung viéc nay rat kho thuc hién (vi bat dang thitc nay c6 dén hai diém dang thuic),
cho nén ta hay nghi dén viéc dua vé d6i xiing cho hai bién (ma khong phai ba). Mubn lam



diéu nay, cac ban hay cing dé y dén hai biéu thic dugc gach chan & trén, chiing c6 diéu
gi kila? A, néu ta hoan déi vi tri cho nhau thi ta c6 thé thu dugc mot bat dang thirc méi la

a-ab+b-ca+c-bc+abc <4.

Va that thu vi, day lai la mét bat déng thirc doi xung cho hai bién a va c. Vi vay, néu ta
c6 mot danh gid kifunhuw a-ab+b-bc+c-ca+abc < a-ab+b-ca+ c-bc+ abe thi d6
1a mot diéu tuyét voi! May man thay, diéu nay tuong duong véi c(a — b)(b—c) > 0 va
chiing ta hoan toan c6 thé dat dugc diéu nay bang cach gia st b 1a s6 hang nam gitra a va
c. Dén day, ta tim dugc 16i giai cho bai toan nhu sau:

Khong mat tinh téng quat, gia st b 1a s6 hang nam gitra a va c. Khi d6, ta c6

a-ab+b-bc+c-ca+abc < a-ab+b-ca+c-bc+abc
1 <2b+u—|—c+a—|—c)
b =

= bla+c)* < 5

Bai toan duge chitng minh xong. Dang thitc xay ra khi va chi khi a = = 1lva
a=2,b=1,c=0(cung cac hoan vi tuong ung). u
Pay l1a mot vi du quen thudc, va c6 16 nhiéu ban sé cho réng n6 qué quen thudc, hién
nhién. Va néu ban, nao tinh y thi sé thdy rang viéc danh gid a-ab+b - bc + ¢ - ca + abc <
a-ab+b-ca+ c-bc+ abc & trén thuc ra chinh 1a viéc stt dung bat dang thiic sdp xép lai
cho hai bo s6 don diéu cung chiéu (a,b,c) va (ab,ca, bc) (véi gia thiét b la s hang ndm
gitta). Tuy nhién, chiing t6i dén védi y tudng chuyén vi nay hoan toan déc lap véi bat dang
thitc sdp xép lai. Chung ta hay cting di dén vi du sau dé thay 16 dugc diéu do6

Example 0.2 Cho cdc sb khong dm x,vy, z cd tong bing 1. Chitng minh bit dang thitc sau

ViRt 2 e Vit 22,

(Phan Thanh Nam)

R6 rang v6i bai toan nay, viéc stt dung bat dang thirc sap xép lai la rdt kho (c6 thé néi 1a
khong thé), nhung viéc st dung phép chuyén vi nhu trén thi ta van c6 thé ap dung dugc.
Va mot diéu thi vi nira 13, véi nhitng cach phan tich khac nhau thi chiing ta lai c6 nhitng
phép chuyén vi khac nhau, gitip dua bai toan di dén két qua. Chang han, & vi du nay,
chiing ta c6 hai cach chuyén vi sau

Loi gidi 1. Bat dang thic nay c6 dang dong bac (& vé trai) la

¢ﬂ+w+w+u+¢w+#+w+@+ 2422+ zx +zy > 2.

Ta thy rang bat dang thiic nay chita can va hoan vi cho 3 bién x, y, z nén viéc danh gia n6
sé gap rat nhiéu kho khén, cho nén y tudng cta ta ¢ day chinh la chuyén né vé dang doi



xting, chang han cho y va z. Dé thuc hién, ta hay dé y 2 biéu thitc yx va zy duge gach chan
& trén, néu ta chuyén vi 2 biéu thirc nay thi sé thu dugc mot bat dang thic méi

\/x2+y2+xy+xz+\/y2+22+yz+£+ z2+x? +zx +xy > 2.

Va that thu vi, n6 1a mot bat dang thic déi xing cho y va z. Véi ¥ tudng nhu vay, chiing
ta can c6

\/y2+zz+yz+yx+ \/zz+x2+zx+zy > \/y2+zz+yz+yz+ \/zz+x2+zx+xy.
Binh phuong 2 vé, va thu gon, ta thdy bat dang thitc nay tuong duong véi
Y —y)(x—2)(x +y+2) 2 0.
Diéu nay c6 thé dat dugc néu ta gid sit x = min {x,y,z} hodc x = max{x,y,z}. Véi

nhitng phan tich nay, ta di dén 15i giai ctia bai toan nhu sau:
Khong mét tinh téng quaét, gia st x = min {x,y,z}, khi d6 theo trén, ta c6 ngay

\/y2+zz+yz+yx+\/22+x2+zx+zy2 \/y2+22+yz+yz+\/zz+x2+zx+xy,
nén bat déng thitc ctia ta duoc dua vé

VXFYPP+Vx+24y+2z22>2,

tuong duong
VX+YPP+H V422> 2x+y+z

Ap dung bat dang thirc Minkowski, ta c6

Vit PR+ Va2 > \/(ﬁ+ﬁ)2+(y+z)2: 4x 4 (y +z)?

= \/4x(x—|—y—|—z)+(y+z)2:2x—i—y—|—z.

Do d6, bat dang thiic ctia ta duge chiing minh xong. Dang thiic xay ra khi va chi khi
x=y=2z=%hodcx =1,y = z = 0va cic hoan vi tuong ting. |
Loi gidi 2. Néu cac ban khong thich phép chuyén vi nhu trén, ching ta c¢6 thé thir chon
phép chuyén vi kiéu khac nhu sau: Hay chd y dén 2 biéu thitc dugc gach dudi trong bat
dang thtic

\/x2+y2+xy+xz+\/ﬁ+zz+yz+yx+\/Zz+ﬁ+zx+zy22-



Néu ta thuc hién phép chuyén vi cho 2 biéu thiic nay thi sé thu duge mot bat dang thiic
méi dbi xtiing cho x va z la

\/x2+y2+xy+xz+\/22+y72+zx+zy+\/xﬁ+22+yz+yx22-

Nhu vay, ta can cé

\/y2+22+yz+yx+\/zz—i—xz—i—zx—i—zyz \/xz—i—zz—l—yz—i—yx—f—\/zz—i—yz—l—zx—l—zy,

hay la
2_ .2
x(x* =y )(y—z) = 0.
Diéu nay c6 thé dat dugc néu ta gia st y 1a s6 hang nam gitra x va z. Dén day, ta thu dugc
mot 161 gidi moi nhu sau:
Gia stt y 1a s6 hang nam gitra x va z, khi d6 dé thay

\/y2+zz+yz+yx+\/22+x2+zx+zy2 \/x2+zz+yz+yx+\/22+y2+zx+zy,

neén ta chi cAn chitng minh duoc

\/x2+y2+xy+xz+\/y2+z2+zx+zy+\/x2+zz+yz+yx22,

tuong duong

\/x+y2+ z+ 2+ Vx+z—2xz>2,
hay la

2
x+z+2y2—|—2\/(x—|—y2)(z—|—y2) > (2—\/x—|—z—2xz> .

Datt = xz (0 < t < y(1 — 2y)) thi bat dang thic trén dugce viét lai la

F(8) =20 422 — 442/t + (1 -y + )2 +4/T—y — 2 > 0.
Ta co6
1 - 4
2[t+ 21—y + )Pt -y =2t
nén f(t) la ham 16m, suy ra f(t) > min {f(0), f (y(1 —2y))} nén ta chi can ching minh
0.

)
duoc £(0) > 0va f(y(1—2y)) > 0. biéu nay doéng nghia véi viéc chitng minh bat dang
thuc trén khixz =0va (x —y)(z —y) =

710 = -

<0,



+ Néu xz = 0, ta gia st z = 0, khi d6 x = 1 — y va bat dang thtic trén trg thanh

Vi-y+y2+/1—y+y>2

Bat dang thic nay hién nhién diing, béi vi theo bat dang thirc Minkowski, ta 6

Vivrr e vTTy = | (VI9) e (vie) o
> \/(Vl—wr\/1—y)2+(y+0)2=2—y-

+ Néu (x —y)(z—y) =0, tagid sity = z, khi d6 x = 1 — 2y > 0 va bat dang thtc trén
trd thanh

\/1—2y—|—y2+\/y+y2+\/1—y—2y(1—2y) >2,

tuong duong

\/y+y2+\/1—3y+4y221+y-

Nhung bat déng thic nay ciung hién nhién dung, bdi vi theo bat déng thuc
Minkowski, ta co

Jy v e1-3y+a2 = /(P + v+ (Vi + (1 -2y
> (VI VI -2 =1y,

Phép chiing minh ctia ta dugc hoan tat. n
Véi y tudng chuyén vi nhu vay, chiing ta c6 thé giai duge kha nhiéu bai toan dep va kho.
Sau day la hai vi du khéc

Example 0.3 Cho cdc s6 khéng dm x,y,z théa man x +y + z = 1. Chiing minh ring

\S/x—y+z3+</y—z—l—x3+€/z—x+y3 <1
(Phan Thanh Nam)
Loi gidi. Ta thay bat dang thitc cAn chiing minh ¢6 dang VA + VB + v/C < 1, vé6i

A = x—y+2 =2+ 2%y—x® — P +2z(x* — ) + 22 (x —y) + 2,
B y—z+ X =y + Pz —yz? — 2P+ 2 (P —2%) + P (y —z) + 25,
C = z—x+yP=2+22x -z — > +2y(z — ) +y*(z — x) + v°.



Néu c6 2 s6 trong 3 s6 A, B, C c6 tong khong duong thi bat dang thiic ctia ta hién nhién
dung. That vay, giast A+ B <0thido C :z—x—l—y3 <z—x4+y <1 nén

VA+VB+VC<V—B+VB+vVC=+vC<1.

Bay gio ta sé xét truong hop nguoc lai, tic la licnay tac6 A+ B > 0,B+C > 0 va
C+ A > 0.Khido, gia stz =min{x,y,z}, va dat

D=y’ +y’x—yx* =3+ 2z2(y* —x*) +2%(y —x) + 2%, vaE = x> +¢° - 2%
Luc nay, ta c6 2 tinh chitsau:D+E=B+C>0,va
DE — BC = (a —¢)(b — ¢)(a® + 2ab + 2ac + bc) (2a* + b* + 2¢* + 2bc + 3ca + 2ab) > 0.

Véi nhitng tinh chét nay, ta dé dang ching minh dugc VB+vC < VD+ \3/E, va ta co
thé dua bat dang thic vé chitng minh

VA+VD+VE <1,

tuong duong

f/x—y+z3+{/y—x+z3+\3/x3+y3—z3§1.

Thuc hién tuong tu nhu trén, ta cing c6

f/x—y+z3+f/y—x+z3§\7§+\7§:22,

neén ta chi can chitng minh duoc

x+y—z>/xd+y> - 25

Day 1a mot bat dang thitc hién nhién ding vi
(xty—2P° = (P +y° 2% =3(x—2)(y—2)(x+y) 2 0.

Phép chiing minh ctia ta dugc hoan tat. Dang thitc x4y ra khi va chi khix =y = z =
hoac x =1,y = z = 0 va cac hoan vi tuong ung.

B «w-

Example 0.4 Cho cdc s6 khéng dm a, b, c c6 tong bing 3. Chiing minh rang
(3a% 4 be + 3b°) (3b* + ca + 3¢*) (3¢* + ab + 3a) < 900.

(V6 Quéc Bd Cédn)



L&i gidi. Khong mét tinh tong quat, ta c6 thé gia st b 1a s6 hang nam gitra a va c. Khi do,
véi chu y & dang thuc sau

(36 + ca + 3¢%) (3¢ + ab + 3a®) — (3b* + ab + 3¢?)(3c® + ca + 3a°) =
=3a(b—c)(b—a)(a+b) <0,
ta c6 thé dua bat dang thic vé chiing minh
(3a% + be + 3b) (3b* + ab + 3c?) (3¢ + ca + 3a) < 900.
Dén day, ta thay

(342 + bc + 3b%) (36 + ab + 3¢%) =

9b* + 3(a 4 c)b® + (942 + ac +9c*)b? + 3(a® + )b + 9a°c?

9b* +3(a+c)b® 4+ 9(a + ¢)*v* 4 3(a + ¢)3b + 9ac(ac — ab — bc) — 17b*ac
9b* +3(a+c)b®+9(a+c)** +3(a+c)%

3b(a+3b+c) [b* + (a+¢)?],

IA I

va
3¢ +ca+3a® < 3(a+ c)z,

nén ta chi can chitng minh duoc
9x%b(x 4 3b) (x> + b*) < 900,

voix =a+c.
Ap dung bat dang thitc AM — GM, ta c6

9 [5xb+ x(x +3b) +2(x2+ 7)1

2 212 <
9x°b(x + 3b)(x +b)_10 3 ,

Bab + x(x +3b) +2(x* + b%) = ?(Hb)z - %(X—Zb)z < ?(Hb)z = 30,

nén tur trén, ta duoc

9x%b(x +3b) (x* + b?) < 1% -10% = 900.

Bat dang thic ctia ta dugc chiing minh xong. Dang thitc xay ra khi va chi khia = 0,b =
1,¢ = 2 va cac hoan vi tuong ung.



Nhan xét 1 Bing cdch tuong tu, ta cd thé gidi dugc bai todn sau:

Vi a,b,c la cdc s6 khong dm c6 tong bing 3 va k la mot s6 cho trude (\/§ >k> %) , tim gid tri
16m nhat cila biéu thirc sau

P(a,b,c) = (a* 4 kbc 4 b*) (b* + kea + ¢)(c? + kab + a?).

n
Khong chi c6 cac bat dang thitc hoan vi ba bién méi stt dung duge phép chuyén vi nay
ma mot phan dong cac bat dang thirc hodn vi bén blen cling c6 thé ap dung dugc né. Pau
tién, chiing ta sé stt dung phép chuyén vi dé dua vé mot bat dang thic hoan vi cho ba
bién, r6i duing nhitng danh gia thich hgp dé chiing minh bai todn. Mdi cac ban ctung di
dén vi du sau dé 16 hon y tudng nay (day la mot bai toan rat kho)

Example 0.5 Cho cdc so khong dm a, b, c,d théa man a + b + c + d = 4. Chirng minh rﬁng
a®b + b3c + >d + d®a + 23abed < 27.
(Pham Kim Hung)
Loi giai. Trude hét, ta sé chung minh b6 dé sau

B6 de 0.1 Néu a, b, c la cdc s6 khong am thi

473 27
i 3 <
b+bc—|—cu—|—256abc(a—|—b—l—c) 256(a—|—b—|—c)

Chitng minh. Ban doc c6 thé tu chirng minh iy bang cach st dung phép chuyén vi cho 3
bién. H
Quay trd lai bai toan. Do tinh hoan vi vong quanh nén khong mét tinh téng quat, ta c6 thé
giasudla sb hang nho nhat trong cac s6a,b,c,d. Khidé, ta co

Cd+da— (Ca+dt)=—(C—d)(a—d) <0,
nén dé chiing minh bat dang thiic da cho, ta chi can chiing minh dugc

@b + bic + c2a + d* + 23abed < 27.

Dén day, ap dung bd dé trén, ta c6 thé dua vé chirng minh

27 . 473 .
— — - <
5 (4—d) 256abc(4 d) +d* + 23abcd < 27,
hay la
1

6361d — 1892)abe + 2 (4 — d)* +d* —27 < 0.

256 256 256



Néu 6361d — 1892 < 0 thi bat dang thtic trén la hién nhién vi % (4 —d)* +d* < 27.Néu
6361d — 1892 > 0 thi ta c6

i(6361d —1892)abc + 2(4 —d)* - dt—27

256 256
1 (4—-d)B3 27 i ou
< — — . R — —
< 5 (6361d — 1892) VAR (4—d)*+d*—27

= %(5512 +270d — 473)(d — 1)> < 0.

Bat dang thiic ctia ta duge ching minh xong. Dang thiic xay ra khi va chikhia = b = ¢
d =1hodca =3,b=1,c=d = 0va cac hoan vi tuong ing.

BAI TAP DE NGHI

1. Cho cac sb thuc khong am g, b, c théa man khong c6 hai s6 nao déng thoi béng 0.
Chung minh rfang
2,12, 2
ac+b-+c n 4abc >0,
ab+bc+ca  a%b-+ b%c + c?a + abe

(V6 Qubc Ba Can)
2. Gia str a,b, c 1a cac sb thuc khong am thoa man a2+ b2+ = 3. Chung minh céac
bat dang thiic sau

(@) a’b + b%c + c?a < 2+ abg;
(b) a®b? 4 b3c? + 2a® < 3.

(Vasile Cirtoaje)

3. Chung minh rf?mg véi moi s thue duong a,b, c ¢ t6ng bf!mg 3, bat d:fmg thic sau
luén ding
a L b i c o 3
b+c¢2 c+a2 a+b2 2

(Pham Kim Hung)

4. Chting minh rang v6i moi s6 thuc duong a, b, ¢ ¢ tong bang 3, bat dang thiic sau

luén dung
a n [ Db n c 3
b%+3 243 a2 +3 — 2

(Vo Quéc Ba Can)
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. Gia stt a,b, c 1a d6 dai ba canh ctia mot tam gidc ¢6 chu vi bang 1. Chirng minh rang

V2a+ 3+ 26+ B3+ V2c+a3 > V2+1.

(V6 Qubc Ba Can)

. Gid stt a,b, c 1a cac sb thuc khong &m thoéa man ab + be + ca = 3. Tim tat ca cac s6

thuc khong am k sao cho bat dang thitc sau luon ding
(ka4 b) (kb + c)(kc + a) > (k+1)3.

(Michael Rozenberg)

. Cho a,b,c,d 1a cac s thuc khong am théa man a + b + ¢ + d = 3. Chiing minh rang

ab(b+c) +bc(c+d)+cd(d+a)+da(a+b) <4

(Pham Kim Hung)

. Choa,b,c,dla cac sb thuc khong am thoéa man a + b + ¢ + d = 3. Chung minh réng

ab(a +2b + 3c) + be(b + 2¢ 4 3d) + cd(c +2d 4 3a) + da(d + 2a + 3b) < 6V/3.

(Pham Kim Hung)



DON BIEN "THUA — TRU"
V6 Qubc Ba Can - PH Y Duogc Can Tho

Phuong phap don bién tir khi méi xuat hién cho dén nay, n6 da thé hién duoc vai tro va
tinh hiéu quéa ctia minh trong viéc giai toan bat dang thitc. Tuy nhién, phuong phap nay
c6 nhiéu nhugc diém ma chiing ta, nhiing ai da tirng sit dung déu dé dang nhan thay. Mot
trong nhitng nhuoc diém cta né 1a rat khé st dung véi bat drfmg thitc chita can va mot s6
bat dang thiic dang phan thic (phéan thitc bac cao). Bai viét nhé nay, chiing t6i xin dugc
chia sé ctiing ban doc mot phuong phéap don bién gitp chiing ta giai quyét duge kha nhiéu
bai toan ba bién (manh dat mau md nhat ctia bat dfmg thuc hién nay) thudéc mot trong hai
dang trén. Phuong phap nay da giup chung t6i giai duge kha nhiéu bai toan khé ma mot
vai trong s6 d6 da ting 1a nhimng bai toan md. Chung t6i xin dugc goi d6 1a phuong phap
"don bién thira — trur".

Dé bat dau, ta sé xét vi du sau, mot bai toan tudng chirng nhu khong thé giai bang don
bién sd cap

Vidu1 Gidsita,b,c la cdc s6 thuc khong am théa man a + b + ¢ = 1. Chiing minh ring

1 1 1 2
+ + >44 2
Va2 +ab+b2 VP2 +bc+c2 V2 +ca+a? V3

(Xtar)
Loi gidi. Dé y rang bat dang thic da cho c6 dang thic xay ra tai @ = b,c = 0 nén néu

dung don bién dé giai thi y tudng ctia ta la don bién vé trung binh cong. Khi do, gia su
¢ = min{a,b,c} va dat P(a,b,c) = 1 + 1 + 1 ta phai chiing minh

T Val+ab+b? VB2 +be+c? V2 +cat+a?’
b b
P(a,b,c) > P <a42— ,a42— ,c> )

Dén day, ta thay rang viéc tach binh phuong (a — b)? tir
1 1 2

_I_ —
VP2 +bc+c2 V2 +ca+a? \/<a+b>2+f(a+b>+c2
2 2

la rat phirc tap, né phai trai qua nhiéu lan truc can. Vi vay, du c6 tach duge thanh cong
thi viéc ddnh gid cta ta lic sau cling sé khé khan rat nhiéu (phai néi la rat kho). Day ciing
chinh 1a li do lam ta tudng nhu phuong phap don bién s cap khong hiéu qué cho bai



toan dep va kho nay. Bay gid 1a y tudng chinh la ching t6i muén gidi thiéu cting ban doc:

. s X SR, Y 1 1 22 S ea . N
> *
Chung ta dieu biet rang ———— + = > oty (*) va viéc tach binh
phuong tir 2v2 2 la rdt dé dang (chi can mot bude truc can la

Vel fac+ber2 \/(a;zrb)z+@+cz
xong), nén ta nghi rang viéc dung bat dang thitc (x) chéc sé c6 gitip ich cho viéc don bién
ctia ta. Nhung tiéc rang, bat dang thiic (*) khong di manh dé thuc hién nhiém vu nay, vi
vdy y tudng clia ta sé la thiét lap mot danh gia chat hon rat nhiéu dé st dung

1 N 1 - 2V/2
Va2 +ac+c2 B2+ bc+c2 T (/a2 + b2 +ac+bc+2c2 —k(a—b)?

7

tuong duong

1 1 4
2 - >
[a2+ac+c2 +b2+bc+62 a2+b2+ac+bc—l—2c2—k(a—b)2} -

. ( 1 B 1 )2
T \Vartact+c V2 4be+c)
Bat dang thtic nay c6 thé dugc thu gon thanh

2(a—b)*[(a+b+c)®—k(a® +b*>+ 2c® + ac + be)]
(a2 4+ ac+ c2)(b? + be + ¢?)[a?> + b%> +ac + bc + 2c2 — k(a — b)?] —

(a—b)*(a+b+c)?
(a% + ac + c?) (b* + be + ¢?) (\/a2+ac—|—cz+\/b2+bc—|—c2>

4

hay la
2[(a+b+c)? —k(a® + b* + 2c¢® + ac + be)] -
(a2 4+ ac+ c2)(b? + be + ¢2)[a% + b?> +ac + bc + 2c2 — k(a — b)?] —

(a+b+c)?
5.
(a2 + ac + c2) (b2 + bc + c2) (\/a2+ac+c2+\/b2+bc+c2>

>

Choa =b = ¢, ta tim dugc k < 3. Vi k cang 16n thi ddnh gia ctia ta sé cang chit, sé cang
c6 ich cho ta hon nén ta c6 thé thir xét xem véi k = § thi bat déng thic trén c6 diing hay
khong, nhung vi bai todn chua duge chat 1dm nén ta ciing khong can thiét phai danh gia
"hét ga" nhu thé, ta sé thir véi k = 1 xem thé nao. Cho k = 1 vao, bat déng thic trén trd
thanh

2(2ab + ac + be — ¢?)

>
(a%2 4 ac + c?)(b? + bc + ¢?)(2ab + ac + bc + 2¢?) —




(a+b+c)?

>

7

(a2 + ac + c2) (b2 + bc + c2) (\/a2+ac+c2+\/b2+bc—|—c2)

tuong duong
2(2ab +ac+bc—c?) (a+b+c)?
2 = 2
2ab+ac+bc+2c <\/u2—|—ac+c2+\/b2+bc+cz)

2 .
% >1vava2+ac+R+ V2 +bc+2>a+b+c

nén bat dang thitc trén hién nhién ding. Nhu vay, ta da thiét lap dugc

1 N 1 - 22
VB2 +bc+c2  Z+ca+aZ T 2ab+ac+ bc+ 22

Dé dang dénh gia dugc

Va ta di dén viéc chiing minh

1 242 1 242
Va2 + ab b2+\/2 b be + 2¢2 = 3(a+b)? * (a+b)?
a2+ ab+ ab + ac + be + 2¢ \/ ! \/ 1 ac 4 be 422

dé hoan thanh budc don bién. Mot céng viéc kha don gian v6i nhirng ban nao quen véi
dao ham. That vay, datt = ab < (Hb) va xét ham sb

1 242

) = \/(1—c)2—t+ V2t +c+c?
ta dé thay
f(t) = 2[1- C)lz i (2t+2c\f62)3/2 <0
bdi vi ta ¢6 2[(1 —¢)? — ] — (2t+c+c2) = 2(a® + ab + b?) — (2ab + ac + bc + 2¢*) > 0

va 3 — (2;62 < 0. Diéu nay ching t6 rang f(t) 1a ham nghich bién, va ching ta thu dugc

ft)y>f ( (a+b) ) . Budc don bién da duge hoan tat, ticlatacé P(a, b,c) > P (”*b “erb,c> .

Viéc con lai cua ta chi la chiang minh P <”+b ”;b,c> >4+ %, mot cong viéc kha nhe

nhang véi phép chon tham s6 trong bat dang thitc AM — GM, xin dugc danh lai cho ban
doc phan nay. [
Vidu 2 Cho cdc sé diong a, b, c théa man a + b + ¢ = 3. Ching minh ring
1 n 1 n 1 < 1
5(a2+b?)+8 5(b2+c2)+8 5(c2+a*)+8 6

(Vasile Cirtoaje)



Loi gidi. Dé y rang bat dang thuc trén dat duge dau dang thic khia = b = ¢ = 1va
a=1%,b=c=1lnény tudng clia ta sé 1a don bién vé trung binh cong (dua trén gia thiét

> <. . S v _ 8 3 o 1 1 1
ctia bai toan). Gidsta > b > ¢, datk = ¢ va P(a,b,c) = e R i o i o Y

phai ching minh P(a,b,c) < P (a, be, %) < £25. Nhung ciing nhu bai trudc, ta thdy

1 2
2102 - 2
a<4-c +k a2+(l72j) +k

ta

rang viéc tach binh phuong (b — ¢)? tirhiéu —, Hl)z =t cung khad phuc

tap va dua dén bac cao rat khé danh gia. Vi vay, dé chitng minh né, ta sé st dung y tudng
sau: Tim m nhé nhéat dé bat dang thiic sau diing

1 1 4
< .
a2+b2+k+a2+cz+k = 2024+ b2+ 2+ 2k —m(b — c)?

Nhan ca hai vé ctia bat dang thitc nay véi (a® + b? + k) + (a® + ¢* + k) va st dung dang
thitc quen thudc (x + ) <% + %) -4 = %, ta c6 thé dé dang viét lai bat dang thic
trén nhu sau
(b? — c2)? < 4m(b — c)?
(@2+b2+k)(a®2+c2+k) — 222+ b2+ 2 +2k—m(b—c)?’

tuong duong

(b + c)? < 4m
(a2 4+ b2+ k)(a®>+c2+k) — 2a2+ b2+ 242k —m(b—c)?

2

Choa =b=c =1, tatim duoc m > Nhu vay, ta sé thit chiing minh bat déng thuc

k2
sau
(b+c)? < 8
(@2 +b2+k)(a>+c2+k) = (k+2) 22+ b2+ 2+ 2k — 25(b—c)?]
Ta co
2a2+b2+c2+2k—k42r2(b—c)2 <2a* 4+ b? + P+ 2k <2(a® + b + k),
va

4a®+24k)— (k+2)(b+c)? > 4(*+*) +k(b+c)* = (k+2)(b+c)?
40 +c*) —2(b+c)* =2(b—c)* >0,
nén bat dang thitc trén hién nhién ding. Do d6, ta c6

1 1 4
+ < ~
2+ +k a?+cE+k T 222+ + 242k — 25 (b—c)?




Tiép theo, d€ hoan tat budc don bién, ta phai chitng minh

1 4 1 4
- < +
Ptk 202+ 024+ 242k —pZp(b—c)2 T Ly pga g (R oy

tuong duong

(b—c)? N 22— K)(b—c)?
(440l +e)* +20 7 (k+2) [202 + 82 + 2+ 2k — g5 (b — 0)?] [202 + L5E 4 2k]

hay la
[262 + 82+ ¢ + 2k — 25 (b — 0)?] [20% + 5" 4 2] 22—k
(b2 + 2+ k)[(b+c)? + 2k] - k+2 7
Ta co
2a2+b2+cz+2k—kj_z(b—C)z_[(b"_C)z‘f’zk] = 2{1 —Zbc—k%(b—C)z
> 2b% —2bc — (b—c)*> = b* —c* >0,
va 5 5
2ﬁ+xbzo-+%—2w?+8+k%=ﬂﬁ—b%+[wtf)—28]2@
nén

20—k 4 _ 22—k
> 2 = >
VIZ22=— " 22 k12

Phép don bién dugc hoan tat. Va viéc con lai ctia ta chi la chiing minh P(3 — 2t t,t) < T iz
v6it = 3¢ vak = & Béng cach khai trién va bién déi tuong duong, ta thiy bat dang thiic

nay tuong duong Vdi

= VP.

25(5t — 1)2(t — 1)?
6(5t2 +4)(25¢2 — 60t + 53)

> 0 (dung).

Bai todn dugc chirtng minh xong. ]
Nhan xét 1 Qua 10i gidi nay, ta cd thé thiy tdp hop tit cd cdc gid tri ciia k dé bit ding thirc sau

1 1 1 3
<
A1k il ik  2raik o ki2

dingvdia,b,c >0,a+b+c=3lak > %.
Ngoai ra, truong hop k = 2 chinh la bai toan thi chon dgi tuyén Iran nam 2009.



Sau day la mot s hai vi du kha dep khac
Vidu 3 Cho cic sé duong a, b, c. Chitng minh bt dang thirc sau

ab L be n ca <§
a2 +b2+3c2  b2+c243a2  2+a2+3b2 — 5

(Pham Kim Hung, Vasile Cirtoaje)
Loi gidi. Khong mét tinh téng quat, gid sit ¢ = min{a, b, c}. Khi d¢, ta sé chiing minh

bc N ca < c(a+0b)+ B (a—10b)?
2+ c24+3a>  c2+a2+30> = 2224207+

That vay, bat dang thitc nay tuong duong véi

2 2, 2 2 2, 2
b(2a* 4+ 2b=+c¢*) a(2a*+2b +C)—a—b gg(a—b)z.
b2 + c2 + 3a? %+ a% + 3b? 25
Ta co
b(2a% + 2b* + ¢?) a(2a2+2b2—|—cz)_a_b _a(a®>—b?) b(b? — a?)
b? + 2 4 3a? c2 +a? + 3b? 2 +a243b2 b2+ 2+ 3a2

(a—b)?(a+ b)(3a® + 3b* + c* + 2ab)
(3a% + b2 +c2)(a% +3b% +c2) '

nén bat dfmg thiic trén c6 thé dugc viét lai thanh

c(a —b)?(a+ b)(3a% + 3b% + ¢ + 2ab) < g(u _p)?
(3a2 + b2 + ¢2) (a2 4 3b2 + ¢2) — 25 ’

tuong duong
2 2,2 18% 2 12, 22 2, 2
9c(a+b)-2(3a” 4 3b° + ¢ + 2ab) < g(&z + b +c%)(a” + 3b° + 7).
Ap dung cac bat dang thitc AM — GM va Cauchy Schwarz, ta dugc

9¢c(a+b) +2(3a2 + 362 + > + 2ab) ]°

9c(a+b) - 2(3a* +3b* + * + 2ab) < 5 ,

va
(30 + b* + ) (a® + 3b* + c*) > (a® + b* + 2ab + c*)>.



Lai co

36(a® + b* +2ab + c*) — 5[9¢c(a + b) +2(3a® + 3b* + ¢* + 2ab)]
= 6a® + 6b% +26¢> — 45¢(a + b) + 52ab
= 26(c —a)(c —b) + 6a* 4 6b*> — 19c(a + b) + 26ab
> 6a* 4 6b> — 19c(a + b) + 26ab > 38ab —19c(a +b) > 0,

nén bat dang thic trén hién nhién dung.
Tiép theo, ta sé chitng minh

ab c(a+0b)+ E(a—0b)? - a* + b? cy/2(a% + b2)
a? 4 b? 4 3¢? 202 + 20>+ ¢ T 2(a*+b*+3c%)  2a% + 2%+ %’

tuong duong
(a—b)? n c(a—b)? 18(a — b)?
2(a% + b2 + 3¢2) (2a2 + 262 + ¢2) [ 22+ 0%) +a+ b] ~ 25(2a% 4 2b% + ¢2)’

Do \/2(a2 +b2) +a + b < 2,/2(a2 + b2), nén ta chi can chitng minh dugc

1 n c S 18 . [a? + b?
2(2t243c2)  4At(42+c2) T 2542 +c2) 2 ’

tuong duong

c 72
,>7'
T2

2(4t2 + ?)
212 4 3¢?

Ta co
2(4t% 4 ¢?) c 4 (t —c) (21> + 4tc — 3c?) >0,

212 43c2 Tt T t(212 + 3¢2) -

ma 22 < 3nén bat dang thic trén hién nhién ding.
Cubi cung, ta di dén viéc ching minh bat déng thuc sau

t2 2tc 3
+ <.
2124+ 3c2 42 4+¢2 — 5
Khong méy kho khan, ta c6 thé phan tich
t2 2tc 3 (t —c)?(2t — 3c)?

W32 Tt e 5 5(2t2 + 3¢2) (42 +¢2) =

nén bat dang thic trén hién nhién diing va phép chitng minh ctia ta dugc hoan tat. Pang
thitc x4y ra khi va chi khia = b = chodca = b = 3¢ ciing cdc hoan vi. n

7



Vidu4 Cho cdc s6 duong a, b, c théa min a + b + ¢ = 3. Ching minh ring

4a2—27+4b2—27+4c2—27+69 -0
b2 + 2 c2 + a2 a? + b2 2 =7

(Vasile Cirtoaje)
Loi gidi. V6i chu y rang 4522;227 +4 = %ﬁfﬂ, ta c6 thé viét lai bat dang thic can
ching minh dudi dang
1 1 1 45
40 4+ 4b* 4 4> — 27 = >0.
(407 + 45"+ 4e ) 2 teietare) 27

Khong mét tinh tdng quat, gid st a = max{a, b, c}. Ap dung bat dang thirc Cauchy Schwarz,
ta c6 4a® + 4b% + 4c? — 27 > 4a® + 2(b + ¢)? — 27, nén bat dang thic trén dugc suy ra tir

[4a® 4 2(b +¢)? — 27] (

1 1 1 45 _
a2+b> b2+ c2+a?

Néu 4a® + 2(b + ¢)? — 27 > 0 thi bat dang thiic nay hién nhién ding. Trong truong hop
ngugc lai, ap dung bat déng thitc ma ta da thiét lap trong Vi du 2 & trén, ta co

1 1 1 2 1

+ + < +
@bk Ptk Atttk T gy 0P g (0 g

v6i moi k > 0. Tir d6, dat t = 3¢ va cho k = 0, ta thu duogc

1 N 1 N 1 2 +L
a2 +b2 b2+ 24a2 T a2 212

Do 442 + 8t2 — 27 < O nén

1 1 1 2 1
40% + 8t — 27 + > (4a® 2N =+ = ).
(4a” + 8t )<a2+b2 b2+c2+c2+a2> (4" + 8¢ ) 21 o

Vi thé, ta chi can ching minh duoc

2 1 45
47 + 8 —3(a+2t)"] (5 +55 | + > >0
[4a” + (a+ )](a2+t2+2t2>+2_
(a—t)2(a—5t)2
2t2(a2+t2) il
0 la mot bat dang thitc hién nhién diing. Phép chiing minh ctia ta dugc hoan tat. Dé thay
déng thuc xay ra khivachikhia = b = ¢ = Thodca = 2, b = ¢ = 2 va cac hoan vi tuong

u’ng. |

Bang mot vai tinh toan don gian, ta thay bat dang thitc nay tuong duong véi



Nhan xét 2 Moi ban doc ciing chirng minh két qud sau
Tép hop tét cd cdc gid tri ciia k d¢'bat dang thiic

a?+k  PP+k  A+k
>3(k+1
b2+c2+c2+a2+a2+b2_3( 1
diing vdi moi a, b, c duong sao choa+b+c =310 —% <k < 2.

BAI TAP DE NGHI

1. Gid st a, b, c 1a cac s6 thyc khong am théa man a + b + ¢ = 1. Chiing minh rang

Va2 +bc+ Vb2 +ca+ /2 +ab < 3

E.
(Pham Kim Hung)
2. Giastra,b,cla cac s6 thuc khong am thoa man a + b + ¢ = 1. Ching minh rfang
1 8
>4+ —.
;\/(a2+ab+b2)(a2+ac+c2) V3

(V6 Qubc Ba Can, Tran Quang Hung)

3. Cho cac sb thuc khong am a,b,c thbaman a + b +c = 1. Tim héng s6 k 16n nhat dé
bt dang thic sau ludn ding

\/u—l—k(b—c)z—i— \/b—l—k(c—a)z—l— \/c—i—k(a—b)2 < V3.
(Phan Thanh Viét)

4. Cho céc s6 thuc khong am a,b,c thdbamana +b +c = 1. Tim h:?mg s6 k 16n nhat dé
bat dang thitc sau ludn diing

1 1
+ + > 3/3.

Va+k(b—c)? /b+k(c—a)? c+k(a—0)>
(V6 Qubc B4 Can)
5. Gia st a, b, c 1a cac sb thuc khong 4m thdéa man a + b + ¢ = 3. Ching minh rang khi

do

1 n 1 n 1 S 3

(b+c)2+6 (c+a)+6 (a+b)2+6 10
(Duong Duc Lam)

6. Cho cac sb thuc duong a, b, c théa man abc = 1. Ching minh bat déng thirc sau

V82 +1+ /802 +1+4 /82 +1<3(a+b+c).
(Gabriel Dospinescu)




BAT DPANG THUC SCHUR VA PHUOGNG PHAP DOI
BIEN P,Q,R

Vo6 Thanh Van

Nhur cac ban da biét, bt déng thirc Schur 1a mot bat déng thirc manh va co nhiéu tng dung, tuy nhlen né van
con kha xa la véi nhidu ban hoc sinh THCS ciing nhu THPT. Qua bai viét nay, t6i mudn ciing cép thém cho
cac ban mot ki thuat dé sir dung t6t BDT Schur, d6 1a két hop vai phuong phap doi bién p, g,

Trude hét, t6i xin nhic lai vé bat dang thirc Schur va phwong phap ddi bién p, ¢, 7

1 BAat dang thdc Schur

Dinh 1y 1 (Bat ding thirc Schur) Véi moi sé thuc khéng dm a, b, ¢, k, ta luén ¢é
a*(a—b)(a—c)+b*(b—c)(b—a)+c(c—a)(c—b) >0.

Hai trudng hop quen thudce duge st dung nhidula k =1 va k = 2
ala—b)(a—c)+b(b—c)(b—a)+clc—a)(c—>b) >0 (i)

a*(a—b)(a—c)+b*(b—c)(b—a)+c*(c—a)(c—b) >0 (ii)

2 Phuong phap déi bién p, g,

Dbi voi mot s6 bai bat déng thirc thudn nhét dbi xtimg c6 cac bién khong 4m thi ta co thé ddi bién lai nhu sau
Pitp=a+b+c,q = ab+ bc+ ca,r = abc. Va ta thu dugc mot s6 dang thirc sau

ab(a+b) +be(b+c)+calc+a) = pg—3r
(@+b)b+c)(ct+a) = pg—r
ab(a® + b?) + bc'b? + ) + ca(? + a®) = p*q—2¢* —pr
(a+b)atc)+(b+c)b+a)+ (ct+a)c+b) = p°+q
A+ +E = pP—2
a*+b*+c* = p®—3pg+3r
v+t = pt—4p?q+ 243 + 4pr
a’b? + 22+ c2a® = ¢ —2pr

a*b® + b33 + A3a® ¢ — 3pgr + 3r?
a*dt + vt + ctat = ¢t —ApgPr + 2p%r? + dgr?
Dit L = p%q® + 18pqr — 27r? — 4¢® — 4p3r, khi @6
pq—3r++L
2
(a=b)(b—c)(c—a) = +£VL

a?b+b2c+ e =



C6 thé thdy ngay loi ich ctia phuong phép nay 1a mbi rang budc giita cic bién p, g, r ma cac bién a, b, c ban
dau khong c6 nhu

p° = 3q
p3 > 27r
¢ > 3pr
pqg = 9r
2p3 +9r > Tpq
pa+3pr > 4¢°
pt 44> +6pr > Bp’q

Nhimg két qua trén day chéc chin 13 chua du, cac ban c6 thé phat trién thém nhiéu déng thirc, bat ding thirc
lién hé giira 3 bién p, ¢, . Va di€u quan trong ma t6i muon ndi dén 1a tir bat dang thirc (i) va (ii), ta cod

r>

.2
p(4q9 p°) (tr ()

C —p*)(p* — q)
> o

(tur (i1))

Tuy nhién trong mot s6 truong hop thi c6 thé cac dai lugng 4q — p>co thé nhan gia tri am 1an gia tri duong
nén ta thuong st dung

r > max {07 p(4q4— p*) }
"> max {0’ (49 — pz;}ﬁ —4q) }

C6 1& dén day cac ban da hiéu duoc phan nao vé bit déng thirc Schur va phuong phap doi bién p, ¢, r. Sau day
la mot s6 vi du minh hoa, nhung trudc hét, cac ban hay tép lam thir roi xem dap an sau
3 Cac vi du minh hoa

3.1 Bt ding thiic Schur

Vidu 1 Cho cdc sé dwong a, b, c. Chirng minh rdang

(a+0b)3 N (b+¢)3 N (c+a)? .-
8ab(4a + 4b + ¢) 8bc(4b + 4c + a) 8ca(4dc + 4a+b) —

(Vo Thanh Van)

LOI GIAL Dat

(a+b)3 (b+c)? (c+a)d
P= + +
8ab(4a + 4b + ¢) 8bc(4b + 4c + a) 8ca(4c + 4a +b)

Q = 8ab(4a+ 4b+ c) + 8bc(4b + 4c + a) + 8ca(4c + 4a + b)
32(a+ b+ c)(ab+ be + ca) — T2abc

Ap dung bat dang thirc Holder, ta co
P?.Q>8(a+b+c)?



Ta can chig minh
8(a+b+c)>Q

& 8(a+b+c)® > 32(a+b+c)(ab+ be + ca) — T2abe
& (a+b+c)® >4(a+b+c)(ab+ be+ ca) — Yabe (ding theo bit dang thirc Schur).
Vay ta c6 dpcm. O
Vidu 2 Cho cdc sé dwong a, b, c. Chirg minh rdang
(a® +2)(b? +2)(c* +2) > 9(ab + be + ca).

(APMO 2004)

LO1 GIAL Khai trién bat déng thuc trén, ta cdn chimg minh

a?b?c® +2(a*b? + b2 + *a®) + 4(a® +b* + ¢*) +8 > 9(ab + be + ca)

Ta co
a?+ b2+ >ab+be+ca

(a®b* +1) + (b*c® + 1) + (2a® + 1) > 2(ab + bc + ca)
9abe

a+b+c
> 4(ab+ be + ca) — (a + b+ ¢)? (theo bat dang thirc Schur)

2?2 +1+1 > 3vVa2b2c2 >

Ap dung cac bat déng thic trén, ta c6

(a®b%c? 4+ 2) + 2(a®b? + b2c? + 2a® + 3) + 4(a® + b* + )
> 2(ab + bc + ca) + 4(ab + be + ca) + 3(a® +b* + ¢*)
> 9(ab+ bc+ ca).

Bét ding thirc dwoc chimg minh. Dang thic xay ra khi va chi khia = b= ¢ = 1. O
Vidu 3 Cho cdc s6 dwong a,b, c. Chirng minh rang
2(a® + 0% + %) +abc+8>5(a+b+c).
(Tran Nam Diing)

LOI GIAL Sir dung bat ddng thic AM-GM, ta co

6VT = 12(a®>+b*+c*)+3(2abc+1)+45-5-2-3(a+b+c)

> 12(a® +b% + %) + 9Va2b2c + 45 — 5 [(a+ b+ ¢)* + 9]
9ab

= 7(a2+b2+c2)+¥—10(ab+bc+ca)
abc
27ab

> 7(a2+b2+c2)+ﬂ—lo(ab—kbcﬁ-ca)
a+b+c

Mat khac, sir dung bat dang thirc Schur,

9
] - 2_9 (a2 h? a2
P (ab+bc+ca) — (a+b+c) (ab+ bc+ ca) — (a” +b” + ¢*)



Do d6

27
a+b+c
> 7(a® +b* + %) +6(ab+ be + ca) — 3(a® +b* + ¢*) — 10(ab + be + ca)
= 4(a®> 4+ b* +c —ab—bc — ca) > 0.

7(a® +b* 4+ %) + — 10(ab + be + ca)

Bét ding thirc dwoc chimg minh. Dang thic xay ra khi va chi khia = b= ¢ = 1. O
Vi du 4 Cho cdc s6 khong dam a, b, ¢, khong c6 2 sé ndo dong thoi bang 0. Ching minh rang

a n b n c_ S 18
B+cd  ad+e3 ad+b T 5(a2+b2+c2)—ab—be—ca’

(Michael Rozenberg)
LOI GIAL Bét ddng thte cin ching minh twong dwong véi

Za(a+b+c)> 18(a+b+c)
B+ T h5a?+b2+c?)—ab—be—ca

cyc

a? a 18(a+b+c)
< - ; >
;bd+¢:‘5 +Czycb2+027bc “ 5(a?4+b2+c?)—ab—bc—ca

Ap dung bat dang thirc Cauchy-Schwarz, ta co

Z a? < (a® + b + c2)?
Bt = S a2(b3+ )

cyc cye
Z a (a+b+c)?
p” b2+ c2—be ~ Ya(b?+c? —be)
cyc
Ta can ching minh
(a2+bQ—|—02)2+ (a+0b+c)? S 18(a+b+c)
a2 +c3)  Yab®+c2—be) T 5(a? + b2+ %) —ab—bc—ca
cye cye

Giés&a+b—|—c:1Védétab+bc—|—ca=q,abc=7‘=>rZmax{O,Mq;é(l*q)}.Tacénchﬁngminh

(1 - 29)? 1 18
5 + >
@?—(q+2)r qg—6r  5—11¢

Bét dang thic cudi dé dang chimg minh bang cach xét 2 truong hop 1 > 4q va 4¢q > 1.
Pang thuc xady ra khi @ = b = c hodc a = b, ¢ = 0 hodc cac hoan vi tuong tng. O

Vidu5 Cho cdc s6 dwong a,b, ¢ théa méan a* + b* + ¢* = 3. Chitng minh rang

1 n 1 n 1 <1
4—ab 4—bc 4d—ca

(Moldova TST 2005)



LOI GIAL Quy dong mau so rdi khai trién, ta can chimg minh
49 — 8(ab + bc + ca) + (a + b+ c)abe < 64 — 16(ab + be + ca) + 4(a + b + ¢)abe — a*b*c?

& 16 + 3(a + b+ c)abe > a?b*c? + 8(ab + be + ca)
Ap dung bat ding thirc Schur va gia thiét a* + b* 4+ ¢* = 3, ta ¢6

(a® + b3 + ¢ + 3abe)(a + b+ ¢) > [ab(a + b) + be(b + ¢) + calc +a)] (a + b+ ¢)

& 3+ 3abc(a+ b+ c) > (ab + be)? 4 (be + ca)? + (ca + ab)?
Ap dung bat dang thirc AM-GM, ta co

(ab+ bc)* + (be + ca)® + (ca + ab)? + 12 > 8(ab + be + ca)

= 15+ 3abc(a + b+ ¢) > 8(ab + be + ca)

Mit khéc ta lai co
1> a?b?c2.

Vay ta c6 dpem. Dang thic xay ra khi va chikhia =b=c = 1. g
Vidu 6 Cho cdc sé khéng dm a, b, ¢ théa man ab + be + ca = 3. Chiing minh rang
a® + b + ¢ + Tabe > 10.
(Vasile Cirtoaje)

Ap dung bat dang thirc Schur, ta c6

o {0 PP 102200))

Ta can chirng minh

p3 —9p+10r > 10
Néupz 2+/3 thi ta ¢c6
pPP—9p+10r—10>p>—9p—10>12p—9p—10=3p—10 >0

Néu p < 2v/3 < 4 thi
3 3 10 2 1 2
p>—9p+10r —10 > p f9p+§p(127p )710:§(p73)[(167p )+3(4—p)+2]>0.

Vay ta c6 dpem. Dang thic xay ra khi va chikhia =b=c = 1.

Vidu 7 Cho cdc sé dwong a,b, ¢ théa min a + b + ¢ = 3. Chitng minh rang

12 1 1 1
3+—2>25|—-+-+—-|.
abc a b ¢

(V Thanh Vin)

ot



LO1 GIAL D6i bién theo p, ¢, r, bat déng thirc can chimg minh duogc viét lai nhu sau

3r+12 > 5q
Mit khéc,theo bat déng thirc Schur, ta ¢6
3p(4q — p?
3> % _ 49

Ta can ching minh
49— 9412 > 5q

< g < 3 (ding).
Vay ta c6 dpem. Dang thic xay ra khiva chikhia =b=c = 1. g

Vidu 8 Cho a,b,c la cdc s6 thuc dwong théa mén o + b + ¢ = 3. Chitng minh rang

‘ ‘ (Pham Kim Hung)
Quy dong, rat gon va doi bien theo p, q, r, bat dang thuc can chung minh tuong duong véi

8p+3r > 12+ bq
Ap dung bat dang thirc Schur, ta c6

p(4qg —p®)  p(2q—3)

3r > =
=3 3
Tir gia thiét
P’ —20=3
2
p‘—3
= g=
1=

Thay 2 diéu trén vao bit ding thirc can ching minh, ta c6

p(p? — 6) S 124 5(p* —3)
3 = 2

8p +
(@2 -3)(p-3)7*=0
Bét dang thirc cudi diing nén ta c6 dpem. Pang thirc xay ra khi va chi khia =b=c¢ = 1.

Vidu 9 Cho cdc s6 khong am a,b, ¢ théa man a + b + ¢ = 3. Chitng minh rang

1 n 1 n 1
9—ab 9—-bc 9-—-ca

3
< -.
-8
(Crux mathematicorum)
LO1 GIAIL Bai nay da dugc anh Hung st dung cho phan bét dang thire Chebyshev trong cubn "Sang tao bat
dang thirc". Bay gid cac ban s€ duogc thay mot 101 gidi khac vdi bat dang thue Schur va phuong phap doi bién
P, q, T rat tu nhién.

Bién dbi bat ddng thirc can chimg minh va chuyén vé dang p, ¢, r, ta ¢6

8(243 — 18p + 3r) < 3(729 — 81q + 27r — r?)



& 243 — 99q + 57r — 3r2 > 0
Theo bt ding thirc AM-GM thi

6
3 = 3 <a_|—§—~_c) 2 3(abc)2 = 7‘2

Theo bét déng thirc Schur, ta c¢6
_ 2 _
.~ Pla—p7) _4¢-9
- 3 3
= 57r > 19(4¢ — 9)

Nén ta can ching minh
72 —23¢—3r2 >0
& 3(1 —1r?) +23(3 — q) > 0 (dung).
Vay bat dang thic dugc chig minh. Pang thirc xay ra khi va chikhia = b= ¢ = 1.

O
3.2 Phuong phap déi bién p,q,r
Vidu 10 Cho cdc s6 khéng am a, b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang
a’b n b2c n c2a <1
4—bc 4—ca 4—ab "
(Pham Kim Hung)
LOI GIAL Quy ddng mau sb roi khai trién, ta can chimg minh
a’bc
4-) a*b>
P ED D v
cyc cyc
Str dung bat dang thirc quen thude 4 — 3" ab > abe, ta can chimg minh
cyc
be > a’b’c
abc
- 4 —bc
cyc
ab
S1>
Z4 —be
cyc
< 64 — 322ab + SZach + élzzazb2 > abc (Zazb + abc)
cyc cyc cyc cyc
Tiép tuc sir dung bat déng thirc trén,ta cin ching minh
64 — 322@5) + SZazbc + 4Za2b2 > 4abc
cyc cyc cyc
S 16-8¢+¢—r>0
vGi g = ab + bc + ca,r = abe.
Ap dung bit dang thitc AM-GM, ta c6 g2 > 97 nén can ching minh
e
16 — 8q + ¢* — 5 =0
< (¢—3)(g—6) >0.
Bét ding thirc cudi hién nhién ding nén ta c6 dpem.
Pang thuc xay ra khi va chi khia = b =c=1hoaca = 2,b = 1,c = 0 hodc cac hoan vi tuong ng. 0



Vidu 11 Cho cdc sé dwong a,b, c. Chitng minh rang

1+1+1> 3a n 3b n 3c
a b ¢ T a?2+2bc b242ca 2+ 2ab

(Duwong Dirc Lam)

Dita:= 1,b:= 7 ,c:= 1, bit ding thirc can ching minh tuong duong véi

Za > 3abcz2 T e

cyc
a(a? — be
* e 20
a3
& 3;2@27—1-1)0 > §a
Ap dung bat dang thirc Cauchy-Schwarz, ta c6

o (=)
Z

>
2a2 +bec ~ 23 a3 + 3abe

cyc

3 <§a2>2 > (Zy)) (2%}3 + 3abc>

Gia sitr a + b+ ¢ = 1, chuyén vé dang p, ¢, r, bit ding thirc trd thanh

Dén day, ta can ching minh

3(1—2¢)*>2—6g+9r
St dyung bét ddng thuc ¢ > 3r, ta cAn chitng minh
3(1 —2¢)% > 2 — 6¢ + 3¢?
&3 —12¢+12¢% > 2 — 6q + 3¢
& (1 —3q)? > 0 (dung).
Viy ta c6 dpem. Pang thirc xay ra khi va chikhia = b = c.
Vidu 12 Cho cdc s6 khéng am a, b, c. Chirng minh rang

1
at(b+c)+b*(c+a) +cta+b) < latb+ ).

(Vasile Cirtoaje)

LOI GIAL Chuén héa cho p = 1, bat dang thirc trd thanh

1
(1-3¢)q+ (5¢ — 1)r < 5

Dén day ta st dung mot thu thuat khi dung bat dang thirc Schur, d6 1 chia truong hop dé giai quyét



£ 1 411 ,
Neu g < ¢ thitaco

1 1/1-3¢+3¢\> 1
1-— —1r<(1- = Z(1— Qg < (24 TOdY
(1-3¢)g+ (5¢ — )r < (1 —3q)q 3( 3q) 3q_3( 5 > 5

Néu g > %,tac()

1 11
= —(—88¢°+32¢—3)+ — < o

(1-3¢)g+ (5¢ — 1)r < (1 —=3q)g+ (5¢ —1) - 5 =

O

Vay bat dang thirc dugc ching minh.
Ding thic xay rakhia = 0,b = %, c= %Vé céac hoan vi O
V6i ki thuat xét truong hop dé giai, chung ta c6 thé d& dang giai quyét cac bai toan sau

Bai toan 1 Cho cdc s6 khéng am a, b, ¢ théa mén a + b+ ¢ = 1. Chitng minh rang

1
(a® + %) (b* 4+ *)(c* +a?) < 35

HUGNG DAN. Nhan vao rdi rit gon, chuyén bit ding thirc vé dang p, ¢, 7, ta cin ching minh

1

2 3
— 23 — (2471 —4g) < —
¢ =20 —r(2+7r—4g) < o

Dén day chung ta xét 2 truong hop ¢ < % vag > 1. O

Bai todn 2 Cho cdc s6 dirong a,b, ¢ théa man abc = 1. Chitng minh rang

a b c 3
Zr3trstas sy
(Dwong Dirc Lam)
HUGNG DAN. Dua bat dang thirc vé mot ham theo p
f(p) =27p* — (54 + 12q)p + 9¢* — 58¢q + 120 > 0
Dén day chung ta chia thanh 2 truong hop 18¢ > 58 + 12p va 18¢ < 58 4 12p 0

Vi du 13 Cho cdc s6 khéng am a,b, ¢ théa man a2 + b% + ¢ = 8. Ching minh rdng
4(a+b+c—4) <abe.
(Nguyén Phi Hiing)
LO1 GIAL Theo gia thiét, ta co p? — 2¢ = 8. Mat khéc, theo bat déng thirc Schur bac 4, ta cé

(4g—p*)(P* —q)  (P* —16)(p* +8)

> =
"= 6p 12p
Vi vy, ta can chimg minh
(p* —16)(p* + 8)
>4(p—4
T2 >4(p—4)
—4 2(n2 —8
=" +2=8) - gang).
12p
Ding thirc x4y ra khi va chi khi @ = b = 2, ¢ = 0 hodc cac hoan vi twong tmng. 0



Vi du 14 Cho cdc s6 dwong a, b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

Va2 +abe Vb2 + abe \/02—|—abc< 1
b+ ca c+ ab a+bc T 2Vabe

LO1 GIAL Déi bién thanh p, ¢, 7, ta c6 bd dé

*(1—q)

<
"= 2239

Ap dung BDT Cauchy-Schwarz, ta c6

va? + abe
ot

a—+c
b+c
cyc cyc

Sa?+ > ab
cyc cyc < a+ C)

(a+b)(b+c)(c+a) pv b+c

[Z (a+b)(b+c)

b+c)(b+a)

Ta co

a+c 1 b 1 (@a+b+c)?
= — < —
b+c ZbJrc ZbJrc*ZbJrc > a2+ > ab
cyc cyc cyc cyc

cyc cyc

Nén ta can ching minh

Sa?+ > ab
cyce cyce Z 1 . 1 < 1
(a+b)(b+c)(c+ a) cycb—i—c >a?+ > ab| ~ dabe
cyce cyce
Ll-af(ltg 1) _1
g—r\g—r 1l—q/) 4r
— 2 _
L) o
q—r r
4(1 — ¢
L) a g,
q—r r
St dung bo dé, ta co
41— ¢*) ¢ _,  a(1-39)(5-Tq)

VT < 2(1—q)  ¢2(1—q)

_ — 2) —
e R = (1-q)(4—-T7q+¢)

Wl

Viy ta c6 dpem. Dang thic xay ra khi va chikhia = b = ¢ =
Nhan xét 1 Voi bai toan nay, ching t6i co 2 cau hoi thu vi xin danh cho cac ban
1. Chitng minh b6 dé ma chiing t6i da néu ¢ trén.

2. Hay chi ra con dwong dé tim bé dé nay.
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Vidu 15 Cho cdc s6 thie dwong a,b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

;4_ b >i
81(ab + be + ca) we=or

(Vo Thanh Vin)
LO1 GIAL Ap dung bat dang thirc Schur, ta ¢6

_p? _
o> PUg—p°) _dg—1
=9 9

Bét dang thirc can chimg minh twong duong véi

A8
8lg ' — 27

St dung bét dang thirc Schur, ta can ching minh

2
N 4 n 4q S 8
8lg 9 — 27
Bét dédng thic trén hién nhién ding theo bit déng thirc AM-GM nén ta c6 dpem. Dang thirc xay ra khi va chi
khia=b=c= % O
Vidu 16 Cho cdc s6 khéng am a,b, ¢ théa méan ab + be + ca = 1. Chirng minh rang

ab+1 be+1 ca+1
>3
a+b b+c c+a —

(Nguyén Manh Diing)

LOI GIAIL Ta co
ab+1 bec+1 ca+1
>3
a+b b+c c+a —
@Z(ab—l—l)(c—&-a)(c—&-b) >3(a+b)(b+c)(c+a)

cyc

= Z(ab +1)(c® +1) > 3[(a+ b+ c)(ab+ be + ca) — abc]

cyc
< (a? + 0% + %)+ ab+ be + ca+ abe(a + b+ ¢) + 3 + 3abe > 3(a +b + c)
s (a+b+c)?+abcla+b+c+3)+2>3(a+b+c)
DPitp=a+b+c,q=ab+bc+ ca=1,r = abc. Bit ding thitc can ching minh tr& thanh
P +r(p+3)—3p+2>0
S@-)Pp-2)+rP+3)=0

Néu p > 2 thi bat dang thirc hién nhién dung.
Néu 2 > p > /3, ap dung bit dang thtrc Schur, ta c6

p3 + 9r > 4pq

11



Ta can ching minh

4
p’—3p+2+(p+3)-
Spt+3pd —13p> +15p—18 <0
& (p—2)(p*+5p° —3p+9) <0

Bét dang thirc cudi hién nhién ding vip < 2 va

3\* 27
p3+5p23p+9—p3+4p2+<p2> +5 >0

Ta c6 dpem. Dang thirc xay ra khi va chi khi a = b = 1, ¢ = 0 hodc cac hoan vi O

Vidu 17 Cho cdc s6 dwong a,b, ¢ théa man abc = 1. Chirng minh rang

1 1 1
¥+bf2+cf2+322(a+b+c)

(Vietham MO 20006, B)
LOIGIAL Ptz = Ly = 1,2 = 1 taco zyz = 1, dong thdi dbi bién thanh p, g, 7, ta ¢ bat dang thirc trd
thanh O
P’ —29+3>2
Sd4g-p* <3
Ma bit ding thirc trén ding theo bit ding thirc Schur nén ta c6 dpcm. Dang thirc xay ra khi va chi khi

a=b=c=1.

Vi du 18 Cho cdc s6 khong ém a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chimg minh rang véi moi k > 1,

ta luén co
a b c_ . (a+b+c)(ab+ bc+ ca)

b+c+c+a+a+b a3+ b3 4¢3

>2Vk+1.
(Pham Sinh Tan)

LO1 GIAL D6i bién bat dang thirc theo p, ¢, va chuan hoa cho p = 1. Ta can chig minh bat dang thic

1-2
g3 T >ovk+1
q—r 1—3q+3r
Ta co
1—-2q+3r i q 1 -3q+3r i q
q—r 1-3¢+3r q—r 1—-3qg+3r
1—
i LU S SN/ Y
q 1—3q+3r
Pang thic xay ra khi (a, b, c) = (Wx, T, 0) hodc cic hoéan vi tuong tng. O

Mot s6 bai tap tuong tu

12



Bai toan 3 Cho cdc sé khéng dm a, b, c. Chitng minh rang véi moi k > 1, ta luén cé

a b L€ k(a—i—b)(b—l—c)(c—i—a)

>2VEk+1.
b+c+c—|—a a+b a3+ b3 4¢3 > 2Vk+

(Pham Sinh Tdn)
Bai toan 4 Cho cdc s6 khong am a,b, ¢, khéng cé 2 s6 nao dong thoi bang 0. Chiing minh rang

a b c 9(ab + bc + ca)
> 6.
b+c+c+a a+b a?+b*+c2

(Pham Sinh Tan)

Vidu 19 Cho céc s6 khéng am a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chitng minh rang

<bic)2+<cia>2+<aib>2+<a+m§%iﬂo+@232

(Duong Purc Lam)

2ac7y: 2b y = 2¢c ta co

LO]G[AI.DatI': bt +a’ atb’

zy+yz+zzxt+ayz=4

Bét dang thirc tro' thanh
z? +y? + 2% + bayz > 8

Dua bit déng thire vé dang p, g, r, tir gia thiét, ta co ¢ + r = 4 va bét déng thirc trd thanh
p® —2q+5r > 8
Spt—Tg+12>0
Néu 4 > P, SU dungbét déng thire Schur, ta co

2
I (Cl )
- 9
dg — 2
ﬂzqﬁ(qﬁﬂ
3
qu + 36
dp+9
7(p® + 36)
2 2
=p° —-Tq+12>p" — ——= +12
b ¢ =P 4p+9 *
Nén ta chi can chimg minh duoc
7(p? + 36)
2
——— 41220
P 4p+9 tlez
< (p—3)(p* —16) <0
Didu nay ding vi4 > p > /3¢ > 3.
Néu p > 4, ta co p?> > 16 > 4¢ nén
»?
P =2q+5r2p* - 20> 5 > 8

Vay bét déng thirc dugc chimng minh. Dang thirc xay rakhi = y = 2z = 1 hodc ¢ = y = 2,z = 0 hodc cac
hodn vi twong tng. O

13



Vi du 20 Cho cdc s6 khéng ém a,b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang

1 n 1 n 1 <§
6—ab 6-—bc 6—ca " 5

(Vasile Cirtoaje)
LOI GIAL Chuyén d6i bat dang thirc vé nhu sau
108 — 48¢ + 13pr — 3r2 >0
S 4(9—-49+3r)+r(l—r)>0
Ta thay bat dang thirc trén dung do

b 3
a++0> _

rabcg(
3

va theo bat dang thirc Schur thi

3p(4q — p?)
9

=3r+9—4q > 0.

3r > =49—-9

Viay bat ding thirc duge ching minh.
Pang thirc xay ra khi vachikhia =b=c=1hodca=0,b=c= % hodc cac hoan vi tuong tng. O

Vi du 21 Cho cdc s6 khéng ém a, b, ¢, khéng cé 2 s6 ndo dong thoi bang 0. Chitng minh rang

a’(b+c) b (c+a) c*(a+b)
b2+C2 62+a2 a2+b2

>a+b+ec.

(Darij Grinberg)

LOI1 GIAL Ap dung bét ddng thirc Cauchy-Schwarz, ta can chimg minh

2
lZ(ﬁ (b+c)?| > (Za) lZaQ (b4 c) (D + 2)

cyc cyc cyc

Dbi bién theo p, g, r, khi d6 bat dang thirc viét thanh
r(2p3 +9r—Tpq) >0

Ap dung BDT Schur, ta c6 p® 4+ 9r > 4pq va bat dang thirc quen thude p* — 3¢ > 0, ta c6 dpcm. Pang thirc
x4y ra khi va chi khi a = b = chodaca =b,c=0. O

Vi du 22 Cho cdc s6 khéng ém a,b, ¢ théa méan a + b+ ¢ = 1. Chiing minh rang
5(a® + % 4 ¢*) < 6(a® + b + ) + 1.
LO1 GIAL D6i bién vé p, ¢, 7, ta can ching minh
5—10¢g <6(1 —3¢+3r)+1

& 18r —8¢+2>0

Mic khac, bat dang thic trén dung theo bat déng thirc Schur nén ta c6 dpem. O
Va mét vi du dién hinh cho phuong phap nay la bat dang thuc Iran 1996
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Vi du 23 Cho cdc s6 khong am x,y, z, khéng cé 2 s6 ndo dong thoi bang 0. Chirng minh rang

1 1 1 9
vt (Gt G ) 2 0

(Iran MO 1996, Ji Chen)
LOI1 GIAL St dung phuong phap déi bién p, ¢, 7, ta chuyén bét dang thic vé dang nhu sau

[(ﬁ +49)° —4p(pq—7")] 29
(pg—r)? ~ 4

Bién doi twong dwong, rit gon, ta can chimg minh
dp*q — 17p*¢* + 4¢° + 34pgr — 9% > 0

< pq(p® — dpgr + 9r) + q(p* — 5p°q + 4¢* + 6pr) +r(pg — 9r) >0

Bét ddng thirc cudi dung nén ta c6 dpem. Ding thirc xay ra khi va chi khi 2 = y = z hodc = = y, z = 0 hodc
cac hoan vi tuong ung. O
Qua cac vi du trén, ¢6 18 cac ban ciing da dugc hinh dung it nhiéu vé bat dang thirc Schur va nhing tng dung
cua no trong phuong phap ddi bién p, ¢, . Dé két thiic bai viét nay, moi cac ban cung giai mot s6 bai tp sau

Bai todan 5 Cho cdc sé khong dm a, b, ¢ théa man o® + b3 + ¢ = 3. Chirng minh rdang
a*b* + bt + ctat < 3.

(Vasile Cirtoaje)

Bai todn 6 Cho cdc s6 khéng dm a, b, c. Chitng minh rang

a®> + b+ +2abc+1> 2(ab + be + ca).

(Darij Grinberg)

Bai todan 7 Cho cdc sé khéng dm a,b, ¢ théa man a® + b* + ¢ = 3. Chitng minh rdang

12 + 9abc > T(ab + be + ca).

(Vasile Cirtoaje)

Bai toan 8 Cho cdc s6 dwrong a, b, ¢ théa man abe = 1. Chimg minh rdang

1 1 1
<3.
a2—a+1+b2—b+1+c2—c—|—1*

(Vi Dinh Quy)
Bai toan 9 Cho cdc s6 thuc a,b, ¢ théa man a® + b* + ¢ = 9. Chitng minh rang
2(a+ b+ ¢) — abe < 10.
(Vietnam MO 2002, Tran Nam Diing)

Bai toan 10 Cho cdc s6 dwong a, b, ¢ théa mén abe = 1. Chitng minh rang

3 6

1 > .
+a+b+c_ ab + be + ca

(Vasile Cirtoaje)



Bai toan 11 Cho cdc $6 dwong a,b, ¢ théa man abe = 1. Chitng minh rdang
2(a® + % 4+ ¢*) +12 > 3(a + b+ ¢) + 3(ab + be + ca)
(Balkan MO)
Bai toan 12 Cho cdc s6 khong am a, b, c, khong cé 2 sé nao dong thoi bang 0. Chitng minh rang véi moi

k>3, ta
1 1 1 k 2VEk +1
+ + + > R
a+b b+c c+a a+b+cT ab+bc+ca

(Pham Kim Hung)
Bai todn 13 Cho cdc s6 khéng am a, b, ¢ théa man ab + be + ca + 6abe = 9. Chitng minh rdng
a+ b+ c+ 3abc > 6.
(Lé Trung Kién, Vé Quoc Ba Cén)

Bai toan 14 Cho cdc s6 khéng dm x,vy, z, khéng cé 2 s6 nao dong thoi bang 0. Tim hang sé a nhé nhat dé
bat dang thirc sau dung
3—a
(x+y+z)” <my+yz+zw> Lyt
3 3 - 8 '

(Ivan Borsenco, Irurie Boreico)

Bai toan 15 Cho cdc s6 dwong a, b, ¢ théa man abe = 1. Chitng minh rang

a+b+c> w/a® 4+ b3+ 3
3 - 3 '

Bai todn 16 Cho cdc s6 khéng am a,b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

1 1
a+b+b+c+c+a

247
+ 2abc > T
Bai toan 17 Cho a, b, c € [1,2]. Chitng minh rang
a*(b+c) + b*(c+a) + *(a +b) < Tabe.
Bai toan 18 Cho cdc s6 khéng am a, b, ¢ théa méin a + b+ ¢ = 3. Chitng minh rdang

5—ab 5—bc bH-—ca
+ + > ab+ bec + ca.
1+4+c¢ 1+a 1+0

(Vasile Cirtoaje)

CHUC CAC BAN THANH CONG!!!
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DON BIEN CcO DIEN VA BAT DANG THUC
JACK GARFUNKEL

V6 Qudc Ba Can
Dai hoc Y Duge Can Tho

Ngay 9 thang 5 nam 2008

Tém tit ndi dung

Trong bai nay, chiing ta sé gi6i thieu mot cach chitng minh bing phép don
bién cb dién cho bat ding thic sau

a n b n c <§
va+b Vb+c Vet+a 4

Bat ding thitc nay dugc tac gia Jack Garfunkel dé nghi trén tap chi Crux
Magazine nam 1991 (bai todn 1490). Day la mot bai toan hay va khé mic du
hién nay da nhan dugc nhidu 15i giai cho né nhung mot 1i gidi bang phép don
bién thuan tiy thi dén nay van chua nhan dugc.

va+b+c

Trude hét chiing ta can c6 két qua sau lam bd dé phu trg cho chitng minh bat dang
thic Jack Garfunkel

Bai toan 1 Cho cdc s6 khong am a, b, c, tat cd khong dong thoi bang 0. Chiing minh
rang

a b c 1

+ + <53

4da+4b+c 4b+4c+a  4dec+4da+b T 3

(Pham Kim Hung)

Lo1 GIAL. Chuan hoéa cho a + b+ ¢ = 3, khi dé bat dang thtic trd thanh

a n b n c <1
3—¢c 3—a 3-b"

<a(3—a)3—0)+bB-0)B—-c)+cB3-c)B83—-a)<B—-a)3-0)(3—0¢)
& a?b+ b%c + Pa + abe < 4

Khong mét tinh téng quat, gia sit b 1a s6 hang nim gitta a va ¢, thé thi ta c6

eb—a)(b—c) <0



= b%c+ ?a < abe + be?

1
= a’b+b*c+ca+abe < b(a—|—c)2=§-2b-(a—|—c)-(a—|—c)

<

1 2b+a+c+a+c 374
2 27 -

Bat ding thic dugc ching minh xong. Dang thiic xdy ra khi va chi khi a = b = ¢
hoac (a,b,c) ~ (2,1,0).

Nhan xét 1 Day la mot bo dé khd chat va cé thé duge dung dé gidi nhiéu bai todn
khdc, cdc ban hay ghi nhd né nhé! Ngoai ra, ching ta cé thé lam manh bo dé nhu sau

1
a®b+b*c + c*a + abe + §abc(3 —ab—bc—ca) <4

(Vo Quéc Ba Can)

]
Bay gio chiing ta sé di dén gidi quyét bai toan chinh
Bai toan 2 Cho cdc s6 khong am a,b, ¢, khong cé 2 s6 nao dong thoi bang 0. Chitng

minh rang
a b c

5
+ + 2
Va+b Vb+c eta T 4

(Jack Garfunkel)

LO1 c1A1. Ta xét 2 truong hop
Truong hop 1. ¢ > b > a, khi d6 st dung bat dang thitc Cauchy Schwarz, ta co

( a i b n cC >2<(a+b+c)< a n b n c )
Va+b Vb+ec et+a) T a+b b+c c+a

Lai c6 doc>b> anén

a n b n c
a+b b+c c+a

+} a—b+b—c+c—a
2\a+b b+c c+a
—a)(c—b)(b—a) < 3 <%

a+b)(b+c)cta) 2 16

Nén hién nhién
a b c

5
Jr —_
Va+b Vb+e eta 4
Truong hop 2. a > b > c.




Truong hop 2.1. 15—117 > a, khi dé sit dung bat ding thitc Cauchy Schwarz, ta c6
’ (da+ 4b+ ¢)
a a(4a + 40 + ¢ a
< kS N .z
(Z a+b> - [Z a+b <Z4a+4b—|—c>
cyc cyc cyc
ala+ b+ c) a
3
e el (v
a a
3 %
(Za) ( +CZyCa—|—b> <Z4a+4b—|—c>

cyc cyc
cyc cyc

Theo két qua bai toan truée, ta cé

Nén ta chi can chitng minh dudc

& (11a? + 6ab — 5b%)c + (ab + ¢*)(11b — 5a) > 0 (ding)

Truong hop 2.2. a > %b, dat f(a,b,c) = \/;Trb + \/lfJTc + \/ccTz Vi bai toan nay co
déing thitc xay ra tai a = 3,b = 1,¢ = 0 nén § tudng ctia ching ta sé 1a don 1 bién vé
0, titc 1a ching minh

f(aabac) S f(alyblao)

véia; +by=a+b+ec

Viéc lam nay néi c6 vé rat don gian nhung khi thyc hién, ban sé thay rat kho vi cac
biéu thitc trong cin rat kho cho ta dé danh gia ching, va néu ching ta cit "cb chap"
mot gia tri ai,b; hoai khi don bién thi ciing rat khé ma ta phai linh dong hon, tiy
theo nhiing trudng hop cu thé ma chon aq, b1 thich hgp tng véi nhitng trudng hop ay.
Chiing ta sé xét nhing truong hgp nhd nhu sau

Truong hop 2.2.1. a > 3b, khi d6 ta sé chitng minh

a a+ 35
<
Va+b Va+b+ec

2
sad*a+btc) < <a2+ac+c4) (a+0)

1
& 104(a +b) > 0 (dang)



b
b+
\/b+c \/c+a
Do a > 3b nén ta chi can chiing minh duge
A -
VvVb+c V3b+c T 2
L + <bt <
b+c 3b+c (b+c)Bb+c) — 2
o 2 L 2bc <E_|_ be
3b+c (b+c)(3b+c) 2 b+tc
c 2b b 1

<~ + < + =
3b+c (b+c)(3b+c)  b+c 2
Do b > cnén 3b+ ¢ > 2(b+ c¢), suy ra

2b - V20 - 3b
(b+c)(3b—|—c)7b—|—ci2(b—|—c)

Lai c6
1 b c 3b e(b—c)

_ — = >
+b—|—c 3b+c 2(b+c) 2(b—|—c)(3b—|—c)*0

Ti day, ta di dén
f(abc)<f(a+ b—|— )

Truong hop 2.2.2. 3b > a > %b, khi do, ta sé ching minh

a a+ic
Va+b  Va+b+ec

a*(a+b+c) < (a —I—Sac—l—élc)(a—&-b)

9 1
il —_a) > <
© 51¢ *(a+b)+ 4ca(3b a) > 0 (ding)

b

)
\/7 \/7 b—&-fc




Tuwong tg nhu trén, ta chi can chiing minh duge

LA S N P
Vb+c \/C+%b_ 8

b? c? 2bc 5
@b +5b + <b+ —c
e sbte v/ (b+¢)(3b+c)
N c? L 2bc <50+ be
. <2
sbte Jb+e)Ebte B bFe
N c L 2b < b +5
. < hd
sbte Jb+e)Bb+e Ote 8
Do b > ¢ nén . . 0 o
z > - == > 22
2b+C_4(b+C) 16(b+c)_16(b+c)
N 2b < 8b
(b+c)(Bb+c) O+
Lai c6
§+ b 8 c (b+lOc)(5b73C)>0
8 b+c Bb+c) Sb+c  40(b+c)(5b+2c) T
Vay nén

flab,c) < f (a +lebt e, 0>

Truong hop 2.2.5. gb >a> 15—1b, khi d6 ta sé ching minh

a a+ ¢
Va+b  Va+b+ec

5 25
2 c(a22?2 2
sa*(a+b+c) < (a +7ac+196c>(a+b)

25 1
& ECQ(CL +b) + ?ca(Bb —2a) > 0 (ding)

b c / 9
+ <\/b+ —
vb+c Veta T 140




Tuwong tg nhu trén, ta chi can chiing minh duge

L S N
Vb+c \/c+%b_ 14
o b? n c? n 2bc <b+gc
b+c 15—1b+c (b—l—c)(%lﬂ—c)i 14
©1152 + 2be Sgc—i— be
Fb+ec \/m 14" b+ec
- c 2b < b 9

+ +
11 >
—5b+c (b+c)(151b—|—c) b+c 14

Do b > ¢ nén 1 . o
- > Z > -
5 b+c> 5(b—|—c) > 16(b+c)
_ 2b __ 8
(b+c)(Hb+c) P+
Lai ¢6
9 b 8b ¢ 330* 4 160bc — 125¢°

M brc B50+0 Dhic 700+ c@Eb+20)
Vay nén

5 9
< — —
i(a,b,c) f(a+14c,b+1 C,O>

Nhu vay, ta chi can xét bai toan trong truong hdp cé 1 bién bang 0 1 di. Khong méat
tinh tdng quét, gia st ¢ = 0. Khi d6 bat déng thic tré thanh

a 5
—— +Vb< SVa+b
va+b =V

<Sa++/bla+b) < -(a+?)
& 4/b(a+b) < a+5b
& (Vatb- 2\/5)2 > 0 (ding).

Bai toan duge gidi quyét xong.

= | Ot



Nhan xét 2 Trong loi gidi trén, mac du khong st dung mdy tinh phu tro nhung tai
sao ta lai chia dugc truong hop cé so lé g? Cau tra 101 zin duge danh cho cdc ban.
Day la mot loi gidi das va khd phic tap nhung né goi md cho ching ta nhiéu diéu
trong viéc st dung phép don bién. T zua dén nay, ching ta thuong "co hiu" chi khu
khw mot s6 kiéu don bién, chdng han nhu

F(a,b.c) Sf(a+b ‘”b,c)

2 72
fla,b.¢) < fla+e,b,0)
f(a,b,e) < f (a+ 5,6+ 5,0)

Nhung nhiing diéu nay khong phdi lic nao ciing luon cé ma chi cé trong mot sé rat it
truong hop. Vi thé, chiing ta can linh dong hon nita trong phép don bién, chding han
trong bai nay

f(a7 bv C) S f(a’hbla 0)

vdia; +bp =a+b+ec
Day la mot i tudng doc ddo va khd thid vi.

]
Phan cubi cing ctia bai viét, chiing toi xin dudc gidi thieu cting cdc ban mot sd ching
minh khac ma ching t6i dude biét cho bai toan dep nay.
LOI GIAI 2. 'Dat b+c=22%,c+a=19y%a+b= 2% v6i x,y,z > 0, tit day ta dugc
2,2 _ .2 2, .2 _ 2 2,2 2

-z 24zt — x —z
ZLZQ bzuzov CZLZO

2 2 2
Bét dfing thic da cho dudc viét lai thanh

a

2 2 2 2 2 2 2 2 2
+z¢—x z2°+x° — x° + -z
Y + Y + Yy
4 x Y
(z+y+2)(z—y(y—2) (-2

)
Srtyt+z+ < —V2(2? +y? 4 22)
TYZ 4

5
< 1 2(x? + y% + 22)

Tit day, khong mat tinh téng quat, ta cé thé gid st z > z > 2, khi d6 sit dung bét
déng thiic Cauchy Schwarz, ta cé

2@+ y?2+22) > v+ y? + 22
Nén ta chi can chitng minh dudgc

chyra BRI NO-ACo)

o

(a:—|— y? +z2)

1By G.P. Henderson
2why?



& f(z) <0
vii
s ft) = 4z—ytd —tPyz+ (4y3 +4y?z + dy2® — 423 — byz/y? + 22) t
+4yz(22 —y*) <0

Néu y = z thi ta c6
f(z) = —ay? {(x —y)+ (5\[— 7) y} <0
Néu z >y, ta c6

lim f(t) = —00, f(()) = 4y2(22 - Z—/2) > 0, tliglof(t) =0

t——o0

Lai c6

2 3y —4 2
f(z) = —y2? {5\/y2+z2—4y—3z} _ vy -4 <0
5 Y% + 22 + 4y + 3z

2
f (\/m) = 2yz (4y\/y2 + 22 — 5y? — 22) = —2yz (\/ Y2+ 22 — Qy) <0
Ta suy ra dugc f(t) c6 3 nghiem thyc, cu thé, 1 nghiem am, 1 nghiem thuoc (0, z)
vA mot nghiém thuoc [\/y2 + 22, oo) . Mat khac, f(¢) 14 mot ham da thitc bac 3 véi
hé s6 thyc nén né c6 t6i da 3 nghiem. T day, ta suy ra duge f(t) c6 ding 3 nghiém:
to < 0,t; €(0,2),t2 € [\/yQ + 22, oo) . T day, bang cach lap bang xét dau, ta thiy

f) <0 Vi <t <ty

Ma ta c6
1 <z<z<+\y?+22<ty
nén hién nhién ta c6
f(z) <0.
Bét ding thic duge chiing minh xong.

Nhan xét 3 Dady la mot ching minh hay va ddc sdc dya trén tinh chat vé ddu cia
ham da thitc bac 3 nhung dé nghi dén dugc dieu nay qud that khong phdi dé...



LOI GIAT 3. 3Stt dung bat déng thiic Cauchy Schwarz, ta c6

(Z aa+b> S[Za(5a+b+90)

cyc cyc

= 5<§a>2

[Z (a+b)(5a+ b+ 9c)

cyc

%; (a+b)(5a + b+ 9c)

Ta can chiing minh

a 5
< —
(Zy:“> [Xy: (@a+b)(5a+b+9c)| = 16
Nhung bat déing thitc nay hién nhién ding vi
5 a A+ B
16 <§a> l%; (a+b)(5a+b+9)|  C
trong do6
A = aba+b)(a+9b)(a—3b)>>0
cyc
B = 243) a®0’c+835) a’bPc+232) a'be + 12304’ > 0
cyc cyc cyc

C = 16(a+b)(b+c)(c+a)(ba+b+9c)(5b+ c+ 9a)(5¢c+ a + 9b) > 0.

Déng thitc xay ra khi va chi khi 5= % = § hodc cac hoan vi tuong ting. ]
Chiing ta con c6 3 16i gidi khac cho bai toan nay, 1 bing don bién toan mién, 1 bing
don bién-khao sat ham sb, 1 bing k§ thuat pgr nhung trén quan niém c4 nhan, ching
toi cho ring nhitng 18i gidi iy déu khong mang nét diic sic rieng nén ching t6i sé
khong gidi thiéu ching & day.

Chiing t6i xin dugc két thic bai viét & day. Xin cdm on céc ban da theo déi bai viét
nay!

Regards
V6 Quéc Ba Can

3By V6 Quéc Ba Can, due to CYH techniques
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