PE THI PAU TRUONG VMF CUA POl DELTA
TRAN DAU LUQT VE THU NHAT!
Bai 1(S6 hoc THCS): Chang minh phuong trinh sau c6 vo s6 nghiém nguyén
duong: a’ + b? =z’ + z.
(anh qua)

Loi giai:
B6 dé: Néu p 1a s6 nguyén t6 c6 dang 4k+1 thi p c6 thé biéu dién dudi dang:
p= x% + y? véi x,y la cac s nguyén duong! Bb dé nay kha quen thuoc. Thiét nghi
d6i DELTA khong can néu lai chirng minh!
Quay lai bai toan:
Ta chon z 14 s6 nguyén t6 c6 dang 4k+1 thi z= x? + y?2.
Suyra:z’ +z= (x2 +y%2)(z® + 1) = (xz3 — y)? + (x + yz3)?
Suy ra bPCM!

Bai 2(Hinh hoc THCS) Cho (O), A nam ngoai (O). Tir A ké t&i (O) céc tiép tuyén
AB,AC. P thudc tia dbi tia CA. (ABP) n (O) tai M # B. H Ia hinh chiéu trén BP.
CMR: HMP = 2APB

(hungvu)
Giai:




Taco: xBM = BDM
Lai c6 MAB = BPM

Pit E = DM n Ap
Taco6: AEPD~AEMP
— E la trung diém PC

Do PHC la tam glac vuobng tai H suy ra EP=EC=EH
— EHP = EPH = EMP

— EPMH la tw giac noi tiép
Suy ra: HMP = HEC = 24PB dpcm
Bai 3(Pai s6 THPT): Cho a,b,c 1a ba sb thuc duong thoa man: ac — b? > 0 va
f(x,y) = ax?® + bxy + cy?. Chitng minh rang ton tai hai sé6 nguyén u,v khéng

ddng thai bang 0 sao cho
D
If (w,v)| <2 3
Lai giai.

béyrang |—f(x,y)| = |f (x,y)| nén ta chi can xét a > 0 1a dugc. Két hop véi gia
thiét D = ac — b%> > 0,tac6a > 0 vac > 0. Lic nay ta co

(hungvu)

by, D ,
f(x,y)=a(x+?) +Ey > 0.
Do d6 yéu cau cua bai toan twong duong véi viéc chi ra cap sé nguyén (u, v) khdng

ddng thoi bang 0 sao cho
D
flu,v) <2 j;

GoiA={(x,y)|x € Z,y € Z,x* + y> > 0}. Thé thita co f(x,y) > 0 v4i moi
(x,y) € A. Goi (x,y) € Asao cho f(u,v) = min f(x,y); (x,y) € A va dat
K = f(u,v), K>0. RS rang u,v phai 1a hai s6 nguyén t6 cing nhau, do d6 ton tai
hai s6 nguyén s,t sao cho
us —vt = 1. ™)

bat g(x,y) = f(ux + ty,vx + sy), tacd

min g(x,y) = min f(ux + ty,vx + sy) = f(u,v) = K sao cho (x,y) € A
(dat duoc tai x=1 va y=0). Pat L = uta + vsc + btv + usb, sau mot vai tinh toan
ta viét dugc

g(x,y) = flux + ty,vx + sy) = f(u,v).x* + 2Lxy + f(t,s).y>.

Tu (*), tacod



K.f(t,s) = f(u,v).f(t,s) =L*>+D,
Suy ra
2
FOoy) = K b0t 4 2

Bay gio, ta chon s6 n nhu sau

D& thay |n—£| Sl,do do
Kkl =2
D
KSg(n,—l)zK(n——) +ES

SuyraK? < % hay K < 2\/2. Ppcm)

Bai 4(Giai tich THPT) Tim tat ca cac ham thire fxac dinh trén R thoa man diéu
kign: fF(f(x) +y) =2y + f(f(y) —x) Vx,y ER
(hungvu)
Loi giai:
Véix € Rtuy ytachon a =
Hay x = f(0) — 2a. Lai chon ,8 = —f(a) Yy =f(B) —a.
Khido f(y) = f(f(B) —a) = f(f(a) + B) — 2a = f(0) — 2a = x.
Vay f la mot toan anh do d6 c6 a€ R sao cho f(a)=0.
Khi do vai y tuy y ta co f(y)=f(f(a)+y)=2a+f(f(y)-a).
V61 x € R tuy y, do ftoan anh nén co y sao cho
fly)=x+ta » x = f(y) —a.

Khi d6
x=f—-a=a+f(fly)—a)=fx)+a

f(O) x

Suy ra
’ f(x) = x-a. Thir lai thay thoa man ‘
Ket luan: Tat ca cac ham can tim la f(x)=x+C, C la hang so tuy y.

Caub (Hlnh hoc THPT): T giac ABCD noi tiép duong tron tam O, 2 dudng
chéo cat nhau tai M. Qua trung diém P cua Canh AB, ké doan PM, qua trung diém

Q cua BC ké doan QM, chitng minh ring néu PM L CDthi QM L AD




(hoangtrong2305)

BAI GIAI

bat m: a; MB = b

Chung minh dugc

MD MC

AMAB ~ AMDC = —=——-=Kk

MA MB

Vay MD=kMA; MC=k, do d6

kb~ = —ka -

CM =—a; MD =, @ voi a=MA va b=MB
=>%.(O_A’+O_B’+OC+0D)=OM
QM =OM —Oin(cﬂ#o_D’)

Mt khac : 2 )
=> QW.E:E(FA+E)(®—CTA’):E(ODz—OAz)zo
=>QM L AD

CM +MD=CD

—>CD =X (vca%)
ab

Theo gia thiét : PM L.CD nan CD.MP =0

Ma :



MA+MB = 2MP
=> (a+b)(b*a+a2b) =0
=>ab.(b*-a?)=0

* Néu b®>—a’ =0 hay a=b thi ABCD la hinh thang can hay hinh chir nhat =>
DbPCM

* Néu a.b =0thi AC LCD

:>%.(FA+OB+OC +0D)=0M

QM =OM —OQ:%(cﬁﬂﬁ)

— Q—M’.ﬁ:%@+cﬁ)@_ﬁ):%(ooz_OAZ):o
=>QM L AD

Bai 6(Olimpiad): Chon € N *,n = 2, Xy, X, ..., Xn € R thoa man

n n—1
inz + z X X1 = 1(1)
. i=1 i=1
Vai moi 1< k < n.Tim max|x;|.
(anh qua)
Loi gial
Taco (1) e 23" x2+2Y " xx =1
) 7(—>X12+(X1 +x2)2+---+(xk +xk+1)2+---+xn2 = 2.
Theo bat dang thicc Cauchy - Schwarz ta co:
x1% + (g +x2)% + o4 o +2)°
=x1% + (—x —x)° + ‘; (D g + (=D x,)?
= E.sz

Tuong tu
1

2
n—k+1m

2
G+ x04)> + 04 Gy + )%+, 2
Cong theo vé cua 2 bat dang thuc ta co:



22 (4
—k n—-k+1
2k(n —k + 1)
= lad = \/ n+1 '
Dau bang xay ra khivachikhi x; = —x; —x, = - = (=D* L.x,_; +
(_1)k_1-xk VaX, = —X, —Xp_1 = = (_1)n_k+1(xk+1 + xi)

_ 4 2k(n—k+1)
M=+ n+1 '



