PE THI PAU TRUONG VMF CUAPQI DELTA

TRAN PAU GIUADELTA VA ALPHA

Céu 1 (S6 hoc THCS):
Chung minh réng: Co6 vé han bé ba s& nguyén duang m, 72, p sao cho:

dmn—m—n=p° —1
Giai:
Gia surm < 1
batn = m + a (ala sé tw nhién)
=dmn—m —n+1=4m? + 2(2a — 1)m + (1 — a) = p?
= (dm +2a—1)% — (4a? — 3) = 4p2
S dm+2a—1+2p)dm +2a—1-2p)=4a® -3

Chondm +2a —1+2p=4a® - 3,4m +2a—-1-2p=1

= 4dm + 2a = 2a?

ala — 1)

S = ——
2
ala+ 1) 2 4
7T = 5 Jp=a® —
Suy ra ta dugc 1 nghiém cia phuang trinh
ala — 1) ala+ 1) . . _

m = B — L= —5 ,p=a* —1 (ala sd tu nhién)

Suy ra phuong trinh co vé sd nghiém nguyén duang.



Cau 2 (Hinh hoc THCS): Cho hinh chir nhat ABCD véi AB < BC. Vé nira
dwong tron dwdong kinh AB nim trén nira mit phang chira CD bé 1a dwong
thing AB. M 1a diém trén nira dwong tron (M khac A va B). Cac dwong thang
MA, MB cit dwong thing CD theo thi tw tai P, Q. Cac dwong thing MC, MD
ciat dwong thang AB theo thi tw tai E, F. Xdc dinh vi tri M trén nira dwong
tron dé tdng PQ + EF dat gia tri nhé nhit. Tinh gia tri nhé nhat do.

' a

A D
E A
F /
.-/"

B N C

Giai: Dat AB =a; BC=b (a<bh). Ké MN L BC (N € BC), khi d6 theo dinh Iy
Thales ta co

PQ QM CN EF EM NB

AB MB NB’'CD MC CN

CN NB
SuyraPQ + EF _Ccll\; (@V;— H) Q)
Béay gio tadat S = 5o ltc nay
_ CN*+NB? (NB+CN)?
~ NB.CN ~  NB.CN

N , 1 NB.CN
T do— = suy ra
S+2 b

2 b
4  (NB+CN)2—4NB.CN _(CN —NB)?
S+2 b2 B b2




2b—
% Do
2

Vi M thudc nira dudng tron dudng kinh AB nén NB < =, dn dén CN >
4 (b—a)? 4 2ab-a?

b1 ——> <
61 S+2 —  p%z '’ suy ra S+2 =  b?
(2)

2_ 2
Véy S > 4b“—4ab+2a
Tur (1) va (2), ta thu dugc bat dang thuc PQ + EF >

4b%—4ab+2a?

2ab—a?
a 2ab—a?

Ding thac xay ra khi va chi NB = =

2
. R ) At o s 4b°—4ab+2a’
Tom lai gid tri nho nhat cia PQ + EF la —————

chinh gitra caa ntra duong tron duong kinh AB

khi va chi khi M 1a diém

Ciu 3 (hinh hoc THPT): Cho luc giAc ABCDEF ndi tiép dwong tron tim O
ban kinh R. Théa man: AB=BC; CD=DE; EF=FA. Chitng minh: Sycp <

SBDF'
Loi giai:
Pit CAE = a; AEC = B, ACE = y.
Do do:
COD = a;DOE = «
AOB = §;BOC = 8
EOF =y;FOA =y
SACE — EC.LCL};.AE —
2R.sina.2R.sinfS.2R.siny
4R -

2R?.sina. sinpf. siny.
Ching minh tuong tu ta co:

a+ + a+
Szpg = 2R?%sin 5 'Bsin'B 5 Y sin 5 4

T hé thic:
sina.sin?p. sin?y = (sina.sinf)(sinp. siny) (siny. sina)



1 1 1
=3 (cos(a — B) — cos(a + ﬂ)).E(cos(y — B) —cos(y + ,8)).5 (cos(a —y)
— cos(a +7v))

1 1
(1 —cos(a + B))'E(l —cos(fB + ]/))'E (1 —cos(y + a))

ath sin2'8+y Sin2y+a
2 2 2

<

N =

= sin?

Hé thire trén ding véi bat ky cac gia tri dwong a + 8 +y = 180°
Nén ta co:

. . . . a+pB Bty . v+ta
sina.sinf.siny < sin > .Sin > .sin >
a+p . B+y _rv+a
5 .Sn 5 .Sn 5

= 2R%sina.sinf.siny < 2R%sin

Hay Syce < Sppr (dpcm)

Bai 4 (Giai tich THPT)
Tim f: R — R lién tuc va théa man:
f(x+2f(1)) = fF®) +y+fO) vy eR (1)
Giai:
bat f(0) =c
Thay (x,y) = (—2¢,0) vao (1), suy ra:
¢ = f(0) = f(=2c+2f(0)) = f(—=2¢) + 0 + £(0)
= f(=2¢) =0
Thay (x,y) = (0,—2c) vao (1)
= f(0)=f(0)—2c+0=>c=0
Vay f(0) =0
Chox =y = f(x+2f(x)) = x + 2f (x)
bat g(x) = x + 2f(x) = g(x) la ham lién tuc va g(0) = 0
Fg®) = g(x)
= g(9() —g(x) = 2g9(x)
= g(9(x) =39(x)
N@g@)=owx=f@)=%ﬁmmm@)
Néu 3x, ma g(x,) = a # 0 = g(a) = 3a
Khong mat tinh tong quat, gia sat a > 0. Do g lién tuc trén R = g nhan hét moi
giatri € [0,a]
> g(x)=3xVx€[0,a] 2 g(x)=3xVx=>0 = f(x) =xVx =0
Xéty =>0vax € Rvao (1), suyra



flx+2y)=f(x)+2y
Chox = -2y = 0=f(0) = f(=2y) + 2y = f(=2y) = =2y
> f(x)=xVx<0
Viy c6 hai ham thoa man 1a f(x) = —va f(x) = x

Bai 5 (Pai s6 THPT): Cho da thiic P,, bac 2011 h¢ sé6 nguyén. Chieng minh
da thic Q) = P%x) —9 ¢6 khong qua 2015 nghiém nguyén.

Loi giai:

Gia str da thuc: Q) = Pf; —9 6 s0 nghiém nguyén 1én hon hoac bang 2016.
Ta co:

Qu = (P — 3) (P + 3) 6 s6 nghiém nguyén 16n hon hodc bang 2016.

Goi x; < xp <+ < Xp, la m nghiém nguyén cta P,y —3 =0

Vay, <y, <--<y,lannghiémnguyéncuaP,)+3 =0

Hién nhién c6 x; # yiVij.

Videg P,)=2011suyram < 2011;n <2011. Ma m+n = 2016
Suyram=>=5;n =5,

Dox; <x; < <xpvay; <y, <-- <y,trongdd x;;y; lacac s6 nguyén va
x; # y;V i,j Do dé it nhat 3 nghiém trong s6 n nghiém y; (j = 1,n) phai ndm
Iéch hein vé mot phia bén phai hodc bén trai cua cac nghiém x; ( i=1,m). Khong
giam tong quat, ta coi su lIéch nay vé bén phai . Nhu vay taco: x; < xp, < -+ <
Xm <Vp <Vp+1 < Yp+2 )

(V6i Yy, < Ypi1 < Yp42 la3 trong so cac nghiém nguyén y; <y, < -+ <yp)
Suy ra: [Yp+2 — X1/=Vp4p-Xy =2m—14+3 =m+ 2 (chay:x; (i=1,m),

Vp» Yp+1, Yp+2 deu la cac s6 nguyén.)

Dom=5suyra |y, —x1| = 7.

Ma [P(yp+2) - P(xl)] : (Yp+2 —X)

Suy ra: Ip(yp+2) - P(xl)l = |Yp+2 — x|

Hay 6 = [y, 1,-x1| = 7 (VO li)

Suy ra DPCM.



Bai 6 (S6 hoc Olympiad): Cho m, n 1 2 s6 tw nhién sao cho m < nTZ vam
khéong c6 wéc nguyén to I6n hon n. Chitng minh ring n! chia hét cho m
Giai: Lol giai
Goi pla mét udc nguyén té bat ki cia m. Gia st a. bla s mii cda p trong
phan tich tiéu chudn cia n! va m. Ta can ching minh a > b

Ki hiéu [a]1a phan nguyén cla a

Néu b = 2s.

Tacon = 2h}ﬁ > 2p

Dodéa>[—]| >2ps ! >2
p

S

=b

o

Néub = 2s+ 1

Tacon > 2y/m > 2p®,/p
n . i :
Néun > 4dp°thia > [—] > 4p*~! > 4.2° l_ostl > 954+ 1=p9

Néu v < 4p* thi
_1ps >n> 2ps \,]_)
=22 \T) = 2\?’ Z P

=n = 2p*,/p > ps+1

= S+1 I s o s o : +1 s
Dodsa>3 i y[—] >3 0p" 230502 =2""-1>2s+1=b

= L 41=0“

= a > b(dpcm)




