Bai lam d@é thi thir dai hoc lan 3 - VMF
Cau l.

. 3 .
1. Voim =3 taco

9
y:f(x):x4+8x2—§

v6i dd thi 1a (C,).
o Taco
f'(x) = 4x3 + 16x
Néenf'(x) =0 4x3+16x =0 4x(x*+4)=0x=0
o Talaico
f'(x) =12x2+16 >0
Nén (C,) khong c6 diém udn nao.

o Cha ¥ rang

9
lim f(x) = +oo, f(0) = —3

x—+co

0 Bang bién thién

—00 0

X
f'&) - 0

+o00

f \ 9 /

Nhan xét:
y = f(x) ddng bién trén (0, +o0), nghich bién trén (—oo, 0).
y = f(x) dat cuc tiéu tai x = 0 v6i yor = —g.

y = f(x) khong co cuc dai.




0 Do thi

2. Giao diém cua (C) véi truc hoanh 1a cac diém c6 hoanh dd 1a nghiém cua phuong trinh

f(x) =0.

Nhan xét rang bat ki x, nao 1a nghiém ciia phuong trinh f(x) = 0 thi - x, cling 1a nghiém. Vay
néu phuong trinh f(x) = 0 c6 du 4 nghiém phan biét thi 4 nghiém d6 1a —x, < —x; < x; < x,.
R& rang hai nghiém am 1an luot ddi xing véi hai nghiém dwong qua tryc tung. Do vay, diéu kién
dé bai twong dwong voi

lx; + x4 = |x, — x| © 2%y =%, —x; © x, = 3%,

Pit t = x2 > 0 thi ta cAn tim m sao cho t, = 9t; (véi t; < t, 1a hai nghiém phéan biét cta
phuong trinh t? + 2(2m + 1)t — 3m = 0).



Ciing can nhan xét thém 1a néu t; = 0 thi t, = 0, mau thudn voi yéu cau dé bai 1a (C) cit tryc
hoanh tai 4 diém. Vay t; # 0.

O Xét truong hop m = —%, khi d6 ta co f(x) = x* +; nén phuong trinh f(x) = 0 v6 nghiém

(khong théa yéu cau bai toan).
0 Vay gid ta chi xét m # — %
Ta cod

t2+202m+1Dt; —3m =0
t2+202m+Dt, —3m =0

Suyra

t2+2@2m+Dt; —3m =0 (1)
27t2 +6(2m+ Dt; —m =0 (2)

Nhan phuong trinh (1) cho —27 1di cong v6i phuong trinh (2), ta thu dugc

5m

3am+D O

—48(2m+ 1t; +80m =0 32m+ 1t; =5met, =
Thay (3) vao (1), ta co

( om )2+2(2 LM 3m =0
32m+ D) mr3m+n T

m(m+3)(12m + 1) _
9(2m + 1)2 B

0 Budce cudi cung 1a thir lai nhitng gid tri m vura tim dugc.

Véim =0, ta co f(x) = x* + 2x2 nén phuong trinh f(x) = 0 chi c6 nghiém thyc duy nhat 1a
x = 0. Vay m = 0 khong thoa yéu cau bai toan.

Vi m = -3, ta ¢6 f(x) =x*—10x? +9 nén phuong trinh f(x) =0 c6 cac nghiém thuc
x = £1,x = £3 (hoan toan thoa yéu cAu bai toan).

Véim = —é, taco f(x) =x*+ gxz +i nén phuong trinh f(x) = 0 v nghiém trén R. Vay

1. i A A Lai. g
m=-— khong thda yéu cau bai toan.



o Két luan: m = =3 1a gia tri duy nhat can tim.
Cau II.

1. Xét phuong trinh da cho
cos?2x 4+ 2cos2x —sinx + 4 = 22 — sinx
Chu y rang
cos2x =1—2sin?x
Nén c6 thé viét lai phuong trinh trén dudi dang
(1 —2sin%x)2+ 2(1 —2sin?x) —sinx + 4 = 2/2 —sinx
Pit t = sinx € [—1, 1], mot 1an nita ta viét lai phuong trinh trén

(1-2t>)2+2(1-2t>) —t+4=2v2—-t
S 4t —8t2—t+T7=2V2 -t

Pity =v2—t,suyrat =2 —y3va1l<y < 3. Tiép tuc viét lai phuong trinh trén

42—y 82—y} -Q2-yH+7=2y
& (y— 1)?(4y° + 8y°> — 20y* —48y3 + 12y2 + 72y +37) =0 (1)

Ta c6 4y® + 8y — 20y* — 48y3 + 12y? + 72y + 37 = 4(y + 1)?(y?> —3)2 + 1 > 0 nén (1)
c6 nghiém duy nhit y = 1, suyrat = 2 — y3 = 1, suy ra tiép

T
sinle@x:§+2kn, k€eZ

Do ciing 1a tat ca cac nghiém ctia phuong trinh di cho.

2. Xét hé da cho

6x23\Jx3—6x+5=(x*+2x—-6)(x3+4) (1)

2 2
x+—21+—2 (2)
X X

Piéu kién xac dinh ctia phuong trinh (1)

x3—6x+5>0



Sx-1Dx*+x-5)=>0

v21—-1
X =>—
o 2
—21-1
> <x<1

Bét phuong trinh (2) twong duong

x3—x24+2x—-2>0
ox-1Dx*+2)=>0
sSx>1

Ttr hai két qua trén ta suy ra

V21-1
>

=>x3>4
> x° >

X

Do x > 0 nén phuong trinh (1) twong duong véi

6x2x3—6x+5=(x*>+2x—6)(x3+4)
= 6x*(x® —6x+5) = (2% + 2x — 6)%(x3 + 4)?
= (x —2)%(x® + 8x7 + 20x°® — 4x° — 28x* + 56x3 — 20x% + 48x + 144) = 0 (3)

Ma

x8 —4x% =x5(x3—-4) >0

8x7 —8x*=8x*(x*—-1)>0
20x% — 20x* = 20x*(x*—-1) >0
20x3 —20x2 =20x%(x—1) >0

Nén x8+ 8x7 4+ 20x° — 4x° — 28x* + 56x3 — 20x? + 48x + 144 > 0, tic 1a phuong trinh
(3) chi c6 mdt nghiém duy nhat x = 2. Thir lai thiy x = 2 thoa hé di cho nén d6 ciing 13 nghiém
duy nhat.

Cau IIL
Dit

vi—-2x—x2-1
X

>xt+1=+1-2x—x?

=S x%t?+2xt+1=1-2x —x?

t =



—2-2t

1 4t2
Vay
-1 1—\/5 —Z—Zt
f dx _ d(1+t2)
1+V1—2x—x2 —2—2t
A J 1+t(1+t2)+1
Chu y rang
(—2—2t)_2(t2+2t—1)
1+t2/) (2 +1)?
Nén
1-V/2 -2 — 2t 1-V2 1-V2 1-2
f d(1+t2) B —t2—2t+1dt_j‘ dt Zf
—2 -2t - t—1Dz2+1) 1—t
0 1+t(1+t2)+1 0 ( )( ) 0 0
bat
12 1—/2
"f dt _f dt
B 1-t’ /= t24+1
0 0
Thi ta duogc
-1
dx
f =1-2]
kA 1++vV1—2x—x?
O Tinh [

batl=1—-t,tacod

d d(1—10 i 1

_ t -9 _ _ V2 __2

1_f _f—_ fl_ (In]i]) = 51n2
0 1

0 Tinh J

batt =tanh, taco




T T s
1-V2 g 3 g -
dt d(tan h) dh _ T
1= | 57| oorvi=| mereri | ™| 8=-%
t2+1 tan?h + 1 cos?h(tan?h + 1) 0 8
0 0 0 0
o Vay suyra
-1
f dx I1—2J L2 X
=] — = ——|n —
1++vV1—2x—x2 2 4

-2

Cau IV.

B

Gia sir hinh chép tam gidc déu d6 1a S.ABC. Trén mp(SAB) dung AD 1 SB tai D. Trén
mp(SCB) dung CD' 1 SB tai D'. Hai tam giac SAB va SCB c¢6 canh chung SB, AB = CB,
SA = SC nén chiing bang nhau. Tir 6 suy ra SBA = SCA. Hai tam gidc BAD va BCD' 14 hai tam
gidc vudng c6 canh huyén lan luot 14 BA va BC bang nhau, ngoai ra con ¢ hai goc nhon bang



nhau 1a SBA = SCA. Vay hai tam giac BAD va BCD' bang nhau, suy ra BD = BD’, tic 1a
D = D’ (do ca hai diém nay cung thudc canh BS).

Vay hai mit phang (SAB) va (SCB) ¢6 giao tuyén SB c¢6 AD L SB va CD L SB, mit khac goc
giita hai mat phang nay 1a a, nén ADC = a.

Ap dung dinh li cosin cho tam gidc ADC, ta co
AC? = AD? + CD? — 2AD.CD.cos ADC

Cha y rang AD = CD va AC = a, nén tir cong thirc trén suy ra

a? = 2AD? —2AD? cosa = AD =

a
J2(1—cosa)

Dit x = SBA thi xét tam gidc ADB vudng tai D ta co

_ AD 1
sinx =— =
AB 2(1 —cosa)

2(1—cosa)

1 1—2cosa
= —sin2x = — =
cosx =+/1 —sin?x \/1 21— cos ) \/

(do x Iudn la géc nhon nén cos x duong)
Suy ra
1

sinx /2(1—cosa) 1

tanx = = =
cosx \/1—2(:050( V1—2cosa

2(1—cosa)

Trén mp(SAB) dung SE 1 AB tai E. Chua y rang E ciing 1a trung diém AB do tam giac SAB cin
tai §. Xét tam giac SEB vuong tai E, ta co

a

2Vv1 —2cosa

Goi 0 1a tam tam gidc déu ABC. Hién nhién O thuoc CE do CE 1a trung tuyén tam giac ABC. Vi
tam giac ABC déu nén CE ciing 1a dudng cao, tic 1a CE L AB. Ngoai ra ciing c6 SE 1 AB. Vay
AB 1 (SCE). Laico AB € (ABC) nén (ABC) L (SCE).

1
SE =EBtanx:§ABtanx =



Goi F 1a trung diém AC. Tat nhién O thudéc BF. Chimg minh tuong tu trén ta c6 (ABC) L
(SBF).

Vayta co

(ABC) 1 (SCE)

(ABC) 1 (SBF)
Ma SO < (SCE) va SO < (SBF) nén SO 1a giao tuyén ctia hai mit phiang (SCE) va (SBF). Tux
do6 két luan dugc SO L (ABC), suyra SO L CE.

Xét tam giac déu ACE vuodng tai E, ta ¢6

a> a3
CE = ACZ—AEZZ GZ—Z:T

Cha y rang O dong thoi 1a trong tim tam gidc déu ABC, vi thé

1 aV3
OE = §CE =
Xét tam giac SOE vuong tai O, ta cé
a? az2 @ %
S0 = SEZ_OEZ:\/4(1—2C050()_E= 2
Ta c6 dién tich tam giac déu ABC 1a
a?V3

1
Sipc =sCE.AB =
ABC =5 4

Vay thé tich tir dién S. ABC 1a

2+ 2cosa
a3 =6cosa az\/§_a3 2+ 2cosa

1
V==580.5 =
ABC 2 4 24+/1 — 2 cosa

3

Wl =

Cau V.

Piatx =3a, y =3b, z=3cthitaco xyz = 1va

p Vxb + 1 +\/y6 +14+Vz6+1 _ \/xﬁ + x2y?z2 +\/y6 + x2y?z2 +\/Z6 + x2y2z2
a x3 +y3 423 B x3 +y3 423



Ta sé chirmg minh P < v/2, tc 1a chirg minh

Jx6 + x2y272 + \[y6 + x2y272 + \[26 + x2y272 <3
x3+y3+23 -

& xx* +y222 + yJy* + 22x2 + 2 z* + x2y2 < V2(x% + y3 + 23)
2
& (x\/x4 +y2z2 + y/y* + 22x2 + 7, /7% + xzyz) <2(x3+y3+23)?% (%)

Ap dung bat dang thac B.C.S cho ba cip sé (x,/x*+y2z2), (y,/y*+22x2),
(z,/z* + x2y2), ta cb

(x\/x4 +y2z2 + y\/y4 + z2x2%2 + z\/ﬁxzyz)2

< (X2 +y?+z20)(x* +y* + 2% + x2y? + y2z% + 22x?)

Vigc con lai la di chiing minh
(2 +y2+2)(x* + y* + 24 + x%y? + y2z2 + 22x2) < 2(x3 + y3 + 2%)%2 (1)
Khai trién hai vé cia (1), ta viét lai (1) duéi dang tuong dwong nhu sau

x® +y°® 4+ 25+ 4x3y3 + 4y323 + 4233
> 2x2y2(x? + y2) + 2y222(y? + z2) + 22%2x2(2% + x?) + 3x2y?z2
& 2(x% + y© + z°) — 6x2y?22
> 4x?y?(x? + y? — 2xy) + 4y?z2(y? + 22 — 2yz) + 42°x%(2% + x? — 2zx)
& (22 +y2 + 22)((x% — y2)2 + (y2 — 22)? + (22 — x2)?)
> 4x2y2(x — y)? + 4y22%3(y — 2)® + 42%x%(z — x)*
S X2+y?+z2)(x—y)?*(x+ )+ (y—2)*(y+2)?* + (z —x)?(z + x)?)
> 4x%y?(x — y)? + 4y?2%(y — 2)? + 4z°x%(z — x)?
& [ +y* + 2 (x + )% — 4x?y?l(x = y)* + (% + y* + 2) (v + 2)* — 4y?*2%](y — 2)?
+ [(x2+y?2 +22)(z+x)? —42%x?](z—x)*> >0 (2)

Ma ta co

(2 +y?+2)(x +y)? 2 (x* +y)(x + y)? = 2xy. 4xy > 4x?y?
(e +y% +2°)(y +2)* 2 (y* +2°)(y + 2)* 2 2yz.4yz = 4y*z°
(x2+9y2+22)(z+x)? > (2% + x2)(z + x)? = 2zx. 4zx > 4z%x?

Nén (2) hién nhién dung, tirc 1a (1) ciing ding. Theo nguyén 1y bic cau thi bt ding thirc (%)
dung. Vay ta da ching minh duge P < V2.

Khia = b = c = 1thi P = V2. Vay két ludn max P = /2.



Cau Vla.

1. Trudc hét ta c6 bd dé sau: hai diém lan luot di dong trén hai dudng tron ¢b dinh c6 ban kinh
lan luot 1a R va R’ ciing nhu ¢6 duong ndi tdm 1a D thi khoang cach gitta hai diém d6 khong bé
honD — R — R’

0 Chirng minh bd dé&: xét hai duong tron (0, R) va (0', R") co6 duong ndi tim 00’ cét hai
duong tron lan luot tai C,D. A, B 13 hai diém di dong lan luot thudc (O, R) va (0, R). Ta can
chung minh AB > CD.

Goi G 1a giao diém ciia AB va CD, E, F 1an luot 1a giao diém cta AB véi tiép tuyén tai C cua
(0, R) vatiép tuyén tai D caa (0', R"). Taco

AB =AG+BG =2EG+FG=>=CG+DG=CD
Vay bd dé da duoc ching minh.

0 Trd lai bai toan. Goi tdm cta hai duong tron (C;) va (C,) 1an luot 1a C; va C,. Dung duong
tron (C3) ¢6 tam 1a C; dbi xing véi duong tron (C,) qua Ox. B’ 1a diém ddi xtng voi B qua Ox.
(T @6 suyra B' € (C3)).



Taco C, = (0, 2) va C, = (6, 4).
Toa d6 C; la: C3 = (6,—4). Vay phuong trinh duong tron (C3) 1a (C3): (x —6)2 + (y +4)? = 4
Taco AC + CB = AC + CB' = AB’ (1).

Can tim gi4 tri nho nhit cua AB’. Goi D, E 1an luot 1a giao diém cta C;C; v6i (C;), (C3). Theo bd
dé trén thi AB' > DE (2).

Tir (1) va (2) tasuyra AC + CB > DE. Pang thirc xay ra khi vachikhiA =D, B = F (v6i F 1a
diém d6i xtng cua E qua Ox), C = C;C; N Ox.



Ta ¢6 C,C; = (6,—6), nén néu goi 7 1a vecto phap tuyén cua dudng thing C,C, thi 7 = (6, 6).
Tir d6 suy ra phuong trinh dudng thing C;C; co dang 6x + 6y +a = 0. Do C; € C;C3 nén
60+62+a=0ea=-12. Viy ta ¢c6 (C,C3): 6x + 6y — 12 =0 hay viét cach khac 1a
(C,C3):x+y—2=0.

0 D 1a giao diém cua C,;C; v6i (C;) va xp > x¢, nén ta co hé sau

{ xp+yp—2=0 (3)
xp+(p—2?=1 (4

Thay y, = —xp + 2 tir phuong trinh (3) vao phuong trinh (4), ta ¢

x5+ (—xp+2-2)2=1

1
o xt==
X5 >
R
S xp=+—
Xp =
Do xp > xc, = 0 nén xp = g, suy ra yp :#, Vayta co
p_(Y24-V2
\27 2
Nghia la diém A can tim c6 toa dd A = (?,#)

o0 E 1a giao diém cua C;C; véi (C3) va xp < x¢, nén ta c6 hé sau

{ Xxg+yg—2=0 (5)
(xg—6)>+ (s +4?*=1 (6)

Thay yr = —xg + 2 tir phuong trinh (5) vao phuong trinh (6), ta cd

(xg—6)2+(—xg+2+4)?=14
(:)(XE—6)2=2
©xp=6+2

Do xp < x¢, = 6 nén x5 = 6 — 2, suyra y; = —4 + /2. Vay ta co
E=(6-V2-4++2)
Vaysuyra F cotoa df la

F=(6-v24-2)



Nghia 1a diém B cn tim c6 toa do 1 B = (6 — V2,4 — V2)
0 Piém C can tim 13 giao diém cta C; C; va Ox nén ta cd hé sau

xC+yC'_2:0 {xCZO
{ XC:() @YCZZ

Vay toa do diém C 1a € = (0, 2).
o Két luan: cac diém 4, B, C can tim c6 toa do 1a

V2 4—A2
AZ(T’ 2

), B=(6-v24-v2), (=(02)

2. Goi r la tim mat cau S. V&i moi diém I(x, y, z) théa yéu cau bai toan, ta déu co

2x—y+22—1|_|2x—y+22—1|

r=d(l,(P)) = |

= (D
N 3
[2x —y+2z+5| |2x—y+2z+ 5|
r=d(I,(Py)) = = (2)
N 3
r=IA=x+1)2+(-12+(z-1)2 (3)
PN £ \ \ At A a=p \
Cha y rang néu |a| = |B| ma a < B thi B =—a > 0. That vay, |a| =|B| & @=—8 ma

a<fBnéna=—B.Néu B <0thia>0suyraa > g (vo li).
Tu (1) va (2) suyra

[2x —y+2z—-1| =|2x—y + 2z + 5]
Ma2x —y+2z+5 > 2x —y+ 2z — 1 nén theo chu y trén, ta suy ra

2x—y+2z+5=-2x+y—2z+1
©2x—y+2z+2=0 (4

Vay diém I thudc mat phang (P): 2x —y +2z+2 =0 ().

Tir (1) va (4) tasuyrar = 1. Két hop véi (3) ta thu duoc
x+1)?4+(@y-1D2+@=Z-1)2?=r?=

Vay diém I thudc mat cdu (x + D2+ (y — 12 + (z— 12 =1 (3%).

Tur () va (++) suy ra I thuoc phin giao giita mat phang 2x —y +2z+2 =0 va mit cau
(x+ 1%+ (y —1)? + (z— 1)? = 1. Néu ton tai mot phin giao nhu vay thi d6 13 mot duong



tron va ta co diéu phai chimg minh. Gio ta cin kiém tra xem c6 ton tai phin giao nay hay khong.

R0 rang A(—1,1,1) 13 tAm cua duodng tron (x + 1)2 + (y — 1)? + (z — 1)? = 1. Duong tron ndy

c6 ban kinh 1a 1. Néu d(4, (P)) < 1 thi phin giao 1 ton tai. That vy, ta co
2.(-D)-11+21] 1

W) == 3 !

Chirng minh hoan tat. I thudc dudng tron

x+1D?+(@y-1D2+zZ-1?=1 (5

(O’R):{ 24—y +2z+2=0 (6)

Khoang cach tir duong tron (5) dén mat phang (6) la d = d(A, (P)) = % Suy ra

e [

Goi toa d0 diém 0 13 0 = (a, b, ¢). Ta c6 O thudc mit phang (6) va A0 = d. Vay
2a—b+2c+2=0 (7)
1
{(a+1)2+(b—1)2+(c—1)2 =5 ®

Thay b = 2a + 2c + 2 tu (7) vao (8), ta thu dugc

1
(a+1)2+(2a+20+1)2+(c—1)2=§

1 1
- 2 e —_ 2:
@5(5a+4c+3) +45(9c 7 0

5a+4c+3=0
9c—-7=0
11

9

7
)

(=14

a =

Tur @6 tinh duoc

10
b:2a+2c+2:?

Vay ta co



0 Két luan: I thudc dudng tron ¢d dinh c¢6 phuong trinh

{(x+1)2+(y—1)2+(z—1)2:1
2x—y+2z+2=0

Duong tron nay c6 tdm O va ban kinh R, trong do
11 10 7 2v2
0=(-5.53) R
97979
Cau Vlla.

Céc so0 thda yéu cau dé bai co6 dang a;a,aza,as, trong do as : 2, a; # 0, va c6 ding hai trong
nam sO a,, a,, as, Ay, as bang 0.

Ta c6 céac truong hop sau:

0 ag = 0. Khi d6 c6 dang 3 cach x€p s6 0 con lai vao céac vi tri a,, as, a,. a; va hai vi tri con lai
moi vi tri ¢6 9 cach chon tir cac s6 {1,2,3,...,9}. Vay tat ca c6 3.9 cach chon so trong trudong
hop nay.

0 ag # 0. Khi d6 c6 4 cach chon as tir cac s6 {2,4,6,8}. Xép hai s 0 vao hai trong ba vi tri
,, a3, a, c6 CZ cach. Hai vi tri con lai mdi vi tri ¢6 9 cach chon tir cac s6 {1,2,3, ...,9}. Vay tat
ca co 4.C2.92 cach chon s trong truong hop nay.

0 Theo quy tic cong, c6 tong cong 3.9% + 4.€2.92 = 3159 s6 thoa dé bai.



