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LOI NGUOI DICH
Hién nay trudng so phirc € dugc xay dung theo nhidu cach, trong d6 c¢6 hai cach dai sé thuong

su dung :
4 C 1a truong phan ré cua da thic bat kha quy x? +1(trén R) . x> +1= Oc6 nghiém
trong C , tic latdn taiie €, 12 =—1 .

+ Xem € =R? ={(a;b)}, xay dung phép toan cong va nhan thich hop, rdi chitng minh
(C ,+,X) 1a mot truong. Téac gia xay dung C trén tinh than nay . Phan 16n quy tic tinh
duoc thao tac trén cac vi du mot cach hinh thuc. Tiép theo 1a dinh nghia va cudi cling
kiém chting két qua. Viéc xay dung C cua tac gia vira dam bao chinh xac vira d& hiéu, dé
ap dung.
Tai liéu danh phan dau néu dinh nghia sb phirc va cac phép toan .
Phan hai néi vé bat dang thirc tam giéc.
Dang lugng giac va mii ctia s6 phirc dugc néu ¢ phan ba.
Phan cudi dung trinh bay vé liy thira va can bac n caa mot sé phuc.
Dboc tai liéu nay:
Hoc sinh, sinh vién c6 nhu cau thuc hanh cac phép toan trén sé phuc, tim thiy
huéng dan rd rang, chi tiét;
Néu mudn tim 15i giai dap vi sao tap sb phirc ¢ nhiéu tinh chat dep ma R khong
co, sé dugc thoa man;
Néu da biét mot it vé& s6 phuc van thiy tha vi.
Con ...toi thi it thoi gian ma ham nhiéu viéc, nghi rang thiéu sot khdng tranh khoi.

Nudc dam Nai du sach, xin rira tai nghe chi giao.
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1.T4p s6 phirc va cac phép toan

1.1Pinh nghia tdp sé phirc
4 Cho a,be R . Mdi biéu thirc dang a+bi duoc goi 13 mot sb phirc?
a: phan thyc cua z.
b: phan 40 cua z.
Tap céc sé phuc ky hisulaC .ae R, a=a+0i=z. VayRc C *
Ta can dinh nghia phép cong va nhan hai sb phuc
Cho hai s6 phiic z, =a+bi,z, =c+di.
Tong z,+2, =(a+c)+(b+d)i
Tich z,.z, =(ac—bd) +(ad +bc)i
Cong thirc trén dung cho truong hop hai sb thuc z, =a+0i,z, =c+0i .’
Thit viy 2+2,=(a +_Oi) + ((? +0i)=a+c
2,.2,=(a+0i)(c+0i)=ac
+ Diéu cudi cling trong phan nay, ta phai chung minh i* = —1nhw mét hé qua
cua phép nhan. That vay:
i”=0i=(0+1)(0+1)=(0.0-1.1)+(0.1+1.0)i =-1

1.2.Céac phép toan
+ Khi thuc hanh cong va nhan hai sb phuc, chi can thyc hién theo quy tac cong

va nhan da thirc véi chay i% =—1 .

? Dang dai sb cta sb phirc(ND)
* T4n tai don cAu trwong :R— C (ND).

* Hai phép toan cong, nhan cam sinh trén R thanh hai phép toan cong va nhan thong thuong (ND) .
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Vi du: Tinh
a. (58-i)+(2-17i)
b. (6+3i)(10+8i)
c. (4+2i)(4-2i)
Bai gii
a. (58-i)+(2-17i)=58-i+2-17i=60-18i
b. (6+3i)(10+8i)=60+48i+30i+24i’°=60+78i+24(-1)=36+78i
C. (4+2i)(4-21)=16-(2i)*=16+4=20 .
Phép nhan hai sé phuc , cho ta hé thuc : (a +bi)(a —bi) = a® +b®. Hé thuc nay
duoc sir dung khi chia hai s6 phic ¢ phan sau.
£ Bay gio xét dén phép trir va chia hai sé phtc. Thir 1am mot cach hinh thac vi
du sau
Vidu:
a. (58—i)—(2—17i) =58—i—2+17i =56 +16i
6+3i _ (6+3i) (10-8i) _
10+8i (10+8i) (10-8i)

60 — 48i + 30i — 24i? _ 84 —18i _ 84 B 18 izé—ii
100 + 64 164 164 164 41 82
5 __ 5i(L+7i) _-85+5i -7 1.
1-7i (1-7i(1+7i) 50 10 10
£ Trudc khi dinh nghia phép trir va phép chia hai sé phtc, ta can mét sé chuan
bi:

S6 d6i cua s6 phirc z ky hiéu —z , théaman  z+(-2)=0

Trong céc truong dai s6 tong quat noi chung khong c6 hé thae —z = (—1).z

Rat may man, trong truong C tacé —z = (-1).z =—a—bi
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% Hiéu hai s6 phac z,,2,: 2, -2, =2, +(-2,)
Nén z,—z,=2+(-z,)=(a+bi)+(—c—-di)=(a-c)+(b—d)i
4 Diéu can chuan bi cho dinh nghia thuong hai s phuc 1a s6 nghich d4o cua
mét sb phuc.
S6 nghich dao cua s6 phic z (£ 0) 1a mot sé phirc ky hiéu z* sao cho z.z'=1.
S6 nghich dao caa s6 phirc duoc 1am rd qua doan sau:
Gia sir z'=u+vi 1a s6 nghich dao cua z=a+bi

z.2'=(a+bi)(u+vi)=(au-bv)+(av+bu)i=1

-

a
~ |lau=bv=1 u_a2+b2
Nén = <
av+bu=0 B b
V=- 2 2
L a“+b
o a b

a’+b* a’+b?

Moi s6 phirc z khac 0 ton tai sé nghich dao z*.

Pinh nghia thuong hai sé phac. Cho hai s6 phtc zy, z, (z,# 0)
Z

1 -1
Z,

=17,

Theo dinh nghia trén , ta co

Vidu:
1%13; — (6+3i)(10+8i)™,
108yt 10 8§ . 10-8i

_ | =
10> +8* 10 +8° 164
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6+ 3i ] i .10 -8i
= (6+3i)(10+8i)*=(6+3i
10 +8i ( ) ) ( ) 164
_60-48i+30i-24i° 21 9.
164 41 82

Ta c6 lai két qua trudc day khi tién hanh chia hai s6 phtiic mot cach hinh thic.
+ Duya vao nhan xét nay, ta c6 thé tién hanh chia hai sé6 phtic ma khéng can ban
tam dén cong thic tim s6 nghich dao cua s phc.
3—i _(3-1)A-i) _2-4i _q
1+i  @+i)@-i) 2

1 10-8 10-8 5 2.

Chang han — 2

hay (10+8i)™* = . - _
y Q08 = o 8 0 8) 10°:8 82 4l

2.Bat dang thirc tam giac

2.1 Sé phaec lién hop
£ S phuc lién hop cua z=a+bi , ky hiéu 7,
Z=a-hi.
(n6i cach khac chi can dbi dau phan 4o cua z, ta duoc Z)

£ Mot s6 tinh chat caa sb phuc lién hop

Z=1
2,t2,=2+1,
2,.2, =1,.7,

VR
N |N
NS =
N—
[l
NN
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Vidu: Tinh
(@) Z,z=3-15i

(b)z,-2,,2, =5+1,z, =—8+3i
€ 2,—12,2,=5+i,2, =—8+3i
Bai giai
(@) Z=3+15i =7 =3+15i=3-15i =2

(b)z,—2,=13-2i=12-2,=13-2i=13+2i

(©)2,—2,=5+i—(-8+3i) =5—i—(-8—3i) =13+ 2i
4 Vai s6 phic z=a+bi, ta co
Z+Z=a+bi+(a-hbi)=2a,
z—7 =a+bi—(a—bi) = 2bi

2.2 Médun ciia s6 phic

4+ Cho z=a+bi, Modun cua z ky hiéu |z,

|2 |=~a® +b?

Modun ctia mot sé phuc 1a sé thuc khéng am.

4 z lash thuc (z=a+0i), |z |= \/a_2 = a|. Vay Modun ctia mot sb thuc chinh

la gid tri tuyét ddi cua so ay.

£ |z[=a*+b*>a’=|z[¥a|>a.
Tuong tu | Z[2|b[>b
Cac hé thuc dién ta mdi quan hé gitra Modun va sé lién hop cua z:

27 =(a+bi)(a-bi)=a*+b* = zz7<zf

|1zZHZ]
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|-z H z|
7,11,
ZZ Zz Zz | Z2 |2
Vi du:Tinh 2o
10+ 8i
Bai giai
z,=6+3i,z,=10+8i,2, =10-8i,| z ’=164
6+3i  (6+3i)(10—8i) 60— 48i+30i —24i° _2a 9.
10+8i 164 164 41 82
4 Tinh chat cia Mddun s phiic
|zZ|=0<2z2=0
| 2,Z, |:| Z ” Z, |
z|_lz]|
| |z,

That vay:
|zF0e=Va*+b° =0 a=b=0<12=0
122, =(22,)(22,)

= (2,2,)(%,2,)

= le_lzzg

=z, |z,

:>| 4,Z, |2 :| Z |2| Z, |2:>| 2,7, |:| Z ” Z, |
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2.3 Bdt dang thic tam giac
4 Mdi quan hé gitra Modun s hang va Modun tong hai sé phuc:
|2,+2, |4z [+]z,]|

Chang minh

|z, +2,=(z,+2,)(z, + 2,) = (2, + 2,)(z, + Z,)
= | Z,+1, |2: le_1+ Zlg'*‘ Zzz_1+222_2

Luuyrang z,z, =Z,Z, = 2,Z,Nén

12,+2,4, =22, + 2,2, = 2Re(3,2,) <2| 2,3, |- 2|2, || 2, |=2| 2, || 2, |
Z12_1 :| Z |2;Zzz_2:| Z, |2
lz,+2,? =2z22+22,+2,2,+1,2,

:| Z |2 +ZlZ+ZZZ_1+| Z, |2

z, 2|z | 2,1+ 2, [

:(|21|+|22 |)2

Nén |z, +2,|d 7 |+]z]

1z Hz+2,-7,]
2z, +7,|+[-2z,] (giast [z, 2z, ].] 2, < z, | ludn
:|21+22|+|Zz |:>|21+22 |2| 21|_|22 |20

ding)

Tuong tu
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|2, +2,2 7, |-z |==(z[-|2,[)20 (giasu |z |z, |,| z, [ Z, | ludn
ding)

Do d6 |21+22 |Z||21|_|Zz ”

Bay gio thay z, boi —z,, ta ¢

|21_22|S|21|+|22|

|Zl_22 |2|| Zl|_|22 ”

3.Dang lwong giac va dang mii

3.1 Biéu dién hinh hoc cia sé phic
Xét mat phang Oxy, mdi sé phirc z=a+bi duoc biéu dién boi diém M(a;b) hoic

¥

z=—1+i

(-1,1) z=a+li

(a.5)

- X

Vecto ¢o6 toa do (a;b)

Truc Ox goi la truc thuc, Oy goi la truc 40, mat phang trén goi 1a mat phang phc.
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3.2 Dang luwong giac
4 Xét s6 phirc z=a+bi# 0, M(a;b) trong mat phang phic. S6 do (radian) cua

[ 1
Z =+ &
¥
2
moi goc luong giac tia dau Ox, tia cudi OM
goi la mot acgumen cua z.
# Cho z=a+bi# 0
, a=rcosé
|z|=r>0, 0 1a acgumen cua z. Khi 6 )
b=rsind

Z=a+bi=r(cos@+isind): dang luong giac caa s6 phic.

+ Luuy
r=z|
z=a+bi,a=0: b , 0 sai khac k2x, thuong chon —n<6< &
tand = —
a
T
a=0, chon & =—.
2
Vi du. Viét cac s6 phtic sau duéi dang luong giac
@)z=—l+J§
(b) z=-9
(c)z=12i

Bai giai
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@ r=z]=/1+3=2
\/é 2r

—r< 0< 1, tang:_:gz?: z:2(cos%+isin2§)

) - oo TN
Khéng duoc viet: z =2(— cosg +1isin 5) - dau trir truede cosin!

T .. T
Cingnhu Z = —2(cos§ —1sin 5) . r<0!

)jr:ng

(b = z=9(cosz+isinr)
O=r
(r=\144+0=12 ﬂ i
(c) < - = z=12(cos—+isin—)
== 2 2
\ 2

3.3 Dang mii ciia sé phiic
+ COng thuac Euler
e =cos@+ising.
£ Dung cong thic trén s6 phic ¢ thé duoc viét dudi dang mi:
z=r(cos@+isinB) =re”

£ Lam viéc vai s6 phirc dang mii ¢ nhiéu tién loi :

12| re” |2 r || cos@ +isin@ |=r? + 0Vcos? 0 +sin’ @ =r
: o1 1 .
Véiz£0, 20 =(re) =rte™ =2 = 77t =Z[cos(-0) +isin(-6)]
r r

2,2, = (re)(r,e'”) = rr,e"*% = 7.z, = rr,[cos(, + 6,) +isin(b, + 6,)]
z  re% r . Z T .

L= = 1e/@0%) — 1 = Llcos(g, - 6,) +isin(@, —6,)],z, #0

ZZ r2e ? r2 2 2
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+ Luuy

acgumen(z,z,) = acgumenz, +acgumenz,

Z
acgumen—t = acgumenz, — acgumenz,
Z
2

o N7
z, =1e",z, =r,e"

r2 — rl .
2, =1, (keZ)
0, =06 +2kr
4.Liy thwra va khai can

4.1 Liy thiva V6i s6 mii n nguyén dwong
4 Cho z 14 s6 phtc c6 |z=r, 0 1a mot acgumen cua z. Tuc la
z=re".
2" =(re"’)" =r"e"
=[r(cos@+isinH)]" =r"(cosnd +isinnd) :cong thirc Moa-vro(Moivre)
Vidu: Tinh (3+3i)°
Bai giai

r=9+9=3/2. tanezg,chon 9:%

(3+30)° = [32(cos 7 +isin 2] - (3\/5)5(00357”+ isin 57”)
=9722 (-J_ J_

— ——1)=-972-972i
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4.2 Cin bdc n ciia so phirc
4+ Khir=1,taco (cos@d+isind)" =cosnd +isinng.
Trudc hét tim cin bac n cta don vi, tic 1a tim sé phic z sao cho 2" =1.

Gia s nghiem z=re" = (re")" =1=r"e"? =1¢'°

o r=1
nen 47 71 N ok . KE 7
n0=0+2kr |o=2
n

Do d6 can bac n cua don vi la n sd phan biét

27k

i 27k . . 27k

e " =cos——+isin——,k=0,1,2...,.n-1 .
n n

Vi du: Giai phuong trinh

(@) z° =1
() z2° =1
c)z*=1

Bai giai

.27k
\ . 4 I— i
(2) Can bac hai caa don vigom hais6 @, =€ 2 = e™ k=0:1

w, =€ =1,
w, =e” =cosz +isinz =-1
27k
(b) Can bac ba ctia don vi gombaso o, =€ * ,k=0;1;2

w, =€’ =1
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i27 2 27 1 /3

m, =€ % =C0S——+isin=—=—Z+ i
3 2 2
A
w, =€ 3 :cos4—ﬂ+isin4—”=—%—§i

i27rk .k

(c) Can bac bdn ctia don vi gdm bénsdé @, =e 4 = e? k=0123

w, =€’ =1

i T .. T
a)1=(92=COSE+ISIn—=I

T
Ii H - -
w,=(e2)" =e" =cosx+isinr=-1

V4 .37

i~ i~ 3r .. 3« :
w,=(e2)°=¢?2 :cos7+|sm—=—|

Luu ¥ : tong cac can bac n cua don vi bang 1. That vay

27k

Caccanbacnciadonvila @, =e " ,k=0;12;...;n-1

27
—N— ' Ii
St =lvo+... 40", (0 =e ")

1-o" i
@ =0,(0" =e
l-w

=Ccos2z +isin2z =1)

4 Xét can bac n (n€ N, n>1)caa mot sé phizc w tdly y . Téc 1a tim nghiém
phuong trinh z" = w. Gia si

R=|w], o 12 mét acgumen cua w. Tuc la W= Re"

r=|z|, 0 1a mot acgumen cua z. Tic 1a z=re"

(reiH)n — Reia — rneni49 — Reia
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suy ra r:Q/ﬁ,H:M,kEZ.
n

Vay cin bac n cia W= Re'* 1an sé phan biét;
(i -
a, =4Re " _\/_[c (—+—) isi (—+—)] k=0,1,2... n-1.

Vidu: Tim
(a) Can bac hai cua 2i

(b) Can bac ba cua J3-i
Bai giai
. iz ) o i(Zark)
(a) 21 =2e 2. Can bac hai cua 2i c6 hai gid tri: a, =2 * k=01
a, :\/Ee"‘\/f(cos%ﬂsin%) =1+i
|( 5
a =v2e * " =J2e'* B —\/_(cosTHsmT)_

. i(-2)
(b)\/3—i=2e ©.Co3giatricin bac ba la:
T 27k

a, =32 573 =012

a, = Y2¢" ¥ = Y2[cos(~ %) Tisin(- %)] —1,24078 +0,21878i

T 27
alzé/ie(w s \/_e & \/_(COS%HSIH—)——O 43092 +1,18394i
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o 272
(—o+25) 23
a =Y2e" 1 3 =32 5 -32 (cos— +isin —”) — ~0,80986 — 0,96516i
+ Luuy.
Véi w# 0, cac can bac n (n> 3) ctia w biéu dién trén mit phang phic boi cac

dinh n gidc ddu ni tiép duong tron ban kinh YR, R = w].

Moi doc: Bai tap sb phic
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