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Loi mé& dau

Trong khuén khé giGi han ciia mét chuyén d@é nhém bién soan ching t6i xin khéng
dwa ra cac khai niém dinh nghia,ménh de, dinh li va cac tinh chat da cé trong SGH ph5
théng ma chi dwa ra cdc dang todn kém theo phwong phdp gidi , tiép dé la cdc vi du minh
hoa ciing loi gidi chi tiét. Két thiic vi du la nhitng chii y can thiét nham ting chdt leong sw
pham cho chuyén dé. Sau méi dang todn ching téi c¢6 dwa ra mét loat cdac bai tdp dé nghi
dé cdc ban tham khao va thi sirc.

Khi can ding dén kién thirc nao chiing t6i sé van trinh bay lai triede khi sir dung trong
bai giai cua minh. Mdac du da tham khdao mot luong rat Iom cdc tai liéu hién nay cung voi
su né luc ciia ban than nhung do trinh do hiéu biét 6 han nén chdc chdn khong tranh khoi
thiéu sét rat mong dwoc sw gop ¥ ciia thay gido Pdang Pinh Hanh va tdp thé 16p K 53H. Xin
chan thanh cam on.

Mot lan nita nhém bién soan ching t6i xin bay t6 long cam on téi thdy gido Pdng
Pinh Hanh dé cé vii, dong vién, goi y, trong qud trinh ching toi thie hién chuyén dé nay, dé
chuyén dé sém dwoc hoan thanh. Xin chdn thanh cam on Thay.

Chiing t6i ciing xin chdn thanh cam on ban Pham Tra My dd cung cdp cho ching t6i
nhiéu tai liéu hay va quy trong qud trinh thye hién chuyén de.

Thir gop ¥ ciia cdc ban xin giri vé dia chi email : tnngocthu@gmail.com

Nguoi thuc hién

Nguyén Ngoc Thu.
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QUI NAP

Phwong phdp qui nap thie sw c6 hiéu lyc véi 16p cdc bai todn chirng minh mét ménh dé phu

thudc vao sé tw nhién ne N.
Phuwong phap giai

»  Dé chitng minh mét ménh dé Q(n) ding véi moi n> p, ta thuc hién 2 budc theo thir ti:
Buwéc 1: Kiém tra ménh dé la diing véi n=p
Buwéc 2 : Gid sir ménh dé dimg v6i n=k > p, ta phdi chitng minh rang ménh dé ding
voi n=k+1.

Cac dang toan minh hoa.

Dang 1:
Dung phwong phap qui nap dé chirng minh mét dang thirc .

VD1 : Chung minh rr;“mg : v&i moi s6 tu nhién n>2 ,ta c6
a"—b"=(a-b)a" '+a" ib+.. +ab"r+b™ ") (1)

Ta chimg minh dang thtc (1) bang phuong phap qui nap.

Giai

Khi n=2 thi VT(1)= a’—b?, VP(1) = (a-b)(a+t b)=a’— b .
Vay dang thirc (1) diing v6i n=2.
Gid su (1) dung véi moin=k >2,ticla:

a¥—bf=(@-b)a""+a*ib+...+ab*?+p*" )
TaCM (1) cling dung véin=k+ 1, tacla:
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a b =(ab)@+ a¥'b+..+ab* +1b5
That vy : ap dung gia thiét qui nap , ta c6 :
a k+1 _ b k+1 =a k+1 N ak.b+ak.b B b k+1
= a“(a-b) + b(a"-b")
=a(a-b) +tb(a-b)a ' +a*?b+ .. +ab F+b ")
=(a-b) [a“+ ba“' +a*? b +...+ab 2 +b ") ]
= (a-b)(@" +a *'.b +...+a.b * +b*)
Viy (1) diing véi moi sb ty nhién n>2.
Binh lugn : Trong loi gidi trén ta ding ki thudt thém bét s6 hang ¢ biroc chimg minh (1) ding véi
n =k+1,lam nhie vdy ta da sie dung dwoc gid thiét qui nap ciia bai todn.
Day la mot ki thudt hay co hiéu lywc manh mé trong viéc don gian hoa loi gidi, dwoc dp dung rong
rdi trong qud trinh gidi nhiéu dang todn khdc nhau vmg véi nhiéu chuyén dé khac nhau cia todn
phé théng . Vi du sau cho thdy ré diéu nay.

(DTTS_khdi A2002cauX )

Cho phuong trinh : log; x++/log; x+1-2m—1=0 (2) (m la tham $6 )
1. Giai phuong trinh (2) khim = 2

2. Timm dé phuwong trinh (2) ¢6 it nhdt mét nghiém thudc doan [1;3[3 ]

Binh thwong néu khong ding ki thudt thém bot thi nhiéu hoc sinh sé lam nhw sau :
Piéu kién x>0, Pat t= logi x>0, khidé pt (2) van la dang vé ti ,tat nhién viéc gidi (2) khong

6 gi khé khan sau mét hoi lau sé cho ta déap dn . Tuy nhién néu ta thém 2 dong
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thoi bét di 2 vao vé trdi ciia phwong trinh (2) thi lai ¢ mét dang cap khdc . Khi d6 phiong trinh (2)

tro thanh
log; x+1+4/log; x+1-2m—-2=0

Piéu kién x>0 . Pdt t =ylogix+1>1tacé :t* +t-2m—-2=0 (3) . R6 rang (3) la phuong
trinh bdc 2 doi véi bién t, viéc gidi (3) don gidn va nhanh hon nhiéu so véi gidi phwong trinh ma
cdch dat dau tién mang lai . Ciing phdi néi thém rang van c¢é hoc sinh may man thdy trong phwong
trinh ¢é s gop mdt ciia cdn thire ldp tire dat t bang cdn thike va dan téi pt(3) nhw trén. Nhung do
chi la may mdn ngoai 16 ma mét sb it bai toan mang lai trong d6 phai ké dén bai toan trén.

Qua phan tich vi du trén ta théy loi ich va sy hiéu qua ma ki thudt thém bot dem lai cho ching
ta trong viéc gidi todn phé thong la rat Iom.
Ta sé gap lai ki thit nay trong 1oi gidi vi du (5) ngay sau ddy va mét s6 vi du khdc nita cé mdt trong
chuyén dé nay .Xin moi cac ban ciing theo doi .
VD2: CMR : Moi sé tynhién n =1 , tacd

P +22 43+ + (=17 +n’ _ nln+1)2n+1)
6 2)

Khin=1:VT(2)=VP(2)= 1, nén (2) ding.

Gia st (2) ding véin=k=1,tucla:

k(k+1)(2k+1)

12+22+32+...+(k—1)2+k2= .

Ta phdi chiing minh (2) ciing ding véin=k +1 , tac la :

12422 432 4+ [(k+1) =1 + (k+1)’ = (k+1)(k;2)(k+3)
Thét vay : 12422435 Hk-1)* + K +(k+1)?

= [12 +2% 437 +...+(k—1)2 +k2}+(k+l)2
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kDD gy
6

2
:(kﬂ){Zk +67k+6}

_ (k+1D)(k+2)(2k+3) .
6

Vay (1) ding véi moi s6 tw nhiénn > 1.

ror

o Chu ¥ : loi gidi trén khéng cé gi dic biét ngoai ki nang nhom sé hang tinh té dé thanh lip

sw xudt hién cia gid thiét qui nap ¢ bude n = k+1 dan dén gidi quyét bai toan.

VD3 Tim s6 hang téng quadt cua day s0 sau :

u, =3,u,, =2u, ,(nZl)

Taco :

u =3=32"

u,=2u, =23=6=3.2

u,=2u, =2.6=12=3.2°

u, = 3.2""

Ta s& chimg minh u, =3.2"" (3) bang qui nap .

Khin=1taco u,=3ﬂ> 3) ding .

Gid stt (3) ding véin =k, (€ 21) e 1a - o, =3.2"
Ta phdi ching minh (3) dng véin =k+1 , tirc 1a : u,,, =3.2
That vy : u,,, =2u, =3.2.2""=3.2"

Viy (3) dang véi n =k+1 nén ciing dung voi moi n>1.

e Chi ¥ : Sau vi du ba ta rit ra phirong phdp gidi chung cho dang todn tim sé hang tong qudt

cia mot ddy s6 gom hai buoc :
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v’ Bwgc1 : Tim vai sé hang dau cia day
v’ Bwdgc 2 : Dy dodn sé hang tong qudt, réi chirng minh bang qui nap.

VD4: Tinh dao ham cipncia hamsésau: y= IL
+Xx
Giai
N L 12 L —123
Taco: g (1+x)° g (1+x)° ’y (1+x)* yeees "

Bay gio ta tim Y “ bang quy nap nhu sau :

Gidsi  y = CUR
(1 + x)k+l
C e _ e [y ] CDGEEDA+ )" | DR D!
Taco : y =)y = [(_ l) k!]{ (1+x)2(k+1) - (1 +x)(k+1)+1
p (-1).n!

Yy = n+
Vay (1+x) :

o Chii ¥ : Phuwong phdp gidi chung cho dang todn ndy c6 thé phan lam hai budc nhi sau :
v’ Bwdéc 1 : Tinh dao ham ccfp mot, hai,ba, ...,cho téi khi du doan dwoc dao ham ccfp n.

v’ Bwéc 2: Chirng minh dao ham cdp n diing bang qui nap todn hoc .

VD5 : (P& thi hoc ki 1, Pai s6 tuyén tinh - 16p K53GH_2003)
CMR : Néu sb phirc z thoa mén :
L —2cosa= in+z” =2cosa (5)

z z

Giai

Vi n=1, PT(5) = -+ z, VP(5)=2c0sa theo gia thiét (5) diing .
4

. : 1
Giasu (5) dung voin=k , trcla: —+ z* =2coska
z
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Ta phai chiing minh (5) ciing ding v6i n=k+1, tac 1a :

—+z" =2cos(k+1)a
z

That vay : /}+1 +zM = (Lk+zkj(l+zj—(zk_l +%)
z z z z

=2coska.2cosa —2cos(k —1)a

.= 4%[005(1{ —Da +cos(k +1)a] —2cos(k —1)a

=2cos(k+1)
Vay (5) dang véi n =k +1,nén (5) ding véi Va >1.

o Chii ¥ : khéng binh lugn thém vé loi gidi trén . Thdt bat ngo khi ddy lai la dé thi hoc ki ¢

cdp d¢ dai hoc . Piéu nay chimg 16 qui nap khéng phai mét van dé ngudi lanh trong cdc ki thi. Do

do viéc nam viing phwong phdp gidi la diéu thdt can thiét voi moi nguoi hoc va lam todn.

Binh ludn chung cho dang mét : Qua nim vi du trén ta thdy badi todn chitng minh ddng thirc bang

cdch dung phwong phdp qui nap todn hoc chi khé khan va phuc tap ¢ phan cudi budc 2, tirc 1d

chimg minh dang thire diing véi n=k+1.Khi d6 tir dang thire can chirng minh tng véi n=k+1,ta
doi khéo 1éo,(ding ki thudt thém bot hodc tach sé hang... ), dé sir dung dwoc gia thiét dang

dung voi n=k, tié}) tuc thue hién tinh todn mot sé budc nita ta sé ¢é DPpcm.

bien

thire

Can nhdm manh rang véi dang todn mét ta thieong bién doi theo con dwong nay ! Tuy nhién ddy

khéng phai la cach bién doi duy nhat,ta cé thé bién doi truc tiép tir gia thiét dang thirc diing véi n

=k (gid thiét qui nap ciia bai todn) , dé suy ra dang thirc ding voi
n = k+1. Bé minh hoa cho cdch lam nay ta cung nhau di xét vi du sau day :
CMR moi n thuoc N* ta co : l+£2+...+i:§—2n+3 (BL)
3 3 3" 4 43"

1.3 5

Voin=1,thi (BL) : =——— dung.
" B i

1 2 k3 2k+3
Gia s (BL) dungvoin =k ticla: —+—+..+—=——
(BL) diing 373 34 43

(BL.1)

Ta
chieng minh (BL) dung voin = k+1, tirc la :
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12 poa k) 3 2(k+))+3

32 360 3k Ty g3k (BL.2)

. k+1
Thdt vdy : Cong vao hai vé cua (BL.1) mot lwong la : 3

, ta sé duwoc (BL.2)

Vay (BL) dung voi n = k+1, nén ciing dung véi moi n thugc N* .
K7 thudt bién doi nay sé mot lan nita dwoc thé hién & vi du (8) trong dang hai qui nap toan hoc. Xin moi cac
ban cung theo doi.

Bai tap dé nghi.

Bai1: CMR: Moin€N ,taco: 14+3+5+.+(2n-1)= n’

. . nin+1

Bai2: CMR: Vne N ,tacod’ 1+2+3+...+n=M
2

« +1

Bai3: CMR: Moine N taco: I’ +2° +..+n’ =%

Bai 4: CMR: Moia>0,a #1, x,X,,....,x, >0 ,ta co h¢ thuc sau:

10ga(x1x2...xn ) =log x, +log x, +...+log x,

Bai 5: CMR: Moi s6 tu nhién n =1, v6i moi cap $6 (a,b),ta co cong thurc sau day, goi la cong thic
khai trién nhj thirc niuton.

(a+b)"=CRa"+Cha™ bl +CFan 202+ +CRa KoK+ +CRbD
2
+1
Bai 6: CMR : sn=13+23+33+...+n3={—n(n2 )}

Bai7: CMR: V6imoi sb tw nhién n>1,ta ¢6 dang thuc :

1+2+3+...+n=M

Bai 8: CMR:MQinthuécNtacé:(l—? )(l—ij(l—ij..{l—( ! J_l+2n

9N 25 2n-) ) 1-2n
Bai 9: Tinh dao ham cép n ciia cac ham s sau :
a) ¥=In(+x) b) yzx(ll_x)
¢) Y=sinax (g=const) d) y=sin®x
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, , S,,:L L+...+ !
Bai 10: Tim tong s6 1223 n(n+1)

Bai 11: Tim s6 hang tong quat ciia cac ddy s6 sau :

a) u, =3,u =2+%.un

n+l

b) u,=a,u,,, =a+bu,

n+l
e Cdc bai tip dé nghi chiing téi dwa ra dwoc lwa chon cén thin, ki lwéng, phan nao cé tinh
chit dinh huong phén logi theo cdc logi todn di chita trong dang mgt .

Dang 2: Dung phuong phap qui nap dé chirng minh mot bat dang thc.

VD1: Ching minh bét dang thirc Bec-nu-li(Bernoulli). Néu h >0 , v&i moi s6 tur

nhién n>2
(1+h)" >1+nh
OF
Néun =2, ta co: (1+h)* = 1+2h+h> > [4+2h  (vi h*>0) .Vay (1) dang .
Gia st (1) ding dén n =k , tc 1a :( 1+h)* > 1+kh Q).

Ta phai ching minh (1) ciing dung dén n =k+1 ,tic 13 : (1+h)"! > 1+(k+1)h.

do2

That vay : (1+h)<" =(1+h)(1+h)k(2) (1+h)(1+kh) =1+h+kh+kh’
= 1+h(1+k)+kh? > 1+h(1+k).(vi kh* >0)
Vay (1) ding véi moi sb tw nhiénn >2.
o Chuy : Phép chiung minh trén gid thiét h khéng phu thuéc n . Trong truong hop h phu thugc
n, nguoi ta chimg minh rang bat dang thirc bec_nu_li van ding (diing cong thirc nhi thirc niuton ) .
VD2 :(DE 101 cau 4a_BDTTS)
Chimg minh ring néu x >0 thi v6i moi s6 tw nhién n ta déu c6 :

2 n

. X X
e >l+x+—+..+—
2! n (2)
Giai
: x’ x"
Xét ham s0 .fn(x)ze —(1+x+2—!+...+zJ Ta phai

ching minh : Vx>0,neN:f (x)>0 2.1

That vay ,taco: Vn,f (O)=O
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Xét  f (x)=e"~(1+x)

Taco f(x)=€ ~1>0,(Vx>0), f (x) tangvéi moix>0 = f (x)> f (0)

Vay cong thirc (2.1) ding véi n=1.

Gia sir bat dang thuc dung véi n=k. Ta co:
Vx>O,fk(x):ex—[1+x+;—2!+...+z—k!}>0 (2.2)

Ta phai chimg minh :

k k+1

. x° X X
Vx>0,fk+1(x):e —[1+x+2—!+...+z+(k+1)J>0

k-1 k
Thatvay ,taco fkﬂ‘(x):ex_(]_i_é_);_'_m_'_k.x +(k+l)x J

Theo(2.2)c()f >0:>f >0:>f x) tang véi >O:>fk+1 fk+1 0)=0
Vay bit déng thirc ding v6i n=k+1 nén ciing dung v&i moi sé ty nhién n .

e Chii ¥ : Nhin vao bdt (2) ta thdy cd hai vé déu la cdc ham sé ciia bién x . Néu ta chuyén

toan bg vé phdi cia bdt (2) sang vé trdi va dat bang f bal toan tro thanh Cmr :

Vx>0,VneN, f >0. Khi dé ding qui nap d@é xir Ii bai todn két hop véi iing dung ciia dao

ham va tinh don diéu cia ham s6 la vé cing hop li.R6 rang diém mdu chot,bicde dot pha dwa dén

héng gidi dep cho bdi todn la thao tac chuyén vé .

VD3 (PE131CAU4a_BDTTS) :
Cho ham sb f xac dinh v6i moi x va thoa mén diéu kién :
f(x+y) 2f(x).f(y) v&i moi x,y 3)
CMR : Vé&imoi sb thue x va moi sb tu nhién n ta c6 :

)] o
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Giai

Trong BPT f(x+y)> f(x).f(y) thay x va y bang % , ta dugc:

f(z 2j>f( jf@:f(x)z[ﬂ

2”
Vay bat dang thic (x)> { f [%ﬂ ding véi n=1

i

N | =

Gia sir bat dang thire dung v6i n =k (k ) Tacod f(x) > [f(iﬂ

Ta ching minh bt ddng thirc dung véi n =k+1, tirc 1 : fx)= [f(iﬂ

2k+l
Théat vay ta co :
2
X X X X
| = - 4 >
f[zkj f(2k+1+2k+1]{f 2k+1]:|
i ok
i ok 2
X X
— >
=1/ Sk = {f(zkﬂ }
~ _2k ~ 2k+1
X X
- >
=1/ Sk = f[2k+1]

2 k+l

Do tinh chét bic cau ta c6 dugc : f (x) > { f ( f : ﬂ
2 +

Bit ding thirc dung véi n =k+1 nén ciing ding voi moi sb tw nhién n.

o Chuy: oday ta gap dang toan chung minh BDT (a) dung khi BDT (b) xay ra .Noi cach
khéc BPT (a) chi xdy ra khi ¢é BPT (b). Huéng gidi gianh cho dang ndy la xudt phat tir BDT (b)

dé chirng minh BDT (a) diing .

Thuee chat ciia bai todn trong VD3 la chitng minh (3.1) diing véi moi s6 thuwee x,moi sé ti nhién n khi

ham ' théa mén (3).Do dé ding qui nap d@é chitng minh (3.1) ding dwoc tién hanh trén cdc diéu

kién rang budc ciia ham f va sir dung tinh chat bdc cau.
VD4 : VneN tacod:

|sin na| < n.|sin a| 4)
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Véin =1, VT(4)=|sinl.a|=1.[sina| =VP(4) nén(4) dung.
Gia st (4) diing voin = k(k >1), ticla: |sin ka| < k|sin a| Ta phai chirng minh (4) dung véin =
ktl,tac1a : [sin(k + 1)a| < (k + 1)sin @
Thét vay, ta co
‘sin(k+1) 04 =lsinkaccos-+coskarsindf <[sinka] | cos of +ooskal.[sing) <|sinkof +sindf <klsina] +sinc]
<(k+1) Jsing}
Vay (4) ding voi n =k+1 , nén (4) ciing diing voi moi s6 nguyén duong n .
o Chiy: Ta thdy (4) cé chita ham lwong gidc nén viéc chimg minh (4) ding bang qui nap
duwoc thuc hién trén cdc tinh chat cua ham lwong gidc ,cu thé ¢ ddy ta da dung cong cong doi voi

ham sin , tinh chdt ham sin , cos, nhdn gia tri trong doan [— 1,1] va bat dcfng thure |a + b| < |a| + |b| .

VD5 : Chiing minh rang diy sd sau 1a giam va bi chin .

u =2,u, =" VOl (Vnzl)

Giai
Chimng minh diy sb 1a giam . Ta dung qui nap.
Ta phai chirng minh :
u, < un,(Vn € N*) )
u+1 2+1 3
Khi n =1thi u,=—"—="—==<2=u, (5)dung.
2 > > 5 (9 g
Gia su (5) ding véin =k, (k > 1) stecla:  w,,, <u, (5.1)
Ta phai chmg minh : u, , <u,,,
oy, A1y 4]

Taco: uk+2 - 2 < 2 = Z'{IHI

Vay (5) dung véin = k+1 nén ciing dung véi moi n thuée N

Chimg minh diy da cho 1a bi chin dudi. Ta dung qui nap dé chimg minh :
u, > 1,(Vn € N*) (6)

Khi n=1, u, =2 >1 nén (6) dang.

1
Gia sir (6) dung v6i n=k, (k1) nghia la w,>1 (6.1)
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Ta phai ching minh :  u,, >1

+1 1+1 .
Taco: u,, = ”kz > % =1 .Vay u,,>1.Diy sbdacho bichin dudiboi 1.

o Chuy: Khigapdang toin ching minh day $6 don diéu va bi chan ta thue hién nhw sau :
v’ bwdc 1: Ding qui nap dé chimg minh day sé la don diéu
v bwdc 2 : Duw dodn sé6 M trong trieong hop day bi chin trén béi M va S6 m trong
truong hop ngwoc lai.Sau do ding qui nap dé chieng minh day bi chan béi trén béi M
hodc bi chan dwdi boi m trong truong hop nguoc lai .
VD 6:
Chtng minh rang : (1 + lj <n,¥YneN,n>2 (6)
n
Giai

3
Khin =3 bdt (6) tré thanh (1 + %) = % <3 (ding)

k
Gia st bdt (6) dung v6i n =k nghia la : (1 + %) <k

_l’_
k+1 k k
1 1 1 (2) 1 1 (gtgn) 1
, 1+ — ={1+— [1+— I+—||1+— 1+—|=k+1
Taco: ( k+1j [ k+1j[ k+1j<[ kj( kj < ( kj

Vay bdt(6) dang voi n=k+1 nén no ciing dang vdi moi n.

Ta chiing minh bdt (6) ding véi n =k +1, ticla: (1+ﬁ)<k+l

o Chuy : loigidi trén ta da dung phuong phap lam troi danh gia cua bdt ¢ buoc  n =k
+1,tai vi tri dau bdt (2).C6 thé néi day la phuong phdp chii cong, mang tinh déc thi trong ching
minh bdt .Hoc sinh can ndm viing va lam tét phwong phdp ndy vi sw hiéu qud ma né mang lai, ciing
lwu ¥ rang khéng nén danh gid bdt qud long , hodc qud chdt . Sau ddy la mét vi du minh hoa nita

gianh cho phwong phap danh gia lam troi.

VD 7: Cho Xi,Xa,...,X, 1a cac s6 duong. Chimg minh ring :

X X x3 X, X
L2 4 Fok—2 1 >2n>4  (7)
X5 +.X'n X3 +X1 X4 +X2 X, +Xn_2 X4 +Xn_]
Giai
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Véin=4,bdtco dang :

x x x x X, FX, X, +X ,
L2+ 4+ >0 422 T4 >) ding.
X, FX, X hX, X, tX, X +X X, +X, X +x,
c. , iy L X X X, X
Gia st bdt(7) ding véin=k . Tacla:—"—+—2—4 +—FL 4 "k >7(k>4)(72)
X, + X, XX, X, X, X tX,

Ta chimg minh bdt(7) ding véi n = k+1.
Do vai tro binh dang giit cac x; (i=1,2,...,.k+1), nén khong giam tinh tong quat cua bai toan ta co

thé gia st X1 = min{ x1,Xa,...,X tacla: x >0,x <x, ,x <x, Dovaytaco:
g k+1 { 1,82, 5 n}a k+1 5 k+1 5 k+1 1 dy
S — xl + xz + + xk + xk+l > xl X2 xk (7 1)
X X, Xt X +X, XX X +X X tx X, +x,
X X X X X
Do: ! > L. k > kM 50(7.3)
Xyt X X tX Xy X, X EX L XX

Tu (7.1),(7.2),(7.3) suy ra g, , >2. Vay bdt ding v6i n =k +1 nén cling dung véi moin .
Do la Ppem.

o Chii y : Thi du trén cang cho thdy ré nét sirkc manh cia phwong phdp danh gia lam tréi
trong chitng minh bdt .Budc ngodt dwa dén hwéng gidi quyét cho 161 gidi bai todn la thao tac danh
gia, woc lwong , gia tri cua xy+; = minx;,{ i= 1,2,..n} ¢ buwocn =k+1.
1.3.5..2n—-1

3.5..(2n )<

L)
2.4.6.2n N2k +1

VD 8 : Ching minhrang: Vn>1,taco

Khin=1, thi (1) tr¢ thanh :% < L dung.

V3

Gia str (8) dung voii n =k ,nghia 1a : 13.5..(2k-1) !

<
2.4.6..2n N2k +1

Ta phai chiing minh (8) ding v6i n =k+1, tic 1a : 1'3'5'"(2k _ 1)(2k i 1) < !
24.6..2k2k+2) J2k+3

A2kt ) NIAL g0 08 2) tun diing vi sau khi binh phuong hai vE,
2k +2 2k +3

(8.1)

That vay , ta co

quy dong, chuyén vé ta thu dwoc bdt twong dwong :1>0 diing )

1.3.5..(2k =1)2k +2) o1 N2k+] 1

24.6.2k(2k+2)  \2k+1 N2k +3 2k+3
Theo nguyén li qui nap ta két luan (8) ding Vn >1.

Lay (8.1) nhan (8.2) vé theo vé ta\co :

ding
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> Chit ¥ : vi du (8) minh chimg lai mét lan nita cho ki thudt sir dung triee tiép gid thiét qui nap ciia

bai todn (gid thiét bdt ding véi n =k ) dé thiec hién bién doi suy ra bdt ding véin = k+1.
loi gidi ciia vi du (8) va vi du (BL) ciia dang mét cho ching ta thdy khéng phdi khi ndo ciing bién
doi tir dt, bdt g véi n = k+1, dé ding dwoc gia thiét qui nap dan dén két thiic bai todn ma doi khi
ta bién doi truc tiép tir gia thiét qui nap cia bdi todn.
Déi voi bai todn qui nap dé linh hoat trong qud trinh gidi ta nén nhé ca hai cach lam trén.
Van néi thém rang hai vd(8) va vd(BL) hoan toan cé thé giai bang cdach bién doi tir dt, bdt itng véi n
=k+1

¢ Binh lugn chung cho dang 2 : Qua tam vi dy trén ta thdy cdc bai todn ciia dang hai phong
phii, da dang hon nhiéu so véi dang mét , @6 khoé ciing tang 1én . Do d6 viéc ndm viing cdch gidi
d6i khi chwa di dé giai quyét bai todn.R6 rang mdu chét ciia bai todn van la ki thudt bién déi bat
ddang thirc g voi n=k+1 dé sir dung dwoc gia  thiét bat dang thire dhing véi n = k,hodc bién doi
truec tiép tir bt dang thirc ding véi  n= k (day goi la gia thiét qui nap) dé suy ra bat ddng thirc
diing véi n = k+1 Khi dé viéc di dén diéu phai chitng minh la khéng cé gi khé khan.

Bai tap dé nghi .

Bail Cho O<a<

4(:—1)

Ching minh ring : fgna > niga
s : 1++/4a+1
Bai 2 Chung minh rang : véi a >0 thi \/a+\/a+...+x/; <%

Bai3 Ching minhrang : ,"'>(n+1)",(n23)

Bai 4 Ching minh rang v&i moi s tu nhiénn ta co :

a)1+\/§+\/§+....+\/;§n ntl

n

1 1 1
b)1+—+—+...+—£2\/_—1
V2 B Jn
1 1 1 n
)l+—+-+.+—5—>—
2 3 2°-1 2

Bai 5 Chung minh bét déng thuc :
(e 22fie 22 o2 et 2?”)< %.22”“

Bai 6 Chung minh véi moi s6 nguyén duong n, ta co :
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ot 33 2ol 1
2467 2n  \2n+l

b)(2nt< 2" (nt))

Bai 7 Chung minh rang moi : l+3%+...+3%<%,V716N

Bai 8 Chirng minh rang day s6 u, xac dinh béi :

u =2, =2+u, | Vne N’

la tang va bi chan trén .
Bai9 CMR »n""'=(n+1)" véi n>3

Bai 10 Chirng minh moi s6 tw nhién n khac 0 ta ludn c6 :2 < (lj <3
n

Baill CMR vé6imoisd ty nhiénn 16n hon 5 taco (gj > n!> (%)

5

Bai 12 CMR : (2”)'24—”,neN
(n) ~n+1

Bai 13 Cho n s6 duong nghiém dung diéu kién

a,.a,..a, =1.CMR :q, +a, +...+a, > n(*)
Diu “’=""xay ra khi nao ?

Bai 14 Chimg minh moi s6 ty nhién n >1, ta ¢6 :

T T
(n+1)cos—1—ncos—>1
n-+ n

Bai 15 Chon la s6 tu nhién va 0<(n+1)0{<%

CMR: (1 —cos” aXl +cos” a)< ignatga

1 1 1 13
+ot—>—

n+ln+?2 2n 14

e  Qua hai dang dau cua qui nap toan hoc ta co cam giac muc d6 hay va kho cua bai todan

Bai 16 Vne N,n>1.CMR:

tang dan.Do ddc thii cia né ,hai dang nay dwoc hoc twong doi siu & phé théng.Dang ba
cia bai todn ,ciing la dang cudi cing chiing t6i sé trinh bay trong chuyén dé nay dwoc hoc
so qua ¢ bdc phé théng va hoc cao hon ¢ nam thir hai cia trieong Phsp... Ciing vi li do dé
ma dang ba dwge ching t6i dia vao sau cung . Xin moi cdc ban chuyén sang dang ba ciia

qui nap toan hoc .
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« Dang 3 : Dung qui nap toan hoc dé chirng minh mét biéu thirc dang U, chia

hét cho mdt s6 tu nhién .

VD1: Ching minhrang Vne N*,a, = n® +3n*> +5n chiahétcho 3. (1)
Véin=1tacd: a, =13+3.1"+51=9M dung.
Gia str (1) dung véin=k, (k>1), tic 1a: a, =k +3k> +5kM
Ta phai chimg minh (1) dang véi n = k+1, nghia la : a,,, = (k+1)’ +3(k +1)* +5(k + )M
Thatvdy: a,,, =k’ +3k> +3k+1+3k> + 6k +3+5k+5
=k g3k 43k + 3k 9% 59M
W W

Vay (1) diing véi n = k+1, nén cling diing vé6imoi ne N

o Chii ¥ : Ta biét rang mot tong chia hét cho mét sé khi timg so hang cia tong chia hét cho sé
dé. Nhin thay a,,, lamot tong cdc don thirc cia k, Vay dé chirng minh ay.; chia hét cho 3 ta phdi
théc trién ags;, sau dé tién hanh thie hién sdp xép lai cac sé hang , két hop véi gia thiét qui nap

viét lai ay+; duedi dang tong cdc sé hang chia hét cho 3.

VD2:Chimg minh ring Vn>2,tacod: a, = (n+1)n+2).(n+n)NM" (2)
Giai

Khin=2 ,taco: a, = (2+1)2+2)\° dung

Gia str (2) ding véin=k, (k>2), thcla:ac = (k+1)k+2)..(k+k)\*
Ta phai chirng minh (2) ding v6i n =k+1, nghia la :
ae = (k+1+1)k+1+2).(k+k+1+1)N2""

(k+2)k+3).(k+k+2)=(k+2)k +3).(k+k )k +k+1)k +k+2)
k+1

Pk DL D) 3 s A

Vay (2) dng véi n =k+1 ,nén (2) dang véi Vn > 2.
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o Chuy: Loigidividy hai khong co gi mdi lg , ta thuc hién ki thudt viét lai a y+;, thanh lap

sw xudt hién gid thiét qui nap , dé dang suy ra dpcm.

VD3: Ching minhrang:a, = 3°"*° —26n—27M76,Vn >1 3)

Véin=1,tacod:a; = 3" -26.1-27 = 676M76 nén (3) dung.

Giasir 3) dung véin=k, k>1 tacla: a, = 3% - 26k —27M76 (3.1

Ta phai chimg minh (3) ding véi n =k+1, tirc 13 : a= 3°¢° — 26 (k +1)—-27M76

That vy s = 30 26(k +1)- 27 = 27.3% "~ 26f 7 257 )+ 676k +676 Viy (3) ding véin =
M76(do3.1) M76

k+1, nén (3) dling v&i moi n > 1.

o Chit ¥ : & vi du nay viéc viét lai ay+; khong chi don thuan la su théc trién sdp xép lai cdc s6
hang , ré rang & ddy ki thudt thém bot lai phat huy tic dung, viéc dwa 27 ra ngodi lam thira sé
chung, véi muc dich thanh ldp dwoc gtqn dd lam dw ra mot leong so véi heong ban dau , dé can
bang bai todn ta thém vao mét lwong 676k+676 . Lam nhw vy ta sé ding dwoc gtgn tién dén két
thuc loi gidi.

Vi du bén dudi day 1a mot minh hoc nita cho 101 giai loai bai tap nay.
VD4: Chung minh rang: Vn>1:5"2"" 43" 22" '\I8  (4)
Véin=1, tacod: 5> 2" +3" 2% =5449.2=38M8 nén (4) diing
Gia str (4) ding véin =k, (k>1) tocla:5*" 25" 43512218 (4.1)
Ta phai ching minh (4) ding voi n =k+1, tuc 1a :
52k+2—1'2k+1+l + 3k+l+l'22k+2—l MS
That vay :
Skl gl g ghidl 92kl 95 52K 0 8 13 384 4277 = 50,57 28 112.34+12%!

474 443

N8 (do4.1)

k=1 ~k+ k+ k- + k—
=505 24 5 302 1)—38.§2§§BIM8

Vay (4) diing véin =k+1 , nén ciing dang véi Vne N°.

VD5: Chimg minh rang : Vn>1,tacod: 3n* —14n° +21n*> —10nM4 Q)
Giai

Voin=1taco: 3-14+21-10=0M4 , nén (5) dang .

Gia str (5) ding véin=k, k >1, nghia la :3k* —14k> + 21k* —10kN24  (5.1)
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Ta phai chiing minh (5) ding vo6i n = k+1 , nghia
1a:3(k+1)" —14(k +1)° +21(k +1)* = 10(k +1)\14
That vay :
3(k+1)" —14(k +1) +21(k +1) —10(k +1) = 3(k* + 4> + 6k + 4k +1)-14(k +3k> + 3k +1)
+ 20,2 + 2k +1)-10(k +1) = 3k5 144"+ 21474 19k + 125 (k3N N4
M4 (do5.1) M4

Vay (5) ding voi n=k+1 , nén cling dung voi Vn >1.

o Chuy: Vidu5vavidul thupc cung mot dang .Do do cdach gidi gianh cho vi du 5 xem chu y vi
du 1.

¢ Binh luan chung cho dang 3: Qua nam vi du gianh cho dang ba ta thdy mdu chot dé gidi tot
cde bai tdp ciia dang ba la ki ndng viét lai a, g véi n = k+1,thanh tong cdc sé hang hodc tich ciia cdc thira
s6 chia hét cho s6 tw nhién can chitng minh . Tat nhién trong qud trinh viét lai nhw vdy, ta van heu y toi viéc
s dung gid thiét qui nap cua bai toan.Co thé néi ki thudt viét lai dé ciia mét bai todn néi riéng va viét lai
mét biéu thikc todn hoc néi chung , dé ding dwoc gid thiét ciia bai todn , déc biét ¢6 hiéu qud, trong gidi todn
phé théng. Xin dwa ra mét sé vi du dién hinh cho ki thudt nay.
Vidu 1 (PTTS kh6id2003cdull,)

1 1
X——=y——
Gidi hé phuong trinh X y
2y =x"+1
P G b))
Diéu kién xy # 0. Hé da cho dwoc viét lai dudi dang : Xy
2y=x"+1

Nho ki thudt viét lai dé , ta di xdc dinh dwoe hwéng gidi cho hé trén la xudt phat tir phwong trinh thir nhat

cua hé .

Vi du 2 (PHCSNN _khéi A2000)

Cho hé phuong trinh

X+xy+y=m+2
xy(x+y)=m+1

1. Giai hé da cho khi m=-3.
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2. Xdc dinh m dé hé c6 nghiém duy nhdt.
. . ] X+y+xy=m+2
H¢ da cho duwoc viet lai duoi dang :
Xy (x + y) =m+1
Nho viét lai hé nhu v@y ma ta c6 thé dat x+y= S, xy = P, Diéu kién §-4P>0, khi dé viéc gidi hé
pt trén khong co gi co khan.
Néi chung day la ki thudt co ban trong gidi toan , hoc sinh nén rén luyén ki thudt nay dé cé thé ap

dung trong qud trinh gidi tdt ca cdc dang ciia toan hoc so cdp.
Bai tap dé nghi.

Bail: CMR VneN':16" —15n—1M25
Bai2: CMR VneN,y,=13"-1M
Bai3: CMR VnenN,1227t1 117+ 2N;p3

Bai4: CMR Vne N:4.3*? +32n-36M4
Bai5: CMR Vne N:n®+2n chia hétcho 3
Bai6: CMR (n+1)(n+2)..(2n) chia hétcho 1.3.5...(2n-1),ne N.

WWW.vntoanhoc.com
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10.
11.
12.
13.

Tai liéu tham khao

Doan Minh Cuong : Gioi thiéu dé thi tuyén sinh dai hoc 2000-2001, NXBGD.
Ha Van Chwong : Tuyén tdp 700 bai todn bat dang thire, NXB.Tré1998

Phan Birc Chinh — Vii Duong Thuy BPao Tam — Lé Théng Nhat : Céc bai gidng
luyén thi mon toan ,tap hai NXBGD

Pang Dinh Hanh :Tép dé bai tdp quan hé chia hét gianh cho K53GH.
Tran Van Ki : 460 bai todn bat dang thire, NXB.Tré TPHCM.

Ngé Thiic Lanh- Vii Tudn- Ngé Xudn Son : Pai sé va gidi tich 11, Nha xudt ban
gido ducl998

V6 Pai Mau :Phwong phdp gidi todn bat dang thire, NXB.Tré2000
NguyéNn Van Mdu :Mdt sé bai toan chon loc vé day s6 ,NXNGD
Tran Phirong : Phwong phdp méi gidi dé thi tuyén sinh mén toan, NXBGD.
Nguyén Tién Quang :Bai tdp sé hoc, NXBGD.
B dé thi tuyén sinh dai hoc, Nha xudt ban gido duc 2001..
Tuyén tdp 30 ndm tap chi todn hoc va tuéi tré, Nha xudt ban gido duc.

Hai cuén sach gido khoa chinh Ii hop nhat nam 2000 la dai s6 va gidi tich 11,

gidi tich 12 ciia Nha xudt ban gido duc |
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