©Dién dan toan hoc — VMF

LOI GIAI DE 03

Thi sinh vietfrog

Cau I:
Véi = — ta ¢o:
1m 5 a co

y=flr)=a"+8° - 3
* Qi bién thién:

a) Gidi han va tiém can:

9
. T 4 2 72\ _
Jip S0 = i (48t 3) = oo
= Do thi ham s6 khong c6 tiém can.
b) Chiéu bién thien:

fl(x) =42 + 16x; f'(2) =02 =0
Bang bién thién:

X —n 0 +on
fx) = 0 +
J) | 4+ +o
\ y /
A

~Ham s6 dong bién trén (0; +00)
~Ham s6 nghich bién trén (—oo;0)

~Ham s6 dat cyc tiéu tai z = 0 = yor = -

~Ham s6 khong c6 cuyc dai.
*Do thi:

8
g(x)=x‘+8-x7—z

i

Nhan xét: Do thi ham s6 da cho 14 mot duong cong lién tuc nhan Oy lam truc doi xtng.
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2.

y=a"+22m+1)2* —3m

Theo bai: (C) cat Ox tai 4 diém phan biét tao thanh 3 doan thing bang nhau.

Yeu cau bai toan (ycbt) tuong duong:

(C) cat Ox tai 4 diém phan biét c6 hoanh do theo thit tu (z1 < z2 < 73 < 24) 1ap thanh
1 cap s6 cong. Tic la:

Ty — X3 = T3 — X9 =Ty —T1
= 1?4+ 2(2m + 1)t — 3m. Khi d6 ycbt tré thanh:
0 ¢6 2 nghiém phan biét: t5 > t; > 0 thoa man:
Vi Vi = Vi — (—VE) = —Vi — (V&)

= Vi = Vi = Vi — (-Vh)
S Vi =3Vt &t =9t > 0(x)

*)Phuong trinh ¢(t) = 0 ¢6 2 nghiém phan biét: to > t; > 0

Dit 2 =t > 0; g(t)
Phuong trinh g(t) =

2

Al >0 @2m+1)2+3m >0 Ame e tm o 1= 0 3

S i+t >0 &< —22m+1)>0 & m< S m<
t1.to >0 —3m >0 m < 0

*)Phuong trinh g(t) = 0 ¢6 2 nghiém phan biét théa man (x) :

ty = 9t
t2:9t1 —1 (2 1) t2:9t1
= — tr=—(2m+ ~1 ~1
= t1 + 1o 2(2m+1) =4 ‘il = _(2m+1)2 - m
tl.t2:—3m t2_ 3
1T = —Mm
3
ty = O, t2_9_t1 5
< im2+3—7m+i—0 < m_:l 2)
25 75 25 :E

Tw (1), (2) suy ra: m = —3.
Thit lai thay ding.
Vay m = —3 la gia tri can tim.

Cau II:
1.

cos?2z + 2cos 2z —sinx + 4 = 2v/2 —sinx
Diéu kien: 2 —sinz > 0 < sinz < 2 (luon ding)
Phuong trinh da cho tuong duong:
cos?2x +2cos2x +1+2 —sinz — 22 —sinz+1 =0
2
& (cos2z +1)° + <\/2 —sinx — 1) =0

{ cos2zx+1=0 { 2cos’r = 0 {cosw:O
=

T
V2—sinzx =1 2 —sinr =1 sr=—+kr(keZ)

sinz =1 2
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Vay phuong trinh da cho c6 nghiém : z = g + k2 (k€ Z)
2.
Ta co:

2 2
r+—-—2>14+—
T T

{ 62°V a3 — 62 + 5 = (2 + 2z — 6) (2° + 4)

Xét phuong trinh tha hai:

2 2
r+ — Z 1+ 3
x L0 x 40
x x
>
@{ 2420 > 2?42 @{ (r-1)(2+2) >0 ~ 721
Xét phuong trinh thit nhat:
N -1 —-+v21 -1+ v21
Dieu kien: 2° — 6z +5> 0 x € T;l] U +T;+oo]
Két hop véi > 1 ta co:
-1+ 21
+;+oo> u {1}
Ta co:
62°Va? — 6z +5 = (22 + 2z — 6) (2° + 4)
THI:
o —1+4/21
Véi x = —
Ta thay: VT = 0; VP # 0. Suy ra vo ly.
Véix =1

Ta thay: VT = 0,VT = —15.Suy ra vo ly

TH2.  we (#ﬁwm) (D)

Phuong trinh da cho tuong duong:

612 2 +2x—6

B4 B 6z t5

2

Xét: f(x) = e trén (D).
() 122 (2% +4) — 322,622  —62° +48
xr) = =
(a3 +4)° (a3 + 4)°
fllx)=0& —62° +48 =0 0=2
Ta c6:
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X 74, _1+421 5 +o0
f@l/ /

7
+ 0 —
flx) /' 2 \

Tw d6 ta co6: f(z) <2 Ve e D

2
Xét : g(x) = b trén D
x3 —6x+5
Ta co: 3o (s 4206)
g/(x): <2I+2>\/$3—61’+5—m
3 —6x+5
o) = (4z + 4) (23 — 62 + 5—) — 322 (22 + 2z — 6)

2V a? — 6x + 5 (23 — 62 + 5)
g(x) =0 (4o +4) (2* =62 4+5—) —32% (2 + 22— 6) =0
a2t -2 482 -16=0
S (x-2)(2*+8) =0

—1+4/21
=>x=2 Doz > +T>
Ta ¢o:
X 7/u/ —1+4/21 5 +
2
2’|/ / + 0 -
g b \ o
2

Tt d6 suy ra duge: g(x) > 2 Ve € D
Nhu vay:

VI =VP & f(z) = g(z) & { g(x)

Tht lai thay ding.
Vay hé da cho ¢6 nghiém x = 2.
Cau III:

Ta co:
1

I:/ dx
14++1 -2 — 22

)
Dit: Vi-2z—a?=tr—1=1-2z—2>= (tz — 1)°

= 21 + 2% = 2ut — %2
=z (t*+1) =2t -2
_2t—2
_t2—5% 4 2
—2t t
(t2+1)
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Déican:z=—-1—>t=-1—-V22=-2—t=—1Ta co:

—1-2 —1-v2
2(—t*+2t+1)

2(—t*+2t+1)

©Dién dan toan hoc — VMF

= _[ [1 T (%tgfl) 1)] (2 + 1)2dt - _[
1B

B (=t +2t+1)
el= / t(t—l)(t2+1)dt

Gia si:
(—t*+2t+1) A B C

tt—-1)*+1) ¢t t—1 #+1"

=+ Wt

dt

[(2t —2)t] (12 + 1)

P +2+1=A{t-1)(P+1)+Bt(*+1)+C(t—1)t

Vé6i:t=1=2B=2=B=1
Voi:t=0=>-A=1=A=—
Véoi:t=2=5A+10B+2C0 =1=C=—
Nhu vay:

—1-2

—1 1 -2 13 1
I = 4 — dt =|ln(t—1) —Int -2 dt
/ (t +t—1+t2+1> [t = 1) = Inf]l, / 2 +1

-1

Xét:
—1—-v2
J = / 1 dt
N 241
1
bat
Fetanu = dt— - e (ZET
= tanu = ) —_— =
cos?u 22
Déi can:
t=—1—u=arctan(—1);t = —1 — /2 — u = arctan (—1 - \/5)
Ta co:
arctan(flf\/i)
du arctan(—l—ﬂ)
J = / cos2u. 12 = u|arctan(—1)

arctan(—1)

Nhu vay ta c6 dugc:

arctan - _1
I=[n(t—1)—Int }7\f—2u| tan(-1-v2)

arctan(—1) 2
Vay:

-1
I = 71n2—2arctan (—1 — \/5) —g
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Cau IV:
Goi hinh chép ban dau 1a S.ABC
LS‘

B

Goi O la tam ctia day.

Ké BH vuong goc véi SC ( duong thiang SC')

Xét ABHC va AAHC

Ta ¢6: HC chung; AC' = BC

HCA=HCB (do ABSC va AASC la 2 tam giac can tai S )
= ABHC = AAHC (c.g.c)

Suy ra: CHA = CHB = 90°.Ttic la: AH1SC = AHB = a
Ta c6: AABH can tai H, AHB = a, AB=a

Suy ra: BH = AH = La

2Sil’l§
Ta c6: ACBH vuong tai H

a
2sin =
o BH SIDE 1
. 1 B = = =

Suy ra: sin BC'S BC - S ©

2

— — 1
Do ASBC' can tai S nén BCS la géc nhon. Suy ra: cos BC'S =, [1 — ToZa
\/ sin®%
2

Goi M la trung diém BC. Ta c6 ngay SM LBC
Suy ra:

a
— CM 9 1 a
cos BO S SC élsinQQ:> 9 /1 1 _

2 - T 2a
4sin 5

Ta c6: AABC 1a tam giac déu canh a, O 1a tam duong tron ngoai tiép tam giac, suy ra:
a\/§

CO=—-
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Ta c¢6 ASOC vuong tai O (do O la tam day hinh chop deéu )
Theo dinh Iy Pi —ta — go ta c6:

SO* = SC* — CO* = SO = VSC? — CO?

2 2
= S0 = ¢ — - %
’ <1 L )
4sin”5
Ta co: /3 23
. 1 3 3
AABC la tam giac deu canh a, suy ra Saapc = §.a2 a = a 1
Ta co:
1 1 a®V/3 a? a2 1 a3V/3 1 1
V. =-50.5 = —. ) - — = - =
SABC T 3T AR T 3 Ny (1 - 33 4 1 3
4sin?2 411-—=
4sin“<
Vay:
" ~1d*V3 1 1
SABC T3y 1 3
411 a2
4sin”3
Cau V:

Ap dung bat ding thic Cauchy-Schwarz cho hai sb ta co:
Va2 +1+v2a </2(a+1)2 =v2(a+1).
Va2 +1<vV2a+ V2 —V2a

Tuong tu ta co:

V2 +1<V2b4+vV2—V2b vV +1<V2e+ V2 -2
Tu do suy ra:
\/§(a+b+c)+\/§<3—\/_—\/5—\/5>
a+b+c
Mat khac, theo gia thiét abc = 1 nén ap dung bat dang thic AM — GM cho ba sb ta cé:

Va+ Vb4 e > 3Vabe = 3.
Dodé\/§<3—\/_—\/l_)—\/z> SO.Nhu’Vay,tasuyraPS\/ﬁ.

Déang thtic xay ra khi a =b=c = 1.
VaymaXP:\/ékhia:b:c:l.

P <
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Cau VlIla.

Goi I; J; Ry; Ry 1an lugt 1a tam va ban kinh duong tron (C); (Cy);
Lay I' déi xtng vé6i I qua Oxz.
Ta co:

Cl+CJ=CI'+CJ>I'J=C'I'+C'J=CIT+CJ
=CI+CJ>C'T+C'J
:>CI+CJ—R1—R2ZC/I—FC/J—Rl—RQ
— CA +CB > C'A"+C'B" (1)

Mat khac ta co:
CA+IA>IC S CA>IC-IA=IC —-JA =CA = CA>CA
Tuong ti ta ciing c6: CB > CB’
Tt d6 6 dwoe: CA+ CB > CA + CB' (2)
T (1); (2) suy ra:
CA+CB>C'A"+C'B"

Do I ¢6 dinh nén I’ ¢6 dinh. Suy ra C” ¢6 dinh. T d6 suy tiép duge A”; B” ¢6 dinh.Nhu
vay C'A” + C'B” khong doi.
Ma:CA+CB>C'A"+C'B”
= Min(CA+CB)=C'A"+C'B" khivachikhi C =C"; A= A";B=B"
*) Tim C’
Ta c6:
(C): 2+ (y—27=1=1(0;2)=I'(0;-2)
(Co): (z—6)"+ (y—4)* =4=J(6;4)
2
Suy ra I'J ¢6 phuong trinh: g = % Sr—y—2=0
I'J cat Oz tai ¢ suy ra : C'(2;0)
*)Tim A”

-2
C"(2;0);1(0;2 :>C’I:§:y—:>0’[:y:2—x
2 —2
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Ta c6: A” = (C1) N IC" va A” nam gitta [ va C’
Xét: (C)NIC!

= = =2-x y=2-—ux
y=2—-=x y=2—x Yy
1 +1
©{$2+(y—2)2=1 <:>{$2+(2—x—2)2:1 @{ﬁ:_ = c="5

2
Véi: xan = % = rar < 17 < xor = A” ndm ngoai I va C’" (Loai)
N 1:> Lwﬁim 1 4—+/2
T An — ——= n = [

A \/§ Ya 9 \/5’ 9
*) Tim B”
Hoan toan tuong ty véi viec tim A”
Ta co:

C'(2;0);J(5;4)=CJ:y=x—2

Ta c6: B" = (Cy) N JC' va B” nam gitta J va C’
Xét: (Cy) N JC!

- y=x—2 N y=x—2
(z—6>+@y—4>=4 r=06++2
Véi xB//:6+\/§:>xBu >IJ>IC/:>B// nam IlgOE\li JC' (LO&I)
:>£L'B//:6—\/§:>y3//:4—\/§:>B//<6—\/§;4—\/§>

Nhu vay : CA + CB dat gia tri nhé nhat khi:
1 4—+/2
AEAH<—'—\/_>;BE ”(6—\/5;4—\/5);6'56"(2;0)

V22

1 4-V2 C
ay: Al —;———— | ;B(6—vV2;4—+V2);C(2;0) 13 ié an tim.
Vay (\/5, 5 >, (6 V2; \/_>,C( :0) 1a ba diem can tim

Ta thay:

Vecto phap tuyén (vtpt) clia (Py) 1a o (2; —1;2);vtpt clia (Py) 1a o (2; —1;2)
Suy ra: (1) || (P)

Ta thay: M (0;—1;0) € (P)

= d((P);(R)) =d(M; (%) =6
Theo bai ta cé:
I 1a tam mat cau S tiép xtc véi ({31)  (Py).
= d([;(P) = d(L; (1) = R=5d((P);(P) =3

Mit khac: A ndm trén mit cau S nén /A = R = 3.

Do A ¢b dinh; T A khong doi nén I thuge dudng tron tam A(—1;1;1) ban kinh r = 3 ( ¢6
dinh ).

Vay Quy tich diém I la dudng tron tam A(—1;1;1) ban kinh r = 3.
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Cau VlIl.a:

Goi : V = abcde véi a,b,c,d € {0,1,2,3,4,5,6,7,8,9} 1a s6 thoa méan yéu cau dé bai.

THI1: e = 0, khi d6 V = abcd0

Do a # 0 nén c6 3 cach dién s6 0 thit hai.

Mbi cach dién s6 0 thit hai c6 9% cach dién 3 chd tréng con lai.

Theo quy tdc nhan ta c6: 3.9° = 2187 s6 V' thdéa méan yeu cau véi V = abed0.

TH2: e #£ 0.

Do V 1a s6 chén nén e € {2,4,6,8}

Nhu vay c6 4 cach dien e.

M&i céch dién e c6 C3 cach dién 2 chit s6 0 vao cach vi tri con lai. (do a # 0 )
Nhu vay con tréng 2 vi tri.

M&i céch dién 2 chit s6 0 vao cach vi tri con lai 6 9% cach dién vao 2 vi tri con lai.
Theo quy tic nhan ta cé: 4.C5.9% = 972 s6 V théa man véi V = abed0 , e # 0.

Vay tim dugce 972 + 2187 = 3159 s6 thoa man yéu cau de bai.
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