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SKOLIAD No. 129

Lily Yen and Mogens HansenPlease send your solutions to problems in this Skoliad by June 1, 2011. Aopy of CRUX with Mayhem will be sent to one pre-university reader whosends in solutions before the deadline. The deision of the editors is �nal.
Our ontest for this month is the City Competition of the CroatianMathematial Soiety, 2010, seondary level, grade 1. Our thanks go to �ZeljkoHanj�s, University of Zagreb, Croatia, for providing us with this ontest andfor permission to publish it.Comp�etition 2010 de la Soi �et �e math �ematique roateNiveau seondaire, premi �ere ann �ee1. Soit n un entier positif et a un nombre r �eel non nul. Simpli�er la fration

a3n+1 − a4

a2n+3 + an+4 + a5
.

2. Trouver un entier positif qui, multipli �e par 9 donne un entier ompris entre
1100 et 1200, et lorsque multipli �e par 13 donne un entier ompris entre 1500et 1600.3. Dans le plan, on donne trois erles de rayon 2, de sorte que le entrede haun d'eux se trouve �a l'intersetion des deux autres. Trouver l'aire del'intersetion des trois disques limit �es par es erles.4. On onsid �ere l'entier n. Soit m l'entier obtenu �a partir de n en y bi�antle hi�re des unit �es. Si n−m = 2010, trouver n.5. Un sa ontient un grand nombre de balles rouges, blanhes et bleues.Chaque enfant d'un groupe donn �e sort du sa au hasard trois balles. Quel estle nombre minimal d'enfants dans e groupe permettant que deux d'entreeux aient la même ombinaison de balles, .- �a-d. le même nombre de ballesde haque ouleur ?6. Si a2 + 2b2 = 3c2, montrer que�

a+ b

b+ c
+
b− c

b− a

�
· a+ 2b+ 3c

a+ cest un entier positif.
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7. Un triangle retangleABC, d'angle droit enB et dont les ôt �es de l'angledroit mesurent 15 et 20, est ongruent �a un triangle BDE ave l'angle droiten D. Le point C est situ �e stritement �a l'int �erieur du segment BD, et lespoints A et E sont situ �es du même ôt �e de la droite BD.(a) Trouver la distane entre les points A et E.(b) Trouver l'aire de l'intersetion des triangles ABC and BDE.8. Soit p et q deux nombres premiers impairs distints. Montrer que l'entier
(pq + 1)4 − 1 poss �ede au moins quatre diviseurs premiers di� �erents.

City Competition of the Croatian MathematialSoiety, 2010Seondary level, Grade 11. Let n be a positive integer and a a non-zero real number. Redue thefration
a3n+1 − a4

a2n+3 + an+4 + a5
.2. Find a positive integer whih when multiplied by 9 gives an integer be-tween 1100 and 1200, and when multiplied by 13 gives an integer between

1500 and 1600.3. Three irles, eah with radius 2, are given in the plane suh that theentre of eah lies on the intersetion of the other two. Determine the areaof the intersetion of the three disks bounded by those irles.4. Consider the integer n. Letm be the integer obtained from n by removingits ones digit. If n−m = 2010, �nd n.5. A bag ontains a suÆient number of red, white, and blue balls. Eahhild in a given group takes three balls at random from the bag. What is thesmallest number of hildren in the group that ensures that two of them havetaken the same ombination of balls, that is, the same number of balls ofeah olour?6. If a2 + 2b2 = 3c2, prove that�
a+ b

b+ c
+
b− c

b− a

�
· a+ 2b+ 3c

a+ cis a positive integer.7. A right triangle, △ABC, with legs of lengths 15 and 20 and the rightangle at vertex B is ongruent to a triangle, △BDE, with the right angle atvertexD. The point C lies stritly inside the segment BD, and the points Aand E are on the same side of the straight line BD.



483
(a) Find the distane between points A and E.(b) Find the area of the intersetion of △ABC and △BDE.8. Let p and q be di�erent odd prime numbers. Prove that the integer

(pq + 1)4 − 1 has at least four di�erent prime divisors.
Next we give the solutions to the City Competition of the CroatianMathematial Soiety, 2009, Seondary Level, Grade 1, given in Skoliad 123at [2010 : 67{68℄.1. Redue the fration

a4 − 2a3 − 2a2 + 2a+ 1

(a+ 1)(a+ 2)
.

Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.First, fator the numerator:
a4 − 2a3 − 2a2 + 2a+ 1 = (a4 − 2a2 + 1) − 2a3 + 2a

= (a2 − 1)2 − 2a(a2 − 1) = (a2 − 1)(a2 − 2a− 1)

= (a+ 1)(a− 1)(a2 − 2a− 1) .Therefore,
a4 − 2a3 − 2a2 + 2a+ 1

(a+ 1)(a+ 2)
=

(a+ 1)(a− 1)(a2 − 2a− 1)

(a+ 1)(a+ 2)

=
(a− 1)(a2 − 2a− 1)

a+ 2
.Also solved by NATALIA DESY, student, SMA Xaverius 1, Palembang, Indonesia.Note that the denominator is already fatored as (a + 1)(a + 2). Therefore, the onlyandidates for reduing are a+1 and a+2. If you make a = −2 in the numerator, you get 21,so the expression annot be redued by a + 2. If you make a = −1 in the numerator, youget 0, so reduing by a+1 is possible. You an now obtain the answer by polynomial division.2. If you write the digit 3 on the left side of a two-digit number, you ob-tain, of ourse, a three-digit number. If twie the three-digit number equals

27 times the two-digit number, what is the original two-digit number?Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.Let x be the original two-digit number. When the digit 3 is inserted infront of x, the resulting three-digit number is 300+x. The given relationshipbetween the two numbers is then that 2(300 + x) = 27x. Solving thisequation yields that x = 24.
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Also solved by ELLEN CHEN, student, Burnaby North Seondary Shool, Burnaby, BC;LENA CHOI, student, �Eole Dr. Charles Best Seondary Shool, Coquitlam, BC; NATALIA DESY,student, SMA Xaverius 1, Palembang, Indonesia; and GESINE GEUPEL, student, Max ErnstGymnasium, Br �uhl, NRW, Germany.3. Find the largest integer n suh that 3

�
n− 5

3

�
− 2(4n+ 1) > 6n+ 5.Solution by Ellen Chen, student, Burnaby North Seondary Shool, Burnaby,BC. If 3(n− 5

3
) − 2(4n+ 1) > 6n+ 5, then 3n− 5 − 8n− 2 > 6n+ 5, so

−5n− 7 > 6n+ 5, so −12 > 11n. Thus n < −12
11

≈ −1.09, so the largestinteger value for n is −2.Also solved by MATTHEW NG, student, St. Franis Xavier Seondary Shool, Missis-sauga, ON.4. Find the number of divisors of 288.Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.The prime fatorisation of 288 is 25 · 32. Therefore, any divisor of 288has the form 2a · 3b, where a and b are integers suh that 0 ≤ a ≤ 5 and
0 ≤ b ≤ 2. You have 6 hoies for a and 3 hoies for b, for a total of
6 · 3 = 18 hoies. These are 1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 32, 36, 48,
72, 96, 144, and 288.Also solved by LENA CHOI, student, �Eole Dr. Charles Best Seondary Shool, Coquit-lam, BC; NATALIA DESY, student, SMA Xaverius 1, Palembang, Indonesia; GESINE GEUPEL,student, Max Ernst Gymnasium, Br �uhl, NRW, Germany; and ALISON TAM, student, BurnabySouth Seondary Shool, Burnaby, BC.Our solver's method for ounting divisors is muh easier than listing divisors systemati-ally. If you were not familiar with it, read the solution again.5. In the �gure, ABCDEF is a regu-lar hexagon while EFGHI is a regularpentagon. Determine the angle ∠GAF . ..........................................................................
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Solution by Natalia Desy, student, SMA Xaverius 1, Palembang, Indonesia.The angle sum of an n-gon is 180(n−2), so the angle sum of a hexagonis 720◦ and the angle sum of a pentagon is 540. Sine the polygons inthe problem are regular, ∠AFE = 120◦ and ∠GFE = 108◦. Therefore,
∠AFG = 360◦ − 120◦ − 108◦ = 132◦. Sine FG = EF = AF , △AFG isisoseles, so

∠GAF =
180◦ − 132◦

2
= 24◦ .Also solved by ELLEN CHEN, student, Burnaby North Seondary Shool, Burnaby, BC;and MATTHEW NG, student, St. Franis Xavier Seondary Shool, Mississauga, ON.



485
6. In a trapezoid ABCD, the angle at B is a right angle, and the diagonal
BD is perpendiular to the leg AD. The length of the leg BC is 5, and thelength of the diagonal BD is 13. Find the area of the trapezoid ABCD.Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.For diagonal BD to be perpendiular to AD, theparallel sides of the trapezoid must be AB and CD, as inthe �gure. Thus, ∠ABC = ∠BCD = ∠ADB = 90◦. Itnow follows from the Pythagorean Theorem that CD =√

132 − 52 = 12. Moreover, ∠ABD = ∠BDC, so
△ABD is similar to △BDC. Therefore, AB

BD
=

BD

DC
,so AB

13
=

13

12
, so AB =

169

12
.The area of trapezoid ABCD is thus

AB + CD

2
·BC =

169
12

+ 12

2
· 5 =

1565

24
.Also solved by NATALIA DESY, student, SMA Xaverius 1, Palem-bang, Indonesia.
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7. At Tihana's birthday party, the �rst guest arrived the �rst time the bellrang. Eah time the bell rang thereafter the number of guests arriving wastwo more than the number that had arrived the previous time the bell rang.If the bell rang n times, how many guests attended the party?Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.From the pattern in the table below it is easy to see that 2n− 1 guestsarrived when the bell rang the nth time:Time the bell rang 1st 2nd 3rd 4th . . . nthGuests arriving 1 3 5 7 . . . 2n− 1The total number of guests is then the sum of the numbers in the seondrow in the table, 1 + 3 + 5 + 7 + · · · + (2n − 1). But this is an arithmetisum with �rst term 1, last term 2n − 1, and n terms. Therefore, the sum is
1 + (2n − 1)

2
· n =

2n

2
· n = n2.If you are not familiar with our solver's formula for the sum of an arithmeti sequene,you an use Gauss' trik:

1 + 3 + · · · + (2n − 3) + (2n − 1) = S
(2n − 1) + (2n − 3) + · · · + 3 + 1 = Sso that

2n + 2n + · · · + 2n + 2n| {z }
n opies = 2SThus, 2n2 = 2S and S = n2.
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8. Determine all positive integers n suh that n2 − 440 is the square of aninteger.Solution by Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.If n2 − 440 = k2, where k is a positive integer, then

440 = n2 − k2 = (n+ k)(n− k) .Therefore, n+ k and n− k must both be (positive, integer) divisors of 440.Sine 440 = 23 · 5 · 11, the only divisors are 1, 2, 4, 5, 8, 10, 11, 20, 22, 40,
44, 55, 88, 110, 220, and 440. [Ed.: To �nd the divisors, see the solution toProblem 4 above.℄ To redue the number of ases to hek, note that n+k islarger than n− k and that they have the same parity (that is, they are eitherboth even or both odd). That leaves just four ases:If n+ k = 220 and n− k = 2, then n = 111 and k = 109.If n+ k = 110 and n− k = 4, then n = 57 and k = 53.If n+ k = 44 and n− k = 10, then n = 27 and k = 17.If n+ k = 22 and n− k = 20, then n = 21 and k = 1.Thus, the only possible values for n are 21, 27, 57, and 111.Also solved by NATALIA DESY, student, SMA Xaverius 1, Palembang, Indonesia.

This issue's prize of one opy of CRUX with MAYHEM for the bestsolutions goes to Matthew Ng, student, St. Franis Xavier Seondary Shool,Mississauga, ON.We hope that our readers will enjoy the featured ontest and that theywill share their joy by submitting one or more solutions for publiation.
NOTICE TO CRUX READERSThe CMS is in the proess of appointing a new Editor-in-Chief for 2011as well as �nding a number of setion editors. The situation is ausing severeprodution problems with the journal and has aused delays in 2010 and isexpeted to ause delays in the delivery of issues in 2011.The CMS apologizes for this disruption and delay in servie.Johan Rudnik,Managing Editor and CMS Exeutive Diretor.
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MATHEMATICAL MAYHEMMathematial Mayhem began in 1988 as a Mathematial Journal for and byHigh Shool and University Students. It ontinues, with the same emphasis,as an integral part of Crux Mathematiorum with Mathematial Mayhem.The Mayhem Editor is Ian VanderBurgh (University of Waterloo). Theother sta� member is Monika Khbeis (Our Lady of Mt. Carmel SeondaryShool, Mississauga, ON).

Mayhem ProblemsVeuillez nous transmettre vos solutions aux probl �emes du pr �esent num�eroavant le 1 avril 2011. Les solutions re�ues apr �es ette date ne seront prises en ompteque s'il nous reste du temps avant la publiation des solutions.Chaque probl �eme sera publi �e dans les deux langues oÆielles du Canada(anglais et fran�ais). Dans les num�eros 1, 3, 5 et 7, l'anglais pr �e �edera le fran�ais,et dans les num�eros 2, 4, 6 et 8, le fran�ais pr �e �edera l'anglais.La r �edation souhaite remerier Jean-Mar Terrier, de l'Universit �e deMontr �eal, d'avoir traduit les probl �emes.
M463. Propos �e par l' �Equipe de Mayhem.Dans un arr �e ABCD de ôt �e 2

√
2 on dessine un erle de entre A etde rayon 1. On dessine un seond erle de entre C de sorte qu'il touhejuste le premier au point P sur AC. D �eterminer l'aire totale des r �egions �al'int �erieur du arr �e mais �a l'ext �erieur des deux erles.M464. Propos �e par l' �Equipe de Mayhem.Soit ⌊x⌋ le plus entier n'ex �edant pas x. Par exemple, ⌊3.1⌋ = 3 et

⌊−1.4⌋ = −2. Trouver tous les nombres r �eels x tels que ⌊
√
x2 + 1−1⌋ = 2.M465. Propos �e par Antonio Ledesma L �opez, Institut d'Eduation Se-ondaire No. 1, Requena-Valene, Espagne.L'entier 20114022 est divisible par 2011. Trouver s'il existe un entierpositif divisible par 2011 et dont la somme des hi�res donne 2011.M466. Propos �e par Pedro Henrique O. Pantoja, �etudiant, UFRN, Br �esil.Trouver toutes les paires (m,n) d'entiers positifs tels que 2m −2 = n!.M467. Propos �e par Neulai Staniu, �Eole seondaire George Emil Palade,Buz�au, Roumanie.Trouver tous les nombres r �eels x pour lesquels

(x− 2010)3 + (2x− 2010)3 + (4020 − 3x)3 = 0 .
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M468. Propos �e par Gheorghe Ghit� �a, Coll �ege National \M. Eminesu",Buz�au, Roumanie.Trouver toutes les paires (p, q) de nombres premiers telles que

p+ q, p+ q2, p+ q3, p+ q4,soient premiers.M469. Propos �e par Antonio Ledesma L �opez, Institut d'Eduation Se-ondaire No. 1, Requena-Valene, Espagne.Montrer que pour tous les nombres r �eels x, on a�
2sin x + 2cos x

�2
≥ 22−

√
2 ..................................................................M463. Proposed by the Mayhem Sta�.The square ABCD has side length 2

√
2. A irle with entre A andradius 1 is drawn. A seond irle with entre C is drawn so that it justtouhes the �rst irle at point P on AC. Determine the total area of theregions inside the square but outside the two irles.M464. Proposed by the Mayhem Sta�.Let ⌊x⌋ be the greatest integer not exeeding x. For example, ⌊3.1⌋ = 3and ⌊−1.4⌋ = −2. Find all real numbers x for whih ⌊

√
x2 + 1 − 1⌋ = 2.M465. Proposed by Antonio Ledesma L �opez, Instituto de Eduai �on Se-undaria No. 1, Requena-Valenia, Spain.The integer 20114022 is divisible by 2011. Determine if there exists apositive integer that is divisible by 2011 and whose digits add to 2011.M466. Proposed by Pedro Henrique O. Pantoja, student, UFRN, Brazil.Determine all pairs (m,n) of positive integers suh that 2m − 2 = n!.M467. Proposed byNeulai Staniu, George Emil Palade Seondary Shool,Buz�au, Romania.Determine all real numbers x for whih

(x− 2010)3 + (2x− 2010)3 + (4020 − 3x)3 = 0 .
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M468. Proposed by Gheorghe Ghit� �a, M. EminesuNational College, Buz�au,Romania.Determine all pairs (p, q) of prime numbers for whih eah of p + q,
p+ q2, p+ q3, and p+ q4 is a prime number.M469. Proposed by Antonio Ledesma L �opez, Instituto de Eduai �on Se-undaria No. 1, Requena-Valenia, Spain.Prove that, for all real numbers x, we have �2sin x + 2cos x

�2
≥ 22−

√
2.

Mayhem SolutionsWe aknowledge a orret solution to problem M413 by Samuel G �omezMoreno, Universidad de Ja �en, Ja �en, Spain, and a orret solution to problemM419 by Paolo Perfetti, Dipartimento di Matematia, Universit �a degli studidi Tor Vergata Roma, Rome, Italy. Our apologies for these oversights.
M426. Proposed by the Mayhem Sta�.Determine the number of positive integers less than or equal to 1000000that are divisible by all of the integers 2, 3, 4, 5, 6, 7, 8, 9, and 10.Solution by Winda Kirana, student, SMPN 8, Yogyakarta, Indonesia.A positive integer is divisible by all of the integers from 2 to 10 if it isdivisible by the least ommon multiple (lm) of these numbers.We an write this list of integers in terms of their prime fatorizationsas 2, 3, 22, 5, 2×3, 7, 23, 32, 2×5. Therefore, lcm(2, 3, 4, 5, 6, 7, 8, 9, 10) =
23 × 32 × 5 × 7 = 2520.Now the largest integer less than or equal to 1 000 000 that is divisibleby 2520 is 2520×396. This is beause the quotient when 1 000 000 is dividedby 2520 is 396 and the remainder is 2080.Thus, there are 396 positive integers less than or equal to 1 000 000that are divisible by all of the integers from 2 to 10. (These 396 integers arethe multiples of 2520 from 2520 × 1 to 2520 × 396.)Also solved by JACLYN CHANG, student, Western Canada High Shool, Calgary, AB;NATALIA DESY, student, SMA Xaverius 1, Palembang, Indonesia; SAMUEL G �OMEZ MORENO,Universidad de Ja �en, Ja �en, Spain; GEOFFREY A. KANDALL, Hamden, CT, USA; DAVIDE. MANES, SUNY at Oneonta, Oneonta, NY, USA; RAFAEL MARTINEZ CALAFAT, I.E.S. LaPlana, Castellon, Spain; AFIFFAH NUUR MILA HUSNIANA, student, SMPN 8, Yogyakarta,Indonesia; RICARD PEIR �O, IES \Abastos", Valenia, Spain; BRUNO SALGUEIRO FANEGO,Viveiro, Spain; EVEREST SHI, student, Burnaby North Seondary Shool, Burnaby, BC; JOHNWYNN, student, Auburn University, Montgomery, AL, USA; and INGESTI BILKIS ZULPATINA,student, SMPN 8, Yogyakarta, Indonesia. One inorret solution was submitted.
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M427. Proposed by the Mayhem Sta�.A semiirle has diameter AB. Equilateral triangle ABC is drawn onthe same side ofAB as the semiirle. Determine the area of the region thatlies inside the triangle and outside the semiirle.Solution by Neulai Staniu, George Emil Palade Seondary Shool, Buz�au,Romania, modi�ed by the editor.Suppose that r is the radius of the semi-irle. Let O be the entre of the semiirleand pointsM and N where the semiirle in-tersets AC and BC, respetively. Join OM ,
ON , andMN .Note that OA = OM = ON = OB,sine eah is a radius. Sine △ABC is equi-lateral, ∠ABC = ∠ACB = ∠BAC = 60◦.Sine OA = OM , then △OMA isisoseles and ∠AMO = ∠MAO = 60◦. Thistells us in fat that △OMA is equilateral, be-ause its third angle also equals 60◦. Simi-larly, △ONB is equilateral.
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A O B

M N

C

Now ∠MON = 180◦ − ∠MOA − ∠NOB = 180◦ − 60◦ − 60◦ =
60◦. Sine OM = ON , then in fat △OMN is also equilateral sine theremaining two angles are equal and add to 120◦.Note that ∠CMN = 180◦ −∠AMO−∠OMN = 180◦ −60◦ −60◦ =
60◦. Similarly, ∠CNM = 60◦, so △CMN is also equilateral.Sine eah of △OMA, △ONB, △OMN , and △CMN is equilateral,and eah shares a side with one of the others, then these four equilateraltriangles all have the same side length and so are all ongruent.The area inside △ABC but outside the semiirle is equal to the areaof rhombusMONC minus the area of setorMON .Now rhombus MONC is made up of the two ongruent equilateraltrianglesMON andCMN . Eah is an equilateral triangle with side length r(the radius of the semiirle), and so eah has area √

3

4
r2. (We ould alulatethis by onstruting an altitude in one of these triangles.) Therefore, the areaof rhombusMONC is 2 ·

√
3

4
r2 =

√
3

2
r2.SetorMON has angle 60◦, and so has area 60◦

360◦ · πr2 =
1

6
πr2.Therefore, the area of the region is √

3

2
r2 − 1

6
πr2.Also solved by NATALIA DESY, student, SMA Xaverius 1, Palembang, Indonesia;GEOFFREY A. KANDALL, Hamden, CT, USA; WINDA KIRANA, student, SMPN 8, Yogyakarta,Indonesia; HUGO LUYO S�ANCHEZ, Ponti�ia Universidad Cat �olia del Peru, Lima, Peru;RAFAEL MARTINEZ CALAFAT, I.E.S. La Plana, Castellon, Spain; RICARD PEIR �O, IES \Abas-tos", Valenia, Spain; BRUNO SALGUEIRO FANEGO, Viveiro, Spain; EVEREST SHI, student,Burnaby North Seondary Shool, Burnaby, BC; and KONSTANTINE ZELATOR, University ofPittsburgh, Pittsburgh, PA, USA. One inorret solution was submitted.
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M428. Proposed byNeulai Staniu, George Emil Palade Seondary Shool,Buz�au, Romania.Determine all integers x for whih

(4 − x)4−x + (3 − x)3−x + 20 = 4x + 3x .Solution by John Wynn, student, Auburn University, Montgomery, AL, USA,modi�ed by the editor.We will examine three ases to show that there is only one integer xthat satis�es the equation.Case 1: x ≥ 3. We note �rst in this ase that if x = 3 or if x = 4, the left sidewill inlude a term of the form 00. We ould sensibly adopt the onventionthat this is unde�ned, that it equals 0, or that it equals 1. Using any of theseonventions, we �rst show that neither x = 3 nor x = 4 is a solution.Substituting x = 3, we see that the left side equals 11 +00 +20, whihis either unde�ned or equal to 21 or 22. When x = 3, the right side equals
43 + 33, whih equals 91. Therefore, the equation is not satis�ed, no matterwhih onvention we adopt.Substituting x = 4, we see that the left side equals 00 + (−1)−1 + 20,whih is either unde�ned or equal to 19 or 20. When x = 4, the right sideequals 44 + 34, whih equals 337. Therefore, the equation is not satis�ed,no matter whih onvention we adopt.When x ≥ 5, we have that 4x + 3x ≥ 45 + 35 = 1267.Also note that when x ≥ 5, we have 4 − x ≤ −1 and 3 − x ≤ −2and so |4 − x| ≥ 1 and |3 − x| ≥ 2. Therefore, |4 − x|x−4 ≥ 1 and
|3 − x|x−3 ≥ 22 = 4. Thus, (4 − x)4−x =

1

(4 − x)x−4
≤ 1

|4 − x|x−4
≤ 1 and

(3 − x)3−x =
1

(3 − x)x−3
≤ 1

|3 − x|x−3
< 1. Therefore, when x ≥ 5, theright side is at least 1267 and the left side is at most 22, so no suh value of

x satis�es the equation.Case 2: x ≤ 1. When x ≤ 1, we have 4x + 3x ≤ 41 + 31 = 7. Also, when
x ≤ 1, we have that 4 −x ≥ 3 and 3 −x ≥ 2, so (4 − x)4−x ≥ 33 = 27 and
(3 − x)3−x ≥ 22 = 4. Therefore, the left side is at least 27 + 4 + 20 = 51and the right side is at most 7. Thus, there are no solutions in this ase.Case 3: x = 2. Here, the left side equals 22 + 11 + 20 = 25 and the rightside equals 42 + 32 = 25, so x = 2 is a solution.In summary, we see that x = 2 is the the only integer solution.Also solved by HUGO LUYO S�ANCHEZ, Ponti�ia Universidad Cat �olia del Peru, Lima,Peru; DAVID E. MANES, SUNY at Oneonta, Oneonta, NY, USA; RICARD PEIR �O, IES \Abastos",Valenia, Spain; BRUNO SALGUEIRO FANEGO, Viveiro, Spain; EVEREST SHI, student, Burn-aby North Seondary Shool, Burnaby, BC; EDWARD T.H. WANG, Wilfrid Laurier University,Waterloo, ON; and KONSTANTINE ZELATOR, University of Pittsburgh, Pittsburgh, PA, USA.Three inomplete solutions were submitted.



492
M429. Proposed by Samuel G �omez Moreno, Universidad de Ja �en, Ja �en,Spain.Determine all triples (a, b, c) of positive integers with a(bc) =

�
ab
�c.Solution by Konstantine Zelator, University of Pittsburgh, Pittsburgh, PA,USA. The equation a(bc) = (ab)c is equivalent to the equation a(bc) = abc.We examine a number of di�erent ases.Case 1: a = 1. Then the equation is true regardless of the values of b and c.Therefore, (1, b, c) is a solution for all positive integers b and c.Case 2: a > 1. In this ase, a(bc) = abc is equivalent to bc = bc, whihis equivalent to bc−1 = c sine b > 0. We onsider subases where c = 1,

c = 2, and c > 2.Subase 2(a): a > 1 and c = 1. If c = 1, then we have b0 = 1, whih is truefor all positive integers b. Therefore, (a, b, 1) is a solution for all positiveintegers a > 1 and all positive integers b.Subase 2(b): a > 1 and c = 2. If c = 2, then the equation bc−1 = c beomes
b = 2. Therefore, (a, 2, 2) is a solution for all positive integers a > 1.Subase 2(): a > 1 and c > 2. If c > 2, then b annot equal 1, so b ≥ 2.Using the fat that 2c−1 > c for c ≥ 3 (proved at the end of this solution),we see that bc−1 ≥ 2c−1 > c, so bc−1 = c has no solutions in this ase.In onlusion, the solutions are all triples (a, b, c) of positive integerswith (i) a = 1, or (ii) a > 1 and c = 1, or (iii) a > 1 and b = c = 2.To �nish, we must show that 2c−1 > c for all positive integers c ≥ 3.We prove this by mathematial indution on c.If c = 3, the inequality beomes 4 = 22 > 3, whih is true.Suppose that 2c−1 > c for c = k for some positive integer k ≥ 3.Consider c = k+ 1. Sine 2k−1 > k by the indution hypothesis, then
2k = 2 · 2k−1 > 2k. Sine k ≥ 3, then 2k > k + 1, so 2k > k + 1, or
2(k+1)−1 > k + 1, as required. This ompletes the proof by indution.Also solved by RAFAELMARTINEZ CALAFAT, I.E.S. La Plana, Castellon, Spain; RICARDPEIR �O, IES \Abastos", Valenia, Spain; and BRUNO SALGUEIRO FANEGO, Viveiro, Spain.Seven inorret solutions were submitted.M430. Proposed by Edward T.H. Wang, Wilfrid Laurier University,Waterloo, ON.Let pn be the nth prime number. Prove that pn > 3n for all n ≥ 12.Solution by Bruno Salgueiro Fanego, Viveiro, Spain.We prove the result by indution on n. First, we note that if n = 12,then pn = p12 = 37 and 3n = 36, so pn > 3n when n = 12.
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Next, we assume that pk > 3k for some positive integer k ≥ 12. Wewill prove that pk+1 > 3(k + 1).Note that the �rst prime larger than pk is pk+1 so pk+1 ≥ pk + 1.Sine pk is an odd prime (the only even prime is 2), then pk + 1 is even andso annot be prime. Thus, pk+1 ≥ pk + 2.Also, note that sine pk > 3k and pk is an integer, then pk ≥ 3k + 1.Altogether, we obtain pk+1 ≥ pk+2 ≥ 3k+1+2 = 3k+3 = 3(k+1).But 3(k + 1) annot be a prime number sine it is divisible by 3 and it is atleast 39, and pk+1 is a prime number, so pk+1 > 3(k + 1), as required.Therefore, by indution, pn > 3n for all positive integers n ≥ 12.Also solved by SAMUEL G �OMEZ MORENO, Universidad de Ja �en, Ja �en, Spain; JOS �EHERN�ANDEZ SANTIAGO, student, Universidad Tenol �ogia de la Mixtea, Oaxaa, Mexio;GEOFFREY A. KANDALL, Hamden, CT, USA; DAVID E. MANES, SUNY at Oneonta, Oneonta,NY, USA; and RAFAELMARTINEZ CALAFAT, I.E.S. La Plana, Castellon, Spain. One inompletesolution was submitted.M431. Proposed by Shailesh Shirali, Rishi Valley Shool, India.In aute triangle ABC, the foot of the perpendiular from A to BCis D, and the foot of the perpendiular from D to AC is E. Point F isloated on line segmentDE suh that DF

FE
=

cotC

cotB
. Prove thatAF andBEare perpendiular.Solution by the proposer, modi�ed by the editor.Let L be the point where lines

AF and BE interset eah other, andletK be the foot of the perpendiularfrom B to AC. Draw BK and DL.Now △BKC is similar to
△DEC sine eah is right-angledand the triangles share the angle at
C. Therefore, BC

DC
=

KC

EC
, and sowe have DC +DB

DC
=

EC + EK

EC
, or

1 +
DB

DC
= 1 +

EK

EC
, or DB

DC
=

EK

EC
,or DC

DB
=

EC

EK
.Sine AD, BC are perpendiu-lar, cotB =
DB

AD
and cotC =

DC

AD
.

A

B C
D

E

F

K

L

Therefore, cotC

cotB
=
DC

DB
, and we then have EC

EK
=

cotC

cotB
=
DF

FE
.Note that ∠DAE = ∠CBK = 90◦ − ∠ACB. Thus, △AED and

△BKC are similar sine eah has a right angle and a seond equal angle.Therefore, in these similar triangles, pointsF andE divide the orrespondingsides ED and KC in the same ratio. Also, from the similarity of these twotriangles, we have ED
EA

=
KC

KB
.
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We will show that this implies that ∠EAF = ∠KBE. This will meanthat ∠DAF = ∠CBE sine ∠CBK = ∠DAE. This in turn will tell us that

∠DAL = ∠DBL. From this, we an onlude that points A, B, D, and Lform a yli quadrilateral. Hene, ∠ALB = ∠ADB = 90◦, and so AF and
BE are perpendiular, as required.It remains to show that ∠EAF = ∠KBE. Note that both angles areaute. Also, FE

ED
=

FE

FE +DF
=

1

1 + DF
F E

=
1

1 + EC
EK

=
EK

KC
. Therefore,

tan(∠EAF ) =
FE

EA
=

ED · EK
KC

EA
=

ED

EA
· EK
KC

=
KC

KB
· EK
KC

=
EK

KB
= tan(∠KBE) .Sine aute angles with equal tangents are equal, then ∠EAF = ∠KBE, asrequired, thus ompleting the proof.Also solved by MIGUEL AMENGUAL COVAS, Cala Figuera, Mallora, Spain; GEOFFREYA. KANDALL, Hamden, CT, USA; and BRUNO SALGUEIRO FANEGO, Viveiro, Spain.

Problem of the Month
Ian VanderBurgh

This month, we investigate numbers expressed in bases other than 10.Problem (1986 Canadian Invitational Mathematis Challenge) Find a base 7three-digit number whih has its digits reversed when expressed in base 9.Let's review (or learn!) about numbers in di�erent bases. Sine theproblem talks about three-digit numbers, we'll fous on three-digit numbers.All of what we look at an be extended to numbers with more digits.When we write the three-digit integer two hundred seventy-three as
273, we normally mean that this is the base 10 representation of this integer.Writing 273 is a way of representing the integer equal to 2×102 +7×10+3.We ould write this as (273)10 to emphasize that we are thinking of a base
10 number.Let's look at base 7. Any digit in base 7 must be less than 7, so thepossible digits are 0, 1, 2, 3, 4, 5, and 6. The notation (326)7 is an example ofa three-digit integer in base 7. (The subsript of 7 indiates the base.) Thisis the base 7 representation of the integer equal to 3 × 72 +2 × 7+6, whihequals one hundred sixty-seven. In other words, (326)7 = (167)10.Let's look at a general base b, where b is an integer with b > 1. Inbase b, the possible digits are from 0 to b − 1, inlusive. An example of a
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three-digit integer would be (pqr)b, whih is the base b representation of theinteger equal to p× b2 + q × b+ r.We now know enough about numbers in di�erent bases to work out asolution to the problem.Solution We want to �nd a three-digit base 7 number (pqr)7 so that when itis onverted to base 9, its representation is (rqp)9. In other words, we wantto �nd a base 7 number (pqr)7 so that (pqr)7 = (rqp)9.Now,

(pqr)7 = p× 72 + q × 7 + r = 49p+ 7q + r , and
(rqp)9 = r × 92 + q × 9 + p = 81r + 9q + p .Therefore, we want 49p + 7q + r = 81r + 9q + p, or 48p = 80r + 2q, or

24p = 40r + q.We have thus transformed the initial problem into the problem of �nd-ing positive integers p, q, and r with 24p = 40r+ q and with the added on-dition that eah of p, q, and r is no more than 6, sine eah must be a validdigit in base 7. Fiddling a bit, youmight �nd the solution (p, q, r) = (5, 0, 3).In other words, (503)7 = (305)9, so (503)7 is a base 7 three-digitnumber with the required property.We should probably hek our answer by onverting both numbers tobase 10. (It's always a good idea to hek your answer whenever possible.)Converting eah to base 10, we obtain (503)7 = 5 × 72 + 0 × 7 + 3 = 248and (305)9 = 3 × 92 + 0 × 9 + 5 = 248, so our answer does indeed work.While the question didn't ask us to do so, let's see if we an determinewhether or not there are more solutions.Let's go bak to the last equation 24p = 40r + q and rewrite it as
q = 24p − 40r. We notie that right side an be fatored as 8(3p − 5r),whih is a multiple of 8. Sine q = 24p−40r, then q must also be a multipleof 8. Sine q is a digit, then q must equal 0 or 8.But wait! Not only is q a digit, but it is atually a digit in base 7 (aswell as in base 9) so it an be no larger than 6. This tells us that q must be 0.Sine q = 0, the equation 24p = 40r + q beomes 24p = 40r or
3p = 5r. The right side is a multiple of 5, so the left side must also be amultiple of 5. For 3p to be a multiple of 5, the integer p must be a multipleof 5. Sine p is between 0 and 6 inlusive, then p an equal 0 or 5. If p = 0,then 3p = 5r gives r = 0; if p = 5, then r = 3.Therefore, the possible solutions are (p, q, r) = (0, 0, 0) or (5, 0, 3).The �rst triple is a solution to the equation q = 24p − 40r, but is not asolution to the problem, sine (000)7 is not a three-digit number in base 7as its leading digit is 0.Numbers in di�erent bases are fun things to play with, but an appearat �rst glane not to be terribly useful. This is far from the ase | just asksomeone interested in omputers about binary and hexadeimal representa-tions of integers and they will tell you how useful this theory atually is.
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THE OLYMPIAD CORNERNo. 290R.E. WoodrowIn this last Corner of volume 36, we begin reduing the baklog of read-ers' solutions to make way for a renewed olumn, with new features, and anew editorial team for 2011. I shall ontinue to support the Corner and theteam as we seek to introdue new features. Heneforth no new problem setswill be given. We turn to the balane of solutions from our readers and to the11th Mathematial Olympiad of Bosnia and Herzegovina at [2009 : 438{439℄.2. Triangle ABC is given. Determine the set of the entres of all retanglesinsribed in the triangle ABC so that one side of the retangle lies on theside AB of the triangle ABC.Solved by Mihel Bataille, Rouen, Frane; Konstantine Zelator, Universityof Pittsburgh, Pittsburgh, PA, USA; and Titu Zvonaru, Com�ane�sti, Romania.We give the solution of Bataille.Let a = BC, b = CA,

c = AB and α = ∠BAC, β =
∠CBA, γ = ∠ACB. We supposethat α and β are not obtuse (oth-erwise the required set is empty).Let K be the foot of the al-titude from C, and let U , M bethemidpoints ofCK,AB, respe-tively. We show that the requiredlous is the segment UM exlud-ing its endpoints.We remark that an insribedretangle PQRS with P , S on the
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side AB is entirely determined by the hoie of Q on the side AC (with
Q 6= A, C). Let Q = tC + (1 − t)A, where t ∈ (0, 1). Then we have
R = tC + (1 − t)B and S = tK + (1 − t)B. Moreover, sine cK =
(a cosβ)A+(b cosα)B, we have cS = (ta cosβ)A+(tb cosα+c(1−t))B.The entre of PQRS is the midpoint T of QS, hene,
2cT = c(Q+ S) = (c(1 − t) + ta cosβ)A+ (c(1 − t) + tb cosα)B + ctC

= t((a cosβ)A+ (b cosα)B + cC) + (1 − t)c(A+B)

= t(cK + cC) + 2(1 − t)cM = 2ctU + 2(1 − t)cM ,so that T = tU + (1 − t)M .It follows that T traes the line segment UM (exept for the two end-points U andM ) as t varies in (0, 1).
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4. For any two positive integers a and d prove that the in�nite arithmetiprogression

a, a+ d, a+ 2d, . . . , a+ nd, . . .ontains an in�nite geometri progression of the form
b, bq, bq2, . . . , bqn, . . . ,where b and q are also positive integers.Solved by Mohammed Aassila, Strasbourg, Frane; Konstantine Zelator,University of Pittsburgh, Pittsburgh, PA, USA; and Titu Zvonaru, Com�ane�sti,Romania. We give the solution of Zvonaru.We take b = a and q = d+ 1, so that the geometri progression is

a, a(d+ 1), a(d+ 1)2, . . . , a(d+ 1)n, . . . .It remains to prove that a(d+ 1)n is of the form a+md; indeed,
a(d+ 1)n = a

�
1 +

�
n

1

�
d+

�
n

2

�
d2 + · · · +

�
n

n

�
dn

�
= a+ d

�
a

�
n

1

�
+ ad

�
n

2

�
+ · · · + adn−1

�
n

n

��
= a+ dm .

5. The aute triangle ABC is insribed in a irle with entre O. Let P be apoint on the ar øAB , where C 6∈ øAB . The perpendiular from the point Pto the line BO uts the side AB at point S and the side BC at point T . Theperpendiular from the point P to the line AO uts the side AB at point Qand the side AC at point R. Prove that:(a) The triangle PQS is isoseles.(b) PQ2 = QR · ST .Solved by Miguel Amengual Covas, Cala Figuera, Mallora, Spain; MihelBataille, Rouen, Frane; Geo�rey A. Kandall, Hamden, CT, USA; and TituZvonaru, Com�ane�sti, Romania. We give the solution of Bataille.(a) In this question, P does not need to be on the irumirle of △ABC.Atually, we prove the following:Let OAB be an isoseles triangle with OA = OB and let perpen-diulars to OA and OB meet at P and interset AB at Q and S,respetively (see the �gure on the next page). Then PQ = PS.LetO′, P ′ be the orthogonal projetions ofO,P ontoAB and let ROO′and RP P ′ denote the reetions in OO′ and PP ′, respetively. Sine PP ′ isparallel to OO′, the mapping RP P ′ ◦ ROO′ is the translation T with vetor
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2
−−→
O′P ′ andRP P ′(PQ) = T (ROO′(PQ)). SinePQ is perpendiular toOA,the line ROO′(PQ) is perpendiular to OB = ROO′(OA).
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Hene, RP P ′(PQ), whih is parallel to ROO′(PQ), is perpendiular to OBas well and so RP P ′(PQ) = PS. Thus the altitude PP ′ in △QPS alsobisets the angle ∠QPS and △QPS is isoseles.(b) As before, let P ′be the orthogonal proje-tion of P onto AB. Wehave ∠BAO = ∠QPP ′(aute angle with perpendi-ular sides); sine △QPS and
△OAB are isoseles, it fol-lows that
∠PQS =

1

2
(π − 2∠QPP ′)

=
1

2
(π − 2∠BAO)

=
1

2
∠AOB = C .
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Thus, ∠AQR = C, and so △ARQ ∼ △ABC. Similarly, △TBS ∼ △ABCand therefore △TBS ∼ △ARQ. We dedue that QA
QR

=
ST

BS
.Now, ∠APB = π−C and ∠QPS = π−2C, so ∠APQ+∠BPS = C.Also, ∠APQ + ∠PAQ = π − ∠AQP = ∠PQS = C, hene ∠BPS =

∠PAQ. As a result, △AQP ∼ △PSB, and we dedue that QP
QA

=
BS

PS
.We now have QP

QR
=

QA

QR
· QP
QA

=
ST

BS
· BS
PS

=
ST

PS
, and the resultfollows, sine PS = PQ.
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6. Let a1, a2, . . . , an be real onstants and for eah real number x let
f(x) = cos(a1 + x) +

cos(a2 + x)

2
+

cos(a3 + x)

22
+ · · · + cos(an + x)

2n−1
.If f(x1) = f(x2) = 0, prove that x1 − x2 = mπ, wherem is an integer.Solved byMohammed Aassila, Strasbourg, Frane; andMihel Bataille, Rouen,Frane. We give the solution of Aassila.For eah k let zk = 21−k(cos ak + i sin ak), and let z = cosx+ i sin x.We have zkz = 21−k(cos(ak + x) + sin(ak + x)), and so

f(x) = Re(z1z + z2z + · · · + znz) = Re(z(z1 + z2 + · · · + zn)) . (1)Note that z1 + z2 + · · · + zn 6= 0, sine otherwise |z1| = |z2 + · · · + zn| ≤
|z2| + · · · + |zn| would imply that 1 ≤ 2−1 + 2−2 + · · · + 21−n = 1 − 21−n,a ontradition. Hene, 0 6= z1 + · · · + zn = c = r(cosϕ+ i sinϕ). By (1)we have

f(x) = Re(cz) = r cos(x+ ϕ) , (r 6= 0) .If f(x1) = f(x2) = 0, then cos(x1 + ϕ) = cos(x2 + ϕ) = 0, and hene
x2 + ϕ− (x1 + ϕ) = x2 − x1 = mπ, wherem is an integer.

Next we turn to solutions of the Vietnamese Mathematial Olympiad2006{2007 given at [2009 : 439{440℄.1. Solve the system of equations
1 − 12

y + 3x
=

2
√
x
,

1 +
12

y + 3x
=

6
√
y
.

Solved by Arkady Alt, San Jose, CA, USA; Mihel Bataille, Rouen, Frane;Edward T.H. Wang, Wilfrid Laurier University, Waterloo, ON; and Konstan-tine Zelator, University of Pittsburgh, Pittsburgh, PA, USA. We give Wang'swrite-up.We assume the problem asks for real solutions and we show that theonly solution is (x, y) = (4 + 2
√

3, 12 + 6
√

3).Adding and subtrating the given equations we obtain
1

√
x

+
3

√
y

= 1 , (1)
− 1

√
x

+
3

√
y

=
12

y + 3x
. (2)
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From (1) and (2) we obtain (respetively)

3
√
x+

√
y =

√
xy , (3)

3
√
x− √

y =
12

√
xy

y + 3x
. (4)Multiplying (3) and (4) yields 9x− y =

12xy

y + 3x
, hene

(9x− y)(3x+ y) = 12xy ;
27x2 − 6xy − y2 = 0 ;
(9x+ y)(3x− y) = 0 .Sine 9x+y > 0, we have y = 3x. Substituting this into the �rst givenequation then yields 1 − 2

x
=

2√
x
, or x− 2

√
x− 2 = 0.Solving we obtain √

x = 1±
√

3. Sine √
x > 0, we have √

x = 1+
√

3from whih x = 4 + 2
√

3 and y = 12 + 6
√

3 follow.3. TriangleABC has two �xed verties,B andC, while the third vertexA isallowed to vary. Let H and G be the orthoentre and the entroid of ABC,respetively. Find the lous of A suh that the midpoint K of the segment
HG lies on the line BC.Solved by Mihel Bataille, Rouen, Frane; and Titu Zvonaru, Com�ane�sti, Ro-mania. We give Zvonaru's solution.Let O be the midpoint of BC. We hoose a system of oordinatesin whih the points are B(−b, 0), C(b, 0), A(m,n). Then G has oordi-nates G �−b+ b+m

3
,
0 + 0 + n

3

�
= G

�
m

3
,
n

3

�. The slope of the line AB is
n

m + b
, and the altitude from C is y = −m + b

n
(x − b). Sine the altitudefrom A is x = m, the orthoentre is then H �
m,−m + b

n
(m− b)

�. Thepoint K lies on the line BC if and only if the y-oordinate is 0, that is
−m+ b

n
(m− b) +

n

3
= 0 ⇐⇒ b2 −m2 +

n2

3
= 0

⇐⇒ m2

b2
− n2

3b2
= 1 ,hene the lous of A is the hyperbola x2

b2
− y2

3b2
= 1, without the points

B(−b, 0) and C(b, 0).5. Let b be a positive real number. Find all funtions f : R → R suh that
f(x+ y) = f(x) · 3by+f(y)−1 + bx

�
3by+f(y)−1 − by

�
for all real numbers x and y.
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Solution by Mihel Bataille, Rouen, Frane.We show that the only solutions are the funtions f1 : t 7→ −bt and
f2 : t 7→ 1 − bt.It is easily heked that f1, f2 are indeed solutions. Conversely, let fbe any funtion satisfying

f(x+ y) = f(x) · 3by+f(y)−1 + bx(3by+f(y)−1 − by) (1)for all x, y and let g be de�ned by
g(t) = f(t) + bt (t ∈ R) .From (1), g is a solution to the funtional equation

3g(x+ y) = g(x)3g(y) . (2)In partiular, we have g(x)(3 − 3g(0)) = 0 for all x. If g(x) = 0 for all x,then f = f1. Otherwise, g(0) = 1 and therefore 3g(y) = 3g(y) for all y. Itfollows that g(y) > 0 and g(y) ln 3− ln(g(y)) = ln 3 for all y. A quik studyof the funtion φ de�ned by φ(t) = t ln 3 − ln t shows that the equation
φ(t) = ln 3 has two positive solutions, namely 1 and some real number αwith α ∈ (0, 1

ln 3
). Note that α 6= 1. Thus, g(y) = α or g(y) = 1 for all y.Now, we observe that (2) and 3g(y) = 3g(y) imply g(x + y) = g(x) · g(y).If we had g(x0) = α for some x0, then we would have g(2x0) = α2, aontradition sine α2 /∈ {α, 1}. We onlude that we must have g(x) = 1for all x, and so f = f2.7. Let a > 2 be a real number and

fn(x) = a10xn+10 + xn + xn−1 + · · · + x+ 1for eah positive integer n. Prove that for eah n the equation fn(x) = ahas exatly one real root xn ∈ (0,∞), and that the sequene {xn}∞
n=1 has a�nite limit as n approahes in�nity.Solution by Mihel Bataille, Rouen, Frane.The funtion fn is ontinuous and stritly inreasing on [0,∞) with

fn(0) = 1 and limx→∞ fn(x) = ∞, hene is a bijetion from [0,∞) onto
[1,∞). Sine a ∈ (1,∞), the equation fn(x) = a has exatly one real rootin (0,∞), namely xn = f−1

n (a).To prove that the sequene {xn}∞
n=1 has a �nite limit as n approahesin�nity, we show that {xn}∞

n=1 is inreasing and bounded above.To this aim, we observe that for positive x, the inequality x > xn isequivalent to fn(x) > a. Sine we obviously have fn(a) > a, we obtainthat a > xn for eah positive integer n, hene {xn}∞
n=1 is bounded above.Next, we onsider fn(xn+1). We have

fn(xn+1) = a10xn+10
n+1 + xn

n+1 + xn−1
n+1 + · · · + xn+1 + 1
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with a10xn+11

n+1 + xn+1
n+1 + xn

n+1 + · · ·xn+1 + 1 = fn+1(xn+1) = a.It follows that xn+1fn(xn+1) = a− 1, so that
xn+1(fn(xn+1) − a) = a− 1 − axn+1 .We will prove that xn+1 < 1 − 1

a
, from whih we dedue �rst fn(xn+1) > aand then xn+1 > xn, so that {xn}∞

n=1 is indeed inreasing.Now, xn+1 < 1− 1

a
will follow from fn+1

�
1 − 1

a

�
> a and ultimately,we are redued to proving the latter. We alulate

fn+1

�
1 − 1

a

�
= a10

�
1 − 1

a

�n+11

+
1 −

�
1 − 1

a

�n+2

1 −
�
1 − 1

a

�
= a10

�
1 − 1

a

�n+11

+ a− a
�
1 − 1

a

�n+2

so fn+1

�
1 − 1

a

�
− a has the same sign as (1 − b)9 − b9, where b =

1

a
<

1

2
.But the funtion ψ(u) = (1 − u)9 − u9 dereases from 1 to 0 when u variesfrom 0 to 1

2
, hene (1 − b)9 − b9 > 0 and fn+1

�
1 − 1

a

�
> a follows.

Next we turn to solutions from readers to problems of the Deember2009 number of the Corner. We �rst look at the Austrian MathematialOlympiad 2007, National Competition Final Round, Part 1 at [2009 : 497℄.1. We are given a 2007 × 2007 grid. An odd integer is written in eah ofits ells. Let Zi be the sum of the numbers in the ith row and Sj the sumof the numbers in the jth olumn for 1 ≤ i, j ≤ 2007. Furthermore, let
A =

2007Q
i=1

Zi and B =
2007Q
j=1

Sj. Show that A+B annot be equal to zero.
Solution by Matti Lehtinen, National Defene College, Helsinki, Finland,modi�ed by the editor.Look at the grid modulo 4. Assume ai of the entries in row i are 1, and
bi are −1 modulo 4. Also, let cj of the entries in olumn j be 1 and dj be
−1 modulo 4.Then Zi ≡ ai − bi = ai − (2007 − ai) ≡ 1 + 2ai. Note that we have
(1 + 2x)(1 + 2y) ≡ 1 + 2(x + y) for integers x and y, so it follows that
A =

Q
Zi ≡

Q
(1 + 2ai) ≡ 1 + 2

P
ai.By similar alulations, B ≡ 1 + 2

P
ci.However, P ai =

P
ci, sine eah ounts the total number of entriesin the grid that are 1 modulo 4. Then, A + B ≡ 2 + 4

P
ai ≡ 2, so A + Bannot be equal to zero.
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2. Determine the largest possible value of C(n) for all positive integers n,suh that

(n+ 1)
nX

j=1

a2
j −

�
nX

j=1

aj

�2

≥ C(n) ,
holds for all n-tuples (a1, a2, . . . , an) of pairwise distint integers.Solution by Matti Lehtinen, National Defene College, Helsinki, Finland.It helps to reall an elementary fat from probability or statistis. Set
a =

1

n

nP
j=1

aj. Then nP
j=1

(aj −a)2 =
nP

j=1

(a2
j −2aja+a2) =

nP
j=1

a2
j −na2. Inour notation, the expression to be minimized is n nP

j=1

(aj −a)2 +
nP

j=1

a2
j . The�rst sum is invariant to hanging the origin and is learly minimized when thedistint integers are onseutive. It is trivial that the latter sum, for distintintegers, is minimized for even n = 2m when {a1, a2, . . . , a2m} is either

{−m+1, −m+2, . . . ,m−1,m} or {−m, −m+1, . . . ,m−2,m−1} andfor odd n = 2m+1 when the set is {−m, −m+1, . . . ,m−1,m}. Reallingthe formula for the sum of squares of onseutive integers, we an now dothe omputations with the original expression of the problem. They yield
C(2m) = 1

3
(4m4+2m3−m2+m) andC(2m+1) = 2

3
m(m+1)2(2m+1),or C(n) = 1

12
n(n + 2)(n2 − n + 1) and C(n) = 112n(n − 1)(n + 1)2 foreven and odd n, respetively.3. Let M(n) = {−1, −2, . . . , −n}. For eah nonempty subset of M(n)we form the produt of the elements. What is the sum of all suh produts?Solved by Mihel Bataille, Rouen, Frane; Matti Lehtinen, National DefeneCollege, Helsinki, Finland; Stan Wagon, Maalester College, St. Paul, MN,USA; and Titu Zvonaru, Com�ane�sti, Romania. We give Wagon's solution.For eah set not ontaining −1, its produt adds to the produt of theset with −1 adjoined to yield 0. This leaves only the set {−1} to make anonzero ontribution, so the sum is −1.4. Let n > 4 be an integer. The n-gon A0A1 . . . An−1An (with An = A0),is insribed in a irle, is onvex, and is suh that the lengths of the sides are

Ai−1Ai = i for 1 ≤ i ≤ n. Let φi be the angle between the line AiAi+1and the tangent to the irumirle of the n-gon at Ai. (Note that the anglebetween any two lines is at most 90◦.) Determine the value of Φ =
n−1P
i=0

φi.Solution by Matti Lehtinen, National Defene College, Helsinki, Finland.Let O be the entre of the irumsribed irle of polygonA0A1 . . . An.If O is inside the polygon, φi = 1
2
∠AiOAi+1, by the well-known property
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of the angle between a hord and tangent. So in this ase the sum of the
φi's equals half the sum of the entral angles, that is, 180◦. To show that
O is indeed inside the polygon, assume the ontrary. Then all points A1,
A2, . . . , An−2 lie on the shorter ar An−1An, and the length of the polygon
A0A1 . . . An−1 is less than the length of the ar, whih in turn is less than
1
2
π·An−1An = 1

2
nπ. But the length of the broken line is 1+2+· · ·+n−1 =

1
2
(n− 1)n. Sine n ≥ 5, n− 1 ≥ 4 > π, and we have a ontradition.

Next we turn to the �le for the Austrian Mathematial Olympiad 2007National Competition Final Round, Part 2 given at [2009 : 498℄.2. Determine all sextuples (x1, x2, x3, x4, x5, x6) of nonnegative integerssatisfying the following system of equations:
x1x2(1 − x3) = x4x5 , x4x5(1 − x6) = x1x2 ,
x2x3(1 − x4) = x5x6 , x5x6(1 − x1) = x2x3 ,
x3x4(1 − x5) = x6x1 , x6x1(1 − x2) = x3x4 .Solved by Konstantine Zelator, University of Pittsburgh, Pittsburgh, PA, USA;and Titu Zvonaru, Com�ane�sti, Romania. We give a solution that ombinesideas from both submissions.First note that by the yli symmetry, when a solution (a, b, c, d, e, f)is obtained the six yli permutations are also solutions. Adding the sixequations yields

x1x2x3 + x2x3x4 + x3x4x5 + x4x5x6 + x5x6x1 + x6x1x2 = 0 ,or equivalently
x1x2(x3 + x6) + x3x4(x2 + x5) + x5x6(x1 + x4) = 0 . (1)Eah xi is nonnegative, so at least one fator in eah summand must be zero.Next note that if x3 + x6 = 0, then x3 = 0 and x6 = 0, satisfying (1).From the original equations we obtain x1x2 = x4x5. If this produt is zerowe obtain solutions (0, a, 0, 0, b, 0), (0, a, 0, b, 0, 0), and their yli variants.So suppose x1x2 = x4x5 6= 0, and set d = gcd(x1, x4). Then x1 = dr,

x4 = ds with r and s oprime. Thus, rx2 = sx5 with r and s oprime, so sdivides x5 and we have x5 = ra and x2 = sa. We then obtain sextuples ofthe form (dr, sa, 0, ds, ra, 0) with (r, s) oprime, and we note that the ylishifts of these arise similarly from the ases x2 + x5 = 0 and x1 + x4 = 0.So we suppose now that x3 + x6 6= 0, x1 + x5 6= 0, and x1 + x4 6= 0.By (1) we have x1x2 = x3x4 = x5x6 = 0.Suppose �rst x1 = 0. Then x4 6= 0, so x3 = 0 and so x6 6= 0 giving
x5 = 0. It is easy to hek that all sextuples of the form (0, a, 0, b, 0, c)satisfy the equations.
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Similarly, taking x2 = 0 yields x5 6= 0, x6 = 0, x3 6= 0, and x4 = 0.This gives solutions of the form (a, 0, b, 0, c, 0), a yli shift of the previoussolution.Thus, the solutions are the sextuples (0, a, 0, b, 0, c), (0, a, 0, 0, b, 0),

(0, a, 0, b, 0, 0), and (dr, sa, 0, ds, ra, 0) with r and s oprime, and all ylishifts of these four basi types.6. We are given a triangle ABC with irumentre U . A point P is hosenon the extension of UA beyond A. Let g denote the line symmetri to PBwith respet toBA and h the line symmetri to PC with respet toAC. Letthe lines g and h interset at the point Q.Solutions by Mihel Bataille, Rouen, Frane.First solution: Let B′ be theseond point of intersetion ofthe line PB and the irum-irle Γ of △ABC and let B′′be its reetion in the line AP(see the �gure). Note that B′′is on Γ.Sine UB = UB′, wehave ∠UBB′ = ∠BB′U ,hene ∠UB′′P = ∠UB′P =
180◦ − ∠BB′U = 180◦ −
∠UBB′ = 180◦ − ∠UBP . Itfollows thatB′′ is on the irle
(BUP ).Now, onsider the inver-sion in the irle Γ and let P ′be the inverse of P . The in-verse of the irle (BUP ) isthe line BB′′, so that P ′ is on
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this line, whih is the symmetri of BP in BA (A being the midpoint of thear B′B′′ of Γ, BA bisets ∠PBB′′). Similarly, P ′ is on the symmetri of
CP in CA, and so P ′ = Q. Thus, as P varies on UA beyond A, Q traversesthe line segment UA, the extremities U , A being exluded.Seond solution: We shall use omplex numbers. Without loss of generality,we suppose that the aÆxes of U and A are 0 and 1, and that the irumirle
Γ of △ABC is the unit irle. For a point M 6= U , A, we denote by mthe aÆx of M . The symmetri M ′ of M in BA has an aÆx of the form
m′ = αm + β for some omplex numbers α, β independent of m. Writing
M ′ = B when M = B and M ′ = A when M = A, we obtain α = −band β = 1 + b (using b =

1

b
). Thus, the aÆx of the symmetri P1 of P is

p1 = −bp+ 1 + b = −bp+ 1 + b.Similarly, the aÆx of the symmetri P2 of P in CA is p2 = −cp+1+c.
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Now, the lines BP1 and CP2 have respetive equations

z(1 − pb) − z(1 − pb) = b− b , z(1 − pc) − z(1 − pc) = c− c ,so that the aÆx of their point of intersetion Q is given by the relation
q[(1 − pb)(1 − pc) − (1 − pc)(1 − pb)] = (b− b)(1 − pc) − (c− c)(1 − pb) .An easy alulation yields q =

1

p
, hene q is a real number in (0, 1) when pvaries in (1,∞), meaning that the required lous of Q is the line segment

UA, the extremities U , A being exluded.
Next we move to solutions to some problems of the XXI Olimpiadi Ital-iane della Matematia given at [2009 : 499℄.2. Polynomials with integer oeÆients, p(x) and q(x), are similar if theyhave the same degree and the same oeÆients (possibly in di�erent order).(a) If p(x) and q(x) are similar, prove that p(2007) − q(2007) is even.(b) Is there an integer k > 2 suh that p(2007) − q(2007) is divisible by kwhenever p(x) and q(x) are similar?Solution by Konstantine Zelator, University of Pittsburgh, Pittsburgh, PA,USA.(a) Let n ≥ 0 be the degree of p(x) and q(x). Then,

p(x) = anx
n + an−1x

n−1 + · · · + a1x+ a0 ,
q(x) = bnx

n + bn−1x
n−1 + · · · + b1x+ b0 , (1)where the oeÆients a0, a1, . . . , an−1, an; b0, b1, . . . , bn−1, bn are inte-gers. Sine p(x) and q(x) are similar, the sequene b0, b1, . . . , bn−1, bn is apermutation of the sequene a0, a1, . . . , an−1, an. Hene,

a0 + a1 + · · · + an = b0 + b1 + · · · + bn ,and thus,
a0 + a1 + · · · + an ≡ b0 + b1 + · · · + bn (mod 2) . (2)Let r be any odd integer. Then r ≡ 1 (mod 2), and so rk ≡ 1 (mod 2) forany nonegative integer k. Thus,

p(r) = anr
n + an−1r

n−1 + · · · + a0

≡ an + an−1 + · · · + a0 (mod 2) .
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Likewise, q(r) ≡ bn + bn−1 + · · · + b0 (mod 2). Therefore, by (2), we have

p(r) − q(r) ≡ (an + an−1 + · · · + a0) − (bn + bn−1 + · · · + b0)

≡ 0 (mod 2) ,so that p(r) − q(r) is even.The ase r = 2007 is obviously a partiular one.(b) Let r be a positive integer, r ≥ 3. We will prove that p(r) − q(r) isdivisible by r − 1 ≥ 2.Keep the notation for p, q as in (1). As before, b0, b1, . . . , bn is apermutation of a0, a1, . . . , an, so for eah i with 0 ≤ i ≤ n, there is aunique j with 0 ≤ j ≤ n suh that ai = bj.If i ≥ j, then
air

i − bjr
j = air

i − air
j = air

j · (ri−j − 1) .If also i = j, then ri−j − 1 = 1 − 1 = 0, whih is divisible by r − 1.Otherwise i > j, and then ri−j −1 = (r−1) · (r(i−j)−1 + · · ·+ r+1),so that ri−j − 1 is again divisible by the integer r − 1 ≥ 2.Likewise, when i < j, the same argument shows that air
i − bjr

j isdivisible by r − 1.It is now lear that we an write the di�erene p(r) − q(r) as a sum of
(n+ 1) di�erenes, eah divisible by r − 1.This proves that p(r) − q(r) is divisible by r − 1.In partiular, p(2007) − q(2007) is divisible by 2007 − 1 = 2006.3. TriangleABC has entroidG,D 6= A is a point on the lineAG suh that
AG = GD, and E 6= B is a point on the line GB suh that GB = GE. Themidpoint ofAB isM . Prove that the quadrilateralBMCD an be insribedin a irle if and only if BA = BE.Solved by Miguel Amengual Covas, Cala Figuera, Mallora, Spain; MihelBataille, Rouen, Frane; Oliver Geupel, Br �uhl, NRW, Germany; Geo�reyA. Kandall, Hamden, CT, USA; Konstantine Zelator, University of Pittsburgh,Pittsburgh, PA, USA; and Titu Zvonaru, Com�ane�sti, Romania. We give thesolution of Amengual Covas.Beause eah median is triseted by the entroid,D and E are the sym-metris ofGwith respet to the midpoints of sidesBC andCA, respetively.Hene, segments BC and GD biset eah other, and also segments
CA and GE biset eah other, so that quadrilaterals BGCD and CGAEare parallelograms.Thus, AE ‖ GC and GC ‖ BD, implying that AE ‖ BD. Conse-quently,

∠BEA = ∠EBD = ∠DCM . (1)
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Therefore,

BMCD is yli ⇐⇒ ∠MBD + ∠DCM = 180◦

⇐⇒ (∠ABE + ∠EBD) + ∠DCM = 180◦

⇐⇒ ∠ABE + 2 ∠BEA = 180◦ [by (1)]
⇐⇒ ∠ABE + 2 ∠BEA = ∠ABE + ∠BEA+ ∠EAB

⇐⇒ ∠BEA = ∠EAB

⇐⇒ BE = BA ,as desired.6. For eah integer n ≥ 2, �nd(a) the greatest real number cn suh that
1

1 + a1

+
1

1 + a2

+ · · · +
1

1 + an

≥ cnfor any positive real n-tuple (a1, a2, . . . , an) with a1a2 · · · an = 1;(b) the greatest real number dn suh that
1

1 + 2a1

+
1

1 + 2a2

+ · · · +
1

1 + 2an

≥ dnfor any positive real n-tuple (a1, a2, . . . , an) with a1a2 · · · an = 1.Solution by Titu Zvonaru, Com�ane�sti, Romania.(b) Let t be a positive real number, set a1 = a2 = · · · = an−1 = t, andset an =
1

tn−1
. The inequality beomes

n− 1

t+ 1
+

tn−1

tn−1 + 1
≥ cn .The left side goes to 1 in the limit as t → ∞, hene cn ≤ 1. We will showthat in fat cn = 1 is the answer.Without loss of generality we suppose that a1 ≤ a2 ≤ · · · ≤ an. Then

a1a2 ≤ 1, and therefore
1

1 + a1

+
1

1 + a2

+ · · · +
1

1 + an

>
1

1 + a1

+
1

1 + a2

≥ 1

1 + a1

+
1

1 +
1

a1

=
1

1 + a1

+
a1

1 + a1

= 1 .
(b) If n = 2, then we have

1

1 + 2a1

+
1

1 + 2a2

≥ d2 ⇐⇒ 1

1 + 2a1

+
a1

a1 + 2
≥ d2 .
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Taking a1 = 1 yields d2 ≤ 2

3
. It remains to prove that 1

a + 2a1

+
a1

a1 + 2
≥ 2

3
,whih is equivalent to

3a1 + 6 + 3a1 + 6a2
1 − 2a1 − 4a2

1 − 4 − 8a1 ≥ 0 ,
2(a1 − 1)2 ≥ 0 ,and we are done.If n ≥ 3, then as above we set a1 = a2 = · · · = an−1 = x and

an =
1

xn−1
. The inequality beomes

n− 1

1 + 2x
+

xn−1

xn−1 + 2
≥ dn ,and letting x → ∞ we �nd that dn ≤ 1.It suÆes to prove that

1

1 + 2a1

+
1

1 + 2a2

+ · · · +
1

1 + 2an

≥ 1.We assume (without loss of generality) that a1 ≤ a2 ≤ · · · ≤ an; then
a1a2a3 ≤ 1, and therefore there exists a positive number k suh that k ≤ 1and a1a2a3 = k3. Now, set

a1 =
knp

m2
, a2 =

kpm

n2
, a3 =

kmn

p2
,and applying the Cauhy{Shwarz Inequality, we obtain

1

1 + 2a1

+
1

1 + 2a2

+
1

1 + 2a3

=
m2

m2 + 2knp
+

n2

n2 + 2kpm
+

p2

p2 + 2kmn

≥ m2

m2 + 2np
+

n2

n2 + 2pm
+

p2

p2 + 2mn

≥ (m+ n+ p)2

m2 + 2mp+ n2 + 2pm+ p2 + 2mn
= 1 .Therefore,

dn =

¨ 2

3
, if n = 2

1 , if n ≥ 3 .
Next we turn to solutions from our readers to problems of the 56th Czehand Slovak Mathematial Olympiad Final Round, given at [2009 : 500℄.
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2. In a yli quadrangle ABCD let L and M be the inentres of triangles
BCA and BCD, respetively. Let R be the intersetion of the perpendiu-lars from the points L andM onto the linesAC andBD, respetively. Showthat the triangle LMR is isoseles.Solved byMiguel Amengual Covas, Cala Figuera, Mallora, Spain; andMihelBataille, Rouen, Frane. We give Bataille's version.We assume that ABCD is on-vex so that A and D are on the sameside of BC. Let Γ be the irumir-le of △ABC and let U be the mid-point of its ar BC not ontaining A.Note thatAL andDM interset at U .Lastly, let A = ∠BAC, B = ∠CBA,
C = ∠ACB.Sine ∠UBC and ∠UAC sub-tend the same ar of Γ, we have
∠UBC = ∠UAC =

A

2
, and so

∠UBL =
A + B

2
.Sine we also have ∠BUL =

∠BUA = ∠BCA = C, it followsthat ∠BLU = 180◦ − C − A + B

2
=

A + B

2
= ∠UBL so that △BUL is
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isoseles. As well, △MUC is isoseles, hene UB = UC = UL = UMand ∠ULM = ∠UML.In addition, we have
∠DMR = 90◦ − ∠BDU = 90◦ − ∠BAU = 90◦ − A

2
= ∠ALR .Thus,

∠RLM = 180◦ − ∠ALR− ∠ULM

= 180◦ − ∠DMR− ∠UML = ∠RML ,and the result follows.3. Denote by N the set of all positive integers and onsider all funtions
f : N → N suh that for any x, y ∈ N,

f
�
xf(y)

�
= yf(x) .Find the least possible value of f(2007).Solved by Mihel Bataille, Rouen, Frane; and Edward T.H. Wang and Kaim-ing Zhao, Wilfrid Laurier University, Waterloo, ON. We give the argument ofWang and Zhao.
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We prove that f(2007) ≥ 18.First we show that f ◦ f = id, the identity funtion.Setting x = y = 1 in the given equation, we have f(f(1)) = f(1).Hene, f(1) = f(1 ·f(1)) = f(1 ·f(f(1))) = f(1) ·f(1), yielding f(1) = 1.Setting x = 1 in the given equation then yields f(f(y)) = yf(1) = yfor all y ∈ N. Thus, f ◦ f = id, as laimed. In partiular, f is both 1-1 andonto, and f(x) = y implies that f(y) = x sine f is its own inverse.Next we show that f is ompletely multipliative, that is, f(ab) =

f(a)f(b) for all a, b ∈ N. Sine f is onto, ∃d ∈ N suh that f(d) = b. Then
d = f(b) and f(ab) = f(af(d)) = df(a) = f(b)f(a).Now we show that f(p) is a prime if p is a prime. Suppose f(p) = mn,where 1 < m ≤ n. Then p = f(f(p)) = f(mn) = f(m)f(n), so either
f(m) = 1 or f(n) = 1. Sine f is 1-1 and f(1) = 1, we have m = 1 or
n = 1, a ontradition.Note that f(2007) = f(32 · 223) = f(3)2 · f(223) and f(3), f(223)are primes, sine 3 and 223 are primes. We annot have f(3) = 2 and
f(223) = 3, for then f(2) = 3, ontraditing the fat that f is 1-1. Thus, if
f(3) = 2, then f(2007) ≥ 22 · 5 = 20.If f(3) ≥ 3, then f(223) ≥ 2 and f(2007) ≥ 32 · 2 = 18. The value
f(2007) = 18 an be ahieved by taking f(2) = 223, f(3) = 3, f(223) = 2,having f math up all the remaining primes in pairs, then extending f overthe natural numbers. Our proof is omplete.5. TriangleABC is aute with |AC| 6= |BC|. The pointsD and E lie on theinteriors of the sides BC and AC (respetively) suh that ABDE is a yliquadrangle, and the diagonals AD and BE interset at P . If the lines CPand AB are perpendiular, show that P is the orthoentre of triangle ABC.Solved by Miguel Amengual Covas, Cala Figuera, Mallora, Spain; Geo�reyA. Kandall, Hamden, CT, USA; and Titu Zvonaru, Com�ane�sti, Romania. Wegive the write-up by Kandall.Let the angles of △ABCbe α, β, γ (α 6= β); a = BC,
b = AC, r = CE, s = EA,
t = BD, u = DC.Sine ABDE is yli,
∠CDE = 180◦ − ∠EDB = α ,
∠CED = 180◦ − ∠DEA = β ,

∠EDA = ∠EBA = θ ,
∠DEB = ∠DAB = ϕ ,
∠AED = ∠ADB = ω . ..
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s t

u

α
θ ω

β
φω

θφ

b cosα a cosβ

By the Sine Law, r
u

=
sinα

sinβ
=

a

b
, so rb = au; also s

sin θ
=

|AB|
sinω

=
t

sinϕ
;hene, s =

|AB| sin θ
sinω

, t =
|AB| sinϕ

sinω
.
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By Ceva's theorem, r

s
· b cosα

a cosβ
· t

u
= 1, that is, t

s
=

au cosβ

rb cosα
, or

sinϕ

sin θ
=

cosβ

cosα
. Thus, sinϕ cosα = sin θ cosβ. Consequently, sin(ϕ+ α) +

sin(ϕ− α) = sin(θ + β) + sin(θ − β). But α+ θ = β + ϕ = 180◦ − ω, so
ϕ− α = θ − β. Thus, sin(ϕ+ α) = sin(θ + β).If ϕ+α = θ+ β, then (ϕ+α) − (ϕ−α) = (θ+ β) − (θ− β), hene
α = β; ontradition. Therefore, we must have (ϕ+ α) + (θ + β) = 180◦,that is (α + θ) + (β + ϕ) = 180◦. It follows that α + θ = β + ϕ = 90◦,hene AD and BE are altitudes of △ABC and P is the orthoentre.6. Find all ordered triples (x, y, z) of mutually distint real numbers whihsatisfy the set equation

{x, y, z} =

§
x− y

y − z
,
y − z

z − x
,
z − x

x− y

ª .Solution by Titu Zvonaru, Com�ane�sti, Romania.Sine x − y

y − z
· y − z

z − x
· z − x

x − y
= 1, we have xyz = 1. Thus, there arenonzero real numbers a, b, c suh that x =

a

b
, y =

b

c
, z =

c

a
, and ab 6= c2,

bc 6= a2, ca 6= b2.The set equation then beomes§
a

b
,
b

c
,
c

a

ª
=

�
a(ac− b2)

b(ab− c2)
,
b(ab− c2)

c(bc− a2)
,
c(bc− a2)

a(ac− b2)

� ,whih resolves into one of six systems of three equations. The �rst of theseis 8>>><>>>:
a

b
=
a(ac − b2)

b(ab − c2)
,

b

c
=
b(ab − c2)

c(bc − a2)
,

c

a
=

c(bc − a2)

a(ac − b2)
, ⇐⇒

8<: (b− c)(a+ b+ c) = 0 ,
(c− a)(a+ b+ c) = 0 ,
(a− b)(a+ b+ c) = 0 . (1)

If b = c and c = a, then ac = b2, so it follows that a+ b+ c = 0 andwe obtain the solution (−α− β,α, β), with αβ 6= 0.The next system is8>>><>>>:
a

b
=
a(ac − b2)

b(ab − c2)
,

b

c
=

c(bc − a2)

a(ac − b2)
,

c

a
=
b(ab − c2)

c(bc − a2)
. ⇐⇒

8<: (b− c)(a+ b+ c) = 0 ,
ab(ac− b2) = c2(bc− a2) ,
ab(ab− c2) = c2(bc− a2) . (2)

Subtrating the last two equations, we obtain
ab(ac− b2 − ab+ c2) = 0 ⇐⇒ (b− c)(a+ b+ c) = 0 .
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It remains to solve the system§

(b− c)(a+ b+ c) = 0
ab(ab− c2) = c2(bc− a2)

.If c = −a − b, then we have ab(ab − c2) = c2(bc − a2), whih isequivalent to ab(ab−a2 − b2 − 2ab) = (a+ b)2(−ab− b2 −a2). However,
a2 + b2 + ab > 0, and it follows that the last equation has no solution.If b = c, then ab(ab−c2) = c2(bc−a2), or ab(ab−b2) = b2(b2 −a2),or (a − b)(2a + b) = 0; and sine a 6= b, we obtain the solution (a, b, c) =
(−α

2
, α, α), with α 6= 0.Similarly, the system (3) below has solution (a, b, c) = (α,−α

2
, α),

α 6= 0, and the system (4) below has solution (a, b, c) = (α, α,−α
2
), α 6= 0.

a

b
=
c(bc− a2)

a(ac− b2)
, b

c
=
b(ab− c2)

c(bc− a2)
, c

a
=
a(ac− b2)

b(ab− c2)
; (3)

a

b
=
b(ab− c2)

c(bc− a2)
, b

c
=
a(ac− b2)

b(ab− c2)
, c

a
=
c(bc− a2)

a(ac− b2)
. (4)We will show that the next system has no solution8>>><>>>:

a

b
=
b(ab − c2)

c(bc − a2)
b

c
=

c(bc − a2)

a(ac − b2)
c

a
=
a(ac − b2)

b(ab − c2)

⇐⇒

8<: ac(bc− a2) = b2(ab− c2)
c2(bc− a2) = ab(ac− b2)
bc(ab− c2) = a2(ac− b2)

(5)
Adding the �rst two equations, we have a(a+ c)(bc − a2) = b(ab2 −

bc2+a2c−ab2), or (a+c)(bc−a2) = b(a2−bc), whih implies a+b+c = 0(beause bc 6= a2). With c = −a− b, the third equation is equivalent to
−b(a+ b)(ab−a2 − b2 −2ab) = a2(−a2 −ab− b2) ⇐⇒ a2 +ab+ b2 = 0 ,and we do not obtain a solution.Similarly, the system

a

b
=
c(bc− a2)

a(ac− b2)
, b

c
=
a(ac− b2)

b(ab− c2)
, c

a
=
b(ab− c2)

a(ac− b2)
; (6)After transforming bak to x, y, and z, we have that the set {x, y, z}an be n−α + β

α
, α
β
, − β

α + β

ª with αβ 6= 0, or {x, y, z} = {−1
2
, 1, −2}.

To omplete the �les for 2009, we give some solutions from our read-ers to the seleted problems of the 2007 Taiwanese Mathematial Olympiad[2009 : 501℄.
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1. Prove the following statements:(a) If 0 < a, b ≤ 1, then

1
√
a2 + 1

+
1

√
b2 + 1

≤ 2
√

1 + ab
;(b) If ab ≥ 3, then

1
√
a2 + 1

+
1

√
b2 + 1

≥ 2
√

1 + ab
.

Solution by Titu Zvonaru, Com�ane�sti, Romania.(a) The inequality is true for a, b > 0 with ab ≤ 1. By squaring we obtain
1

1 + a2
+

1

1 + b2
+

2È
(1 + a2)(1 + b2)

≤ 4

1 + ab
.By the Cauhy{Shwarz Inequality, (1 + a2)(1 + b2) ≥ (1 + ab)2, thus

1

1 + a2
+

1

1 + b2
+

2

1 + ab
≤ 4

1 + ab

⇔ 2 + 2a2 + 2b2 + 2a2b2 − 1 − ab− b2 − ab3 − 1 − ab− a2 − a3b ≥ 0

⇔ a2 + b2 − 2ab− ab(a2 + b2 − 2ab) ≥ 0

⇔ (a− b)2(1 − ab) ≥ 0 ,and the last inequality is true.Equality holds if and only if (a−b)2(1−ab) = 0 and (1+a2)(1+b2) =
(1 + ab)2, that is a = b.(b) If a = b, the equality ours. Suppose a 6= b. After squaring, we have

1

1 + a2
+

1

1 + b2
− 2

1 + ab
+

2È
(1 + a2)(1 + b2)

− 2

1 + ab
≥ 0

⇔ (a− b)2(ab− 1)

(1 + a2)(1 + b2)
+ 2 ·

1 + ab−
È

(1 + a2)(1 + b2)È
(1 + a2)(1 + b2)

≥ 0

⇔ (a− b)2(ab− 1)È
(1 + a2)(1 + b2)

+ 2 · (1 + ab)2 − (1 + a2)(1 + b2)

1 + ab+
È

(1 + a2)(1 + b2)
≥ 0

⇔ (a− b)2(ab− 1)È
(1 + a2)(1 + b2)

+ 2 · −(a− b)2

1 + ab+
È

(1 + a2)(1 + b2)
≥ 0

⇔ (ab− 1)(ab+ 1) + (ab− 1)
È

(1 + a2)(1 + b2)

− 2
È

(1 + a2)(1 + b2) ≥ 0

⇔ (ab− 1)(ab+ 1) + (ab− 3)
È

(1 + a2)(1 + b2) ≥ 0 ,and the last inequality is true.
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2. Find all positive integers a, b, c, and d suh that

2a = 3b5c + 7d .Solution by Konstantine Zelator, University of Pittsburgh, Pittsburgh, PA,USA, modi�ed by the editor.We will prove that there is a unique solution to the equation
2a = 3b · 5c + 7d (1)namely a = 6, b = 1, c = 1, and d = 2.We will make use of the following lemma.Lemma 1. The only solution in positive integers x and y, to the diophantineequation.

2x − 1 = 7y (2)is x = 3 and y = 1.Proof: Modulo 3 the equation beomes (−1)x +2 ≡ 1 (mod 3), from whihwe see that x must be odd.Clearly x = 1 is not a solution and (x, y) = (3, 1) is a solution with
x = 3, so heneforth we assume that x is odd, x ≥ 5, and y a positiveinteger.Modulo 7 the equation beomes 2x ≡ 1 (mod 7), from whih we seethat x is divisible by 3, sine modulo 7 the powers 20, 21, 22, 23, 24, 25, . . .repeat in a yle of three: 0, 1, 4, 0, 1, 4, . . . .Thus, x = 6k + 3, for some positive integer k.Equation (2) now beomes 26k+3 − 1 = 7y, or (22k+1)3 − 1 = 7y, andthe lefthand side an be fatored as a di�erene of ubes

(22k+1 − 1) · [(22k+1)2 + 22k+1 + 1] = 7y . (3)Sine k ≥ 1, both fators on the lefthand side of (3) are positive integersgreater than 1. Therefore, sine 7 is a prime; equation (3) implies that
22k+1 − 1 = 7t1 ,

(22k+1)2 + 22k+1 + 1 = 7t2 , (4)where t1, t2 are positive integers suh that t1 + t2 = y.Substituting for 22k+1 = 7t1 + 1 in the seond equation in (4) yields,
(7t1 + 1)2 + 7t1 + 1 + 1 = 7t2 , or 72t1 + 3 · 7t1 + 3 = 7t2 , an impossibilityas this last equation implies (in view of t1 ≥ 1, t2 ≥ 1) that 7 divides 3.Bak to equation (1). Sine a, b, c, d are positive integers, the righthandside of (1) must be at least 3 · 5 + 7 = 22. Thus, by inspetion, we see thatthere are no solutions with a ≤ 5. For a = 6, we have the solution a = 6,
b = 1, c = 1, d = 2.
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Now suppose that a ≥ 7. First observe that a must be even. Indeed,modulo 3 the equation (1) beomes (−1)a ≡ 1 (mod 3), and the laim isestablished. Thus,

a ≡ 0 (mod 2) and a ≥ 8 . (5)The next laim is that b and c have the same parity, that is, either both
b and c are odd, or both b and c are even. To show this, we assume that band c are of opposite parity and arrive at a ontradition.Sine a ≥ 8, 2a ≡ 0 (mod 8), and equation (1) modulo 8 beomes

0 ≡ 3b · 5c + 7d (mod 8) . (6)If b is odd and c even, then 3b ≡ 3 (mod 8), while 5c ≡ 1 (mod 8). By(6) we obtain 0 ≡ 3 · 1 + 7d (mod 8), or 7d ≡ −3 ≡ 5 (mod 8), whih isimpossible sine 7d ≡ 7 or 1 (mod 8), for d odd or even, respetively.If b is even and c odd, then 3b ≡ 1 (mod 8), while 5c ≡ 5 (mod 8);and by (6) we obtain 0 ≡ 1 · 5 + 7d (mod 8), or 7d ≡ −5 ≡ 3 (mod 8),again an impossibility.We have proved that both b and c are odd, or both b and c are even.If b and c are odd, then 3b · 5c ≡ 3 · 5 ≡ 15 ≡ 7 (mod 8), and so by(1) we have 7d ≡ −7 ≡ 1 (mod 8) and d is even.Otherwise, if b and c are even, then modulo 8 the equation (1) yields
7d ≡ −1 ≡ 7 (mod 8), and then d is odd.These two ases are dealt with below.Case A. b ≡ c ≡ 1 (mod 2) and d ≡ 0 (mod 2).Reall from (5) that a is also even. Put a = 2m, d = 2l, where m, lare positive integers with m ≥ 4 (sine by (5), a ≥ 8). From (1) we obtain
22m − 72l = 3b · 5c; or equivalently

(2m − 7l) · (2m + 7l) = 3b · 5c (7)By inspetion, the two odd fators on the lefthand side of equation (7) arerelatively prime; sine any ommon prime divisor would have to divide theirsum 2 · 2m = 2m+1; so suh a prime would have to equal 2, not possiblesine these two fators are odd. Now, sine the two fators are relativelyprime positive integers; and 3 and 5 are primes and 2m − 7l is the smallerof the two fators; then, aording to equation (7), there are preisely twopossibilities:Possibility 1: 2m − 7l = 1 and 2m + 7l = 3b · 5c; orPossibility 2: 2m − 7l = 3b and 2m + 7l = 5c.Possibility 1 is ruled out at one by Lemma 1, sinem ≥ 4.Possibility 2 is ruled out modulo 8. Indeed, sine m ≥ 4; 2m ≡ 0
(mod 8). And sine b is odd, 3b ≡ 3 (mod 8). Thus, by the �rst equation,

0 − 7l ≡ 3 (mod 8) ⇐⇒ 7l ≡ −3 ≡ 5 (mod 8) ,
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whih is a ontradition sine 7l ≡ 7 or 1 (mod 8), as l is odd or even, re-spetively. The seond equation in Possibility 2 yields a similar ontraditionsine c is odd.Finally, we onsiderCase B. b ≡ c ≡ 0 (mod 2) and d ≡ 1 (mod 2).We put a = 2α, b = 2β, c = 2γ where α, β, γ are positive integerswith α ≥ 4 (sine a ≥ 8 by (5)). From equation (1) we get

22α − 32β · 52γ = 7d ⇐⇒ (2α − 3β5γ) (2α + 3β5γ) = 7d . (8)Again, by inspetion, we see that the two odd positive integers on the left-hand side of (8) are relatively prime; and sine 7 is a prime and 2α − 3β5γ isthe smaller of the two fators; (8) implies
2α − 3β5γ = 1 ,
2α + 3β5γ = 7d . (9)By adding the equations in (9) we obtain

2α+1 − 1 = 7d , (10)whih is impossible by Lemma 1, sine α+ 1 ≥ 5.Therefore, the equation (1) has the unique solution in positive integers
a = 6, b = 1, c = 1, d = 2.4. LetABCD be a onvex quadrilateral. Prove or disprove that there existsa point E in the plane of ABCD suh that △ABE is similar to △CDE.Solved by Mihel Bataille, Rouen, Frane; and Titu Zvonaru, Com�ane�sti, Ro-mania. We give Bataille's generalization.We generalize as follows: if A, B, C, D are points in the Eulideanplane suh that A 6= B, C 6= D and −→

AB 6= −−→
CD, then there exists a point Esuh that △ABE and △CDE are similar.The result is obvious if AB and CD are parallel, sine then the pointof intersetion of AC and BD is a suitable point E.In the general ase when AB and CD are not parallel, we obtain theresult with the help of omplex numbers. We denote the omplex aÆx ofany point M by m and let ω =

c − d

a − b
. Note that ω 6= 1. Let E be thepoint whose aÆx is e =

α

1 − ω
where α = c − aω. Then, c = aω + α and

d = c− aω + bω = bω + α. Also, e = eω + α, and therefore
d− e

c− e
=
bω + α− eω − α

aω + α− eω − α
=
b− e

a− e
.Thus,

DE

CE
=
BE

AE
and ∠CED = ∠AEB ,so that △ABE is similar to △CDE.
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5. Find all funtions f : R → R, suh that for all real numbers x and y,

f(x)f
�
yf(x) − 1

�
= x2f(y) − f(x) .

Solution by Mihel Bataille, Rouen, Frane.The zero funtion 0̃ : x 7→ 0 and the identity funtion idR : x 7→ x areobviously solutions. We show that there are no other solutions.For onveniene, denote the given equation by (E), and let f be anysolution. Taking x = y = 0 in (E) yields f(0) · (f(−1) + 1) = 0, so that
f(0) = 0 if f(−1) 6= −1. In this ase, we also have f(x) · f(−1) = −f(x)(by taking y = 0 in (E)), hene f(x) = 0 for all x. Thus f = 0̃.Now we suppose that f(−1) = −1. Taking y = 0, x = 1 in (E) yields
f(0) = 0. Also, taking y = −1 in (E) shows that f(x) = 0 implies x = 0. Inpartiular, f(1) is a nonzero real number whih satis�es f(1)f(f(1) − 1) =
f(1) − f(1) = 0 (taking x = y = 1 in (E)). Thus, f(f(1) − 1) = 0 and
f(1) = 1. Taking x = 1 and x = −1 in (E), we obtain

f(y − 1) = f(y) − 1 and − f(−y − 1) = f(y) + 1 .It is easy to dedue that f is an odd funtion, and sine f(yf(x) − 1) =
f(yf(x)) − 1, it then follows from (E) that

f(x)f(yf(x)) = x2f(y) (E′)for all real numbers x and y.With y = x, (E′) gives f(xf(x)) = x2 (for x 6= 0, but this is also validfor x = 0). Replaing x by xf(x) in (E′) yields f(yx2) = (f(x))2f(y) fromwhih we dedue f(x2) = (f(x))2 and so f(yx2) = f(y)f(x2). Sine f isodd, an easy onsequene is
f(uv) = f(u)f(v)for all real numbers u and v. Also, for v 6= 0,

f(u+ v) = f
�
v
�u
v

+ 1
��

= f(v)f
�u
v

+ 1
�

= f(v)
�
f
�u
v

�
+ 1

�
= f(v)f

�u
v

�
+ f(v) = f(u) + f(v)hene f(u+ v) = f(u) + f(v) for all u, v.Thus, f satis�es the onditions f(1) = 1, f(u+v) = f(u)+f(v), f(uv) =

f(u)f(v) for all real numbers u, v. As is well-known, this implies that
f = idR.

We �nish with a single solution to a problem of the YouthMathematialOlympiad of the Asoiai �on Venezolana de CompeteniasMatem�atias, 2006,given at [2009 : 380℄.
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4. Joseph, Dario, and Henry prepared some labels. On eah label they wroteone of the numbers 2, 3, 4, 5, 6, 7, or 8. David joined them and stuk onelabel on the forehead of eah friend. Joseph, Dario, and Henry ould not seethe numbers on their own foreheads, they only saw the numbers of the othertwo. David said, \You do not have distint numbers on your foreheads, andthe produt of the three numbers is a perfet square." Eah friend then triedto dedue what number he had on his forehead. Could anyone disover it?Solution by Titu Zvonaru, Com�ane�sti, Romania.Sine the three numbers are not distint, then their produt is a2b,where a, b ∈ {2, 3, 4, 5, 6, 7, 8}. The produt a2b is a perfet square if andonly if b is a perfet square, that is b = 4.If one friend sees the label \a, a", then the label 4 is on his forehead.If one friend sees the label \a, 4", then the label a is on his forehead.It follows that eah of the three friends an disover what label is onhis own forehead.

Sine we are introduing hanges in editorship of the Corner next is-sue it is appropriate to wrap up this number (and this volume of CRUX withMAYHEM) with thanks to all those who have ontributed problems and so-lutions in 2010:Mohammed AassilaArkady AltMiguel Amengual CovasGeorge ApostolopoulosMatthew BabbittMihel BatailleChip CurtisJos �e Luis D��az-BarreroJ. Chris FisherOliver GeupelJoe HowardGeo�rey A. KandallMatti LehtinenHugo Luyo

David E. ManesJohn Grant MLoughlinHenry RiardoLeda SanhezBill SandsD.J. SmeenkAlex SongJan VersterStan WagonEdward T.H. WangDexter WeiKaiming ZhaoKonstantine ZelatorTitu Zvonaru
Also, I annot stress how vital the support of Joanne Canape has beento bringing together the numbers of the Corner over these many years.
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BOOK REVIEWS

Amar SodhiThe Calulus Colletion, A Resoure for AP and BeyondEdited by Caren L. Diefenderfer and Roger B. NelsenPublished by The Mathematial Assoiation of Ameria, 2010ISBN: 978-0-88385-761-8, hardover, 507+xx pages, US$74.95Reviewed by Amar Sodhi, Sir Wilfred Grenfell College, Corner Brook, NLRushing to the dentist's oÆe you hurriedly grab the latest CollegeMathematis Journal. After all, you want some light reading while wait-ing for your appointment. While absorbed by an artile on the advantagesof impliit di�erentiation you are summoned for dental leaning. Naturally,alulus is in both the hygienist's and your thoughts as you are having yourteeth sraped, and later that afternoon you rush to the library as a germ of anidea takes hold. Sure enough, during the last twenty years, the three mainjournals of the Mathematis Assoiation of Ameria (MAA) ontain enoughstimulating papers in alulus to �ll a book.The Calulus Colletion is a worthy enough title for a volume ontain-ing selet artiles on limits, the derivative, integrals, polynomial approxima-tions, and series, whih have been written to inform or amuse anyone withan interest in alulus. Suh a volume may provide a battery of ideas to allowan instrutor to invigorate a \text-book" alulus ourse or to demonstrateto the keen student that there is some beauty to behold in an area of mathe-matis whih is invariably taught for its usefulness in siene, soial siene,and engineering. Yes, the MAA has done a servie in publishing this bookwhih features a smorgasbord of refereed papers dating from 1991, arrangedneatly by topi and judiiously edited by Diefenderfer and Nelsen.The reason that Diefenderfer and Nelsen only go bak to 1991 is quitesimple; their book an be viewed as a sequel to A Century of Calulus whihontains papers whih appeared in MAA journals between 1884 and 1991.However, the motivation the editors use to justify publishing The CalulusColletion is to provide resoure material for advaned plaement (AP) al-ulus. The subtitle of the book, A Resoure for AP and Beyond, on�rms thatthe book is targeted solely for high shool teahers or students who are in-volved in an AP alulus ourse. This is unfortunate sine this resoure bookneither ontains a wealth of hallenge problems (omplete with solutions)nor abounds with artiles speially written with the AP programme in mind.Rather, it is a olletion of papers (91 from The College Mathematis Jour-nal, 17 from Mathematis Magazine, 12 from the Amerian MathematialMonthly and three from the two other MAA periodials, FOCUS and Hori-zons) whih were presumably written to share ideas with the professionalmathematial ommunity in general. However, suggestions on how eah ar-tile an be used in an introdutory alulus ourse is given in an appendix.
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Also, in the prefae, the editors make it lear that this book is an instrutor's(as opposed to a student's) resoure manual.Anybody who enjoys the alulus based artiles that an be found inthe College Mathematis Journal will �nd a lot to like in this book, and thisertainly inludes students and instrutors of AP alulus. However, from amarketing stane, this \rose" would smell sweeter if it had another subtitle.Might I suggest \The Bedside Calulus Companion"?
An Episodi History of Mathematis: Mathematial Culture ThroughProblem Solvingby Steven G. KrantzMathematial Assoiation of Ameria, 2010ISBN: 978-0-88385-766-3, hardover, 381+xii pages, US$67.95Reviewed by Ed Barbeau, University of Toronto, Toronto, ONThe title of this book is unfortunate, as it does not reet what is be-tween the overs. To be sure, there is history here as well as many problemsand explorations. However, these are not woven into the mathematial ma-terial; rather the volume is an exposition of mathematial topis presentedin a modern style with the history and problems playing an anillary role.Eah hapter inludes one or more essays on an historial �gure orshool, followed by aounts of related areas of mathematis. These arepuntuated by invitations to the reader to explore an example or extension.At the onlusion of the hapter is a set of exerises, some designated asprojets; these ome without hints, solutions or ommentaries.There is good overage of many seminal areas of mathematis: limits,onis, the development of algebra and solution of equations, Cartesian o-ordinates, di�erential and integral alulus, omplex numbers and the funda-mental theorem of algebra, number theory, the Fermat onjeture, the realontinuum, the pigeonhole theorem, Ramsey theory, the hyperboli dis,ardinality, the beginnings of topology, modern abstrat algebra, methods ofproof, and ryptology.The historial essays ontain a great deal of interesting lore and detail,although the historial judgments are not always ompletely reliable. Forexample, Eulid's proof of the in�nitude of primes is presented as a proofby ontradition, whereas he really proved that no matter what �nite set ofprimes we have, we an always �nd one more. Perhaps to the modern readerthis is essentially the same, but to the historian, the shading is important.For a more authenti engaging of history, one might turn to the venerabletext by Howard Eves, Introdution to the History of Mathematis (6th edi-tion, 1990, Saunders) or Otto Toeplitz, The Calulus: a Geneti Approah(1963, 2007). The level of the mathematial presentation is too sophistiatedfor most seondary students; this book is best reommended for those pre-ollege students who are advaned or partiularly keen and persistent, andfor ollege students in their �rst two years, where some of the hapters willsupplement material in their regular ourses.
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Methods for Eulidean Geometryby Owen Byer, Felix Lazebnik, and Deirdre L. SmeltzerMathematial Assoiation of Ameria, 2010ISBN: 9-780-88385-763-2, hardover, 461 + xvi pages, US$69.95Reviewed by J. Chris Fisher, University of Regina, Regina, SKThis exellent book is quite di�erent from other geometry texts. Itsgoal is to review and deepen a reader's understanding of Eulidean planegeometry by emphasizing tehniques developed after Eulid. The authorsfous on the relationship between geometry and mainstream mathematis,reminding us that in previous enturies all mathematiians did geometry. Toahieve their goal they feature an ample olletion of problems that rangefrom routine to hallenging; nearly half the book's 461 pages are devotedto problem statements, hints, and solutions. Although CRUX with Mayhemwas not a soure, many of the problems would be attrative to readers ofthis journal. Some problems appear more than one throughout the book sothat the reader an try a variety of methods and ompare the merits of eahapproah. An appendix provides a omplete solution to most of the prob-lems, but eah hapter onludes with �fteen or so supplemental problemsthat are not aompanied by solutions.The �rst two hapters provide a perfuntory history of geometry (sixpages) and disussion of axioms (13 pages). That is followed by four hap-ters (about 100 pages) that review plane geometry using methods that wouldbe familiar to Eulid. The topis overed are triangles, quadrilaterals, otherpolygons, irles, length, area, and loi. These hapters review those the-orems that students should have seen in high shool and omplement thatmaterial with other basi theorems (suh as the theorems of Ceva, Menelaus,and Ptolemy) that they will need when solving problems. The authors pro-vide the simple proofs of many of these results; more importantly, theyarefully state the results and, where appropriate, their onverses. Exam-ples: they list six neessary and suÆient properties for a quadrilateral to bea parallelogram, and eight properties establishing that a triangle is isose-les. It is ruial that readers be provided with an expliit list of results thatthey an use to bak laims they make in their own proofs. In every hap-ter the authors provide a few examples of how the basi theorems an beused in problem solving. Although the topis go somewhat beyond whatis taught in typial high shools, the authors stop short of introduing 19thentury triangle geometry (suh as the nine-point irle, whih the authorsrefer to as \baroque problems," a desription that made this reviewer hokeslightly). Nevertheless, there are fresh and interesting items in most hap-ters; in the lous hapter, for example, the authors desribe how Newtonorreted Galileo's laim that the trajetory of a projetile is a parabola. (Thetrajetory is elliptial unless the earth happens to be at.) In the area hap-ter there is a proof that any two plane polygons having the same area areequideomposable, that is, they an be partitioned by straight lines into anequal �nite number of piees suh that orresponding piees are ongruent.
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Chapters 7 through 13 form the ore of the text. Eah of these hap-ters introdues a postEulidean tehnique for solving geometry problems:trigonometry, oordinates (onsidered entral to the authors' approah; thereis a separate hapter that uses oordinates to study onis), omplex num-bers, vetors, aÆne transformations, and inversions. These topis learlysupport the authors' desire that the reader learn mathematis, with geom-etry providing the ontent. A 14th hapter disusses the use of omputersoftware to supplement the use of oordinates for solving geometry prob-lems. The authors had originally intended for a CD to aompany the text;instead, the reader an download a Maple worksheet that demonstrates howto use Maple to solve some of the problems from earlier hapters; withoutaess to Maple, however, the omputer-aided solutions an only be read,not implemented.The book is published by the Mathematial Assoiation of Ameria aspart of its Classroom Resoure Materials series, \intended to provide sup-plemental lassroom material for students|laboratory exerises ... [and℄textbooks with unusual approahes for presenting mathematial ideas." Theauthors have used their book for university ourses taken by seond (andthird) year math majors, as well as for ourses aimed prinipally at edua-tion majors who plan to teah in high shools. A typial ourse briey overedChapters 3 to 7 (geometry and trigonometry review), then onentrated onmaterial from Chapters 8 (oordinates), 9 (onis), 10 (omplex numbers),and 12 (aÆne transformations). The text has also been used for more de-manding ourses that inlude Chapter 13 (inversions). That looks like toomuh material to �t into any ourse I would teah; one ould make a varietyof ourses out of any pair of the hapters 7 through 13 after a brief reviewof the highlights of high-shool geometry. Beyond their geometry ourses,the authors have used individual hapters to supplement ourses they taughtin alulus, linear algebra, and abstrat algebra. They further suggest thattheir book ould serve as the basis of a apstone ourse in mathematis, oras a resoure for a problem-solving group, or perhaps as a text for the brighthigh-shool student who wants to learn the material on his own. Unfortu-nately, the book has one glaring fault: its prie. With a list prie of US$70,the book osts double what I would ask a student to pay for a ourse thatmight use perhaps a hundred of its pages. The Math Assoiation of Amer-ia seems to have gone from a poliy of publishing inexpensive, aessiblebooks for students, to using their publishing wing to support other worthyassoiation ativities. Whether or not suh a poliy might be wise, I hesi-tate to reommend this book as a textbook|there are other available textsthat might not be as arefully written nor ontain suh a rih assortment ofmaterial, but they are adequate and ost muh less.
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A Solution to Gibson's and Rodgers'Problem in 3 Dimensions

Nguyen Minh Ha
1 IntroductionPeter M. Gibson and Mihael H. Rodgers [1℄ posed problem 844 in CRUXMathematiorum on iterated triangles insribed in a irle and a higher di-mensional analogue. The �rst part of their problem is as follows:(a) A triangle A0B0C0 with entroid G0 is insribed in a irle Γwith entre O. The lines A0G0, B0G0, C0G0 meet Γ again in A1,

B1, C1, respetively, and G1 is the entroid of triangle A1B1C1.A triangle A2B2C2 with entroid G2 is obtained in the same wayfrom A1B1C1, and the proedure is repeated inde�nitely, produ-ing triangles with entroids G3, G4, . . . . If gn = OGn, prove thatthe sequene {g0, g1, g2, . . . } is dereasing and onverges to 0.This part was solved by R.B. Killgrove and Dan Sokolowsky [3℄.The seond part of problem 844 was to determine if a similar resultholds for a tetrahedron insribed in a sphere, or, more generally, for an n-simplex insribed in an n-sphere. This latter problem is hitherto unsolved.Here we give a positive answer and a proof in the 3-dimensional ase.
2 Notation and Preliminary ResultsThroughout we will assume that all tetrahedra are nondegenerate or we shallprove that the tetrahedra whih arise are nondegenerate.For onveniene we adopt ertain notations. Let SA, SB, SC, SD be theareas of the faes opposite the vertiesA,B,C,D of tetrahedronABCD, let
(XY Z) be the plane through the three pointsX, Y , Z, and let V (WXY Z)be the volume of tetrahedronWXY Z. For ertain speial sums, the follow-ing notation will be used:X

S2
A

−→
LA = S2

A

−→
LA+ S2

B

−→
LB + S2

C

−→
LC + S2

D

−→
LD ,X

AB2 = AB2 +AC2 +AD2 +BC2 +BD2 + CD2 .A dot \·" will denote either multipliation of two numbers or the dotprodut of two vetors, depending on the ontext.Copyright c© 2011 Canadian Mathematial SoietyCrux Mathematiorum with Mathematial Mayhem, Volume 36, Issue 8
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We now make some de�nitions. Let ABCD be a tetrahedron. A planethrough the edge AB and the midpoint of the edge CD is alled the medianplane through the edge AB of the tetrahedron. A biseting plane of thedihedral angle at the edge AB of the tetrahedron is alled the bisetor planethrough the edge AB of the tetrahedron. The plane that is the reetion ofthe median plane through edge AB in the bisetor plane through the edge

AB is alled the symmedian plane through the edge AB of the tetrahedron.Eah tetrahedron has six edges and thus has six median planes, six bi-setor planes, and six symmedian planes.It is known that the six median planes interset in a ommon pointwhih is the entroid of the tetrahedron, and the six bisetor planes intersetin a ommon point whih is the entre of the insribed sphere. The six sym-median planes also interset in a ommon point and we shall all this pointthe Lemoine point of the tetrahedron (we will prove this later).Our main theorem has two parts, the seond part being the positiveanswer to the problem posed by Peter M. Gibson and Mihael H. Rodgers inthree dimensions.Theorem Let A0B0C0D0 be a tetrahedron with volume V0 and entroid G0insribed in a sphere Γ with entre O. The lines A0G0, B0G0, C0G0, D0G0interset Γ again in A1, B1, C1, D1, respetively, and V1 and G1 are thevolume and the entroid of tetrahedron A1B1C1D1, respetively. A tetra-hedron A2B2C2D2 with volume V2 and entroid G2 is obtained in a similarway from A1B1C1D1, and the proedure is repeated inde�nitely, produingtetrahedra with volumes V3, V4, . . . and entroids G3, G4, . . . . Then,(1) The sequene {Vn} is nondereasing, and(2) The sequene {OGn} is noninreasing and onverges to zero.In order to prove Theorem 1 we need several lemmas.Lemma 1 IfM is inside tetrahedronABCD, thenPV (MBCD)
−−→
MA =

−→
0 .Proof: Choose points A′, B′, C′, D′ on the raysMA,MB,MC,MD, re-spetively, so thatM is the entroid of tetrahedronA′B′C′D′. Note that thevolume of eah tetrahedronMB′C′D′,MC′D′A′,MD′A′B′,MA′B′C′ isone-fourth the volume of tetrahedron A′B′C′D′. We haveX

V (MBCD)
−−→
MA

=
1

4
V (A′B′C′D′)

X V (MBCD)

V (MB′C ′D′)

−−→
MA

=
1

4
V (A′B′C′D′)

X MB ·MC ·MD

MB′ · MC ′ ·MD′
−−→
MA

=
1

4
V (A′B′C′D′)

MA · MB ·MC ·MD

MA′ · MB′ ·MC ′ ·MD′

X MA′

MA

−−→
MA

=
1

4
V (A′B′C′D′)

MA · MB ·MC ·MD

MA′ · MB′ ·MC ′ ·MD′

X−−−→
MA′ =

−→
0 .
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Lemma 2 Tetrahedron ABCD is insribed in sphere (O). LetM be a pointin the interior of the tetrahedron. Let the linesMA,MB,MC,MD meet
(O) again at A′, B′, C′, D′. Then

V (ABCD)

V (A′B′C′D′)
=

MA ·MB ·MC ·MD

MA′ ·MB′ ·MC′ ·MD′ .Proof: By Lemma 1, we havePV (MBCD)
−−→
MA =

−→
0 . Thus,X

V (MBCD)
MA

MA′
−−−→
MA′ = −

X
V (MBCD)

�
− MA

MA′

�−−−→
MA′

= −
X

V (MBCD)
−−→
MA =

−→
0 .Sine the numbers V (MBCD)

MA

MA′ , V (MCDA)
MB

MB′ , V (MDAB)
MC

MC ′ ,and V (MABC)
MD

MD′ are positive,M is inside the tetrahedron A′B′C′B′,and hene V (A′B′C′D′) =
P
V (MB′C′D′).Note thatMA ·MA′ = MB ·MB′ = MC ·MC′ = MD ·MD′ =

R2 − OM2, where R is the radius of (O). Thus,
V (A′B′C′D′)

=
X V (MB′C′D′)

V (MBCD)
V (MBCD)

=
XMB′ ·MC′ ·MD′

MB ·MC ·MD
V (MBCD)

=
MA′ ·MB′ ·MC′ ·MD′

MA ·MB ·MC ·MD
· 1

MA ·MA′

X
V (MBCD)MA2

=
MA′ ·MB′ ·MC′ ·MD′

MA ·MB ·MC ·MD
· 1

R2 − OM2

X
V (MBCD)MA2 . (1)However, we also have

V (ABCD)R2

=
X

V (MBCD)OA2 =
X

V (MBCD)
���−−→OM +

−−→
MA

���2
=
�X

V (MBCD)
�
OM2 + 2

−−→
OM ·

�X
V (MBCD)

−−→
MA

�
+
X

V (MBCD)MA2

= V (ABCD)OM2 + 2
−−→
OM · −→

0 +
X

V (MBCD)MA2

= V (ABCD)OM2 +
X

V (MBCD)MA2 . (2)It follows thatPV (MBCD)MA2 = V (ABCD)(R2 − OM2).The lemma now follows from the above identities (1) and (2).
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Lemma 3 The opposing edges (three pairs altogether) of a tetrahedron are ofequal length if and only if its entroid oinides with the entre of its irum-sribed sphere.Proof: Let tetrahedron ABCD have entroid G and let O be the entre ofits irumsribed sphere.Let (α), (α′) be two parallelplanes that ontain AB, CD, respe-tively; let (β), (β′) be two parallelplanes that ontain AC, DB, respe-tively; and let (γ), (γ′) be two paral-lel planes that ontain AD, BC, re-spetively. The pairs of planes (α),
(α′); (β), (β′); and (γ), (γ′) de-�ne a parallelepiped, whih we denoteby ATBZ.Y CXD (see the �gure atright).
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It is evident that CD = TZ, DB = Y T , BC = ZY and G is theommon midpoint of the diagonals of the parallelepiped ATBZ.Y CXD.Hene, the following onditions are equivalent.(a) AB = CD, AC = DB, AD = BC.(b) AB = TZ, AC = Y T , AD = ZY .() ATBZ, AY CT , AZDY are retangles.(d) ATBZ.Y CXD is a retangular parallelepiped.(e) AX = BY = CZ = DT .(f) GA = GB = GC = GD.(g) G oinides with O.A tetrahedron is said to be quasiregular if it satis�es one of the twoequivalent onditions stated in Lemma 3.Lemma 4 Six symmedian planes of tetrahedron ABCD interset at one om-mon point L de�ned by X
S2

A

−→
LA =

−→
0 .We note that this point is uniquely de�ned by the above equality andis referred to as the Lemoine point (as aforementioned).More generally, for eah quadruple of positive real numbers (α, β, γ, δ)there exists a unique point P in the interior of the tetrahedron suh thatP

α
−→
PA =

−→
0 , and onversely for eah point P in the interior of the tetrahe-dronABCD there is a unique quadruple of positive real numbers (α, β, γ, δ)suh that α+ β + γ + δ = 1 andPα

−→
PA =

−→
0 .
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Proof of Lemma 4: Let the median plane, the bisetor plane, and the sym-median plane through the edge AB of the tetrahedron meet the edge CD at
M , N , and P , respetively.
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r
A

rF

rE

rB

r

A′

r

C

r

P

r

N

r

M

rD

r

C′

r

P ′

r

N ′

r

M ′

r

D′

Let (π) be a plane perpendiular to the lineAB. Let A′ be the orthog-onal projetion ofA,B onto the plane (π), and letC′,D′,M ′,N ′, P ′ be theorthogonal projetions of C, D,M , N , P onto the plane (π), respetively.It is evident that in triangle A′C′D′ the segments A′M ′, A′N ′, A′P ′are, respetively, the median, the bisetor, and the symmedian from thevertex A′. By the symmedian property [2℄, we have
P ′C′

P ′D′ =

�
A′C′

A′D′

�2 .From this, and the fat that CC′, DD′, PP ′ are parallel, we have
PC

PD
=

�
A′C′

A′D′

�2 .Suppose that E, F are respetively the orthogonal projetions of C,Don AB. It is easily seen that A′C′ = EC, A′D′ = FD.Thus,
PC

PD
=

�
EC

FD

�2

=

�
1
2
AB · EC

�2�
1
2
AB · FD

�2 =
S2

D

S2
C

.
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This implies that S2

C

−→
PC + S2

D

−−→
PD =

−→
0 . On the other hand, sineP

S2
A

−→
LA =

−→
0 , we have

S2
A

−→
LA+ S2

B

−→
LB + S2

C

�−→
LP +

−→
PC

�
+ S2

D

�−→
LP +

−−→
PD

�
=

−→
0 .This means that

S2
A

−→
LA+ S2

B

−→
LB + (S2

C + S2
D)

−→
LP + (S2

C

−→
PC + S2

D

−−→
PD) =

−→
0 .Consequently,

S2
A

−→
LA+ S2

B

−→
LB + (S2

C + S2
D)

−→
LP =

−→
0 ,so that L lies in (ABP ), the symmedian plane through the edge AB of thetetrahedron ABCD.Therefore, L lies in all six symmedian planes of tetrahedron ABCD.Lemma 5 If M is in the interior of tetrahedron ABCD and H, K, I, J arethe orthogonal projetions ofM onto the planes (BCD), (CDA), (DAB),

(ABC), respetively, then X SA

MH

−−→
MH =

−→
0 .Proof: Let S(UVW ) denote the area of triangle UVW . Let the insribedsphere of tetrahedron ABCD touh the planes (BCD), (CDA), (DAB),

(ABC) atX, Y , Z, T , respetively. Let P , r be the entre and radius of theinsribed sphere, respetively.From the planar analogue of Lemma 1 (see also [4℄),
S(XCD)

−−→
XB + S(XDB)

−−→
XC + S(XBC)

−−→
XD =

−→
0 ,so it follows that

S(XCD)(
−−→
XP +

−−→
PB)+S(XDB)(

−−→
XP +

−→
PC)

+ S(XBC)(
−−→
XP +

−−→
PD) =

−→
0 .Hene, SA

−−→
PX = S(XCD)

−−→
PB + S(XDB)

−→
PC + S(XBC)

−−→
PD, and also

SB
−−→
PY =S(Y DA)

−→
PC+S(Y AC)

−−→
PD+S(Y CD)

−→
PA ,

SC
−→
PZ = S(ZAB)

−−→
PD+ S(ZBD)

−→
PA+ S(ZDA)

−−→
PB ,

SD
−→
PT = S(TBC)

−→
PA+ S(TCA)

−−→
PB+ S(TAB)

−→
PC .Moreover, we note that

S(ZAB) = S(TAB) , S(XCD) = S(Y CD) , S(Y AC) = S(TAC) ,
S(ZBD) = S(XDB) , S(ZDA) = S(Y DA) , S(TBC) = S(XBC) ;
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so, by using Lemma 1, we haveX SA

MH

−−→
MH =

1

r

X
SA

PX

MH

−−→
MH =

1

r

X
SA

−−→
PX

=
1

r

X�
S(XCD)

−−→
PB + S(XDB)

−→
PC + S(XBC)

−−→
PD

�
=

1

r

X�
S(Y CD) + S(ZDB) + S(TBC)

�−→
PA

=
1

r

X
(S(XCD) + S(XDB) + S(XBC))

−→
PA

=
1

r

X
SA

−→
PA =

3

r2

X 1

3
SA · PX · −→

PA

=
3

r2

X
V (PBCD)

−→
PA =

−→
0 .The planar analogue of the next lemma an be found in [4℄.Lemma 6 Suppose that any three of −→a , −→

b , −→c , −→
d are not oplanar, that x, y,

z, t, x′, y′, z′, t′ are nonzero, and that the equations x−→a +y
−→
b +z−→c +t

−→
d =−→

0 and x′−→a + y′−→b + z′−→c + t′
−→
d =

−→
0 hold. Then

x

x′ =
y

y′ =
z

z′ =
t

t′
.Proof: By isolating −→

d we have
x

t
−→a +

y

t

−→
b +

z

t
−→c = −−→

d =
x′

t′
−→a +

y′

t′
−→
b +

z′

t′
−→c .Sine −→a −→

b , −→c are not oplanar, it follows that
x

t
=
x′

t′
, y

t
=
y′

t′
, z

t
=
z′

t′
,whih implies that x

x′ =
y

y′ =
z

z′ =
t

t′
.Lemma 7 Let M be any point in the interior of tetrahedron ABCD. Let

H, K, I, J be the orthogonal projetions of the point M onto the planes
(BCD), (CDA), (DAB), (ABC). Then M is the entroid of tetrahedron
HKIJ if and only ifM is the Lemoine point of the tetrahedron ABCD.Proof: We shall show the equivalene of the following statements.(a) The pointM is the entroid of tetrahedron HKIJ.(b) The equation −−→

MH +
−−→
MK +

−−→
MI +

−−→
MJ =

−→
0 holds.() The equation SA

MH
=

SB

MK
=

SC

MI
=

SD

MJ
holds.
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(d) The equation S2

A
1

3
MH · SA

=
S2

B
1

3
MK · SB

=
S2

C
1

3
MI · SC

=
S2

D
1

3
MJ · SDholds.(e) The equation S2

A

V (MBCD)
=

S2
B

V (MCDA)
=

S2
C

V (MDAB)
=

S2
D

V (MABC)holds.(f) The equationPS2
A

−−→
MA =

−→
0 holds.(g) The pointM is the Lemoine point of the tetrahedron ABCD.Parts (a) and (b) are equivalent by properties of the entroid. Lemma 5and Lemma 6 imply the equivalene of (b) and (). Clearly, (), (d), and (e)are equivalent. Lemma 1 and Lemma 6 imply that (e) and (f) are equivalent,while Lemma 4 implies that (f) and (g) are equivalent.Lemma 8 Let ABCD be a tetrahedron and X, Y , Z, T points on the planes

(BCD), (CDA), (DAB), (ABC), respetively. The sum P
XY 2 is mini-mized if and only ifX, Y , Z, T are the orthogonal projetions of the Lemoinepoint of ABCD onto the planes (BCD), (CDA), (DAB), (ABC).Proof: Let M be the entroid of tetrahedron XY ZT and H, K, I, J theorthogonal projetions of M onto the planes (BCD), (CDA), (DAB),

(ABC). We haveX
XY 2 =

X���−−→
MX − −−→

MY
���2 = 3

X
MX2 − 2

X−−→
MX · −−→

MY

= 4
X

MX2 −
���X−−→

MX
���2 = 4

X
MX2 ≥ 4

X
MH2

=
4P
S2

A

�X
MH2

� �X
S2

A

�
≥ 4P

S2
A

�X
SAMH

�2
=

4P
S2

A

�X
3V (MBCD)

�2
≥ 36P

S2
A

V 2(ABCD) .
Therefore, PXY 2 ≥ 36P

S2
A

V 2(ABCD), with equality if and only ifthe following three onditions are satis�ed:(a) The points X, Y , Z, T are the orthogonal projetions of M onto theplanes (BCD), (CDA), (DAB), (ABC).(b) The equation MH

SA
=
MK

SB
=
MI

SC
=
MJ

SD
holds.() The pointM is in the interior of the tetrahedron ABCD.By Lemma 5 and Lemma 7, these onditions are satis�ed if and only if

X, Y , Z, T are the orthogonal projetions of the Lemoine point of tetrahe-dron ABCD onto the planes (BCD), (CDA), (DAB), (ABC).
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3 Proof of Theorem 1Let R be the radius of the irumsphere, Γ, of tetrahedron A0B0C0D0.Proof of part (1): Note that

G0A0 ·G0A1 = G0B0 ·G0B1 = G0C0 ·G0C1

= G0D0 ·G0D1 = R2 − OG2
0 ,X

G0A
2
0 =

�X
OA2

0

�
− 4OG2

0 = 4
�
R2 − OG2

0

� (3)Using (3), Lemma 2, and the AM-GM Inequality, we have
V0

V1

=
G0A0 ·G0B0 ·G0C0 ·G0D0

G0A1 ·G0B1 ·G0C1 ·G0D1

≤
�

1

4

X G0A0

G0A1

�4
=

�
1

4

X G0A
2
0

G0A0 ·G0A1

�4

=
1�

4(R2 − OG2
0)
�4 �XG0A

2
0

�4
=

1�
4(R2 − OG2

0)
�4 �X�

OA2
0 − 4OG2

0

��4
=

1�
4(R2 − OG2

0)
�4 �4(R2 − OG2

0)
�4

= 1 .Thus, V0 ≤ V1.We remark that by (3) and Lemma 3, the following are equivalent.(a) The volumes of suessive tetrahedra are equal, that is, V0 = V1.(b) The equation G0A0

G0A1

=
G0B0

G0B1

=
G0C0

G0C1

=
G0D0

G0D1

holds.() The equation G0A
2
0

G0A0 · G0A1

=
G0B

2
0

G0B0 · G0B1

=
G0C

2
0

G0C0 · G0C1

=
G0D

2
0

G0D0 · G0D1

holds.(d) The equation G0A0 = G0B0 = G0C0 = G0D0 holds.(e) The entroid G0 oinides with O.(f) The tetrahedron A0B0C0D0 is quasiregular.Repeating this proedure, we have V0 ≤ V1 ≤ V2 ≤ · · · , and {Vn} is anondereasing sequene.Proof of part (2): Let (α), (β), (γ), and (δ) be the planes through the points
A0, B0, C0, D0 respetively and perpendiular to A0G0, B0G0, C0G0, and
D0G0 in that order.Let A′

0 = (β) ∩ (γ) ∩ (δ), B′
0 = (γ) ∩ (δ) ∩ (α), C′

0 = (δ) ∩ (α) ∩ (β),and D′
0 = (α) ∩ (β) ∩ (γ).
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Sine G0 is the entroid of tetrahedron A0B0C0D0, by Lemma 7 G0 isthe Lemoine point of the tetrahedron A′

0B
′
0C

′
0D

′
0.Let A′

1, B′
1, C′

1, D′
1 be the reetions of A1, B1, C1, D1 in O. Then

A′
1, B′

1, C′
1, D′

1 are on the planes (α), (β), (γ), (δ), respetively.By Lemma 8,P(A′
1B

′
1)

2 ≥
P

(A0B0)
2. SineP(A′

1B
′
1)

2 =
P

(A1B1)
2,we obtain X

(A1B1)
2 ≥

X
(A0B0)

2 .Furthermore, we haveX
(A0B0)

2 =
X���−−→

OA0 − −−→
OB0

���2 = 12R2 − 2
X−−→

OA0 · −−→
OB0

= 16R2 −
���X−−→

OA0

���2 = 16R2 −
���4−−→
OG0

���2 = 16(R2 − OG2
0) ,andP(A1B1)

2 = 16(R2 − OG2
0) is dedued similarly.Therefore, OG0 ≥ OG1, and by Lemma 7 equality holds if and only if

A′
1, B′

1, C′
1, D′

1 respetively oinide with A0, B0, C0, D0. In other words,
G0 oinides with O. By Lemma 3 this ours if and only if A0B0C0D0 is aquasiregular tetrahedron.We now know that {OGn} is a noninreasing sequene bounded belowby 0, so the following limit exists:

lim
n→∞

OGn . (4)LetΓ be the losed ball with boundary Γ. SineΓ is losed and bounded,by the Bolzano{Weierstrass Theorem there is an inreasing sequene of pos-itive integers {nk} suh that eah of the sequenes {Ank
}, {Bnk

}, {Cnk
},

{Dnk
}, {Gnk

}, {Ank+1}, {Bnk+1}, {Cnk+1}, {Dnk+1}, {Gnk+1} is on-vergent in Γ. Let the respetive limits of these sequenes be A∗
0, B∗

0 , C∗
0 ,

D∗
0, G∗

0, A∗
1, B∗

1 , C∗
1 , D∗

1, G∗
1; that is, Ank

→ A∗
0, Bnk

→ B∗
0 , and so forth.It is evident that

OG∗
0 = lim

k→∞
OGnk

, OG∗
1 = lim

k→∞
OGnk+1 . (5)Sine lim

n→∞
OGn exists, it follows from (5) that

OG∗
0 = OG∗

1 . (6)Let Vn be the volume of AnBnCnDn. The sequene {Vn} is nonde-reasing by part (1), and is bounded above by the volume of Γ and boundedbelow by V0 > 0. Therefore, lim
n→∞

Vn exists and is positive, and it followsthat lim
nk→∞

Vnk
= lim

nk→∞
Vnk+1 > 0.If either tetrahedronA∗

0B
∗
0C

∗
0D

∗
0 orA∗

1B
∗
1C

∗
1D

∗
1 were degenerate, thenwe would have lim

nk→∞
Vnk

= 0 or lim
nk→∞

Vnk+1 = 0, a ontradition.Thus, A∗
0B

∗
0C

∗
0D

∗
0 and A∗

1B
∗
1C

∗
1D

∗
1 are nondegenerate tetrahedra.
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On the other hand, Γ is losed and bounded, so Γ ontainsA∗

0, B∗
0 , C∗

0 ,
D∗

0, A∗
1, B∗

1 , C∗
1 , D∗

1. Sine Gnk
and Gnk+1 are the respetive entroids ofthe tetrahedraAnk

Bnk
Cnk

Dnk
andAnk+1Bnk+1Cnk+1Dnk+1 for allnk, wehave that G∗

0 and G∗
1 are the respetive entroids of tetrahedra A∗

0B
∗
0C

∗
0D

∗
0and A∗

1B
∗
1C

∗
1D

∗
1. Sine Ank+1, Bnk+1, Cnk+1, Dnk+1 are the respetiveintersetions of the lines Ank

Gnk
, Bnk

Gnk
, Cnk

Gnk
, Dnk

Gnk
with Γ, itthen follows that A∗

1, B∗
1 , C∗

1 , D∗
1 are the respetive intersetions of thelines A∗

0G
∗
0, B∗

0G
∗
0, C∗

0G
∗
0, D∗

0G
∗
0 with Γ.By the above remarks, the tetrahedra A∗

0B
∗
0C

∗
0D

∗
0 and A∗

1B
∗
1C

∗
1D

∗
1 arerelated to one another in the same way that the tetrahedra A0B0C0D0 and

A1B1C1D1 are related to one another.By the same reasoning as in the �rst part of the proof, OG∗
0 ≥ OG∗

1,with equality only when A∗
0B

∗
0C

∗
0D

∗
0 is a quasiregular tetrahedron. How-ever, we showed in (6) that equality does indeed hold. This implies that G∗

0oinides with the irumentre O of the sphere. Then OG∗
0 = 0, so that

lim
n→∞

OGn = lim
n→∞

OGnk
= OG∗

0 = 0.
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Inequalities Involving Reiproals ofTriangle Areas

Yakub N. Aliyev
In this paper we begin with the study of a new inequality about thereiproals of triangle areas in an arbitrary quadrilateral. Using a familiarfat as a lemma we prove this inequality and �nd the onditions of equality.We also prove a similar inequality for triangles and generalize it to arbitrarypolygons. We also desribe a situation in whih the lemma does not work.At the end of the paper we propose a problem for further investigation.Problem 1. LetABCD be a onvex quadrilateral andK, L,M , andN be ar-bitrary points on orresponding sides AB, BC, CD, andDA (see Figure 1).Let KM and LN interset at the point O. Denote the areas of triangles

ANK, BKL, CLM , and DMN by S1, S2, S3, and S4; and denote theareas of triangles ONK, OKL, OLM , and OMN by T1, T2, T3, and T4,respetively. Prove that
1

S1

+
1

S2

+
1

S3

+
1

S4

≥ 1

T1

+
1

T2

+
1

T3

+
1

T4

.
We need the following lemma, whih is a generalization of a fat givenin [1℄. In what follows square brakets around a �gure denote the area ofthe �gure.Lemma 1. Let ABCD be a given onvex quadrilateral, and let a line throughthe intersetion point O of diagonals AC and BD interset the sides ADand BC at the points K and L. Then the sum 1

[AOK]
+

1

[BOL]
is minimalif and only if KL ‖ AB.Proof. Suppose KL is not parallel to AB, and let the line through O andparallel to AB interset AD and BC at the points K1 and L1, respetively(see Figure 2). We must prove that

1

[AOK]
+

1

[BOL]
≥ 1

[AOK1]
+

1

[BOL1]
.

Copyright c© 2011 Canadian Mathematial SoietyCrux Mathematiorum with Mathematial Mayhem, Volume 36, Issue 8
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Figure 2Without loss of generality we suppose that K1 is loser to A than K.Then we an write the last inequality as
1

[BOL]
− 1

[BOL1]
≥ 1

[AOK1]
− 1

[AOK]
,

[OLL1]

[BOL][BOL1]
≥ [OKK1]

[AOK][AOK1]
,

OL · OL1 sin ∠LOL1

2[BOL][BOL1]
≥ OK · OK1 sin ∠KOK1

2[AOK][AOK1]
.

Sine K1L1 ‖ AB, then OL1

[BOL1]
=

OK1

[AOK1]
; hene OL

[BOL]
≥ OK

[AOK]
,whih holds sine L is loser to line AB than K. Lemma 1 is proved.Solution of Problem 1. TakeA′,B′ onthe raysNA, LB so that A′B′ passesthrough K and so that A′B′ ‖ LN(see Figure 3). By Lemma 1,

1

S1

+
1

S2

≥ 1

[A′NK]
+

1

[B′KL]
. (1)Take D′, C′ on the rays ND, LCso that D′C′ passes through M and

D′C′ ‖ LN . By Lemma 1,
1

S3

+
1

S4

≥ 1

[C′LM ]
+

1

[D′MN ]
. (2)Now, we apply Lemma 1 to thequadrilateral A′B′C′D′. Take A′′,

D′′ on the rays KA′, MD′ so that
A′′D′′ passes through N and so that
A′′D′′ ‖ KM .
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Similarly, take the points B′′ and C′′ on the orresponding rays KB′andMC′ suh thatB′′C′′ passes through L andB′′C′′ ‖ KM . By Lemma 1,

1

[A′NK]
+

1

[D′MN ]
≥ 1

[A′′NK]
+

1

[D′′MN ]
, (3)

1

[B′KL]
+

1

[C′LM ]
≥ 1

[B′′KL]
+

1

[C′′LM ]
. (4)The quadrilaterals A′′NOK, B′′KOL, C′′LOM , and D′′MON areparallelograms, so T1 = [A′′NK], T2 = [B′′KL], T3 = [C′′LM ], and

T4 = [D′′MN ]. By (1)-(4), we obtain the inequality in Problem 1, withequality if and only if AD ‖ BC ‖ KM and AB ‖ CD ‖ LN .Problem 2. (Janous' inequality [5℄) Let K, L, M be points on the sides
BC, CA, AB of triangle ABC (see Figure 4). Denote the areas of triangles
KLM , ALM , BKM , CKL by S0, S1, S2, S3, respetively. Prove that

1

S1

+
1

S2

+
1

S3

≥ 3

S0

.
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Figure 5Solution. The proof in this ase is similar, so we only indiate the main steps.Take the points B′ and C′ on the orresponding rays MB and LC sothat B′C′ passes through K and also so that B′C′ ‖ ML (see Figure 5).Similarly, take A′, C′′ on the rays MA, KC′ so that A′C′′ passesthrough L and A′C′′ ‖ MK, and �nally take A′′, B′′ on the rays LA′,
KB′ so that A′′B′′ passes throughM and A′′B′′ ‖ KL. As in the proof ofLemma 1, we ompare suessive pairs of reiproal areas to obtain

1

S1

+
1

S2

+
1

S3

≥ 1

S1

+
1

[B′MK]
+

1

[C ′LK]
≥

1

[A′ML]
+

1

[B′MK]
+

1

[C ′′LK]
≥ 1

[A′′ML]
+

1

[B′′MK]
+

1

[C ′′LK]
=

3

S0

.The last equality follows from the fat thatKL, LM ,MK are midlinesof triangle A′′B′′C′′, so [A′′ML] = [B′′MK] = [C′′LK] = S0.
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The following general problem an be solved in a similar manner, and is leftto the reader.Problem 3. Let A0A1 . . . An−1 be an arbitrary onvex polygon and Bi be anarbitrary point on the side AiAi+1 for i = 0, 1, . . . , n − 1 (all indies aretaken modulo n). Let the diagonals Bi−2Bi and Bi−1Bi+1 interset at Cifor i = 0, 1, . . . , n− 1. Prove that

n−1X
i=0

[AiBiBi−1]
−1 ≥

n−1X
i=0

[CiBiBi−1]
−1 .

After these suessful appliations of Lemma 1 we must note that blinduse of Lemma 1 may lead in some ases to ontraditory results. Considerthe following problem.Problem 4. Let M be an arbitrarypoint inside triangle ABC (see Fig-ure 6). Let A1 and A2, B1 and B2,
C1 and C2 be arbitrary points on theorresponding sides BC, CA and ABsuh that the linesA1B2,B1C2,C1A2interset at M . Denote the areas oftrianglesMA1A2,MB1B2,MC1C2,and ABC by S1, S2, S3, and S, re-spetively. Find all possible values ofthe parameter λ for whih the follow-ing inequality holds:

1

S1

+
1

S2

+
1

S3

≥ λ

S
.
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Figure 6
Remark 1. By Lemma 1, if the quadrilateralAC1MB2 and the triangleABCare �xed, then the sum 1

S2

+
1

S3

is minimal if B1C2 ‖ B2C1. Similarly, thesum 1

S1

+
1

S3

is minimal if A2C1 ‖ A1C2, and the sum 1

S1

+
1

S2

is minimalif A1B2 ‖ A2B1.Remark 2. It was proved in [2℄, Problem 1, (see also [3℄) that it is possibleto onstrut the lines A1B2, B1C2, C1A2 so that they meet at M and sothat A1B2 ‖ A2B1, B1C2 ‖ B2C1, C1A2 ‖ C2A1.Remark 3. It was proved in [3℄ (it follows also from the results of [2℄) thatif A1B2 ‖ A2B1, B1C2 ‖ B2C1, C1A2 ‖ C2A1, then
1

S1

+
1

S2

+
1

S3

≥ 27

S
.Can we dedue from these remarks that the last inequality is alwaystrue? It is surprising to �nd that the answer to Problem 4 is not λ ≤ 27
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as we expeted, but λ ≤ 18. Indeed, it was proved in [7℄ (see also [4℄,pages 184, 200) that the inequality in Problem 4 holds true when λ = 18and equality ours when A1B2, B1C2, C1A2 are the medians of triangle
ABC. Therefore, additional onstrutions in Problem 1 and Problem 2 areneessary parts of the solutions. In onlusion we propose a new problemfor independent study.Problem 5. Let ABCD be a onvex quadrilateral whose diagonals AC and
BD interset at the point O. Construt the line EF passing through O,where the points E and F are on the orresponding sides AD and BC, suhthat the sum

1

[AOE]
+

1

[BOF ]
+

1

[COF ]
+

1

[DOE]is minimized. Is it possible that the onstruted line EF passes through theintersetion point of the lines AB and CD?AknowledgementsI must note that the present paper was inspired by the problems, pa-pers, and books of I.F. Sharygin [6℄. I also thank the reviewer for his helpfulomments.Referenes[1℄ Problem 3393, Mathematis in Shool 6 (1989) p. 130; Solution in 4(1990) p. 70 (in Russian).[2℄ Yakub N. Aliyev Hexagons and Inequalities, Crux Mathematiorumwith Mathematial Mayhem, 32(7) (2006) pp. 456-461.[3℄ Yakub N. Aliyev, Problem 4794, Mathematis in Shool 8 (2004) p. 57;Solution in 3 (2005) pp. 55-57 (in Russian).[4℄ A. Engel, Problem Solving Strategies, Springer, 1998.[5℄ W. Janous, A short note on the Erd �os-Debrunner inequality, Elementeder Mathematik, 61 (2006) pp. 32-35.[6℄ I.F. Sharygin, Problems in Geometry: Planimetry, Nauka, Mosow,1986 (in Russian).[7℄ G.N. Zayhev, Problem M1173, 7 (1989) p. 30; Solution by V.N.Dubrovskiy and V.V. Prasolov in 12 (1989) pp. 25-26 (in Russian).
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A Generalization of Mayhem Problem M396Involving Pythagorean Triangles

Konstantine ZelatorThe motivation behind this work is Mayhem problemM396 in the May2009 issue of CRUX with MAYHEM [1℄. Let us restate the problem.M396. The retangle ABCD has side lengths AB = 8 and BC = 6.Cirles with entres O1 and O2 are insribed in triangles ABD and BCD.Determine the distane between O1 and O2.As we shall see, the distane
O1O2 is 2

√
5. The points O1 and O2are the inentres of the ongruent righttriangles ABD and BCD, whih arein fat Pythagorean triangles with aommon hypotenuseBD of length 10.Note that the quadrilateral BO1DO2is, in fat, a parallelogram with the di-agonals O1O2 and BD interseting attheir ommon midpoint. Now, piturethe general ase in whih the retangle

ABCD is formed by glueing togethertwo ongruent Pythagorean triangles
ABD andBCD. It turns out that thedistane between the two inentres isalways an irrational number (a quad-rati irrational). Also, of the four sidelengths O1D=BO2 and BO1 =DO2,
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Figure 1two (equal) ones are always irrational. The other two (equal) ones an be, infat, integers. We give preise onditions as to when this ours; otherwise,they are also irrational.In the general ase, we will denote the inentres by I1 and I2 instead of
O1 and O2. Also, for reasons of onveniene, relabel the retangle ABCDas BCAD, as in Figure 2 on the next page. In Figure 2, BI1AI2 is a par-allelogram and ρ stands for the inradii of the two ongruent right triangles
BCA and ADB.As usual we set BC = a, CA = b, AB = c, and we also introdue
y = BT2 = BT3, x = AT3 = AT1, and z = CT2 = CT1 = ρ; where T1, T2,and T3 are the three points of tangeny of the inirle of triangle BCA withthe sides CA, CB, and BA, respetively.Copyright c© 2011 Canadian Mathematial SoietyCrux Mathematiorum with Mathematial Mayhem, Volume 36, Issue 8
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Our main result isTheorem With the above notation,(a) The side length ℓ2 = AI1 = BI2 is always an irrational number.(b) The side length ℓ1 = AI2 = BI1 is an integer preisely when either

m = k2
1 − k2

2 and n = 2k1k2; or m = 2k1k2 and n = k2
1 − k2

2; where
k1 and k2 are relatively prime positive integers of opposite parity andwith k1 > k2; and suh thatm > n.() The length of the diagonal I1I2 is always an irrational number.A triple (a, b, c) of positive in-tegers a, b, and c, with c beingthe hypotenuse length, is said to bea Pythagorean triple preisely when

a2 + b2 = c2. The parametri for-mulas we will use are well known,and they generate the entire family ofPythagorean triples (or triangles or-responding to these triples).The interested reader an �nda wealth of historial informationin L.E. Dikson's monumental book,History of the Theory of Numbers,Vol. II [2℄, as well as in W. Sier-pinski's book, Elementary Theory ofNumbers [4℄. For a more textbooktype approah, see Rosen [3℄; and fora derivation of formulas (1), refer toSierpinski [4℄ or Rosen [3℄. ...
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Figure 2Lemma 1 Let a, b, c be positive integers. A triple (a, b, c) is Pythagorean,with c being the hypotenuse length, if and only if (a and bmay be swithed),
a = d(m2 − n2) , b = d(2mn) , c = d(m2 + n2) , (1)for some positive integers m, n, d suh that m > n, gcd(m,n) = 1, and

m+ n ≡ 1 (mod 2). If d = 1 the Pythagorean triple is alled primitive.In Figure 3, a triangle ABC is shown withside lengths AB = c, BC = a, CA = b andwith inentre I. Also, T1, T2, and T3 are the threepoints of tangeny of the inirle ofABC with thesidesAC, CB, andBA, respetively; and ρ is theradius of the inirle. We put x = AT1 = AT3,
y = BT2 = BT3, and z = CT2 = CT1.
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Clearly, we have x+y = c, y+z = a, z+x = b; from whih we obtain

x = s− a, y = s− b, z = s− c, where s =
a + b + c

2
is the semiperimeter.Applying these formulas and (1) to the Pythagorean triangle BCA inFigure 2, we obtain by straightforward alulations that

z = ρ = dn(m− n) , y = dm(m− n) , x = dn(m+ n) . (2)We will also need the well-known Parallelogram Law:Lemma 2 Let ABCD be a parallelogram with diagonal lengths d1 = BD,
d2 = AC and side lengths ℓ1 = AB = DC, ℓ2 = BC = AD. Then

2(ℓ21 + ℓ22) = d2
1 + d2

2 .Now we an ompute the side lengths, as well as the two diagonallengths, of the parallelogram BI1AI2 in Figure 2, in terms of the integers
m, n, and d in formulas (1). These are the side lengths BI1 = ℓ1 = AI2 and
AI1 = ℓ2 = BI2, and the diagonal lengthsAB = c = d(m2 +n2) and I1I2.To ompute ℓ1 = BI1 = AI2, examine the right triangle I1BT2. Wehave (I1B)2 = (BT2)

2 + (I1T2)
2, or ℓ21 = y2 + ρ2, so by (2) we obtain

ℓ21 = d2(m− n)2
�
n2 +m2

�, and therefore
ℓ1 = BI1 = AI2 = d(m− n)

p
n2 +m2 . (3)To ompute ℓ2 = AI1 = BI2, examine the right triangle AI1T1. Wehave ℓ22 = x2 + ρ2, so by (2) we obtain ℓ22 = d2n2
�
(m+ n)2 + (m− n)2

�,or ℓ22 = 2d2n2(m2 + n2). Therefore,
ℓ2 = dn

È
2(m2 + n2) . (4)To ompute the diagonal length I1I2, we apply Lemma 2 to the paral-lelogram BI1AI2. We have 2(ℓ21 + ℓ22) = c2 + (I1I2)

2, and by formulas (1),(3), and (4) we obtain
2
�
d2(m2 + n2)(m− n)2 + 2d2n2(m2 + n2)

�
= d2

�
m2 + n2

�2
+ (I1I2)

2 .Solving for (I1I2)
2 yields

(I1I2)
2 = d2

�
2(m2 + n2)(m− n)2 + 4n2(m2 + n2) − (m2 + n2)2

� ,and after some algebra we arrive at (I1I2)
2 = d2 · �(m− n)4 + 4n4

�, or
I1I2 = d

È
(m− n)4 + 4n4 . (5)Note that in the ase ofMayhem problemM396, we have d = 2m = 2,

n = 1, a = 6, b = 8, and c = 10 in (1). Thus, by (5) we see that I1I2 (or
O1O2 in the notation of that problem) is 2

√
5.
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Sine in (1) one of the integers m, n is even and the other odd, theinteger 2(m2 +n2) is twie an odd integer and thus, it annot be a perfet orinteger square. Therefore, (4) shows that ℓ2 is always an irrational number,establishing part (a) of our main theorem.On the other hand, we see from (3) that ℓ1 is an irrational number when

m2+n2 is not a square; and whenm2+n2 is a square, only then will the sidelength ℓ1 be an integer. Sinem and n are relatively prime (and of di�erentparity), it follows thatm2 + n2 is a square if and only if the numbersm and
n are the leg lengths of a primitive Pythagorean triple. Now part (b) of ourmain theorem follows from Lemma 1.Finally, part () of our main theorem follows from equation (5) andLemma 3 below, whih we prove for the sake of ompleteness. We remarkthat Lemma 3 is also given as Exerise 6 in Setion 13.2 of Rosen's book [3℄.Lemma 3 The diophantine equation

x4 + 4y4 = z2 (6)has no solution in positive integers x, y, z.Proof: The proof rests on the fat that the system of equations
x2 − y2 = z2 ,
x2 + y2 = w2 ,has no solution in positive integers x, y, z,w. This result has been attributedto P. Ferm�at, and a proof an be found in Sierpinski's book [4℄ (pp. 38-42),whih uses the method of in�nite desent introdued by Fermat.Now suppose to the ontrary that x, y, z are positive integers satisfying,(6). Let δ be the greatest ommon divisor of x and y. Then x = δx1 and

y = δy1, where x1 and y1 are relatively prime positive integers. We thusobtain δ4(x4
1 + 4y4

1) = z2. Sine δ4 | z2, it follows that δ2 must be a divisorof z. Let z = δ2z1, for some positive integer z1. Aordingly, we obtain
x4

1 + 4y4
1 = z2

1 . (7)Sine x1 and y1 are relatively prime, one is odd and the other even; orboth are odd. The latter ase is eliminated by an argument modulo 8 shows.Reall that the square of an odd integer is ongruent to 1 modulo 8. If x1and y1 were both odd, then z1 would also be odd by (7). But then,
x4

1 + 4y4
1 ≡ 1 + 4 · 1 ≡ 5 (mod 8) , while z2

1 ≡ 1 (mod 8) .Therefore, x1 is odd and y1 is even, or vie-versa. However, the ase where
y1 is odd and x1 is even an be redued to the ase where x1 is odd and y1is even. Indeed, if x1 is even and y1 odd, then x1 = 2x2 for some positiveinteger x2, and so by (7) we have 4(4x4

2 + y4
1) = z2

1. Obviously, 2 | z1, so
z1 = 2z2. Therefore, 4x4

2 + y4
1 = z2

2, whih is an equation like (7) with y1
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odd (and x2 even, by the modulo 8 argument above). It is now lear that weonly have to treat the ase where x1 is odd and y1 is even in (7).We write (7) in the form

(x2
1)

2 + (2y2
1)

2 = z2
1 , (8)and observe that x2

1 and 2y2
1 are relatively prime integers, sine x1 is oddand relatively prime to y1. Thus, (x2

1, 2y2
1, z1) is a primitive Pythagoreantriple, and by (1) we must have

x2
1 = r2 − s2 , 2y2

1 = 2rs , z1 = r2 + s2 (9)for oprime positive integers r, s with r > s and r + s ≡ 1 (mod 2). Then
(r − s)(r + s) = x2

1 and y2
1 = rs . (10)Note that sine r and s are relatively prime and of opposite parity, theodd integers r − s and r + s must also be relatively prime. Consequently,it follows from the equations in (10) that eah of the four positive integers

r − s, r + s, r, s is a perfet square. In partiular,
r21 − s21 = u2

1 ,
r1 + s21 = u2

2 ,for positive integers r1, s1, u1, u2; ontraditing the fat (whih we stated atthe outset) that suh a system has no solution in positive integers.Referenes[1℄ Mayhem problem 396, Crux Mathematiorum with MathematialMayhem, Vol. 35, No. 4, May 2009.[2℄ L.E. Dikson, History of the Theory of Numbers, Vol. II , AMS ChelseaPublishing, Providene, Rhode Island, 1992, pp. 165-190, (unalteredtextual reprint of the original book, �rst published by Carnegie Instituteof Washington in 1919, 1920, and 1923).[3℄ Kenneth H. Rosen, Elementary Number Theory and Its Appliations,�fth edition, Addison-Wesley Publishing (2005), pp. 510-515.[4℄ W. Sierpinski, Elementary Theory of Numbers, original edition, War-saw, Poland, (1964), Elsevier Publishing (1988).
Alternate contact information:Konstantine ZelatorDepartment of Mathematis Konstantine ZelatorUniversity of Pittsburgh P.O. Box 4280Pittsburgh, PA 15203 Pittsburgh, PA 15203USA USA

kzet159@pitt.edu konstantine zelator@yahoo.com



545
The CRUX Open: Unsolved Problems inCRUX through Vol. 36

J. Chris Fisher133 [1976:67, 144-150, 221℄. The \Collatz 3x+ 1 problem."See also problem 1370 [1988:203; 1989:281-3; 1990:317; 1993:304℄.154 [1976:110, 159, 197, 225-6; 1977:20-22, 108-9, 191-3℄.250(b) [1977:132; 1978:39; 1979:17-18℄.266 [1977:190; 1978:75-76℄.283 [1977:250; 1978:115, 195-6℄.339 [1978:102, 292℄.342 [1978:133, 297; 1980:319-22℄.355()(d) [1978:160; 1979:78-80, 168-171℄.410 [1979:17, 296-9℄.434(b) [1979:108; 1980:59℄.443(b) [1979:132; 1980:88-90℄.473 [1979:229; 1980:197℄.478 [1979:229; 1980:219-220; 1985:189-190; 1987:151-152℄.490 [1979:266; 1980:266-268 (artile), 288-290; 1981:168-70, 295-7℄.494(b) [1979:292; 1980:296-297℄.527(b) [1980:78; 1981:88-89℄.533(b) [1980:113; 1981:118-9℄.592() [1980:318; 1981:310℄.609 [1981:49; 1982:27-28℄.648(b) [1981:178; 1982:180-2℄.714 [1982:48; 1983:58℄.757 [1982:174; 1983:218℄.804 [1983:22; 1984:120℄.844(b) [1983:143; 1984:264-6; 2010:524-534 (artile)℄. In this issue theproblem is solved for dimension 3, but is open for dimension 4 and higher.857() [1983:179; 1984:304-306; 1985:20-21, 84-85℄.860 [1983:180; 1984:308℄.880 [1983:242; 1985:26℄.906 [1984:19; 1985:92℄.909 [1984:20; 1985:94-95℄.928 [1984:89; 1985:159℄.942 [1984:155; 1985:228-229℄. The problem may have been ompletelysolved in 1984, but the editor was unable to on�rm the rumour.
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972 [1984:261; 1985:326-7; 1993:304℄.976 [1984:262; 1986:145-148; 1987:16-17℄.994 [1984:318; 1986:109℄.1010 [1985:17; 1986:113-5, 243-7℄.1014 [1985:50; 1986:125-6, 182-4℄.1062(b) [1985:219; 1987:17-19℄.1066 [1985:221; 1987:24-27℄. One ase is left open.1077 [1985:249; 1987:93℄.1086(b) [1985:289; 1987:100-102℄.1110 [1986:13; 1987:170; 1988:13{17℄.1129() [1986:52; 1987:219-222℄. The part related to (b) is still open.1180 [1986:206; 1988:24-25℄.1225 [1987:86; 1988:206-7℄.1338 [1988:110; 1989:179-182℄.1357 [1988:175; 1989:243; 1992:238-240℄.1363 [1988:202; 1989:250℄. Erd �os o�ered a $25 prize, so a solution ouldhave been published elsewhere.1464() [1989:207; 1990:282-4℄.1495(b) [1989:298; 1991:54-56℄.1580 [1990:240; 1991:308; 1992:76-80℄.1581 [1990:266; 1991:308-9℄.1587 [1990:268; 1991:314-5℄.1580 [1990:240; 1991:308℄.1615(b) [1991:44; 1992:82-83℄.1666(b) [1991:207; 1992:191-2℄.1737(b) [1992:110; 1993:90-91℄.1754 [1992:175; 1993:151-2; 1994:196-9; 1995:236-8℄.1872 [1993:234; 1994:201℄.1965 [1994:194; 1995:207℄.2014(b) [1995:52; 1996:45-47℄.2025(b) [1995:90; 1996:125-126℄.2049 [1995:158; 1996:183-4℄.2173 [1996:275; 1997:169, 440-2℄.2210 [1997:47; 1998:128℄.2247(b) [1997:244; 1998:366-71℄.2285 [1997:432; 1998:522-5℄.2286(b) [1997:432℄.2294(b) [1997:502; 1998:530-2℄.2386(b) [1998:426; 1999:516℄.
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2399 [1998:506; 1999:531℄.2405(b) [1999:48, 238; 2000:53℄.2474 [1999:368; 2000:443℄. 2476 [1999:429; 2000:445℄.2520(2) [2000:115; 2001:218-9℄.2535(2) [2000:179; 2001:279℄. Part (2) is related to a well-known openproblem.2558 [2000:304; 2001:466℄. 2561 [2000:305; 2001:408℄.2593 [2000:498; 2001:556℄. 2597 [2000:499; 2001:559℄.2616 [2001:137; 2002:252℄. 2623 [2001:138; 2002:252℄.2669 [2001:404; 2002:252℄. Klamkin o�ered a $50 prize, but no valid so-lution was submitted.2673()(d) [2001:405; 2002:468-471℄.2686 [2001:461; 2002:543-4℄.2724 [2002:174; 2003:180-1; 2004:44-46℄.2725(2) [2002:175; 2003:181-2℄.2735 [2002:179; 2003:190℄. 2832 [2003:176; 2004:184℄.2838 [2003:238; 2004:192℄. 2847 [2003:242; 2004:255℄.2904 [2004:39, 42; 2005:52℄. The known proof is not elementary; an ele-mentary proof is sought.2949 [2004:231, 234; 2005:255℄. 2950 [2004:231, 234; 2005:256℄.2967() [2004:368, 371; 2005:407-8℄.2968(b) [2004:368, 371; 2005:409-10℄.2977(b) [2004:429, 432; 2005:468-70℄.3105(b) [2006:45, 48; 2007:52-4℄.3132(d) [2006:172, 174; 2007:185-6℄.3145 [2006:239, 241; 2007:248℄.3169 [2006:395, 397; 2007:375-6℄.3195(b) [2006:515, 518; 2007:496-9℄.3225(b) [2007:112, 115, 297; 2008:124-127℄.3231 [2007:170, 173; 2008:183℄.3268(b) [2007:367, 369; 2008:374-5℄.3277 [2007:428, 430; 2008:436℄.3325(b) [2008:104, 106; 2009:127-128℄.3326(b) [2008:170, 173; 2009:177-8℄.3327(b) [2008:170, 173; 2009:179℄.3474 [2009:397, 399; 2010:416℄. 3492 [2009:515, 518; 2010:503℄.M118 [2003:427; 2004:470℄.Totten{M7() [2009:271-272, 274; 2010:141℄.
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PROBLEMSToutes solutions aux probl �emes dans e num�ero doivent nous parvenir au plustard le 1er avril 2010. Une �etoile (⋆) apr �es le num�ero indique que le probl �eme a �et �esoumis sans solution.Chaque probl �eme sera publi �e dans les deux langues oÆielles du Canada(anglais et fran�ais). Dans les num�eros 1, 3, 5 et 7, l'anglais pr �e �edera le fran�ais,et dans les num�eros 2, 4, 6 et 8, le fran�ais pr �e �edera l'anglais. Dans la setion dessolutions, le probl �eme sera publi �e dans la langue de la prinipale solution pr �esent �ee.La r �edation souhaite remerier Jean-Mar Terrier, de l'Universit �e deMontr �eal, d'avoir traduit les probl �emes.

3574. Corretion. Propos �e par Mihel Bataille, Rouen, Frane.Soit x, y et z trois nombres r �eels tels que x+ y+ z = 0. Montrer queXylique cosh x ≤
Xylique cosh2

�
x − y

2

�
≤ 1 + 2

Yylique cosh x .3588. Propos �e par Dragoljub Milo�sevi�, Gornji Milanova, Serbie.Soit ABC un triangle retangle d'hypot �enuse c = AB. Soit wa et wbles longueurs respetives des bissetries issues de A et B. Montrer que
wa + wb ≤ 2c

È
2 −

√
2 .3589. Propos �e par V�alav Kone�n�y, Big Rapids, MI, �E-U.Trouver tous les entiers n > 6 pour lesquels il existe un n-gone onvexeave un point int �erieur P tel que PAi = AiAi+1 pour haque i, les indies�etant pris modulo n.3590. Propos �e par G.W. Indika Amarasinghe, Universit �e de Kelaniya, Ke-laniya, Sri Lanka.Soit ABPC un quadrilat �ere tel que BC oupe en deux le segment APet que AP soit la bissetrie de l'angle BAC. Soit a = BC, b = AC,

c = AB, p = BP et q = PC. Montrer que
p2

c
+
q2

b
= b+ c .

3591. Propos �e par Mihel Bataille, Rouen, Frane.Soit E une ellipse de entre O. En exatement quatre points P de E, latangente �a E forme un angle de 45◦ ave OP . Quelle est l'exentriit �e de E ?
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3592⋆. Propos �e par Faruk Zejnulahi et �Sefket Arslanagi �, Universit �e deSarajevo, Sarajevo, Bosnie et Herz �egovine.Soit a, b et c des nombres r �eels non n �egatifs tels que a + b + c = 3.D �emontrer si oui ou non les in �egalit �es i-dessous sont valides.

19

20
≤ 1

1 + a+ b2
+

1

1 + b+ c2
+

1

1 + c+ a2
≤ 27

20
.

3593. Propos �e par Daryl Tingley, Universit �e du Nouveau-Brunswik, Fre-deriton, NB.Montrer que pour tous les entiers non n �egatifs n, le hi�re distint dez �ero le plus �a droite dans l' �eriture de (4 · 5n)! est 4. De plus, montrer quesi n ≥ k ≥ 0, alors la ha�̂ne de k+ 1 hi�res ons �eutifs, ave e hi�re 4 �adroite, est ind �ependant de n.3594. Propos �e par Mihel Bataille, Rouen, Frane.Soit x, y et z trois inonnues et A = (y − z)(y + x)(x + z),
B = (z − x)(z + y)(y + x), C = (x − y)(x + z)(z + y). Trouver tousles polynômes P , Q, R ∈ C[x, y, z] tels que

x2P + y2Q+ z2R

xP + yQ+ zR
=
x2A+ y2B + z2C

xA+ yB + zC
.

3595. Propos �e par Bill Sands, Universit �e de Calgary, Calgary, AB.Soit a, b et n entiers positifs tels que a < b et n < a+ b, et tels queexatement 1

n
des entiers a2, a2 + 1, a2 + 2, . . . , b2 sont des arr �es. (1)R �epondre aux deux questions suivantes :(a) Montrer qu'aussi, exatement 1

n
des entiers ons �eutifs

(n− a)2, (n− a)2 + 1, (n− a)2 + 2, . . . , b2 sont des arr �es.(b) D'une part exatement 1

n
des entiers 1, 2, . . . , n2 sont des arr �es, etd'autre part exatement 1

n
des entiers (n − 1)2 = n2 − 2n + 1, n2 −

2n+2, . . . , n2 sont des arr �es. Ainsi, pour tout entier n ≥ 3, les valeurs
a = 1, b = n et a = n − 1, b = n satisfont toujours (1). Pour quelsentiers n ≥ 3 es valeurs sont-elles les seules solutions de (1) ?3596. Propos �e par Paolo Perfetti, D �epartement de Math �ematiques, Uni-versit �e de Rome, \Tor Vergata", Rome, Italie.Soit x, y et z trois nombres r �eels positifs. Montrer queXylique x(y + z)

(x+ 2y + 2z)2
≤

Xylique (x+ y)(x+ y + 2z)

(3x+ 3y + 4z)2
.
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3597. Propos �e par Johan Gunardi, �etudiant, SMPK 4 BPK PENABUR,Jakarta, Indon �esie.Cent �etudiants passent un examen onsistant en 50 questions "vrai" ou"faux". Montrer qu'il existe trois �etudiants dont les r �eponses o��nident pourau moins 13 questions.3598. Propos �e par Zhang Yun, High Shool attahed to Xi / An Jiao TongUniversity, Xi / An City, Shan Xi, Chine.Le quadrilat �ere ABCD poss �ede �a la fois un erle ironsrit et unerle insrit, elui-i de entre I.Poser a = AB, b = BC, c = CD et d = DA. Montrer que

IB2

ab
+
IC2

bc
+
ID2

cd
+
IA2

da
= 2 .3599⋆. Propos �e par Cristinel Mortii, Valahia Universit �e de Târgovi�ste,Roumanie.Soitm et n deux entiers positifs tels que 2m − 3n ≥ n. Montrer que

2m − 3n ≥ m .3600. Propos �e par Ovidiu Furdui, Campia Turzii, Cluj, Roumanie.Soit k ≥ 1 un entier. Montrer que
∞X

n1,n2,...,nk=1

1

(n1 + n2 + · · · + nk)!
= (−1)k−1

�
e

k−1X
j=0

(−1)j

j!
− 1

� ..................................................................3574. Corretion. Proposed by Mihel Bataille, Rouen, Frane.Let x, y, and z be real numbers suh that x+ y + z = 0. Prove thatXyli cosh x ≤
Xyli cosh2

�
x − y

2

�
≤ 1 + 2

Yyli coshx .3588. Proposed by Dragoljub Milo�sevi�, Gornji Milanova, Serbia.Let ABC be a right-angled triangle with hypotenuse c = AB. Let waand wb be the lengths of the angle bisetors from A and B, respetively.Prove that
wa + wb ≤ 2c

È
2 −

√
2 .3589. Proposed by V�alav Kone�n�y, Big Rapids, MI, USA.Find all integers n > 6 for whih there exists a onvex n-gon with aninterior point P suh that PAi = AiAi+1 for eah i, where indies are takenmodulo n.
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3590. Proposed by G.W. Indika Amarasinghe, University of Kelaniya,Kelaniya, Sri Lanka.Let ABPC be a quadrilateral suh that BC bisets the segment APand AP bisets ∠BAC. Let a = BC, b = AC, c = AB, p = BP , and
q = PC. Prove that

p2

c
+
q2

b
= b+ c .3591. Proposed by Mihel Bataille, Rouen, Frane.Let E be an ellipse with entre O. At exatly four points P of E, thetangent to E makes a 45◦ angle with OP . What is the eentriity of E ?3592⋆. Proposed by Faruk Zejnulahi and �Sefket Arslanagi �, University ofSarajevo, Sarajevo, Bosnia and Herzegovina.Let a, b, and c be nonnegative real numbers suh that a + b + c = 3.Prove or disprove that

19

20
≤ 1

1 + a+ b2
+

1

1 + b+ c2
+

1

1 + c+ a2
≤ 27

20
.

3593. Proposed by Daryl Tingley, University of New Brunswik, Frederi-ton, NB.Show that for all nonnegative integers n the rightmost nonzero digit of
(4 · 5n)! is 4. Furthermore, show that if n ≥ k ≥ 0, then the string of k + 1onseutive digits with this digit 4 at the right is independent of n.3594. Proposed by Mihel Bataille, Rouen, Frane.Let x, y, z be three indeterminates and A = (y − z)(y + x)(x + z),
B = (z−x)(z+y)(y+x), C = (x−y)(x+z)(z+y). Find all polynomials
P , Q, R ∈ C[x, y, z] suh that

x2P + y2Q+ z2R

xP + yQ+ zR
=
x2A+ y2B + z2C

xA+ yB + zC
.

3595. Proposed by Bill Sands, University of Calgary, Calgary, AB.Let a, b, n be positive integers satisfying a < b and n < a+ b, and sothat exatly 1

n
of the integers a2, a2 + 1, a2 + 2, . . . , b2 are squares. (1)Do the following :(a) Prove that also exatly 1

n
of the onseutive integers

(n− a)2, (n− a)2 + 1, (n− a)2 + 2, . . . , b2 are squares.
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(b) Exatly 1

n
of the integers 1, 2, . . . , n2 are squares, and also exatly 1

n
ofthe integers (n− 1)2 = n2 − 2n+ 1, n2 − 2n+ 2, . . . , n2 are squares.Thus, for every integer n ≥ 3, the values a = 1, b = n and a = n− 1,

b = n always satisfy (1). For whih integers n ≥ 3 are these the onlysolutions of (1) ?3596. Proposed by Paolo Perfetti, Dipartimento di Matematia, Universit �adegli studi di Tor Vergata Roma, Rome, Italy.Let x, y and z be positive real numbers. Prove thatXyli x(y + z)

(x+ 2y + 2z)2
≤

Xyli (x+ y)(x+ y + 2z)

(3x+ 3y + 4z)2
.

3597. Proposed by Johan Gunardi, student, SMPK 4 BPK PENABUR,Jakarta, Indonesia.One hundred students take an exam onsisting of 50 true or false ques-tions. Prove that there exist three students whose answers oinide for atleast 13 questions.3598. Proposed by Zhang Yun, High Shool attahed to Xi / An Jiao TongUniversity, Xi / An City, Shan Xi, China.The quadrilateral ABCD has both a irumsribed irle and an ins-ribed irle, the latter with entre I. Put a = AB, b = BC, c = CD, and
d = DA. Prove that

IB2

ab
+
IC2

bc
+
ID2

cd
+
IA2

da
= 2 .

3599⋆. Proposed by Cristinel Mortii, Valahia University of Târgovi�ste,Romania.Letm and n be positive integers suh that 2m − 3n ≥ n. Prove that
2m − 3n ≥ m .3600. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.Let k ≥ 1 be a nonnegative integer. Prove that

∞X
n1,n2,...,nk=1

1

(n1 + n2 + · · · + nk)!
= (−1)k−1

�
e

k−1X
j=0

(−1)j

j!
− 1

� .
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SOLUTIONSAuun probl �eme n'est immuable. L' �editeur est toujours heureux d'en-visager la publiation de nouvelles solutions ou de nouvelles perspetivesportant sur des probl �emes ant �erieurs.We have reeived a late bath of orret solutions to problems 3478,3479, 3480, 3481, 3482, 3483, and 3486 from Walther Janous, Ursulinengym-nasium, Innsbruk, Austria.

3488. [2009 : 515, 517℄ Proposed by Pham Huu Du, Ballajura, Australia.Let a, b, and c be positive real numbers. Prove that
a

2a2 + bc
+

b

2b2 + ca
+

c

2c2 + ab
≤
Ê
a−1 + b−1 + c−1

a+ b+ c
.Solution by Paolo Perfetti, Dipartimento di Matematia, Universit �a deglistudi di Tor Vergata Roma, Rome, Italy.Let t = (t1, t2, . . . , tn) and s = (s1, s2, . . . , sn) be arbitrary n-tuplesof nonnegative real numbers. We will write t ≻ s if(i) t1 ≥ · · · ≥ tn and s1 ≥ · · · ≥ sn,(ii) kP

i=1

ti ≥
kP

i=1

si for all k = 1, 2, . . . , n, with equality when k = n.Let R+ denote the set of positive real numbers, let P be the set of allpermutations of {1, 2, . . . , n}, and de�ne [t] : Rn
+ → R by

[t](x) =
X
σ∈P

xt1
σ(1)x

t2
σ(2) · · ·xtn

σ(n) for all x = (x1, x2, . . . , xn) .Muirhead's inequality states that if t ≻ s, then [t] ≥ [s]. Here, asusual, [t] ≥ [s] means that [t](x) ≥ [s](x) for all x ∈ Rn
+. Now, by squaringand simplifying, the given inequality is equivalent to A ≥ B, where

A = 12[8, 5, 1] + 23[7, 4, 3] + 16[6, 6, 2] + 12[8, 4, 2] + 4[7, 6, 1]

+ 4[9, 3, 2] + 8[7, 7, 0] ,
B = 12[7, 5, 2] + 22[6, 5, 3] + 26[6, 4, 4] +

5

2
[8, 3, 3] +

33

2
[5, 5, 4] .But this last inequality holds by these appliations of Muirhead's inequality:

[8, 5, 1] ≥ [7, 5, 2] ,
[7, 4, 3] ≥ [6, 5, 3] and [7, 4, 3] ≥ [6, 4, 4] ,
[8, 4, 2] ≥ [8, 3, 3] and [8, 4, 2] ≥ [6, 4, 4] ,
[6, 6, 2] ≥ [6, 4, 4] and [6, 6, 2] ≥ [5, 5, 4] ,
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[7, 6, 1] ≥ [5, 5, 4] ,
[9, 3, 2] ≥ [5, 5, 4] ,
[7, 7, 0] ≥ [5, 5, 4] .Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinen-gymnasium, Innsbruk, Austria; ALBERT STADLER, Herrliberg, Switzerland; and the proposer.One inomplete solution was submitted.

3489. [2009 : 515, 517℄ Proposed by Jos �e Luis D��az-Barrero, UniversitatPolit �enia de Catalunya, Barelona, Spain.Let n be a nonnegative integer. Prove that
1

2n−1

nX
k=0

√
k

�
2n

k

�
≤
Ê
n

�
22n +

�
2n

n

�� .
A omposite of similar solutions by George Apostolopoulos, Messolonghi,Greee; and Albert Stadler, Herrliberg, Switzerland.By using the elementary fats that �2n

k

�
=
� 2n
2n−k

� for 0 ≤ k ≤ 2n and
k
�2n

k

�
= 2n

�2n−1
k−1

� for 1 ≤ k ≤ 2n, and also the Cauhy{Shwarz Inequality,we have that"
nX

k=0

√
k

�
2n

k

�#2

=

"
nX

k=0

Ê�
2n

k

�√
k

Ê�
2n

k

�#2

≤
"

nX
k=0

�
2n

k

�# " nX
k=0

k

�
2n

k

�#
=

1

2

"�
2n

n

�
+

2nX
k=0

�
2n

k

�# "
2n

nX
k=1

�
2n− 1

k − 1

�#
=

1

2

��
2n

n

�
+ 22n

� "
2n

n−1X
k=0

�
2n− 1

k

�#
=

1

2

��
2n

n

�
+ 22n

� "
2n · 1

2

2n−1X
k=0

�
2n− 1

k

�#
=

1

2

�
22n +

�
2n

n

��
(n · 22n−1)

= n

�
22n +

�
2n

n

��
· 22n−2 ,from whih the laimed inequality follows immediately.
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Also solved by ARKADY ALT, San Jose, CA, USA; DIONNE CAMPBELL, ELSIE CAMP-BELL, and CHARLES R. DIMINNIE, Angelo State University, San Angelo, TX, USA; MICHELBATAILLE, Rouen, Frane; CHIP CURTIS, Missouri Southern State University, Joplin, MO,USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium,Innsbruk, Austria; PAOLO PERFETTI, Dipartimento di Matematia, Universit �a degli studi diTor Vergata Roma, Rome, Italy; and the proposer.

3490. [2009 : 515, 518℄ Proposed by Mihael Rozenberg, Tel-Aviv, Israel.Let a, b, and c be nonnegative real numbers suh that a + b + c = 1.Prove that(a) √
9 − 32ab+

√
9 − 32ac+

√
9 − 32bc ≥ 7;(b) √

1 − 3ab+
√

1 − 3ac+
√

1 − 3bc ≥
√

6.Solution to part (a) by Oliver Geupel, Br �uhl, NRW, Germany; solution topart (b) by George Apostolopoulos, Messolonghi, Greee, modi�ed by theeditor.(a) For nonnegative integers ℓ,m, and n, let [ℓ,m, n] =
Psymm. aℓbmcn.The following inequality is a onsequene of Muirhead's Theorem,

27
Yyli�9(a+ b+ c)2 − 32ab

�
−
�
11(a+ b+ c)2 + 16(ab+ bc+ ca)

�3
= 9176 [6, 0, 0] + 34320 [5, 1, 0] − 36336 [4, 2, 0] + 50184 [4, 1, 1]

− 54352 [3, 3, 0] + 100320 [3, 2, 1] − 103312 [2, 2, 2]

≥ 0 .We put a + b + c = 1 in the above, and we observe that by the AM-GMInequality PyliÈ(9 − 32ab)(9 − 32bc) ≥ 3
� Qyli(9 − 32ab)

�1/3. It followsthat PyliÈ(9 − 32ab)(9 − 32bc) ≥ 11 + 16(ab+ bc+ ca), and we dedue�Xylip9 − 32ab

�2

≥ 49 ,
from whih the inequality in (a) follows.(b) Let x = 3a, y = 3b, and z = 3c. Then x, y, and z are nonnegativereal numbers suh that x+ y + z = 3, and we are to show thatXylip3 − xy ≥ 3

√
2 . (1)
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Note �rst that PyliÉ(3 + z)2

8
=

1√
8

Pyli(3 + z) =
1√
8
(9 + 3) = 3

√
2.Also,

(3 + z)2

8
−
�
3 − (x+ y)2

4

�
=

(3 + z)2

8
− 3 +

(3 − z)2

4

=
1

8

�
9 + 6z + z2 − 24 + 18 − 12z + 2z2

�
=

3

8
(z − 1)2 . (2)Hene,

(3 + z)2

8
≥ 3 − (x+ y)2

4
, (3)and (1) is equivalent toXyli p3 − xy−

Ê
3 − (x+ y)2

4

!
≥
Xyli Ê(3 + z)2

8
−
Ê

3 − (x+ y)2

4

! . (4)
Let H and K denote the left and right side of (4), respetively. Then

H =
1

4

Xyli (x− y)2

√
3 − xy +

È
3 − (x+y)2

4

≥ 1

4

Xyli (x− y)2
√

3 +
√

3
=

1

8
√

3

Xyli(x− y)2 . (5)
On the other hand, using (2) and (3), we have
K =

Xyli (3+z)2

8
− 3 + (x+y)2

4È
(3+z)2

8
+
È

3 − (x+y)2

4

=
3

8

Xyli (z − 1)2È
(3+z)2

8
+
È

3 − (x+y)2

4

≤ 3

8

Xyli (z − 1)2

2
È

3 − (x+y)2

4

≤ 3

8

Xyli (z − 1)2

2
È

3 − 9
4

=

√
3

8

Xyli(z − 1)2 . (6)
Finally,Xyli(x− y)2 = 3

 Xylix2

!
−
 Xylix!2

= 3

 Xylix2

!
− 9

= 3

 Xylix2

!
− 6

 Xylix!+ 9 = 3

 Xyli(z − 1)2

! . (7)
From (5), (6), and (7) we get H ≥ K, establishing (4), and hene (1).
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Part (b) was also solved by CHIP CURTIS, Missouri Southern State University, Joplin,MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; and the proposer. Two inomplete solu-tions were submitted.The ase of equality was not requested, though Geupel laimed equality preisely when

a = b = c = 1/3, but the proposer noted that equality also ours when a = b = 1/2, c = 0.
3491. [2009 : 515, 518℄ Proposed by Dorin M�arghidanu, Colegiul Nat�ional\A.I. Cuza", Corabia, Romania.Let a1, a2, . . . , an+1 be positive real numbers where an+1 = a1. Provethat

nX
i=1

a4
i

(ai + ai+1)(a
2
i + a2

i+1)
≥ 1

4

nX
i=1

ai .Solution by George Apostolopoulos, Messolonghi, Greee.Let
A =

nX
i=1

a4
i

(ai + ai+1)(a
2
i + a2

i+1)
,

B =
nX

i=1

a4
i+1

(ai + ai+1)(a
2
i + a2

i+1)
.Then

A−B =
nX

i=1

a4
i − a4

i+1

(ai + ai+1)(a
2
i + a2

i+1)
=

nX
i=1

ai − ai+1 = 0 ,and hene A = B.We now show that for all positive real numbers a and b we have
a4 + b4 ≥ (a+ b)2(a2 + b2)

4
.Indeed, using the inequality (x+ y)2 ≤ 2(x2 + y2) twie we obtain

(a+ b)2(a2 + b2) ≤ 2(a2 + b2)2 ≤ 4(a4 + b4) .Hene,
2A = A+B =

nX
i=1

a4
i + a4

i+1

(ai + ai+1)(a
2
i + a2

i+1)

≥ 1

4

nX
i=1

(ai + ai+1) =
1

2

nX
i=1

ai .Equality holds if and only if a1 = a2 = · · · = an.Also solved by ARKADY ALT, San Jose, CA, USA; CHIP CURTIS, Missouri Southern StateUniversity, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS,Ursulinengymnasium, Innsbruk, Austria; PAOLO PERFETTI, Dipartimento di Matematia,Universit �a degli studi di Tor Vergata Roma, Rome, Italy; and the proposer.
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3492⋆. [2009 : 515, 518℄ Proposed by Ovidiu Furdui, Campia Turzii,Cluj, Romania.Let P be a point in the interior of tetrahedron ABCD suh that eahof ∠PAB, ∠PBC, ∠PCD, and ∠PDA is equal to arccos

È
2
3
. Prove that

ABCD is a regular tetrahedron and that P is its entroid.The problem remains open. The only submission, from Peter Y. Woo,Biola University, La Mirada, CA, USA, gave a ounterexample where ABCDis a degenerate tetrahedron. In partiular, he provided an elegant proof thatif P is the entre of a parallelogram ABCD with sides AD = BC = 3
√

2and AB = CD =
√

6, and diagonals AC = 2
√

3 and AC = 6, then
∠PAB = ∠PBC = ∠PCD = ∠PDA = arccos

r
2

3
.This ertainly addresses the question that was asked, and it suggests thatthere are in�nitely many tetrahedra with an interior point P that satis�esthe given angle requirement, but it fails to provide an expliit nondegenerateexample.

3494. [2009 : 516, 518℄ Proposed by Mihel Bataille, Rouen, Frane.Let n > 1 be an integer and for eah k = 1, 2, . . . , n let
σ(n, k) =

X
1≤i1<···<ik≤n

i1i2 · · · ik .
Prove that

nX
k=1

lnn

n+ 1 − k
· σ(n, k) ∼ (n+ 1)! ∼

nX
k=1

n+ 1 − k

lnn
· σ(n, k) ,

where f(n) ∼ g(n) means that f(n)

g(n)
→ 1 as n → ∞.Solution by the proposer.Let

Pn(x) = (x+ 1)(x+ 2) · · · (x+ n)

= xn + σ(n, 1)xn−1 + · · · + σ(n, n− 1)x+ σ(n, n) .If Un denotes nP
k=1

σ(n, k)

n + 1 − k
, then

Un =

�Z 1

0
Pn(x) dx

�
− 1

n+ 1
.
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Clearly, P ′

n(x)

Pn(x)
=

1

x + 1
+

1

x + 2
+ · · · +

1

x + n
, so that for all x ∈ [0, 1],

1

2
+

1

3
+ · · · +

1

n+ 1
≤ P ′

n(x)

Pn(x)
≤ 1 +

1

2
+ · · · +

1

n
. (1)Multiplying by Pn(x) and integrating over [0, 1] leads to

(Hn+1 − 1)

�
Un +

1

n+ 1

�
≤ Pn(1) − Pn(0) ≤ Hn

�
Un +

1

n+ 1

� ,where Hn = 1 +
1

2
+ · · · +

1

n
denotes the nth harmoni number. Sine wealso have Pn(1) − Pn(0) = (n+ 1)! − n! =

n

n + 1
· (n+ 1)!, we obtain

n

n+ 1
· (n+ 1)!

Hn

− 1

n+ 1
≤ Un ≤ n

n+ 1
· (n+ 1)!

Hn+1 − 1
− 1

n+ 1for all positive integers n. Realling thatHn ∼ ln(n), the Squeeze Theoremfor limits yields lim
n→∞

Un ln(n)

(n + 1)!
= 1, that is,

nX
k=1

ln(n)

n+ 1 − k
· σ(n, k) ∼ (n+ 1)! .

Let Vn =
nP

k=1

(n+1−k)σ(n, k). From (1) and Pn(1) = (n+1)!, we deduethat
(Hn+1 − 1)(n+ 1)! ≤ P ′

n(1) ≤ Hn(n+ 1)! .Also, for n > 1,
Vn =

nX
k=1

(n− k)σ(n, k) +
nX

k=1

σ(n, k)

= P ′
n(1) − n+ (n+ 1)! − 1

= P ′
n(1) + (n+ 1)! − (n+ 1) ,so that

Hn+1 − 1

ln(n)
+

1

ln(n)
− 1

n! ln(n)
≤ Vn

(n+ 1)! ln(n)

≤ Hn

ln(n)
+

1

ln(n)
− 1

n! ln(n)
.

Again, the Squeeze Theorem yields (n + 1)! ∼
nP

k=1

n + 1 − k

ln(n)
· σ(n, k), andthe proof is omplete.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; and ALBERTSTADLER, Herrliberg, Switzerland.
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3495. [2009 : 516, 518℄ Proposed by Cosmin Pohoat� �a, Tudor Vianu Na-tional College, Buharest, Romania.Let a, b, c be positive real numbers with a+ b+ c = 2. Prove that

1

2
+
Xyli a

b+ c
≤

Xyli
�
a2 + bc

�
b+ c

≤ 1

2
+
Xyli a2

b2 + c2
.

A ombination of solutions by George Apostolopoulos, Messolonghi, Greeeand Paolo Perfetti, Dipartimento di Matematia, Universit �a degli studi diTor Vergata Roma, Rome, Italy, modi�ed by the editor.For vetors a = (a1, a2, . . . , an) and (b1, b2, . . . , bn) with real entries,the notation a ≺ b means that a1 + a2 + · · · + an = b1 + b2 + · · · + bn and
a1 + a2 + · · · + aj ≤ b1 + b2 + · · · + bj holds for eah j = 1, 2, . . . , n− 1.Sine a+ b+ c = 2, the inequality on the left is equivalent to�

1

2
+
Xyli a

b+ c

�
a+ b+ c

2
≤
Xyli a2 + bc

b+ cor Xsymmetri(a4 + a2bc) ≥
Xsymmetri(a4 + a2bc) .Shur's Inequality yieldsXsymmetri(a4 + a2bc) ≥ 2

Xsymmetri(a3b) .
Now using Muirhead's inequality for (2, 2, 0) ≺ (3, 1, 0) we obtainXsymmetri(a3b) ≥

Xsymmetri(a2b2) ,
whih proves the inequality on the left.Now the inequality on the right is equivalent toXyli a2 + bc

b+ c
≤

�
1

2
+
Xyli a2

b2 + c2

�
a+ b+ c

2
,

orXsymmetri(2a9b+ 4a8bc+ 7a7b2c+ a7b3 + 2a4b4c2)

≥
Xsymmetri(2a6b4 + a5b5 + 5a5b3c2 + a4b3c3 + 5a5b4c+ 2a6b3c) .
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Using Muirhead's inequality repeatedly we obtain:

(6, 4, 0) ≺ (9, 1, 0) =⇒
Xsymmetri 2a9b ≥

Xsymmetri 2a6b4

(6, 2, 2) ≺ (7, 2, 1) =⇒
Xsymmetri 2a7b2c ≥

Xsymmetri 2a6b2c2

(6, 3, 1) ≺ (8, 1, 1) =⇒
Xsymmetri 2a8bc ≥

Xsymmetri 2a6b3c

(5, 4, 1) ≺ (8, 1, 1) =⇒
Xsymmetri 2a8bc ≥

Xsymmetri 2a5b4c

(5, 5, 0) ≺ (7, 3, 0) =⇒
Xsymmetri a7b3 ≥

Xsymmetri a5b5

(5, 3, 2) ≺ (7, 2, 1) =⇒
Xsymmetri a7b2c ≥

Xsymmetri a5b3c2

(4, 3, 3) ≺ (7, 2, 1) =⇒
Xsymmetri a7b2c ≥

Xsymmetri a4b3c3

(5, 4, 1) ≺ (7, 2, 1) =⇒
Xsymmetri a7b2c ≥

Xsymmetri a5b4c

Also, by the AM-GM Inequality, we haveXsymmetri(2a6b2c2 + 2a4b4c2) ≥
Xsymmetri 4a5b3c2 .

We add all these inequalities, and we are done.Also solved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinen-gymnasium, Innsbruk, Austria; TITU ZVONARU, Com�ane�sti, Romania; and the proposer. Oneinomplete solution was submitted.Zvonaru observed that this problem appeared in the book Old And New Inequalities,Vol. 2, by Vo Quo Ba Can and Cosmin Pohoata, Gil Publishing House, 2008.
3496. [2009 : 516, 519℄ Proposed by Elias C. Buissant des Amorie, Cas-trium, the Netherlands.Prove the following equations:(a) tan 72◦ = tan 66◦ + tan 36◦ + tan 6◦.(b)⋆ tan 84◦ = tan 78◦ + tan 72◦ + tan 60◦;[Ed.: The proposer gave six more relations of the form f(θ)=

4P
i=1

tan kiθ=0for ki ∈ Z and θ = 2π/n with n|360, not inluded here for lak of spae.℄
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Composite of solutions by Kee-Wai Lau, Hong Kong, China and D.J. Smeenk,Zaltbommel, the Netherlands.With the help of appropriate trigonometri identities, both equationsan be redued to properties of the golden setion τ =

1 +
√

5

2
, whih is thepositive root of the quadrati equation

τ2 = τ + 1 . (1)Beause τ is the ratio of a diagonal to a side of a regular pentagon, it satis�es
cos 36◦ =

τ

2
and cos 72◦ =

1

2τ
. (2)(a) The following equations are equivalent.

tan 72◦ = tan 66◦ + tan 36◦ + tan 6◦ ,
tan 72◦ − tan 36◦ = tan 66◦ + tan 6◦ ,

sin(72◦ − 36◦)

cos 72◦ cos 36◦ =
sin(66◦ + 6◦)

cos 66◦ cos 6◦ ,
2 sin 36◦ cos 66◦ cos 6◦ = 2 sin 72◦ cos 72◦ cos 36◦ = sin 144◦ cos 36◦ ,
2 sin 36◦ cos 66◦ cos 6◦ = sin 36◦ cos 36◦ ,

2 cos 66◦ cos 6◦ = cos 36◦ ,
cos 72◦ + cos 60◦ = cos 36◦ ,

cos 72◦ − cos 36◦ +
1

2
= 0 ,and the last equality follows immediately from equations (1) and (2).(b) The following equations are equivalent.

tan 84◦ = tan 78◦ + tan 72◦ + tan 60◦ ,
tan 84◦ − tan 60◦ = tan 78◦ + tan 72◦ ,

sin(84◦ − 60◦)

cos 84◦ cos 60◦ =
sin(78◦ + 72◦)

cos 78◦ cos 72◦ =
1

2 cos 78◦ cos 72◦ ,
cos 84◦ = 4 sin 24◦ cos 72◦ cos 78◦ ,
sin 6◦ = 2(sin 96◦ − sin 48◦) cos 78◦ ,
sin 6◦ = (sin 174◦ + sin 18◦) − (sin 126◦ − sin 30◦) ,
sin 6◦ = sin 6◦ + cos 72◦ − cos 36◦ +

1

2
,and the last equality follows immediately from the equations (1) and (2) justas in part (a).Both parts were also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Greee; ROYBARBARA, Lebanese University, Fanar, Lebanon; MICHEL BATAILLE, Rouen, Frane; DIONNE
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CAMPBELL, ELSIE CAMPBELL, and CHARLES R. DIMINNIE, Angelo State University, San An-gelo, TX, USA; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; JOE HOWARD,Portales, NM, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbruk, Austria; ALBERTSTADLER, Herrliberg, Switzerland; EDMUND SWYLAN, Riga, Latvia; JAN VERSTER, KwantlenUniversity College, BC; and TITU ZVONARU, Com�ane�sti, Romania. STAN WAGON, MaalesterCollege, St. Paul, MN, USA gave a omputer veri�ation.Part (a) was also solved by ARKADY ALT, San Jose, CA, USA; PANOS E. TSAOUSSOGLOU,Athens, Greee; PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.Wagon usedMathematia to on�rm that there are seven 4-tuples (a, b, c,d) of distintintegers between 0 and 90 (other than the pair featured in our problem) that satisfy the relation
tan a◦ = tan b◦ + tan c◦ + tan d◦ , namely

(60; 42,36,6), (72; 60,42,24), (78; 66,60,36), (78; 72,42,36)

(60; 50, 20,10), (70; 60,40,10), (80; 70,60,50).The �rst four are learly related to the golden setion as in our featured pair, while the �nalthree seem to be related to the regular enneagon (or nonagon, if you prefer) as disussed in\Trigonometry and the Nonagon" by Andrew Jobbings (see www.arbelos.o.uk/papers.html).It is amusing to note that the proposer thought that he had found one that fails to �t either ofthe two patterns, but it turns out that tan 62◦ di�ers from tan 48◦ + tan 24◦ + tan 18◦ byabout 10−5. Wagon further produed a list of 49 suh equations allowing repeated angles, anddetermined that there were no suh 3-term equations and no suh 5-term equations.
3497. [2009 : 516, 519℄ Proposed by Salem Maliki�, student, SarajevoCollege, Sarajevo, Bosnia and Herzegovina.Let P be a point in the interior of triangle ABC, and let r be theinradius of ABC. Prove that max{AP , BP , CP} ≥ 2r.I. Solution by Roy Barbara, Lebanese University, Fanar, Lebanon.Reall that the onvex hull of a triangle T is the union of its interior andboundary. If C is a irle with radius r in the onvex hull of a triangle T1 withinradius r1, then r ≤ r1. (Here is a proof of this simple fat: Consider thethree tangents toC that are parallel to the sides of T1 and separate the entreof C from the orresponding sides; they form a triangle that is similar to T1for whihC is the inirle. Sine all points ofC are inside or on T1, the ratio ofthe sides of the new triangle to the sides of T1|whih is also the ratio of theinradii|ould be at most 1; that is, r ≤ r1.) Let T = △ABC be an arbitrarytriangle with inirle C and inradius r, and let P be a point in the onvexhull of T . Without loss of generality, we may assume that max{AP , BP ,
CP} = AP and show that AP ≥ 2r. Extend (if neessary) the segments
PB to PB1 and PC to PC1 suh that PB1 = PC1 = PA. Then P isthe irumentre of triangle T1 = △AB1C1, and PA its irumradius; let r1denote its inradius. Note that beause P is assumed to lie in the onvex hullof T , T must lie in the onvex hull of T1; onsequently the inirle of T alsolies in that onvex hull, so that (from our simple fat)

r1 ≥ r .By Euler's inequality, AP ≥ 2r1, whene AP ≥ 2r, as desired.
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II. Solution by Mihel Bataille, Rouen, Frane.Generalization: The following result holds for any point P in the planeof △ABC. Let R, O, a, b, and c be the irumradius, irumentre, andsides of △ABC, and letM = max{AP , BP , CP}; then(a) if △ABC is aute, M ≥ R ≥ 2r, with M = 2r if and only if P = Oand the triangle is equilateral;(b) if △ABC is not aute, M ≥ max{a, b, c}

2
≥ 2r, with M = 2r if andonly if P is the midpoint of the longest side.Let A′, B′, and C′ be the midpoints of the sides opposite verties A,

B, and C, respetively. For part (a) we �x points D, E, and F on the per-pendiular bisetors of the sides so that the rays [OD), [OE), and [OF ) areopposite the rays [OA′), [OB′), and [OC′), respetively. The whole plane isthe union of the nonoverlapping angles ∠EOF , ∠FOD, and ∠DOE. With-out loss of generality we an assume that P is in or on the sides of angle
∠EOF (bounded by the rays [OE) and [OF )) so thatM = PA. Let E0 on
AB and F0 on AC be suh that OE0||AC and OF0||AB. Note that beause
O is in the interior of △ABC, E0 and F0 belong to the rays [AB) and [AC),while OE0 ⊥ OE and OF0 ⊥ OF . Sine A is in the interior of ∠E0OF0, theangle ∠POA is obtuse, hene M = PA ≥ OA = R, with equality exatlywhen P = O. The inequality R ≥ 2r is Euler's inequality, with R = 2rexatly when △ABC is equilateral, so the proof of part (a) is omplete.For part (b) we �rst suppose that ∠BAC, say, is obtuse. Then O isexterior to △ABC with line BC separating O from A, and the plane is theunion of the three angles ∠EOF , ∠EOA′, and ∠FOA′. If P is in ∠EOFthen M = PA ≥ R >

a

2
(muh as in part (a)). Otherwise, without loss ofgenerality, we an suppose that P is in ∠EOA′, in whih aseM = PC ≥

A′C =
a

2
. To hek that the minimum value ofM , namely a

2
, ours when

P = A′, note that A and A′ are on the same side of the perpendiularbisetor of the segment AC, so that A′A < A′C; that is, if P = A′, then
M = A′C = A′B =

a

2
. If ∠BAC = 90◦, this argument an easily beadapted to show thatM ≥ a

2
= R. To omplete the proof we show that inthe present ase we have a

2
≥ 2r. Let h = AH be the altitude from A, andlet A0 be the point on the ray [HA) suh that ∠BA0C = 90◦. We want toshow that ah ≥ 4rh; that is, that a+b+c ≥ 4h (sine ah

2
=
r(a + b + c)

2
=area(△ABC)). But

h ≤ HA0 =
√
HB ·HC ≤ HB +HC

2
=
a

2
,whene a ≥ 2h; moreover, b, c ≥ h, so that a+ b+ c ≥ 4h, as desired.Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Greee (2 solutions); �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo,
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Bosnia and Herzegovina; JOE HOWARD, Portales, NM, USA; WALTHER JANOUS, Ursulinen-gymnasium, Innsbruk, Austria; V �ACLAV KONE �CN �Y, Big Rapids, MI, USA; KEE-WAI LAU,Hong Kong, China; VICTOR PAMBUCCIAN, Arizona State University West, Phoenix, AZ, USA;ALBERT STADLER, Herrliberg, Switzerland; EDMUND SWYLAN, Riga, Latvia; GEORGETSINTSIFAS, Thessaloniki, Greee; PETER Y. WOO, Biola University, La Mirada, CA, USA; andthe proposer. There were two inomplete submissions.Tsintsifas extended the result to n-dimensional Eulidean spae: For a point P in theinterior of the simplex A1A2 . . . An+1, max{A1P , A2P , . . . , An+1P} ≥ nr.Janous pointed out that the inequality follows from the more general assertion that
AP + BP + CP ≥ 6r, whih is item 12.14 of O. Bottema et al., Geometri Inequalities,Wolters-Noordho� Publ., Groningen, 1969.
3498. [2009 : 517, 519℄ Proposed by Jos �e Luis D��az-Barrero, UniversitatPolit �enia de Catalunya, Barelona, Spain.Let Fn be the nth Fibonai number, that is, F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for n ≥ 2. For eah positive integer n, prove thatÊ

Fn+3

Fn

+

Ê
Fn + Fn+2

Fn+1

> 1 + 2

�Ê
Fn

Fn+3

+

Ê
Fn+1

Fn + Fn+2

� .
Solution by Chip Curtis, Missouri Southern State University, Joplin, MO,USA. Let x =

É
Fn+3

Fn
and y =

É
Fn + Fn+2

Fn+1

. The laimed inequality issuessively equivalent to
x+ y > 1 + 2

�
1

x
+

1

y

� ,�
1 − 2

xy

�
(x+ y) > 1 .It thus suÆes to show that the following two inequalities hold:

1 − 2

xy
≥ 1

3
, (1)

x+ y > 3 . (2)Set λ =
Fn+1

Fn
. Then

xy =

Ê
Fn+3

Fn

· Fn+2 + Fn

Fn+1

=

s
(2Fn+1 + Fn) (Fn+1 + 2Fn)

FnFn+1

=

Ê
(2λ+ 1)

�
1 +

2

λ

� .
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Hene, (1) is equivalent to eah ofÊ

(2λ+ 1)

�
1 +

2

λ

�
≥ 3 ,

2 (λ− 1)2

λ
≥ 0 ,and the latter is learly true.By the AM{GM Inequality,

x+ y > 2 · 4

s
Fn+3 (Fn + Fn+2)

FnFn+1

= 2 · 4

Ê
(2λ+ 1)

�
1 +

2

λ

� .For (2), it thus suÆes to show that
(2λ+ 1)

�
1 +

2

λ

�
>

81

16
,whih is equivalent to

32λ2 − λ+ 32

16λ
> 0 ,whih is learly true.Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Greee; MICHEL BATAILLE, Rouen, Frane; BRIAN D. BEASLEY, PresbyterianCollege, Clinton, SC, USA; CHARLES R. DIMINNIE, Angelo State University, San Angelo,TX, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium,Innsbruk, Austria; ALBERT STADLER, Herrliberg, Switzerland; and the proposer. Two inom-plete solutions were submitted.

3499⋆. [2009 : 517, 519℄ Proposed by Bernardo Ream�an, InstitutoAlberto Merani, Bogot �a, Colombia.A building has n oors numbered 1 to n and a number of elevators allof whih stop at both oors 1 and n, and possibly other oors. For eah n,�nd the least number of elevators needed in this building if between any twooors there is at least one elevator that onnets them non-stop.For example, if n = 6, nine elevators suÆe: (1, 6), (1, 5, 6), (1, 4, 6),
(1, 3, 4, 6), (1, 2, 4, 5, 6), (1, 2, 5, 6), (1, 2, 6), (1, 3, 5, 6), and (1, 2, 3, 6).Solution by George Apostolopoulos, Messolonghi, Greee.The answer is �n2

4

�.
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To see that at least this many elevators are needed, onsider the set

P =
n
(x, y) ∈ Z

2 : 1 ≤ x, y ≤ n, x ≤ n

2
, y >

n

2

o .Any elevator an onnet at most one pair of oors in the set P , and theardinality of P is �n2

4

�, so at least this many elevators are needed.To show that �n2

4

� elevators suÆe, we give a onstrution in two ases.Case 1: n = 2k. Here k2 elevators are needed. Let integers i and j berestrited so that 1 ≤ i ≤ k and k+ 1 ≤ j ≤ 2k, and desribe eah elevatorby the tuple of oors it stops at. The elevators are then8<: (1, i, j, 2k) , if i+ j = 2k + 1 ,
(1, 2k + 1 − j, i, j, 2k) , if i+ j > 2k + 1 ,
(1, i, j, 2k + 1 − j, 2k) , if i+ j < 2k + 1 .Case 2: n = 2k + 1. Here k2 + k elevators are needed. Let integers i and jbe restrited so that 1 ≤ i ≤ k and k + 1 ≤ j ≤ 2k + 1, and desribe eahelevator by the tuple of oors it stops at. The elevators are then8<: (1, i, j, 2k + 1) , if i+ j = 2k + 2 ,

(1, 2k + 2 − j, i, j, 2k + 1) , if i+ j > 2k + 2 ,
(1, i, j, 2k + 2 − j, 2k + 1) , if i+ j < 2k + 2 .This ompletes the proof.Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; D.P. MEHENDALE (Dept. ofEletronis) and M.R. MODAK, (formerly of Dept. Mathematis), S. P. College, Pune, India;MISSOURI STATE UNIVERSITY PROBLEM SOLVING GROUP, Spring�eld, MO, USA; MORTENH. NIELSEN, University of Winnipeg, Winnipeg, MB; and PETER Y. WOO, Biola University, LaMirada, CA, USA. Two inomplete solutions were submitted.
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YEAR END FINALEAs a preliminary we refer readers to the notie on p. 486 of this issue regardingthe status of CRUX with MAYHEM.My term as Editor-in-Chief of CRUX with MAYHEM oÆially ended last year,but I have ontinued a little while longer so that we ould bring you this last issue ofvolume 36. The baklog of artiles has now been leared, and the journal is ready fora new editor and a new team.After areful onsideration of my other duties and personal obligations (andpartly also due to the diÆulties in �nding a new editor), I have deided to stepdown shortly after the ompletion of this volume.I thank the Managing Editor, JOHAN RUDNICK, and the CMS PubliationsCommittee Chair, KEN DAVIDSON, for their servie this past year. I wish them boththe best of luk and suess in nurturing CRUX and having it grow in the future.I thank the sta� at the CMS head oÆe in Ottawa for administering CRUX andfor their perseverane in the fae of having to reloate their oÆes so many times. Inpartiular I thank DENIS AKOULOV, LAURA ALYEA, DENISE CHARRON, and STEVELA ROCQUE. Denis has taken over managing subsriptions from Laura, Denise dealswith matters related to publishing, and Steve has been speedily putting the issues upon the web. Their work is muh appreiated!I thank JOANNE CANAPE at the University of Calgary, for providing deadesof help in preparing the Olympiad Corner, and LOUIS MASTORAKOS at Wilfrid Lau-rier University, for help with preparing the CRUX solutions. A big thank you goesto MATHIAS PIELAHN, the CRUX journal assistant, for eÆiently proessing largehunks of the orrespondene we have reeived over the last two years.I thank TAMI EHRLICH and the folks at Thistle Printing for adding their magito the amera-ready PDFs that I send to them. The Pandora font sits bold and heavy,set among ares of white and purple overs, like a pith-blak bull in a �eld of lover.I thank past CRUX editor BRUCE SHAWYER for his kindness and help over theyears, and past CRUX editor BILL SANDS, who is a fountain of knowledge and one ofthe sharpest proof readers I know. My olleague TERRY VISENTIN has also helpedproof the opy.I thank JEAN-MARC TERRIER for providing Frenh translations, and for hisuplifting emails. I also thank ROLLAND GAUDET for providing Frenh translations,and for his very fast turn-around time.The end of 2010 has seen many board members ompleting their terms, andsome new faes oming on board.DZUNG MINH HA of Ryerson University ompleted his term as ProblemsEditor, and I thank him for his preision and strit moderation of the problems.JONATAN ARONSSON of the University ofManitoba also ompleted a terms as Prob-lems Editor, and I thank him for bringing his enthusiasm for problem solving to theboard. IAN VANDERBURGH stepped down asMayhem Editor, and it was a pleasureworking with him these past three years. (In that regard, I thank SHAWN GODINfor his help with moderating some Mayhem Problems.) ROBERT WOODROW hasompleted his term as Olympiad Corner, and I thank him for an inredible 30 years ofsupport for CRUX and the Corner. My olleague JAMES CURRIE ompleted his termas Artiles Editor and I thank him for keeping that setion organized and CRUX wellstoked with material these last three years.I welome CHRIS GRANDISON of Ryerson University and ROB CRAIGEN ofthe University of Manitoba on board as Problems Editors in 2011.
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I thank LILY YEN and MOGENS LEMVIG HANSEN for ontinuing as SkoliadEditors and for the marvellous job that they do. I thank JEFF HOOPER, for ontinuingas Assoiate Editor, and for his sound advie over my term as Editor-in-Chief. I thankEDWARD WANG for ontinuing as Problems Editor this past year despite having re-tired, and for his wealth of experiene and his good advie. NICOLAE STRUNGARUhas done a great job as Problems Editor sine oming on board two years ago, and Iadmire his skills at solving the problems!I thank AMAR SODHI for keeping the book reviews setion in good order andfor his light-hearted sense of humour, whih often was the perfet antidote for thestress of editing.I thank CHRIS FISHER for his prodigious output of high quality ontributionsto CRUX with MAYHEM whih far exeed his duties as Problems Editor, and for hisonstant support these past three years.The Department of Mathematis and Statistis at the University of Winnipegmade it possible to host CRUX with MAYHEM here in Winnipeg the last three years,and in that regard I thank our Dean of Siene, ROD HANLEY, for the ontinuedommitment of the University of Winnipeg.I thank my wife CHARLENE for her support during this past year, for her verysubstantial assistane in putting together this last issue, and her great proof reading!I thank PETER ARPIN for his help with moderating problems during my term.Most importantly, I sinerely thank all of the readers and wonderful people Ihave orresponded with these last three years. The onstellation of CRUX is strewnwith stars, and I am happy to have seen it on a lear night. My only regret is that Ihave been late with the issues these past three years, and my only hope is that it wasworth the wait.I wish all of you joy, tranquillity, and the realization of your hopes and aspira-tions in the New Year. V �alav (Vazz) Linek
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