Chuyén dé Lugng gidc va Ung dung

PHAN I: LUONG GIAC

CHUONG I: PHUONG TRINH LUQNG GIAC (PTLG)

BAI 1: CAC KHAI NIEM CO BAN
I. PHUONG TRINH CO BAN (PTCB):

Trong lugng gidc c6 3 phuong trinh co ban.Du co ban (chinh vi co ban nén ndé mai cé tén

nhu vdy) nhung ciing phai néu ra ddy boi vi cac PTLG khac néu giai duoc ciing phai dua vé
mot trong 3 PTCB sau day:

1.sin X= o voi |(x| <1, c6 nghiém la:

[Xzarcsina+k27z (keZ)

X=s—arcsino +k27
2.cos X =0 voi |a| <1, c6 nghiém la:
x=ztarccosotk2z (ke Z)
3. tgx=a co6 nghi¢m la:
X = arctga + k7 (ke Z)
(hay 1a cot gx=a c6 nghi¢m la:
x=arccotgu+kr) (keZ)

Chii y: Trong cac PTCB trén ta di c6 st dung dén cac ham s luong giac nguoc:
1. Ham Yy =arcsin X:

Mién xac dinh: D =[-1,1]

T T
. YE| -7
y = arcsin X < [ 2 2}
siny =X
2. Ham y=arccos X:

Mién x4c dinh: D =[-1,1]

{ye [0; 7]
y=arccos X &

cosy=X
3. Ham y =arctgX:

Mién xac dinh: D =R

T
YEe| %%
y =arctgX & ( 2 2)

tgy = X
4. Ham y=arccot gX:
Mién xac dinh: D=R
ye (0;7)

y =arccotgx <
cotgy =X
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Chuong 1: Phuong trinh lugng gidc

Ta xét mot s6 bai toan sau:
Bai toan 1:  Giai phuong trinh sau:
cos (37sin X) = cos (77 sin X)
Giai

cos(37sin X) = cos (77 sin X)

37z sin X =z sin X+ K27 27sin X=k27x sinx=k
37 sin X =—msin X+ K27z Azsin X=K27x sin X = 5
<
keZ |k|_1
Do , Sk |-l o ke{0;£;+2]
|smx|£1 —|<1 2
[sinx=0 sin2x=0
) 1 ) 1
S|sinX=%x— S| sinX=—
2 2
sin X ==1 . 1
L sin X=——
L 2
"z
X=—
2
x:iz+k27z x:li
= 56 = 2 (I,keZ)
x="2 +kom x=+Z +kr
6 6
X=7—ﬂ+k272'
L 6

Vay nghiém cua phuong trinh da cho la
Iz
2 (I,keZ)
x=+2 4 kr
6

Nhin xét: Pay 1a mot PTLG ma viéc giai no rat don gian, mau chdt ctia bai nay 13 vi tri quan
trong cua ‘k’. Poi liic vai trd cua ‘k’ trong viée giai PTLG rat quan trong. Viéc xét diéu kién
‘k’ ¢6 thé dua dén mot s6 PTLG kh4 hay lién quan dén viéc giai mot sd bai toan dai sd, sd
hoc nho ma ta s& gap & mot sd bai toan sau:
Bai toan 2:
(PH Tbéng hop Lomondxop khoa Tinh Toan va Biéu Khién 1979-DHSPII 2000)

Tim tat ca cac nghiém nguyén cta phuong trinh sau:

cos[%(3x—\/9xz +160X+ 800)} -1

Giai
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Chuyén dé Lugng gidc va Ung dung

Gia sir x 1a s6 nguyén thoa man phuong trinh, khi d6 ta cé:

cos[%(3x—\/9xz +160X+ 800)} -1

@%(3x—\/9x2 +160x+800): k27 (ke Z)

& V9% +160x+800 = 3x—16k
3x—16k >0

= ) 2
9%* +160x+800 = (3x—16k)

3x—16k >0 3x—16k >0
& 2 _ & 1
_ 8k -25 ox=24k 40— 25V
3k+5 3k+5

€ Z,suyra:ke{0;-2;-10} (2)

=
3k+5
T (2) , bang cach thir truc tiép vao (1) ta dugc:

k=-2
X=-7
k=-10
x=-31
Nhian xét: Day la mot PTLG co ban, vi¢c giai n6 that ra 1a gidi mot phuong trinh nghiém

nguyén hai an ma ta s€ dé€ cp dén mot cach cu thé & phan sau.Bai toan nay chi nham muc

dich minh hoa cho vai tro cua ‘k’.

Bai toan 3 : Tim sda>0 nho nhét thod man:
2 1 . 2
coS {ﬂ'(a + 2a——ﬂ —sin (ﬂ'a )=0
2

Giai
cos{ﬂ'(a2 + 2a—%ﬂ—sin(ﬂ'a2)=0 & cos [%—7[(&2 + 2a)} = sin(ﬂ'az)

= sin[rz(a2 +2a)] = sin(ﬂaz)

ﬂ(a2+2a):7za2+k2ﬂ {a:keZ
o

= %k
ﬂ(a2+2a):r:—ﬂa2+k27z 2a2+2a—(2k+1):0( )

(% .

Do a>0 suyra Mina= 5
ke Z

Nhin xét: Bai toan nay 2 mau chdt quan trong:
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Chuong 1: Phuong trinh lugng gidc

-Thir nhét: ta da sir dung cong thirc co ban nhung lgi hai nhat 1a dbi véi cac bai toan

c6 dang sina+cosb:

. T
Sin X = COoS (3 - Xj

-Thtr hai: tim gia tri nho nhat c6 thé cé cua bién a.

Bai toan 4: Tim nghiém duong nho nhat ctia phwong trinh:
sin(ﬂ'xz) =sin [72’(X+ 1)2}
Gidi.

sin(ﬂxz): Sin|:7Z(X+1)2:|

¢ =z (x+1) +k2z x:_2k+1
= , (keZ) < 2 (ke Z) .
zx’ =x-m(x+1) +k2z W 4+ X—k=0
, 2k +1 | . o , £
(+) Xét x=-— 5 >0, ke Z suy ra: , ta dugc XZE 1a nghiém dwong nhé nhat.

(+) Xét phuong trinh X* +X-k=0 (*) co:

A=1+4k=>0
1
P NS
ke Z

Thir truc tiép ta thay khi k=1 thi phuong trinh (*) c6 nghiém nho nhat la:

1445
2

1 .
>— (loai
2( ai)

Vay nghiém dwong nho nhét ciia phuong trinh d cho 1a: x =% )

Bai toan 5: Tinh tong cc nghiém xe [0,100] ciia phuong trinh sau:

cos’ X—cos” X+1 X
=cos 2X+1tg°X

cos® X

Giai.
Diéu kién:cos’ x# 0 < X¢%+ kr (keZ)

Véi diéu kién trén phuong trinh:

& cos X—1+——=cos 2X+1g’°x
cos” X
x=k2rx
k2z
& coS X =Cc0S2X = k2r .KeZ X=T (*)
X=—-

3
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Chuyén dé Lugng gidc va Ung dung

Do 0<x<100nén0<k< @ = ﬂ =47
r| | 7@
3 3
48.(O+47'2ﬂ )
— S= =752 7w

Nhin xét:_Bai todn nay ngoai viéc cho ta thiy vai trd ciia ‘k’ con chi rd mot van dé: tim quan
trong ctia viéc két hop nghiém. Thir hinh dung, néu ta khong két hop nghiém lai duéi dang
cong thirc (*) don gian hon thi ta phai tién hanh xét 2 bat phuong trinh sau:
k27
0<k27<100; OS—3 <100
Nhu vay ta phai ton thoi gian hon, qué trinh giai bai toan s& bi kéo dai mot cach khong can
thiét.

II. KET HQP CONG THU'C NGHIEM:

Két hop cong thirc nghiém trong cac PTLG chang nhiing gitp cho ta ¢6 thé loai duoc
nghi¢m ngoai lai ma con co thé c6 duge mot cong thirc nghi€ém don gian hon, tir d6 viéc giai
quyét bai toan tré nén don gian hon (giéng nhu bai todn ma ta vira xét ¢ trén). Poi luc viée
két hop cong thirc nghiém ciing tuong tu nhu viée giai mot hé phuwong trinh lugng giac co ban
bang phuong phap thé. O day ta khong dé cap dén phuong phap nay ma ta chi néi dén hai
phuong phap chu yéu sau:

A. PUONG TRON LUONG GIAC:
1.Cac khai niém co ban:
a) Buong tron lugng giac: 1a dudng tron c6 ban kinh don vi R = 1va trén do ta da chon mét

chiéu duong (+) (thong thuong chiéu duong 1a chiéu nguge chiéu kim dong hd)

b) Cung lugng giéc: AB (voi A, B 1a 2 diém trén duong tron lugng giac) 1a cung vach boi
diém M di chuyén trén duong tron luong giac theo mot chiéu nhat dinh tir A dén B.
¢) Goc lugng giac: khac véi goc binh thuong goc lugng gidc c6 mot chiéu nhat dinh
2. Phwong phép biéu dién géc va cung lwong gic:
a) Biéu dién cac diém ngon cua cung lugng giac biét s6 do c6 dang o + k7 :

Ta dua s6 do vé dang o+ kz—ﬂ.
m

Bai toan ¢ m ngon cung phan biét twong tmg véi k tir 0 dén (m-1).

Bai toan 1: Trén duong tron luong giac, ta lay diém A 1am géc.
Pinh nhimg diém M biét sd AB = % + k%
Giai.

Ta c6 sd AB = % + k% = % + k%Tﬂ .Suy ra c6 4 diém ngon cung phan biét ing véi:
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Chuong 1: Phuong trinh lugng gidc

(+)k=0:1Am =%
) 3z
(+)k=1:'Am ==

Am =%
(+)k=2.@\M =

(+)k=3:Am =7
4
Pé v ta thy rang trén duong trong luong giac cac diém ngon cung 1a dinh cta hinh vudng
M,M M, M,.

Nhan xét: Trén duong tron luong giac cac diém ngon cung la dinh ctia mot da giac déu m
canh.
b) Biéu dién goc (cung) dudi dang cong thic tong quat:

Ta biéu dién timg goc (cung) trén duong tron luong giac. Tir d6 suy ra cong thirc tong quat.

Bai toan 2: Biéu dién goc luong giac c6 s6 do sau dudi dang mot cong thirc tong quat:

X=Kkr
x=+Z +kr
3
Giai.

A X, L2 , 27
Ta bi€u dién cac di€ém ngon cung cua X=kz =k—

k=0:x=0
k=1:x=x

S ST SRS | , T
Ta bi€u dién cac di€ém ngon cung cua X = ig +krz

k=0:x=22
3
k=1:x=% il
3
Trén dudng tron luong giac, ta nhan thdy c¢6 6 diém ngon cung phén biét, Do d6 cong thirc
2 T k2w Kk
tong quat la:  Xx= e = By

Nhin xét: Qua bai toan nay ta thiy rd vai tro ctia viée két hop cac goc luong gidc dudi dang
mot cong thic tong quat don gian hon. Hon nita, ddy con 1a bai toan vé viéc giai hé phuong
trinh lwong giac co ban bang phuong phap biéu dién trén dudng tron luong giac.

Bai toan giai PTLG dung phuong phéap két hop nghiém bang duong tron luong giac dé loai
cac nghiém ngoai lai.
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Chuyén dé Lugng gidc va Ung dung

Bai toan 1: Giai phuong trinh:
sin X(sin X+cos X)—1

2 : 0
cos” X+sin X—1
Giai.
Diéu kién: cos’ X+sinXx—1#20 < sinX+sin” X#0
. X # K
sin X# 0
. ey x (1)
sin X #1 x¢3+ kz

Véi diéu kién d6 phuong trinh twong duong:

sin X(cos X+sin X)—1=0

< sin’ X+sin Xcos X—1=0

< cos X(sin X—cos X) =0

= ke Z (2)

x:z+k7z
4

V4
X=—+krxz
cosx=0 )
@ .
sin X = cos X

Két luan: nghiém cua phuong trinh da cho 1a:
x:§+k7z; x:—§+k27z,(keZ)

Nhin xét: Day 1a mot bai co cong thirc nghiém don gian cho phép ta c6 thé biéu dién mot
cach chinh xac trén dudng tron luong giac. Tuy nhién ta hiy xét thém bai toan sau dé thdy rd

mau sac cua bai toan biéu dien nghiém trén duong tron lugng giac.

Bai toan 2: Giai phuong trinh sau:
sindx
cos 6X

1

Gidi.
Diéu kién dé phuong trinh c6 nghia la:

cos6x¢0<:>6x¢§+k7r @x¢%+%,kez (1)

Véi diéu kién (1) phwong trinh twong duong:
sin4X = cos 6X

< coSO6X = cos(%—4xj
6x:%—4x+2mﬂ

= me Z
6X= 4x—§+2m¢z
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Chuong 1: Phuong trinh lugng gidc

_rF
& 205 me Z
V4
X=——+Mmr
4
So sanh cac nghiém nay vé6i diéu kién ban dau ta dugc nghiém cua phuwong trinh 1a:
x:£+@ va m#5n+1, neZ
20 5

Nhin xét: ta nhan thiy d6i vi bai toan nay viéc biéu dién bang dudng tron luong giac da

ttrd nén khoé khan va khé chinh xac. Do d6 ta hdy xem phuong phap hai.

B. PHUONG TRINH NGHIEM NGUYEN:
1. Co sé cua phwong phap:
Giai phuong trinh bac nhét hai 4n ax+by=c, voiab,c nguyén.
a) Pinh li 1: Pinh li vé su ton tai nghiém nguyén
Can va du dé phuong trinh ax+by =c,véi (a,b,ce Z) c6 nghiém nguyén la (a,b)|c.
Hé qua: Néu (@a,b) =1thi phuong trinh ax+by = c ludn c6 nghiém nguyén.
b) Pinh i 2: néu phuong trinh ax+by=c, voi(a,b,ce Z), a*+b* #0,(a,b)=1 co

mot nghiém riéng (X,, Y, ) thi nghiém tong quét ctia phuong trinh la:

X=X, +bt

{ % , voite Z
y=y,—at

Vi du: phuong trinh 3x+2y =1 c6 nghiém riéng 1a (1,—1) va nghiém tong quat la:
X=1+2t .

, voite Z

y=-1-3t

¢) Vi du: giai va bién luan phuong trinh nghiém nguyén sau theo tham sé m nguyén

6X—11y=m+2 (1)
Ta c6 (6,11)=1 nén phuong trinh (1) uén c6 nghiém nguyén.

Phuong trinh (1) c6 nghiém riéng 1a (2m+4,m+2) nén c6 nghiém tong quat:

{x=2m+4—11t
,te

y=m+2-6t

2. Vi du: Ta xét mot s6 bai toan dung phuong trinh nghiém nguyén dé két hgp nghiém
hay giai h¢ phuong trinh hé qua cia PTLG.
Bai toan 1: Giai phuong trinh : tg2xtg7x=1
Gidi.

biéu kién:
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Chuyén dé Lugng gidc va Ung dung

o2x2Z ykr x¢£+k—ﬂ(l)
2 = 4 i ke Z
7x# % +kr x¢£+—”(2)
14 7

Véi diéu kién trén phuong trinh twong duong:
sin 2Xsin 7X = cos 2Xcos 7X

& cos9IxX=0 (:»9x:§+m7r @x:%+¥,(3) me Z

Ta xét xem nghiém cua (3) ¢ thoa diéu kién (1), (2) hay khong:
e Xét diéu kién (1):
Ta giai phuong trinh nghiém nguyén sau:
T 7T T

k222010 o am-18k=7
4 7218 9

D@ dang nhén thay phuong trinh trén c6 (4,18) =2 khong phai la udc cua 7 nén
phuong trinh nghiém nguyén vo nghiém.
Vay nghiém (3) luén thod man (1)
e Xét diéu kién (2):
Ta gidi phuong trinh nghiém nguyén sau:
7 KkKr 7
47 18 9
& 7+14m=9+18k
& Tm-9K =1 c6 nghiém riéng tong quat 1a:

m=4+9t
,teZ
k=3+7t
Do vay nghiém ctia phuong trinh da cho la:
x=%+%, voi meZva m#9%t+4,neZ.

Nhin xét: Doi voi bai toan niy ta nhan thay cong thirc nghiém cta nd kha phirc tap, viéc biéu
dién trén duong tron khé duge chinh x4c. Cho nén ta diung phuong trinh nghiém nguyén s&
chinh x4c va d& dang hon. Quay trd lai bai toan2 & muc trén ta thay néu dung phuong trinh vo
dinh thi bai toan sé nhanh hon.

Bai toan 2: Giai hé phuong trinh co ban sau:

cos2x=1
cosX=1
Giai.
2x=1 X =4kz(1
co8 N Diiez
cosx=1 x=2l7(2)

Pé giai hé phuong trinh nay ta giai phuong trinh nghiém nguyén:
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Chuong 1: Phuong trinh lugng gidc

k=1+t
4k =2l & = ot teZ

Vay nghiém cua h¢ da cho la: x = 4tz véite Z.

Nhin xét: C6 thé ta cho rang bai toan nay cuc ki don gian nhung né rat quan trong. C6 mot
sai 1am thuong gip vo ciing nguy hiém: khi nhin vao hé phuong trinh don gian nay ta nghi
ngay dén duong tron lugng giac -“cuc ki cuc ki nguy hiém”. Boi vi duong tron lugng giac co
chu ki 1427 trong khi d6 (1) c6 chu ki 1a 47 va (2) c6 chu ki 1a 277 . Ta khong thé st dung
duong tron lugng giac trong truong hop nay.

Ch( Y : Ta chi diung dudng tron luong giac khi sé do goc lwong giac d6 c6 dang:

k27 kr
X=a+—— hay X=a+—
m m

(do duong tron lugng gidc c6 chu ki 27).
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Chuong 1: Phuong trinh lugng gidc

BAI 2: PHUONG TRINH LUQNG GIAC DANG CHINH TAC.
I. PHUONG TRINH DANG CAP:
1. Phwong trinh ding cip bac I: asinx+bcosx =c (1) voi a> +b* #0.
D6i v6i dang nay ta co 2 cach giai quen thudc:
Cach 1: Phuong phép luong giac

asinx+bcosx=c

) b c
& sinx+—cosx =—
a a

. c ( b & 72')
Ssinx+tg@pcosx =— 1gQ=—;——<@<—
a a 2 2

. c
& sin(x+@)=—cosg
a

.. C . T T , . )
bit —cosp=sinx (_E <a< Ej , ta c6 phuong trinh co ban:
a

sin(x+ @) =sino
Diéu kién dé phuong trinh c6 nghiém:

2
c c
—cos @ S1<:>—2cossz1
a a

2 2 2
C C
<:>—2 3

S1+tg2¢<:>a_S1+_2
ed<d+b’
Cich 2: Phuong phép dai s6
. X . . .| sinx=0
e Néu cosz =0 1a nghiém cuia (1) thi

cosx =-1
Khidé (1) b+c=0

e Néu cos% =0 khong 1a nghiém ctia (1), hay 13 5+ ¢ # 0 nén ton tai tgi.

) 2t
Slnx:1+t2
Pitr =1g> = o
COSX = _tz
1+¢
2t 1-¢*

Taco(l) ©a +b =c
M 1+ 1+¢

& 2at+b(1-1*)=c(1+1%)

& (b+o)t* —2at+c—b=0
Giai phuong trinh dugc nghiém ¢ = tgf , suy ra nghiém x.

Piéu kién dé phuong trinh (1) ¢6 nghiém la:
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Chuyén dé Lugng gidc va Ung dung

b+c=0
b+c#0
A':az—(cz—bz)ZO
sSa+b=c’
o Néu o’ +b* =¢*, phuong trinh tr¢ thanh:

cos@.sinx+sin@.cosx =1

S sin(x+@)=1
o Néu cung ¢ trong cach giai 1 khong phai 1a cung dic biét
nén dung cach 2 dé dugc phép tinh don gian hon.
o Dbi voi phuong trinh c6 tham sb ta nén dung cach 2
Bai toan 1: (Pai hoc Kinh té Quéc Dan Ha Noi 1997)
Tim cdc nghiém xe (2?”,67”] cua phuong trinh sau:
cos7x—~/3sin7x =2
Gidi.
cos7x—~/3sin7x = —/2
A

1 )
& —cos7x——3$1n7x =—
2 2 2
T .. T
< c0S—cos 7x —sin—sIin 7x = cos—
3 3 4

( ﬂ'j 3
< cos| Tx+— |=cos—
3 4

7x+£=—3—7[+k2 x:—13—7[+2k—7Z
o 3 34 o 5842k 7 (ke Z)
Tx+Z =L kon x=LZ 427
3 4 84 7
137 2krm 2w 61
o Xétx=—-—+—o€|—;—
84 7 57
27 137 Zkﬂ' 67:
o<y

5 84 7 > 7
& 168<—65+120k<360

& 233<120k<425

=>k=2k=3

Véik= 2:>x——13—ﬂ+4—ﬂ 35”
84 7 84

Voikes oy 137, 67507
84 7 84

mla
LIél
w|§]

...ta
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Chuong 1: Phuong trinh lugng gidc

, Sz k2m (2m 67
o Xétx=—+—€|—;—
&4 7 57

27 Sm k2m 6rm

I S TR St

5 &4 7 7

& 168<25+120k<335

=>k=2

Khi do x=Z + 22 27
84 7 84

Két lugn: xe {357z‘ 537 597:}

84 ° 84 84

Nhin xét: O bai toan nay ta gap lai van dé xét diéu kién cua k’ trong cong thirc nghiém. Ta

nhén thay néu bai toan c6 yéu cau thém dicu ki¢n cia nghiém thi viéc xét dicu kién cua ‘k’ 1a

duong nhién.

Bai toan 2: (Pai hoc Giao thong Van tai Ha N§i 2000)
Giai phuong trinh sau:
2x/§(sinx+cosx)cosx =3+cos2x

Giai
2x/§(sinx+cosx)cosx =3+cos2x
PN 2sinx+(ﬁ—1)cos2x=3—ﬁ
2 2
@ +b :(ﬁ) +(\E—1) =5-22
2
c2:(3—ﬁ) =11-6v2
Ta s& ching minh: a” +5°<c’
& 5-242<11-612

2
& 42<6 & (442) <6> < 32<36 (ding)

Co:

Vay phuong trinh v6 nghiém.

Nhan xét: Piéu kién dé phuong trinh c6 nghiém rat quan trong, dic biét 1a trong cac bai toan

c6 tham s m ma ta thuong gip trong céac ki thi Pai Hoc (trudc day) do d6 ta can quan tAm

dén nd. Vi thé cac bai toan vé dieu kién ton tai nghiém ta s€ duoc gip ¢ cac bai toan sau.

Bai toan 3: Cho phuong trinh
2sinx+mcosx=1-m(1)
T

a.Tim m dé phuong trinh c6 nghiém xe [—3,3}

b. Gidi va bién luan phuong trinh theo m.
Giai.

a.Do b+c=m+(1-m)#0 nén cos%;tO.
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Chuyén dé Lugng gidc va Ung dung

Dit t=tg> = sinx=—r cosx—l_t
' & 1+227 1+7°
Khi do:
_ 42
o2 smi™l —iom
I1+¢ 1+t
e dt+m(1-12)=(1-m)(1+1)
& f(1)=-4t+1-2m=0
Tim m dé (1) c6 nghiém xe —z;z ole —z;z
2°2 2 44
. Céch 1: Yéu cau bai toan tuong duong

& f(t)=1"—4t+1-2m=0 c6 nghiém 7€ [-11].
Xét f(-1)=0 6-2m=0e m=3 thoa
Xét f(1)=0 -2-2m=0& m=-1 thoa
Xét f(t)=0 c6 1 nghiém ¢€ (~1;1) va 1 nghiém ¢ [-1;1]
& £ (1) £ (1)=(6-2m)(~2-2m)<0
& (2m-6)(2m+2)<0 < 1<m<3
Xét f(¢)=0 c¢6 2 nghiém ¢, ;, thoa —1<t, <t,<l

A>0

| 150 2m+3>0
-1)>

S (1) 6—2m>0

& 1.f(1)>0 = _2_2m>0<:>VN

_1<§<1 —1<2<1
2

Két luan: (1) c6 nghiém xe [—%,%} & —1<m<3
o Cich2: & f(t)=1"—4t+1-2m=0 c6 nghiém t€ [-1;1]
& g (1) :%tz —2t+%=m c6 nghiém ¢ e [-1;1]
Tacod: g (t)=¢-2<0Vte[-11], suy ra g (t) nghich bién/ [-1;1]
Suy ra tap gia tri g (t) 1a doan [g(l);g(—l)] =[-1,3]
Tir d6 (1) ¢6 nghiém xe {—%ﬂ & g(t)=m cbnghiém te[-1;1] & —1<m<3

b. Giai va bién luan:
f(t)=t—4t+1-2m=0c6 A =2m+3

Néu m<§ = A<0= f(t) =0, suy ra (1) vo nghi¢m.

Néu mz?:A':O:f(t):O(:)t:2 @tg§:2:tg0u:>x:2a+2k7z
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Chuong 1: Phuong trinh lugng gidc

. - t,=2—-~3+2m =t
Néu m>—3:>f(t):0<:> : m=igh
2 t2:2+\/m:tg}/
x=20+2kn
(keZ)]
x=2y+2krx

Nhén xét:
- Cau a ctia bai toan nay that ra la giai mot phwong trinh bac hai c6 diéu kién ma
cach 1 (dung tam thirc bac hai) 1a mét cach quen thudc thudng thay ¢ hoc sinh 16p
10. Trong cu ndy can chu ¥ dén cach giai 2 (ding mot s6 kién thirc vé giai tich:
ham dong bién, nghich bién, ham lién tyc,...) ma ta s& gip lai & bai sau.

- Clng ¢ cau a nay ta da su dung mdt cong thirc: cos% #0& b+c#0. Thatra

cong thirc nay da dugc nhic dén & phan 1y thuyét, & day chi nhac lai & nhan manh
boi vi cong thirc ndy co thé rat c6 ich trong cac bai kiém tra tric nghiém.
- O caub ta c6 thé sir dung cong thirc phuong trinh v6 nghiém, c6 mot nghiém, c6 2

nghiém khi va chi khi: a® +b*<c*hay a’ +b> =c* haya’ +b*>c” .

Bai toan 4:
Gia str a® +b* #0 va c 1a s bat ki. Ching minh rang trong 2 phwong trinh sau:
acosx+bsinx=c(1)
acot gx + btgx = \/50(2)

ft nhit c6 1 phuong trinh ¢6 nghiém.

Gidi.
-Néu a’ +b* > ¢? thi la diéu kién can va du dé phuong trinh acosx+bsinx =c¢ c6 nghiém.
-Néu a” +b*<c* phuong trinh (1) vo nghiém. Ta xét phuong trinh (2):
Véi a=0=b#0 (do a®+b*#0) thi (2) & bigx =2¢ c6 nghiém.

Véia#0 thi (2) & acotg’x— J2ccot gx+b =0 1a phuong trinh bac hai theo cotgx, ¢6
A=2c* —4ab=2(c’ —2ab)>0
(02 >a’+b’ > Zab)
Suy ra phuong trinh (2) c6 nghiém.

Tom lai v6i a* +b> #0 va c bat ki thi it nhit mot trong hai phuong trinh (1) va (2) ¢6
nghiém.

Nhén xét: Day 1a mot bai toan don gian nhung vo6 cung thu vi boi vi that ra no chi don gian
néu ta nam vitng diéu kién c6 nghiém cua phuong trinh dang cap bac I con néu khong viéc xét
bai toan ndy s& vo cliing rac roi. Ngoai ra bai toan nay con cho thay diéu kién c6 nghiém cua
mat phuong trinh ¢6 vai tro vo cung quan trong.

2. Phuong trinh ding cip bic 2:  asin’ x+bsinx.cosx+ccos’ x =d (1) (a,b,c#0)
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Cach 1:
asin® x+bsinx.cosx+ccos’ x =d
a.l—c;)s2x +bs1r21)c +cl+c;)s2x _4
= bsin2x+(c—a)cos2x =2d—-a-c
Luc nay phuong trinh (1) tr& vé& dang phuong trinh dang cap béc 1.
Cach 2:

asin’® x+bsinx.cosx+ccos’ x =d
(:)asinzx+bsinxcosx+ccoszx=d(sin2x+cos2 x)
Xét cosx =0 & a—d =0 (dé dang ching minh duoc)

Xét cosx#0& a—d #0, chia 2 vé ctua phuong trinh cho cos” xta dugc phuong
trinh béac hai theo #gx:

(a—d)tg2x+btgx+c—d:0.
Bai toan 1:  Giai phuong trinh:
7sin® x +2sin2x —3cos> x =315 =0 (1)
Giai.
Do ta co: a:7;d:3%/E:>a—d¢0:>cosx¢O
Chia 2 vé ctia phuong trinh cho cos® x # 0 ta dugc phuong trinh twong dwong:
7tg2x+4tgx—3—3%(l +tg2x) =0
@(7—3%)tg2x+4tgx—(3+3i/ﬁ) =0 (2)
Tac: A =4+(7-315)(3+3¥15)
=25+123/15 915

pat t=15=7 =15:>§z3 =25, khi ddo
A=27-97 +12t=§t(t—3)(t—2j
3 3 5

3
D@ dang thay: (%J <15<3 & %<t =315<3

Suy ra A'<0 = (2) v0 nghiém = (1) v6 nghiém
Két luan: phuong trinh di cho v6 nghiém
Nhan xét: Budc ngoat trong bai toan nay la dat ¢ = 315 . Tx d6 ta c6 thé dua dén ddu ctia A

giup bai toan dugc gidi quyet. Pay 1a mot dang trong bai toan doi vai tro cua an s6 va tham
s0.

Bai toan 2: Dinh a dé phuong trinh sau c6 nghiém:
asin’ x +sin2x+3acos’ x =1

Giai.
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Chuong 1: Phuong trinh lugng gidc

asin’ x +sin2x+3acos’ x =1
4:) %(1—cost)+sin2x+3?a(l+c052x) =1
& acos2x+sin2x =1-2a
Phwong trinh ¢6 nghiém < (1- 2a)2 <a’+1
&3a°-4a<0

(:)OSaSg

n

Két luan: phuong trinh (1) ¢6 nghiém khi va chi khi: 0<a < 3
Nhan xét: Doi v6i bai toan ndy ta con co thé giai theo cach khac:

- Véi a—1=0 phuong trinh ¢6 nghiém: cosx=0<:)x=%+k7z(ke Z7)

- V6&i a—1#0 tachia 2 vé ciia phuong trinh cho cos” x # 0 dugc phuong trinh béac
hai theo rgx rdi dung diéu kién ciia A dé xac dinh a.

3. Phwong trinh ding cap béc III:
asin’ x+bsin’ xcos x +csin xcos” x +d cos’ x =0
Xét cosx =0 co 1a nghiém cia phuong trinh
Chia 2 vé cia phuong trinh cho cos® x # 0 ta dugc mot phuong trinh bac 3 theo fgx.
Bai toan 1: (Pai hoc Y Dugc Thanh phdé H6 Chi Minh 1997)
Giai phuong trinh:
sinx.sin 2x +sin3x = 6¢os’ x (1)
Gidi.
(1) & sinx(2sinxcosx)+3sinx—4sin’ x = 6cos’ x
& 4sin’ x—3sinx—2sin” xcosx+6cos’ x =0 (2)
Néu cosx =0 1a nghiém cta (2) thi:

sinx =1
cosx=0 )
5 _ & me=—1 =voly
4sin” x—3sinx =0 5 )
4sin” x—3sinx =0
Chia 2 vé cta (2) cho cos® x # 0 ta duoc phuong trinh twong duong:
(2)<:>tg3x—2tg2x—3tgx+6:0
<:>(tgx—2)(tg2x—3)=0

tgx=2=tgo xX=a+krx
= keZ
tgx:i\/g=itg§ x:iz+k7z( )

Nhin xét: O dang phuong trinh ding cap bac III nay ta cin quan tim dén 2 cong thirc goc
nhan 3 sau day:

sin3a =3sina—4sin’ a;
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cos3a=4cos’ a—3cosa
Nho cong thirc ndy ma ta c6 thé dwa mot phuong trinh dang cdp béac ba ¢ phuong trinh theo
tg 1a mot phuong trinh bac ba khé doan nghiém sang phuong trinh ding cép bac nhit co
dang: asin 3x + b cos3x+c¢ =0 hay mot phuong trinh dang cp bac hai twong mng.

Bai toan 2: Cho phuong trinh: cos 3x —cos 2x + mcosx —1=0(*)
Dinh m dé (*) c6 diing 7 nghiém phan biét xe (—%;27[)
Tacod (*) < 4c0s3x—3cosx—(200s2x+1)+cosx—1=0
& 4cos’ x—2cos’ x+(m—3)cosx=0
= cosx(4cos2 x—2cosx+m—3) =0
{cosx=0

4cos’ x—2cosx+m—-3=0

Trong khoang (—%; 27[) phuong trinh cosx =0 c6 2 nghiém phan biét la:

Do d6 dé (*) c6 ding 7 nghiém phan biét trong khoang (—%; 2%] thi phuong trinh

4cos’ x—2cosx+m—3=0 phai c6 dung 5 nghiém khac nhau trong khoang (—%; 27zj va

khac x, =§;x2 =37”.

Mat khac phuong trinh cosx = & voi 0<a<l c6 ding 3 nghiém trong khoang (—%; 27zj ;

vol —1<a<0 c6 dung 2 nghi¢m phan biét trong khodng (—%;27[) . Vay ta tim diéu kién cua

m dé phuong trinh 44> —2¢+m—3=0 c6 2 nghiém ¢,,¢, thoa diéu kién —I<t,<0<t,<l v&i
t=cosx € [-1,1] .
Dit f(t)= 4t —2t+m—3=0 thi yéu cu bai toan thoa khi va chi khi:
£(0)<0 m—3<0
f(-1)>0 = <m+3>0  1<m<3
f(1)>0 m—1>0

Nhan xét: Day 1a bai todn ndm trong bo dé thi dai hoc (Dé 89/II) va ciing 1a dang toan can
phai biét trong van dé giai phuong trinh luong gidc. Piém méu chét ctia dang toan nay 1a can
nhé lai mot sb kién thirc vé tam thirc bac hai va cacnhan xét quan trong vé cac gbc lugng giac
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Chuong 1: Phuong trinh lugng gidc
II. PHUONG TRINH DOI XUNG:

D6 1a PTLG ¢6 chira dong thoi (sinx+cosx)” va (sinxcosx)’ voi mne Z.
Céc phuong trinh loai nay ta thuong &p dung cong thic:
(sinx+ cosx)2 -1

5 ;

sin xcosx =

1- (sinx—cosx)2
2
Sau d6 bang cach dat ¢ =sinx+cosx hodc ¢=sinx—cosx ta s& dua PTLG vé mdt phuong

trinh dai s6 cta t, voi 7€ [—\/E,ﬁ] .

sin xcosx =

Bai toan 1:
Tim m dé phuong trinh sau ¢6 3 nghiém phan biét xe [0;7]:
sin’ x—cos’ x=m
Giai

sinx—cos’x=m & (sinx—cosx)’ +3sinxcosx(sinx—cosx)=m

bat t=sinx—cosx:\/§sin(x—%je [—l;x/z}Vxe [0;7[]

2
Khi d6 phuong trinh & ¢ —3{1 2t ]: m

20 +3t(1-1)=2m & f(t)=—1 +3t=2m

Tacod [ (1)=-3"+3r=0=1=1=I

Bang bién thién:
t -1 1 V2
f(l‘) 0 + 0 -
/(1) / 2
2 \ V2
Véi moi

=42
1=\2 ta co 1 nghiém xe [0;7[]
te (-11)

Vi mdi 1| 1;+/2) cho ta 2 nghiém xe [0;7]

Do d6 dé phuong trinh sin’ x—cos’ x=m c6 3 nghiém phéan biét xe[0;7z] thi f(¢)=2m

phai ¢6 2 nghiém ¢,¢, sao cho —l<t1<1<t2<\/§ s2<0om< < g<m<l
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Nhin xét: Van véi kién thirc vé tam thirc bac hai bai toan sir dung dé giai mot phuong trinh
béc hai c6 diéu kién. O day ta cAn chu y dén mot s cong thirc sau thuong dugc dung dé dua

vé phuong trinh ddi xtng:

. . 3 . .
sin® x +cos® x = (sinx + cos x)” —3sin x cos x(sin x + cos x)
.3 3 . 3 . .
sin’ x —cos’ x = (sinx —cos x)” +3sin xcos x(sin x —cos x)

sin® x +cos®* x = (sin® x + cos” x)* —2sin’ xcos” x

Bai toan 2: (Pai Hoc Hué 2001)
Cho phuong trinh:

. : 1
sin* x +cos® x = msm2x—§
a) Giai phuong trinh véi m=1
b) Chirng minh rang V|m| >1 phuong trinh luén c6 nghiém
Giai.

) . 1
sm4x+cos4x:msm2x—5

= l—lsinzx:msian——
2 2

& sin® 2x+2msin 2x-3=0(1)
a) Véi m=1 thi
(1) & sin® 2x+2sin2x-3=0
& (sin2x—1)(3+sin2x)=0
& sin2x =1

& x:%+k7z(ke Z)

b) Pat ¢ =sin2xe [-1,1]

=)o f(1)=r+2mt-3=0
D& dang thdy f (1) f(1)=—(2m+2)(2m—-2) =—4(m’ —1)< 0 V|m| 21
Do dé f(¢)=0 luén co 1 nghiém te[-11].

Bai toan 3: (V6 dich New York 1973)
Giai phuong trinh:
sin® x +cos® x = —
128
Gidi.

e .97
SIn X+CO0S x =——

8
1—cos2x )’ 1+ cos2x ! 97
SN + =
2 128
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& (cos 2x+1)4 +(cos 2x—1)4 = 9%
bit ¢ = cos2x. Khi d6 phuong trinh twong duong:
o (1) +(r-1) =2

@(t4+4t3+6t2+4t+1)+(t4—4t3+6t2—4t+1)=%

@2t4+1212—%:0
ot =cosz2x=E @M=§
4 2 4

& <:0s4x=l S x= i£+k—7Z (ke Z)
2 12 2
Bai toan 4: (Bai 13 II1.1- Bo dé thi Tuyén Sinh)

Tim m dé:

- +3tg2x+m(tx+c0tgx)—1:0
sin” x

Giai
Phuong trinh & 3(#gx + cot gx)2 +m(tgx+cotgx)—4=0
Pat

t:tgx+cotgx:>|t|:|tgx+cotgx|: =2

sin2x
-3t +4
=m
t

Khi d6:31* +mt—4=0 véi [i|22 & f(1)=
Ta co
f'(t):-3—;<o:f'(t)¢/(-oo;-z)u[z;+oo)

Bang bién thién:

|4 /f\‘_w

Tir bang bién thién suy ra phuong trinh da cho ¢6 nghiém < f(t)=m c6 nghiém & |m| > 4
Nhén xét: Phuong trinh trong bai toan nay ciing dugc xem nhu 13 mét phuong trinh d6i xtng
nhung 1 d6i ximg cia tg va cotg. Sau ddy 1a mot bai toan vé phuong trinh dbi xtng cia ca
sin, cos, tg, cotg:

2(1gx —sinx)+3(cot gx—cosx)+5=0
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III. PHUONG TRINH LUQNG GIAC CO MOT VE LA TONG HUU HAN:
A. CO SO CUA PHUONG TRINH:
Dang phuong trinh nay c6 co sé 1a mot sé tong hitu han ¢ dang phuc tap dugc dua vé

dang gian don.
Can cht y 14 & ddy chi néu cac trudng hop con, sir dung cac cong thirc don gian hon dé thu
gon cac tong tich phirc tap rdi ap dung ching vao viéc giai phuong trinh luong giac cht
khong dua ra cac phuong phép tong quat. Boi vi phan nay sé& duoc dé cap dén mot cach rd
rang va ddy du & chuong sau: “ Luong giac ung dung vao giai toan Giai tich”.
a) Mot s6 cong thire chinh dwoc dimg nhiéu & phwong phdp nay:
1. cotgx—tgx=2cotg2x

2. cotgx+igx =—
sin 2x

- —cotgx =—cotg 2x
sin2x

b) Mét s6 tong hitu han va cach chitng minh né:

sinﬂsini(n-ﬂ)a

1. S, =sina+sin2a+...+sinna =
.a

sin—

2
. \ £ ) ~ s 1A , \ A A A . . A
Nhin vao két qua ta cling c6 thé doan dugc 1a ta can nhan 2 vé voi s1n5

. n+l . na
s1n—a—s1n7

2. §,=cosa+cos2a+...+cosna=
. a

2sin —

2

~ A L ,. . Qa
Ciing twong ty nhu S, ta nhan 2 vé véi smE .

1 1 1 1
3. §;=—-+— t—t..t—
sina sin2a sin2°a sin2"a

a n
:coth—coth a

Céch 1: ap dung

—cotgx =—cotg 2x

sin 2x
Céch 2: ta c6 ddng thirc can chung minh twong duong véi:

a
TS5 1 L] _cos2"a
. a sina sin2a  sin2"a sin2"a
sin —
Xét vé trai co:
a
2, 1 _ 2 _ cosa

. a . a a . a a sina
sin—  2Sin—cos— 2sIn—Ccos—
2 2 2 2 2

Hoan toan tuong tu ta duoc:

VT= cos2"a

sin2"a
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1 1 1 1
4, S, = + ot =——(tgna—tga)
cosacos2a cos2acos3a cos(n—1)acosna sina

Nhan 2 vé voi sin a

cosa cos2a L cosna _ sin(n+1)a

5. §=1+ > — =— .
cosa cos a cos"a sina.cos”a
Ta co:
cos ka 3 sin a.cos ka 3 sin(k+1)a—sin(k—l)a 3 Sin(k+l)a sin ka
cos*a sina.cos* a 2sina.cos* a sina.cos” @ sina.cos" a

sin(n+l)a
=>8=———"
sina.cos" a

6. S, =tgatg2a +tg2atg3a+...+tg(n —l)atgna = igna

1ga

A t te(n—1)a

Ap dung: tg(n—1)atgna - gna _ _ g(n-1) 1

iga tga
:S:tgna_n
tga

7. 8 _lt E"'Lt S +Lt i—Lco‘[ £ _cotga
. 7 2 g2 22 g22 oee 2’1 gzn 2n gzn g

Ap dung: cotgx—1gx =2cotg 2x
1 1 1 1 1

8' S8: + +...+ =— 5 —
aCOSZE 4_2 COSZ% 4" Coszi Sin-a 4" Sinzﬂ
2 2 n 2n
‘ 1 | 1
Ap dung: + =
b aune 4sin’* x  4cos’x sin’2x
¢) Mt s6 tich va cach chitng minh:
I T,=(2c0sa—1)(2c0s2a~1)..(2cos 2 a—1) = 22052 *]
2cosa+1

Nhan 2 vé véi (2cosa+1)

n—-1
2. T2=(1+ ! J(H ! j...(n L J:’gz a
cosa cos2a cos2" a a

t
£

, A A ge a
Céch 1: nhan 2 vé voi th
Céch 2: ta xét vé trai:

a
2cos” —

VT= 28 =/ ==
cosa cos2a cos2°a cos2" a

2cos’a 2cos’2a 2cos’2"'a

2 a -2
2" cos Ecosacos2a...cos2” a

= sinZyT =sin <. ~
2 2 cos2”
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a . n-1
cos—sin2" a
. a n—1
sin—cos2"  a

2

T 27 ni 1
3. T,=cos cos ...COS =
2n+1 2n+1 2n+1 2 sin
2n+1
Nhan 2 vé véi sin
2n+1

Chii y: O cac cong thirc ndy ta c6 mot meo nho. D6 14 chi can nhin két qua cua vé phai 1a ta
da co thé biét duoc cach ching minh. Tuy nhién c6 nhiéu trudng hop ta chi co vé trai thi ta
phai 1am sao? Ta cén str dung dén cac cong thirc & muc a). do d6 ta can ghi nhé cac cong thirc
O muc a.

Bai toan 1: Giai phuong trinh: (dé kiém tra chuyén thang 10 16p 11A1)

1 1
z =

—'sin2'x sinx

Gidi
Diéu kién dé phuong trinh c6 nghiém: sin2'x # 0;i = Ln
Ap dung S, ta dugc nghiém cua phuong trinh la:
k27
X:W;X :l2ﬂ'(k,l€ Z)

Nhan xét: Ta nhan thdy nho c6 dang thirc S, ma viéc giai bai todn nay tré nén dé dang hon.
Mit khéc can chi ¥ ring dbi v6i cac bai toan co diéu kién phirc tap nhu vAy ta chi can dit
diéu kién tong quat. Sau d6 khi da c6 duoc nghiém rdi ta thé vao diéu kién téng quat ban dau
dé loai di cac nghiém ngoai lai.

Bai toan 2: Tim n dé ddng thirc sau ding:

Zn:cos(40°i) =co0s20°(1)
i=1

Giai
Ap dung S, ta duoc:
sin n+l 40° —sin n40
() 2 2 = 0s20°
2sin—
2

sin40° _ 4sin10" cos10° cos 20°

- = - =2co0s10" cos 20"
2sin10° 2sin10°

<z>cos(20°n+10°):

0<20°n+10°<90
Do 0°<10°;20°<90° nén cos10’ cos20">0 suy ra "
ne N
Ta nhan thay n khong thé ndo 1a 1 duoc. Nhu vay con lai 2 gid tri, thir truc tiép ta duoc n=2.

Chung ta s& dé cap thém van dé nay ¢ chuong 3, phan 3.
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IV. PHUONG TRINH VO TY:
>0
f=ge 85
f=g
Khi giai cac PHTL ma an s6 ndam dudi dau can, cac didu kién rang budc thuong o dudi dang

cac bat phuong trinh lwong giac. Di nhién ta c6 thé xem nhu 1a mot hé thong gom cac PTLG
va bat PTLG. Nhung 16 rang day 1a mot dang khé, phuc tap d& méc phai sai 1am ma ta ¢ thé
thdy & cac bai toan dudi day:
Bai toan 1: (6411-Bo dé thi Tuyén sinh)

Giai phuong trinh:

Jeos 2x ++/1+sin 2x = 2+/sin x + cos x (1)
Giai

(1) +cos® x—sin® x +\/(cosx+sinx)2 =2+/cos x +sin x

Xét cosx+sinx =0 13 nghiém & rgx = -1 & x=—%+k7z(ke Z)

| cosx+sin x>0 cos x + sin x>0
Xeét

(cosx+sinx)>0 (cosx—sinx)>0

Véi diéu kién (2) thi (1) & vcos x —sin x ++/cos x +sin x =2
& 2cosx+2+vcos” x—sin’ x =4
& +Jcos® x—sin” x =2—cosx
& cos® x—sin® x =(2-cosx)’
&> cos’ x+4cosx—5=0
&cosx=1e[-Ll| o x=k2z,(ke Z)
Thir lai v6i diéu kién (2): Do cosx =1=sinx =0 thoa (2).
Két luan:
-7 .
x=T+kﬂ'; x=k27mw vé1 ke Z.
Nhén xét:
Hay thtr quan sat xem tai sao ta phai xét 2 truong hop riéng la: cosx+sinx=0 va

cos x +sin x>0 ma khong gdp dicu kién lai la:cosx +sinx>0.
Neéu ta dat: a = cosx+sinx va b = cos x —sin x thi di€ ki¢n ctia bai toan khi ta chi xét 1 truong

hop 13 az0 - az0
a.
op ab>0" |b20

s . , N a=0
Phép bién doi nay hoan toan sai vi néu @ =0 thi V5<0 ta van c6 h¢ { 5> 0 dugc thoa man.
ab >

Do d6 ta can phai that cAn than trong phuong trinh dang nay.

Bai toan 2: Giai phuong trinh:
10+8sin” x —{/8sin’~1 =1
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Gidi
Dat

u=~/10+8sin’ x u—-v=1
=
v=+/8sin’ x—1 ut +v' =17

1
bat t=u—5,tacc')

IR} IR} W o, 1
t+—| +|t——| =17 27+3t" ——=17
2 4 8

=ut+(u-1) =17

3
t==
PN N 2 S| Su=2
47,3 lu=-1<0
2

— :16@1o+8sin2x:16@sin2x=%@#:%

(:)cos2x=7(:)x=i§+k7z(ke Z)

Bai toan 3: (6611.2-Bo dé thi tuyén sinh)
Tim m dé phuong trinh sau ¢6 nghiém:

\/l+2cosx +\/1+2sinx =m

Gidi

Ham sd y=x/1 +2cosx ++/1+2sinx =m 13 ham tudn hoan véi chu ki27z nén ta chi

can tim m dé phuong trinh ¢6 nghiém xe [-7,7].

x€ |-z, 7]
Tu @6 cost—l :1SxS2—ﬂ.
2 6 3
sinx = ——
2
Xét biéu thire

2
f=y>= (x/1+2cosx +\/1+2sinx)

o f= 2+2(sinx+cosx)+2\/l+2(sinx+cosx)+4sinxcosx

Dit

t=sinx+cosxe {\/gz_l,ﬁ}Vxe {%,2?”}

Khido f =2 +2t+2~2t% +2t -1
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2(2t+1) J3-1 }
R PRl bl A T2
=/ +\/2t2+2t—1> = /(1) { 2

:Minf:f(%}uﬁ
Maxf:f(\/i)=4(l+\/§)

Phuong trinh ¢6 nghiém < Min y < m < Maxy & \/1+x/§ <m<21++2
Nhan xét: Phuong phap nay c6 thé goi 1a phuong phap mién gia tri. Boi vi that ra tap gia tri

cta m chinh la mién gi4 tri cia ham f.
Pay la ham dong bién trong trong tdp xac dinh cia ndé nén Max va Min cia ham so ciing
chinh la gia tri 2 dau cua mién gia tri.

V. PHUONG TRINH LUQNG GIAC VOI CAC YEU TO GIAI TiCH:

Trong luong giac ta cling thuong gip cac yéu td giai tich nhu: sitdung dao ham, ham
lién tuc, ham mi, ham logarit dé giai.

A. MOT SO KIEN THUC BO SUNG:

1. Tinh don diéu:

Cho ham f don diéu /(a,b) ta c6 céc tinh chat sau:
-Vx,x, € (a,b): f(x)=f(x)=>x=x,
- Gid sir ¢6 x, € (a,b): f(x,)=0 thi x, 1a nghiém duy nhét.
-Néu co
{y = f(x) U
y=g(x)0
Va 3x, € (a,b) sao cho f(x,)=g(x,) = 3Ilx,
-Néu tap gid tri ctia ham ciing /(a,b) thi ham f(f(x)) cling 1a ham tang.
2. Tinh lién tuc:
Cho ham f lién tuc trén [a,b] ¢6 f(a) f(b)<O thi ton tai it nhat x,€ (a,b) sao cho
f(x,)=0.Thém vao d6 néu f 1a ham dong diéu thi x, 1a duy nhét.
3. Dinh ly Lagrange:
Néu ham s6 £ (x) lién tuc trén doan [a,b] va c6 dao ham trén khodng (a,b) thi ton
tai c€ (a,b) sao cho:
f(b)~7(a)
b-a
Hé qua:Dinh ly Rolle

Néu f c6 2 nghiém x=a,x=>b va c6 dao ham trén [a,b] thi giita 2 nghiém cla

=/ (c)

f(x) c6 mdt nghiém ctia dao ham /" (x):

dece (a,b):f'(c) 0
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B. VIDU:
Bai toan 1: Giai phuong trinh:
log, (cosx+1)=2cosx
Dat t =cosx;—1<t <1
Phuong trinh tr¢ thanh:
log, (1+1)=2t =4 =t+1=4 -t-1=0
Xéthamso f(t)=4"—t-L-1<t <1
f(t)=4I4-1
£ (t)=4'In" 450
Ta c6 phuong trinh f'(¢) = 0 khong c6 qua 2 nghiém phan biét. That vAy néu c¢ it nhat 3
nghiém phén biét thi theo dinh li Rolle phuong trinh /" (#) =0 c6 it nhat 2 nghiém phén biét
va phuong trinh f (¢) =0 ¢6 nghiém (v0 1y).

Ta o6 f(o)=f[—l]=o

2
Do d6 phuong trinh f(¢) =0 c6 dung 2 nghiém:
t=0
f(H)=0&s . 1
2

Vay phuong trinh da cho c¢6 nghiém la:

x="skn
(ke Z)
x:izTﬂ+k2ﬂ'

Bai toan 2: Giai phuong trinh:
V2! 414 3sinx = log, (1-9sinx)

Gidi

t:Hﬂ:%inx:l—Zt%ﬁSZ

Phwong trinh tré thanh: 2' —2¢ +1 = log, (37 —1)(1)
bat u =log, (3t-1)=2" =3r—1.Taco hé

28 —2t+1=u 2'4+t=2"4u
s
2" =3t+1=0 2" -3t+1=0

Hamsd f(x)=2"+x ting trong R nén h¢ phuong trinh

r=u
@{ 2)
2 =3t+1=0
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Ham s g(¢)=2'-3t+1 gidm trong (%;2] va g(1)=0.

Vay (2) ¢6 nghiém duy nhat u =¢=1.
Suy ra

sinx=——&

1 x=a+k2rx
x=rw—-a+k2rx

Véi sinar =_?1,%<0(<0 vikeZ.
Bai toan 3:
, . X . e R A . |37 57
Chung minh phuong trinh lg x =sinx c6 dung mot nghiém trén {7,7}
Giai

Nhan xét: voi xe [%;2%} thi sinx <0 va lgx =0

Suy ra phuong trinh v6 nghiém trén [37” ; 27[}
. . ) A S
Do d6 ta chi xét phuong trinh trén [2%; 7}

Xétham so f(x)=lgx—sinx,x€ [27:;57”}

:>f'(x):lg—e—cosx;
x

f(x)= _1%e+sinx;
x

f(x)= 21%e+cosx
x

2i%e>0 =/ (x)= 2lge +cos x>0

3
X

Vxe [27[;5771 thi cosx > 0;

Tac la véi xe [27;¢] thi f <0 va xe (0,57”} thi >0

' . ¥4 \ N 5 3 ! A < A
—trén [27;c| thi /" nghich bien; va trén (c,g} thi f dong bién

Ném hoc 2006 — 2007 34



Chuyén dé Lugng gidc va Ung dung

Ma f'(zyz)=12g—;—1<0:>f'( )<0Vxe (27,¢) va f'(c) <28~ 1<0

27

Trén (c 57} co f( )<O va f! (Sﬂj 2517gze>0 :Elde(c,%[j:f'(d)=0
< I N Sw . . . Sz
Mit khac f ting trén (C,T]:f'(x)<0 voi x€ (c,d) va f'(x)>0 véi xe (d’Tj

= f'(x)<0 v6i x€ (27,d) va f'(x)>0 véi x€ (d,%)

Bang bién thién:
* 27 d oz
2
/(%) - 0 "
f(x) 1g27>0 lg——1<0

~,

Vi £ (27)>0, f( j<0:>f( )<0=> /(27).1 (d)<0
= Ix, € (27,d): f(x,)=0

= phuong trinh f ( ) 0 c6 nghiém duy nhét trén {37 577[}

VI. CAC PHUONG PHAP TONG QUAT GIAI PTLG THUONG GAP:
Can chu y day chi 1a mot s phuong phap tong quat cho phuong trinh chinh tic. Pbi voi
phuong trinh khong miu miic ta s& c6 mot sé phuong phap ¢ bai 3: Phuong trinh lugng giac
khong mau muyec.
1. Phwong phap 1:Rit nhiéu PTLG ta gip khong & dang chinh tic ta phai sir dung cac
cong thire lugng giac thich hop dé bién dbi dua vé dang phuong trinh tich:
f(x)=0
f(x).g(x).h(x)=0 < | g(x)=0
h(x)=0
(v6i f(x),g(x),h(x) 1a cac ham s6 luong gidc co ban)
Bai toan 1:
Tim moi nghiém cua phuong trinh:

sin x.tg2x + ﬁ(sinx - \/gtg2x) =33
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Thoa mén bét phuong trinh 2 + log, x<0
2
Gidi.
Diéu kién: cos2x # 0 < x¢£+k7z, ke Z

Ta co: sinx.tg2x + \/E(sinx - x/gthx) =33
= sinx(tg2x+ \/5) = 3x/§+3tg2x = 3(tg2x+x/§)
o (tg2x+\/§)(sinx—3)=0

& 1g2x = —\/g(do sin x —3<0)

<:x=%+k—ﬂkEZ

Mitkhac 2+log, <0< 2-log, x<0&log,x=22 & x2>4
2

- keZ
Ta tim k€ Z sao cho ?ﬂ+k7ﬂ24:>{

k=23
Két luan:

- km ,. |k€eL
X=—4— voi .
6 2 k>3

Nhan xét: Bai toan nay da mdt lan nira the hién vai tro cua ‘k’ trong viéc gidi cac PTLG co
thém diéu kién.
Bai toan 2: Giai phuong trinh:
3. . 3 3
cos” x.sin3x +sin” x.cos3x = —
Giai

) ) 3
cos’ x.sin3x +sin® x.cos3x ==

< cos’ x(3sinx—4sin3 x)+sin3 x(4cos3 x—3cosx) =

oo | W

) 3 T kr
& —sindx =— X=—+—
4 8 24 2 ke Z
) 1 . Sk kr
& sindx =— =sin— xX=—+—
24 2

Bai toan 3: (149 II- Bo dé thi Tuyén sinh)
Cho phuong trinh:
sin® [(x+ l)y] =sin’ (xy)+sin’ [(x —l)y]
Tim nghiém (x,y) dé (x+1)y,xy,(x—1)y la s do céc géc clia tam gidc.

Gidi
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Tur dicu kién (x+1)y,xp,(x—1)y 1a s6 do cac gbe clia tam gidc

(x+1)y+xy+(x—1)y:7z
0<(x+1)y,xy,(x—1)y<ﬂ'

T
3xy=rx Xy = g
T T =
0<—=—+y,—-y<r& /1 V4
3 3 T<Y<§

Thé xy = % vao phuong trinh da cho ta co:

sin’ z-+— —sin2£+sin2 z_
377 3 3 7

27 3 V3

& sin—sin2y=— & sin2y = —
3 4 2

=27 2

Ma —£<y<£:—<2y<72> 2y :§:> y=

z
3 6

Mat khéc xyz% nén x=2.

. T
Keétludn: (x,y)= (Z,EJ
Nhén xét: Bai toan kha hay khi dat_vao trong tam giac mac du thét sy ban chét cua no chi la

giai phuong trinh luong giac c6 diéu kién.

Bai toan 4:  (Pai hoc xay dung 2001)
Tim m dé phuong trinh sau ¢6 dung 2 nghiém xe [0,3771 :

sin2x+m =sinx+2mcos x
sin2x+m =sinx+2mcos x
& 2sinxcosx+m—sinx—2mcosx=0 & (2cosx—1)(sinx—m)=0

1
CosSx =—

2
sinx =m
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Do phuong trinh cosx :% c6 dang 1 nghiém x = %e {0,37”} nén phuong trinh da
cho c6 ding 2 nghiém xe {0,3%}
. o . as A X T L. RY/4 o ,
& sinx =m hodc c6 ding 1 nghiém duy nhat x, # E VOl X, € [O,T} hoac co 2

nghiém phan biét x,,x, € {0,377[} trong d6 c6 nghiém x, = %

@me{O,%)U(m:I)U(m=§J

2. Phwong phap 2: Dit an phy

Dang PTLG su dung phuong phap dat an phuy ta thuong gip trong cic bai toan co
tham sd, cac phuong trinh ddi ximg hay cic phuong trinh c6 thé dua vé dang phuong trinh
bac hai, bac ba,...

Khi phép phan tich thanh tich khong thuc hién dugc, ta ¢ gang biéu dién tit ca cac sd
hang bang mot ham s luong giac duy nhat, va d6 s& 1a an cua phuong trinh roi dua vé
phuong trinh lugng gidc co ban dé giai. C6 thé chon an bang cac quy tic sau:

- Néu phuong trinh khong thay doi khi ta thé:

a) x béi —x, chon an1a cosx
b) x bdi 7 —x, chon an 1 sinx
¢) x boi 7+ x, chon an 13 ¢gx

- Néu ca 3 cach déu thuc hién dugc, chon an la cos2x

£ 5 , )Y ~ - 2 s X
- Néu ca 3 cach déu khong thuc hién duoc, chon an la th

Bai toan 1: Giai phuong trinh:

3cosx+4sinx+ 6 =6

3cosx+4sinx+1

Giai
bat u =3cosx+4sinx+1 phuong trinh da cho tr¢ thanh:

6 u=1
u-l+—=6
u u==6

{3cosx+4sinx+1 =1(1)

3cosx+4sinx+1=6(2)
=3 3
Giai (1) (:)tgx:T@x:—arcth+k7Z, ke Z
Giai (2) & 3cosx+4sinx =5

Goi e (O,%j Vol tgo :g ta co:
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5 . 3
cos(x—) =§cosa=1 ,vi cosa=§

=>x=a+2n,le L

Vay phuong trinh c6 cac hg nghiém:
x= —arctg%+kﬂ';x =a+12zvoi k,le Z

Nhin xét: that ra ¢ phuong trinh (2) ta c6 thé giai cach khac hay hon, ngan gon hon. D6 1a
cach dung bat dang thuc B.C.S

Bai toan 2:  Giai phuong trinh:|sin x — cos x| + 4 sin 2x = 1(1)
Giai
bat t:|sinx—cosx| >0=1" = |sinx—cosx|2 =1-sin2x =>sinx=1-¢’

Khido (1)< 48’ -1-3=0 :>t:1>0<:>sin2x:0c>x:k7ﬂ; ; ke Z
Nhan xét:qua bai toan nay ta thiy c6 vé nhu viéc dat an phu hay khong khong quan trong
lam. Chang qua viéc dit an phu 1am cho bai toan tré nén gon hon ma thoéi. Thé nhung ¢ 2 bai
toan sau thi khac.

Bai toan 3:  Giai phuong trinh:
sin® x + cos® x =sin* x + cos* x
Giai
Nhan xét: néy thay x boi —x, 7—x, 7+ x thi phuong trinh khong thay dbi. Do d6 ta dit an:
t = cos2x,t € [—1,1]. Phuong trinh tré thanh:

(55539

sttt =1 S r=71 & cos2x ==1
x=krx i
ke Z S x=—-7IkeZ
x:§+kﬂ( ) 2 ( )

Bai toan 4: Giai phuong trinh: sin x + tg% =2

Gidi
Nhan xét: Néu thay x boi —x, 7 —x, 77+ x thi phuong trinh khong thay dbi.

Pidu kién: §¢§+k7z<:>x¢7r+k2ﬂ'

bat ¢ = tg% . Phuong trinh tré thanh:

2t r=1
2+t:2(:> 5
1+¢ t"—t+2=0

<:>t:1<:>tg£:1<:>£=£+kﬂ'<:>x:£+k2ﬂ'(k€ Z)
2 2 4 2
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3. Phuong phap 3: Ddi vai tro ciia an s6 va tham s6: Phuong phap tham s6 bién thién

Trong mdt sb bai toan do6i khi viéc d6i vai tro cia an s6 va tham sé cho nhautrd thanh
mot phuong phap giai kha thii vi: Bang cach ddi vai tro ciia an s6 va tham sé khi bac ciia tham
s6 1a bac II con bac cua an thi cao hon ta c6 thé dua mot phuong trinh bac cao vé dang mot
phuong trinh bac hai theo tham sd. Tir diéu kién ton tai nghiém cu phuong trinh A >0 suy ra
céc gi tri cta tham sé dé phuong trinh ¢6 nghiém. Tuy nhién cé mot sd truong hop ma bién
qué phrc tap ta ciing c6 thé dit tham s6 1am 4n dé dé& giai hon.

Ta xét mot sd bai toan sau:
Bai toan 1:Giai va bién luan phuong trinh sau theo tham sé m:

(2m+1)cosx +(2m—1)sinx — 2m’ —%:0
Giai
3

(2m+1)cosx + (2m —1)sinx —2m’ —5:0

o 2m? —2(cosx+sinx)m+%+(sinx—cosx):O

& f(m)=4m* —4(cosx+sinx)m+3+2(sinx—cosx)=0

A, = 4(cosx +sinx)’ —12-8(sinx— cos x) = 4 +8sin xcos x —12 — §(sin x - cos x)
=8(sinx+1)(cosx—1)<0

1 2

sinx = -1 f(m):2m2+2m+l f(m)zz(m+5j

A;71=0<:>|: 1 < ?@ )
CosSXx =

f(m):2m2_2m+5 f(m)zz(m_%j

Véim:—% thif(m)zO(:)x:—§+k27z,keZ
Vc’rim=%thi f(m)=0ex=k2n, ke Z
Vi m # i% thi f(m)=0 v nghiém.

Bai toan 2: Pinh m dé phuong trinh sau c6 nghiém:

(2m +1)(sinx — cos x) — (sin x + cos x) + 2m* + 2m+2 =0

Giai
(2m +1)(sinx —cosx) — (sinx + cosx) + 2m* +2m+2=0
& m’ +m(sinx—cosx+1)+1=0
A, =(sinx—cosx+1)" =4 =2(sinx - cosx)—2sin xcos x -2

<\2
Khido A, =—(1-1)" <0

Ma mot phuong trinh c6 nghiém & A 20 A =0 t=1&sinx—cosx =1

bat ¢t =sin x —cos x, |t

Thé vao ta dugc: m=0,m =1
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BAI 3: PHUONG TRINH LUQONG GIAC KHONG MAU MUC

Trong giai toan ta thudng gip mot sé phuong trinh ma cach giai tuy dic thu cia ting phuong
trinh, c6 thé goi d6 1a nhitng phuong trinh khong mau myuc. Mot sé PTLG thé hién tinh khong
mAu muc & ngay dang cua chung, nhung ciing ¢6 nhitng phuong trinh ma thoat trong thiy rat
binh thuong nhung cach giai lai khong mau muc (hay cach giai khong mau muc thuong hay
hon, gon hon cach gidi mau muc)

Trong dang phuong trinh nay phuong phap danh gia bat ding thic rat thuong gip. N6 gdm
mot sé dang nho sau:

I. PHUONG PHAP TONG BINH PHUONG:

s {AZO
A"+tB =0
B=0
f (x)=0
n f =0
Hé qui: Y fi(x)=0& (%) Véi £, (X) 2 0,i =1,n
i=1 .
f,(x)=0
Bai toan 1:
Giai phuong trinh:

X* +2xsin(xy)+1=0(1)
Giai

Xt +2xsin(xy)+1=0(1) & [x+sin(xy)] +cos*x=0

- Xx=-1

X+1=0

V4

- =-—+Kk2zw

{sm xy)=1 y +
= (9) & 2 Véi (ke Z)

{x—1=0 x=1
| Lsin(xy) =~1 y:—§+le

Nhian xét:_d6i voi bai toan ndy ta d& nhin thdy dang ctia né6 cho nén né tré nén dé dang. Do
dé mot kinh nghiém trong giai toan loai nay co6 1€ la can than nhan dang nd. Thyc hi¢n duogc
budc nay bai toan xem nhu duoc giai khoang 7 phan.
Bai toan 2: Giai phuong trinh:
4cos X+2cos2X+cosdx=-7
Giai
4cos X+ 2cos2X+cosdx=-7

& 4(cosx+1)+2(cos2x+2)+(cos4x+1)=0
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I+cosx=0
& 91+ cos2x=0  v6 nghiém
l1+cos4x=0
Vay phuong trinh da cho vo nghi¢m.
Nhin xét: Trong bai toan nay ta di sir dung mot bat dang thirc quen thudc cia luong
gidc:cos X <1

Mot s6 BDT luong giac thudng dung dé udc luong:
asin X+bcos X <+va’ +b* .

Néu m, n 1a cac s ty nhién 1én hon 2 thi sin™ X+ cos™ X < sin® X+ cos® X =1
II. PHUONG PHAP POI LAP:

(Con ¢6 tén goi 1a phuong phap gip nhau ¢ cira-chan trén chin dudi 2 vé):

|sinx|£1,

cosx|§1,

A>M

A=M
B<Ms

B=M
A=B

Bai toan 1: Giai phuong trinh:
cos’ X+ x> =0
Gidi
cos’ X+X' =0 & x*=-cos’ X

Vi-1<cosx<l=0<x* <l -1<x<1

Ma [-L1]c|-Z:Z | = cos x>0 véi —1<x<1
272

= —cos’ x<0 v6i 1< x<1
Dodotacd X° =0 va —cos’ X<0 nén phuong trinh cos’ X+ X’ =0 vo nghiém.
Bai toan 2:
Giai phuong trinh:
sin X.sin 2X= -1
Giai

sin X.sin2x=-1

x=2+ k27
2
sin X=1 T
sin2x =—1 X=_Z+k27[ L
=1 = v0 nghiém
sinX=-1 V4
' X=—-—+k27
sin2x=1 2
V4
X==+kx
L 4 &
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Nhan xét: Bai toan nay c6 thé xem nhu mot bai toan mau. Bang cach lap ludn tuong tu ta
gidi dugc cac phuong trinh c6 dang tuong tu:

sinax.sinbx =1

sinax.sinbx = -1

cosax.cosbx =1

cosax.cosbx = -1
Bai toan 3:

Giai phuong trinh: sin X = X* + X+ 1
Giai

Ta xét hai truong hop:

- Néu xe [—1,0]c[—%,0}:>sinxso

Ma X’ +X+1>0 ,suy ra v nghiém.

- Néu Xe& (—e0,—1)U(0,4c0) thi sinx<1

2
Ma X’ +Xx+1= (X+%) +%>%+% =1, suy ra phuong trinh v6 nghiém.

Két luan: phuong tinh di cho v6 nghiém.

Nhin xét: Bai toan nay da sir dung mot phuong phéap tim nghiém trong dai s. D6 1a phuong
phap chia khoang. Phuong phap nay thuong dugc dung trong cac bai toan gidi phuong trinh
c6 tri tuyér dbi, c6 mién gia tri 16n xon, hay trong cic bai toan bat phwong trinh.dbi voi
phuong phép nay ta chia mién xac dinh ra timg khoang ma trén khoang d6 ham f khong d6i
dau.

Bai toan 4: Giai phuong trinh:
1 e
(tgx+ ZCOt ng =cos" x+sin" X (ne Z;n>1)

Giai
N cosX#0 kst
biéu kién:<{ S X#E—
sin X # 0 2

Do tg va cotg ludn cting du nén

( j =(|’£9X|+i|cotgx|j ZZJ(MJ _

Déu ding thire xdy ra khi va vhi khi

1
tgx+ Z cot gXx

1 5 1 1 1
toX=—cotgx o tg°x=— o tgx=*+*— < Xx=arctg| +t— |+ krz
g 4 g g 4 g > 9[ 2)

Véi ne Z;n>1 ta xét vé phai :
n=2=sin" X+cos" X =sin’*+cos’ =1

Ném hoc 2006 — 2007 43




Chuyén dé Lugng gidc va Ung dung

1 " 1
=|tgx+—cotgx | =l x=arctg| +— [+ krz
4 2
n>2ta co: ‘cosn X‘ < cos® X
‘sinn X‘ <sin® x
n :.n n :.n 2 2
:>‘cos X+ sin X‘S‘cos X‘+‘sm X‘Scos X+sin” Xx=1
kz .
'='<:>X=7(loal)

n

tgx+icot ox| =1

A . kz .
Vay |cos" X+ sin" X‘ <I, VX # - vé

Cho nén véi n>2 phuong trinh vé nghi¢m.,

Két luan: nghiém cua phuong trinh 1a:
X= arctg(i%j+ kzr.ke Z

Nhin xét: qua bai toan nay ta thiy viéc s dung bat ding thirc kinh dién trong cac bai toan
gitp ta tim duoc gia tri 16n nhat (hay nho nhit) cia mot biéu thirc dé chin no lai va dem ap
dung vao phuong trinh boi vi thong thudng didu kién xdy ra dang thirc khong nhiéu gitip ta cé
thé giai nhanh céc phuong trinh. Phuong phap st dung bit dang thirc 1a mot phuong phéap
kinh dién duoc sir dung rat phd bién.
Bai toan 5:
Giai phuong trinh:
COS X.COs 2X.cos 3X + sin X.sin 2x.sin 3x =1(1)
Giai
Str dung bat dang thirc BCS ta c6:

COS X.COS 2X.cos 3X + sin X.sin 2X.sin 3X = 1(1)

& €08 X.c0oS2X.cos3X+ sin X.sin 2X.sin 3X

< \/(cosz Xcos”® 2X + sin® Xsin’ 2x)(cos2 3X +sin® 3x)
= \/(cosz Xcos® 2X + sin? Xsin? ZX) <+Jcos? Xx+sin? x =1

{cos Xcos 2Xsin 3X = sin Xsin 2Xcos 3X > 0(2)
1 — ] <:>

cos® xcos” 2X + sin® xsin® 2X = cos” X+ sin” X(3)
Taxét (3) < sinx=0< x=kz thoa (2)
Vay nghiém cua (1) la: x=Kkrz,ke Z
Nhin xét: Bai toan ndy lam ta nhé dén cac tong hiru han ¢ bai trude. Ta cling ¢6 thé ap dung
bat dang thirc BCS (nhu Bai toan nay) hay bat dang thirc Cauchy dé tim dugc gia tri nho nhat

hay 16n nhat cta tong do.
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III. PHUONG PHAP PHAN CHUNG: (Nguyén Iy cuc bién)

A<A,

A=A,
B<B, &

B=B,
A+B=A, +B,

Bai toanl: Gidi phuong trinh:

sin'? X+ cos'® x=1

Giai
Ta c6:sin'? X < sin” X;
cos'® X< cos® X
- 12 16
=sin - X+cos XZ1VX
Vi thé
s 12 <2
) sin’* X=sin" X kz
sin? X+cos'® x=1 g ) & x=— (ke Z)
cos "’ X=cos” X

Nhin xét: Bai toan nay thudc dang phuong trinh tong quét sau:sin™ X+cos" x=1 véi
m ,n tu nhién.
~ [sin™ x<sin® X sin™ x = sin” x(1)
Ta co: , = 5
cos" X< cos’ X |cos" x=cos’ X(2)
Tur d6 ta xét 4 kha nang cho dang toan nay:

1.Néu m,n cung chin. Khi do:

me=0
sin X = £1 kz
1)(2) & o x=—»(keZ
()( ) cosX=0 2 ( )
cosX==*1
2. Néu m,n cing lé. Khi dé:
[sinx=0
N sinX=1 x=k2z e Z
=X = €
()( ) cosx=0 X=z+k27z( )
| cosx=1
3. Néu mchin, n 1é. Khi dé:
[sinx=0
) x=Kk2r
sin X = *1
1)(2 - ke Z
1)) = cosX=0 it X=£+k27z( €Z)
| cosx=1

4. Néu m 1é, n chin. Khi dé:
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rmx=0

. =krz

sinX=1 X

1)(2 ke Z

()( )(:) cosX=0 < X=%+k27z( © )
cos X ==1

Bai toan 2: Giai phuong trinh:
1 1 1
+ + =
l1+cos2X 1+4+cosd4x 1—cos6X

Giai
cos2x# —1(1)
Diéu kién: {cos4x = —1(2)
cos6x #1(3)
= 1+ cos2X,1+cos4x,1-cos6x>0
Theo bat dang thirc Cauchy:
1 N 1 N 1

(1+cos2x+1+c0s4x+1—cos6x).(1 AR ot <
+c0s2X 14cosd4X 1-cos6x

Pbat S=1+cos2Xx+1+cos4X+1—cos6X

=3+1-2sin? 2X = 2sin4xsin 2X

=3 +%—%(sin2 4X+ cos’ 4X) —2sin? 2X— 2sin 4Xsin 2X
= 2—l(sin4x+ 2si112x)2 —lcos2 4x
2 2 2

= SSE(S)

sindXx+2sin2x=0 {2sin2x(1+cos2x)=0(6)

Déu ding thic xay ra <
cos4x=0(7)

cos4x=0

H¢ phuong trinh nay v6 nghiém = S<%

L 1 1 1
Tuac la + + >2
1+cos2X 1+cosdx 1—cos6X

Vay phuong trinh da cho v6 nghiém.

o

)29(4)

sin2x=0
cos4x=0
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CHUGNG II: NHAN DANG TAM GIAC
> Dé& lam tdt cdc loai bai tip nay, ta cAn nhé cic diu sau:
e Nim vitng cdc cong thitc lugng gidc két hdp cdc géc lién quan dic biét (bu, phu),
hé thitc lugng trong tam giéc.
e Nén thudc cic ding thic, bit ddng thitc quen thudc trong tam gidc d€ tranh nhitng
bi&n ddi khong can thiét.
» Giai cdc bai todn nhian dang tam gidc ta thudng:
e DGi v6i cdc bai todn chi bi€n d6i ding thiic: dua vé phuong trinh tich.
e DGi v6i cac bai todn sit dung bat ding thiic: khi ddng thic x4y ra thi d6 13 tam gidc
can nhan dang.
» Dua vao phuong phdp giai ma ta phin loai nhu sau:
e Baitodn 1: sit dung phép bién ddi ding thic.
e Baitodn 2: st dung bat ding thiic
BAI 1: SU DUNG PHEP BIEN POI PANG THUC.
Mot s6 ding thiic quen thudc trong tam gidc:

Cho tam gidc ABC c6:

DsinA+sinB+sinC = 4cos':cos§cosc2:

2) cos A +cosB+cosC=1+4s n';‘si nzsincz:
3)sin2A +sin2B + sin2C = 4sin AsinBsinC

2 A+ 0052 B+cos2

2

4) cos C=1-2cosAcosBcosC

5)sin2 A+sin?B+sin?C = 2(1+ cos AcosBcosC)

Pé€ ¥ riing tam gidc ABC vudng

cosA=0
< | cosB=0
cosC=0

Nhu vay, tif ddng thic (4) va (5) ta ¢6 bai todn sau:
Hiy nhan dang tam gidc ABC néu biét:
a) cos’ A+cos’B+cos’C=1

b) sin? A+sin’B+sin’C =2
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I. NHAN DANG TAM GIAC VUONG:

Mot s6 phuong phdp nhin dang tam gidc vudng:

Gia st c6 LI ABC, chiing minh || ABC vuéng tai A, ta chiing minh:
e COSA=0& sin(%—Aj:O(:) snA =1

e sSinB= cosC

Bai 1: (B¢ 121/1I0)

Chitng minh ring né€u trong tam gidc ABC

sinA+snB+snC =1 - cosA+cosB+cosC
thi ABC la tam gidc vudng.

Loi gidi:
Trong || ABC ta dé dang chitng minh

sinA+sinB+sinC :4cosécosEcosE

1 - cosA+cosB +cosC =4SinéCOSECOSE

2
Vay tir gid thiét ta c6:

B C . A B C
4cosE cosE COS— =48 N—COS— COS—

Vay tam gidc ABC vudng tai A.
Bai 2: Cho L] ABC thda man hé thiic:

sin A+sinB+snC =1+cosA+cosB+cosC

Chting minh ring [ | ABC 12 tam gidc vudng.

Loi gidi:

Péng thic di cho tuong duong véi ding thifc sau:
. A+B A-B . C C A+B A-B 2C
an?cos—+2$n—cos—:2(:os—cos —

+ 2co
2 2 2 2

C A-B C . C A-B C
& COS— | COS —C0S_ |=sin—_| cos —COS
2 2 2 2 2 2

(D
T (1) ¢6 hai khé ning:
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A-B C A-B C
1. Néu: cos—— —cosS— =0 c0OS—— = Co0S—
2 2 2 2

Khi 4y ta ¢6 hoic la: A—-B=C = A=B+C= A=90"
Hoic 1a: B-A=C=B=C+A= B=90"

2. Néu: cosﬂ—cosg;tO: cosE:sinE:HgE:l
2 2 2 2 2

:2:450:(::900

nhu th€ trong moi trudng hdp ABC déu 13 tam gidc vudng.
Bai 3:(bé 45/11,)
Chitng minh ring n€u sin2A+sin2B =4sin AsinBthi ABC 1a tam gidc vudng .
Loi gidi:
Theo cdng thiic bi€n ddi tdng thanh tich va tich thanh tong ta c6
sin2A+sin2B = 2sin( A+B).cos( A-B)
4sin Asin B=2[ cos( A-B)—cos( A+B) |
Né&u tir gid thi€t ta c6
sin( A+B).cos( A-B) = cos( A-B) - cos( A+B)

& cos( A-B)[1-sin( A+B) ] = cos( A+B)

2
@COS(A—B)(COSA;B sinA+B] —cos2 ATB_gn2AYB

2 2 2
A+B A+B A+B . AtB A+B A+B
cos?—s n—- cos( A-B)| cos 5 SN cos?+3| n—- =0

Ma biéu trong ngoic vudng vi€t thanh

cos[AJrBj[cos(A— -1]- sm(AJrBj[cos(A— )+1]

A+B 2A-B . A+B 2 A-B

=—C0S—.29n —-sn .2c08"—<0
2 2 2 2
[cos% 25in2 A_B>O,sin A;BZO,ZCOSZ A_B>Oj

. re AtB_ . A+B A+B C
nén ta phai co cos 2 =9in 2 = 2 :E

Vay tam gidc ABC vuong tai C.
Bai4: (B¢ 19/11)

Xdc dinh tam gidc ABC thda man hé thic:
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c=c.cos2B+sin2B

Loi giﬁi:
Hé thic da cho viét thanh
c(1-cos2B) = 2bsin B.cosB

<sinC.2s n2

<sinC=cosB
2

B=2sin? B.cosB
(visn“B#0)
Vi sinC va sinB 1a hai géc tam gidc nén

c="-B(1)
sinC =cosB=
T

C=—+B(2
”+8(2)
Trudng hgp (1) tam gidc ABC vudng tai Sin A
Trudng hdp (2) ta c6 goc C—B =% L] ABC gi vudng tai A
Bai 5:((Dé 24/111,)
Trong mot tam gidc ABC, goi r, LA 1an lugt 1a ban kinh dudng tron noi tié€p,

bang ti€p trong cdc géc A,B,C. Ching minh ring n€u r, =r +ry +r. thitam

gidc ABC vudng

Loi giai:
Theo cong thitc tinh dién tich tam gidc dua vao ban kinh cdc vong tron ndi ti€p va bang
ti€p

Ta cé

S=pr=(p-a)r,=(p-b)ry=(p-c).rc nén
ry="r+rg+I;
S S s S
=—+ +
p-a p p-b p-c
1 1 1 1
-——= +
p-a p p-b p-c
-_ & 2p—(b+c)
p(p-a) (p-b)(p-c)
© p(p-a)=(p-b)(p-c)
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& —pa=hbc-p(b+c)
& p(b+c-a)=bc
o (b+c)’ =a?
Viy tam gidc ABC vudng tai A
I. NHAN DANG TAM GIAC CAN

Bai 1: Tam gidc ABC c6 tinh chat gi n€utgA+tgB = 2cot g(;

Loi gidi:
A+B

Do A, B, C 1a 3 géc ctia tam gidc nén cot gcz: =tg?

Vay hé thitc da cho viét thanh:

tgA—tgﬂHgB—tgﬂ:O
2 2
. A-B . B-A
sin sin——
= 2 + 2 0

A+B A+B
COSA cos? cosB. cos?

{ A+B . A ]
cos——=sn—=0
2 2

nén ta cé

A—B( 1 1
n =0
2 \cosA cosB

. A-B
sin
= 2
cos A=cosB

=A=B

=0

Viy tam gidc A, B, Ccantai C
Nhin xét: Bai todn nay c6 thé gidi bing phuong phdp bat ding thitc. Thuc chit ddy 1a bai

to4an tim min (tam gidc ABC c6 tinh chit gi khi ding thifc x3y ra) clia bat ddng thic sau:
A+B . .. N L 1N a2 P N
tgA+tgB > ZgT(Trong moi tam gidc nhon ta déu c6 bat dang thic trén)

That vay trong mot tam gidc c6 3 géc nhon ABC ta c6:
sn(A+B

tgA+tgB = #

cosAcosB

ma 2cos AcosB = cos( A+B)cos( A-B) <1+cos(A+B) = 2c0s2 AtB
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5 .nA+B A+B
Si 70057 A+B

nén tgA+tgB >

bing thiic xdy ra khi cos(A-B)=1< A=B
Bai 2: (Bé 90/111,)
Chitng minh riing néu trong || ABC c6
tgA+ 2tgB = tgAtg 2B thi tam gidc ABC cin
Loi gidi:
ta c6 tgA+ 2tgB = tgAtg 2B
& tgA+tgB = tgAthB —tgB = (tgAtgB-1)tgB
N tgA+tgB _

1-tgAtgB
( A+B=r=tgA+tgB=0=1-tgAtgB=0)
otg(A+B)=-tgB
<-tgC=-tgB
=C= B( O<A, B,C<7z)

Vay || ABC cantai A
Nhén xét:
V§i bai todn trén ta c6 thé gidi bing cdch dua vé phuong trinh bic hai v6i 4n t 13 tgB :
tgAtZ — 2t —tgA=0
Vi nghi€ém t ta c6 phuong trinh tgB =t
Cudi cing suy ra tinh chat clia tam gidc ABC
Bai 3: (Bé 7/11,)
Tam gidc ABC c6 tinh chit gi néu:
atgA+b.tgB=(atb)tg A;B
Loi gidi:
Theo dinh 1i hAm s6 sin ta c6 a&=2Rsin A, b=2RsinB nén tir hé thitc da cho ta viét

sin AtgA+sin B.tgB=(sin A+sin B)tg A;B

== A(tgA—tg A;Bj+sin B.(th—tg A;BJ:O
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A ) sin(a—b) .
Theo cong thic tga—tgh=———-ta c6
cosa.cosb
. A-B . B-A
_ sin 5 _ sin 5
snA A+B+SmB' A+B:O
cosAcos7 cosB. cos?
Vi cosA;B #0,5n A;B ——snB=A en hé thic da cho vi€t thanh
. A—B(sinA sinBj
sin =
2 \cosA cosB
. A-B
sin——=0
= 2 = A=B
tgA=tgB

Viy tam gidc ABC cén tai C
Bai 4: (Bé 39/1I)
Tam gidc ABC c6 cdc canh va géc thda man hé thic
I+cosB _  2a+cC
sinB \/ 4a2—c2

Chirng minh ring ABC LA tam gidc cin

Loi gidi:
Ta co
2B B
1+cosB 2cos 2 cos,
snB ZsinE.cosE sinE
2 2 2

Binh phuong hai v€ ta dugc

COS2 E

2
2a+cC
é :( . )2 _ 2a+c<:>1+cothE:1+ 2a+cC
sn22 4at-c¢ 2a<c 2 2a—-C
2
= 1 _ 4 & 2a-c=2a(l-cosB) < c=2acosB
4n2B 2a-c
2

2

ma theo dinh 1f ham s6 sin ¢6 b2 = a2 + ¢2 — 2accosB

vay b2 =a?+c2-c2=b=a, | ABC can tai C
Nhin xét: Ta c6 thé gidi bing phuong phap tam thic

Ping thic di cho tuong dudng
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(1+cos B)2 _ 2a+c

sn?B 2a—C

1+2cosB+cos? B _ 2atc

1-cos’ B 2a-c
& 2acos’ B+(2a—c)cosB-c=0

& 2sn AcosB=snC
&sin( A+B)+sin(A-B)=sinC
©sin(A-B)=0= A=B

Bai S:

Chding minh ring ABC 1a tam gidc vudng hay can khi va chi khi
acosB-bcosA=asin A-bsinB
Lai gidi:
Theo dinh 1i ham sd sin c6
sinAcosB-sinB.cosA=sin? A-sin B
@sin(A—B):(1_C032A);(1_COSZB):COSZB;COSZA
(A-B)=sin( A+B)sin( A-B)
©sin(A-B)[ 1-sin( A+B) ]=0
sin(A-B)=0
sin(A+B)=1

&Sn

Viy tam gidc ABC céin tai C hodc vudong tai C
Il NHAN DANG TAM GIAC PEU

Bail:  Ching minh tam gidc ABC c6 it nhat mot géc bing 60° khi va chi khi

snA+sinB+sinC
cos A+cosB+cosC

(D
Loi gidi:
. . A B C .
Vita c6 cosSA+cosB+cosC =1+ 4sm§cosE cosE >0 nén

D < (sn A—\/§CosA)+(sin B—\/§cosB)+(sinC—\/§cosC) =0
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sin A—\/§cosA= Zsin(A—Zj
ma sin B—\@ cosB=2s n( B—Zj

sin C—\/§ cosC=2s n[C—ZJ

()2 sin(A—”}sin(B—”}sin(C—ﬁj =0
I 3 3 3
nen e N
o2 sin Ts .cos?+sin(3—(A+B)j =0

ma sin(zéz—( A+B)j = —sin((A+B)—2;[) = —Zsin(

. (AMB 7« A-B A+B 7«
@4sn(2—j{cos > cos( H:O

2

3 2 3
. (7 C\. (A m\. (B«
&8sinf ——— |sin| ——— |sin| ——— |=0
6 2 2 6 2 6
(A7 i
sin| == =0 _
2 6) 3
ol sin B—”j:o & | B=Z(0<AB,C<x)
2 6 3
T
sin ”—CJ:O C=%
T l6 2 L 3

Vay tam gidc ABC c6 it nhat mot géc bing 60°

Bai 2: Tam gidc cdn ABC c6 mot géc 1a nghiém cta phuong trinh

x 23
tgx—tg > = £
x-195 3
Chitng minh riing ABC Ia tam gidc déu
Loi gidi:
Ta c6
SH"I5
tgx—tg5 = 2 - 2J3 cosx;tO,cost;ﬁO
2 X 3 2
COSX.COS—

A+B 7[) (A+B V4
-2 |cos =

3

)
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¢ X
92 _23
cosx 3

t 23
1-t2 3

1+t2

szﬁzfz

StH"=—— —t

32f2 23

+—t
3

J3
[3 @}(t +\/§t+2) 0 & t:33

t2+\/§t+2:0

Ta chon mo6t géc cla tam gidc ABC la X =%

Viy tam gidc ABC cin c6 mot géc 1a % én ] ABC déu
Bai 3:
Chting minh riing néu LI ABC thda diéu kién sau thi ABC 13 tam gidc déu
b+c= 2 + ha\/’:%
Loi gidi:
Ta c6

2S bcsmA 2RsinB.2R.sinC.sin A

ha—— =2RsinB.sinC
a 2Rsin A

Theo dinh 1i him s& sin tir ding thifc trén c6
2sinB+2sinC =sin A+ 2y/3sinB.sinC

v6i sinA=sin(B+C)=sinBcosC+sinCcosB ding thic viét lai thanh

3

2sin B[l—%cosC—?sian+ ZSinC[l—%cosB—?sin B]:O(a)

& 2s8n B{l— cos(%—cﬂ + Zsinc{l— cos(%— Bﬂ =0
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sinB>0

1- cos(z - CJ >0
3 -

sinC>0

1- cos(z - Bj >0
- 3 -

nén ta phéi cé

cos(z—cjzl
N 3
1- cos(z - Cj =0 /s
3 cos| ——B |[=1
3
T
1-cos| ——B [=0
(3 j c==
3
=
B="
3

Vay tam gidc ABC déu
Nhén xét: Tir ding thifc (a) ta ¢ thé dung bt ddng thitc B.C.S

1 3

—cosC+—snC<1
2 2

%cosB+§sinB£l:>(a)20

sinB,sinC>0

Ding thitc x3y ra

e - th:\/i—%
%cosc+733inC:1 tgB = /3
(=
VA
1cosB+£sinB:1 3
2 2 =
B=Z~
3
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Chuong 2: Nhdn dang tam gidc

BAI 2: SUDUNG BAT PANG THUC
I. NHAN DANG TAM GIAC VUONG

Bai 1: Cho || ABC ¢6 cic géc thda min hé thitc
3(cosB+2sinC)+4(sinB+2cosC) =15

Chitng minh LI ABC vuong

Loi gidi

Theo B.C.S

3cosB+4snB<5

6sinC+8cosC<10
Ping thifc xdy ra khi

snB = C_OSC :ﬂ:th:coth

cosB snC 3

B,Ce(o;ﬂ)

2
—B="-C
2

Vay LI ABC vuong tai A

Bai 2:

Chitng minh riing LI ABC théa
3S= 2R2(si n3 A+sin®B+sinC

thi ABC 1a tam gidc déu
Loi giai:

Theo cdng thic tinh dién tich tam gidc va dinh 1i ham s& sin c6

<)
4R 2R 2R 2R
—=a+b+c=3abc
theo bat dang thitc Cauchy:
a+b+c>3abc

Ding thifc xdy ra khi a=b=c
Vay Ll ABC déu
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IL. NHAN DANG TAM GIAC CAN
Bail: Cho L] ABC ¢6 2 géc nhon A, B théa diéu kién

2 A+B
2

thA+tng: 2tg

Chiing t6 ABC la tam gidc cin
Loi giai:
A+B

Ap dung bit ding thic tgA+tgB > 2tg cho [l ABC ¢6 2 géc nhon

(tgA+th)2 > 4t92A;B = 2(thA+tng)

tur gt ta co
= (tgA-tgB)*<0=>tgA=tgB
Vi A, B la cdc géc ciia mot tam gidc nén A=B

Vay LI ABC cantai C

Bai 2: (Bé 51/10)
Cho L] ABC ¢6 cic géc thda min hé thifc

cos’ A+cos’B 1 5 5
=—(cotg“A+cotg°B
sin’ A+sin’B 2< g g )

Chiing minh ring ABC 1a tam gidc can
Loi gidi:
Ping thic tuong duong
2—(sin* A+sin’ B)
sin’ A+sin”B

:%(cot g°A+1+cot g’B+1)-1

2 1 1 1
C G aialr ol ez s an
sn“ A+sn“B 2\sin“A sn“B

<:>(sin2A+sinzB)[ 1 1 j:4

sin’ AJrsin2 B
theo bat ddng thitc Cauchy
sin” A+sin’B>2sinAsinB
sin12 AJrsin12 B = sin AzsinB

N

va

. . 1 1
suy ra(sin’ A+sin’ B + >4
Y ( )[sinzA sinsz
bing thic xdy ra khi sin”? A=sin’ B« sinA=sinB(sinA>0,sinB>0) < A=B

(vi A, Bla 2 géc cia tam gidc) . Vay tam gidc ABC cin tai C
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III. NHAN DANG TAM GIAC PEU

Bail:  Chitng minh ABC 13 tam gidc déu né€u ta c6

sin A+sinB>2sinC(1)

{cosA+cos B>2cosC(2)

Loi gidi:

Tur (1) ta ¢6 nhan xét C khong 1a géc 16n nhat vi khi C 16n nhat thi canh ¢ 16n nhat trong 3
canh a, b, ¢ theo dinh 1i him s& sin ta sé& c6

snC>sin A

{si nC>sinB

= 2sinC>sin A+sinB

Tréi gt tir hé thic (1)
Viay C phai la géc nhon (do C khong 13 géc 16n nhi't) = cosC >0
Nén 2 v€ clia bat ding thitc (1) va (2) déu dudng nén ta c6 hé

22450 C(3)
)2

(sinA+sinB)

(cos A+cosB >4c0s2 C(4)

Cong tirng v€ hai bt ddng thic (3) va (4)
2+2c0s(A-B)>4 < cos(A-B)>1

ma cos(A-B)<1 nén cos(A-B)=1

A, B 1a hai gbc cla tam gidc nén A=B

tr (1) c6 2sinA>2snC=a>c= A>C

tr (2) c6 2cosA>2cosC = A<C

suy ra A=C

Vay ABC Ia tam gidc déu

Bai2:  Ching minh ring né€u trong tam gidc ABC c6

acos A+bcosB+ccosC _ 2p
asinB+bsinC+csinA  9R

thi ABC Ia tam gidc déu
Loi gidi:
Ta cé

acos A+bcosB+ccosC _ 2p
asinB+bsinC+csinA  9R
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- 2Rsin Acos A+2Rsin BcosB+2RsinCcosC _ 2p _
a “9R

b ,c
a—+tb—+c—
2R 2R 2R
N 2R2(sin 2A+sin2B+sin2C) _atb+c

ab+bc+ca 9R

8RZsinAsin B.snC _atb+c
abtbctca  OR
R2C a b
2R2R2R_atb+c
ab+bc+ca 9R
abc a+b+c
= =
ab+bc+ca 9
=(a+b+c)(ab+bc+ca)=9abc

:>a(b—c)2+b(c—a)2+c(a—b)2:0
b—c=0

={ c-a=0=a=b=c
a-b=0

Viy tam gidc ABC déu

a+b+c
9R
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Chuong 1: Phuong trinh ham luong gidc

PHAN II: LUONG GIAC UNG DUNG GIAI TOAN GIAI TiCH

CHUONG 1 : PHUONG TRINH HAM LUQNG GIAC

I. MOT SO KIEN THUC CO SO:
a. Pac trung ham cua ham luwgng giac:

-Ham f (x) =sinx ¢6 tinh chat
F(3x)=3f(x)-4/(x),Vxel
Quy udc: £ (x) = [f(x)]3

-Ham f(x)=cosx c6 tinh chat
f(2x)=2/(x)-1Vxel
vaf(x+y)+f(x—y)=21(x)f(y):¥x,yel

-Capham f(x)=sinx,g(x)=cosxcé tinh chét
{f(x+y) = f(x).g(x)+f(y)g(x);Vx,yel

glx+y)=g(x)g(y)-r(x)f(y);Vx,yell
-Ham f(x) = tgx c6 tinh chét
S(x)+ /()
1=/ (x)£(»)
(2k+1)m

flx+y)=

Voix,y,x+y# (kED),X¢%+k7Z;y¢%+kﬂ

-Ham f(x) = cot gx ¢6 tinh chat

f(x)-/(y)-1
f(x)+ /()
Voix,y,x+y#kn,(kell),x#km,y#knr

flx+y)=

b. Pac trung ham cia ham luwgng giac ngugc:

-Ham f (x)=arcsinx c6 tinh chét

f(x)+f(y)=f(x\/l—y2 +y\/1—x2);Vx,yE [-1;1]

-Ham g(x)=arccosx c6 tinh chét

g(x)+g(y) =g()cy—\/l—x2 A=’ );Vx,ye [—l;l]

-Ham &(x) = arctgx c6 tinh chét
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Chuyén dé Lugng gidc va Ung dung

h(x)+h(y)= h(fjxi];Vx,y,xy #1

-Ham p(x)=arccotg c6 tinh chat

-1
p(x)+p(y)=p(—xy ];Vx,y,x+y;t0
X+ y

c.Phuong trinh ham Cauchy:
Phuong trinh nay cling nhu cach chirg minh n6 s€ dugc sir dung rat nhiéu trong phan nay.
*Phat biéu:
Néu ham f(x) lién tuc trén tap s6 thuc va théa: f(x+y)=f(x)+ f(¥);Vx,yel (1)
thi f(x)=ax ,véiacl tuyy.
*Ching minh:
T (1) suyra £(0)=0, f(—x)=—/(x)
Vi voiy=x thif(2x)=2f(x),Vxel (2)
Gia st voi k nguyén dwong, f (kx) = kf (x),Vxe
Khi do: f ((k+1)x) = f (kx+x),Vxe 0 ,Vke
Twr d6 theo nguyén 1i quy nap, ta co:
f(nx)=nf(x),Vxe D (3)
Ta két hop tinh chat f (—x) = —f(x) thu duoc:
S (mx)=mf (x),YmelD,¥xel

Tir (2) ta ¢6:
f(x) =2f[%j=22f(2izj =...=2"f(2)fJ
Tir d6 suy ra:
f(zij :%f(x),Vne 0,Vxel (4)
Két hop (3) va (4)
f($j= ;’” S(1).Vmed,nel”

Str dung gia thiét lién tuc cua ham f(x) = f(x)=ax,Vxe l,a = f(1)

Thir lai, ta thdy ham f(x) =ax thoa (1). Suy ra dpcm.

Tiép dén ta s& xét cac bai toan lién quan dén phuong phap nay.
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I1.Cac bai toan chon lgc:

Bai 1: Xac dinh o, fdéhamsd f(x)=

1 f o X NP
po—" co tinh chat f'(a), f(b), f(c)la do dai cac
canh cua mdt tam giac Umg v&i moi tam giac ABC cho trudc.
Loi gidi:
Khong mét tinh tong quat, ta ludn ludn gia thiét a >b > ¢

Nhan xét rang, phép nghich dao g(x) = 1 khong c6 tinh chat g(a),g(b),g(c)La d¢ dai cac
x

canh cua mdt tam giac ng v&i moi tam giac ABC. That vay, xét tam giac can
vOoia=b=2,c=1thitaco

1 1 1

a b ¢

bé f(a), f(b), f(c) 1ado dai cac canh ciia mot tam gidc, trude hét phai c6
f(a)>0,f(b)>0,f(c)>0,VIABC
Suy ra
aa+ pB>0,ab+ f>0,c+ f>0,VIABC (3)
Tir (3) ta thu duoc o > 0.That vay,néu a <0, tuy y cho trude thi ta chon tam giac ABC ¢6
d6 dai canh a du 16n, theo tinh chat vé dau cua nhi thic bac nhét s& nhan duoc ca+ S <0
Tuong tu, ciing tir (3) ta suy ra B > 0.That vy, néu 8 < 0 ta chon tam gidc ABC
C6 d6 dai canh a du nho thi theo tinh chét vé& dau cuia nhi thirc bac nhat s& nhan duoc
aa+ <0
Trudng hop khi dong thoi xdy ra @ =0,=0 f(x)khong x4c dinh. Véier=0, 8> 0 ta thu
dugc ham hing duong nén f(a)=f(b)=f(c)>0va  f(a),f(b),f(c)ladod daicac
canh ctia mgt tam gidc déu.
Xét truong hop o >0, > 0. Khi do
fla)< f(b)<f(e)
Vay ta can xéac dinh cac s6 duong «, 8 sao cho ludn cd
f(a)+ f(b)> f(c),VOABC,az2b>c
1 1 1
+ >

aa+ff ab+pf oac+pf

Xét cac tam giac ABC can d@)ng dang v6i tam gidc canh 3,3,1,tic a=b=3d,c=d

Hay ,VIUABC,a=zb=c 4)

véoid > 0 tuy y. Khi do,(4) co6 dang
1 1 1
+ >
dda+ [ 3doa+f da+p

,Vd >0

Hay
2 1 dda+

> s <da+pf o pf>da,¥Vd >0
dda+pf da+pf 2
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Diéu nay khong xay ra khi d da 16n.

Vay véi a=0,8>0 thi ham s f (x)=

axi 7 co tinh chat f(a), f (), f(c)la do dai cac

canh cua mdt tam giac Umg voi moi tam gidc ABC cho trudc.

Bai 2: Xac dinh cac ham £ (x)lién tyc trong [0,7], /(0) = 0va c6 dao ham trong (0,7)sao
cho f(4), f(B), f(C) tao thanh sé do cac gbc ctia mt tam gidce (mg voi moi tam gide
ABC cho trude.
Loi giai:
Ta cin x4c dinh cdc ham sd £ (x) lién tuc trong [0,7] c6 dao ham trong (0, 7) sao cho
f(x)>0,vxe (0,7)
/(0)=0
f(A)+7(B)+f(C)==
Theo gia thiét thi £ (0)=0nén f(7)=72 C=z—(A+B)
Suy ra
7(A)+ f(B)+ f(n—A-B)=m,YA4,B,4+Be[0,7]
Hay
f(x)+f()+f(z-x-y)=7Vx,y,x+ye[0,7]
Lay dao ham trong (0,7) theo bién x, ta thu dugc
f(x)=f(m-x-y)=0,Yx,y,x+ ye[0,7] (5)
Tir (5) suy ra 1a ham hang trong(0,7) va vivay f(x)=px+q. Do f(0)=0 nén g=0va
vivéy f(x)=px.Do f(7)=x nén p=1 vatathu duoc f(x)=x
Véay ham s6 f(x) = x 1a ham s lién tuc trong[0,7], £ (0) = 0 va c6 dao ham
trong (0,7 ) théa man f'(A), f (B), f(C)tao thanh sb do céc goc ctia mot tam gide mg véi moi

tam giac ABC cho trude.

Bai 3: Xdc dinh cac ham s6 f (x)lién tuc trong [0,7]sao cho
£(0)=0,f(x)>0 ,Vxe (0,7)va f(A4), f(B),f(C) tao thanh sb do cac goc cia
mot tam gidc img vo1 moi tam giac ABC cho trudc.
Loi giai:
Ta phét biéu bai toan da cho dudi dang
Xac dinh cac ham so”'f(x) lién tuc trong[O,ﬂ],f(O) = O,f(x) >0 ,Vxe (0,7[) va
S)+f )+ (7=x-y)=mVx,ye[0,z].x+y<z (6)

Do f(0)=0 nén v6iy =0, ta thu dugc
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f(x)+f£(0)+ f(r—x)=7,Yxe[0,7]
bat f(x)=x+g(x) thig(0)=0  g(x)1a ham lién tuc trong[0, 7|
Ta co
(6)= x+g(x)+(r-x)+g(r-x)=x

& g(x)+g(7r—x) =0,Vxe [0,7]

Hay g(m—-x)=-g(x),vxe|0,7] (7)
Thé f(x) = x+g(x) vao (6) va st dung (7), ta thu dugc
x+g(x)+y+g(y)+z—(x+y)+g(n—(x+y))=mVx,ye[0,z],x+y<z
Hay
g(x)+g(y)-g(x+y)=0,Yx,ye[0,7],x+y<7
Tuac la
glx+y)=g(x)+g(y).Vx,ye|0,z],.x+y<xm (8)
Do g (x)lién tyc trong [0,77] nén (8)1a phuong trinh ham Cauchy va g (x) = ax véiar la
hing s6, f (x)=(1+a)x.Dé f(x)>0,Vxe (0,7)tacan cdl+a >0 va

de f(A)+ f(B)+ f(C)=m tachncol+a=1suyrac=0 f(x)=x

Bai 4: Xac dinh cdc ham sb /(x)lién tyc trong[0, 7] sao cho f'(x) > 0,Vxe (0,7) va
f(A), f(B), f(C)tao thanh s6 do céc goe clia mdt tam gidc tmg véi moi tam gidc
ABC cho trudec.
Loi giai:
Ta thiy c6 hai ham sb hién nhién théa mén bai toan, d6 1a f (x) =xva f(x) = %
Ta phat biéu bai toan da cho dudi dang
Xac dinh cac ham s6 f(x) lién tuc trong|0,7|sao cho f(x) >0va
f(X)+f()+f(r—x-y)=rVx,ye|0,z],x+y<z (9)
Cho y =0, ta thu dugc
f(x)+f(0)+ f(m—x)=7Vxe[0,7]
Hay
f(m=x)=7—f(0)-f(x),Yxe[0,7]

Thé vao (9), ta thu dugc

f(x)+f(y)+[ﬂ'—f(0)—f(x+y)]:ﬂ,Vx,ye [0, 7], x+y<x

Tuac la
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f(x+9)+f(0)=f(x)+ f(»),Vx,ye[0,z],x+y<z (10)
it £ (x) = £(0) + g(x) Khi d6 g (x)lién tyc trong [0,7] vd  cb dang
g(x+y)=g(x)+g(y).Vxrye[0,z],x+y<x (11)
Do g(x)lién tuc trong [0,7] nén (11)la phuong trinh ham Cauchy va g (x) = @x va
f(x)=ax+ f.Tacan xéc dinh e, B d€ f (x) > 0 v6i moix € (0,7) va dé
S(4)+f(B)+/(C)=

Tuac 1a

{ax+ﬂ>0,Vxe (0,7) o {ax+,8>O,Vxe (0,7)

a(A+B+C)+3f=n ar+3fB=r1x

Suy ra - (12)

>0,Vxe (0,7)

f(x)=ax+
Chox — 0 va x — 7z, tr (12) ta thu duoc

—l <a<l
2
Véi —% < a <1 thi hién nhién (12) thoa man.

Xét o = —%thi f(x)= —%x+§th6a mén diéu ki¢n bai ra.
Thét vay, v6i0 < x <7z thi f(x)> f(7) =
Xét o =1thi f(x)=x hién nhién théa man diéu kién bai ra.
Vay, cac ham can tim déu ¢6 dang

f(x) :0{x+(l_Ta)”,—lS0(S1

Nhan xét
Sau dy, ta s& xét mot s6 bai toan sir dung kién thirc luong giac don gian dé giai cac bai
toan lién quan dén phuong trinh ham.
Céc ham nay thuong st dung 3 thu thuat:
-Chon cac gié tri phi hop véi d6i s6
-Dbi bién sd (dat bién méi)

-Do6i ham so( dat ham s6 mo1)

Bai4: Tim ham f:[J — [J thdéa man
T
f(O) = 1999,f(5j =2000

F(x+)+f(x=y)=2f(x)cosy,Vx,y el
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Nhin xét: Ta can dinh huéng sé thay x, y nhu thé nao sao cho don gian nhat, hon nita phai st

dung dugc
£(0)=1999
V4
— |=2000
)
Ta xét cach thé sau
Loi giai:
Thay x =¢ —z,y =7 ta thu duoc
2 2
)+ f(t-m) =2f(t—§jcos§=o (1)

,. T T . .
Tuong tu, V01x=3,y =t—5 roisaudox=0,y=t—x taduoc

f(t)+f(x—z)=2f(§)cos(t-§J=2.2000sinr @)

f(t=7)+ f(mw—1t)=2f(0)cos(t-7r) = =2.1999cost (3)
Nhan (3) v6i(-1) rdi cong (1) véi(2)
2f (t) = 2.2000sin + 2.1999cost

= f(x) =1999cosx+2000sinx, Vx
Thir lai thay dung.

Bai 5: Tim tit ca cac ham sb f (x)lién tyc trén [ va

F(x)f(»)=f(x+y)=sinxsiny,Vx,y € [ (*)
Loi giai:
Vi dang nay ta chi can xem xét qua trinh sau
-Tim f(0)
-Ung véi gié tri £(0) tim dugc dung phép thé thich hop tim thém mot sb gid tri.
-Tim f(x)
That vay

Véix=y=0tathuduoc:  f?(0)-f(0)=0

Suy ra f(O):O
/(0)=1
Néu £(0)=0 thivéi y=0 tacod —f(x)=0

Tir do f(x)=0,Vx
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Nhung néu thay x = y = % ta thdy mau thuan.

Néu f(0)=1 thayy =—x tacd
f(x)f(=x)=1-sin® x = cos’x

Thay ng ta co f(%)f(—z) =0

+Néu f %j=0,thayy=%véo

Taco f|x +§j = —sinxzcos(x%—%j & f(x)=cosx,Vx

+Néu f —%) =0 thayy = —%Véo ta duogc

f(x —%j = —sinx=cos(x-§j & f(x) = cosx,Vx

Vay  f(x)=cosx .Thu lai thiy dung.

Nhin xét : Hoa ra diéu kién lién tuc dé cho 1a thira. Khong biét ham y cua tac gia 1a gi khi

cho thém gia thiét nhung rd rang bai toan c6 thé giai bang phép thé don gian.

Bai 6: Tim ham f(x) 4c dinh va lién tuc trong [—1, 1] va thdéa man

f(2x* =1)=2xf (x),Vxe [-11]
Nhin xét:
Thoat nhin ching ta lién tuéng 2x”> —1— 2cos’x-1.

bay la diéu da dé cap ¢ bai “Day so..”

Ta sé& str dung thuat chuyén 4n x=cost

Ta dugc f (cos2t) = 2cost.f (cost)

2
ay f(?os t)=f(?05t),t$7z|] ={nm,nel}
sin 2t sint

f(cost)

sin ¢

Xétham f(¢) =
Nhu vdy f(7) x4c dinh va lién tuc véit e 71

RS rang £ (t) = f(2t) , tirdo f(¢) = f(2"t),Vmel]

(D
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Mit khac £ (¢) = f(t+27) = f(t)= f (¢t +2n7),Vme (2)

f(l) — f(2m+l) — f(2m+1 + 2””) — f(1+ﬂj
Tap cac diém {1 + Z—f, m,ne (] }12‘1 tril mat trong R ,vy £ (x)1a hing s6 trén mdi khoang

(nﬂ,(n + 1)7[)

Dé thay f(=x)=-f(x),vxe[-1.1]
i =L

Tir d6 cac hang s6 trén mdi khoang md 13 nhu nhau.
Laico f(=t)==f(t)= f(t)=0 c6 thé trir ra nhitng diém cuanl]
= f(x)=0,Yxe (-11)
Ma f(x)lién tuc vy f (x) =0,Vxe [-11]

Sau day ta s& dén cac bai toan sir dung dic trung ham da duoc dé cap & phan kién thirc co so.
Day la dang bai hay va kho, thudng xuét hién trong cac bai thi hoc sinh giéi dudi dang cac bai
kho.

Bai 7: Tim c4c ham f(x) x4c dinh va lién tuc trong [-1,1] va thoa man diéu kién

f()c\/l—y2 +y\/l—x2):f(x)+f(y),Vx,ye [-1,1]
Loi giai:

. . . ,. T T C s \
Patx =sinu, y =sinvvoiu,ve [—5,3} .Khi 306, cosu = 0,cosv=>0va

x\/l—y2 +yN1-x = sin(u+v),Yu,ve [_g’ﬂ

Phuong trinh ham d3 cho ¢6 thé viét dudi dang
S (sinu)+ f (sinv) = f(sin(u +v)),Vu,ve {—%,%}

bat f (sinu) =g (u) tadugc

glu+v)=g(u)+g(v),vu,ve {_gg}

Do vdy, g(u)=au,a=const va  f(x)=aarcsinx. Thir lai, ta thiy ham s6

f(x) = aarcsin x thoa man bai ra
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Nhan xét :
Bai toan da sir dung mot phép bién doi co ban
{sin ucosv+sinvcosu=sin (u+v)

sin v/l —sin® u = sin vcosu

Viéc phat hién phép bién d6i ndy xem nhu mau chdt bai toan .
Chu y: chung ta da st dung phuong trinh ham Cauchy & cach giai trén .

Véi cung tu tudng tuong tu ta xét bai toan

Bai 8: Tim cdc ham s6 f(x) x4c dinh va lién tuc trén[—1,1] va théa man diéu kién

f(xy—«/l—ylel—xz):f(x)+f(y),Vx,ye [-1,1]
Loi gidi:

Ditx = cosu, y = cosv,Vu,ve [0,7] Khi dosinu > 0,sinv >0

xy —[1-y*V1=x* =cos(u+v),Vu,ve [0,7]

Phuong trinh ham dé cho c6 thé viét du6i dang
f(cosu)+ f(cosv) = f(cos(u+v)),Vu,ve [0,7]
bat f(cosu)=g(u) ta dugc
glu+v)=g(u)+g(v),Yu,ve|[0,7]
Do véy, g(u)=au,a =const f(x)=aarccosx

Thir lai, ta thdy ham sd nay thoa mén bai toan .

Bai 9: Tim cac ham f(x)x4c dinh va lién tuc trénl) va thoa méan cac diéu kién

{f(x+y)+f(x—y):Zf(x)f(y),Vx,yeD
F(0)=13x, el :|f(x,)|<1

e

Loi giai:
Vi f(0)=1va f(x)lién tuc trén 0 nén J& > 0sao cho f(x)>0,Vxe (—¢&,€)(2)

(1)

Khi d6 theo (2) voin, € U du lon thi

()

Nhan xét rang

f(;? j<1,vne 0
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That vay S o

ERIE)
A
o]

Vay ton tai x, #0 sao choO< f(x,)<1  f(x)>0,Vxe (-|x],

%o j >1 nguyén duong nao do6 thi theo (1), ta co

Trai v6i gia thiét ‘ f X, ‘

X
) x=2
2"

f(x,)=cos0(,0<a<§

T (1) suy ra
f(2x)=2[f(x ] —1=2cos’ @ —1=cos2«x

Gia st f (kx,) = coska, Yk =1,2,...,ne 0 ". Khi dé
F((n+1)x) = f (nx, +x) =21 (nx) f(x,) = £ ((n—1)x,) = 2cosnacos & — cos(n—1) & = cos (n +1) &
T d6o suyra f(mx, )= cosmea,Vme [l * Mit khac, d6i vai tro x va y trong (1), ta
6 f(x—y)=f(y-x),Vx,ye .Dodo, f(x)la ham chdm trénl] va nhu vy

S (mx,)=cosma,Yme [ (3)

Chox=y= % tur (1) ta nhan duoc

[f(ﬁﬂz :1+f(x1):1+c0sa:COSZ%

2 2 2
Do vay
X
— |=cos—
(3]s
Gia su

X o +
f(2_’1‘] = cosz—k,‘v’k =1,2,...,nel]

Khi d6 chox = y = 2’?1

X 2 1 X 1+c05205 o
! =—+ L= £ —cos’—
|:f(2n+l J:| 2 f(zn j 2 2n+1
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Do vay

f(;;j=cos%,wze 0 4)
(3) va (4) cho ta

f[n;flj=cosn21—na,Vn€D+,‘v’meD (5)

Vi f(x)va cosx la cac ham lién tyc trén U nén

(5) e f(xt)=cosat

& f(x)=cosax,Va =2 vxel
X

Thir lai ta thay f(x) = cosax(a # 0) théa man céc diéu kién clia bai toan .
Két luan
f(x)=cosax,ae ] \{0}
Nhan xét: bai toan va 10i giai trén kha hay, truéc hét sir dung tinh tri mat va lién tuc cua

ham s6 dé ¢ duoc f (;—2) <1

Tir day str dung lugng gidc hoa dé giai bai toan dua trén quy nap.
Do vay ta c6 thé thay loi ich 15 rang cua cac ddc trung ham luong giac, boi né chinh 1a chia

khoa giai nhitng bai dang nay.

Ta tiép tuc xét thém cac bai toan khac.

Bai 10: Chob > 0.Tim cac ham f (x) # 0 x4c dinh va lién tuc trong
D :={x+2bk :x(~b,b),k =0,£1,%2,...}

Vi théa man diéu kién

JACIRFAC)

T =7 07 (0

\Vx,p,x+y€ D (11)
Loi giai:
Cho y =0tir (11) ta c6

SO (0] +1)=0.vxe D
Nén f(0)=0 .Dof(0)=0 vado f(x) lién tuctai x =0 nén ton taix, >0 sao
cho[—x,,x,] C(-b,b)va

‘f(x)‘ <L, Vxe [-x,,%,]

Chon x, € [—x,,x, | %E [l va dat
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Khi do

Gidsit f(kx,)=1g(ka),Vk=1,2,..,m,me " Khido

_ f(mxl)"'f(xl) _tgma+iga
f<(m+l)xl)_1—f(mxl)f(xl)_l—tgatgma_tg(m+l)a

Vay f(mx,) = tgma,¥Yme 0" . Thay y =—-xvao (11) vasirdung /(0)=0,ta

duoc f(-x)=—f(x),Vxe D .Tir d6 suy ra
f(mxl) =tgma,Vme [ (1)
Mat khac ciing tur (11) ta dugce

(e )

<1 nén

(ii) & f[%) =tg%

Bang phuong phap quy nap, dé dang chimg minh ding thirc

X, a N
=tg—,Vnel 111
f(zﬂj g% (iii)

Tir (i) va (iii) suy ra

f[n;f]]=tgn;?,Vn€ 0%, Vmel

Két hop véi gia thiét £ (x)1a ham lién tyc trén D,ta ¢6
f(xxl) = tg(xat),Vxe D
Do do6

f(x) =tgax,a = @

X
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2 aA , . , \ re by T
Dé mién xé4c dinh cua f(x) trang véi D, can chon a = e
Két luan

V4
f(x)=tg—x,Vxe D
(x)=tg
Nhén xét:
Bai toan cho ta cam giac vé cong thirc

tg(x)+tg(y)
l—tg(x)tg(y)

Tir day ta co thé doan ra day 1a ham gi va tién hanh giai.

ig(x+y)=

Chung ta s€ xét dén céc bai toan sir dung h¢ dac trung ham sin va cos.

Bai 11:Tim céc cdp ham f (x)va g (x)xac dinh, lién tuc trén[l va thoa mén cac diéu kién

{f(ﬁy) =f(x)g(»)+f(»)e(x) (14
glx+y)=g(x)g(y)-r(x)f(y).vx,yel
Loi giai:

Tur (14) suy ra

{mxmf L@+ s

[e(x+0)] =[e(x)e(») -1 (=) f ()]
Suy ra
L1+ )T +[geen)T =[[rT +[e )T [Lr )T +[e(0)] | wve
Hay h(x+y):h(x)h(y),Vx,y€D
Trong do

h(x)=[1 ()] +[g()]
Nhan xét ring, /(x)lién tuc trén I .Vy, do déc trung ham mil 4 (x)=0 hogc
h(x)=a",a>0
Trong trudng hop dau /s (x) = 0,s& kéo theo f (x) = 0 vag(x) = 0. DE thdy céc cdp ham nay
théa mén céc diéu kién clia bai toan .
Xét truong hop h(x)=a", tcla

[f(0)] +[g(x)] =a",vxeD

@{f(xqz{g(x)}l,weu ()

x/2 /2
a’ a’
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X

Két hop (14) va (i), ta duoc £ (0) =0, (0) =1. Do céc ham f(x)a 2,g(x)a  lién tuc trén
0 nén ton tai x, > 0sao cho

1 _s)

n

<l

/(x)

X

<L,Vx€ [—x,,%, ]

V2

a?

Xio
g(x))=a?cosa _z .
o Sas<y

f(x,)=a?sina
Thay x = y = x,vao(14), ta dugc
ﬁ
g(2x,)=a ? cos2ax
2x,
f2(x,)=a? sin2«x
Gia stir

X
m=9

= 2 (94
g(mx,)=a ?* cosm [

fin(x,) = a ? sinma
Khi d6 theo (14), ta duoc
am7 sin maJLa cos 0{} + (a 2 sin a}{amz cos maJ

% m’2 3
m+1 )%, —(a 2 cosmaJ(az cosa] (a 2 smmo&j(g2 sma}

m+1
g((m+1)x0)—a 2 cos(m+1)05
(m+1)x,

f((m+1)x0) =q 2 sin(m+1)«

m+1 xo =

ymell” (ii)

Tiép theo, thay x = mx,, y = —mx, vao (14), ta dugc

{f(mxo)g(—mxo)+f(—mxo)g(mxo) = £(0)=0
g(mx,)g(—mxy) = f(mx,) f(-mx,)=g(0)=1
Tur (ii), suy ra

o Y
g(-mx,)=a 2 cosma=a ? cos(-ma) .
,me ]
-m xi 7m-xo

f(=mx,)=-a ?sinma=a ? sin(-ma)
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Tir do suy ra

X
mO

g(mx,)=a 2 cosma

X
ﬂlfo

f(mx,)=a ? sinmo,Yme [

Tiép theo, thay x = y = x—zovéo (14), ta cod
f(x)= Zf(x?(’jg[x—zoj =a?sina

st (3] (3] -

Giai (iv) v6i luu y g (x—z‘)j >0, ta dugc

Gia st
X oo
f (2—2] =q? sz_k +
. ,Vkel
X e
g(zg j =q? cosz—k
X, .
Thay x=y= S vao (14) ta dugc

X, X, X, % . o
f(z_zjzzf(2kiljg(2kilj=az sz_k
2 2 .
X, X, X, sl o
g[2—2j:|:g(2kil ]:| —|:f[2k:)_1 j:| =q? COSZ—k

Str dung 1ap luan ddi véi (iv) O trén , ta di dén cong thirc

Céc h¢ thtre (iii) va (iv) cho ta

(iii)

(iv)

)
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Chuong 1: Phuong trinh ham luong gidc

Vkel,mell (vi)

Do f(x)lién tuc trén R nén (vi) twong duong véi

1, x
f(txo)=am2 Sinta,VteD hay f(x)=aj Sinbx,VXED
g(tx,)=a? costa g(x)=a? cosbx

Thr lai ta thay cac cdp ham trén thoa man céac dieu kién cta bai toan .
Két luan

X

f(x) =a? sinbx, Hodic {f(x) =

X

g(x)= a? coshx,a>0,be [l

Bai 12: Tim céc cdp ham f'(x) g(x) xac dinh va lién tyc trén(J va théa man cac diéu kién

{f(x—y) =f(x)g(y)-f(»)g(x)
g(x-y)=g(x)g(y)+f(x)f(y),Yx,yell

N e

Loi giai:

(15)

Tir gia thiét suy ra
L1 =0T +[e (=0T =|[r @] +[e )] |7 0] +[e(0)] |-vxyen
Suy ra

h(x—y) = h(x)h(y),‘v’x,ye 0
Trong do

h(x)= [f(x)]2 +[g(x)]2, h(x) lién tyc trén [J
Ta co

[h(x):l2 =h(x—x)=h(0)
Suy ra

h(x)=c,Veel :c=¢?

Vayh(x)=0 hoac i(x)=1
Néuh(x) =0 thi

[r(x)] +[g(x)] =0
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Xét truong hop 4 (x) =1. Khi d6 thay x = y = 0vao (15), ta dugce

f(0)=o0,
{g(o) =1
Va
{f(—y) =—f(») 0
g(-y)=g(y).vyel
Thay y bdi -y trong (15) va sur dung (i), ta dugc
{f(ﬁy) =/(x)g(»)+/(v)g(x) -
gx+y)=g(x)g(»)-f(x)f(»).Vx.yel

Theo bai toan 10 thi

i anp
f(x)=a’sin X,VxeD

X

g(x)=a? coshx
Dol f(x)] +[g(x)] =1 nén a=1. Vay (fx),g(x)) ¢6 dang

f(x)=sinbx,
g(x)=cosbx,bel]

Két luan
f(x) =sinbx,
g(x)=cosbx,bel]
=0
Hoac {f(x)
g(x =0

Bai 13: Tim c4c cip ham £ (x)va g (x)x4c dinh va lién tuc trén [ va théa man cac diéu kién

2
=1 2 0)=0,(:
{[f<x>+g<x>] FFE1O=00) 0y
S+ y)+ f(x=2)=27(x)g(v), (i)
Loi gidi:
Cho y =0, tir phuong trinh (ii) cua (16), ta duoc
2/ (x)[1-g(0)]=0,vxe D

Néug(0)#1 thitrf(x)=0va(i)chotag(x)=1 hodcg(x)=-1.Thi lai ta thiy hai cdp
ham nay déu thoa man bai toan.

Xét truong hop g(0) =1. Thay y = x vao (16) va st dung céc gia thiét £ (0)=0,g(0)=1 ta

duoc
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[r@)] +[e(x)] =1

Tir d6 va tir gia thiét £ (x)lién tuc tai x =0 suy ra ton tai x, > 0sao cho

f(xo):sina,%<a<%

Khi d6 g(x0)+,/1—[f(xo)]2 =1-sin’ & =|cos | = cosr

Chox = y = x,,. Khi 6 tur (i1) suy ra
f(2x,)=2f(x,)g(x,)=2sinarcos =sin 2«

Giasir f(kx,)=sin(ka),k=12,...m,me " . Khido

F((m+1)x,) =21 (mx,)g(x,) = f ((m=1)x,) = 2sinmarcos & = sin(m —1) &

=sin(m+1)a+sin(m—1)a—sin(m—-1)a=sin(m+1)x

Vivéy f (mx,) =sinma,Vme [l

Mit khéc, thay x =0 vao (ii) thi / (-y)=—/(y),Vyel

Do do

f(mx,) =sinme,Yme [l (iii)

Tiép theo, thay x = y = %Ovéo (16), ta dugc

X, X a o
x )=2f== 20 | =sina =2sin—cos—
/(%) f(zjg(zj 2 2

{f(x?oﬂ +[g(%°ﬂ =1= sin2%+coszg

Giai (iv), ta dugc

Gia su

,Vnel” (v)
a
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%o
2k+l

(&)
{f (2)’2‘ ﬂ +[g(2)2‘ ﬂ -

Giai h¢ nay ta dugc

Thayx =y = vao (16) va str dung (v), ta dugc

,Vnell (vi)
o

,Vnel ", mel (vii)

Str dung gié thiét f(x)1a ham lién tuc trén [ ta dugc
f(x,x) =sinax

(vii) < Vxel
g(x,x) =cosax

= 1 (04
@{f(x) M vxen =2 (viii)
g(x)=cosax X,

Néua = 0thi f(x) =0,. Thay vao (16) va sir dung gid thiét g(0) =1, ta dugcg(x)=1
Khi a # 0 thi thay y = x vao (ii) va st dung (viii), ta dugc
f(x)=sinax,g(x)=cosax,xell

D¢ thay, cac cap ham nay thda man cac dicu kién cua bai toan

Két luan f(x)=sinax,g(x)=cosax,xell
hoic  f(x)=0,g(x)=1
hodc  f(x)=0,g(x)=-1

Ti€p dén ta xét cac ham nguoc.

Bai 14: Tim cac ham f (x)xac dinh va lién tuc trén [ va théa man cac diéu kién

x+y],Vx,yeD o<l A7)
1—-xy

f(x)+f<y)=f[

Loi gidi:
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< —7T T A ,
batx =tgu,y = tgv,T <u,v< By .D0|xy| <Inéntacd

xX+y
=tglutv
= g (u+v)
Viay i<u+v<z
2 2

Khi d6 c6 thé viét (17) dudi dang
f(tg(u +v)) = f(tgu)+f(tgv),%<u,v,u+v<§
Do do
glutv)=g(u)t+e(v) )
Trong do
g(u)= f(tgu),%< u,v<%

Lap lai 1ap luan va trinh tu cach giai cua phuong trinh Cauchy déi véi (i), ta duoc
a)g(0)=0,g(u)1a ham I¢.

b)g(uo) = 2g(u7°j,0 #U, € (%,zj

2
¢) Bang phuong phéap quy nap ta c6

mu m
o = e(u)

trongdo nell ",me[] :ﬁu0 € (—,—j
2}1

Twdosuyrag(u)=au,acl,uc (_7[’%)

Vay f(x) = aarctgx,a€ll ,Vxe (i1)
Thir lai ta thdy ham £ (x) xéc dinh theo (ii) thoa mén cac diéu kién ctia bai toan .

Két luan f(x) =aarctgx,aell ,Vxell

Bai 15: Tim cac ham f(x)xdc dinh va lién tuc trén [—1,1] va théa min cac diéu kién

f(x)+f(y)=f(x\/1—y2+y\/1—x2),Vx,ye[—1,l] (18)

N e

Loi giai:

|

. . -7
X =sinu,y =sinv,Vu,ve 7,

SRS

Thi x\/l—y2 +y\/1—x2 = sin(u +v)
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Khi d6 c6 thé viét (18) dudi dang
S (sinu)+ f (sinv) = f(sin(u +v)),

Hay g(u+v)=g(u)+g(v),u,v€[%,%}
Trong d6 g (1) = f (sinu). Lap lai 1ap luan va trinh ty cach giai cua phuong trinh Cauchy cho

truong hop nay, ta dugc
g(u)=auue| 2~
2 2
Suy ra f(x):aarcsinx,Vxe [-1,1],ae (1)
Thir lai ta thay ham f (x)xac dinh theo (i) thoa man cac diéu kién cua bai toan .

Két luan f(x) =aarssinx,a € [

Bai 16: Tim cac ham f(x)xdc dinh va lién tuc trén[-1,1]va thda man cac diéu kién

f(x)+f(y):f(xy—\/l—y2 \/l—xz),Vx,ye 1]  (19)

e

Loi giai:
bit x =cosu,y =cosv,Vu,ve (0,7)
Thi xy—mm=cos(u+v)
Khi d6 c6 thé viét (19) du6i dang
f(cosu)+ f(cosv)= f(cos(u +v)),
Hay g(u+v)=g(u)+g(v).ue (0.7)
Trong do g (u) = f (cosu)
Lap lai 18p luan va trinh ty cach gidi cia phuong trinh Cauchy cho truong hop nay, ta dugc
g(u)=auue (0,7)
Suy ra f(x) = aarscosx,Vxe [-1,1],ae ] (1)
Thit lai ta thdy ham f (x) x4c dinh theo (i) thda man c4c diéu kién cua bai todn
Két luan

f(x) =aarscosx,Vx e [—1,1],ae 0

Bai 17: Tim cac ham /' (x)x4c dinh va lién tyc trén va théa man cac diéu kién

f(x)+f(y)=f[lx+yj,v:c,ye Tix+y>0  (20)
Loi gidi:
bit x =cotgu,y = cotgv,0 <u,v< 7
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x+y
—xy

Khi d6 c6 thé viét (20) dudi dang

f(cotg(u +v)) = f(cotgu) + f (cotgv),

Hay g(u+v):g(u)+g(v),0<u,v<ﬂ'

Thi

= cotg(u + v)

Trong d(’)g(u) = f(cotgu).

Lap lai 1ap luan va trinh ty cach gidi cia phuong trinh Cauchy cho truong hgp nay, ta dugce
g(u)=au,acll,ue(0,7)

Suy ra
f(x) = aarcctgx,ae€ ] ,Vxe [l 6)

Thir lai ta thdy ham f (x) x4c dinh theo (i) thda min cac diéu kién cua bai ton

Két luan

f(x) = aarcctgx,ac ] ,Vxe [l
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CHUONG 2 : LUQNG GIAC VA CAC BAI TOAN DAY SO

I. MO DAU:

Luong giac dong vai trd quan trong trong téan day s6: khong nhing 1a mot dang téan
kho ma con 1a mot phuong phap giai. Phuong phap ma chung ta s& dé cip trong phan nay
chinh 1a phuong phap luong giac hoa cac bai téan. Tuy vy, khic voi cac phan téan diy sd
truée, phuong phap nay khong hé c6 co s hay dinh 1y rd rang ndo, ma can nhiéu su khéo 1éo
ciing nhu tat ca kién thirc giai tich va lugng giac. Do vy, thong qua timg bai toan, ching ta s&

tim dugc 16i di riéng cho ban than.

II. CAC BAITOAN CHON LOQC:
Bai 1: ( Tong quét cua bai 3, Olympic 30/4/2005 ).
Cho hai day {a,},{b,} nhu sau: a < b cho trudc

a+b
a = 5

a +b
a2=# ; b, =\la,.b

;b =\laq

a.Tim limb,

n—oo

b.Tim lima,

n—oo
Nhén xét:

Bai tban da gidu di tinh luong giac rat khéo. Ta hiy quan sat that ki, do a< b nén ta co
thé dat coso = % hoacsinx = % . Vay nén chon 1a sin hay cos?
Ta thir dat:

. b(sina+1
—Néusina:g:alza-l_b: ( )
b 2 2

b, =+ja.b = \/%((sina+ 1).sinx)

Ta s& khong thé giai tiép. Vay ta s& khong dat vai sin.

b(cosa+1)

z a
-Néu cosar=—:aq, =
b 2

=beos* &
2

b, = ,|b* cos % = bcos% | Vay ta tién hanh giai.

Giai:
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a.bat cosatzg (0<0{<£j
b 2

o

a, = bcos’ 5y
Ta co
o

b =bcos—

+b
a, =b=b cos2g+cosg =bCOSgCOSzﬁ2
2 2 2 2 2

~

b, =\Ja,b, = \/bz cos’ %cos2 % = bcos%cos2 a

22
Bang quy nap ta d& dang co:

) o
b.sinxcos—.
27‘1

a 2
a, = b.cosz...cos Y .COS Y = P
2".Sin2—n
o o o  bsina.
b, =b.cos—...cos——.cos* — = ———
2 2 2 i o
.Slnz—n
o
R b o bsina
Vay:b, = =2
2"! b a a
sin— Sm27
. bsina
= limb, =
n—soo o
N . o
b.Ta cling c6:a, =b,.cos—
2"
. bsina .. o bsina
lima, = Jimcos— =
n—yoo a n—soeo 2" a

Chu y: V61 a=2005, b=2006 ta s€ c6 bai 3 Olympic 30/4/2005.

Bai 2: ( Ky thi quic gia lan XXXI-1993 )
Cho ay = 2,by = 1. Lap hai diy sdfa,},{b,}v6i n = 0, 1, 2, ... theo quy tic sau:
an+1 = 2an 'bn ;bn+1 =4/a
a,+b,
Ching minh rang cac diy {/a,}, {b,} cb cling mot gidi han khin — oo . Tim gi6i han do.
Nhén xét:

D@ thiy diy {a,} 1a diy trung binh diéu hoa, {b,} 1 diy twa trung binh nhan. Dé ching

b

n+l*"n

minh hai ddy cing gi6i han thi nhat thiét phai tim cong thirc tong quét.
Trong trudng hop nay, lugng giac hoa 14 bién phap tdi wru nhét.

Giai:
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Chuyén dé Lugng gidc va Ung dung

I 1
Tachuy: g, =2=———, b, =1
L cos”
2 3
_2ab 2 2 1
= = = =
a+h L 1 0% cos
a4y by
b = a1bo_;
cos —
6

Tir d6, bang quy nap, ta chimg minh rang:

/1 T /s z Y
a, =| COS——.CoS——...C0S ———.COS—
( 237223 23 2.3]

-1
bn:(cosi.c 7 ¢ T ¢ ”3) Vn 21

0s 0s .COS
23 2°3 2"'3 2",
. T

. T T P Slng

Luu y rang: cos——.C0S——...COS ———.COS = Vn=>1
23 2°3 23 2"3 2 gin
.sin
2"3
2".sin 3 2".sin E
Tacoé: a = ————(1);b, = ———=
acora, =— p- (1);5, ‘ (2)
sin—.cos sin —
3 2"3 3

Tur (1), (2) ton tailima, valimb,

Ngoai ra:
2".sin z
lima, =1lim 2’3 -3 - 237
n—e noe . JT V4 . T 9
sin —.cos sin —
3 2"3 3

limb, = lima,.lim cos—— = 2Bz

n—oo n—oo n—oo 2 3 9

2\675
9

Vay hai day {an},{bn}co cung gidi han chung la

Bai 3: (Ky thi quéc gia 1an XXVIII-1990)
Cho day sé{x,}, nel ,

x,| < 1 dugc xac dinh boi hé thuc:

—x, +4/3- 3x5
xn+1 = 2

a.Co can thém dicu kién gi do1 voi x; dé day toan so duong.

b.Day s6 nay c6 tuan hoan khong? Tai sao?
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Nhan xét:

Ta quan sat ring /3 —3x. cho ta cam giac vé dangl - cos® x ,hon nita|x,| <1 , dicu do

cang cung co suy nghi vé lugng giac hoa bai tdéan. Ta ti€n hanh giai.
Giai:

a. Dé x,> 0, trudc hét ta phai c6 x; > 0 va x; <0.
3
Nhung x; > 0 tic [a,/3—3x> > x, hayx] <7

Suy ra: 0 <x, <g.

. 7 3 2\ . . .
Nguoge lai, néu0 < x, < % thi ton tai e (0;%} sao cho sin¢; = x,. Khi do:

3 I . . (7 V4 V3
X, =——COoS——SsIn& = sin 3—0{ ,0<§—0(<§

., NE) 7 1 . (x :
Talai cé: x; =——cos| ——«a |——=sin| ——«a |=sinx
2 3 2 3
Tedosuyra:x, =x; =...=sinax>0

B3

Vay diéu kién 1a:0 < x, < -
b. Xét hai truong hop d6i véi x,:
. Truong hop x, =20:

-Néux, >0 thi twong tw phanatacod:x, >0,x, >0 va

- Néu x; < 0 thi x3 >0 va ciing c6 x3=x;

=X, ++/3 —3)c12

2

Suy ra:{/3-3x] =2x, +x, (1) =3-3x; = (2x1 X, )2 (2)

Do (1) ma: 2x, +x, >0 .Suy ra:

That vay tu: x, =

2x +x, =x, +(x +x,)>x —x,>0(x, 20,x, <0)
Vi thé tir (2) ta c6:4/3 - 3x7 =2x, +x,

—X, +«/3—3x22 _

2

Tuong tu: x, = x, ...

Suy ra: x, = X,

Vay ta c6:{x,} 1a ddy tuan hoan.
. Truong hop x; <0.
Khi d6 x, > 0 va theo truong hop 1 suy ra x, ké tir hang thi hai tr di 13 ddy tuan hoan.
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Bai 4: Cho ddy {u,} xac dinh boi: u, =2"\2 -2+ .2
Tim limu,
Giai:

bay la bai téan don gian va quen thudc. Ta s€ chung minh:
v, =\2—=y2+..42 =2cos ;l (1).

R& rang v6in = 1 thi (1) hién nhién dung.

Gia su ding khi n =k, nghia la: v, =2cos

2k+1 °
Xét: Vi =+/2+V, =,]2+2co0s 2{;
, T T
=\/2.200s i =2c¢0s S

Vay (1) ding khi n =k+1, suy ra (1) dang véi moi n.
Tacoiu, =2"\2—2+..2

i 1 i
=2""sin =_—.2""2sin

2n+2 2 2n+2

\ 47 T .1 )
Tir d6 ta c6: limu, = lim—.2"* sin

n—oo n—oo 2 2"+2

sin Py

= lim

n—oo 2

T

2n+2

. V4
= limu, = By

n—o°

Bai 5: (Olympic 30/4/2003)
u, =3
Cho day {u,}dinh boi: w21

o 1+(1-42)g,

Tinh u,,,
Nhan xét:

Bai nay gidi theo hai hudng:

- Huong 1 (hwong co ban):
au, +b
cu, +d

Ta dua vé dang:u,,, =

Sau d6 thuc hién tuyén tinh hoa, rdi ding phuong trinh sai phan tinh cong thirc tong quat.
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- Huong 2:
Ta chd y quan sat cong thic xac dinh day gidng véi cong thirc lugng giac nao ma ta da
biét?
Chu trd 101 14 : g (a + b) = 84180
1—-tgatgh
Vay ta s€ giai theo cach 2.
Giai:
u =3
Ta co: u, +32 -1 (¥)

ot 1+(1-v2)u,

Ta da biét: tg% =J2-1

Vs Vs 2ig- 4
I:tg—=tg(2.—j=—8 :zggzﬁ—l
1

4 8 2 T

_l‘ R

g%
u, +1g—

Tl (*) ta c6:u1,,, = —i(l)
l—u to—
ng8

Theo nguyén 1y quy nap, tir (1) va u, = V3 .suy ra
Suy ra: u, =tg {% +(n— 1)%}

T T T T
Vay: =tg| —+2002— |=tg| —+— |=—(2++3
ay: Usgs g(3 8) 8(3 4j ( \/_)

‘. . L. Co|u, =2u, =8
Bai 6: Cho day {u,} xac dinh béi:
u, =4u, , —u, _,

vas, = Zn:arccotg(uf)
i=1

Timlim S,

n—soo
Nhan xét:
Pay 1a bai toan rit kho vi sir dung kién thirc vé diy Lucas va ham arctg va arccotg.

Ta can biét:

(x+yj

arctg = arctgx + arctgy

I—xy
I+

arccotg( xyj =arccotg (x) —arccotg (y)
y—Xx
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Giai:
-Ta s& ching minh:u; —u,, u, , =4(Vn 2 2)
Thét vay:u, (4u,_, ) =u,_, (4u,)

=, (u, +u,_, ) =u,, (U, +u,_ ) =>u —u

n n+1un—1

arccot gu’ = B, | Uy (U ¥4,
gu, = arccotg| u,| — = || = arccoig| —

— 2 N N
=, U U,y == Uy — Uy,

Ta co:

un - un+1un—1
u u
n+l n + 1
u u, _
= arccotg| ——
un _ un+1 Z/ln un_]
unfl un

Suy ra: i arcotg (uf ) = arcotg( ) Z arcotg( )

i=1 i=2

Ta s€ chung minh rang c6 gidi han boi vi0<u, | <u, = D
u u

n n

Mat khac L 13 day giam, suy ralim —— Yot <
u

n e un
Ma:u, =4u, , —u,_,
= 1 — 4 unfl _ un72 = 1 — 4 unfl _ un72 unfl
un un un un—l un
A = . un—l
Neéu dat: x = lim——
n—ee 1y
n
Sl=dr—x = x=2+3 = lim2L =243
n—e 1y
n

limS, = arccotg(2+ \/g) =—
Bai 7: (Bai toan dé nghi Olympic 30/4/2004)
u = e
Cho day {u,} nhu sau: Ju, = Je
w o, =u’ (Vn=2)

a.Chimg minh rang; 1 <u,<e;Vnel”
e

1

b.Lapday s6 {va} biét:v, = (u,a,..u, ). Timlimv,

n—>o°
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Nhan xét:

Trudc hét ta hiy tra 10i cho cau hoi: Co thé tién hanh lwong gidc hoa cho bai téan
dugc hay khong? Dé tra 101, ta cAn quan sat that ki diéu kién:

Vay ta s& tién hanh giai.
Giai:
a. Ta ching minh u, >0,Vne "
That vy u, >0,u, >0.Gidsu u, >0,Vn=>k.

N&)
. u A
Tacou,,, = ML >0.Vayu, >0,Vne "
k-1

V4

., 3 ﬁ cos
Talaico:ve'” =e? =e ¢
2

1 .4
— COS—
\/2262 =e °

nw

niw
J3 \/;COS? (n+1)ﬂ'

e cos

nrw

COS—
Vay u,=e °,Vnel”

n
o] cos"" A 1a L s p -4 A
Talaico—<e ¢ <c vaham la ham dong bién trén [J .
e

= dpcm

1( 7 27 nﬂj
—| cos=+cos=—+...+cos—
6 6

A — — ,n
b. Taco:v, =4fu,u,..u, =e

Pén diy ap dung cong thic tinh tong cta bai 1, chuwong I, ta co:

1 ( . (2ntl)z 77] 1 () nm
—| SINn————=SIn— .COS SIn——
2nsin£ 12 12 nsin— 12 12
V"I = e = e
(n + 1)72' nit
1 COS————.SIn—— 1
Mat khac ta co: < 12 12 <
nsimn— n.sim-— nsin—
12 12 12
. -1 ) 1
Malim——=lim———=0
n—se0 . T n—eo . T
nsin — nsin —
12 12

Vaylimv, =¢’ =1

n—seo

Ném hoc 2006 — 2007 92



Chuyén dé Lugng gidc va Ung dung

Bai 8: (Tap chi téan hoc va tudi tré naim 2005)
Diy {h,} dugc cho boi didu kiéns, = 1

1-1-1
va h , =4——":Vn>1

n+l 7

bitS, = h;Vnel . Hay chimg minh rang: lim S, <1,03
i=1 n—>c0

Nhan xét:

Bai toan nay néu khong lugng gic hoa thi s& di vao thé bé tic. That vay, vi phuong
phap sai phan khong thé giai quyét bai téan co nhiéu cin nhu viy.

Bay gio ta chi y dai lugng/1-#> , didu nay cho ta mot cam giac gan gidng cong

thite v/1—sin’ x hay J1-cos® x| Vay ta tién hanh giai.

Giai:
Taco: i =%= sin% = sin—— = h, = Sin3£2

Ta s& ching minh rang; h, =sin 37;

e e Y . . T
1a Su rang:sin hk = Sln7

Mat khac:sinx < x; Vx e (0;%)

Neén:S, =Yk =%+sin3i

+...+sin <—+ 2+...+L
) 2" 32" 2 32 3.2"
1 «#
<—+—
2 32

Do S, Ia day tang nénlim S, <+ + - < 1,03

=dpcm.

Bai 9: Cho day {u,} va {v,} nhu sau:

"= ot
5 va R
u,, :7,/1—41—@13 Ywl = v

Chimg minh rang: 2"?u, <7 <2"?v,
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Nhan xét:

Vé6i ddy {u,} ta thay c6 biéu thirc/1— u. , ta nghi ngay dén luong giac hoa bang sin,
COS.
Con ddy {v,}? Cau tra 16i ndm & biéu thirc\(1+v> vav, =1, cho ta suy nghi nén sir

dung ham tg va cotg.
Giai:

.

, 2 . T
Taco:uO:T—smz—z,u1 1- cosz——smz—

. T
=Ssm

. 2
Vay:u, = - 1—cos T S

Tuong tu:v, =1=1g— 22

-1

1+¢ CcoS
g 2n+1 2n+l T

= = =1
Vn T T g 2n+2
g g

2n+l 2n+l

Bing céch xét: £ (x)=sinx—x,g(x)=tgx—x;x€ (O;gj

Ta suy ra:sinx < x <1gx;Vxe (O;%)

Khi do6: sin < <tg 2+
2n+2

k+2
2n+2 2rl+2 2

u, <mw<2""y, =dpcm

Bai 10: (Ky thi qudc gia 1anXXV-1987)

Cho cap s6 cong gom 1987 so hang vé1 s6 hang dauw, = va cong sai la

3974

Tinh gid tri: S = ZCos(iu1 iyt )0 dO tong Z chira tat ca cac sb hang ung

vGi tat ca cac cach khic nhau c6 thé dwoc dé lay ddu cong hay trur trudc céc

SOUY Uy ey Uygg
Nhén xét:

Ta thay rang s6 1987 1a ¢ ¥ cho tring v6i nam thi. Diéu d6 chimg to c6 thé tong quat
hoéa bai téan. Doi khi viéc nay khién bai toan d& dang hon va khong con che gidu nhu bai téan
nguyén thuy.

Giai:

Ta s& chimg minh tir bai téan tong quat hon. Bai toan thuc chat 1a:

‘v’{u‘j}f (ki hiéu day) > cos(Fu, tu,... £ 1, ) = 2".ﬁ cosu,
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Ta chimg minh bang quy nap:
Véin=1:
cosu, +cos(—u, ) =2cosu,
Véin=2:
cos(u, +u, )+ cos(u, —u, )+ cos(u, —u, )+ cos(—u, —u,)
= 2cosu,.cosu, +2cos(—u, ).cosu, = 4cosu,.cosu,

Gia st bai téan dang véi n, khi do:

n+l n
n+l _ n
2 I Icosuj —2(2 . cosujjcosu,Hl

= j=

= 2[2 cos(Fu, £u,... 1, )] cosu, .,

= cos(fu, u,... Uy, )
1987
Trd lai bai toan ta ¢6: S = 2" [ J cosu,
j=!
Do {u;} la cap s6 cong nén:
7 19857 &

—u +1985d ="+ -
*os =t 1987 © 2.1987 2

Bai 11: (Ki thi quic gia 1an XXVII - 1984)
Cho day $6 Uy, Us... nhu saw:u=1, W=2,Up41=3Uy-Up. .
Diy s6 vi,vs...duoc theo quy luat: v, = Z arccot gu,
i=l

Hay timlimv,

Giai:
Trude hét nhan xét réng day uj, u,... chinh 1a céac sb hang 1¢ cia day Fibonaci:1,1,2, 3,
5,G01 déy dola tl,t27 t3,t4.

Taco:t, =t, =1vat,, =t +t (n>1)
a. Trudc hét ta chitng minh rang:
arccot gt, —arccot gt, —arccot gt, —...—arccot gt,, ., =arccotgt, ., (1)

That vay theo cong thirc cdng cung ta co:
Lt

2n"2n+l1 +1

t

t, t
= arccot g 22 Chi y la:

arccotgt, —arccotgt, ., =arccotg
2n1 g 2n-1

thrl 'tm+2 - tm 'tm+3 = (_ l)m
Néuditm=2n—1thit, t,  —t, 1., =—1
TU d6:2,,.L,,,, +1=1t,, Ly,

2n+1

Suy ra: arccot gt,, —arccotgt, ., = arccot gt, ., (2)
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Trong (2) lan luot thay n=1,2,3,... 1ol cong lai s€¢ dugce (1).
b. Tu (1) suy ra:

n

arccot gu, — Z arccotgu, = arccotgt, .,
i=2
Do:lim¢,,,, = +eo nén lim arccotgt,, ., =0

n—>o0

Twr d6 suy ra limﬁz arc cot gul.j = arccot gu, = %

i=2

NG

VA
+===
4 2

n—soo ‘
i=2

Vay:limv, = lim(z arccot gul) =
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PHAN III: LUQNG GIAC UNG DUNG GIAI TOAN PAI SO

CHUONG 1: MOI QUAN HE GIUA PAI SO VA LUQONG GIAC
Luong giac va dai s6 14 hai bd mon ciia toan hoc, nhin bé ngoai thi ¢6 vé nhu 1a khong
lién quan dén nhau nhung thyc sy 1a chiing c6 mdi lién hé mat thiét voi nhau. Mot sb bai toan
luong gidc néu giai theo nhitng bién d6i luong giac thong thuong dé dua vé phuong trinh co
ban thi rit mat thoi gian va c6 thé 1a s& giai khong duge. Trong khi d6 néu giai bang phuong
phap dai sb thi nhanh hon va trong dai s6 ciling vay,ciing nhiéu luc can phai nho dén luong
giac. Ta s& xét mot sd bai toan sau dé nhin thiy dugc mbi lién hé giita lugng giac va dai sb.

BAI 1: PHUONG TRINH

Bai 1: Giai phuong trinh

2) \/1+M=x(1+2 1—x2).
b) \/l+m[\/(l+x)3—\/(l—x)3}=2+m.

Loi giai
a) Diéu kién xac dinh:1-x* >0 & —1<x<1 .

Pat x=sint véi te| -2, 2
272

Ta c6 phuong trinh:

V1+cost =sint(1+2cost)

<:>\/§(:os£=2sin£COSi 1+2 1—2sin21
2 2 2 2

SN 3sin£—4sin3£=£
2 2 2

(:)sin3.£:sin£ (1)
2 4

Giai (1), két hop vai didu kién —% <t< % ta duoc

b) Patx=costvol 0<t<r.
Ta c6 phuong trinh:

J1+sint [\/(1+Cost)3 —\/(1—C0st)3 } =2++/1-cos’t
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Chuong 1: M6i quan hé gita dai sé va luong gidc

<:>\/ —+Cos —+2$1ntCosl Cos3£—sin31 2x/§=2+sint
2 2 2 2

= (Cos2 %—sin2 %j(2+sint)\/§ =2 +sint
s (2+ sint)[ﬁcost-l} =0 )

Vi 2+sint >0 nén phuong trinh (2) c6 nghiém la

Cost=L tecla X= Q
2 2

Nhan xét: v6i nhitng bai todn ta thiy diéu kién dé phuong trinh c6 nghia 1a xe [~1,1]thi ta
nén dit x=sint hodc X = cost dé dugc phuong trinh don gian hon.
Bai 2: Gidi phuong trinh
2(tgx-sinx)+3(cotgx-cosx)+5=0
Loi giai

.2 oA . kﬂ' 2 < A \
biéu kién sinx.cosx #0 & X# Tphu(mg trinh vi€t thanh

—1)+3cosx(— !
cos X sin X

2sinx(

~1)+5=0

2sin’x(1- cosx)+3cos’x(1-sinx)+5sinx.cosx=0

& 2sinx[sinx(1-cosx)+cosx]+3cosx[cosx(1-sinx)+sinx]|=0

& 2sinx [sinx+cosx-sinx.cosx | +3cosx [cosx+sinx-sinx.cosx | =0
(2sinx+3cosx)(sinx+cosx-sinx.cosx)=0

- 2sin X+3cos X=0 ()
sin X+ cos X—sin X.cos X=10 (b)

Phuong trinh (a) c6 hg nghi¢m thda tgx = —%

S X= arctg(—%) +krz
Pé giai (b) dat t=sinx+cosx = t*=1+2sinx.cosx nén(b) viét thanh

t -1 {t:uﬁ (loai)

t—-—=0 o t’-2t-1=0
2 t=1-+2

Suy ra \/Esin(x+§) =1-2

:sin(x+jj 1 \/\5/_
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r . (1— 2]
X:Z+arcsm + Nnvr

Np)

X:3—ﬂ—arcsin 1_\/5 +nvr
1 V2

Bai 3: Tim nhiing nghi¢m cua phuong trinh

32X(X2 —1)(2X2 —1)2 = l—i nam trong khoang (0;1)

Loi giai
Diéu kién xe (0;1)
Pit x = Cost Vi te (o;%j
Ta c6 phuong trinh
32cost (coszt - 1) (20052t - 1)2 =1 —L
cost

< 8sin’ 2tcos?2t = 1— cost
& cost=1-2sin’4t
& Ccost=cos8t

Giai phuong trinh (1) két hop véi didu kién 0<t <~ ta duogc cac nghiém

[ 27 i 2
7
27
t=— = X=C0S—
9
4 4
t=—2 X=C0S —
i 9 9
Bai 4: Giai phuong trinh
L1 4
1-V1-x  1+41-x  +1-x
Loi giai

bat x = cost (0<t<7)

Phuong trinh da cho tr¢ thanh

L1 4B
1-v1-cost 1++/1—cost ~/1—cost
] ] 43

< i t - t
l—ﬁsing 1+\/§sin5 x/EsinE

(do 0<£<£ nén sin£>0 )
2 2 2

véi|x <1

(1)

Nhom hoc sinh lop 11A1 99
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2 N
it t:\/— t
1-2sin’—  /2sin—
Sin 2 SlI'l2
YN 2 o= 6 <:>2\/€sin2%+sin%—\/g=0
2

1-2sin”“ — sin—
2 2

bit X = xin%(0< X <1)

Ta c¢6 phuong trinh bac hai

2J6 X2+ X =J6=0

G
=N 42
X =——
o Je
Vi (0< X <1) nén: sin£=£
2 4
Va X200st=1-2sin2£:1—§:l
2 4 4

Vay phuong trinh da cho c6 nghiém duy nhat 1a: x= %

Bai 5: Giai phuong trinh
2\* IPYAY
Ita ) _|1-2 =1 (0<a<l)
2a 2a
Loi gidi
Phuong trinh da cho tuong duong voi:
1-a’ Y 1+a’ Y
+1=
2a 2a
. . 1+a’ )
Chia hai v€ phuong trinh cho 5 # 0 ta dugc
a

1-a ) 2a '
7| T | =1
1+a 1+a
. t V4 . 2 ol
bat a=t95(0<t<5j thi (1) tro thanh:

X X

1—tg21 2tg1
2, 2

=1
t t
1+tg® — 1+tg* —
g 2 g 2

= (Cost)x + (sint)X =1

&S xX=2
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Vay phuong trinh c6 nghiém duy nhat: x =2
Nhan xét:bién ddi biéu thire dai s6 thanh dang cong thirc lvong giac cong voi diéu kién bai
toan dé ta co nhiing cach dit cho thich hop.

Bai 6: Gidi phuong trinh
1 2sin?x T
(—) +sin — =cos2x+log, (4 cos’ 2X —Cos6x—1)
2 6
Loi giai
Phuong trinh c6 thé viét lai:
PAREG -+—%=Cos2x+log4 (3cos2x —1) (1)

Piéu kién: Cos2x>§ . Pat y =cos2x , diéu kién %< y <1
Phuong trinh (1) tr¢ thanh

2yt +%: y +log, (3y —1) & 2Y +1=2y +log, (3y —1)

bit t =log, (3y —1) & 2' =3y —1. Diéu kién: %<y <l=>t <1

|2V =2y +t -1
Ta co hé
2 =3y -1
Trir theo timg vé ta co: 2¥ +y =2 +t 2)
Xétham f (z)=2" +z phuong trinh (2) c6 dang f (y)=f (t) (3)

Rorang f (z) dongbiéntrén [, suyra (3) &y =t
Thay vao hé phuong trinh cubi ta co:
2'=3t-12"-3t+1=0 4)
Xétham g (t)=2"-3t +1. Tap xac dinh [ .
g'(t)=2"In2-3, g'(t)=0et=t,=log,3-log,(In2).
Phuong trinh (4) khong c6 qué hai nghiém
Lai thdy g (1)=g(3)=0.

t=1
Suy ra phuong trinh (4) c6 nghiém la [t

t=3 (loaidot<1)
Vayt =1y =1 cos2x=1 < x=kr kel

Bai 7: Gidi phuong trinh
x3+4/(1—x2)3 =x2(1-x7)

Loi giai
Piéu kién: —1<x <1
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. X =Cosa |
t
¢ aeD =(0;7) D

= 1-x*=sin’a,sina>0
Phuong trinh ddu tré thanh cos’a+sin® a =+/2cosasina . (2)
Dit tiép t = sina -+ Cosa=+/2cos (%—aj (3), diéu kién |t| <2

Suy ra:
t* -1

t? =1+ 2cosasina = Cosasina=

2

t? =cos’a+sin’a+3t cosasina=t’ =cos’a+sin’ a+3t

3t -t
2

o cos’a+sin’a=

: PR i S S |
Phuong trinh (2) tr¢ thanh 5 = 5 V2

SV -3t -2 =06 (t-2)(t+V2+1)(t+42-1)=0 (4

R =0 t=\2
Do <2 nén (12) & (t—+2)(t ++2-1)=0 Ll_ﬁ

Véit =2 thay vao (3) ta co:

ﬁms(%—aj:ﬁ@ms[%—

I@a—Z:kZE(:)a:£+k27z
4 4

Thay vao (1) ta cé X =cos(%+k27z)=72.

Véit =1-+2 thay vao (1) ta co:

sinacosa=1-v2 < x/1-x2 =1—x/§<:>{

-1<x <0
X —x2+3-2J2=0

~1<x <0 \/2(1+m)

SN, 18211 X =~ 5
X' =

\/2(1+m)

2

Vay phuong trinh da cho c6 tap nghiém la 7; -

Bai 8: Giai bat phuong trinh
X 35
> —_
-1 2

(1)

Loi giai
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Tir vé trai cua (1) ta thdy x phai thoa man cacdiéu kién x>0 va x* —1>0. Két hop hai diéu

kién lai s€ la Xx>1, suy ra 0<l<1.
X

it 1 = cost Vo 0<t<%, bat phuong trinh (1) tré thanh

X
! + _1 >3\/§(:)2(5int+00st)>3\/§sint00st
cost sint
Lai dit u=sint+cost ta duoc: 2u>¥( 2—1)
5 3
S350 -4u-35<0 L <u<— 2
3 NG (2)

Vi U =sint +cost =2 cos (t —%) nén tur (2) ta co

V10 < cos (t —zj < 3 (3).
6 4 10

Mt khac tir didu kién 0 <t < %

Taco ——<t—z —Va—<cos( —£]<1 4)
4 4
2 [ ﬂj 3
T (3)va(4)suyra: —<cos|t—— |<— 5
(3) va (4) suy > 2 )< 7o (5)
bat ¢—arccosi COS(p—i sin@ = 1—2 L
' Jio Jio 10~ J10
Bét phuong trinh (5) tuong duong véi:
(o<t—£<z (/,+Z<t<£
4 4 4 2

=
- T T
—<t——<- O<t<—-
4 4 ¢ 4 ¢

Do tinh nghich bién ctia him cosin trén {oﬂ

Nén ta co:
V4
0 < cost<cos ((o + Zj
V4
cos (Z - ¢)) < cost<1
Trong do:
COS(Z—(oj:CoszCosqp+sin£sin(p=£( 3 + ! j=2x/§
4 4 4 2 (V10 J10) 5
4 2 \J10 Vio) 5
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1 1
Tl 0 < Cost<—— suyra X=——>>+/5
Cost

J5
25 J5

Tu 5 < Cost<l] suy ra 1<x<7

Tom lai, nghiém ctua phuong trinh (1) la: (1; \/gJ ) (ﬁ, +oo)

2
Bai 9: V61 nhiing gia tri ndo cua tham sb a bat phuong trinh sau day c6 nghiém
\/a+\/§+\/a—\/§£2 (1)
Loi gidi

Diéu kién: x> 0,a+\/§20,a—\/§20, suy ra aZ\/;ZO

Khi a=0 ta co: \/\/; +\/—\/;SZ(:> Xx=0
\/_

Khi a>0, tur OS\/;Sa suy ra OS—XSI
a

bat \/;:amst voi OStSE.Khldo

(n = \/a(1+00st) +\/a(1—00st) <2

=+/2a Cos£+sinl <2
2 2
—cos| LT <L 2)
2 4) Ja
Bai vi: OStSz,suyra —ZSL—ZSO
2 2 4

Khi d6 bat phuong trinh (2) c¢6 nghiém néu Q < 1 ,
2" a

Téng hop céac két qua ta thiy diu kién dé bit phuong trinh (1) c6 nghiém 13:0<a<?2

tacla 0<a<2

Bai 10: Giai va bién luan phuong trinh theo tham sé m
2\/m+x—\/m—x:\/m—x+,/x(m+x) (1)
Loi gia
m+x=0
s -m<x<m
bicukién <m-x=>0 < & 0<Xx<m (2)
x>0, m=0
X(m+x)=0

1) Khi m=0:(1) & 2JX - xJ/=x =y -x+ /% & x=0
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2) Khi m>0:(2)e0<><1
m

Dit x=mcosa , o€ {0,%} 3)
Khi do:
(1) @2\/m(1+cosa)—\/m(1—cosa)

= \/m(l —cosar) + \/mZCosa(Hcosa)

& 241+ cosa —+/1-Cosax = \/(I—Cosa)+\/005a(1+cosa)

& 4(1+cosa) —4\/(1+ cosar)(1—cosr) = \/Cosa(lJrcosa)

PN 4(\/1+00s05 —\/l—msa) =Jcosr

< 32 —cosa=32+1-cos’a

< 1025¢c0s*cr — 64cos =0

cosa=0
= 64
cosa=——
1025
Luc do (3) cho nghiém
X=0 hodac x= 6d4a
1025
Két luan:
X X . A 1s - 64a
Néu m=0thi (1) cé nghiém la x=0 hodc X= 1035

Néu m<O0 thi (1) vo nghiém.

Bai 11: Giai phuong trinh
3cosdx+ 5= 8(sin1°x+ cos'’ X)
Loi giai

bit u=sin’ X ,V=_Cos*X

=cos2x=u-v , utv=l
Ta co:

cos 4x = 2cos’2x—1=(u —V)2 -1

sin'® X+ cos'"x=u’+V°

:(u+v).(u4 —PV+UEV —uV +v4)

ut +v* —uv(u2 +v2)+u2v2

(u+v)
(v +v2)2
(

—uv(u2 +v2)— uv?

1- 2uv)2 uv(1-2uv)-uv?
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=5u°V’ =5uv+1
Vay phuong trinh can giai twong duwong véi

3((u—v)2 —1)+5 =8(5uV: —5uv+1)
5—12uv:8(5u2v2 —5uv+1)
40(uv)> —28(uv)+3=0

bat uv =y ta dugc phuong trinh bbac hai
40y* -28y+3=0

_7+\/E

="
y 7419
? 20

ViO<y,y,<ldodo6uvco thé nhan mot trong hai gid tri trén.

7+419
20

Voi y=

ta duoc

7+4/19

20

7+\/E_
20

cos’Xsin’® X =

< sin? x—sin’+ 0

Pay 1a phuong trinh tring phuong di biét cach giai. Twong tu cho trudng hop con lai.
Nhén xét: dbi nhitng phuong trinh bac cao ta nén ding cong thirc ha bac dé dugc nhing
phuong trinh co ban da biét cach giai.

Bai 12: Giai va bién luan phuong trinh sau
sin?[ x+ 7 |+ 3lcos? | x+7Z | = mifcosix + 3 Ccos2x
4 4 B
Loi giai

V&i moi gia tri ciia m thi Cosx=0khong thoa méan phuong trinh. Chia hai vé ciia phwong trinh

2

cho 3 Cos™ X

ta duoc:
. + 2 . 2 c 2X . 2X
J|[ sinx-+cosx s sinx-cosx | _|Cos sin” X _ mi/z
CosX COSsX cos’X

=N i/(1+tgx)2 +§/(1—tgx)2 —Y1-tg’x =mi2
bat u=3/1+tg , v=3/1-tgx

Khi d6 ta co hé
u>+v: —uv=mi2 .
s s *)
u+v =2

a) voi m=0 thi (*)v6 nghiém nén phuong trinh da cho v6 nghiém.
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b) véi m# 0 thi (*)
WV —uv=mi2

2
Uut+v=—=—

mi/2
13

Vv=—--—u
m
3 P(2-m

o 3, 2
m 3m

A:2V§(2m2—1)

3m’

1
) Véi m<——
N7
co\ o | . 3
i) V6i m>—= thi tgx=(u,, -1) =tge,

2

phuong trinh c6 nghi¢m: X=¢,, + k7 trong do:

_ﬂ+L 2%(2m3—1)

" 2m” 2m 3m’

phuong trinh vd nghiém

1,2

Bai 13: Giai phuong trinh
tgx+tg’x-+tg’ x+cotgx+cotg’ x+cotg’ x=6
(1)
Loi giai
Diéu kién : {sinx;éo = Xik—ﬂ
COSX#0
Vi diéu kién trén thi :
(1) & (tgx+cotgx)+(tg’x+cotg’x)+tg’ x+cotg’x)=6
& (tgxt+cotgx)+H[(tgx+cotgx)’ -2]+[(tgx+cotgx)’ -3(tgx+cotgx)]=6 2)
bat tgx+cotgx=t voi |x| =2 thi
Q) & t+(t?-2)+(t’-3t)=6
& tP+t7-2t-8=0
& (t-2)(t*+3t+4)=0
& t=2 Vit*’+3t+4>0)
& tgxtcotgx=2

sin X cos X
+ =2

cosX sinX

& sin2x=1 @x=%+k7z (kel)

Nhom hoc sinh 16p 11A1 107



Chuong 1: M6i quan hé gita dai sé va luong gidc

BAI 2: HE PHUONG TRINH

Bai 1: (X,y,Zz)la nghiém cta h¢ phuong trinh:
x=y(4-y)
y=12(4-2) Tim tat ca cac gia tri ma tong S= X+ Y+ z ¢6 thé nhan dugc.
z=x(4-X)

Loi giai
Gia sfr(x, Y, Z) 12 mot nghiém da cho. Cong cac vé clia cac phuong trinh cua hé, ta dugc:
3s=X+y'+72 20 =s>0
Vi >0 nén trong 3 s6 X, Y, Z phai ¢ it nhat mot s6 khong am, ta ¢ thé coi rang x>0 . Tir
phuong trinh dau cua hé
y(4-y)=x=0
Suy ra 0 < y<4. Bing phép hoan vi vong quanh, ta thaiy0 < x,y, z< 4
Do vy, ta c6 thé dit x=4sin & voi oms%.
Tur phuong tring thir ba, suy ra
z=4sin’ a(4 —4sin® 0() =16sin” acos’a = 4sin’ 2«
Va tir phuong trinh thir hai
y = 4sin’ 20(4 —4sin’ 2a) = 4sin’ 4ar
Cubi cung tir phuong trinh dau
X =4sin’ 40r(4—4sin’ 4c) = 4sin’ 4o
Nhu vay « 1a nghiém cua phuong trinh

sin’ 8¢ =sin’* o < cosl6a=cos2 &
Suy ra

1) 160{=20{+2k7z:>0{=k7”(keﬂ)

Nh6 ring OSO{S% nén k chi co thé 1y 4 gia trj 0,1,2,3
a) Voi k=0,tacoa=0, vay
S=X+Yy+2=4(sin’ o +sin’ 2 +sin’ 4) = 0
b) Véi k=1,2,3, ta dugc cung mot gia tri S

. , 27T , 37
S=X+Y+z=4|sin’ +s1n —+sin" —
7 7 7

2) 1605:—2a+2k72:>05:k§ (kel)

Do 0<a< % , nén k chi ¢6 thé 14y mot trong 5 gié tri 0,1,2,3,4

a) Voi k=0, tadugc =0, vay s=0
b) Véi k=1,2,4, ta dugc cung mot gia tri S
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. , 27T , 4r
S= X+ y+z=4sin’ +s1n —+sin" —
9 9 9
c) Véi k=3, ta dugc

(. , 27 247:)
S=X+Yy+2z=4|sin®> =+sin’ == +sin’ —
3 3 3

Két luan tong s nhan mot trong cac gia tri sau day
s=0 (xdy rakhix=y=2z=0)
S=9 (xdyrakhi x=y=2z=3)

. ) 27 , 37
S= X+ y+z=4/sin’ +s1n —+sin"—
7 7 7

. , 27 , 4r
S=X+Y+2z=4|sin’ +sm —— +sin®* —
9 9 9

Bai 2: Giai hé phuong trinh sau:

{x\/l—y2 +y1-x =1

(1-x)(1+y)=

Loi giai
Piéu kién: ~1<y<1l;-1<x<1
bit: X=Ccosar y=cosf vé6i o, [0, 7]
H¢ phuong trinh da cho tr¢ thanh:
cosasinf+cosfsinar=1
(1-cosar)(1+cosf) =
sin(a+f) =1 a+ ="
= { ( 'B) = p 2
(1-cosa)(1+cosf) =2 1 - cosatsina-sinacos f=2

2

- . ) /4 ..
bat t=sina - cosa=+2 sm(a—zj ,2ta co sin acosa:T

Thay vao phuong trinh thtr hai cua h¢ ta dugc:

1-t?

t— —-1=0=t*+2t-3=0

t=1 va t=-3 (loai)

Vay: sin(a —%) = L

@azg (doO0<a<rm)

Tu: 0(+ﬂ—2 suyra =0

Khi d6: x = cosa=0;y=cosf=1
Véy hé da cho c6 nghiém duy nhét: (0;1)
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Bai 3: Giai hé phuong trinh
2X+Xy=y
2y+yz=z2
27+ 7°X=X
Loi gidi
Hé phuong trinh di cho c6 thé viét thanh:
2X= y(l—xz)
2y = z(l—yz)
27= x(l—zz)
Tir 46 dé thdy rang x# +1,y # +1,z# +1.do d6 ta c6
_2Xx
1-%°
z= 2y2
1-y
= 2z
1-7

V4 V4
bat x:tga:a¢iz+ krz,3+ kz tacod

= Zth; =192
1-tg°«

:—2tg§a =tg4o
-t 2

:M:tgga
1-tg 4o

Do dé ta c6 phuong trinh
tge=tg8ax = 8a=a+kr=> o = k%

chok =0,1,2,3,4,5,6 ta dugc cac nghiém cua hé phuong trinh la

T 2w 4 27 iy V4
0,0,0),| tg—,tg—.,tg— |[,| t tg—.,tg— |,
( )(97 g=-tg Mg 9 g7j

7 7
RY/4 6r . Swm dr 7w | 2w
t_:t_:t_’t_:t_’t_:
(97 g7 g7j(g7 g7 g7j
Y/ RY/4 6 6 S RY/4
tg—,tg—.tg— |,| tg—,tg—.tg—
(97 97 g7j(97 97 97)
Bai 4: Giai hé phuong trinh
_ 2
x:1 %
I+y
y_1—x2
1+ X
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Loi giai
Nhan xét rang: —1-y* <1-y> <1+ y’suy ra

2 2

—1<1_y2$1 = -1<x<1 :>O$y=1_X2$1
I+y I+X
-y
Tuongtutaco —-1<y<l =0<x= =<1
I+y

Pat x =tgt; y = tgz, tir diéu kién trén thi 0<t, z< %

Heé phuong trinh da cho c6 thé viét:
tgt = cos2z sint = costcos2z
=
tgz=cos2t sinz=coszcos2t

{2 sin tcost=2cos’tcos2z

2sinzcosz=2cos”zcos2t

sin 2t = (1 + COSZt) Cos2z sin 2t —sin 2Z = Cos2z-cos2t
sin 2Z = cos2t+cos2tcos2z

sin2z=(1+cos2z) Cos2t

. V4 . Vs
sin 2t + cos2t=sin2z+cos2z sin| 2t+= |=sin| 2z+~= |(1)
& 4 4

{sinZzzcos2t+c052tc0522 .
sin2z=cos2t+cos2tcos2z (2)

Tir phuong trinh (1) ciia hé phuong trinh cudi cing trén day ta co:

2t+£:22+£+ k27
2t+£=ﬂ'— 22+£ + k27
4 4

a) voi 2t+%:2z+%+k27z =t=z+kr=tgt=tgz hay x=y

Thay véo hé phuong trinh dau ta dugc
2

x=1Y
C1+y X+ X +x-1=0
> A PSR S
_1-x y+y +y-1=0

1+ %

Hé phuong trinh cudi vira méi nhan duoc ching to x va y ¢ vai trd nhu nhau va 13 nghiém
cua phuong trinh X’ + X* +X—1=0 (3) néu phuong trinh nay c6 nghiém. Do diéu kién ban
dau 0< x<1 ,dé xét s6 nghiém ctia phuong trinh (3) ta xét ham s§ f(X) = x> + x> + x—1 trén
doan 0<x<1.

Boi vi v6i 0< x, < x, <1thi
fOo) - F(X)=%"+%>+% X’ =%’ =X

= (% = X)X X+ X7+ X +X +1)>0
Tacla f(X) dong bién trén doan 0 < x<1. Ta lai nhan thay
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f 1 =—l<0 ; f 2 =£>0.
2 8 3) 27
A LE Lk ] 2
Vay chdc chan co gia tr1 X, V015<X0<§ lam triét tiéu f(X).

Gid tri X, chinh la nghiém ctia phuong trinh (3). Thir ta thy X, = %

b) Vi wn+Z =224 % |+ kon
4 4
Thay vao phuong trinh (2) ta c6:

sin2Z=sin2Z+sin 27C0s2z < sin4dz=0 < zzmz
X po 2o ‘n T
Két hop voi diéu kién 0< z<— ta dugc:

. T
z=0 va z=—
4
X=

Vo1 z=0=y=0 va 1

Vai z:%: y=1va x=0

Toém lai hé phuong trinh da cho ¢6 ba nghiém
X=X, x=1 x=0 . 6
; ; Vol X, = —
y=X y=0 y=1 11
Bai 5:
Giai va bién luan hé phuong trinh
Ix +4Jy =a
X+Yy —4/Xy =a
Loi giai
Piéu kién x >0,y >0. Tir phuong trinh thir nhat ta thiy néu a<0 thi hé vo nghiém. Néu

(1)

a=0 taco:

ox=y=0

{«/;h/?:O
x+y—\/W:0

N 2> 0 hi VK 4y =a e LYy

bat £:Coszt,ﬂ:sinzt , voi 0<t S%.
a a

Khi d6 tir phuong trinh thir hai cua hé da cho ta dugc:
a’cos’t +a’sin‘t —a’sin’t cos’t =a (2)

sa’ {1—%sin2 2t} —as a{l—%(l—msm)} =1

&-5a
3a

& cosdt=
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Vi 0<t s% thi —1<cosdt <1, do do phai co didu kién

1<37® 1 L1<ax<a.
3a
Tu (2) ta co:
cos’t +(1—Cos2t )2 —(l—Coszt )Coszt _1
a

o 3+ 12-3a

< 3cos*t —3cos’t +——=0<cos’t = c a
a

- [3air4/3a(4—a)}2 [3a$,/3a(4—a)}2

= X =a’cos’t Y =
36 36

Tém lai: Néu 0 2a<1 hodc a>4 thi hé (1) vo nghiém.
Néu a=0 thi hé (1) c6 nghiém duy nhit x =y =0.
Néu 1<a<4 thi hé (1) c6 hai nghiém:

[3a+4/3a(4—a)}2 [3a— 3a(4—a)}2 . [3a— 3a(4—a)}2 [3a+4/3a(4—a)J2

2 b 2

36 36 36 36
Bai 6:
Giai hé phuong trinh
X+a’=y +b’ =(x—b)2 +(y—a)2
Loi gidi
s e JJASIR :
bata+x =R = nén ta co thé dat
X<|R
=R
{X s ael0%180°]
a=Rsin¢
=R
Ta ciing dugc :b* + y> = R® nén tuong tu {EZRS;O,Z’IB véi fe [00;1800]
=R :(x—b)2 +(y—a)2
&R =( RC()SO(—Rsin,B)2 +( RCos,B-RsinO{)2
_an0
= sin(a+ f) :lzsin30° o a+f=30
2 a+ B=150°
Véi a+pB=30"= B=30" -«
=y= RCos(300 —a)
= R(005300C05a+sin300 sin 0{)
_x3 a ()
2 2
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Chuong 1: M6i quan hé gita dai sé va luong gidc

b= Rsin = Rsin (300 = 0() = R(Sin30°Cosa-sin0(cos30°)

X af3

A el 2
2 (2)
T (1) va (2) ta suy ra nghiém cua h¢ la
x=2b+a\3 , y:2a+b\/§
Véi a+p=150"= B=150" -«
y = Reos (150° — &z) Reos150° cos ez +Rsin150°.sin &
X3 a
) 3)
b= Rsin(lSO0 —0() = Rsin150°.cosa — Rsin .cos150°
_x,af3 @
2 2

Tur (3) va (4) ta suyra nghiém cua h¢ la:
x=2b-a3, y:2a—b\/§
Nhan xét: phuong trinh trén giai bang canh dat R® = (x— b)2 +(y- a)2
x=Rcosax {y: Rcosf3
va

dé suy ra dang luwong gidc
y ang luong g { b=Rsin

a=Rsina
Bai 7:
Giai va bién luan theo m hé phuong trinh
{\/xz+y2 +\/x2—y2 —m
Loi giai

X+y=0

x—yzo(:)x2|y|

Pidu kién {

V&i m=0 ta thdy hé phuong trinh c6 nghiém x=y =0
Véi m#0 tacod

-Néu m>0 thi X+y>x-y< y>0

-Néu m<0 thi x+y<x-ye y<0

Két qua trén ching t6 y va m ludn cung du

IM<R

| |<Rvéi R>0
y| <

bit xX* + Yy’ =R2:>{

Nén ta c6 thé dat
X=Rcosar, y=Rsina (R>0)

=y va m cung ddu nén sina va m cing dau
X2 |y| =0 nén Cos = |sin a|

Do d6 h¢ phuong trinh tr¢ thanh:
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Chuyén dé Lugng gidc va Ung dung

\/ﬁ (\/Cosaﬂrsina - \/Cosa-sina) =m

R(1+\/Cosza—sin2 a) =m
ZR(Cosa-\/cosza— sin’ 0() =n7
=
R(l-f-'\/COSZOt—sin2 0() =nr

1)
(2)

(m=0)

= 1++/2cos’a—1= 2(Cos05-\/2005205—1)

< 3y2cos’a—1 =2cosa-1

2cosa-1=20

9(2c0520(— 1) = 4cos’a —4cosar+1

Cosar > l cosa=-1
= 2 =

7cos’cr + 2cosa-5=0

Ta nhan 0050522 = sin’ @ =1-cos’ar = 24
7 49

sinazg néu m>0
—
sina:—g néu m<0

(diéu kién cosa > [sine] dugc thoa)

2
Tu (2) :R(l+%j:m2:>R7r; do do:
7m* 5 5nY
X = Rcosa= ==
8 7 8
7m 246 Jen?
. 8 7 4
y=Rsina =
7t 26 e
8 7 4

cosa=—

(loai)

néum>0

néu m<0
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Chuong 1: M6i quan hé gita dai sé va luong gidc

BAI 3: MOT SO BAI TOAN KHAC
Bai 1: (Tap chi Toan hoc va tudi tré)
Tim gia trj 16n nht cua
a b Jabc

+ +
a+bc b+bc c+ab

a,b,cel]” vathdoamin a+b+c=1

Loi giai:
Trude hét ta c6 nhan xét
ab
a_ b +\/ab le+ lca+ ;b
“a+bc btbc ctab 142¢ @ &
a b Cc
. bc , ac , B
bait —=tg°— ; —=tg°— ; O<a,fB<~7
e I
Chuy: l=a+b+c
S FW (ois
1- tg—tg
Suy ra: ,/@:ﬁ cotg[%ﬂ)
Cc
tg = +tg s
g2 g2
Do do: 0{+,6’<£ Vé,/@ztgy
2 2 c
(y=m—(a+p)e(0,7))
1 1 tg%
Boivay: A= 0{+ ,3 p
1+tg> —  1+tg’ 1+tg* =
g > g g 5
= cos’ +Cos2£+s1n =1+ l(Cosoz+cos,6’+sinj/)
2 2 2 2
V4 V4
z o B, VT5 Ty
Ma ta lai c6: Cosa+cosf+siny +sin— = 2C0s —.Cos — + 2 sin .Cos
3 2 2 2 2
y.
S2Cosa+’8+200s 3
2 2
0(+,8+7/-£

< 4COST3 = 4Cos% = 2\/5

Vay AS1+%(2I—§J:I+£

4
Ding thirc xay ra lhi va chi khi
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Chuyén dé Lugng gidc va Ung dung

o= ,6’7/——” tuc la

\/j tg—=ﬁ

e a=b=2/3-3;c=7-43

Bai 2: Cho 13 s6 thuc a,4,,...,a, khac nhau timg d6i mot. chimg minh ring ton tai a, va

a —a,
a., 1< j,k<13 sao cho 0<— 2-43
1+aa, V2+\f

Loi giai

bat a =tgx;ie (—% Ej i =1,..,13 Khong mét tong quat, gia sir & <a, <...<a,
Khi d6 —§< X <X, << X5 <%< X, + 77 .Doan [x, X + 7| dwoc chia thanh 13 doan bai cac
diém X5, Xgseey X3 . VAY tdn tai doan c6 do dai< %

, T 7
Neéu 0< x — <—<— 2,...,13}) thi
éu 0<x —X_ 13<12(| {2,..,13}) thi

/4
0<tg(x —x_)<tg—
<tg(x —x_)< 95

ot o7

0
< 1+tgx tgx_, 12 )

Néu chi c6 0< (X +7)— X, s%<1 thi

12
4 a-a, 4
O<t - tg— 0<———<tg— 2
<tg(X +7-X;)<tg— 0 a9y (2)
7 2-3
Mait kha t——t ——= |+ 3
siaie o= - Jo 23 *
Tu (1), (2), (3) suy ra dpcm.

Bai 3:
Cho X+ Y+ z= Xyz ching minh rang:
X(y? =1)(Z =1)+y(Z -1)(X* =1)+ z(x* -1)(y* = 1) = 4xyz
Loi giai:
Xét hai kha nang sau:
1.Néu xyz=0 = it nhat mot trong basé X, y,z=0.
Giai sit x=0, khi d6 tir gia thiét suyra y+2z=0

Luc nay
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Chuong 1: M6i quan hé gita dai sé va luong gidc

VT =y(1-Z)+2(1-y’)=0=VP
Vay ding thirc ding trong truong hop nay

2. Néu xyz# 0. Khi 4y dwa ding thirc can ching minh vé dang tuong duong sau

y’ -1 zz—l+x2—1 zz—l+x2—1 yz—lz
2y 2z 2x 2z 2X 2y
Dit x=tga, y=tgp,z=tgy . Tir gia thiét suy ra
tgar +tg S +1tgy =tgatg Stgy
Suyra a+f+y=krkell
=2a+2[+2y=2krn
Tu (2) suy ra:
cotg2acot g2 +cot g2 cot g2y +cot g2y cot g =1

1

_ 2 _ 2
Chii § I cot g2 = -9 % 12X .
2t 2X
) 2
cotg2f = I-lg p = -y
2tgp 2y
_ 2 _ 52
Va cotg2}/=1 9 7/=1 z
2tgy 2z

Tur (3) suy ra (1) ding = dpcm.
Bai 4 : Tim gia tri 16n nhat va nho nhat ctiia ham sd:
_ 2+5sinx-cosx
2 —sinx+cosx
Loi giai
Viét ham s6 da cho dudi dang
2 X

2| sin® X +cos? X |+ 2sin = cos > —[ cos? X —sin?
2 2 2 2 2 2

(1)

2)

3)

)

V =

2| sin? X +cos? X |- 2sin X cos >+ cos? X —sin? =
2 2 2 2 2 2

., X XX X
3sin® =+ 2sin = cos — +Cos* —
2 2 2 2

. X . X X
sin® = —2sin = cos —+3cos’ =
2 2 2 2

1) Khi COS§:Othiy:3

2) Khi COS% #0, viét ham sé duéi dang
3t +2t +1 X
=———F, t=tg—.
t"-2t+3 2
Xac dinh y dé phuong trinh

3t +2t +1

o123 =Yy co6nghiém.

2
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Chuyén dé Lugng gidc va Ung dung
& (y =3)t*=2(y +1)t +3y —1=0 c6 nghiém.
e A=(y+1)-(y-3)(3y -1)20
& -2y°+12y =220
Syi-6y +1<0e3-242<y <3+2\2
Viy max y =3+2+2 khi tg§:4;3%/5 =2 +1

X 4—2\621_\5

miny =3-2+2 khi g = 5

Bai 5:
Chtrng minh rang véi moi cip sb thuc x,y ta déu co:
(-y)-ev) 1
[(1+ X )(1+ yz)} 4
Loi giai

1.
4

bat x=tgu, y=tgv véi —5<u,v<5 thi biéu thue

(¥ =y*)(1-xy?) B (tg’u—tg*v)(1-tg’utg’v)
(1 +tg2u)2 (1 +tgzv)2

[(1+x2)(1+ yz)]2
sin’u  sin? Vj[l B sin’ usinzvj

= cos'U.Cos*V| ———— —
cos’u  Cos’v cos’ucos’v

= (sin2 ucos’v—sin? VCoszu) (COSZUCOSZV— sin’ usinzv)

= (sin ucosv-+sinvcosu ) (sin ucosv-sinvcosu ) (Cosucosv-+sinusiny ) (Cosucosv-sinusinv)
=sin (U+V)sin (U —V)cos(u-v)cos(u+tv)
= lsin2(u+v)sin2(u -V)

Suy ra |A :i‘sin2(u+v)Hsin2(u—v)‘S%. Tirc _TS AS%

Biéu thire A dat gié tri 16n nhat bang " khi

7

sin2(u+v)=1 2<U+V)_E u="= {le

o o 4 &
sin2(u-v)=1 2(u—v):£ Vo0 y=0
2

{sin2u+v):—1 2(u+v)= u=_2 {x:—l
Hoac s S 4 & o
— v=0 y=
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Chuong 1: M6i quan hé gita dai sé va luong gidc

Biéu thirc A dat gié tri nho nhat bang —% khi

7
sin2(u+v)=-1 2(u+v):3 u=0 {X=0
=3 =3 =3
sin2(u-v)=1 2(u—v)=—£ v=" y=1
2
-
{sinz(u+v):—1 2(U+V)=7 u=0 {xzo
Hodc ] e Sy e _ 1
sin2(u-v)=1 2(u—v):§ v_T y=

Bai 6: Cho phuong trinh bac ba
X —pxX’ +gx—p=0

(1)

Véi p>0 , >0.Ching minh rang phuong trinh (1) c6 3 nghiém >1thi

pZ[%+%j(q+3)

Loi gidi
Gia ctr (1) 6 ba nghiém phéan biét X, X%,,%; (X <X, <X;) thi
X +X X = XXX = P; XX + XX +XX =(q suy ra ton tai 1 ABC sao cho

x =tgA, X, =tgB, X, = tgC (%s AB,C <§j va hai ¢6 dang (2)

NG

tgAtgBtgC > (% + ?J (tgAtgB +tgBtgC +tgCtgB + 3)

& 8—442 > cot gA+cot gB+ cot gC +3cot gAcot gBcot gC (3)
Goi vé phai ctia (3) 1a T . Khi do:
i cos(B-C)—cosA
2sin A +3cot gA s( ) s
cos (B-C)+cosA cos (B-C)+cosA
2sin A 1—CosA

+3cotgA
cos(B-C)+ cosA 1+ cosA

T =cot gA+

<cot gA+

A 1 T
Pit tg—=t thi V2 -1<t<—— (do =< A<B<C

Xét ham s6: f(x)=l+3t—§t3
2t 2

1

Ta thdy f'(t)<O0trong doan{\/i —1,—} . Turdo, f(x) vatacongay dpcm.

N

2)
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Chuyén dé Lugng gidc va Ung dung

CHUONG 2: PA THUC CHEBYSHEV

I. PINH NGHIA VA TiNH CHAT PA THUC CHEBYSHEV:
1. Dinh nghia:
*Céac da thuc T  (X), n € N xac dinh nhu sau:

{To(x)zl,'l'l(x)=x

T (X)=2XT, (x) =T, (x)

n+1 n

Goi la cac da thirc Chebyshev loai 1.
* Céc da thtrc Tn(x), N € N xac dinh nhu sau:
{UO (x)=0,U,(x)=1
U, (x)=2xU,(x)-U_ (x),Vn=1

Goi la cac da thirc Chebyshev loai 11
2. Cac tinh chit ciia da thirc loai I:
Pa thirc Chebyshev c6 nhiéu tinh chat hay, dugc sir dung rat nhiéu trong viéc giai
quyét cac bai toan da thuc.
Sau déy xin dugc néu mot s6 tinh chat quan trong (viéc chtng minh rat dé dang)

-Tinh chét 1: Vxe [-1,1],ta c6 T, (X) = cos(narccos X)
-Tinh chdt 2: T, (X)la da thie bac n,ne U ,hé so cao nhat 142"
-Tinh chét 3: T, (X) 1a ham chan khi x chan va 1a ham 1¢ khi x 18.

-Tinh chat 4:  Pa thic T, (X) c6 dung n nghiém phan biét trong[-1,1]:

= COS
% 2Nn

-Tinh chét 5: a) [T, (x)| < L, ¥xe [-11]

b) [T, (X)‘ =1chi tai n+1 diém khéc nhau trong[-1,1]1a
X, = cos—”(k =1,2,..,n)
Chu ¥ la: T (%)= (-1)

Céc diém Z goi 1a diém luan phién Chebyshev.

-Tinh chét 6: VP(x) bacn, hé s6 cao nhét bang 1, ta co

max‘P(X)‘ > o

1

n-1

Déng thirc xdy ra< P(X) =T, *(x) =
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Chuong 2: Pa thitc Chebyshev

3. Cac tinh chit ciia da thirc loai II:

-Tinh chét 1: Vxe (-1,1) tacd

sin ( narccos X)
Un ()= 1-x°

-Tinh chét 2: U, (X) =1Tn'(x)
n
-Tinh chét 3:a/. U, (X) 1a da thirc hé s nguyén, bdc n -1, hé s cao nhét 1a2™

b/. U,(X) 1aham chdn néu x 1¢ va 1a ham 1¢ néu x chin.

-Tinh chét 4:

U, (x)|< n,vxe (-L1)
-Tinh chét 5: Pa thitc U, (X) c6 ding n-1 nghiém phan biét khac nhau trong[—1,1]
Dic bigt: T tinh chat 2 va 4, ta c6:

T '(x)‘s n’,vxe (-11)

n

IL. MOT SO BAI TOAN MINH HOA:

Bai 1: Chimg minh rang moi da thirc f (X) bacn > 1déu c6 thé biéu dién dudi dang

f(X)=§aTi (x).a, #0

Va céch biéu dién nay 1a duy nhat.
Loi gidi
Ta coT, (x)l1a da thirc bac n c6 hé s6 cao nhat 1a2™" nén ta c6 thé viét

T, (X)=2""X"+ ¢(x) voig(x)la da thirc bac nho hon n.

n

1
2n—1
Bang quy nap ta chimg minh duoc:

f(x)=a, +aT(x)+aT,(X)+..+a,T,(x)

Bay gio ta ching minh tinh duy nhét cua cach biéu dién nay

n 1
Suyra X :2n—1T(X)_ ?(x)

Gia su
f(x)=a,+aT(x)+aT,(X)+..+aT,(x)=a\,+a  T(x)+a', T,(x)+..+a', T, (x)

n

Khi d6 D (a-a})T(x)=0,¥xell
i=0

Vay a,-a,=a-a,=..=a,-a', =0

Hay a, =a',,a =a',...a, =a',
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Chuyén dé Lugng gidc va Ung dung

Mot trong nhitng d4u hiéu dé nhan biét bai toan da thic c6 sir dung tinh chat da thac

Chebyshev hay khong d6 1a mién gia trj da thirc. Cac bai toan trén mién [-1,1] déu goi ra cach

giai bang phuong phéap nay.

Ta xét thém mot sd vi du:

Bai 2: Cho da thirc hé s6 thuc f (x)=ax’ +bx* + cx+d,o > 0 Biét rang Vxe [-L1]ta
C(')‘ f (X)‘ <« .Tim max cﬁa|a ,|ol,|cl, d|

Nhén xét: Ta s& luu ¥ cach chon diém luan phién trong da thirc Chebyshev.

Loi giai:
A=f(-l)=-a+b-c+d
B=f _l —_E+E_E+d az_gA‘FiB—iC-FED
o l2) 8 4 2 33 3 3
1 1
b=—A+-D-E
bat sz(%)=§+9+g+d = 2 2
1 8 8 1
- _ =—A--B+-C--D
D=f(l)=a+b+c+d c 6 G p p
|a| < 4o
L b < 2
Tur gia thiét:
c| <3
d<a

Bang cach xét: f()c):05(4x3 —3x)
va g(x)za(2x2—l)

Thi ta ¢6 dau dang thie xay ra. Vay:

max|a| =4,
max|b| =2a,
max|c| =3,
max|d| =

Chu y: f(x),g(x) 1a xét dy trén co so cos2x,cos3x.

Bai 3: Cho da thic P,_ (x ) bac khong vugt quan—1c6 hé so béc cao nhat a,, théa
man diéu kién: VI-x? [P, (x)[<1LVx e[-L1]
Chting minh rang la,| < 2"
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Chuong 2: Pa thitc Chebyshev

Loi gidi
% . . . 2j -1
Ta viét da thie da cho dudi dang ndi suy Lagrange theo cac nat ndi suyx ; = cos " rla
n
cac nghiém cua da thirc Chebyshev 7, (x )
1 <& J- T (x )
P (x)=—) (-1 l-x:P -
()= 2 iR ()
2}’! 1 n
Suy ra a, = D(-1) | 1-x P( )
noj=
n-1 n 2"—1
Vay nén lay| < l—fo(x,.) <= —n=2""
n ‘3 ' ‘ n
Bai4: Gia thiét rang da thac P,_, (x ) théa méin cac diéu kién ciia Bai 1. Chimg minh

rang ‘PH (x )‘ <n,Vx €[-11]
Loi giai:
Véi cac x i duoc chon nhu & bai toan trén thi do ham sé y =cosx nghich bién trong

(0;7)nén —1<x, <x,, <..<x,<x, <1.Néux, <x <1 thi

! T (x)
P < 1-x*P <— 2
”’l(x)‘<n;1 ¥ibal, )‘x —x,| n Z( .1) ()
(do x —x, >0 vaT, (x)co dAu khong doi trén (x ;1)
Mit khac thi Tn(x):2”_1ﬁ(x —xj)
j=l
),
Nén ta co T,(x)=2"" /=1 / :ZT” (x) 3)

Laico =

Nén tur (2) va (3) suy ra

P, (x )‘Sn,Vx € (x,31]

Hoan toan tuong tu ta cting co

P (x )‘ <nVxe[-1x,)

n-1

Xétx , <x <x, .Khido taco
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Chuyén dé Lugng gidc va Ung dung

JI-x2 > \/l—xlz = sin(arccosx, ) = sin2i
n

Do 1=

sinlzi.gzl vavl-x Zl.Suy ra:
2n 2n n n n

[

=n

P_l(x)‘s

T
n

Tém lai ta da chiing minh dugc rﬁng ‘P}H (x )‘ <n,Vx € [—1,1]

Bai S: Cho da thuc luong giac
P(t)=asint+a,sin2t+...+a, sin(nt)

Thoa man didu kién |P(t) <1,vte 0 \{.,-27,-7,0,7,27...]

P(t
Q <nvtel \{..,-27,-7,0,7,27,..}

Ching minh rang
sint

Loi gidi:
P(t)

sint

Nhan xét rang =P_, (cost) v6iP,_, (x)la da thirc dang (1). Patcost = x. Khi do

<1 va
P(t)=sinP,, (cost) =1- X P, ()
Ta thdy P(x) thoa man diéu kién ctiia Bai 2 nén
1P, (x)| <n.Vx e [-11]

Do do

P(t
Q <nvtel \{..,-27,-7,0,7,27,...}
sint

Bai 6: Cho da thuc luong giac

P(x)

a. cos jX+b. sin jx
_ j i

i=0
Thoa man diéu kién [P(x)[<1,Vxe [

Ching minh rang ‘P'(X)‘ <n,vxel

e

Loi giai:
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Cho X, tuy y. Do
cos (X, — X) —cos(X, + X) = 2sin X, sin X
sin (X, + X) —sin (X, — X) = 2 cos X, sin X
P “P(x%-X) Q
(X0+X) (XO X)=ch sin jX
=0

2
P(x,+2)+P'(x, )
2

nén g(x) =

Suy ra 9'(x)=

Va g'(0) = P'(x,).Ta chimg minh ring ‘g '(0)‘ < n .Thét vdy, g(X)1a da thirc luong giac

chtra thuan sin nhu trong Bai 3 va

P (X, +X) X, + X)[+|P(%,
9(x) = P(% : % _IP( \2\ =),
Nén theo két qua cua bai 3 thi g(XX) <nvxel \{..,-27,-7,0,7,27,..]} 4)
sin
Nhung g(0)=0suy ra
-g(0
9(9-9(0) X | <nvxen \{.n227,-7,0,7,27,...)
‘ x-0 s1nx‘
-g(0
Nenkhi x0: 900 )—>g'(0) X 1
x—0 sin X

Ta nhan duoc ‘g'(O)‘ <n

Tur d6 ta co ‘P'(XO)‘ <n.Nhung x, dugc chon tly y nén suy ra ‘P'(x)‘ <nvxell

Bai 7 (Dinh ly Berstein-Markov)

Cho da thirc
Pn(x):aox“ +ax" +..+a,
(x)| <1 vxe [-11]
Chimg minh rang khi d6 : |P', (x)| < n*,vxe [-11] (5)

Pit X = cosa .Khi d6 theo gia thiét thi

» (cos a)‘ <1.DoP, (cosa)co dang

P (cosa)= Zn:(aj cos jar+b; sin jat)

j=0

Nén ta c6 thé ap dung két qua cia Bai 4. Ta duoc
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P, (%)

n

‘sina.P'n(cosa)‘Sn: 1-x <1

P (%)

n

Cling theo Bai 4, ta co

<n .Suyra: ‘P'(X)‘ <n

Nhin xét : Dya vao két qua ctia Dinh 1y Berstein-Markov, sau khi 4p dung lién tiép két qua
cua dinh 1i nay, ta s& thu dugc két qua sau:

Néu|R, (x)| < 1,xe [~1:1] thi [PY (x| <[n(n=1)(n=2)..(n—k+1)], vxe [-11]

Bai 8: _Cho a,a,,...,a,1a cac s6 thuc khong 4m va khong dong thoi bang 0.
a/. Chimg minh rang phuong trinh X" —ax"" —...—a_x-a =0 (6)

c6 dung mot nghiém dwong duy nhat.

b/. Gid sir R 1a nghiém duong cua phuong trinh (6) va
A=3 3.B=3 ja
j=1 j=1

Chting minh rang khi d6 A*<RP
Loi giai:
+ o

a) Dox> 0 nén (6)@1=i+%+... .
X X X

bat f(x)= &, % +..+ in Nhan xét rang f (x)lién tuc va f (x) nghich bién trong
X X X
khoang (O, +oo) nén ton tai duy nhat R> 0sao cho f (R) =1.
a n ,
b) bitc; = —A’ Suyrac, >0 va ZCj =1.Do ham s0 y = -Inx 16m trong khoang (0, +e) nén
j=1

n n a.
teo BDT Jensen thi ) ¢, —1nR—Ajz —h{Zci ?Aij = —IH[Z;’,-] =-Inf(R)=-In1=0
j=1 j=1

=1

Suy ra Zn:(cj InR —C;In A)

j=1

Va (In A)Zn;cj <(InR)} jc,

oy S a0n< 1 (nr) e = inn0

Vay nén In(A*)<In(R®)= A" <R®
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CHUONG 3:
MOT SO PHUONG PHAP TiNH TONG LUQNG GIAC

Bai téan tinh tong 1a dang bai quen thudc nhung khong hé don gian trong gidi toan
luong giac. Thudng thi dang téan nay duoc 1dong ghép vao mot bai téoan nao d6 va chi 1a budce
trung gian. Tuy vy, n6 cling chang phai 1a mot budc dé dang.

Trong phan sau ddy, xin dwoc d& cap nhiing phuong phap mau chdt nhat dé giai nhimg
dang téan nay: d6 la phuong phép sai phan, phuong phap dai s6, phwong phap sd phuc va
phuong phap dao ham. Nhu vy, ta s& thdy mot bai toan s& c6 thé giai bang nhiéu cach khac
nhau.

I.  PHUONG PHAP SAI PHAN.
1. Cosé:
- Phuong phép nay xoay quanh viéc chuyén tir sé a, vé dang a, = f(k+1)- f(k),

no6i cach khéc 1a biéu dién s6 hang bang bicu thirc sai phan.

_Tasgcb: Zu =§[f(i+1)-f(i)] = f(n+1)-1(1)

Pé c6 thé sir dung phuong phap nay ta c6 can nhd kha nhiéu tinh chat cia lwong giac.
Cu thé dugc thong ké ¢ bang sau:

1) 2sina.sinb = cos(a-b)—cos(a +b)

2) 2sina.cosb =sin(atb)+sin(a—b)

3) | ‘ 12 _ -1
4cos’ T S 4gin2 T
2

4) = cot g2x —cot gx

sin2x
5) tgx =cotgx—2cotg2x
V6i axla cip sb cong, cong sai d:
1 1

6) . . = (COt gan —cot ganﬂ )
sina,.sin_,,  sind

1
7) tga, —tga, =——(tga, , —tga
) g n+l g n Slnd(g n+l g n)

2. Cac bai toan:

Bai 1: Cho cip sb cong, cong sai d. Tinh:

n
a) S, = Zsin a,
k=1

b) 7, = Zcosak
k=1

Giai:
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Dang bai ndy c6 1& qua quen thudc. Ta s& ap dung tinh chét 1 & trén.
a) Ta co:

2sinak.sin£:2sin[a1+(k—1)d}.sini=cos a1+(k—§jd — cos a1+(k—ljd
2 2 2 2

. 3
Xet: g(k) = cos{al + (k—zjd}

Ta c6: ZSinak.sin%=g(k)—g(k+l)
A . . n—1 . (-n
Vay: 2s1n5.Sn =g(1)—g(n+1)=—2s1n(al+Td)sm( j

—d
2
. n—1 . (n
sin| @, + ——d |.sin| —d
2 2
=95 =

n

. d
sin —

b) Tuwong ty nhu a), str dung tinh chat 2:
Nhén xét:

-Ta thuong sir dung h¢ qua cua bai téan trén dudi dang:

S, = Zn:cos(2k -1x= sin 21x
=l

2sin x
iy T , T 3z 1
-Vo61i n =2, chon x =— tacd: —cos—+cos— =
5 2
. T , T RY/4 Sz 1
-Vo61i n = 3,chon x =— tacd: —cos—+cos— + cos— =
7 2 7
. T , T RY/4 Y/ Tr 1
-Vé1 n=4,chon x =3 ta co:cos§+cos—+cos—+cos——

Bai 2: Cho cip s6 cong {a, } cong sai d. Tinh:

n 1 a
a) Sn = —ltg—l
27783
L 1
b =3
=l 4 cos? —

Giai:
a) Ta sé ap dung tinh chat 5:

1 a 1 a 1 a
2—k.tg2— :2—k.c0tg2—k— = .cotgF
bit: f(k)——kcotg;%
Khido: S, =f(1)=/(0)+/(2)=f()+..t f(n)=f(n-1)
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=f(n)-/(1) Z%.cotggin—cotga
b) Ta ap dung tinh chat 3, giai twong tu.
Nhén xét:

Bang vi¢c ap dung céc tinh chat da néu, ta hoan toan co thé tinh cac tong sau:

! 1 .z
S, =Y — , ,{a, } 1a cap s6 cong
< sina, .sinna,

n
T = Z cosa,.cosa,,,
k=1

Sau day xin xét mot bai toan khong sir dung cac tinh chat da néu.

) ! 2k
Bai 3: Tinh tong: S = ) arctg ——
& P ; & 1+k% +k°

Nhén xét:
A r s oal , atb
Ta can cht y dang thtc sau: arctg —— = arctga + arctgb
-a
1+n* +n* =—xy

Quan sat dé bai, ta can chon x, y sao cho:
2n=x+y

o x=n"+n+1
Ta giai hé phuong trinh nay va co: 5
y= —(n -n+ l)
Giai:

Ap dung phép dat nhu trén:

+
= arctg 3 7= arctgx—y = arcigx + arctgy
I+n +n I—xy
2
S arctg%: arctg(n2 +n+1)—arctg(n2 —n+1)(Vixy <1I)
I+n" +n
Vay:

S, =arctg3 —arctgl + arcgt] — arctg3 + ...+ arctg (n2 +n+ 1) —arctg (n2 -n+ 1)

Zarctg(nz +n+1)—£\

II. PHUONG PHAP PAI SO:

a. Coso:

Co s& clia phuwong phéap nay 14 dua trén phép bién ddi Abel.
Dinh 1y nay duoc phat biéu nhu sau:

Dinh ly:

Cho hai day {a,] va {b,} . Xét hai day sO{By} va {S,} trong dé:
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n

S, =iakbn ; B, =>b,
k=1 k=1

n

Thé thi: S, =) (a, —a,,,)B, +a,,.B

n+l*=n
k=1

Chirng minh:

Z (ak - ak+1 )Bk + an+1 ‘Bn

k=1
n

n
= a,B, =) a,,B, +a,, B,
=1 =1

n—1 n—1
= ab + Zakﬂ - z a,,,-B,
k=l k=1

= a,b, +Zak (Bk _Bk—l)

k=1

=ab + Zakbk ZZakbk =Su
k=2 k=1

Hé qua:

Cho cap s6 cong{a,} voi cong sai d va cap sé nhan{h, } véi cong boi g # 1

" b
S, = Zakbk = {(l—q” )al +L(l—nq"’1 +(n—1)q")d}—1

k=1 l-g¢ 1-¢

Ngoai ra ta nhéc lai kién thirc vé da thuc.

DPinh ly Viét:

Néu da thic: P(x)= Zaix"_i (a #0),connghiém x;, x5,..., x, thi ta co:

—a
1
X, =—
k=1 a,
a
2 %X ==+
J
I<i<j<n a,
n an
xX,..x, =(=1)" =
a,
b. Cac bai téan:
Bai 1: Cho {a;} 14 cap so cong. Tinh:
n
a) S, = Zk.sinak
k=1
n
b)T = Zk.cosak
k=1
Giai:

a) Trude hét ta luu ¥ dén hai cong thirc da chimg minh sau:
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Ap dung dinh 1y Abel:

S, = i[k—(kﬂ)].Bn ~n.B, = —"ZBk +n.B, =
k=1

. cos(a1 —a’j—cos[a1 +[k—1)d} sin(al +n_1dj.sin(ndj
RS 2 2 2 2

+n.
k=1 ZSing sin —
2 2

b) Giai tuong tu.

Nhén xét:
Ta hoan toan c6 thé tong quat hoa bai toan.
Tinh:

n
S =) a,.sinb vaT, :Zak.cosbk

k=1 k=1
Vi {a; } va {by} 1a cp s6 cong, cong sai 1an luot 1a d va d;. Bang phuong phap

tuong tu, ta s€ co: S, = Zsmb +d2k sinb,
Bai 2: Tinh:
/4 17w
S=tg’ —+1g’ —+1tg" —
ST TR

Nhéan xét:
Ta can tim phuong trinh phi hop dé ap dung dinh 1y Viét nhu dé cap.
Ta sé& bat dau di tim phuong trinh do.

Giai:

x=(2k+1) 2 o 3x =22k +1) =2+ k2
18 6 6 3

2 3
= (1g3x) = ( i Z j MENELT 3!
6 3 3 1-3tg"x 3

& 3tg’x —2Ttgx +33tg°x—1=0

bat r = tgzx , ta co:
Phuong trinh: 37° —27¢* + 33t —1=0c6 cac nghiém tg % 1g’ ?—78[, tg Z—Z

V4 Sz T
Theo Viét: te? —+tg” = + o> —=9
& 18 & 18 & 18
Bai 3: Tinh tong:

Vs RY/4 oz
S =cos—+cos—+...+ cos—
10 10

(2k+1)m

Nhin xét: Ta thdy bai ndy c6 dang x = . Vay néu chon cos 5x thi rd rang thay nim

gia tri trén vao ta déu cdcosSx=0
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Giai:
Bay gio ta s€ tim cong thic cho cos5x

bit: cos5x = Acos’ x+ Bcos® x+ Ccosx
thayx = 0,x = %,x = % ta giai hé phuong trinh theo A, B, C ta c6
A=16,B=-20,C=5

Vay: cos5x =16cos’ x—20cos’ x + 5cos x

A Yy r.. T ST 17 Or .. , on ,
Vay cac gia tri cos—,cos—,cos—, COSE la cac nghiém cua da thuc:

P(x) =16x" —20x* +5x

A . . 2n x+
Vay theo Viétta co: §=0 = arcig———— =arcig Y - arctgx + arctgy

l+n" +n I-xy
IILPHUONG PHAP SO PHUC
a. Co s0:
Phuong phép nay chu yéu dua trén hai cong thirc:
1.Cong thirc Moivre:
Vaelvanel: (cosa+isina)’ =cosna+isinna

2.Cong thirc Euler: Vael

eia _l_e—ia

cosd =———
2

] i _e—ia
sSiIna = :
2i

*HE qua:

i

) 4 a & . o«
Taco:l—-€“=e?|le 2 —e? =—21$1n5.e2 =1-¢ =—2151n3.e

o
=
2

Bay gid ta xét mot s6 bai toan.
Bai 1: Tinh:

a.S, =Zn:(—l)k_1 .cos kx b.T, =D (1) .sinkx

k=1
Giai:

Ta xét tong:

Zn:(—l)kfl .cos kx + i“(—l)k*1 .sin kx ZZH:(—I)H (cosx+isinx)"
k=1 k=1

k=1

n

1—(—1
1+

(cosx+isinx)’

=(cosx +isinx).

)
(
[cosx —(-1)" cos(n + l)x} + [sinx —(-1)"sin(n+ l)x}i

(1+cosx)+isini

cosx +isinx)
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e ) s i O
COS 5

__ [l-i-cosx—(—l)" 2¢cos 2n2+1x.cos£}r

4cos? X 4 cos’
2
n 2n+1 . a . 2n+1
cosi—(—l) cos T« smi—(—l) sin 2" x
_ 2 2 n 2 2 .
= i
2c0sf 2c0sf
2 2
Tu do6 suy ra:
. n+l . n n+l . n
sin——x.sin—x +cos——x.sin—x
a. Véinchan: S, = 2 2 ;Voinle: S, = 2
X X
cos — cos —
2
. n+l . n . n+l n
sin—— x.sin —x sin——x.cos —x
b. Véinchan: T, = 2 2 ;Voinleé: T = 2 2
X X
ca— CoS—

Ta sé& tién hanh tong quat hoa bai téan 1.
Bai 2: Tinh:

a.S, =isin(ak) b.7, :icos(ak)
k=0 =0

Véi {a;} 1a cap sb cong, cong sai d.

Nhén xét:
Trude khi tién hanh giai, ta cht ¥ dén tién trinh giai téan dang nay.
- Bo6i khi gop S, va T, , nhom hang tir va dung cong thurec Moivre.
- Str dung tinh chat cip sé nhan dé bién doi.
- Cubi cung, tach phan thyc va phan ao.
Dé giai bai nay ta cha ¥ hai két qua:

. n+l n
sin—— X.COS— X

n
Zcoskx: 2 2 ;
.oX
k=0 sin —
2
. n+l . n
; sin——x.sin —x
) sin ky =—2 2
.oX
k=0 sin =
2
Giai:
a. Ta co:
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Bai 3:

S, = icoskx =cosa, +cos(a, +d)+...+cos(a, +nd)
k=0

= cosa, +(cosa,.cosd —sina,.sind )+ (cosa,.cos nd —sina,.sin nd )
=cosa, (1+cosd +...+ cosnd ) +sina, (sind +...+sinnd)

sinn—Hd.cosBd sinn—Hd.sinﬁd
2 . 2 2

=cosa,. —sina,

sin — sin —
2

sinn—ﬂd.cos a, +24
2 2

sin —
2

b. Hoan toan tuong tu.
Tinh:

a.S, =Zn:C,f.cos|:(k+1)x:| b.T, =in.sin[(k+l)x]
0 pary

Nhan xét:

Ta can nhd lai cong thirc nhi thire Newton:
(a+b)" = ZC,'; a‘'b"t
k=1

Két hop véi cong thirc Moivre, ta s& giai duoc bai téan ny.
Ngoai ra can chi y dudng 16i giai bang phuong phap nay (duoc néu & bai 2)..
Giai:
Taco: S, +iT, =Y Ci [cos(k +1)x +sin (k + l)x]
k=0

k+1

Ap dung Moivre: S, +iT, = > Cy [cosx +isina]
k=0

Do vay néu dat ¢t =cosx +isinx

=S +iT, :Zn:C,f.t"” =1(1+1)

k=0

=(cosx+isinx)(cosx+1+isinx)’

\ nx .. nx . . nx
=2 .cos;(cosxﬂsmx) cos7+zsm7

2xj

.. n+
X +1sm

; nx( n+2
=2 .cos; coS

Tur day suy ra:
n+2

nx
a. §, =2".cos—.cos x
2

n+2

b. T = 2”.cosn—;.sin x
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VI. PHUONG PHAP PAO HAM:

a. Coso:
- Phuong phap sir dung dao ham dé tinh tong dua trén nguyén 1y sau

Néu bang cach nao d6 da biét trudc mot tong P(x) nhan gia tri m . Mat khéac tong S(x)
can tinh 14 dao ham cap k& hay c6 dang lién quan thi ta s& ¢6 :
P=m;S=P" = 5=m"
V6i va 1a dao ham cip k ctia P, va gia tri cia dao ham cép do.
Céac dang thuong gdp la:
S(x)=P (%)

'

$(¥)= (P (x)

S(x)= (ln‘P(x)D
S(x)=[£(P(x))] = S(x) =P (). (x)

Dang tong nén ap dung phuong phap nay: f(x): ham lugng giac co ban.
Khi giai ta nén xét cac kha niang c6 thé xdy ra dé dao ham c6 nghia.
Béy gio ta di vao bai téan cu thé.
Bai 1: Tinh cac tong:

a. §, = Zn:ksinkx

k=1

b.T = ikcoskx

k=1
Giai:
a. Nhu di noi ¢ trén, ta can biét két qua sau dé tién hanh giai bai téan bang phuong
phap nay:

a. Chi y rang:

[gksinkxj _3 [ (coskr) | = _Kimskxj'

k=1 k=1

[n+1 ) . (n j
COS| —Xx |.SIn| — X

2 2
=85 =-

! . (x
sin| =
)
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(choskxj = Z(sinkx)y = (Zsinkx]
k=1 k=1 k=1
Nhén xét:

Bai nay c6 hai huéng tong quat:

Huéng 1: Tinh téng:

S, =Zak sin kx va T, =Zak cos kx

k=1 k=1
Vi {a) 13 cAp sb cong.
Ta s& giai bai nay bang nhan xét rang:

S = iak sin kx = i[al +(k—1)d Jsin kx
k=1 k=1

S [(a, - d) + kd |sin kx

k=1

(a, —d)zn:sinkx+dzn:ksinkx
[ =

Roi ap dung bai toan trén cho tong Zk sinkx . Giai twong tu véi ham cos.
k=1

Huong 2: Tinh:
S, =Y k"sinkx  va T, =Y k"coskx
k=1 =1
Ta s& giai cach nay bang cach dung dao ham cap k, véi cha ¥ sau:

“Néu m = 0(mod4) thix" sinkx = (sin kx)"”
“Néu m =1(mod4) thix" sin kx = —(cos kx)"
-Néu m =2(mod4) thix" sinkx = —(sin kx)(m)

Néu m = 3(mod4) thix" sinkx = —(cos kx)(m)

n 2i

Bai 2: Chox#k% voikell, ne N* . Hiy tinh tong sau: S, = —
2 P tg(2’x)sm(2’x)
Nhin xét:
Bai tdan cho ta cam giac c6 lién quan dén tong sau (d dé cap o phan sai phan)
. 1
T = Z_—42 cotgx—cotg(2"x)
i-1 sin (2’ x)
Ta sé& khai thac dang thirc trén trong 101 giai bai nay
Giai:

2, 1 B -2
Tadey: [sin(2kx)] - tg(2kx)sin(2kx)
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e ok - ~ "\ | 2"
sy S"_kz_:'tg(Z"X)sin(Z"x)_ (oot meotsx) =y sin’ (2"x)

Bai 3: Chox;tzk (keD nell ) Hay tinh tong: Sn:iZktg(T‘x)

k=0
Giai:
Pay thuc su 1a bai téoan kho khi sir dung phuong phap ndy, boi vi phép dit sau 1a rat
dic biét va cho két qua bat ngo.

jt: T, = cos x.cos 2x.cos (27 x)...cos (2" x) = Hcoszk

Theo gia thiét x # Zk (ke U,nell ) ,suyral #0
Ta s€ co:

Tn' = —sinx.cos2x...cos(2”x) —2cosx.sin2x....cos(2”x)... 2" cosx...sin2" x

-
DoT, #0 , nén: F”:—tgx—Zthx—...Z"(tg2"x):—S

n

n

T
Vay: S =-—*
. y n 7—;,
Dén déy ta cha y dén dang thirc quen thudc:
n sin(2"" x
T, =[Jcos2'x= ¥
iy 2" sinx

1 1 : 1
2" sin x.cos(2"" x) — cos x.sin (2’“ x)

Suyra: T =
" 2" sin’ x

Vay ta s& c6: S, =cotgx—2"".cotg (2’”1 x)
Bai 4: Tinh tong sau: S = Z o tg— 2k
Nhén xét:

Bai téan c6 vé don gian, nhung d6 chi 1a vé bé ngoai. Bé ap dung phuwong phap nay,
nhat thiét phai tim ra ham sb gdc cua S, Vay né 1a gi? Tir dau bai viét chung ta chwa dé cip
dén dang:

$(x) = (n|(x)])

Vay ta hiy thir dang ny v6i cha ¥: (Ta st dung tich phan dé c6 duoc ham s gbc)

g

Ap dung cong thic vira néu, ta cé:
) -1 x
In COSz—k = 2_ktg2_k
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(voik =1,2,...,n)

Vi thé néu dat: P, =1l[coszik thi §, = —(ln|R7 )
k=1

Cht y rang: P, = Hcosik =_mr
ey 2 . X A
sin—.2
2n
Do vay,tacd: S, =—|In SELLLLI (—ln|sinx| +In sinin + nan]
sin > 2" 2
271

1 X
= —cotgx+2—n.cotg -
V.  NHIN LAI CAC PHUONG PHAP:

C6 thé noi, tinh tong cac gia tri lwong giac 13 phan quyét dinh cua nhiéu bai téan.
Chang han 14 bai téan trong ki kiém tra chuyén cua 16p 11A, vira qua:

Giai phuong trinh: z : 1 _ !

e s1n(2ix) sin x

Nhung c6 thé tinh duoc tong cac gia tri lugng giac thi can 4p dung mot hay tong hop
cac phuong phap da néu.

-Déi véi phicong phdp sai phdn: uu diém 13 chi sir dung kién thic rat co ban, dé thuc
hién nhung can nhd nhiéu cong thirc va dang thirc.

-Déi véi phwong phdp dai sé: khai trién Abel tuy manh nhung lai dia trén mot s6 tong
c6 sin va ap dung lai, con ap dung Viét thi chi tinh hiru han gia tri, khong thé tinh cho trudong
hop tong quat.

-Déi véi phurong phdp s6 phirc: chimg minh kha doc ddo, hap din nhung lai vuot
ngoai chuong trinh pho thong nén chi nén dung trong viéc tim hiéu thém vé toéan hoc. Day 1a
mot phuong phap tham khao nén & phn trén ta khong di sau.

-Déi véi phirong phdp dao ham: twong tu nhu phuong phéap dai s6, no dua trén cac
téng co ban c6 sin. Uu diém 13 nhanh, trinh bay gon g&, nhung diém yéu 1 st dung lai mot s6
dang thirc quen thudc.

Tém lai cac phuong phap da néu khong c6 phuong phap nao 1a hoan thién. Ta can két
hop cac phuong phap khéo 1éo thi méi giai quyét tron ven bai téan. Mot dé nghi nho 14 nén sir
dung phuong phép sai phan hay sb phirc tinh tong don gian, roi ldy d6 1am co s& cho hai

phuong phap con lai, thi hiéu qua rat cao.
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