1. DINH NGHIA VA CAC PHEP TOAN

1.1. Dinh nghia da thuc: :
Cho ham s6 f : R — R. Ta goi f la da thic néu : { =const (hdng s6)
hoac t6n tai neZ*,n21 va cédc s6 thuc .ao,a,, a,,...,a, vOi a; =0
saocho f(x)=a,x"+ax"" +.+a, x+a,. '

* 3,8, a, goila céc hé s0. Trong d6 a, =0 1a he s6 cao nhat ;
~a, lahesoty do Pac blét a, =1 goi 1a da thuc chuan tic hay monic.
"« Vi a, =0 thin la bac cha da thic f(x) kl hiéu degf n

Pac blet f =const thi degf = 0 |

* Doi khi ta viét gon : t(x) Za x" ' hay vxét ngUOfc lai :

=0

f(x) be =b,x" +bn] +.’..+b‘,x‘+b0,bn¢0.

k=t
1.2. Da thiic trén cac tip s8:
Cho f(x)= ax +ax""+..+a,_x+a,
Néu céc he sc‘) a, € R thi ki hiéu feR[x]
Néu cc hé s6 a, € @ thi ki hieu:f e Clxl.
Néu cdc he s6 a, € Z thi ki hiéu er[x] ~
1.3. Cac phép toan:
Cho: f(x)=ax"+ax"" +..+a,_x+a,;
g(x)=b,x" +bx" " +..+b_ x+b_.
Khi d6 ta c6 3 phép todn théng thuong :
F(x)+g(x) ; F)-g(x) ; £(x)glx)
va phép hop f,g(x) =f(g (X))
e Tir f(x), g(x) tacé thé viét theo hinh thic sau :
F(x)=AX  +A X+ FA_X+A,;
g(x)= B,x*+Bx""'+..+B,_x+B,. |
V6i: k=max{n;m}; A =0 hoic a;, B, =0 hoac b, thi taco:
Thi: f(x)+g(x)=(A,+B,)x* +(A, £B)x*" +..+(A, B,);



oo FOg ) =ex™ + e ke X F 0y
Két qud : Cho f,geR[x] va degf =n,de'gg’=lm‘. Thi:
deg(f+g)<max{m:n};degf.g=n+m; degf,g=nm.
1.4. Da thuc sai phan:
Cho f e R[x], degf =n, da thitc sai phan :

Af=f(x+l)—f(x)=iai(x+l)" Zax~_za [(x+l)"" ]

i=0, . i=0

cé bac 1a n—1 va hé s6 cao nhét l1a na,.
Tir d6 ta c6 day da thic sai phan gidm ddn mot bac AMf.
1.5. Da thitc Tré-bu-sép :
T,(x)=1T, (x)=x
(x)=2xT,(x)-T, (x),n>1
Cuthé: T,(x)=1;T(x)=x;T,(x)=2x"-1;
T,(x) =4x>=3x; T, (x) =8x* —8x2 +1; T, (x) = 16x° = 20x’ + 5x, ..
Da thitc Tré-bu-sép T, (x) c6 bac 1a n va c6 hé s6 cao nhat 1a 2",
Doi khi ta chi xét n 21 tro di. ' ‘

Két qud :
(D T (cosa) =cosna. Ta ching minh bang quy nap theo nz1.

Cho T, (x) voi {

IH‘I

Khi n=1:T,(cosa) =cosa.
Khi n=2:T,(cosa) = 2cos’ o — 1 = cos 2a.
Gia str T, (cosa) = coska. Thi:
T (cosa)=2coso.T, (cosa)-T,_ (cosa)

~ =2cosa.coska—cos(k-1a |
= cos{a +ka) +cos(a —ka)—cos(k—1)a
| =cos(k+1)a diing. '
Do d6: T, (cosa) = cosna.
Q): <1, vxe[-1;1].
Vi [x|<1 néndat x =cosa = [T, (x)| =

=|cosnal <1.

3) ¢ |T,(x)|=1 ¢6 ding n nghié’n% phan biét trén doan [-1;1] la

'x =cosk£, k=0,1,..., n.—l.
n _




Vi Ixl<1 thi |T, (x)| =1 lcosnal =1
<sinna=0<na=kn,keZ

<:>a=k—T£,keZ.
n

Dodé: x =cosa =cosk™, k=0,1,... n-1.
n
1.6. Pa thuc lmmg giac:

Dang L, (x)= a0+z (a, coskx +b, smkx) Véi |a, |+|b I;tO goi la

da thifc lwong gidc cap nvéicichéso a,,a,,b,.

Néu cdc a, =0 thi L (x)=a,+) b, sinkx.

Néu cdc b, =0 thi L (x)=a,+) a, coskx.

Bai tép 1 : Cho céc da thiic sau : f(x)=x*-2x’+x-1;
g{x)=4x’-x+3;h(x)=-x’+x? +8.
* Xéc dinh £(x)+g(x);f(x).g(x);h(x>) va g,h(x).
| Gidi:
“Taco: f(x)+g(x)=x’-2x"+x-1+4x" —x+3=x"+2x* +2.
f(x)gx)=(x*-2x>+x -1)(4x* - x +3)
=4x" —9x* +9x" —11x* +4x -3,
h(x*)==(x*) +(x?) +8=—x’ +x* +8.
goh(x)=g(h(x))=4(—-x3+x2+8)2—(-x3+x2+8)‘+.3
=4x° -8x° +4x* —63x> +63x7 +251.
Bai tdp 2 : Tim da thirc f(x) trong céc truong hop :
a) f(x+1)=x?+5x-1.
b) f(x-2)=x"-6x>+12x +8.
Giai : .
a)Pat t=x+1=>x=t-1thi f(x+1)=x’+5x-1 trd thanh :
£()=(t—1) +5(t=1)=1=1> +3t-S.
Vay : f(x)=x>+3x-5.
b) Tacé: f(x—-2)=x“—-6x2A+l2x+8=(x—2)3+16._ /




vay : f(x)=x’+16. _
Bai tdp 3 : Tim da thitc f(x) thod man ¢ic trucmg hop sau :
a) (x’ _x+2) +(x=2) =(x? +Z)f(x).,
b) x* +2x° +3x’ +2x+1—(f(x))
c) degf =2 va f(x)-filx - 1)=x.
' Giai :
~a) Vi deg cia v€ trdi 1a 4 nén degf =2.
" Dodé: f(x)=ax’+bx+c,a=0.
Ma hé s cao nhét.clia vé trdi 1a I nén a =1. Ta khai trién dong nhit :
—2x 4 6x -8x+8=(x +4)(x +bx+c)
=x* +bx’ +(4+_c)x +4bx +4c.

b=-2 o
4+c=6 . [b=-2
Do dé6: = '
4b =-8 c=2.

4c=8

vay : f(x)=x*-2x+2.
b) Vi deg clia v& trdi 1a 4 nén - degf =2.
Ma heé s6 cao nhét ciia v€ trdi al néna=1.
Do d6: f(x)=x’+ax+Db.
Tace: x*+2x’ +3x2 +2x +1=(x? +ax +b)’
= x* +2ax> +(2b+a)x’ +2abx +b’.

2a=2
bo d6 2b+a=3 :{aq
‘ 2ab=2 b=1
bl=1

Nen: f(x)=x*+x+1.
Vaytacodathucdomhau f(x) x* +x+1 hoic f(x)—-—x ~x-1.

c) f(x) ax’ 24bx+c,az0.

Tir f(x)-f(x-1D= xtadémgnhathesé suyraa b—%

Vay : f(x\);%x2 +%x+p,c; tu y.




Bai tdp 4 : Tim t4t ca c4c da thitc khac khong P(x) thoa man dong nhat thirc :
a) P(xZ)E[P(x)]Z,xeR . : - (Rumani 80)
b) P(x*-2x)=[P(x~-2)]",x eR | (Bungari 76)
'  Gidis ' |
a) Gia sl da thitc cdn tim c6 dang :
- P(x)=a,x"+a, x"" +..+ax+a,a, 0.
Gia thi€t rang mot trong cdc h¢ s6 a,_,,a,_,, ., a, khdc khong. Chon
s6 k 16n nhat (k <n) sao cho a, #0. Khid6taco: |
P(xz)Eanxi“+akx2"+..‘.+a,x2+a0 ‘
=(a,x" +a,x* +...+a,x.+va0)2 =[P(x)].
Can bang cédc hé s6 clia x"™* ta nhan dugc : 0= Zainak.
Diéu nay trai vdi gia thiét a_ # 0.

Suyra:a, =a, ,=..=a =a,=0.Va P(x) a x" .
" Tir diéu kién : a_x EP( ) =[P(x)] =a, 2x"" ta nhan duoc :
Tanhandugc: a_=1. ' ' |

Vay: P(x)=x",(neZ"). .
b)Kihigu: y=x-1, Q( )=P(y-1). Khi d6:
[P(x-2)] =[P(y-1)] =[0(»)] ;
P(x*~2x)=P(y '—1)—Q(y2).
D6ng nhat thie da cho viét thanh : Qly [Q y)] yeR.
Do d6, theo két qua trén thi Q(y)—y hay, (v)=(y+1)",Vnez"
Vay: P(x)=(x+1)",neZ". o o
Bai tdp 5 : Tim tat c4 céc da thitc P(x) thoa mén diéu kién :

P(x)P(y) Pz(x;y) Pz(xzy) voyeR (1)

- Giai ;

Nhan xét rang P(x) =0 thod man didu kién bai toan. .
Ta xét trudng hop P(x)# 0. Thay x =0, y =0 vao (1) c6 P(Q)=0.
V6i y =3x thi (1) thu duoc : P(x).P(3x) = P*(2x) - P*(=x).




Hay P(x).P(3x)+P*(-x)=P*(2x),VxeR (2)
Néu P(x)=c, Vx{c = 0): khong thoa man (2).
Néu degP(x)=n2>1: '
Goi h¢ s6 cao nh4t ciia P(x) 12 a, (a, % 0), thi tir @):
a,(3"a,)+a,) =(2"a,) @3 +1=4" n=1.
Dodé: P(x)=a,x,a,eR;a, #0.
Thir lai da thitc bac nhét ny tho man diéu kién dé bai,
Vay: P(x)=ax,aeR.
Bai tdp 6 : Tim t4t ca céc da thic P(x) c6 cdc hé s6 nguyén khong 4m, nhd
hon 6 thoa man P(6) =1994,
Giai :
Gia sir da thirc cn tim ¢6 dang :
P(x)=a x"+a _x""+..+ax+a,.
Theo bai thi : P(6)=an6"»+a 6“ '+..+a,6+a,=1994.
'Via,i=0,,..,n Ias6 nguyén khong am, nhd hon 6 nén :
2,8, .8y, =1994.
Trong d6 : m 12 biéu dién chia 1994 trong hé dém co's6 6 va -
vi 1994 =13122

Nén:a,a, .2, =13122=n=4,a,=1,a,=3,a,=1,a =a,=2.

n-}

n-!

n n-1t -
P(6)= a,6"+a, 6" +..+a6+a;=a.a, ..a,,

(6)

Pa thic cén tim 12 : P(x) =x" +3x° +x7 +2x +2,

- Thir lai ta thdy da thitc P(x) 1a duy nh4t va thoa man dé ra.
Bai tgp 7 : Cho da thitc bac hai : f(x)=x*+px +q. Xdc dinh da thic bac 4
g(x) chuén tic (hé s6 cao nhat bing 1) thoa man : f(g(x)) g(f(x)).

Giai :

Xét g(x) f(f(x)) thi g(x) thoa dé bai,

Ta chiing minh da thic d6 12 duy nhat.

Gia sir ta c6 da thitc h(x) thoa dé bai sao cho f(h(x))=h(f(x)).

Pat p(x) = f(f(x))-h(x) thi degp <4 (ciing hé s6 cao nhat). Suy ra : -

p(f(x))=f(£(£(x)))-h(f(x))=f(F(f(x)))-t(h(x))
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=[£ (£ ] +pE(F(x))+q-(h(x)) —ph(x)-q
=[e(r ) ~ (Y ]+ p[( f(f(x)) )-h(x)]

=p ([ f( £(x))+h(x)+p]
= degp.degf =degp+4 — degp = =4: vo i,

Vay : g(x)=f(f(x)) :
=x* +2px° +(p +p+2q)x +p(2q+p)x+q(p+q+l).
Bai tap 8 : Cho da thitc lugng gidc :

f(x)=cos4x +acos2x +bsin2x.
Chimng minh :
a) f(x) nhan gid tri duong va 4m véimoi a, b,
by Néu f(x)2~1,vx thi a=b=0.

Giai :

a) Theo gia thiét : f(x)=cos4x +acos2x + bsin 2x.

Tacé : f(0)=1+a;f(—12£)=1—a.
Suyra: f(0)+f(—;t-)=2>0 nén f(x) cé gi4 tri dwong.

n -7'5 Y
Tuong tur : f(z)+f(—z)=—2<0 nén f(x) cé gi trj am.
b) Tacé : f(—g)=—l—b2—1:>b§0.

f(§)=—1+b2-1:>620.
Dodé6: b=0. A
Nen f(x)>-1 <> cos4x+acos2x > -1, vx -
S 2t +at20,Vie[-1;1] (v6it =cos2x).
< a=0. '
Vay:a=b=0.
Baitip 9 : Xétham s6 P: R — R thoa man :
© Néu Q(x) 1a da thiic véi hé s6 thuc c6 bac 22 thi P(Q(x)) ciing 1a
mot da thite. Chimg minh P(x) 1a mét da thic, :
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Giai :
Xet da thite Q(x) = x*. Tir gia thiét chia bai ta c6  P(x ) la da thife.

bat P(x’)=akxv +a,_x" i rax+a.
Ham s6 (bién x) P(x*) 12 ham chén trén R.
Dodé a, =0,Vi 18 €{0;1:2;..;k}.
Tir d6 suy ra P(x) 1a da thic trén [0 +oc).
Tuong ty xét Q(x) =-x, taduge P(x) 1a da thic trén (~o0; 0].
Nhu vay tén tai cic da thitc R(x) va S(x) sao cho : ‘
R{(x)néux20 '
(x)={ ) (H
S(x) néu x<0
“Chon Q(x)=x" taduge P(x’) 1a da thitc.
Pat T(x)=P(x*). Tr(1)tacé: :
T(x)=R(x*),¥x20 ; T(x)=S(x*),vx<0
= R(x)=T(x)=S(x") = R(x) =8(x)
Vay P(x) 1a mot da thic.
Bai tdp 10 : Tim s6 tdt ca cdc da thitc P(x) bac khong 16n hon 3 véi cac hé s6
~ nguyén khOng am va thoa man dléu kién P(3) =2000.
Giai :
Xét trudng hop bac clia P(x)<1.
Giasir: P(x)=ax+b (a,beN).

P(3) =a.3+b=2000.
Suyra: O <as {20300] =666.

Nhu vay c6 667 da thuic P(x) véi bac nho hon hodc bang 1 thod man

- diéu klen dé bai. ' (1)

Xét trudng hop bac cua P(x) ;béng 2, thi: )
P(x)=ax’+bx+c (a,b,ceN,a>0).

' P(‘3)=9a+3b+c 2000.
Taco O<a<{20900] 222

" Dod6: 3b+¢=2000—9a.'




Suy ra: O<b5666 3a. Tuc l1a c6 667 - 3a sob..
Bai vay s6 da thirc P(x) cla truong horp nay :

222

2(667 3a) = 667.222 - 3(1+2+3+..+222)

=667.222—~§—'2—}%2—§=73815 IR 2)

Trudng hop con lai bac cla P(x) bang 3 : _
| P(x)=ax’+bx’+cx+d (a,b,c,deN, a>0) |

* P(3)=27a+9b+3c+d = 2000.
Tuong ty nhu cdc d4nh gid & trén, ta c6 :

lSas{z—OOQ]zﬂ,
“ 27

0<bs [QO-O;—”—*‘] =222-3a, ¢6 223 ~3a c6 gid tri b,
0<c <{2000 §7a 9b] 666 - 9a 3b, c6 667 -9a~3b.gid tri c.

Tir d6 s6 da thic clia trudng hgp nay la :

74 222-3a

2 D (667-9a-3b)= -

a=l b=l

=Z[(667 9a)(223-3a)-3(0+1+...+(222-3a))]

i[(667 9a)(223 3a )_3(222~3a)(223_3a)J

2

4

| _2(74482—4021'1“22—7 )_’1807043. )

a=l

Tir (1), (2) va (3) ta suy ra 6 da thitc P(x) thoa mén dé bai Ia :
667+ 73815 + 1807043 = 1881525,
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2. HE SO VA GIA TR| DA THUC

21. Hé s6: Cho f e R[x], degf =n.

Néu viét : f(x)=ax"+ax"" +..+a _x+a_ —Zax"' thi hé s6 theo

i=0

k N
x laa _,

Néu viet : f(x)=b x"+b _x"'+.+bx+b = bx' thi he s§ theo
n -l 1 0 i
i=0

x, b,

2.2. Da thic d6ng nhit :

Cho : f(x)=a,x"+ax"" +..+a_x+a,_
0 | n-1
g(x)=b,x" +bx"" +..+b__x+b_
f=geon=mvaa =b,i=01,..,n

Ta thudng goi la dong nhét hé s6 cing bac : a, =b..

m-1

2.3. Cic hing ding thic :

14

e(a+b)’ =a?+2ab+b>

e(a+b) =a’+3a% +3ab? +b’

*(a+b)' =a* +4a’b+6a’b? +4ab* + b*

*(a+b)" =a’ +5a'b+10a’b’ +10a’b" + 5ab* +b°

II sz

e(a+b)" =a" +na""'b+ 2 a"’b’ +

(n-1) n(n-1)(n-2)
1 3!

n(n;l)...(n—k+l)
+
k!

_Zc'* "*b* véi C =

a"*b* +...+nab"" +b"

n!
kin-k)!
Pdc biét : (1 +x)“ =ZC:xk.

k=0 i
| 2 k-2

Chay: x* =x"x* =x'x""=xx"?=...
Chimg minh téng quit nhi thitc Niu-ton : (a+b)" = ZC" "*b* bang

phuong phép quy nap.




2.4. T6ng cac hésd:
- Cho da thic P(x) sau khi khai tnén rit gon dugc dang :

P(x)=ax"+a, _x" 'Hotaxt +ora, +a,
v6i cdch viét h¢ s6 a, di theo luy thira x*.

Taco: P(1)=a, +a_ +..+a,

P(-D)=(-1)"a, +(-)"" n‘,+ +(=Da, +a,
=P()+P(-1)=2(a, +a, +a, +.. +ay, +...)
va P(1)-P(-1)=2(a, +a;+a, +.ta,,, +)
Do d6 khi khai trién da thitc ta c6 :
* Tng c4c he s6 1a P(1).
* Tdng céc he s6 theo luy thira |é : &—TPS:I—)
P(1)+P(—l)

2 .
Ddc biét : Ham da thic chdn P(-x)=P(x) thi cdc he s6 a,,,, —0

~ con ham da thic 18 P(~x)=-P(x) thl cdc he¢ s6 a,, =0.
Bai tap 11 : Tim hé s6 theo x* clia da thic sau khi khai trién
a) P()=(x+1)" +(x+2)’ +(x +4)* |
b) Q(x)=(x+1)’(x* +8x’ =x2 +1).
Tim tdng céc hé s6 theo lu§ thira chén.
Gii?’li :

~ * Téng cic hé s6 theo lug thira chdn :

a) Tac6: (x+a)’ khai trién thi hé s6 theo x* Ia L

Ma (x+4)" = x* +4x’ 4 +6x> 4+4.x.4" +4* nen he s6 theo x* 1a 16,
Vay heé s6 theo x* 12 18.

b) Tacé : Q(x)=(x* +2x +1)(x* +8x* —x? +1)

Béy: x'=x*x"=x2x' nén hé s6 theo x* 1A —2+8=6.

Téng céc he s6 theo lu thira chin :

Q+Q(-1) 36+0
2 T2

=18.




Baitdp 12 : Tim hé s6 :
a)Theox cha khai trién : P(x) = (1+x) 0<m<n.

b) Theo x* cua khai trién : Q(x)=‘(x+4) +(3x2-5)".
Tim tng c4c hé s& sau khi khai trién.
| Gidi :
a) Ap dung khai trién nhi thic Niu-ton :
P(x)= (1+x) —-ZC"I“ “xk
Do'd6 he s6 theo x” la cr (0<m <n).

) Q) =(x+4)" +(3x* +(=5))"
oS50 sy
i=0.
Heé s6 theo x" tmg v6i 1—42 va 1—37 la:
R4 O3 5)"-c:(,442cj,34 .
Téng céc he s6 sau khi khai trién : Q(1)=5" +( 2) 5% -2",

I!

o
F

>
-

Bai tdp 13 : Dinh hé¢ s6 ciia X’ ‘xudt hién sau. kh1 b céc dau ngoag va nhom
cic s6 hang giong nhau trong da thifc :

po=(.{x-27 2) ~2-..-2)

Sae B

k ldn
) Giai :
Tacé: . B
' 2 2 2 ' 2 2
P(0)=(...(((-—2)2—2) ;’2) —...—2);{...((4—2‘)2—2) _.-2)
2 2 )
( ((a=2y - 2) —m2) ==((a-20 2) =42 =4,

k- Zlan
Ta dat A, la he s6 cia x, B, a he s6 cia x* va P,x’ 1a téng clia cic
s6 hang chia céc luy thira 16n hon 2 ctia x. Ta c6 thé viét : )

P(x) =(---(((’.‘“2)2 _2) —...—2)?)

klin
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N A

=Px'+B x*+A x+4= [(((x -2)’ —-2)2 )% —2]2
' : ’ k-11dn .
=[(P, %' +B x> +A,_x+4)-2]
=(P_x*+B, X’ +Ak_,x+2)2
+ =P_2x*+2P_B,_ X’ +(2P_A,_ +B,_)x'+
| +(4P_, +2B,_ A, )X +(4B,_, +A, 2)x +4A, x+4
=[P ;x’+2P, B, x*+(2B_A,, +B, })x+4(P., +2B A, )]x"+
o (4B +A )X +4A x+4
Tud6: A, =4A, ,B, =A,_*+4B .
Vi:(x-2) =x*—4x+4, nén A, =—4.
- Dod6: A, =-44=-4" A, =-4",.. Mot cich tng quat A, =—4*.
' Ta tinh B, : ' ‘
B, =A,_'+4B_ =A_ +4(A . +4B_,)
=A, P +4A, ) +47 (A, +4B, )
=A,_ ] +4A, ) +4 A, +4 (A _F+4B, )
A HAA P+ AA .+ 4TA 1A TAT 4B ()
Thé B, =1,A =—4,A, =-4" A =-4", A = 4t vao_ biéu thic
(*), ta dugc : S .
B, =477 444 1474704 +4"247 £ 44
=4 g g gt g g

, . A NIRRT
S (a1 a4 a ) =g ]

S 4-1

k-1 pkl
Y hé s6 theo x.

Vay: B, =
Bai tdp 14 : Tim cic héng s6 thoa man diéu kién saul ;

W+43k+3_ A B C

x'=3x+2  (x=1) x-1 x+2
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. ; , Giai :
Déy: x> -3x+2=(x=1)"(x+2).
Quy dong va khir mau, ta dugc :
3x% +3x+3=A(x+2)+Blx-1)(x+2)+C(x -1’
=(B+C)x*+(A+B-20)x(2A-2B+C).

D()ng nhdat hé s6, tac: s - :
- B+C=3 | A=3

A+B-2C=3 = <B=2
(2A-2B+C=3 C=1

Bai tdp 15 : Cho da thic bac 2 f(x)=ax’ +bx+c thod mén If(x)|<(x khi
x| < 1. Ching minh : |a]+[bl+|c| < 4. ‘
' ' - Giai:
‘Chon x=0,x=1,x=—1 vadat:
A=f(1)=a+b+c; B=f(-1)=a-b+c ;C=f(0)=c.

<o va a———(A+B) C b——(A B):;c=C

L]

NaﬂdHMHd=§M+B—2d+3M~BHKﬂ
! Lol
< E(IAI_+|BI +]2cl) +5(|A| +|B]) +ICl
,s%(a+a+2a)+%(a+a)+q=4a.

Bai tdp 16 : Gi4'sir lax? + bx+c| <1 khi IxI<1.
" Ching minh ring : lex? +bx +al <2 khilx| < 1.

 (Lien X6 1973)
Giai :
bat f(x)=ax? +bx+c, tac :
: | a:A+B_C

A=f()=a+b+c 2
B=f(-1)=a-b+c = |b=2_B

~£(0)= ?
C=f0)=c c=C
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3

Nén:g(x)=Cx2+A;Bx+A;—B—C '

=C(x? -'1)'+1A(x+1)+lB(1-x')
2 2

:>|g(x)|s|C(x2—1)|+%|A(x+l)|+%|B(l—x)|
.<.|1—x2|+—l-|x+l|+l|1—'x|
2 2
clox? D+ %)
2 2
=2-x><2,Vxe[-1;1]. (Dpcm).

Bai tap 17 : Cho hai da thifc sau : :
f(x)=4x"+ax va g(x)=4x" +bx’ +cx+d.
ChL’mgmmh.‘
a) Néu [f(x)| <1, Vxe[—l ; l] thi a=-3.
b) Neu [g(x)| <1, vx e[~1;1] thi b=d =0,c=-3.
Giai :
a) Chon x=1:f(1)= 4+a<1:>a<—3

Chon x=l_:f(1)——l—+ 2-l=>a2-3.
2°\2) 2 2

Dodé: a=-3.

Do lai véi a=-3 thi f(x)=4x"-3x.

Vi [x| <1 nén dat x = coso = f(x) =cos3a.

Do dé |f(x)| = lcos3al < 1: dung

Vay : a=-3.

b) Tacé: g(x)—gl=x)= (4x +bx +cx+d) (—4x’ +bx’ ——cx+d)
=8x’ +2cx

g(x)-g(—x)"

= |4x® +cx|£—;—|g(x)——g(—x)|s%(lg(x)|+|g'(—x)|)SI,Vxe[—];]].

’

= 4x* +cx =

Neén theo'cau a) thi ¢ = -3.
Dodé: g(x)=4x"+bx® —3x+d.




’

Chon x=1=b+d<0. .
Chon x=-1=>b+d2>20dod6: b+d=0=>d=-b.

Nen g(x)=4x’ +bx’

—-3x-b.

Tiép tuc chon x = i—% thitacé b=0.

Vay: b=d=0.

Bai tdp 18 : Cho da thitc véi he sOthuc f(x) ax® +bx’ +cx+d vamOtsé

o > 0. Biét réng v6i [x| <1 thi c6 bat déing thic |f(x)] < a.
Tim {al;[bl;lc|;|d] 16n nhat.

Giai :

(A=f(-1)=-a+b-c+d

Dt : | 8 4 2
. C—f(—l-)—i+1)-+£+d
2/ 8 4 2 .

T gia thiét : |al < 4a;

D=f(1)=a+b+c+d

|b|<2a'

lcl<3a; |d|<a

B=f(——;—)=—-3+2~£+d

=X

a#—3A+iB-iC+ED
3 3 3 3

L=lA—§.B+§C—lD
6 6 6 6
Lo+ Le-to

2 2

d =(0).

Bing cach xét f(x) = a(4x -3x) va f(x) a(2x -1).
Vay : maxlal =4a; max|bl=2a;

" Bai tdp 19 : Cho tam thirc bac hai :

max|c| =3 max|d| =

- Gidi :

f(x) x* +px+q. Odo p.q 12 cdc s6
nguyén. Chu'ng minh ring ton tai s6 nguyénk dé f(k)=f (2004) £(2005).

- Taching minh Vx, tacé: F(F(x)+x)=1(x). f()i’+‘1)
That vay : f(f(x)+x)= (f(x)+x)’ +p(f(x)+x)+q
=2 (x)+2f () x + x2 +p(f(x))+px +q

20

=f(x)[f(x)+’2x+p]+v>x2 +px+q

=f(x)|:q+p(X+1)+x2 +2x+1]




: =-f(x)|:(x+~l)2,+p(x+l)-+q] 4
=) f(x+1). o |
V6i x =2004, dat k =(2004) +2004 thi k 1 s6 nguyén va ta c6 :
f(k)=£(2004)f(2005).
Baitdp20 : Cho f e R[x], degf=n,f(i)=2" véii=in+l.
Tinh f(n+2). | _
(Viét Nam 1986)
Giai :
Ta chimg minh quy nap : f(n+2)=2"2-2 theon.
Khin=1, tacé: - |
f(x)=ax+b thi {f(1)=a+b=2| :{azz-
o ©f(2)=2a+b=2? b=0
“Dodé: f(x)=2x
Suyra: f(3)=6=2"-2. |
Gia st khéng dinh ding dén n—1.
Xét da thirc sai phan : \
v g(x)=f(x+1)-f(x) thi degg=n-1
var g =fG+D-f(i)=2"-2 =2 i=T.n,
Dodé: g(n+1)=2""-2
=f(n+2)-fln+1)=2""-2
=f(n+2)=f(n+1)+2"" =2
N =2ﬁ+1+2h+l_2=2n+2_2.
Vay: f(n+2)=2"2-2.
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3. DA THUC V&I YEU TO GIAI TiCH

3.1. Giéi han, lién tuc: Cho f e R[x]:
t(x)-aox"+ax"'+ +a x+a",a 0.

Tac6 fliéntuctrén R va:

+oo khia, >0
lim f(x) = -
xorx —c khia, <0
_ +oo khinchan,a, >0hoacnlé,a, <0
lim f(x) = Co . '
x>z —oo khin l¢,a, >0 hoac n chan,a; <0

32 Pao ham: Cho feR[x]:
fx)=ax"+ax"" +..+a, x+a, a,=0.

“Thi: f’(x)—naox '+(n-Dan"? +.. +2a, X+a,
f"(x)=n(n—l)a0x"‘2+(n—l)(n—2)a,x"‘3+.'..+'2a"_2

f'"‘(X) - h(n_ 1)([] —2)a'0xll‘3 +"'+6an—3 K .

" (x)=a,n!.

* Kétqud:

Néu degf =n thi:

" degf'=n-1;degf”"=n-2;...;degf® =n-k (1<k<n)

va degf'™ =0.

3.3. Nguyén ham : Cho f e R[x]:
f(x)=a,x"+ax"" +..+a,_x+a_ ,a, #0.

C6 nguyén ham : ‘

ao n+l al n : a
F(x)=J.vf(x)dx=————x- +—X +..+-—LXx+cC

n+1 n 1

Bai tdp 21 : Cho da thitc P e R[x] bac 1é.
Chu‘ng minh réing tn tai 2 s6 a<0 va b>0 dé P(a). P(b) <0.
Giai :

<. Y 2m+l Zm .
Tacd: P(X) =3a,X +a +.. +a2 X+ a2m+l
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Véia, #0,degP=2m+1 lé:
- Xét a,>0 thi lim P(x) =00 nén tén tai a<0 dé P(a)<0 va

XX

11m P(x)=+c0 nén tén tai b>0 dé P(b)>0

Do d6: P(a).P(b)<0.
- Xét a, <0 thi twong ty lim P(x) +0 nén, ton tai a<0 dé

Xep=

X—>+x

Do d6: P(a).P(b) <.
Ket qud : Néu da thic P(x)>0 Vx hoac P(x)<0 vx th1 degP -

- P(a)>0 va lim P(x)=—x nen ton tai b>0de P(b)<0.

bac chan véi n = 2k.

Bai tdép 22 >
a) Cho P(x)=x" +2ax +a véi a>0

Ching minh : - ' :
Q(x)= P(x)+P’(x)+P”(x)+P"’(x)+P(4)(x)>O Vx.
b) Chitng minh néu : :

f(x)=_iak-cos'kx=>0, Vx€[0; 2]
thi: a, —0.k=12...n
‘ Giai :

a)Tacé: P(x)‘=!x"‘+2ax2+a;
' P'(x) =4x"+4ax;

P"(x)=12x*+4a;

P"(x)=24x;

PY (x) =24,

Do dé: Q(x)= P(x)+P’(x)+P”(x)+P"'(x)+P“)(x)
=x*+4x’ +(2a+12)x* +(24 +4a)x + 52+ 24
=(x? +2x)2+2a(x+.1)2+3a+8(x +3x+3).

Vi: x? +3x+3>0,Vx vd a>0 fnén Q(x)>0 Vx.

b) Véi céc s6 nguyen p.q. Tacéd:
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1~
A

. ' 2n ' -
cos px.cosgx.dx = —;— J‘ [cos(p+q)x +cos(p—q,)x:|dx
) . 0 ' .

Onéup=q
7 néu p=q.

Vi f(x)= iak coskx =0, Vx €[0;2n].
k=1

=0= J'f(x).cospx.dx=ak1t véi p=k,k=12,...,n.
0 . : .

* Vay céc he s6 a,; =0.
Bai tdp 23 : Cho f(x)=ax’?+bx +c. Ching minh :
a) Néu [f(x)| <1, vx €[0;1] thi £(0)<8. -
b) Néu [f(m)|<1 v6i m=0,m==1 thi [f'(x)| <4, v|x|<1..
Giai : ‘

a)Tacod: f(0)=c; f(1)=a+b+c ;f(—l—)=3+—b-+c,
Co 2 4 2

Do d6 : b%4f(%)—f(1)—3f(0~).

Ma: f(x)=ax’+bx +c | B
Suy ra: f'(x) =2ax +b, do d6 : [f'(x)| =[2ax + bl (D
Ma: f(0)=c;f(1)=a+b+c;f(-1)=a-b+c.

Dodé: c=F(0);a=tf(D)+LF(-1)=F(0);b=2F(1)-f(-1)
Dodé.c-f(O),a—zf(l)fzt( D=-f(0);b=2f(D-2f(-1)

(l):§ f'(l)=2a+b=%f(l)+—;—f(-—l)-—2f(0)x.

Neén : |f’(1)|s§.l+l.l+2.l =4,
. 2 2

Tuong ty : f’(—1'<)=-—2a+bé—%f(l)—%f(—l)—Zf(O).

Nen |f'(-1)| < 4.
Vi f' bac nhat trén doan [-1;1] nen:
£ (x)| s‘max{|f'(—l)|,|f’(l)|} =|f'(x)| < 4.
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Bai tdp 24 : Cho f(x):(x—x,)(ﬂx_-xz)...(x—).cn), biéu dién c4c tdng sau-
day theo f('x)‘ va f'(x): S ‘ o

a)z

,xx

b)z

,xx

¢) 23_;‘.

: Giai : :
a)Tacé: f(x)= (x=x,)(x=x;)..(x=x,).
f’ (x)=(x—vx2)(x—x3)...(x—x“)+(x-xl)_(x—x3)...'(x—xn)+..v.
et (X =x ) (x =%, ) (x =%, ).
Do d6 : R '
i 1 (x=x)(x=x5 ) x=x, )+ (x =%, ) (x =%, ). (x = x,)

Ci=t XX (X—X,)(X—Xz)...(x'—xl,)
+."+(X_xl)(x_x2 )'~--(X_x,._1) _ f'(x)
- (x—xl)(x_xz)--'(x'—x,,) 'f'(x)'

&1 f'(x) -
—l)=x§l 'i—n_xf(:) n.

+

e

' X, £'(3)
,.C) Z3i'x‘ =—n+3f—(37.

Bai tdp 25 : X4c dinh da thic P(x) thoa mén : P(2x) P'(x).P"(x).
Glal

Xét P(x)=C, v6i C=const thi C=0 nén P(x) =0 thoa.
Xét degP=n,n21.

Tacé: degP-n—ldegP"-n 2.

Tu'gnathléttaco. n=(n-1)+(n-2)=n=3 nén:
P(x)=ax’+bx*+cx+d,a#0

= P'(x) =3ax*+2bx +¢
= P"(x) = 6ax +2b.

25




Va: P(2x) =8ax’ + 4bx? + 2cx +d.

Tacé: P2x)=P'(x).P"(x) -

< 8ax’ +4bx* +2cx +d = (3ax +2bx+c)(6ax+2b) ,

& 8ax® +4bx? +2cx +d = 182" + 18abx” + (4b + 6ac) x + 2bc.

Dong nhat hé s6 : ,
182’ =8a ' a=%
. .
182;b—4b ~ Jb=0
4b +6ac=29 c=0
‘ 2bc=dk d=0

Do d6 : P(x)=ix3.
9 '
Vay: P(x)=0 hoac P(x)=g }

Bai tap 26 a) Chu‘ng minh rang khong tOn tai da thitc P(x) de véi Vx e R
-c6 cdc bat ding thifc a
(1): P'(x)>P"(x) va(2): P(x)>P"(x).
b) Khéng dinh trén con ding khong néu thay déi bat dang thitc (1
bing bat déng thic (1) : P(x)>P(x)‘> |
‘ (Cong hoa Dén chii Dm- 1974)
, Giai : : |
a) Néu P(x) 1a hang s6 thi P'(x)=P"(x)=0, va bét dang thic (1)
khong thoa man.
| Gié sir degP(x)=n21. Khi d6, néu n 1& thi deg(P(x)~P"(x))=n
12 56 1&, tir d6 P(x)-P"(x) <0 véi it nhat mot diém x € R, néu n chdn thi
deg(P'(x)-P"(x))=n-1 1as61&, tird6 P'(x)—P"(x) <0 véi it nhat mot
diém x € R. Nhu vdy, trong c4 hai trudng hop n 18 va n chén, da thic P(x)
khong thoa man hoac bat dang thic (2) hoac bt dang thic (1)
Vay a) dugc chimg minh xong.

b) Chon P(x)=x+3. Khi d6 v6i 'moi x thuoc R, ta c6

P(x)-P(x)=x*=2x+3>0 va P(x)-P"(x)=x*+1>0 nghia 1a khang
dinh trén khong con ding nira.
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Va: P(2x)=8ax® +4bx* + 2cx +d.

Tacé: P(2x)=P'(x).P"(x) i

&> 8ax’ +4bx? +2cx +d = (3ax? +2bx+c)(6ax+2b) |
< 8ax’ +4bx” +2cx +d = 18a2x” + 18abx> +(4b? +6ac)‘x+‘2bc.v

Doéng nhét he s6 :
18a* =8a a=%
|
182:b—4b — lb=0
4b° + 6ac =2c¢ c=0
| 2bc=d‘ {d=0

Do dé : P(x)=ix3.
9 .
Vay: P(x)=0 hoac P(x)=g ?

Bai tdp 26 : a) Chung minh- rang khOng t6n tai da thitc P(x) dé voi Vx e R
-¢6 céc bat dang thic : o

(1): P(x)>P"(x) va (2): P(x)> P"(x).

b) Khéng dinh trén con ding khong néu thay déi bét dang thic (1)
bing bét dang thic (1) : P(x)>P'(x)?
- (Cong hoa Dan chii Ditc 1974)

Giai : o |

a) Néu P(x) 1a hang s6 thi P'(x)=P"(x)=0, va bat déng thic (1)
khong thoa man.

Gia slt degP(x)=n21. Khi d6, néu n I¢ thi deg(P(x)~P"(x))=n

12 56 1€, tir d6 P(x)—P"(x)<0 v6i it nhat mot diém x e R, néu n chan thi
deg(P'(x)-P"(x))=n—1 1256 1&, tird6 P'(x)—P"(x) <0 véi it nhat mot
diém x € R. Nhu vay, trong ca hai trudng hop n 1& va n chén, da thic P(x)

khong thoa man hoac bat ding thitc (2) hoac bat dang thic (1)
Vay a) dugc chimg minh xong. :

b) Chon P(x)=x*+3. Khi d6 véi moi x thuoc R, ta c6

P(x)-P(x)=x*-2x+3>0 va P(x)-P"(x)=x’+1>0 nghla la khing
dinh trén khong con ding nira.
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“Bai tdp 27 : C6 tén tai hay khong da thic P(x) va Q(x) sao cho :

Pn) ~-1+—l—+...+l, véi Vne N,

Q(n) 2 7 n’

Giai :
N L B | 1 o1
Tir bat dang thirc : +—t . +—>k—==

k+1 k+2 'j' 2k 2k 2

'Suy ra: lim(l +%+...+l) =400,

X—x n :
Do d6 néu ton tai da thic P(x) va Q(x) thod man bai to4n th1
L P(x)
lim
x—x Q(X)

Nhu vay bac ciéia P(x) 16n hon béc ctia Q(x) Khi d6 iim PQ(( ))
X—=% X x

bing oo, hoic A ti hé s6 a,/b, cua bac cao nhét cua x trong P(x) va Q(x).
Mat khéc véi N> 0 tuy y, ta c6:

hoac

.Osliml(1+-1—+...+i+—l,‘—+...+l)
L] 2 N N+lI n

» 1 1 Y (1
<lim— [(H +orit— ) ( +...+——):l
n—o g 2 A N N+1 n
SIim-I—(l+l+...+-—l—)+lim—l-( 1 +.,..+l)

-7 n 2 N n-x% N+1 n

<O+11 M<
"-"n(N+1)

Do d6 lini—l—(1+—;i+...+l

)——- 0, mau thuan véi khéng dinh trén ring
n—rx n n

. P(x) 1P(n)
lim—————=1

im— haclaoohoaca /b (dpcm
x——»ach(x) n— n (n) p )

Bai tdp 28 : Cho ‘f(x)=x3 ~18x% +115x —391.
'l}l’m x nguyén duong dé f(x) 1&1ap phuong clia mot s6 nguyén duong.
| | " (Thuy Dién 1989)
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Tacé: f'(x)=3x"-36x+115.

Giai:

Vi A'=—21<0nen f'(x)> 0, Vx.
Do d6 f(x) d6ng bién tren R
Gia stt f(x) =y’ véi cdc s6 nguyén duomgx y.
Tacé: £(10)=—41<0 ;
£(11)=27=3">0 nén x> 11.

Va:y’ =f(x)=(x-5)’ -(3x* -40x +266) > (x - 5)’".
Déng thdi : y> =f(x)=(x-9)’ +(9x2 —128x +338) <(x-9)’.
Dodé: y=x-6 hay y=x-7 hay y=x-8.
Gidi ra ta duoc : x=1l>y=3;

x=12—>y=5;

x=25—->y=16.
Vay glatn cuaxla: 11, 12,25,

Bai tdp 29 : Cho ddy da thiic ( Pn) sau day :

28

P,(x)=0;P_ (x)=P (x)+ %Z(X)-,'neﬁ.

n+l

Chutngmmh vxe[0;1],¥neN thi: O<\/— P(x)<——1
n+
. (Viét Nam 1989)
G
Ta ching minh quy nap 0<P, (x)<P,,, (x).
1-P
Vi:1-P, (x)=12 "+( "(X)), _0=>1>+l
' 2 2 ‘ "
Do d6 déy P, (x) tang va b1 chan nén hoi tu vé f(x)>0
Chuyén qua gi6i han :

P, (x)= P()

n+l

thi f2(x)=x= f(x)= J;.

(x)<l Vxe[O 1]

X - P(x) ,

Dodé: Vx —P,(x)20,vxe[0;1] va ¥n.




- Pat Q, (x)=vx-P (x) v6i 0sx<1:

\/_+P (x))

2)

lbDodo Q, (x)<\/—( -Jz_) _2 “\/—(1~£)...(1—£):

=Q,., x)=Q, (x )[1
=Q,. (x)=£Q,(x) (

n 2 2 2
n+l .
’ SE(L) (Cauchy)
n\n+l
_ 2 ( n )II
n+l\n+1

S'L (dpcm).
n+l .
Bai tdp 30 : Tmhténg S, (n)—l“+2"+ +n*, véi k=1,2,3.

Glal

Xét da thic : F(x)=(x_])(x X 4ot x") = x" -2,

Ldy dao ham cdp 2 F"(x), tacé:

F'(x)=2(2x+3x> +.. +nx"')+(x—1)(21+32x+ Anln-1Dx"?)
=(n-1Dnx"" -2, | ,

Cho x=1,tacé: 2(2+3+..'.+n)=(n.—1).n¥2=,2(S',(n)Ql).

n(n+1)

Vay : S, (n )= |
L4y dao ham cap ba F""(x),tacé:
FP(x)=3(2.1+32x+...+n(n-1x ,.—z)+

+(x—1)(321+432x+ +n(n-1)(n 2)x"?)
=(n+Dn(n-1)x""2.

Cho x=1 thi: 3(2.1+3.2+...+n(n=1)) =(n+1)n(n-1).
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30

Tuds Y m(m-1)==

(n+Dn(n-1)

m=1 3 .
=S,(n)-S,(n).
Vay: S (n)zn(n+l)(2n+1)
ay : S, 5 :

Tuong ty, tinh dao ham cap bon, ta 6 :
F9(x)=4(32.14432+...+n(n-D(n-2))x"" + .
| r(x-D(4321+., +n(n—l)(n 2)(n-3))%"
=(n+Dn(n-D(n-2)x"".
Cho x =1, tacé:
F9 24(32.1+432+..+n(n=1(n-2))=(n+Dn(n-Dn-2).
(n+Dn(n-1(n-2)
=S,(n)-3S,(n)+28S,(n).

Tir d6 : Zn:m(m—l)(m—2)=

m=i

2(n+1)
4

Vay: S,(n)=




4. PHEP CHIA DA THUC. UGC—BO!

4.1. Dinh nghia: v .
' Cho hai da thifc f, g e RIx] thi t6n tai cap da thic q(x) va r(x) duy
nhat thuge RIx]:f(x)=g(x).q(x)+r(x). |
Véi: degr(x)<degg(x). '
Ta goi q(x) va r(x) lan luot la thuong va s6 du trong phép chia f(x)
“cho g(x). Néu r(x)=0 thi ta néi f(x) chia hét cho g(x), hay
g(x) chia hét £(x) hay f(x) 12 boi ciia g(x) hay g(x) 12 uéc ciia
f(x),ta ki hieu f:g hay glf. '

4.2. Udc chung 16n nhat :

Mot da thitc d(x) chia hét hai da thic f(x) va g(x) goi 12 uéc chung
cha f(x) va g(x).

Néu d(x) 1a mot uéc chung chia hét cho moi udc chung khac ctia 2 da
thic f(x) va g(x) ding thi ta goi d(x) 1a udc chung 16n nhat cia
f(x) va g(x). R& rang cdc udc chung 16n nhét sai khdc hing s6, dé
bao dam tinh duy nhat ta c6 thé quy uéc chon uéc chung 16n nhat
dang chudn téc (hé s6 cao nhat bang 1).
Viét tat UCLN, ki hiéu :

() =(F (), g ().

4.3. Thuit toan O-clit dé tim UCLN :
Ta chia lién ti€p :

: f(x)=g(x).q(x)+r(x)
g(x)=r(x).q, (x)+r (x)

r(x)=r,(x).q, (x)+r, (x)

fL (0= (x).q, ()1, (x)
., (x)=1(x).q,, (x).
Thi: (f(x),g(x))=r"(x) véi r," (x) = cr, (x) monic.
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o Két qud : N&u d(x)=(f(x),g(x)) thi khi d6 t6n tai hai da thic
u(x), v(x) e R[x] saocho: ’

() au(x) +g(x).v(x)=d(x).
Hon nifa ta c¢6 thé chon degu<degg va degv <degf.

Bai tdp 31 : Cho P(x)=x+x*+x” +x7 +x" +x**.
Tim du ciia phép chia P(x) cho:
a) x—1.
b) x*-1.
| -Giai :
2) Ta c6 : P(x)=(x=DQ(x)+r(x) |
V6i degr(x) <deg(x~1)=1=>degr(x)=0 néndu r(x)=c.
Do dé: P(x)=(x-1).Q(x)+c.
Chon x =1=P(1)=c hay c= P(l) 6
b) Tacé: P(x)=(x2-1)H{x)+s(x) v6i degs(x)<1
=(x*=1).H(x) +ax +b.
Chon: x=1:P(1)=a+b=6.
x=—-1:P(-1)=-a+b=—6.
Dodé: a=6,b=0.
Vay du r(x) = 6x.
* Két qud : Du clia da thitc P(x) chiacho x~a la P(a).

Bai tdp 32 : Cho da thic f(x) va hai s6 a, b phan biét. Biét du' clia f(x)
chiacho x —a 13 A, chiacho x—b 1aB.

“Tim du cha f(x) chiacho (x~a)(x-b).
. Gigi: |
Tac6: f(x)=(x-a)(x-b)g(x)+r(x) véi r(x)=px +q.
Chon x=a'_—;>f(a)=pa+q;' '.
Chon x =b=>f(b)=pb+gq.
" Ma: f(x) chia x—a du A= f(a)=A.
f(x) chia x—b duB= f(b)=B.
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pa+q=A . T a-=b

Do d6 : '
: pb+q=B aB-bA

Vay du r(x)=A—Bx+aB—bA

a-b _a—b

Bai tdp 33 : Tim du cta phép chia :
a) x2+1chox+1. -
b) x*+x*+1 chox?+x+1.
c) x"+x¥+x*+1 cho x*+x* +x+1.
d) £f(x'®) cho f(x) véi f(x)#x"’+x9“-0_—...-0-'x_+'.fl..

' . (Trung Quoc 1981)
Giai ;.

a)Tacé: xX2+1=(x+1)(x=1)+2= du?2.
b)Tacé: x®+ x> +1=(x2+x+1)(x* = x> +2x =2) +2 = du 2.
¢)Tachd: ‘ _
x”+x“+x4+l=(x“+x2+x+l)(x9—-,x”+2x5+2x4+3x—3)+4:>du4..
d)Tacod: f(x)=x"+x™ +...+x+1
= F(x'9) = x4 XM 4 4x' 4]

= F OO (™ = x™ 4 2% = 2x™ 435%™ — 3k 4 - +99x-99) + 100
nén du la 100.

Luuy: §(99—k)(x‘°"“‘*” —x10%) = (x' 41)2(99—k)x"*’“
- =f(x)(x—l)2(99—k)x'»"°"
= f(x)Z(99—k)(x"’"“' —x"),
Bai tdp 34 : X4c dinh da thic : o
a) f(x)=6x*-7x’ +ax? +3x +2 chia hét cho x* -X+b.~’

b) f(x)=x*+ax”+bx +c chia hét cho x—2 vachia x* -1 du 2x.

-
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" Giai |
a) Lay da thic f(x)=6x"—7x" +ax’ +3x +2 chiacho g(x) x’-x+b
thi dugc thuong 1a q(x) =6x? —x#(d- 6b—1)..
Phan du r(x) = (a—6b+2)x +(—ab+6b +b+2).
Vi f(x)ig(x) nen r(x)=0=>{a_5fb,+2='0 ‘ )
: —ab+6b>+b+2=0 (2)
(1)=>a=5b-2. -
Thay vao (2): b*+3b+2=0=>b=1;b=-2.
Khi b=—1 thi a=-7. |
Khi b=-2 thi d—-—l2
 Vay: f(x)=6x=7x' =7x7 +3x+2 va g(x) x?—x-1.
o f(x)=6x}—7x" —12x° +3x+2 va g(x)=x?-x-2.
b) Tacé: f(x)=x"+ax’ +bx +c.
Vi f(x) chia hétcho x -2 nen f(2) = 8+4a+2b+c 0.

Do f(x) chia cho x* -1 thi du 2x nén g(x) =f(x)-2x chia hét cho
(x —l)
Suy ra : g(l)—l+a+(b 2)+c= Ohayd+b+c-—l

Va:g(-1)=-l+a-b+2+c= Ohaya-b+c=-1.
Tird6 ta nhan duge : a=—10;c=-10;b=-19.
Vay : £(x)=x*=10x* —19x - 10.
Bai tdp 35 : Tim udc s6 chung I6n nhat cua hai da thic:
flx)=x*+x'=3x?—4x-1va g(x)=x*+x*-x-1.
: ‘ Glal‘
Ta thuc hién cac phep chla lién tlép va hé tro véi phep nhéan thém hang

s6: f(x)=q(x).g(x)+r(x)
thi : q(x)=x,r(x)=-2x"-3x-1
va: g(x)=q, (x)r(x)+r (x)

: ql(x)=——%(x——;-J va r,(x)=——2-x—%

(=4

~ th
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Vatiép tuc : r{x)=q, (x).r (x)+r,(x)

thi : qz(x)=—§(2x+l) va r,(x)=0.

Do d6 (f(x),g(x))=x+1 véi quy uéc 14y hé s6 cao nh4t bing 1 tir

r,(x)‘f=-—;;-x-%.‘

Bai tdp 36 : Ching minh cdc ménh dé sau : |

a) Néu (f(x), g, (x))=(f(x),g,(x))=1 thi (t‘(x).g,(x)gz(x))=l.

b) Néu f(x).h(x‘)ig(x) va (h(xj;g(x))=l thi f(x)ig(x).

¢) Néu f(x)ig, (x),f(x)ig,(x) va (g (x),g,(x))=1 thi:

" f(x)ig,{x)g,(x). |
Giai : -

a) Theo gia thiét va he qui li thuyét nén ton tai cic da thic

u, (x),u,(x),v,(x),v,(x)saocho: -
f(x)u, (x)+g, (x).v,(x) =1

f(x)u, (x)+g,(x).v,(x)=1.
Nhan hai ddng thic trén lai ta dugc :

f(x)[f(x)u,(x),uz(x)+u|(x)gz(x)vz(x)+u2(x)g,(x)v,(x):|+
. +g,(x)g, (x)v, (x) v, (x) =1
“hay f()u(x)+g, (x)g, (x)v(x) =1=(f(x), g (x)g, (x))=1. .
" b) Vi (h(x), g(x))=1 nén tén tai u(x),v(x) saocho:
h(x)u(x)+g(x)v(x)=1
= f(x) = f(x)h(x)ux)+f(x)g(x)v(x)ig(x) vi f(x)h(x)ig,(x).
c) Vi f(x)ig (x) néntacé f(x)=g, (x)g(x). |
Vavi f(x)ig,(x) nen g (x)g(x)ig, (x)
=g(x)ig,(x) (vi g, (x),g,(x)=1)
= f(x) =g, (x)g(x)ig, (x)g, (x) (dpcm).

Bai tép 37 : Cho f(x) l1a da thic c6 bac 16n hon 1 ¢6 céc he s6 nguyén va k;
h 12 2 s6 tu nhién nguyén t6 cing nhau.
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Ching minh rang : f(k+h)‘kh < f(k)th va f(h)ik.

Giai : |
Tacod: f(k+h)-f(k)(k+h)-k=h (1)
“f(k+h)-f(h)(k+h)-h=k 2)

Do d6 néu f(k +h):kh thitr (1) = f(k):h ve‘ltl‘x(Z) suy ra la f(h):ik.
Nguoc lai n€u f(k):h thi f(h)ik thi tir (1), 2) suy ra t(k+h) 'k va h.
Do dé: f(k+h): kh\lo(k h)—l) ' ) '
quy Vm feZlx] vaaeZ wi:
f(x)=(x- a)g(x)+r véi g(x)eZLx}
Neén: f(a)= O+r:>r—f(a) | ' .
Do dé : f(x)=(x— a)g(x)+f(a)hayf(x)—f(a)=(x—a)g(x)
hay \x) f(a):x—a. | |
Baz tap38 Gla sum vanla ha1 56 nguyén 2 2. Chung minh céc da thirc :
F(x)=1+x+x>+..+x"";
gx)=1+x+x7+...+x""
1a nguyén t6 cﬂng nhau khi va chi khi m, n 1a hai s6 nguyén 16 cung nhau.
| . Gii:

I'Il 1

;g(x) =
X— x—1" ‘

a) Gia sirm va n khOng nguyén t6 cung nhau, tic 1a m va n ¢6 mot udc

chung d2>2. Ta c6 x™ -1 va 'x" =1 déu chia hét cho x—1'-Nén f(x) va

béy ring : t(x) =

d

—1 . .
—l+x+x2+ x4
x=1 :

g(x) deu chla het cho da thu’c

Da thiic nay c6 bac 21 (vi d22 ) Nhu vay f(x) va g(x) khong
nguyeén td ciing nhau.

b) Gia sit m va n 1a nguyén tO cung nhau. Khl do ton tai hai s6 nguyén
khac khong u va v sao cho mu+nv =1,

Di nhién trong 2 s6 nguyén u, v c6 mot s6 duong va c6 mot s6 am. Vai
tro'clra m v n 12 nhu nhau, va khi thay déi ki hiéu, ta cé thé xem ring u va v
12 hai s6 nguyén duong sao cho mu =nv+1..
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Tacé:x—1=(x™~1)-(x""' =x)=(x"™ 1) =x(x™=1) = .
Mat khdc tacé : x™ - i=( "'-—l)p(x) s x™ —1=(x"-1)q(x).
Véi p(x) q(x) 12 hai da thic. Khi 6 : e

m

1= q(x) f(x)p(x)+g(x)q(x) (dpcm)

— p(x)+

Bai tdp 39 : Cho da thixc f(x)= 2x +x-2. ‘

Chu'ngmmh.f(f(x)) x chia hét cho g(x) 2x% +2x — 1.

‘ Giai:

.Tacé; f(f(x)=-x=f(f(x))=f(x)+f(x)=x o
=22 (x)+f(x)-2-2x7 —x+2+f(x)—x
=2(f2(x)-x)+2(E(x)-x)
=2(f(x)-'—‘x).(f(x)+x+l)v |
=2(2x* -2)(2x* +2x - 1).

vay : f(f(x))-xig(x). |

Bai tdp 40 : Chimg minh ring véi moi gid tri n e N da thue (x +1)

n+l ,‘3

chia hét cho da thic x* +x +1. .
| (New York 73, Bi 81)
Giai : S

Ta chimg minh bang quy nap theo ne N :

* V6i n =0 khéng dinh diing vi khi d6 (x +1)""" +x"*2 =x*+x+1,

* Gia sit khang dinh dung v6i n—1, nghia 1a (x+1)™" +x™' chia hét
cho x* +x+1.

¢ Khi d6 da thuc :

(x + 1" 4 x" =(x+l) (x+ 1) +x.x""!

=(x’ +2x+l)(‘x+l)‘" l+xx"'| .
| _'='(x2+x+l)(x+‘l).' +x[(x+|)'nI x|
chia hét cho da thirc x* +x +1.

Vay Vne N, (x +1)™" +x™ i x> +x +1.
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" Bai tdp 41 : Chimg minh ring x" —1: x* —1 khi va chi khi n 12 boi s6 ciia k.
Giai : |

C6 thé phat biéu bai todn dudi dang :

Pé x" —1:x* —1 thi diéu kién cén va du 1a n a boi s(’) cha k

Chitng minh :

a) Diéu kién da :

Gia sirn 12 boi s6 ciia k tic 13 n = km v&i m nguyén duong. Thi: *

X" —1=x* 1= ()" =1 = (x* = DI x4l
. Ding thic nay ching to : x" =1 x* - 1.

b) Diéu kién cdn :

Ta hdy l4y s6 nguyén duong n chia cho s6 nguyén duong k. Gia sir q
va r 12 thuong va s6 du trong phép chia, tic lAtacé: n=kq+r (0<r<k).
Thi: X" =1=x""=1=x"" —x"+x =1 =x"(x"=1)+x" -1 (1)
O trén ta dd chimg minh: x* —1:x*—1, ;
" Vivaynéu x" —1ix* =1 thi tir (1) suy ra x'—lfx" -1
Nhung r<k nén x' —1:x" —1 khi r=0.

Thanh thir néu x" —1:x" —l thi r=0, titc 1a n= kq, néi cich khac n
12 boi s6 cua k. '

Bai tip 2 'Chimg minh ring véi m01 n, da thitc x> —x"+1 khong chia
hét cho da thic x* +x +1. B
Giai : ,

Dé yring: x —=x" +1=(x> +x"+1)=2x",

Ta nhén xét cic trudng hop : n=3m ;n=3m+1;n=3m+2,

1) Néu n=3m+1hay n=3m+2 thi da thic x> +x" +1 chia hét cho
da thitc x> +x +1 vard rang 2x" 7 x> +x+1. ' -

Vi vay trong céc trudmg hop néy': x —x"+171{x2+x+1).

2)Giaslr n=3m : x* —=x"+1=x"" 1“‘+l-(x —1)=(x*" =1 +1

va nhu the ta da biét cdc da thic x*" -1 va x™ —1ix?+x+1 néntrong cd

hai trudng hop nay x*" —x"+17(x* +x+1).
Bai tdp 43 : V6i nhitng s6 nguyén duong n nao thi :
‘a) Dathitc x™" +x" +1 chia hét cho x* =x +1.
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b) Pa thitc x*" —x" +1 chia hét cho x> —x +1.’
' . ' Giai :
'+x"ﬂ++-l=(x2—x+‘l)g(x) SEICI S 1Y)

. a)Giastr: x™

.- Xétn lé : Thay xbdi - “x, tacd: X —x" +1 ={(x? +x+l)g( X)) oon
2n .

=(x=x"+1):(x2 +x+1): didu nay’ khéng thé xay ra. -
‘Suyran khOng thé 1&. - P
- Xét n chin : Thay x b&i —x, ta duoc :

2n

X" +x' "+1=(xP+x+Dg(—x)=>n=3m+1;n=3m+2.
*Néun=3m+1: '

Vi n chén, suyramle:>m 2k+l:>n 6k+4

* Néu n=3m+2: R
Vi n chin, suy ram ciing chdn = m = 2k:>n"j’l6k'-}2’.}"
T6m lai : (x2 +x" +1)i(x? —x+l) khi va chi kh| a

n=6k+2 van=6k+4 (k'ez)"

A

b) Gia sir: x™ —x" +1 =(x'—x+l)g(>l‘)f sndE A (2)
- Xét n chdn : Thay x boi —x trong {2), tacé :

2n

X x4 ] = (%3 +x+ Hg(=x)

Dodé: (x> —x"+1):(x* +x+1). Diéu nay: kh(‘)ng thé xay ra. .,
- Xétn le : Thay x bdi —x trong (2), tacé :
‘ x"+x"+1=(x2+x+1)g(=x)
Dodé 'n=3m+1;n=3m+2,
*Néu n=3m+1=>m chin @ m=2k=>n=6k+1. -
*Néun=3m+2=>m 1é @>m=2k+1=n=6k+5.
Vay (x*" —=x"+1)i(x* =x+1) khi va chi khi n=6k+1 va n =6k +S5.
Bai tdp 44 : Tim diéu kién cla s6 nguyénpvéq sao cho : |
a) P(x)=x*+px+q nhan ciing gid trl chan (le) véi 1 moi x eZ
b) Q(x)=x"+px+q nhan cing gid tri chia hét cho»3,\gof| moi xeZ.
(Rumani 1962)
sigi: 0
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a) P(x) nhan gi4 tri ciing chén (hoic 18) v6i moi x € Z khi va chi khi
méi s6 P(x+1)=P(x)=2x+1+p chia hét cho 2 nghia Ia p 1. Khi 46 tinh
chén, 1é cia P(x) phu thudc vao tinh chén, 1é cia q = P(0). Nhu - ay tdt ca
gid tri ciia P(x) 1a chdn (18) khi p 1& va q chén (tuong ting q 1¢).

b) Vi Q(x)=x(x*+p)+q nén Q(3x) =3x(9x* +p)+q ctiahet :cho 3.
Véi gid tri ddthi : Q3x£1) =(3x £ D(9x’ ¢6x+1+p)+q =+(1+p)(niod3)
chia hét cho 3 khi va chi khi 1+p chia hét cho 3.

Vay Q(x) chia hét cho 3 (v6i moi x € Z ) khi :

q=0(mod3),p=2(mod3)..
Bai tdp 45 : Cho da thic bacn: f(x)= a(,X" +ax"" +...+a“_,X~+ a..

Vi sO thuc o, 1ap da thirc : :

g(x)=(x ) f(x)=c,x™" +c,x" +..4¢ x+c".‘

n-1
‘Pat : A =max {[a,|; a,|ssla}s C=max{le,|:le|s..le,[}-
Chimg minh : A<(n+1)C,
Giai :

L4y g(x) chiacho x —a, theo so d6 Horner, ta duoc :

a aU =C()
a, =¢, +0c,
a, =c, +ac,, +a’c, ,+..+a'c, -

"Gia sir Jal < 1 tir cac déing thirc trén ta c6 véimoi h (0<h <n):
la,| <leo| +e |+ +]e.| s (h+DC s (n+1)C
Suyra: As(n+1)C.

Giasir: lal>1, dat y =—, ta duoc :
X

(y —l)(aﬂyn +all"ly"—l +'“+a0) = —&Ly“".' ;"'—C—Iy —EQ-'
/T a a’ a

(n+1)C
a

Nén theo két qua trén tadugc : A < <(n+1)C.




5. NGHIEM CUA DA THUC

5.1. Dinh ngliia: Cho feR[x] vis6 aeR.
Ta goi o 1a mot nghiém cua f néu. f(a) =0.
'5.2. Dmh li Bézout:

. Cho f e R[x]: o 1a mot nghiém thuc cuafkh1 vachi khi f(x)i(x~c.
Chitng minh : Xét 2 da thic f, ge RIx] véi g(x) x—a thi t6n tai
duy nhdt cap da thitc q(x), r(x) saocho: f(x) (x a)q(x)+r(x)
Vi degr <degg =1->r(x) = const
f(x)=(x-a)q{x)+c=f(x)=c.

Dod6: f(x)=(x—a)q(x)+f(a).
Nén o 12 nghiém khi va chi khi f(x)i(x-a). |
5.3. So d6 Horner : D¢ tim thuong va dur trong paép chia

n-1

f(x)=a,x"+ax"" +..+a,_ X +a,,8, %0 cho gx)=x-a,
Talap bang: .
o | oa ] A ] e
X=q | b, =a, | b, =ab, +a, ‘ | b, =ab, +a, l l b, =ab , +a,

Véi f(x)=(x-a)q(x)+f(a) ; fla)=b, —ob +a, ;

n-l

q(x)=b,x"" +b,x"? +..+b, _,x+b,_,

5.4. Nghiém bdi: Cho feR[x],acR keZ, k> 1.

Ta goi o 12 nghiém boi k clia t(x) néu f(x) chia hét cho (x- a)

nhung khong chia hét cho (x —a)*" nghla la:

{t(x) (x-a) g(x), vxe R
gla)=0

Néu k =1,ta goi a 12 nghiém don hay vin té' la nghiém.
5.5. Nghiém hitu ti, nghiém nguyén: |

Pinh Ii : Cho f e Z{x],degf =n,a, e Z saocho:

| f(x)=a,x"+ax"" +..+a a, #0.
Nghi¢m hitu ti n€u c6 x =p/q véi (p,q)=1 thip 12 uéc ciia heé s6 ty

X+a

n-{ n?

do va q 12 u6c ciia he s6 cao nhit pla,, qla,.
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Chimg minh : Thay x =p/q_vao phuong trinh f(x)=0, tacé:

1
n n-l

(,p +a, P_,. +a, —B+a“=0

n-1
q
=a,p"+a,p"'q+.a,,9" p+a,q =0’
= a(,p“ = -—(a,p""q +..+a_q"'p+aq" )
Do vé phai chia hét cho q nén a p" chia hét cho q.

'Ma (p.g)=1 nén a, chia hét cho q. Suy ra: qla,.
‘Tuong tytacé: a,q" =—(a,p" +...+a,,q""'p)

Suyra: a,q" chia hét chop. Suy ra: pla, (dpem). |

o Két qua (1) : Néu a, =1 thi cdc nghiém hitu ti cha f(x) déu Ia
nghiém nguyeén véi f(x) 1a da thic hé nghiém nguyen.

* K&t qua (2) : Dua vao cédc phan s6 p/q dé va so d6 Horner dé tim
cac nghiém.

5.6. Nghiém phuong trinh bic hai :

Cho phuong trinh béc hai : ax* +bx+c=0,a=0.

Lap'A =b* —4ac.

Néu A< 0' Phuong trinh vo nghiém.

Néu A= 0: Phuong trinh ¢6 nghiém kép: x, =x, = 2b ‘
a
_cbxVA

" 2a

Néu A > 0: Phuong trinh c6 2 nghiém phén blét

5.7. TOn tai nghlém cia phuong trinh bic hai f (x) =ax’+bx+c.a#0
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Khi A >0 hoac ¢6s6 o ma a.f(a)<0.
bY A |
Chitmg minh : f(')=a[( +——) ——].
img min x X ” Y
Néu A<0=af(x)20,Vx.

Néu A>0=>a.f(x) c6 ddu duong va ddu am.

Do d6 khi af(a)<0 thi ta c6 hoac A=0 hoac A>0 nén phuong
trinh ¢6 nghiém. '

"o Dgc biér : Néu af(a)< 0 th phuong trmh c6 hai nghiém phan biét

x,,x, va X, <o<X,.




" Bai tdp 46 : Cho f(x)=2x" -=70x* +4x? —x+1. Tim thuong vi du ciia

phép chia f(x) cho x —6.

Giaij :

Ta 1ap so d6 Horner : , o | \
f | 2 | o | -70 | 4 | -i n
a=6 | 2 | 12 | 2 | 16 |.95 571

Tacé: f(x)=(x-6)g(x)+f(6)

=(x=6)(2x* +12x* +2x* +16x +95) +571.
Vay thuong : g(x)=2x* +12x* +2x° +]6x+95
Vadu: r(x)=f(6)=571. _
Bai tdp 47 : Cho f(x)=x —4x* +6x* —12x +9.
Tinh £(1), f(2), f(3). Nhan xét ?
Giai :

Theo so d6 Horner :

f 1 —4 6 -12 9
a=1 - 1 -3 3 -9 0
a=2 L -2 2 -8 -7
a=3 1 -1 3 -3 0

Dodé : £(1)=0;f(2)=-7;£(3)=0.
Nhan xét : £(1)=0;f(3)=0.
Vay nghiém ctia phuong trinh : x =1;x =3,

Bai tdp 48 : Tim cédc nghiém hitu ti cia phuong trinh :
a) 3x* +5x* +x? +5x~2=0. |
“b) x* +—;-x2 +3x-2=0.
\ Giai : |
a) Ta chi xét nghiém hiru ti x = % véi pl-2 va ql3.

Dod6: x= thix= :t-:l;.x +2:x= i%

Béng cédch th& truc ti€p hodc dtmg s0 d6 Horner ta chon 2 nghnem hitu

ti x=-2; x—l
3
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b) Ciéi twong ty sau khi quy dong; tacé :
2x* +3x7 +6x-4=0.

Ta c6 mot nghiém hiru ti 1a x = —é—

Bai tdp 49 : Cho da thic bac chdn va tit ci cdc hé s6 déu 1é. Ching minh
4a thitc khong c6 nghiém hitu ti. :
' Giai :
Xét P(x)=a,x"+ax"" +..+a,_x+a ,a,:¢0.
Vé6inchén, céc a, 1&. | .
Gié sir da thite 4 nghiém hiru ti x =p/q thi pla,.qla,. Dodé p, q Ié.
Thé x=p/q vaothitacé: ap"+a, q" 'p+..+a,q" =0.
Piéu nay vo i vi V€ trdi 1a téng clia mot s6 1€ cac 36 hang 1é nén khong
thé bang 0. Vay da thuc khong c¢6 nghiém hitu ti.
Bai tdp 50 : Cho s0 tu nhién n =2, chitng minh phuong trinh :

n xn—l 2

X x* X
—+ —+..+—+—=+1=0
n! (n-1! 21 1
khong c6 nghiém hitu ti.
' Giai :

Ta chimg minh bai todn bing phuong phép phan chimg. Gia sir phuong
trinh d4 cho c6 nghiém hitu ti o.. Khi d6 ‘o 12 nghiém hitu ti ciia da thic :
P(x)=x"+nx"" +...+n4!—’15(:!+...+n‘!—§?+n!};+n!.
Nhung do P(x) 12 da thiic bac n v6i hé s6 nguyén, hon nita hé s6 clia
x" binz 1 nén suy ra o phai 12 s6 nguyén, do dé tacé : o

k 2 . .
0" +00" NI AN+ n! S 40! =0 1
- k! 2! 1!
Goi p 12 mot u6c nguyen t6 ctia n, Vk =1, n, ki hiéu r, 12 s6 mii cia p
_thodman k'.p,’, tacé: T, ={—k-]+|:—k2-j|++[£] (2)
: P p P

a+l

V@i s 12 s6 nguyén knong am thod mén: p* <k <p™.

T (2)suyra: s5+—k7+...+'—k7=k(l—L\)(p—l)<k.
‘ P P P P
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Nen:r —r 2r,—k Suyra:r, - 2r, —k+1,

v —
Vivay : % p" . Vk=1,n

3)

Hon nita, do nip nen tir (1) ta c6 a;‘fp, do d6 o:ip. Suy ra

o*ip,Vk=1,n. Két hop diéu nay v6i didu kien (3), ta'duoc

k

ntZ-ip ™ vk =1n Tir day va (1) ta suy ra nlip,"™". Mau thufin vira

kt "
nhan dugc ching to gia sir ban ddu 1a sai va vi vay ta c6 dpcm.

Bai tdp 51 : Cho da thic P(x) hé s6 nguyén. Ching minh da thic khong c6

‘nghiém nguyén néu P(0) va P(1) 1a cdc s6 1é.
Giai :
Gia sir a 12 nghiém nguyen cia P(x) thi:
P(x)=(x-2a)Q(x), Q(x) Iahé s6 nguyen.
* Chon x =0 suy ra P(0)=-a.Q(0). Vi P(0) 1é nénalé.

* Chon x=1 suy ra P(1)= (l—a)Q(l) Vi P(1) 1é nén 1-a I&.

Suy ra a chdn. Diéu nay vo li.
Vay phuong trinh da thirc khong c6 nghiém nguyén.

Bai tdp 52 : Dinhm dé x* +y* +7° +mxyz X+y+2z;VX, y,zeZ
 Giai:
pat f(x)=x"+y’ +2° + mxyz.
Vi f(x) ix+y+z nen: f(x) ix-(y-z);Vx,y,z

‘Nen f(-y-z)=0 < —(y +z) +y' +2 +myz(-y-2z)=0; Vy,z

< yz(y+z)(m+3)=0;Vy,z & m=-3. Vay m=-3.

Bai tdp 53 : Cho P(x)eZ[x] va P(x)=1;P(x)=2; P(x) 3 ¢6'it nhat

mot nghiém nguyén lan lugt 12 x, x,, X,.

a) Chimg minh rang X,» X5, X; 12 nghiém nguyén duy nhét cua cidc

phuong trinh trén.
b) Suy ra P(x) =5 khéong c6 hon mot nghiém nguyén.
Giai : ,
a) Taco: P(x)=(x-x,)q(x)+2 véi q(x)eZ[x]
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Chox=x, va X =X,, taduoc: |
1=P(x,)=(x,-x;)a(x,)+2=(x -x,)q(x,)=-1
3= R(x5)=(x3 -%,)q(x;)+2=(x, _xz)q(vxs)_: L.

Vi x, =X, X, —X,;q(x,);q(xy) 12 nhimg s6 nguyén nén x, —x, va

X, —X, chi c6 thé béng = thg X, #X, nén:
. * Hoac x, —x, =1 va x,—x, =-1..

* Hoac x, -x, = lvax—xz—l

Do d6 x, 1a trung binh.cong cia X, X, Gla sur phuo'ng trmh P(x)=
con ¢ mot nghiém nguyén x2 #X,. Lap lai lap luan tren cho 3 50.
X;s X,, X; thi ta thé’y x, 12 trung binh cong.clia x,x,, tic [a x, =x,
(mau thuin). Vay x, 12 nghiém duy nhét cia phuong trinh P(x)=2.

Giai tuong tu cho P(x)=1;P(x)=3. -

b) Gia st phuong trinh P(x) =5 c6 mot nghiém nguyén x,, tacd:

5='P(x)'=(x5—xz)qy(X5)+2:>(‘ - 2)q(x5‘)=3.

Nén x, —x, c6 thé 14y céc gid tri +1;+3. Néu x s Xy = thi theo
chimg minh trén X, phai tring véi x, hoac x,. VO li vi x; khic véi X, va |
x,. Do dé chi c6 thé xay ra kha nang X, —X, =13, - -

Ma: P(x)=(x=x,)r(x)+3 ;r(x) e Z[x].

Suy ra:5=P(x,)=(xs =%, )r(xs)+3=(x;—x;)r(x,) =2.

Suy ra : x,—x, chi c6 thé ldy cdc gid tri +1;+2. C6 thé thiy
X; =X, =*! (mu thudn). Nen x, -x, =12, do dé:

* Néu x, -x, =1 va x,—x, =-1 thi x,—x,;=-3.

* Néu x, - -1 va X; =X, =1 thi x;~x,=3.

Nhu vay nghlem nguyén »x5. (n€u né t6n tai) cua phuong trinh
P(x) =5 dugc x4c dinh hoan toan bdi x,, x,,x,. Cdc's6 ndy la duy. nhat,
vay phuong trinh P(x)=35 khong thé c6 hon mot ,ngﬁiem nguyén.

Bai tdp 54 : Chimg minh phuong trinh bac 2 : ax’> +bx+c=0 c6 nghiém
trong cac trubng hop : /
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a) 5a+4b+6c 0.

b) +-b—+—-0 m>0.
m+2 m+l m
. Giai:
a)Ttr:5a+4b+6c=0=>b='—(§f‘f-§°—).

Dod6: A= b’ —4ac =%(5a+6c)2 —4ac =%(25a2 +36¢? —4ac)

= -l%[(a ~2¢)’ +24a? +32¢7 ] > 0, dpcm..

Chi y : 25a° -4ac+36¢* =f(a)>0, doA<O.
b) Dat f(x)=ax’ +bx +c. Ta sir dung dinh Ii dao : £(0)=-c.

f(m+]]_a(m+l)‘2+b(m+l)+'c -
m+2; m+2 m+2/
(m+])2( a b”)
= + +c
m+2/\m+2 m+l/
(5) (5o
m+2 m m(m+2)"

)SO,dom>0.

m+1
m+2

Suy ra : f(O)f(

Vay phuong trinh ¢6 nghiém : x, e (O m+ 1 )
m+2

Bai tdp 55 : Cho tam thitc bac hai: f(x)=ax*+bx+c,a=0,
a) Chimg minh néu a.c <0 thi phuong trinh f(f(x))=0 ¢6 nghiém.
b) Ching minh néu phuong trinh f (x)=x vo nghném thi phuong trinh
f(f(x))=x vo6 nghiém.
- ¢) Choa=1, giasu phuong'tr‘mh f (x) =X ¢0 hai nghiém phan bie_t.
Chiing minh réng phuong trinh f(f(x))=x c6 4 nghiém néu :
- (b+1)’>4(b+c+1).
Giai :
a) Vi ac<0 nén phuong trinh ay’ +by+c=0 c6 hai nghném Y Y,
vay,y, <0. 0dé: y =ax’ +bx +c.
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Ma (ay, )(ay,)=a’y,y, <0, nén ay,, ay, trdi ddu. Chang han ay, > 0.

Khi d6 ax? +bx +c =y, c6 nghiem vi a(c—y,)=ac—ay, <0. .

+) Gid sit a>0 c6 tam thic g(x)=ax’+(b-1)x+c ¢6 A<O thanh
thir g(x)> 0 v6i moi x nén £(x)>x, Vx.

Vay f(f(x))>f(x)>x, Vx nén f(f(x))—-x vo nghiém.

c)Via=], suyra: f(x) x? +bx +c.

Gia st a, B 12 hai nghlém cha f(x)=x.

Khi d6 : .f(f(a))-a=f(a)-0a=0; £(f(B))-B=f(B)-p=0 va
f(f(x))—x=(x—a)(x-—ﬁ)[x2+(b+l)x+c+b+l].

- - |x=a
Dodé: f(f(x))=x | x=B
| x> +(b+1)x+c+b+1=:0.
Ma: A=(b+1)’—4(b+c+1)>0. Do d6 phuong trinh c6 4 nghiém.

Bai tdp 56 : Cho da thic : P(x)=1+x"+x"+x" +..+x" +x"? veéi
n,,....n, l1acéc s6 tyr nhién cho trudc thoa mén : 9 <n, <..<n, <1992,

Chimg minh ring nghiém cua da thic P(x) (néu c6) khong thé

160 hon L’zig-
(Viét Nam 1992)

Giai : "

V6i x20 thi P(x)21>0. Ta s& ching ininh P(x)>0 vdi

vx e(l—z > ;0). That vay voi x <0 va x# -1, tacé:
‘ | | 2k+i

P(x)21+x+x*+x>+..+x -
(x4 x"% & .+ 1D(1-x2)

=1+x

(1-x?) .
_ » ’l—x”"‘_'l—x2+x——x°97 A -
=l+X——= 5 .
i—-x" - 1=x

1_2\/5;0) thi 1—x2'>0;%x°"7>0 ;lfx?+X>O.

/

Mév()ixé(
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1_2\./5;0]’

Nen P(x)>0 véi Vx e(

1-v5 )
M oo ol N
- ‘

Vay P(x)>0 véi Vx e[
Tur day suy ra diéu phai ching minh.
Bai tdp 57 : Cho céac da thic : P (x), k= 1 2,3, ... xac dinh bdi :
P(x)=x-2; P,+,= (P(x)) i=1,2,3,..
Cerng minh rang P (x) X c6 2" nghiém thuc phan blét nhau.
(Quoc 16'1976)
, Giai : '

- Pat x =2cost, ta thu hep viéc xét nghiém cua phuong trinh trén doan
[~2:2]. Khi d6, béng quy nap ta chimg minh duoc : P, (x)=2cos2"t, va
pﬁuong trinh P (x)=x tr& thanh : cos2"t ='cost.

Tir 46 ta duge 2" nghiém:
_2kn _ 2kn
| 2 - 2h+ |
Suy ra ring phuong tr‘mh P (‘x) =X cé 2" nghiem thuc phan biét nhau.

k= 1,72:, ey I ; '

Bai tdp 58 : Cho da thiic : f(x) a,+ax+..+a x" c6 nnghiém thuc.
Chu’ng ‘minh rang Vp>n-1 thida thic :

g(x)—a +apx+a, p(p—l)x +.. +a"p(p—l) Ap- n+l)x
cling c6 n nghiém thuc.
Giai :

Dé gidi bal todn trén ta xét 2 truong-hop :

.a) Truomg hop 1 : £(x) khong nhan x =0 lam nghlém

Ta chu'ng minh bang quy nap.

V6i n=1 bai todn hién nhien dung ,

_ “Gla sir bai toan diing v6i n =k, ta chimg minh dung véi n=k+1, ticla:
" Néu da thic : £(x)= a,+aX+..+a,, X" c6 k+1 nghiém thuc khdc

0 thi da thic g(x)=a,+pax+...+p(p-1)..(p- k)a,, x*"" ciing c6 k+1
nghiém thuc khic 0 véi moi p > k.
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Goi ¢ 1a mot nghiém cia f(x) thi f(x)=(x—c)q(x) o (1)
V6i q(x) 12 da thitc bac k cha x '
~ q(x)=b,+bx+..+bx, 2)
Thay (2) vao (1), d6ng nhat hé s6, ta duoc :
a,=cb,;a, =cb +b;..;a, =cb, +b,_, ;a,, =b,.
Dod6: g(x)=a,+pax+..+p(p-1)..(p-k)a,,x
I=cb0+p(cb, +by)x+...+p(p-1)..(p-k)bx*""
| - =eQ(x)+pxQ(x)-x*Q(x) 3)
“Trong d6: Q(x)=b, +b,px+..+p(p-1)..(p-k+1)bx*.

Do f(x) c¢6 k+1 nghiém thuc khic 0 nén q(x) c6 k nghiém thuc
khdc 0. Mat khdc p>k nén p>k=-1. Nen theo gia thiét quy nap, ta c6 da
thitc Q(x) ¢6 k nghiém thuc. Do d6 g(x) c6 k +1 nghiém thyc.

V'ay theo nguyén Ii quy nap, bai toan diing.

b) Truong hop 2 : f(x) nhan x =0 1am nghiém.

Gid sir x =0 1a nghiém boi k cia f(x), (keZ*,k<n). Khidétacé:

f(x) ax* +..+a,x" =(a,x" +..+a,)x* va
g(x)=p(p -—l) (p- k+1)akx +..+p(p-1)..(p-n+1)a x"
! —p(p 1)..(p-k+1)x* [ak+...+(p;k)...(p—n+l)a“x""‘]

Vi f(x) c6 n nghiém thuc nén H(x)=a, +..+a,x"* c6 (n-k)
nghiém thuc khéc 0.

Do d6 4p dung két qua cla truong hgp 1 cho H(x) va
p'=p-k>n-k-1 (do p>n-1),tadugc da thic :

R(x)=a, +..+(p-k)..(p~n+1)a x"* c¢6 n—k nghiém thuc.

Vay g(x) c6 n nghiém thuc (dpcm).

4

Bai tdp 59 : Cho da thic p(x) bac 5 c¢6 5 dghiém thl,ré phan biét. Tim s6 bé |
nhét cta cic hé s6 khic 0. . )
I - (Trung Quoc 1996)
. ‘ Giai :

| Xét p(x) = ax® +bx* +cx’ +dx +e,a 0.
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Néu c64 hé s6 bang 0 thi b=c=d=e=0 nén P(x)=ax’ c6 nghiem
boi (loai) tic 1a p(x) khong thé c6 mot hé s& khéc 0. |

Do d6 p(x) c6 it nhat 2 he s6 khic 0.

Xét p(x)=ax® +bx", n22 thi p(x) c6 nghiém boi : loai.

Xét p(x)=ax’ +dx = ax(x4 +9) c6 t6i da 3 nghiém : loai.
a . _

Xét p(x) =ax’ +e c6 mot knghiem : loai. ’
Do d6 p(x) cé it nhat 3 hé s6 khdc 0.
Chon p(x)=x-5x* +4x =x(x? = 1)(x* - 4).
Thi p(x) c6 diing 5 nghiém phan biét va diing 3 hé s6 khac 0 : ton tai
min. Vay s6 bé nhat ciia hé s6 khéc 0 1a 3.
Bai tdp 60 : Chimg minh riing cdc nghiém clia da thic : a;,x" +ax"" +..+a

~ ¥6i he s6 thuc (hodc phiic) 6 modun khong vuot qué

—k

a,

a) 1+ max , k=12,..,n.

» k=1,2,...,n; p 12 s6 duong bat ki.

ak
k-1
0

a _
¢) 2max k”—"- , k=1,2,...,n
. a,
a a,
+ max k-if[—|.
al

b) p+max

—L
a,

Giai:

a) Tac6: f(x)=aox"(l+-3'—+..-.+ a"n J
a,X a,x

Goi A=max|—| thi v6i |x|<1 1a hién nhien Ix/<1+A, con véi

A
.,

nghiém |x|> 1 thi :

a, 1
t—= 5+t
(1]

f(x)=0=-1=2t
a, X

> | —
mlzm

1
* X"

»

0
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c) bat p =max« , khido:
V ao, :

:ISA(i+—1;+...+¥1——‘)=ﬁ. lx“|sé_ 1
Uxl - Ix?

"_—>i's‘I |A 1 ATkl <1+A,
x_

: P . n ,n_l, o : .

b) Tacé: —l“—f(x)=ao(l) +ﬂ(£) Fotn
P p) plp) P

Theo cau 1), moi nghiém x cua da thic déu phai ¢

——-<1+max
, P

—{ < [x| < p+ max

aop au

: ak.' :
k-1

a
a()

<p“=

a, | .
t_I'<p nén max
awp |-

<p.

0

Do d6, theo cau 2, modun tét ca cic nghiém khong vuqthué :

<2p 2 max k{—a—l\
a .
d) bat p = max., 1’ I khi dé lak|<a,p
‘ a

a,
< |20

a()

|xl <p+max

({]

a, a,
P k=
4,p a,p

Theo cau b), nghiém cua da thic khong vugt qud :

a, a,
—|+1mnax k-1 ‘
. a|

a
<

= -1
a()

= max

a

|x|£p+max‘ I

oP ao




6. GIAI PHUONG TRINH BAC 3 VA BAC CAO

6.1. Li thuyét gidi phuong tri_n_h bic 3 téng quat
ax’ +bx’ +cx+d =0,a 2 0.

Ngoax v1éc tich nhém s6 hang hoiac tim mot nghiém roi phan tich
thanh nhan tu, ta c6 cach g1a1 tdng quat nhu sau :
Chia hai v&€ a # 0 roi dua vé phuong trinh c6 dang :

x* +Bx’ +Cx+D=0. ~
biat x =y —-2—» réi dua ti€p vé phuong trinh y' —py=gq, trong d6 : -

: 2B’ BC
p=—-C;q=——r+—-
| PEFTEATTEY T
C6 hai huéng dé giai phuong trinh : y' —py=q " (b

Huodng { : Dat y=u+v vachon uv =-«§'thi tur

. . u"‘-{-\/3 =q
y'=u'+v'+3uv(u+v) tacohé: ¢ p'
| o u'v'= -
27
’ . , 3 T e
‘Vay u’,v* 1a nghiém ctia phuong trinh : Z° —qZ+—g—7—=O. Néu A<0

sau ndy ta ding s6 phitc dé chuyén ti€p s6 phitc ra so thuc. -
Huong 2 : Xét hai truong hop sau : ‘
e Néu p=0 thitir(I)tacé y' =qe> y=3q.

* Néup>0.Dat y =2 fﬂ.t hitr(l)taduge 40 =3t=m. (2

Trong d6: m=
S 2p\/— | |
Xét lm| <1, dat m =cosa thi (2) c6 ) 3 nghiém : |
a+2n . - o—-2n
- ; 1, =Cos: 3

Xét lm|> i, dat m =;17(d3 +Rl;j:;>d3 =m+vm? -1,

PSRN

o,
£, =COS'§ 6, = €08

Phuong trinh (2) ¢6 mét nghiém :
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_5(d+ ) (\/m+ l+{/m )

*Néup<0.Dat y =2,/f-‘33.t thi tir (1) ta dugc : 46 +3t=m 3)

Ta\dattie'p m=%(k’—%—) k' =mzvm?®+1.

Phuong trinh (3) c6 mét nghiém :
z(k——)- (\/m+ l+\/m )

Ta thudng goi phuo‘ng trinh bac 3 : 4x’ +3x -m =0, 4x —3x -m=0

la cdc dang phuong trinh bac 3 chudn tic. Y nghia co ban la moi

phuong trinh bac 3 déu dua vé& dugc dang chudn tic dé.

Chii § them khi [m| > 1: 4x* +3x—m =(x - a)(4x? +4ax + 40’ +3)

Véi a=— (\/m+ l+\/m )coA-—lZ(a +1)<0

Va 4x ——3x—m =(x-B)(4x? +4Bx+452 -3).

Véi B:-;-(%/m+ Jm? -1 +m-vm’—1) 6 &'=12(1-p?) <0,

6.2 Cac phuong trinh bic 4 'd@ng dic biét:

a) ax* +bx*+c=0,a=0.
Pat t=x%,t 20 thi dua vé phuong trinh bac 2 : at’ +bt+¢c =0.
b) (x+a)' +(x+b)* =c.

bat t=x+ ath , dua vé phuong trinh tring phuoﬁg At* +Bt* +C=0.

©.oc) (ax? +bx +¢)(ax? +bx+d) m.
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Dat t =ax? +bx, dua vé phuong trinh bac 2 : (t+c)(t+d) m.

d) (x+a)(x+b)(x+c)(x +d)=m.
Né&u c6 a+d=b+c thi ghép cap (x+a)(x+d) va (x +b)(x+c¢) réi

dat t=x*+(a+d)x =x* +(b+c)x dé dua vé dang trén.
e) ax’ +bx’ +cx*+dx+e=0 v6i ad’ =eb? =0 thi chia hal v&€ cho

x? %0 r6i dit t = x +— (day 12 phuong trinh quy hdi bac 4).
ax :




6.3. Phuong trinh quy hdi (d6i xitng hé s6) :

n n-| n-2 , - 2 : .
a,X" +a X +a, X" +..+a, X +a _x+a =0
Trong d6: a,=a, ;a, =a '

°Xétn—2m'

a, =a, ...

n-l?*

Chia 2 v& cho x™ %0 r6i dat t=x + dua v€ phuong trinh bac m =

* Xét n 2m+1:
Phuong trinh c6 nghiém x = ——1 nén phan tich ra thanh (x +1) va thira
s6 bac 2m lai 12 phuong trinh quy héi bac chén. Ti€p tuc giai nhu trén. |

* Doi khi ta mé& rong dang quy héi (quy héi kém ti lé) v6i cach dat

1
t=X—— t=x+2,
X X

6.4. Phuong trinh bic cao :

f(x)=ax"+ax"" +.. +a, x+a,,a,#0."
0 0

* Nguyén tic chung Bién dOl vé dang’ txch dat 4n phu dé dua vé
phuong trinh bac thap hon.

* Dic biét :
- Néu t6ng c4c heé s6 bang 0 thi c6 nghiém x =1.
- Néu t6ng dan d4u céc he s6 bang 0 thi ¢6 nghiém x = 1.

- Nghiém hitu ti néu c6 thi c6 dang x =R ys plan vé'q]ao. Thé truc
' q

ti€p hoac diing so d6 Horner dé€ thir nghiem.,
* Doi khi phuong trinh bac cao d6i v6i bién x ma lai bac thap d6i véi
tham s6 thi ta chuyén vé phuong trinh theo 4n 13 tham s6 do

Bai tép 61 : Giai phuong trinh :

a) 4x’ —10x? +6x —1=0.

b) 8x® —36x +27 =0.
Giai :

a)Tacé: 4x’ —10x? +6x~1=4x> —2x2 —8x? +4x + 2k -1

‘ =2x2(2x—1)—4x(2x41)+(2x;l)

=(2x —‘l)(2x2—4x+l).‘

Do dé6: 4x* —10x* +6x-1=0 -
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2x~1=0
2x —4x+1=0

1 2i\/'2—»

Vay _nghiem cta phuong trinh la : x = 5 DX = 2

o (2x =1)(2x? -4x+1) 0 @[

" b)Tach: 8x’ =~ 36x+27 =8x’ - 12x? +12x’ —18x —18x +27

=4x?(2x-3) +6x(2x -3)-9(2x -3).
=(2x ~3)(4x? +6x - 9) \

Tirds : 8x* ~36x+27 =0
<:>(2x—~3)(4x2+6x—9)=0"<:>' )
o 14X +6x-9=0.

3. _—3iJZ§ |

Vay nghiém cua phuong trinh ld: x = 5" X = e

Bai tép 62 : ’I‘lm quan hé gilra p va q de phuomg trinh x* + px +q=0 c6 thé

' V|étdu61dang x*=(x? ax+b)
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Ap dung két qua d6 dé giai phuong trinh : X —18x 427 =0, v
~ Giai s .
Tacé: x* —(x2—ax +b)2 =m(x’ ‘-I—px‘+q).
a’+2b=0
Suy ra: {2ab=pm
2a=m;b’ = qm.

. . 2
Tirdé: b=p=>p’=mq=>m=1,
. o ' q

Do: a®=-2b ma 2a'=m=>a=1;-=>m7=-2b=;2p_;>'m2=._8p.

4

Tird6: £ = -8p= p* +8pq® =0. Vay: p’ +8q? =0.
q o |

Tacé: x’—18x+27 =0 x* =(x2 +6x ~18)°
o (6x-18)(2x? +6x—-18) =0

-3+./45
==

Sx=3vx=




Bai tdp 63 : Giai va bién luan phuong trinh :
a) X’ =3x2+3(a+Dx—(a+1)" =0..
b) x* +2ax’ +a’x+a-1=0.

Giai ;
"a)Tacé: X*-3x2+3(a+Dx-(a+1) =
o —x*=3x2+3(a+D)x-(a+1) R

e Néu a # —1: Nhan hai v€ cha phuOng trinh véi (a+1), ia.dtrqc :
—x*(a+1)=-3x*(a+D+3(a+1)’ x—(a+1)’
Cong hai v€ clia phuong trinh trén véi x3 ta du’orc voax’ =(x—a-1)"

J—+ \/—_\/—+l

* Néu a = —1 thi phuong trinh c6 hai nghiém : x, =0AX, =3',

Tt d6 ta duoc @ x — a~1——X\/—:>x—

b) Viét phuong trinh du6i dang : xa® +(2x* +Da+x* -1=0.

Xem a 12 4n, X 1a tham s6 thi ta c6 mot phuong trinh baé;2-fin laa.
a=1-x ()

Giai ra ta dugc : x2 4+x+1 ’

a=———— (2)
X

" N6i c4ch khac ta da phan tich phuong trinh thanh :
(x+a-D[x2 +(a'+1)x+1] =0.
Tu(l)chota: x=—a+1. | |
Tu (2)' < x* +(a+1)x+1=0.
Taco: A=(a-1D(a+3)20néua<lva<-3.
Do d6 phuong trinh lu6n cé. mot nghiém. x, =1-a va né_u, a1 hoic

a < -3 n6 con c6 thém 2 nghiem 1a: x,, = %(-—a “1xa<D(a +3)).
Bai tdp 64 : Gii cdc phuong trinh :

a) x* +_x2—6'=0 ‘ o (h

b) x“—x4—20='Q. . , | @

c) (x+3)“+(x+5)f‘=2 . | G)
Glal : ’ '

a)Dat t=x? t>"0 Phuo’ngtr’mh(l)trdthénh‘t +t=6=0

A}
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Tacé: A=25=>t=-3 (loai);t=2>0. Dodé: x = +2.
b) Dat t =x*, t > 0. Phuong trinh (2) tr&s thanh 2 —=t-20=0
Tacé: A=81=>t=—4(loai);t=5. Dod6: x =+45.

c) bat: t-x+3—2-_§=x+4
Phuong trinh (3) trés thanh : (t=1)* +(t+1)* =2

t =40 + 6t =4t +1+t* +42 +6t2 +4t+1=2
S22 +122 =022 (12+6)=0= t =0,

Dodé: x =—4.
Bai tdp 65 : Giai phuong trinh : oo :
a) (4x+1D(12x-1)Bx+2)(x + D =4 (1)
b) (x?+3x+2) (x> + 7x +12) +x2 +5x =6 =0 v )
. ‘ Giai: |
a)Taco: (1) (12x +11x+2)(12x2 +11x = 1) = 4,
bat: y=12x* +11x, ta duoc y2+y—-6=0=>[y' =3
, . y,=2.
* V6i y, =3, tac6: 12x> +11x+3 =0. Phuong trinh nay vo nghiem.
*V6iy, =2 tac6: 12x* +11x-2=0=>x,, =i%@.

B) Vi (x? +3x +2)(x? +7x +12) = (x + 1) (x + 2)(x +3)(x '+ 4)
, =(x2 +5x +4)(x? +5x+6)
Do dé, dat : v =x2 +5x, tir (2) ta duoc :

y, =2
+4 +6)+y-6=0=> -
(y+4)(y+6)+y L,z =-9 (vonghiém)

-5+J17
===

Vay véi y, =2,tacé: x, =

Bai tdp 66 : Giai phuong trinh quy héi : ”
a) x* —8x*+9x’ —8x+1=0 (1)
b) 2x* -21x* +74x* —105x + 50 =0 ¥3)
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| Gidi :
a) Xét x =0thi (1) vo nghiém.
_Xétkhi x #0, chia 2 v€ cita (1) cho x?, ta duoc :

(1) & x? —8x+9—§—+J;=0

X X
1 1 Y 1
@(xz +—-2-]—8(x +—)+9=0<:>(x+—) —8(x+—-)—2+9=0.
X X : X : X .
Dat:t=x+—1-,|t|22, tadugc : t?=8t+7=0 (*)
X . : ‘

Giai (*), tadugc : t=1 (loai) vt=17.
The t =7 vao phuong trinh (*) : -
| 7+345

*)x*=Tx+1=0=x, = >

b) Xét x =0 thi (2) v6 nghiém.
Xét x %0, chia 2 v€ clia (2) cho x?, ta dugc :
105 50

Q)= 2x* =21x+74-——+==0
x x’

¢:>2(x +2_5_) 21( 5)+74=0. *)

X X
Pat : y=x+§:>x2+2—f=y2—10
X X

Thé y vao (*) ta duge : 2y’ —21y+54=0.

‘Gidiratadugc: y, =6y, ==

2 ‘
. ) 5 2 " xl =
*Vbiy =6tacé : x+—=6x"-6x+5=0=
> S X, =5
. ) X3=
* Véi y2=-9-,tac6:x+2=2<=>2x2—9x+10=0=>' 5
. 2 X 2 X, ==,
. 2
Bai tdp 67 : Giai cdc phuong trinh : |
a) x* -2x* -6x2 +16x-8=0 4}
b) x*+x>+4x-3=0 : 2)
c) x*=3x*-10x-4=0 o ) (3)
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Giai :

a) (N (x=2)(x*-6x+4)=0 & (x -2)(x = 2)(x* +2x=2) =0

| | _ayp oo o [x=2"

S x-2)(x2+2x-2)=0 < (X« 2) =0 = '

|2 42x=2=0 |x,=-1%23

Vay phuong trinh (1) ¢ nghiém : x=2;x,, =-1£/3.
b)) xt =—x? —dx+3 e (X +1) =(x-2)’

(241 =(x=2) =0 (x* —x +3) (x> +x~1) =0

x2-x+3=0 (vanghiem)
=]
X2 +x-1=0 (%)

, 14
Giai (*), phuong trinh (2) ¢6 nghiém : x = 1“\/5.

g

Lo

¢) B e x =3x"+10x +4 < x* l+2xz(+‘1"= 5x* +10x +5

e (x2+1) =5(x+1)° =0 .
2 +1+V5x+D][x2 +1-V5(x+ )] =

x> +1++/5(x+1) =0 (vonghiem)
= :
x2+1—§/§(x+1)=0 *)

+J
Giéi *), phu'o’ng trinh da cho c6 nghiém1a: x = \/g_ ;+4\/§;
Bdl tdp 68 : Giai phuong trinh : .
a) 2x(2x* +x +3) +13x (2x* —5x+3) 6(2x —5x+3)(2x +x+3) (1)
4x’

) X'+ =5 ) | @)
Giai :
a) Tathdy x =1 va x =-§— khong phai 14 nghiém.

~ Chia hai vé ctia phuong trinh (1) cho (2x? _5x+ 3)(2x% +x + 3)¢ 0:
(1) &> — 2x + 213x _
2x°=5x+3 2x"+x+3
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2 13

S + =6 ‘ (*)
2x+—3——5- 2x+—3-+1
X X
Daty 2x+-3— th€ vao (*) ta dugc : —2—+—1§——6.
X y=5 y+l1

Giai phuomg trinh trén;‘ihi Ly -1 hoac y;%. St

*Véi y=1=2x -f-—?1 =1, phuong trinh vo nghiém.
x .
3 11 3

¢ Vai y=%°2"+"‘=—.:>x.=2;‘xz'=——. )
T

b) V& tréi clia (2) c6 thé viet lai :

2 2 W2 Vo g2 S
(2)@(“ 2"2) . =5@[ z ) s

X - Xx-2 x—=2 Xx-2

X . :
2)tl?é!vao (*), ta duoc :

Tir d6 ta thdy néu dat y =

"=

(*) & y*—4y-5= 0:>[ .
y,=-L
x’2 =5, phuong trinh v0 nghiém. o
X—2 ol _

*V6iy, =5 thi:

pi

*Vé6iy,=-1thi:

2 X,
=-l&<x +x—2=0:{
Xx—-2 ‘ ,

X, =-2.
Bai tdp 69 : Cho phuong trinh : x* +ax’ +bx’> +ax+1=0 c6 nghié(fn;

Tim gid tri bé nhat ca a’ +b’. .

- . (Vo dich quoc 16'1973)
Giai :
Goi x, la nghiem cua phuo’ng trinh trén thi : ’
x,' +ax,’ +bx,’ +ax, yt1=0 . *)

* Xét x, =0 thi (*) vo nghiém, ‘
* Xét x, 0, chia 2 v& cha (*) cho x,7, ta duoc :
1

.‘ . a
(M e x,) taxg+b+—+-—=0

Xo X
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@(x L J+a(x(,+ ! )+b=0.
% Xo )
1

bat y ='x(,+i. Didukién : |y|=|x,|+|—
X |

0 0

>2.

Nen: (y?-2)+ay+b=0=5[2-y*|=|ay +b|< Va2 + b y? +1

) 2
:,az.i.bzz(_z___y_z.)_.
: 1+y?
) L (2-1) S 4
bat: t=y°, t 24. Ta chimg minh : - nH
I+t 5

(N 5(2-1) 24(1+1) & 5t —24t+l6>0d ngvit>4,

Bai tip 70 : Giai phuong trinh :
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a) x*-7x*+J6 =0 ()
b) x” =2x" +3x* —x* —x" +3x* ~2x +1=0 )
‘ | Giai : | |

a)bat t=x2,t20.
(N -Tt+V6 = 0<:>(t-\/—)(t +6t—-1)=0.
Giai phuong trinh trén, ta dugc :

AT

(loai).
Jio-Je6

2
b) Phuong trinh quy héi bac 1€ : -
Q) (x+1D(x® =3x* +6x* Z7x3 +6x%> =3x +1) =0

Nén : x=ii‘/—6-§/x=i

Xx=-1
=N
[x" =3x° +6x* —7x} +6x* -3x +1 =0 (%

Giai (*) nhu sau ;-

Chia 2 v€ cha (*) cho x’, dat t=x+—1-, ltl> 2.
, : X '

Phuong trinh : t* -3t +3t-1=0< (t-1)' =0 nén t =1 (loai).
Vay phuong trinh 6 nghiém : x = -1,




Bai tdp 71 : Chimg minh c4c phuong trinh sau vo nghiém :
a) X +2x° +4x? +2x+1=0 o : (1)
b)x”-x5+x2—x+1=0 . . ‘ (2)
'  Giais '
a) (e x2(x2 +2x+1)+(x2 +2x +1)+2x? =0
& x+D(x+1) +2x =0
[x+|=o

= o Khong xay ra dong thdi nen phuong trinh vo nghiém. -
X= o

@(x"—lx)2+ —\éx—l)z+—2-— -
| 2 27 3) 3T

Vi v€ trdi duong nén phuong trinh vo nghiém.
Bai tdp 72 : Giéi phuong trinh :

a) V4-3V10-3x =x-2 , (Viét Nam 2002)
b) x* -3x* —8x +40 =8¥4x +4 - (Viét Nam 1991)
Giai :

x22
a) V4-3V10-3x =x-2 4’
- {4—3\/10—-3x=(x—2)2

| {x22. - [x22,4x-x220
WVI0-3x =4x-x*  |9(10-3x) =(dx—x?)’
x22,0<x<4

.= X
x* -8x" +16x* +27x~90=0

. [2<x<4 ‘

L —1
x* —8x’ +16x* +27x-90=0 (%)

Giai (*), tacé x =3 1a mot nghiém nén phuong trinh : |
(x=3)(x* =5x2 +x+30) =0 < (x=3)(x +2)(x* = 7x +15) =0 do
A <0 va x =-2 (loai), phuong trinh c¢6 nghiém duy nhit x =3,
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b) Tir phuong trinh : x* —=3x2—8x +40=8Yax+4. = - ol v

' Tacé diéu kién x > ~1. Ap dung bat ding thic C6o-si :
| 8Yax +4 =4344.4(x+1D) <x+13
Dodé' x'~3x? —8x +40<x +13
~3x2-9x+27<0 <:>(x+3)(x —6x+9)<0
c»(x+3)(x 3 <0.
Vi x-2~1 nén (x-3)’ <0=>x=3. Thi lai da{{'g. Vay‘ x=3.
Baitip 73 : Chfrng minh :

a) x=§/a+—a-l—;—l 8a—1 +i/a—‘ill—-+-—,1 -Sa,—l véi‘aZ% la sO'tL_r'n‘hién.

37V 3
b)é/§+«‘/2 lés5v6ti. )

4 Glal. , T
a) Apdung hing dang thirc : (u+v) =ul+ v +3uv(u+v)
" Tacé: x’=2a+(1-2a)x < x*+(2a-1)x-2a=0

@(x—-l)(x +x+2a) O
Xetdathucbac2 X +x+2a OcoA—l—8a>O

°Kh1a=-— taco: x—i/: {/i—l

e Khi a >—:§, tacé : 1-8a am nén da thitc (1) c6 nghlém thuc duy

nhét x =1. Vay véi moi a2§ ta cé x=1 1as6 tu nhién. .

b)Taco: x*=2+4+3Y8(Y2+4) S *)

bat : x=§/§+5/2. Thé x vao (*‘), ta‘duoc :
*)= x346+6x<:>x3—6x 65=0.

Gia st x hu’u tima a, -1 Suyra x la s@ nguyén
Va 2<32+ 4 <4 nén x=3.

Dod6: x’~6x-6=3=0:voli.

Vay x 1a s6 vo ti.
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Bai tép 74 : Tim da thic theo x ¢6 bac bé. nhat vmhé s0-nguyen, bi€t ant
nghiém la V2 +33. } :
(Viér Nam 1984)

Giai : S
Data=~/5+3/-3_, taco: |
a’=2+223+9 va 2’ =22 +63+3V2.45+3 (%)

Ritra: /3 =a=+2. ‘

Yo =a?-2-2V2(a-v2)=a> +2-2V2a.
’ Thay vao (*), ta c6 : |
a' =22 +6(a=v2)+3v2(a? +2-2v32a)+3
& a’+6a-3=2(3a+2).
Binh phuong 2 v€ cua phuong trinh a’ +6a—-3= V2(3a*+2) ta thdy
a la nghiém cua da thic :
a®-6a* -6a’+12a’ -36a+1=0.

Béing phép déng nhat h¢ s6, ta ching minh da thirc trén khong phan

tich dugc thanh tich 2 da thic bac thap hon cé hé nguyén nén da thic trén
chinh 12 da thic c6 bac bé nhat thoa dé bai.

65




