LE QUOC BAO

Gid sit f{A, B, C) la biéu thite chita cde ham sé
liwemp gide ciia cde gde trong tam gide ABC.

Gid sit cdc goc A, B, C théa mdn hai diéu kién:

) RA) +B) = Zf[f;—ﬂ]
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¥

ding thirc xay ra khi va chi khi A = B,
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D) AC) + f[%]ézf[

T
C+—
hodc f(C). f[ﬂ 2 f? [Tf‘] (2)
déng thirc xay ra khi va chi khi C = i;— :
K edng (hode nhdn) (1), (2) ta sé cd BOT
fiA) +fiB) + fiC) 2 w{%] (3)

hodc £(A). £(B).f(C) > f—‘[%] )

Piang thire xay ra khi vichikhiA=B=C.

Tuong tr ta ciing ¢6 bét ding thie véi chiéu
nguoc lai.

D¢ minh hoa cho phuong phép trén ta xét céc
bai todn sau day.

Thi du 1. Chimg minh rdng vai moi tam gidc
ABC 1a ludn co

CHUYEN DE LUONG GIAC

FIhuong phap
GIAI MOT DANG BAT DANG THUC LUONG GIAC

trong tam gidc

NGUYEN LAI
(GV THFT Luong V&n Chdanh. Pha Yén)

1 | | 1.2
————

- b e & '
l++/sind 1+4/sinB 1++/5inC -.|’2+1.'"§
Lai gidi. Ta cé
1+45ind  1++/sinB  2++sinAd+/sinB

4 4

= =
2+J2{smd+smﬂ] 2+2\!5in 3‘+B.

L&
1+"sinﬂ
2

1 |
R S |
l1++/sind 14++/sinB ”

A-8
2
=

.
5
, A+B )

5

A+ B

)

[Bﬁd&ngffﬂ}*i-f{ﬂi Elf[

Tuong ty

| 1 2
e - ()
1++/5inC l+35inﬁﬂ“ £ LinC+ﬁﬂ°

2

Cong theo v€ (5) va (6) ta co

| 1 1 |
+ + +
1+Jsind  1+vsinB  1+sinC  1++/sin60°

b 1
J. C +60°
1+, (sin ———
2

| |

=

14++/sin60°



LE QUOC BAO CHUYEN DE LUONG GIAC

I I | W i
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sin A sinB/)\ sinC

Diéng thirc xay ra khi va chi khi tam gidc ABC

déu. LY 2 Y
z (l+ - ] =1+ :
Thi du 2. Chitng minh rdng véi mei tam gidec sin60° ?3'
ABC ra luén cé :
Ding thic xay ra khi vd chi khi 1am gidc

[Hii:t:!]'[l+si:B]'[l+5h:CJE[I+:%T‘ ABC .

Thi du 3. Chiing minh rdng véi moi tam gide

Lai gidi. Ta c6 ABC ra ludn co
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[I + ).[H ] 2 2 2 64
sin.4 sin B
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= 1+ - + vudng.

sind sinB sindsinB B
Giasi A =max|A, B, C) 290", lic dé

2
2 |
=+ + F Pl e
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Nhin theo vé caa (7) va (B) 1a cé Cong theo v cila (9) va (10) ¢6
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 A+B . ,C+60° Tuong tu
= 2[51:1‘T+sm"c ]

C+=
I
s B e ofe Z)enls-S)eer| -]

Do dé nhén theo v€ cha (12) va (13) va twong
= sin“%min‘%-t—sin"% z Z?fsin"-ﬁ;£=-l (11) wiacd

) cof -} 2], cof ¢ ) co £-2]
Truimmg hop tam gidc ABC nhon, cic BDT (9), 4) 4) 4) 3 4

(10) v (11) luén diing. " !
C+—
Thi du 4, Chung minh rdng voi moi tam gigc < l: [A"'B—E),mg == -E]]
ABC ta luon cé 2 4 2 4
; ; : < cost| Z-Z
(cosA + sinAd ).(cosB + sinB).(cosC + sinC) T
< 1\,-'"(_ + TJ ) = ms[,d—%].w[ —-%) cm[f‘-%]
L gidi. Ta co < i::J:-sl{j'r H] [J_ J_]
3 4 4 4
{cosA + sind }_{Ts.ﬂ + sinB).(cos(” + sinf] Do dé
= Z.vEEM[A —IJ.cm[E* %].co&[c H:‘-] I {cosA + sind).(cosB + sinf).(cosC + sinC)
Nén BDT da cho duoc viét lai dudi dang = ZJ-[J_ J_]
I T I Ji '\'r'g i
om{.-!w-r—].:m[ --].u:n{ —-—F]ﬁ —+— | (*)  Ding thiic xay ra khi va chi khi tam gidc ABC
4 4 4 4 4 Y
» Néu max(A; B; C) = J_I thi v& trdi ctia bidu M¥ai cdc ban tiép tuc gidi cdc bai todn sau diy
theo phuong phép trén.
thire (*) khong duong nén B-E‘Tdi cho ludn ding. ;
Chirng minh rdng v&1 moi tam giac ABC, ta c6
ir A B C .1

Né A: B, C) < —thi 3=  fik e
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nén ms(d—”].cos[ﬂ—fj m'i sm"E s:n'E
. 4 (n 14 s8 thuc duong);
1 T
= —|cos| A+B-= A-B
E[WS{ . E)HDS{ }} 3) Acm%+3m%+£‘ms;5 iﬂhr}.
1 A+B
-4 E[I+cus[A+B—z)] < cus’( ; —'}J 4) Néu tam gidc ABC nhon thi
] T A+B = i T T
- M[J'ij[ﬂ_ﬂgm [ 2 )“2} m{d A_}m[s B]'m{d C]
2 A+E 1
codang f(A.L(BY< S . > E_JH_E{HJEP .cosA.cosB.cosC.
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M

PHl:fONG PHAP

GIART TOAR

Cho tam giac ABC, BC = a, AC = b, AB =
Goip, r, R tuong img la nia chu vi, ban Lmh
dudng tron ndi tlep, ngoai tlep tam giac do. Ki

B

. - . . AT
higu x = sin-=, y = sin—, z = sin — s& dugc
2 2 2

sit dung cho dén cudi bai viét.
Ta co cac hé thirc co ban sau:
1) x° +y3 +27 4 2xyz=1.

JU=xI1-y)y=z+xy va cac hé thuc

tuong ty.

3 20-xXt-3)-z2) =x+y+z—1.

Sau diy la cac bai toan minh hoa.

Bai todn 1. Cho tam gidc ABC khing nhon.
Chitng minh rang

R 2(«5 +1)r (hat dang thire Emmirich),

T N .
Loi gidi. S dung hé thirc — =4sin=sin—sin—
R 2 2 3

V2 -1l

ta quy bai toan 1 vé chirng minh xyz <

That vay, 1a cd

- =y +22 4+ 2022 2)2(1 + x).
Suyral —x22y: (*)
Khéng giam tong quat, gia st 4 > 90°, Suy ra

Xz j—_j >y. Vay
- x(l— I ‘

v ——
’ 2

CHUYEN DE LUONG GIAC

' -, ./
27 Al SO HOA LUDNG GiMC
- »

HUYNH LAM LINH
(SVIdp Toan 1A, BHSP TP. HS Chi Minh)

ol trong nhirng phwong phdp hi¢u qud trong chimg minh
cdc bat dang thire trong tam gidc la chuyén sang bai todn
dai 56 ma ta tam goi la phm:mg phap dai 56 hoa. Thing thudng
rhitng loi giai do deu gon dep va sang sua. C6 nhiéu pﬁ:mmg phdp
.:huyen sang dai 56, va mdi phuong phdp do déu mang mét ve dep
va tinh hi¢u qua riéng. Riéng trong bai nay xin gici thiéu véi ban
daoc mot cdch dai 56 héa ma theo t6i Ia mai,

{«ﬁ 1 2o

(luu y

-x<0),

e

Bai toan 2. (Bai tedn Jack Garfulkel)

Cho tam gide ABC thoa man A < g <B<C.

Chitng minh rang h, + by +h = 7r + R,
trong do h, h, h. wrong wng la dé dar cac
dudmg cao cua tam gide ké tir cde dinh A, B, C.
Léi gigi. Trude hét ta chimg minh

V3 +dnz)<dJU - )i -p)1-22) (1)
That vay tir hé thic 2 ta thﬁy

(1) 3(1+4xyz) <16(x+yz)y+zx)z+xy)

& d(x? + P2+ 22)+ 64(xyz)?

< 16(x?y* + y2z2 + ~?r“) +1

5 1 |
< 64| x2—— 1 32— ph—
4\ : 4

Bét dang thirc hién nhién ding do 4 < g <B=<C.

Taco e+ i A,

8 (xyJ—x) (1= y2) + 2 J(I= 7 X1= 27y +

+zxm)(l—x3.))

8(xy(z +xy)+ pz(x + yz) + zx(y + 2x))

8((1-x*)(1-p2 )1

—z2)+(xyz)* +xy2)

sfiu
L16

IV

+dxpz ) +{xyz)? +x_1fzJ
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= % +20xyz + 32(xz)’

|V
= 28xyz +1+ 2[ dxyz —:}

Tr+R
= 28z +1=

. (dpem)

Bai toan 3. (Bat dang thirc Walker).
Cho tam gidc ABC nhon. Chirng minh bdt
ding thite  p? 22R* +8Rr+3r°.

......

2Aab+ac+bc)=a’ +b* + ¢ +4r(r +4R)

(xem THTT s6 337, thang 7/2005. trang 6) va
hé thue cosd + cosB + cosC = k+%, ta quy

bai toan vé dang
=3 . i iy
(cosd +cosB + cosC) < sin"A +sin"B +sin"C.

f . ] . Bl ; (_"I\\I.3
<> | sin— + 8in — +5sIn |
| 2 J
. 1] " r . [1! ;
< ¢os’ + o8’ +C0os° —;—,trcmg do
r Bl ﬂ (-‘l
LI 4 LB T g
P 2 2 -

Cung dat x', ', =' twong tu nhu x, y, z nhung
xeét doi vai tam gidac 4'B'C". Khi d6 bat dang
thirc trén tuong duong véi

(x+y 420 <l-x"+1-p2+1-2"
Hay 1 +4x'y'z'2 2(x'y+ y'z'+ z'x")  (2)
Trong ba sb x', ¥, =’ phai ¢6 hai s cung khéng
l1én hon % hodc cung khéng bé hon —}; gia sir
la ', . Khi d6 X'(2y' - 1)(2=' = 1) = 0.

Ma 1—x'-2y'z' 20 (Theo (*)).

Suyra x'(2y'—-12z-D+1-x"-2p'z' =20.
Hay (2) duge chirng minh.

Bai toan 4. (Bat ding thirc Jack Garfulkel)

Cho tam gide ABC. Chirng minh rang

A-B B-C B |
cus—z—- + COS

+ COSs

(sin A +sin B +sin().

2
2_
J3

Loi gidi. Sir dung hé thirc 2, dwa BDT trén vé
\f3(2.*{1‘ +2vz+2zx 4 x4+ y+2)

> 8J(1—x)(1 - y2)(1-22).

Theo (2) thi 1+4xyz 2 2(xy + vz +2x).

Suyra 2(xy+ yz+2zx)22(x + y+ )’ = 3.
Doddo 2(xy+yz+ax)+x+y+:

2 (y+y+z-D2x+2y+22+13).

Dua vao hé thirc 3 ta chi can chirmg minh
V3(2x+2p+2z43) > 421+ xX1+0X1+2) (3)

Tir (*) ta co x(1—x)= 2xpz . Tuong tw doi vai v, =,
roi cong laitaduge x+ y+ 2214+ 4x0z (4)

béy xyz<—.Dodd d(x+y+z)z1+40x=.

]
8
Taco 12(x+ y+2) -32(xy + )z + zx)
> Hx?+yr*+z)=4-8xyz. Suyra
32x+2y+2z+3)

= 12(x+y+2) +36(x+ y+2)+27

4"

32xy+yz+zx)+4 -8z + 32{xv + vz +2x)
+ 1+40xyz+27 = 3201+ )1+ y)1+z).
Vay (3) duge ching minh.

Vé bai todn nay ban doc co thé tham khao
thém & THTT s6 291, thang 9 nam 2001.

Bii todn 5. (Bét ding thirc Jack Garfulkel)
Cho tam gide ABC. Chitng minh rang

, A . | C 2 sallley ol n
tan? Eﬂan--z-ﬂan? —+85|n—sm--2-sm—22 :

Léi gidi. Quy bai toan vé dang sau:

LU RPIIE S O
1-x* 1-yp* 1-22
Ta 66 VT(5) blng 14— T 92
(1= x2)(1 - y2)(1 - 22)

(1+x2)
(1-x2X1= 2 X1 —z22)
401 - x2 )1 = y2 )1 -z%)

= l+dxyz—xt =yt =24+ 2(x2y2 + y2z2 +22x?)

Viy (5) & > 4(1-29z)(6)

Tacd
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Véy (6) tuvong duong vdi
(1+xpz)? = (1-202)(1+H4xpz —x! -yt - 2*
+2(x3y3 +y321 4-22x1) )

& Ox2y2zl > (1-2xp2)2(x2p? + 3722 + 20 x7)
—x1 _}Jd __:.4 )

& 9(xp)? = (A1) 2x7 $472742707)
=R ) (7)

2

.

x4y 4z

=21

0 ——

xt4ytaz?

Thé thia, b,e>0vaa+b+¢=1. Khidd

BDT (7) tuong duong vai
Quhe>2{ab+be+cu)-at —b? —¢?

.9 1
&5 ab+betca——abe £ — (8)
4 4

Tir BRT (p+c—alc+a—-bXa+th-—-c)<abe,
suy ra (1 —2a)(1-2b)(1 - 2¢) < abe (do atbte = 1).

Hayl-2(a+b+c)+4{ab + be + ca)—-8ab <abe.
Suy ra BDT (8) duge chirng minh,

Cudi cling xin néu ra mt sd bai tap dé ban doc
ren luyén.

Bai tap 6. [B.i’il dang thirc Jack Garfulkel)
Cho tam gigc ABC nhon. Chimg minh ring

L W e A ol g B sl
a) sin—+simn—+ sm—,::—LHsm—s:m—su’n— :
2 2 2 3 2 2 2

-

A B SR T (R T T
b) 00S— +008— +00s— =—| | +sin=sin=sin— |.
2 v, 2 3\ 2

Bai tap 7. (TST USA 2003).
Cho tam gidc ABC. Chimg minh bat ding thire

- 34 . 3R . 36
§in =+ sin — + s —-
P 2 2

A-B B--C Cr—A
+C08— - = + €08~

Bai tip 8. Cho tam gidc ABC khong nhon.
Chirng minh bat dang thire
g+h+c

S <(\J2 +DR.
: <(2+1R

< COos
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MOT SO 601 Y
KHI GIAI PHUONG TRINH LUONG GIAC

Méi dé thi tuyén sinh vao Dai hoc thuimg cé
mdt cAu vé phuwong trinh lvong gidc (PTLG).
Phuong phép thuimg gap khi giai PTLG la thue
hién mot s6 phép bién déi luong gidc hop li dé
dua bai todn vé PT tich, dit dn s phu d& quy vé
PT bic hai, bic ba, tir d6 dua vé PT luong gidc
co bin... Ta néi bi#n di hop 1i vi cde déng nhit
thirc lvong giac thuimg rédt da dang.

Vi du, néu cin bign dé1 cos? x—sin® x, thi
tiy theo dlu bii cu thé, ching ta sit dung mot
trong cdc déng nhit sau :

cos? y—sin* ¥ = cos? y—sin? ¥ = cos2x
= 2cos’x — 1 = 1 - 2sin’y.

Trong bai viét, xin dugc bd qua cdc phép bién
ddi don gidn hodc vi€t nghiém cia cic PT co
ban.

1/ Bién déi truc tiép vé phwong trinh co bdn
Thi du 1. Giai phwong trinh

cos? x.sin3x+sin? x.cosdx =§ (1)

Lai gidi. Bién déi v€ trdi clia (12) ta co
cos x(3siny—4sin’x) + sin'x(4cos'x—3cosx)
= 3cos? rsinx—3sin? x.cosx

= 3sinx.cosx(cos? x—sin? x)

=Esin2.t.cus2.r=isin¢x.
2 4

PT (1) tr& thanh sin4x:-;-.

Liru y. Cic déng nhit lvong gidc thubng gap
khi giai todn :

; ; =
cos? x.;ln3:+s|n3x.msilx--zsm‘ix .
cos? x.cos3x+sin® x.sin3r=cos? 2x :
: T--:
cos? x+sintx= 1 —Eml:l"e 2x

_l+cos?2x 3+cosdx
2 Bl

NGUYEN ANH DUNG
(Ha Nai)

L] 6

) 3
cos® x+sinfx = I—Esin2 2x
= l+3cn322.r_5+3cu54x

4 B

2! Pdt dn 56 phu dé dwa vé phuong trinh
bde hai, bdc ba, ...

T'hi du 2. Gii phuong trinh
1+sin? x+cos? x:;-sinlx, (2)
Lot gidi
(2) < l+(sinx+cosx)(1-sinxcosx)=3sinxcosx.

Pat r=sinx+cosxthi 1=\Esin[g+x] =

=1

In < \E , lie d6 sinc.cosx =
tra thianh
F+30=-3=-5=00+1)  +21-5)=0.

Chi § dén DK : Ul < 2 ta nhan duoe ¢ = -1.

V2

: n
Vair=-ltad sinf —+.x |=——,
e (4 J 5

. PT da cho

Leu y. Néu dat 1= sine + cosx  thi
sin2x = £~ |; sin.cosx = Ez_—l :

Néu dit f = sinx — cosx thisin2e=1-r;
sin.cosx = ﬂ -

2

Trong ci hai phép dat trén, déu cd DK 1< /2 .
Thi du 3. Giai phuong trinh

sinx.sin2r +sin3x=6cos’x (3)
Lai giai
(3) & 2sin’r.cosx + 3sinx - 4sin'x = 6cos'x,
Nhan thiy néu cosx = 0, (3) khong thoa man.

Chia cé hai vé& ciia (3) cho cos'x, ta duge
2tg'r + 3tge(l +1g°0) - dig'x = 6.

o
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Patr=1gx thi

11 =212 _3r+6=0(1-2)(#2 -3)=0.

Tir d6, dé ding tim duoc

tgx=2, tgr =—+/3; tgr= 3.

Liru ¥. Néu trong PT chi 6 cde sd hang bac
nhét va bac ba doi vdi sinx va cosx, thi ta co thé
chia hai v& ciia PT cho cos'x hodc sin'x dé dua
PT da cho vé PT bac ba cia tgx hoac cotgx.

Thi du 4. Giai phuong trinh

tge + 2sin2x =13
Lot gidi. DK cosx # 0.
Bt tge = t, ta duge PT

(4)

r+j-‘t—:3ﬁ:-"-—31= +51-3=0
1442

< (1=1(1? =2r+3)=0.
Vi t?=2t+3>0 nén ta dugc nghiém :
r=] =r=1,
Liuu y. Néu PT c6 cdc s6 hang : tgx, cotgx v
cos2y, sin2x, ... thi ta dat tge = t khi d6:

t
+ cos2xy= 1 otp2x=
L +12 1+12 8

Sau d6 bign déi vé mot PT bac cao doi vdi t.

3/ Bién dai vé phwong irinh tich
Thi du 5. Giai phuong trinh

sin2x=

-1t

2sindx - ; =2cos3xr+
sinx

Lai gidi. PK sinx # 0; cosx # 0.

(5)
coSx

2{ms!x—sin3:]+l—l-+—L—=ﬂ
5IN% COsx

=" 2[4(:::15] x+sin’ x)=3{cosx+sin x}] +

" cosx+sinx _
sinx.cosx

Nhan thay cdc s6 hang c6 thira s0 chung

COSX + sinX.
Dé ding bién déi PT (5) thanh

0.

(cosx+5 inx}[l{lﬂicu& xsinx)+ ;} =0
sin.x.cosx

&> (cosx+sinx)(2sin? 2x—sin2x-1)=0.
Ta dwoc:

5 ; ; 1
cosx+siny=0; sin2x=1; sin2x= —E i

Luu y. Céc s6 hang c¢6 chia thira s0
(cosx+sin) 1a: cos2x: cos’x + sin’x; cos'x - sin'x;

cosdx — sindx; 1 + tgr; tgx — cotgxs...

Ciing tuong tw, cdc ban tu viét cic s6 hang co
chira thira 56 (cosx = sinx).

Thi du 6. Giai phuong trinh

oS X cesimsj—x— sinx sini sin3—x ik (6)
SosPrei At el e .

L gidi
(6) <= cosx.(cosx+cosx) + sinv{cos2y—cosx) = |
&3cos x.cos2x+5inx.cos2 x—sin xcos x—sin® x=0
<> cos2x.{cosx +sinx)-sinx{cosc+sinx)=0
< (cos x+sinx)Xcos2x-sinx)=0.

Ta dugce :

cosx+sinx=0; cos2r—sinx=0,

Luu y. N&u trong PT ¢6 chita cic s6 hang la
tich clia nhiéu thira s& d&i vai sin hodc cosin thi
néi chung, ta phai sir dung cong thite bién tich
thinh t6ng sau dé tim cdach dua vé PT tich hoac
dat 4n so phu dé dugc PT bac 2. 3...

4/ Cdch ddnh gid hai vé
Thi du 7. Giai phuong trinh
(cosdx—cos2x)? =5+sin3x (7
Léi gidi. Ta c6 4sin?3x.sin? x=5+sin3x.
Vi D<sin?3x <], 0<sin? x<1; sin3x 2 -1,
nén 4sin? 3v.sin’ x<4<5+sin3x
sin?3rsin2r=1__ [sin3r=—1
E= { e -::>{, s
sindx=-1 sin” x=1.
Tir phuang trinh sin? x=1=> sinx =1,
* sinx = 1 = sin3x = -1 (thoa mén).
o sinr= -1 = sin3x = | (loai).
Luu y. Cic BDT thudng ding dé uéc lugng:
kinﬂﬂl; I-:r.::sx{ﬁl; ]asinx+b¢nsx] <+al+b? .
Né&u m, n 14 cdc s6 tr nhién lon hon 2 thi
sin” x+cos" x < sin® x+cos? x=1.
Bai tdp. Giai céc phuong trinh sau:
1. sin23x=4cosdx+3;
2. cosx + cos’x + cos'x + cos'x =
= sinx + sin’x + sin’x + sin'x ;
siu.x+s:inzx;_1:
sindx

3.

. | &
sIn® x+ 05" x
4, =cos? 4x .

T n
g [1+x].tg[-i -.r)

ol
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SUDUNG BINH L COTANG
DE GIAI TOAN

NGUYEN BA DANG
(S¢ GD- BT Hai Duomg)

Trong séch gido khoa Hinh hoc lép 10 ching ta 43 lam quen
véi dinh Ii cosin thé hién sy lién quan gitra canh va géc cia tam

. o gidc: Vdi tam gide ABC bdt ki, BC = a, AC = b, AB=c ta ¢6
B+l -a .
sA = ———— (1). Tirdinh Ii ndy ta c6 két qua sau ddy.
GIAT TOAR |  cov= "~ (). Tirdinh Ii nay ta co két qué sau diy
Dinh li cotang. V&i moi tam gidc ABC ta co BM = BH + HM = AH(cotgB + cotgf);
BPidag .. MC = HC — HM = AH(cotgC - cotgp). Do d6,
my=ﬁ+Tudﬂsu}'m EM=¢mgB+cﬂ.[w=£
a +b +e2 MC  corgC—cotgf n’
cotgd ""CNSB'*' mtg{.‘ = T . Suy ra

trong do S,sc ki hig¢u digén tich tam giac ABC.
Chirng minh. 5t dyng cong thirc (1) va cong

thire S = lzbcsinA,mmm:y= il

4S5unc

Chirng minh tuong ty céu a) ta cod
{'.D‘IBB= itgi_—_ﬁ :msc= Ejﬂ_

AR 4S4nc
Tir dé co
cotgd + cotgB + cotgC = M (dpcm).
485480

Bb @& 1. Trong tam giac ABC vi AM 1a trung
tuyén, MAB = @, MAC = f. Khi d6 ta c6 hé
thir cotga+ cotgC = cotgfl + cotgB.

(Hé thirc ndy dugc suy trye tiép tir dinh li
cotang cho cac tam giac ABC, ABM, ACM vai

. 1
luru j’ riﬂgsdm - Sdl*.ll‘ g ‘igm }_

Bé dé 2. Gia sir M ld mot diém trén canh BC
e i S AT s o o . N
MC n

AMB = B. Khi d6 ta c6
a) (m + n)cotgfl = m.cotgC — ncotgh ;
b) mcotga = (m + n)cotgd + n.cotgB.
Ching minh. a) Dyng AH 1 BC, lic 46 H s&

ndm trong doan BM hodic doan MC, gia sit H
thudc doan BM. Lic do

(m + n)cotgfi = m.cotgC — n.cotgB (dpcm).

by Tir M ké MEIAC (E € AB), lic d6
MEB=BAC , si dyng ciu a) vao tam gic ABM
ta ¢6 hé thirc can chimg minh,

Tiép theo chﬁrﬁta s& sir dung dinh 1i cotang

va céc bd dé trén dé giai mt so bai todn sau day.
Bii todn 1. Cho tam gidc ABC, duimg trung

tuyén AM vd AMB = . Chimg minh ring

- sin{B-C)
oohee 2sinBsinC
Léi gidgi. H§ thic can chimg minh tuon

dirong véi 2cotga = cotgC - cotgB. Ap dyng
d¢ 2 cho trudmg hop M la trung diém ciia BC ta
c6 diéu phai chimg minh.

Bai todn 2. Gia sir M I3 diém trong tam gifc
ABC sao MAB=MBC=MCA = a (M; a tuong
img dugc goi l4 diém vi goc Brocard).

a) Chifng minh ring

colga = cotgA + cotgB + cotgC.

b) Xéc djnh
dang dl:m gic A
ABC goc a [\
lém nhét.

Lai gigi (h.1).

Ap dung dinh li

cotang cho céac

tam gidc MAB, a AN
MBC, MCA ta B y
duygc

Hinh |
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_ MA 4+ -MB  MB+a - MC? _Bii todn 4. Tiép tuyén véi dudmg tron ngoai
cotga = = tiép tam gidc ABC tai B va C cét tiép tuyén tai A
Siun e véi dudmg tron d6 theo thir ty & D va K. Puimg
_MC B -MAE _ F+P+e théng BK cét AC tai M, dutmg thing CD cit canh
4Suca T AB tai N, goi O 1a trung diém cia BM. P li trung
b diém CN, duémg thing BP cit dudmg thing CQ
Suy ra cotga = cotgA + cotgB + colgC. tai /. Chimg minh ring tam gidc BIC can.
::::T:zcé;nts,{ + cotgB + cotgC Lod gigi. (h3). Gidsk BC=a, AC=b, AB=c.
= =colga. Tacs CM _Sea _ BCsinBCK
23 . AM ~ Sux  ABsin BAK
Mit khéc a® +b + ¢ 2 4Suc /3 (ding thirc e T
xay ra khia=b=¢) nén cotga = /3, suy ra =Aﬂiin.4:§-
@ < 30°. Gée @ I6n nhat bing 30° khi tam gide Ty 46 theo bé dd 2 phin b) ta c6

ABC déu.

Bii todn 3. Cho tam
gidc ABC ¢6 B=12C.
Trén canh BC ldy
diém D sao cho BD =
2DC, kéo dii AD vé
phia D sao cho AD =
DE. Chimg minh
2BCE-CBE = 180°.
i Loi gidi. (h. 2) Vi

BD = 2DC nén theo
bo 38 2ta cd

JeotgD, = 2cotgC - cotgB = 3cotgD; (1)
Trong tam gidc ABE vdi BD la trung tuyén.

Hinh 2

Ap dung cic bo dé trén, ta cd
cotgh = cotgB + cotgE,; — cotgd, (2)
2cotgD, = cotgE, — cotgA, (3)

Tuong ty trong tam gidc ACE, ta cd
cotgC, = cotgC + cotgE; — cotgd, (4)
2cotgD, = cotgd, - cotgk; (5)
Tir (1) va (3) thay vio (2) duge

cotgB, = cotgB + %tzcmac-cmgm

_ cotgB+4cotgC
Do B=2C nén cotgh = e =) suy ra
: 2eotgC
C-1
cotgB, = JootgC-1 (6)

6eotgC
Tir (1) va (5) thay vao (4) ¢6
! cotgC, = cotgC— %{Icmgc-wtg.ﬁ‘]
1
= JcotgC

(7)

Dé c6 2BCE —CBE = 180° ta chimg minh

cotg2C, = co1gB,. Thirt viy
 antorl =<1

Hinh 3

azwt;{.‘BM - (a: + tz}cotgﬂ' + czcutg(?.
Trong tam gidc BCM, CQ la trung tuyén c6
mtgﬂ?{? = Jeotp(” + cﬂtgf‘ﬁ?
&+ o

cotgBCQ = 2cotgC + 5 cntg3+§r.:atgc
= 200taC:+ cotgh+= (cotgh +eotgC)
cotg BCQ = 2(cotgB + cotg() + cotgA .

Tuong tyr

cotg CBP = 2(cotgB + cotgC) + cotgA
nén tam gidc BIC |a tam giac can.

BAI TAP

Bai 1. Cho tam gidc ABC, M la trung diém
ciia BC va AB = AM. Chimg minh:

[) 3cotgB = cotgC ; —

2) sinA = 2sin(B - C). 1

Bai 2. Chimg minh ring hai trung tuyén BM
va CN cia tam gidc ABC vudng géc véi nhau
khi va chi khi

cotgA = 2(cotgB + cotgC).
Bai 3. Tiép tuyén vdi dudmg tron ngoai ticp

neee mEf. AT 2. 4 A DD onlié mbh e it Iy et
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Cho tam gidc ABC vai
AB=c,BC=a,CA=b,
a+hb+c=2p Gois,
R, r theo thi tyr la
dién tich, bdn kinh
dwdng tron ngoai tiép,
ban kinh dudmg tron
ndi tiép tam gidc
ABC. Goi rg, rp, v l&
ban kinh duing tron
bang tiép tam gidc
ABC urong (mg vdi
cic péc CAB, ABC,

BCA. Dat CAB =2a, ABC =28, BCA =2y.

Tim nhieu cich
chu'ng mlnh mot he thuc

1o bicn dis ol tuong duong

NGUYEN VIET HAI
(Hé NoSD

Tir mgt hé thie néu khéo sir dung cic phép J'mu dai ta co thé
nhiin durpr nhiéu g tlesre tovomg docomg, ma mad b thire do co
H[!if u'!:u. rie e 8¢
g, Néu ta ching minh dwge mpt trong cde hé thice nay thi
suy ra dieere rar ca cac b¢ there fwomg dwong vii no. Nlur wiy,
khang nhing ta tim dwge nhien cach chomng minh hé thire ban
diu mi con cd cich nhin todn dign hon, hé thing hom vé c e
hé I.fnn Klvac nhau vé liinh !hn{ mlerng ;_.',,,” mhdr v mhau vé
moi quan b toan hoc. Diéu nay c."rr;n minh hoa gua viée xél

e {n‘r ¥ o Himt ra cach l.rfﬂ'ﬁ I furorngy

cich chiirng minl mgt 56 W thire frong tam gide dooi diy.

Chirng minh. (Cdach 1)

Trong bai nay s& sir dung mdt s6 hé thire quen P T= . P! -
biét sau, p-a p-b p-c
S=pr= E—Jmp-a]{p BXp—). (O Tacod
. 1 | _ 2p-a-b _ c
Tir db cd pr’ = (p —a)(p — b)p - ¢) (In p-a " p-b  (p-a)p-b) (p-afp-b)
Khai trién vé phai cia (I1) rdi thay abe = 4Rrp
viio va rit gon dugc Tuong ty ¢é
ab + be + ca - p* = 4Rr + ¥ (1 L S b ,
£ -a p-¢ (p-a)fp-c)
Ta ciing bidt: Et E
tgﬂ' s T = Fa [Bﬁ= s T ) + ! = = .
p-a p ’ - p ’ p-b p-c (p-b)p-c)
F F
1gy= o (IV) * A6
p-c P Tir &6
. = : + > + -~
@ Bai todn. Chiing minh rdng trong tam gidc (p—aXp-b) (p-alp—c) (p-blp-c)

ABC cd hé thiee
| l

_4R+r

+

+
p-a p-b p-c

pr (p—aX p-b)p—c) pr

(1) _ c(p=c)+b(p-b)+a(p-a) $ 20 (@ +B +¢)
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AP p Mui cac ban lam cac bai tip sau ¢o lién quan
- va dén cac hé thirc trén va cach chirng minh

Chi y ring A0, =
CO5a CO5a

r, = ptga (theo (1V)) nén ching;
5 . ap’ _ p2Rsin2a T Bai 1. Sir dung cac phép bién dbi lugng giac
0% T o rgacosia  smnacosa Rp (V) 4é chimg minh cac hé thire sau:
4R iR
. A) —=
Mit khac sir dung (1), (IV) ¢6 ) p  2R(sin2a+sin2f +sin2y)
ZS,,I,,:”H = S+SW,.+S,,=_4=- +50an & I :
z B e cosa.cos f.cosy
il T g s W e r
2 2 b) —=1ga.lgfigy.
B as bS cS F
= 5+ + +
Ap-a) 2p-b) 2p-c) Tir d6 suy ra hé thirc (4) (cdch (5)).
S a b c . | 1
= =2+ + + (VI) A ;
2[ @ pb Pt Bai 2, Chirng minh ring e S

Tix (V), (VI) v S = pr suy ra hé thirc (3). I4 ba nghiém cia phuong trinh béc ba

£ - - - § 1— 2 g =1
Ta lai bien doi hé thirc (1) twong duong vai prix' —(4R+ryx’ + px=1=0.

r_© . F _ AR Tir 46 suy ra hé thirc (1).
p-a p=b p-c p 4R 4R 4R

Hieing ddn. ————— = N Rt
Sir dung (IV) ta chuyén viéc chimg minh hé p-(p-a) a 2Rsin
thire (1) vé chirng minh hé thirc = tgar + cotga = W Lo
dR+r p-a r
lga+1gh +1gy = (4) |
dat x = roi quy dong méu so.
Chirng minh. (Céch 4) e
Sirdyung (IV) ta ¢o Bai 3. Chimg minh cic hé thirc sau:
+ 2Rsin2a . iz, o) 8
p=(p-a)ta ip + 2Rsin2a a) plga = i :

Ap dung cong thirc lugng Ei:;cﬁa goc chia b) pltga + 12) = 4Rcos’y ;
(]
1412 ° ¢) cos2a + cos2f + cos2y= | + dsinasinfsin y

r
=|.+._..1

d) p(tgar + tgf + 1gy) =
= 6R + 2R(cos2a + cos2f + cos2y).

Nhu viy ¢ = tge la nghiém cia phuong trinh T 46 suy ra hé thire (4).

bic ba (VII). Tuong tw nhur thé 1gf, tgy ciing - - o

la nghiém cua phuong trinh bic ba (VII). Ap  Bal 4. Goi Oy, Oy, Oy theo thir ty la tam
dyng dinh 1i Viéte cho tdng ba nghigm cia  dudme tron bing ticp tam gidc ABC tuong img
pl’tl.m'ng "inh hic ba{v"] la cé hé thl:m {4}.— vi7 cAc E‘jc CAB; ABC. BLJ‘L Hi}" l:ll,l‘ﬂ "éﬂ' hal H

Trong bdi tip | dudi diy humg din cich 2P 3B VA Syoo =Suo +Suyy dé chimg minh
chimg minh hé thirc (4) (coi 1 cach (5)) bing Sy, = 2Rp (V). Tir d6 suy ra hé thire (3).
céc phép bién dbi lugng gidc. Vi moi hé thic ‘ ) ol ,

(1), (2). (3), (4) ta co cach ching minh twong ~ Bai S. a) Chimg minh rng h¢ thirc (3) twong
img nhung vi cac hé thirc nay tuong duong dwong v&i moi hé thirc (5), (6) sau:

AT I ety CHEORn At P WU Ll R el I e [ e L G e T R [t ety 5 Y - ¥ . LN

détvﬁitga=rlac6p=;+

Quy déng madu sb roi viét trong dang phuong
trinh di v&i ¢ ta dvge

pt' —(AR+ 1) +pt—r=0 (VII)
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